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Abstract

Top income inequality has been increasing in the US. Hence, the Pareto parameter as-

sociated with the top income distribution is decreasing. In this paper, we provide a theory

that links automation technology to the Pareto parameter of the top income distribution.

We construct a model in which the span of control is defined by the measure of labor used in

production. We model this as a convex cost of labor. This convex cost generates a decreasing

returns to scale production function. An improvement in automation enables entrepreneurs

to substitute labor with capital and decreases the severity of diseconomies of scale. This

leads to higher returns to entrepreneurial skills, a decrease in the Pareto parameter, and an

increase in top income inequality. We rationalize the convex cost of labor using a theory

of efficiency wages. Using cross-industry and cross-country data, we show that there is a

significant correlation between automation and top income inequality.
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1 Introduction

Income inequality among the top earners, measured as the ratio of the top 0.1% income share to

the top 1% income share, has been increasing in the US for the last forty years. In other words,

the income gap between the super-rich and rich individuals is increasing. During the same time

period, there was a significant improvement in technology, specifically in automation. We define

automation in a broad sense, including information technology. In this paper, we provide a theory

that links the automation level to top income inequality.

The left panel of the figure 1 plots the relative income share at the top income distribution.

The solid line shows the ratio of the income share of the top 0.01% to 0.1%. The dotted line shows

the ratio of the income share of the top 0.1% to 1%. The dashed line shows the ratio of the income

share of the top 1% to top 10%. The figure shows that top income inequality has been increasing

since the 1980s. It is true whether we define the top income as the top 10%, the top 1%, or the

top 0.1%. It can be seen from the figure that top income inequality has increased by almost half.

Figure 1: Top Income Inequality and the Labor Share
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Note: Left panel: the solid line shows the ratio of income share of top 0.01% to 0.1%. The dotted line shows the
ratio of income share of top 0.1% to 1%. The dashed line shows the ratio of income share of t op 1% to top 10%.
Right panel: The solid line shows the Pareto parameter implied by the relative income share of top 0.1% to top 1%.
The dashed line is the labor share of income (right axis).
Source: Relative income shares: World Inequality Database; Labor share: Penn World Table 9.1.

It is well-known that top income distribution of income is well approximated by a Pareto
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distribution.1 An implication of the Pareto distribution is that the relative income share is a

function of the Pareto parameter. The increase in top income inequality implies that the Pareto

parameter of top income distribution is decreasing. Our model links the Pareto parameter to au-

tomation technology. In the model, we use a production function similar to Acemoglu & Restrepo

(2018b). An implication of this production function is that the labor share of income is a function

of the automation level, which is also true in our model. In other words, the labor share of income

provides us with a measure of automation in the economy. Therefore, we plot the labor share and

the Pareto parameter on the right panel of figure 1. It illustrates that there is a high correlation

between automation and top income inequality.

There are well-established theories explaining why the right tail of the income distribution

is approximated by a Pareto distribution. We build our theory on the diseconomies of scale

argument in Lucas (1978) and Rosen (1981). In these models, top income inequality depends

on the severity of diseconomies of scale. As the severity of diseconomies of scale decreases, top

skilled entrepreneurs scale up their production and increase their market share. Hence inequality

at the top percentile rises. However, in these models, the decreasing returns to scale parameter

is exogenously given. In this paper, we endogenize this parameter and show how it changes with

automation.

The idea that technological innovation allows firms to scale up their production is not

new; it goes back to Rosen (1981). However, the main models of technological progress have

no implication for the change in the scalability. Technological improvement is usually modeled as

either increase in the productivity of some factor (for example Acemoglu (2002)), change in capital

share (for example Acemoglu & Restrepo (2018b)) or decrease in the price of capital (for example

Autor & Dorn (2013)). None of these affect the decreasing returns to scale of the production

function, hence the change in the Pareto parameter.

In our model, the reason for diseconomies of scale is information friction. In the model, an

entrepreneur does not know whether his employee is working or shirking. In order to provide his

1The CDF of a Pareto distribution with scale parameter c and shape parameter (Pareto parameter) λ is given
by F (x) = 1− (c/x)λ.
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employees with an incentive to exert effort, an entrepreneur needs to spend additional resources,

such as investing in monitoring technology or paying efficiency wages to workers. If the cost of

additional resources is convexly increasing with the number of workers, then the profit function

exhibits decreasing returns to scale. First, we provide the result for any convex cost function in

labor, and then we show that efficiency wage theory provides a microfoundation for this convex

cost.

We define the level of automation as the share of tasks that can be produced by capital,

as in Acemoglu & Restrepo (2018b). An entrepreneur needs to complete a set of tasks (such as

designing, engineering, accounting, etc.) in order to produce the final good. While some of these

tasks can be automated (i.e., it can be produced by capital), some of them can only be produced

by labor. As automation technology improves, dependency on labor decreases and convexity

of production cost decreases. Therefore, the scalability problem is associated with the level of

automation technology. Our main result links the Pareto parameter of the right tail of the income

distribution to the skill distribution in the population, automation technology, and the severity of

the convexity of the monitoring cost. We show that as automation technology improves, inequality

at the top rises.

To see the mechanism, consider the extreme case: none of the tasks can be automated. In

such a case, the cost of production is the price of labor plus the monitoring cost, which is convex.

Therefore, the top skilled entrepreneur could only serve a portion of the market, which enables

lower-skilled entrepreneurs to enter the market. Now, consider the other extreme in which any

task can be automated. In such a case, the only cost of production is the price of capital, which

is linear. Therefore, an entrepreneur has no problem scaling up his output, hence the top skilled

individual captures the entire market. While in the first scenario there is lower inequality thanks

to the existence of other entrepreneurs, in the second scenario there is perfect inequality since the

top talented entrepreneur owns the entire market. When the economy converges from one extreme

to the other, thanks to automation, the income inequality at the top increases.

The model implies that the automation level can be measured by the capital share of

3



income and the Pareto parameter of the top income distribution is proportional to the labor share

of income. We test our model’s prediction using two different data. First, we look at the cross-

industry cross-time variation of the labor share and the Pareto parameter in the US. Second,

we look at the cross-country, cross-industry variation in OECD countries. Our regression results

support the model’s prediction.

Our model is static and automation technology is exogenously given. We show the impact

of an exogenous change in automation technology. Although the model is static, the main result

applies to a dynamic model in which the only dynamic choice is capital accumulation and the

entrepreneur’s problem is static since the result does not depend on the capital stock or prices.

Related Literature: This paper is related to several strands of literature. First, we

contribute to the literature on the impact of automation on the labor market outcome (Acemoglu

& Restrepo, in press; Autor & Dorn, 2013; Goos et al., 2014; Hémous & Olsen, 2018; Moll et

al., 2019). This literature mainly focuses on wage inequality between high and low skill workers.

In this paper, we look at the inequality among high skilled individuals. The closest article to

the current study is Moll et al. (2019). Here, they study the impact of automation on income

and wealth distribution. In their model, automation gives rise to higher returns to wealth which

eventually leads to thicker income and wealth distribution. Our mechanism is different from this

argument. Here, we focus on the increase in entrepreneurial income which is an important part of

the increase in top income inequality (Guvenen & Kaplan, 2017; Smith et al., 2019). In our model,

automation impacts top income inequality through the increase in return to entrepreneurial skills.

Smith et al. (2019) show that entrepreneurs are an important fraction of top income earners and

their skill is an integral part of their firm’s performance. In this regard, we believe that the change

in the return to entrepreneurial skills is important to understand the dynamics of top income

inequality.

Second, there is a growing literature about the determinants of top income inequality and

the change in top income inequality. Gabaix & Landier (2008) and Tervio (2008) explore the

connection between the change in the firm size distribution and an increase in CEO compensation
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using assignment models. However, the Pareto parameter in those models is constant, whereas

we are interested in the change in the Pareto parameter. Several other articles study the impact

of the decrease in the top marginal tax rate on the share of top income percentile (Piketty et

al., 2014; Kim, 2015; Aoki & Nirei, 2017). Aghion et al. (2018) and Jones & Kim (2018) show

that innovation and creative destruction are important factors for top income inequality. Geerolf

(2017) shows that change in information technology can increase top income inequality in the

knowledge-based hierarchies model of Garicano (2000) and Garicano & Rossi-Hansberg (2006).

This paper focuses on the change in the return to entrepreneurial skill as the main driver

of top income inequality. We contribute to the literature on innovation and top income inequality

by providing a mechanism that can explain increase in innovation. An alternative interpretation

of entrepreneurial skill in our model is the quality of an idea. We do not consider innovation in our

model, though in a richer model where entrepreneurs exert effort to increase their productivity

or the quality of their idea, we believe that it can be shown that an increase in the return to

entrepreneurial skill leads to higher the return to innovation, hence more innovation.

The third strand of literature considers the impact of change in factor’s share of income on

inequality. Piketty (2014) argues that capital income is more concentrated than the labor, hence

an increase in capital income share leads to higher inequality. Bengtsson & Waldenström (2018)

shows that there is a positive relationship between capital share in national income and income

share of the top 1%. In our model, the increase in capital income share leads to an increase in

top income inequality. However, the reason for this is not that top income owners are the owners

of capital, but because automation increases the return to entrepreneurial skill. Indeed, since the

1960s, the share of business income inside the top 0.1% almost doubled (Piketty & Saez, 2003).

In another related paper, Dogan & Yildirim (2017) study the impact of automation on

compensation schemes of workers. In their model, replacing labor with capital leads to a reduction

in peer monitoring, hence firms change the compensation scheme in order to incentivize workers

to exert effort. In this paper, we also consider the monitoring problem of workers. However, our

main focus is on top income inequality.
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The structure of the paper is as follows: Section 2 presents the reduced form model and

the main results. Section 3 tests the model prediction. Section 4 provides a microfoundation for

the model in section 2. And section 5 concludes.

2 The Model

We consider a static model economy. In order to understand the impact of improvement in

automation technology, we characterize top income distribution and we consider the comparative

statistic with respect to the automation level.

There is a unit mass of individuals, each endowed with two types of skill: labor and

entrepreneurial. The labor skill is the same for all individuals, whereas the entrepreneurial

skill, denoted by z, is distributed with some cumulative distribution function G with support

[zmin, zmax] ⊂ R+. There is a fixed amount of capital stock in the economy, owned by individuals.2

Each individual can either become a worker or an entrepreneur. If an individual becomes a

worker, he supplies labor inelastically and earns wage w. If he becomes an entrepreneur, he rents

capital and hires labor in order to produce output and enjoy a profit, π(z), which is determined

in equilibrium. Individuals choose their occupations to maximize their income.

2.1 The Entrepreneur’s Problem

Each entrepreneur has access to production technology. We use a task-based framework similar

to Zeira (1998) and Acemoglu & Restrepo (2018b). In order to produce a unique final good, an

entrepreneur needs to complete a measure one of tasks, i ∈ [0, 1]. There is no market for tasks,

hence the entrepreneur needs to complete all of the tasks inside the firm.3

2Since the model is static, the distribution of capital is not important.
3Assume transportation cost is high enough so that no one wants to trade tasks.
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Tasks are complements and they are aggregated into output by a unit elastic aggregator

(i.e., Cobb-Douglas):

lnY =

1∫
0

lny(i)di, (1)

where Y is the total output, and y(i) is the level of task i used in the production.

Given a task i, capital and labor are perfect substitutes. However, there is a technological

constraint on the usage of capital. Some of the tasks are not technologically automated, meaning

that they cannot be produced by capital. There is an automation technology frontier I such that

task i ≤ I can be produced either by capital or by labor, while task i > I can be produced only

by labor. Formally, the production function for task i is:

y(i) =

ki + γi`i if i ≤ I,

γi`i if i > I,

(2)

where ki and `i denote capital and labor, γi is the productivity of labor in task i. We assume

that γi is increasing in i.4 In other words, i denotes the complexity of the task, and labor has a

comparative advantage relative to capital in high-index tasks.

Since capital and labor are perfect substitutes, only one of them is going to be used to

produce a task. In a sense, automation is labor replacing. Once a task is automated, capital

might replace labor for that task. Because γi is increasing, it is optimal to automate (i.e. produce

by using capital) the low-index tasks first. In other words, if it is optimal to automate task i, then

it is optimal to automate task j < i. Let I? ≤ I be the automation decision of the entrepreneur,

4For simplicity, we assume that capital has the same productivity for each task, which is normalized to 1.
However, as long as the ratio of labor productivity to capital productivity is increasing the following analysis holds.
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so that any i < I? is automated.5 Then, by combining (1) and (2), the output is:

lnY =

I?∫
0

lnksds+

1∫
I?

ln (γi`i) di. (3)

Apart from the technological constraint, there is another difference between labor and cap-

ital: the entrepreneur has limited ability to manage the labor. As the employment size increases,

the entrepreneur losses control over the labor. The usage of capital does not affect the span of

control of the entrepreneur, only the measure of labor affects it. We represent the loss of control

as a cost paid by the entrepreneur. In order to sustain control, he needs to spend additional re-

sources. Let v(
1∫
I?
`idi) denote this cost and assume that it is strictly increasing and convex: v′ > 0,

v′′ > 0. Moreover, we assume that v(0) = 0 and v′(0) = 0. We discuss the interpretation of this

additional cost in the next sub-section.

The entrepreneur’s objective is to maximize profit. He decides which tasks are to be

automated, I?, how much capital to hire for each automated task, ks for s < I?, and how much

labor to hire for tasks that are not automated, `i for i ≥ I?. Formally, the entrepreneur’s problem

is:

π(z) = max
I?,{`i}i∈[I?,1],
{ks}s∈[0,I?)

zY − w
1∫

I?

`idi− v

 1∫
I?

`idi

−R I?∫
0

ksds (4)

s.t. 0 ≤ I? ≤ I,

`i ≥ 0, ks ≥ 0.

where z is an entrepreneurial skill, w is the wage rate and R is the rental rate of capital.

5We assume that the least productive tasks can be automated. However, Autor & Dorn (2013) argue that it is
the middle-skilled jobs that are more prone to automation. For the more general cases, suppose M is the set of
tasks that can be automated. For the main result of this paper, the only important parameter is the measure of
tasks that cannot be automated, 1 − |M |. For ease of interpretation and mathematical computation, we assume
the set of automated tasks is connected, M = [Imin, I). For simplicity, let Imin = 0, since it is always optimal to
start automating the least productive task.
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Our main mechanism works through the convex cost of labor, v. This additional convex

cost makes the profit function decreasing returns to scale. Because the production function, zY ,

is constant returns to scale and v is convex, zY − v is decreasing returns to scale. If every task

is automated, I? = 1, then the production function is constant returns to scale. If there is no

automation technology, I? = 0, then the model is similar to the span-of-control model of Lucas

(1978). Hence, the level of automation determines the severity of diseconomies of scale.

2.1.1 Interpretation of v

The main mechanism of this paper depends on the convex of v. Therefore, we discuss what v

represents. The convex cost v represents, in a reduced form, the loss of control over labor. The

idea of v is that labor has an additional cost and this cost is convexly increasing with employment

size. There are several interpretations of this additional cost of labor.

One interpretation of v is the monitoring cost. Since workers can shirk, the entrepreneur

needs to spend additional resources to prevent workers from shirking as in the efficiency wage

theory (Shapiro & Stiglitz, 1984; Calvo, 1985). If the probability of monitoring is inversely related

to the labor force, that leads to a convex cost of the labor force. Since capital cannot shirk, the

size of capital does not affect the monitoring cost. Therefore v only depends on the labor force.

There are other possible interpretations of v. For example, v can be thought of as convex

hiring and firing cost (Hopenhayn, 1992). Since there is no friction in the capital market, the

cost of capital is just the price. Another interpretation might be the problem-solving cost of the

entrepreneur (Garicano, 2000). If automation means that the task has a well-defined objective now

and capital can solve the problem by itself, then only labor encounters problems that he cannot

solve by himself. He asks about these problems to the entrepreneur, which costs the entrepreneur

time and effort to solve those problems.

The direct evidence of the convex cost of labor is firm-size-wage-premium. Large firms

pay higher wages than smaller firms, even after controlling for worker heterogeneity (Oi & Idson,
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1999). If the wage rate depends on the employment size, then firms face with convex cost in labor.

Lemma 1. If wage rate w(L) is strictly increasing in L and positive, then w(L)L is strictly convex.

Here, we interpret v as the monitoring cost. In section 4, we provide a micro foundation

for v using the efficiency wage theory, which leads to firm size wage premium. However, since the

efficiency wage leads to wage distribution for workers and we are only interested in top income

inequality, for the tractability of the model we start with the reduced form model.6

2.2 The Equilibrium

Now, we are in a position to define an equilibrium.

Definition 1. For a given automation technology I, skill distribution G with support [zmin, zmax]

and capital stock K̄ an equilibrium consists of prices {R,w}, the set of entrepreneurs E ⊂

[zmin, zmax], labor and capital demand {`?i (z)}i∈[I?,1], {k?s(z)}s∈[0,I?), automation technology I?(z)

for z ∈ E such that:

• π(z) ≥ w for all z ∈ E;

• {`?i (z)}i∈[I?,1], {k?s(z)}s∈[0,I?), I
?(z) solves the entrepreneur’s problem (4);

• Labor market clears:

∫
E

1∫
I?(z)

`?i (z)didG(z) = 1− |E|;

• Capital market clears:

∫
E

I?(z)∫
0

k?s(z)dsdG(z) = K̄.

Proposition 1. For a given automation technology 0 < I < 1, capital stock K̄, and skill distribu-

tion G with support [zmin, zmax] ⊂ R+, there exists a unique equilibrium.

6What happens to v depends on the interpretation: it can be a part of the compensation scheme for labor, or
it can be an effort cost incurred by the entrepreneur. In the reduced-form model, we assume v is incurred by the
entrepreneur, in the model with efficiency wage v/L is paid to labor as compensation to not shirk; however, our
result does not depend on what happens to v.
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2.3 Characterization of the Equilibrium

We left the details of the characterization of the equilibrium to the appendix. Here, we point out

the main features.

2.3.1 Optimal Occupational Choice

It is easy to see that profit π(z) is increasing in z, hence there is a cutoff z? such that any individual

with z > z? becomes entrepreneur and others become a worker.

2.3.2 Optimal Allocation of Capital and Labor of an Entrepreneur

An entrepreneur uses the same measure of labor in non-automated tasks and the same measure

of capital in automated tasks. To see this, consider the first-order conditions of (4) with respect

to `i and ks:

[`i] :
zY

`i
= w + v′

(∫ 1

I?
`idi

)
=⇒ `i = `j = ` ∀i, j ≥ I?. (5a)

[ks] :
zY

ks
= R =⇒ ks = kt = k ∀s, t < I?. (5b)

The first condition equates the marginal product of labor in task i to the marginal cost of

labor. Since marginal cost is the same for each task that is not automated, marginal products

must be equalized across tasks. Hence, this condition implies that the measure of labor used in

each task that is not automated is the same. Similarly, the second condition implies that the

capital used for each task that is automated is the same. For automated tasks, this is easy to see.

Since there is no productivity difference between the tasks, an entrepreneur should be indifferent

to allocating resources to each task, therefore he distributes the capital across tasks uniformly.

This is also true for labor because of unit elasticity of substitution between tasks. Unit elasticity

leads to the productivity of labor to be in multiplicative form. Once the automation level is fixed,
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labor productivity behaves as if it is total factor productivity. Formally, effective TFP becomes

zC(I?), where C(I?) = exp

(
1∫
I?
lnγidi

)
. Hence the productivity level of a task affects each task

in the same way, and optimal labor is the same across non-automated tasks.

Optimal solution to the entrepreneur’s problem induces the output to Cobb-Douglas looking

function: zC(I?)kI
?
`1−I? .

2.3.3 Optimal Automation Level of an Entrepreneur

Now we characterize the optimal automation level of an entrepreneur. Taking the first order

condition of 4 with respect to I? and imposing optimality condition for labor and capital leads to

the following equation:

1∫
I?

lnγidi− (1− I?)lnγI? + ln(z) = ln(R). (6)

The solution to this equation is the unconstrained optimal automation level, I?. The

entrepreneur chooses I? if it is less than automation constraint I, otherwise, he chooses I. The

solution only depends on the rental rate of capital R and the skill of entrepreneur, z. Wage rate

does not affect the automation level, but it affects the labor and capital decision, that is why it

impacts the level of production indirectly. Let Ĩ(z) be the solution to (6).

One thing to notice is that for low productive tasks, using labor might never be optimal.

Consider a low productive task i such that w/γi > R. Even without any labor, the effective cost

of labor is higher than the capital. Therefore, the entrepreneur does not have any incentive not to

automate this task. So, all tasks i < I
¯

:= max{0, γ−1(w/R)} are automated in the equilibrium,

where γ−1(x) is the task that has the labor productivity x.
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Proposition 2. Optimal choice of automation level, I?(z) is increasing in z and given by:

I?(z) =


I if z ≥ z̃,

Ĩ(z) if z
¯
< z < z̃,

I
¯

if z ≤ z
¯
.

(7)

where Ĩ(z̃) = I and Ĩ(z
¯

) = I
¯

.

Proposition 2 tells that more skilled entrepreneurs automate more tasks. The reason is

as follows: as discussed above, labor productivity appears like a TFP in the optimal produc-

tion, C(I?). Hence, there is a tradeoff for automation. On the one hand, automation enables

entrepreneurs to use cheaper factor. On the other hand, it decreases the productivity gain from

the labor, C(I). Low productive entrepreneurs automate less to benefit from total productivity.

As z increases, the benefit of labor productivity decreases, hence the entrepreneurs prefer the

cost-effective inputs. Therefore, I? is increasing in z. The reason is similar to the argument of

Zeira (1998). In a similar model, he studies technological adaptation across countries. He shows

that low productive countries have lower wages and hence lower technological adoption. In our

model, the wage rate is the same for all firms, the only difference is productivity.

2.4 Top Income Distribution

Now, we can characterize the top income distribution. Individuals with skill level below z? be-

come a worker and earn wage w and individuals with skill level above z? become entrepreneurs

and earn profit π(z). Because π(z) ≥ w for entrepreneurs, the top income percentile consists

of entrepreneurs. As a result, we only need to characterize the profit function for top income

distribution.

Recall from the first order conditions that zY ? = k?R and zY ? = `?(w + v′(L?)). If we
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multiply the first one with I? and the second one with (1− I?) and sum them, we get:

zY ? = RI?k? + L?(w + v′(L?)).

Hence, the profit function is given by:

π(z) =zY ? −RI?k? − wL? − v(L?)

=v′(L?)L? − v(L?).

In order to get a closed form solution, we need more structure. Assume that v(L) = Lα,

where α > 1. Then:

π(z) = (α− 1)L?α.

Imposing functional form of v into entrepreneur’s problem gives us:

L(z) =

[(
zC(I?)

RI?

) 1
1−I?

− w

] 1
α−1 (

1

α

) 1
α−1

.

Because we are interested in top income, consider high z. Suppose that z̄ > R, then clearly

automation technology binds for top skilled entrepreneurs. To see this, consider z > R. If he

automates all tasks, then he has a linear production function and makes infinite profit. Hence, I

binds for high enough z.

By plugging labor demand and I? = I into the profit function, we get:

π(z) = (α− 1)

[(
zC(I)

RI

) 1
1−I

− w

] α
α−1 (

1

α

) α
α−1

. (8)

The profit function is convex in z. I ∈ (0, 1) implies that 1/(1 − I) > 1. Similarly, α > 1
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implies α/(α− 1) > 1. Convexity implies that there is a superstar effect (Rosen, 1981): the profit

is increasing in z disproportionately. A high productive entrepreneur’s earning is much higher

than a low productive one.

Observe that the convexity of profit function is increasing with automation technology I.

The reason for this is that automation constraint in the entrepreneur’s problem binds stronger

for high skilled than low skilled. Hence, once this constraint is relaxed, the return is higher for

a high skilled entrepreneur. For simplicity, consider two entrepreneurs, one with high z so that

automation technology binds and one with low z that does not automation all automatable tasks.

An increase in I does not affect the choice of low z, whereas now a high z can enlarge its production

and increase its profit. Therefore, the value of relaxing the automation constraint is increasing

at z. This implies that an improvement in automation technology increases the convexity of the

profit function.

The convexity of profit function is also increasing with a reduction in the monitoring cost,

i.e. a decrease in α. The monitoring cost is the main reason behind the decreasing returns to scale.

As the monitoring problem is relaxed, entrepreneurs can enlarge their span of control. Since the

enlargement is bigger for high productive entrepreneurs, this leads to an increase in the convexity

of the profit function.

To characterize the distribution of profits, we need to know how productivity z is dis-

tributed. It is well-known that top income distribution of income is well approximated by a

Pareto distribution. Moreover, the power of a Pareto distribution is also a Pareto distribution.

Therefore, if z is Pareto distributed, then the convexity of profit function implies that the distri-

bution of profit has a Pareto tail.

Proposition 3. Suppose the distribution of entrepreneurial productivity, z, is Pareto with shape

parameter λ, monitoring cost function is v(L) = Lα, and λ(1 − I)(α − 1) > 1.7 Then, the

distribution of profits has a Pareto tail with shape parameter λ(1− I)α−1
α

.8

7Proposition 1 can be extended to any unbounded distributions as long as the labor demand remains finite. For
the Pareto distribution, we need λ(1− I)(α− 1) > 1 to have an equilibrium.

8We say that the tail distribution of F is distributed by G if F (x)/G(x)→ 1 as x→∞. Observe that including
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Pareto parameter gives us a measure for inequality (Gabaix, 2016). Lower tail parameter

means higher inequality. In this model, the Pareto parameter of the profits has three components:

entrepreneurial skill distribution (λ), the convexity of the labor cost function (α), and the automa-

tion technology (I). Since (α−1)/α < 1, both automation and labor cost make income distribution

thicker. As I increases or α decreases, the Pareto parameter goes down, hence inequality at the

top increases.

Here, decreasing returns comes from automation technology and labor cost. As we discussed

before, the convexity of profit function increases with improvement in I and decreases with α.

This leads top skilled entrepreneurs to capture the higher share of total profits. As the severity of

diseconomies of scale decreases, top income inequality increases.

Under the assumption of the constant returns to scale profit function, only the highest

skilled entrepreneur produces and others would work for her since there is no limit to scaling the

production function. If everything can be automated, i.e. I = 1, or there is no convex cost of

labor, i.e. α = 1, then profit function is constant returns to scale. In such a situation there is

no limit for entrepreneurs to scale up their production, hence only the most productive person

becomes an entrepreneur. Hence as I goes up, inequality also increases because the limit on scaling

up the production lessened.

2.5 A Measure for Automation: Labor Share

In our model, 1 − I corresponds to the labor share of income. To see this, consider the en-

trepreneur’s first order condition with respect to capital. It implies that the capital share of

production within a firm is I, I?(z)zY = RI?(z)k?(z). If there is no entrepreneur that automation

level does not bind, then in the aggregate, capital share of income is I:

∫
I?(z)zY (z)dG(z) =

∫
RI?(z)k?(z)dG(z) =⇒ I =

RK̄∫
zY (z)dG(z)

.

capital income, RK, does not impact the tail of income distribution of entrepreneurs.
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Therefore, the remaining part, 1− I accrues to labor and entrepreneur.

Proposition 4. If automation technology binds for every entrepreneur, then the labor share of

income (wage share + entrepreneurial share) is 1− I.

2.6 Back of the Envelope Calculation

Now, we do back of the envelope calculation for the impact of the improvement in automation

technology on the change in the Pareto parameter of the top income distribution. Recall that

our theory states that β = λ(1− I)α−1
α

. We know that the labor share in the US decreased from

around 64% to 59% from the 1970s to 2010s. Assuming the Pareto parameter for skill distribution

and the convexity of monitoring cost function has not changed, i.e. all the decrease comes from

the change in I, this implies that:

β̂2010

β̂1970

=
1− I2010

1− I1970

≈ 0.92.

In other words, the model predicts 8% decrease in the Pareto parameter. In the WID data,

the estimated Pareto parameter decrease from 2 to 1.5 in the same period. This corresponds to

approximately 25% decrease. In other words, our model can explain a third of the decrease in the

Pareto parameter.

3 Test for Empirical Predictions

3.1 Evidence Justifying Assumptions of the Model

In this subsection, we discuss the importance of the change in the return to entrepreneurial skill

for the dynamics of top income inequality.

Figure 2 shows the income composition of the top 0.1% (excluding capital gains) across
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Figure 2: Income Composition of Top 0.1%
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Note: Capital gains are excluded. Source: Piketty & Saez (2003)

the last 50 years. The share of business income (dashed line in the graph) almost doubled since

the 1960s. Together with wages and salaries, they account for 80% of the income of top income

earners (Piketty & Saez, 2003; Atkinson & Lakner, 2017). Moreover, the major component of the

increase in the top income share can be accounted for by the increase in business income (Guvenen

& Kaplan, 2017; Smith et al., 2019; Bakija et al., 2012). 60% of the growth of income share of top

earners can be accounted for by managers, executives, entrepreneurs, supervisors, and financial

professionals (Bakija et al., 2012). Therefore, the change in the return to entrepreneurial skills is

the main driver of the top income inequality.

3.2 Testing Model Predictions

In this subsection, we test the main theory of the paper. The implication of our main result is

that

logβ = logλ+ log(1− I) + log(α− 1)− log(α).
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This implies that there is a one-to-one relationship between the Pareto parameter and the labor

share, 1− I. The model predicts that a percentage increase in 1− I leads to a percentage increase

of β.

We test this prediction with two different cases. First, we consider the industry-level panel

data for the US. Second, we consider the country-level panel data. To test our theory, we regress

estimate the following equation:

∆logβit = γ∆log(labor sharet) + τ + ∆εit,

where i is industry or country, t is time, τ is time trend and ∆ is the first difference operator.

Under the assumption that skill distribution and monitoring cost remains constant across time,

our theory predicts that γ is equal to one.

3.2.1 Measure for Labor Share

Labor share of income is defined as the total compensation of workers divided by the total income.

For the US industrial level data, we use the compensation of employees as a share of the value-

added GDP for each industry, using BEA’s industry-level GDP data (U.S. Bureau of Economic

Analysis, 2018). For international level analysis, we use the labor share estimates of Penn World

Table 9.1 (Feenstra et al., 2015). BEA’s data starts in 1987, therefore we consider the years

between 1987 and 2005. For international comparison, we consider 1961-2005.

Observe that labor share in the model consists of two parts: wage and entrepreneurial

income. Though, in reality, accounting for self-employment income is not straightforward since

it is hard to distinguish what fraction of income is returned to entrepreneurial skill and what

fraction is returned to own capital. How to incorporate self-employment income into factor share

calculations is an important discussion (Gollin, 2002). PWT divides self-employment income

between labor and capital using the split ratio in the corporate sector (Feenstra et al., 2015).
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3.2.2 Measure for Top Income Inequality

The main source of top income shares is the World Inequality Database (WID)9. WID relies on

the tax data and available for a wide range of countries. In the international level evidence, we

use data from WID. Specifically, we use pre-tax income (equally split between spouses) shares for

top 0.1% and top 1%.

We get relative income share from WID and then estimate the Pareto parameter using the

following relation:

ˆRIS = 10
1−β̂
β̂ × 100.

Unfortunately, the tax data usually does not have information on the industry, making it

hard to get a good estimate of top income share by industry. Therefore, we use the CPS ASEC

microdata extracted from IPUMS (Flood et al., 2018). As we discussed before, business income is

an important component of income for top income earners and our model is also about business

income. For this reason, we considered the distribution of income of self-employment workers.

Assuming that the right tail of income distribution follows a Pareto distribution, we estimated the

Pareto parameter using the maximum likelihood estimator.

A major drawback of public use micro data is that the income is top coded in the data.

Since we are interested in the right tail of the income distribution, a significant fraction of the

observations is top-coded. In order to estimate Pareto parameter with a top-coded data, we follow

the strategy of Clemens et al. (2017). Let xi be the income of person i and let x̄ be the top code.

Observed income in the data is then:

x̃i =

xi if xi ≤ x̄,

x̄ if xi > x̄.

9We retrieved data from https://wid.world/.
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Assume that income distribution after qth percentile is distributed by a Pareto with shape

parameter β. Maximum likelihood estimator for scale parameter is qth percentile of the data. Let’s

denote it by xq. Then maximum likelihood estimator for the Pareto parameter is

β̂ = argmax Π

[(
βxβq

xβ+1
i

)]Di (xq
x̄

)β(1−Di)
,

where Di indicated whether xi ≤ x̄ or not. Solution to this problem is

1

β̂
=

1

Nunc

[∑
ln

(
xi
xq

)
+Ncenln

(
x̄

xq

)]
,

where Nunc is the number of uncensored observations and Ncen is the number of censored obser-

vations.

One problem with this strategy is that there is not always enough observation to consistently

estimate the Pareto parameter. We only estimated the Pareto parameter if there are more than

15 observations and we fit the Pareto distribution to distribution after top 0.85th percentile. In

total, we have 648 estimated parameter for 18 industries between the years 1970-2005.10

We take the 5-year averages to decrease the short-run fluctuations and to reduce the noise

of the data. And because BEA starts in 1987, we end up having 4 observations for each industry.

3.2.3 Result

Table 1 shows the regression results. As can be seen, all of the coefficients are positive and

significant. This means that there is a positive correlation between the labor share and the Pareto

parameter, both at the industry level and at the country level. Moreover, when we control for

time trends, coefficients are very close to 1, as predicted by the model. A percentage increase in

the labor share increases the Pareto parameter by one percent. In this regard, the data supports

the main prediction of the model.

10We exclude utilities, public administration and other services.
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Table 1: Results

log(Pareto Parameter)

US - Industry Level Cross-country

log(Labor Share) 1.002 1.02 1.33 0.99

(0.57) (0.6) (0.37) (0.44)

Time Trend - 0.01 - -0.03

- (0.03) - (0.01)

Nobs 46 46 198 198

Note: All standard errors clustered at industry or country level. Rows are independent variables and columns are
dependent variables. The Pareto parameter for industries are estimated by fitting Pareto parameter to top business
income distribution using CPS ASEC data. The Pareto parameter for countries are taken from World Inequality
Database. The labor share for industries are taken from BEA. The labor share for countries are taken from Penn
World Table version 9.1.

3.3 Beyond Top Income Inequality

In this section, we discuss our model’s implications other than top income inequality.

CEO compensation: Even though our model is about entrepreneurs, it is possible to

consider entrepreneurs as CEOs also. In an extended model, if we assume that there is a compet-

itive market for CEOs and firms are competing to hire CEOs, then Bertrand competition among

firms leads the CEO to capture all the surplus. In this regard, the model predicts that an im-

provement in automation technology leads to an increase in CEO compensation. Indeed, there is

also a significant increase in CEO compensation in the US, especially between the mid-1970s and

the 2000s(Frydman & Jenter, 2010). Median CEO compensation was $1.2 million in the 1970s

and it increased to $9.2 million in the 2000s.

Market concentration: Our model predicts that market concentration, either measured

as top firms’ share in sales or in employment, increases with automation. Even though we did not

prove formally, it is straightforward to see that top firms’ share in sales and employment size is

increasing with the automation level. Autor et al. (2020) show that “superstar” firms are capturing

a larger share of the market and this phenomenon is more pronounced in the industries where labor
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share is falling faster. Though, they interpret the increase in market power as an important driver

of the decrease in the labor share. In our model, the causality is reversed. Here, automation leads

to a decline in the labor share and an increase in market concentration. There is also a significant

correlation between information technology (IT) intensity and market concentration (Brynjolfsson

et al., 2008; Bessen, 2017). We believe that IT is an important part of automation technology

hence high IT intensity is an implication of more automation. In this regard, these observations

are consistent with our model’s prediction on market concentration.

Decreasing Entrepreneurship Rate: One important margin in the model is the occu-

pational choice. An increase in automation technology has two counteracting impacts on the wage

rate. Similar to Acemoglu & Restrepo (2018a), there are replacement and productivity effects.

First, as capital replaces labor, demand for labor decreases, and this dampens the wage. Sec-

ond, automation enables firms to allocate workers to more productive tasks, therefore it increases

productivity and wages. Due to occupational choice, there is an additional effect in this model.

Automation increases the return to entrepreneurial skill, hence it incentivizes workers to become

an entrepreneur. Depending on the change in the wage rate and return to entrepreneurial skill,

the marginal individual might change his occupation. In the early stage of automation, produc-

tivity effect dominates and hence the marginal entrepreneur becomes a worker. In the later stage

of automation, the replacement effect dominates, and this reverses the decision of the marginal

individual. Hence, it is expected to see a decreasing business dynamism in the early stage of

automation. This is in line with the decrease in the start-up rate in the US (Decker et al., 2014;

Pugsley & ahin, 2019; Salgado, 2019).

4 Endogenizing v: Efficiency Wage

In the previous section, we introduced a convex cost function for labor, v, as the source of the

diseconomies of scale, but did not provide why there is this additional cost and why it is convex.

In this section, we provide a micro foundation for v using the efficiency wage theory similar to
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Shapiro & Stiglitz (1984).

Suppose that time is continuous and there is a measure one of the risk-neutral individ-

uals who discounts future with rate r > 0. Each individual has two types of skills: labor and

entrepreneurial skill. Labor skill is the same for all individuals, whereas, entrepreneurial skill, de-

noted by z, is distributed with some cumulative distribution function G. There is a fixed amount

of capital, K̄. To avoid the capital accumulation decision of individuals, we assume that capital

is owned by outsiders.

Each individual can either become a worker or an entrepreneur. An entrepreneur rents

capital hires labor to produce output and enjoys a profit, π(z). A worker can be in one of two

states at any point in time: employed or unemployed.

4.1 The Problem of the Worker

An employed worker earns a flow wage w until he is separated from the job. The separation can

happen in two ways: exogenous separation that happens with Poisson rate δ or getting caught

while shirking. A worker is monitored with a Poisson rate of q. Hence, a worker who shirks leaves

the job with Poisson rate δ+ q, and a worker who exerts effort leaves the job with Poisson rate δ.

Let U denotes the value of being unemployed, Ve(w, q) denotes the value of exerting effort

in a job that pays wage w and monitoring probability is q, and Vs(w, q) denotes the value function

for shirking on the job that pays wage w and monitoring probability is q. Then, Ve and Vs satisfy

the following equations:

rVs(w, q) =w + (δ + q) [U − Vs(w, q)] , (9a)

rVe(w, q) =w − c+ δ [U − Ve(w, q)] , (9b)

where c is the cost of exerting effort.
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An employed worker exerts effort if and only if Ve(w, q) ≥ Vs(w, q). This implies that the

worker exerts effort if the wage rate satisfies:

w ≥ rU + c+
(r + δ)c

q
. (NSC)

This is the so-called no-shirking condition. This condition says that wage rate should compensate

for disutility of working, rU + c. Moreover, there is a premium to induce the worker to work,

(r + δ)c/q.

An unemployed worker enjoys a flow unemployment benefit b and finds a job with Poisson

rate µ. Let x = (w, q) be the characteristics of the jobs. Then, U satisfies the following equation:

rU = b+ µ

∫
X

[max{V (x)− U, 0}] dF (x), (10)

where X is the set of active firms characteristics, F is the distribution of job openings and V (w, q) =

max{Ve(w, q), Vs(w, q)}.

4.2 The Problem of the Entrepreneur

Now consider an entrepreneur. The entrepreneur has a limited ability to monitor his employees.

Assume that as the measure of employees increases, the probability of being monitored for a single

worker decreases, i.e. q(L) is a decreasing function of L. 11 The entrepreneur wants his employees

to exert effort, otherwise, they produce nothing. Therefore, he needs to take into account the

moral hazard problem. An entrepreneur with L labor needs to pay his workers w(L) such that

Ve(w, q(L)) ≥ Vs(w, q(L)) so that workers exert effort. In other words, at the optimum w should

11In this model monitoring is only done by the entrepreneur. The monitoring cost is only important if the
entrepreneur cannot identify the shirking worker from the non-shirking one. Alternatively, it might be possible to
use a contract that depends on the performance of peers. This way, the entrepreneur can incentivize her employees
to monitor each other (Che & Yoo, 2001). Replacing labor with capital would decrease the peer monitoring, which
might lead to a change in the compensation scheme to induce workers to exert effort (Dogan & Yildirim, 2017).
However, in this paper, we only consider monitoring entrepreneurs.
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satisfy (NSC) with equality. Hence, define the optimal wage policy as:

w(L) = rU + c+
(r + δ)c

q(L)
.

In this setting, the wage premium to induce a worker to exert effort is a function of firm size:

larger firms need to pay a higher wage.

The problem of an entrepreneur in this setting is:

π(z) = max
I?,{`i}i∈[I?,1],
{ks}s∈[0,I?)

zY − w

 1∫
I?

`idi

 1∫
I?

`idi−R
I?∫

0

kidi (11)

s.t. 0 ≤ I? ≤ I,

`i ≥ 0, k ≥ 0.

An individual would become an entrepreneur instead of a worker if π(z) ≥ rU . Since π(z)

is increasing in z, there exist a marginal entrepreneur z? such that any individual with z′ > z?

becomes an entrepreneur.

4.3 Equilibrium

Definition 2. For a given automation technology I, skill distribution G with support [zmin,∞)

and capital stock K̄, the steady state equilibrium of the economy consists of prices {R,w(.)}, value

functions {U, Ve(z), Vs(z), the marginal entrepreneur z?, labor and capital demand {`?(z), k?(z)}

for z ≥ z?, automation technology I?(z) for z ≥ z?, matching process µ, vacancy distribution F ,

and unemployment u such that:

• Value functions satisfy (10), (9a),(9b);

• π(z?) = rU ;
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• `(z), k(z) and I?(z) solve the entrepreneur’s problem (11);

• inflow to unemployment should be equal to outflow from unemployment: δ(G(z?)− u) = µu;

• labor market clears:
∞∫
z?

(1− I?(z))`?(z)dG(z) = G(z?)− u;

• capital market clears:
∞∫
z?
I?(z)k?(z)dG(z) = K̄;

• wage function: w(L) = rU + c+ (δ+r)c
q(L)

;

• vacancy posting: F (w) =

w∫
w
¯

g(z(w′))L(z(w′))

∞∫
w
¯

g(z(w′))L(z(w′))
dw′ for w ≥ w

¯
= w(L(z?)),

where z(w) = L−1
(
q−1

(
w−c−rU
(r+δ)c

))
, i.e. entrepreneurial skill level that offers wage rate w, L−1 is

the inverse function of labor demand and q−1 is the inverse of monitoring probability.

4.4 Characterization of the Income Distribution

We can separate the wage function in two components, fixed and variable part. Define w0 = rU+c

and wv(L) = (r+δ)c
q(L)

so that w(L) = w0 + wv(L). The labor cost in this setting can be mapped

to the labor cost in previous setting by defining v(L) = wv(L)L. Hence, if L/q(L) is convex, the

entrepreneur’s problem would be the same in both settings.

Even though nothing has changed on the entrepreneur’s side, the labor supply side has

changed. First, to discipline the workers, there must be unemployment. Without unemployment,

workers can immediately find a new job after being fired, then there is no cost of being fired.

Therefore, unemployment is needed to discourage workers from shirking. Second, there is a wage

dispersion. In the previous section, we assumed v as a waste; in contrast, here we assume that

it is paid to the workers as compensation. Since monitoring in larger firms is harder, an en-

trepreneur with a larger labor force needs to pay more to provide workers an incentive to exert

effort. Therefore, the firm size distribution would lead to a wage dispersion.
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To characterize distributions, we need more structure. Recall that q(L) is the probability

that a worker is being monitored. One intuitive way to define q is to think that the entrepreneur

randomly selects workers and monitors them. Let M denote the measure of workers that an

entrepreneur can monitor in a given time. Then, the Poisson rate that a worker in a firm with L

employees is monitored is q(L) = M/L. This leads to v(L) = ML2, in other words letting α = 2

in the previous setting would give the same entrepreneur’s problem. Therefore, similar results

follow in this setting:

Corollary 1. If z follows a Pareto distribution with parameter λ, then for large enough π, profit

distribution can be approximated by Pareto distribution with parameter λ(1− I)/2.

As we discussed, there is going to be a wage dispersion even for workers. Since there is one-

to-one relation with wage level and firm size, wage distribution mimics the firm size distribution:

Corollary 2. If z follows a Pareto distribution with parameter λ, then for large enough w, wage

distribution can be approximated by Pareto distribution with parameter λ(1− I).

Observe that only the curvature of q(L) is important for profit distribution. In this for-

mulation, the efficiency of monitoring, M , does not have an impact on the tail parameter. If an

entrepreneur can monitor a higher measure in a given time, this would not change the convexity

of the profit function. Therefore, if we think M as the monitoring technology or communication

technology as in Garicano (2000), then it has no impact on top income inequality. On the other

hand, automation technology I still has the same impact on the right tail of the income distri-

bution. Furthermore, now it not only impacts profit distribution but also leads to thicker wage

distribution.
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5 Conclusion

After the 1980s, income distribution in the US has become more skewed. While rich people

have been getting richer, the super-rich has become even more so. In this paper, we argue that

improvements in automation technology contributed to the widening gap between the top earners.

Our theory states that if the cost of labor is convex, then entrepreneurs have decreasing returns to

scale production function. As automation technology improves, dependence on labor deteriorates

and the importance of convex cost decreases. This lessens the severity of diseconomies of scale and

increases the return to entrepreneurial skill. Therefore, income inequality among the top earners’

increases. Using industry-level data for the US and cross country data, we provide evidence that

an improvement in automation technology leads to a lower Pareto parameter.

According to our model, the Pareto parameter of top income distribution is a function

of three parameters: automation level, skill distribution, and convexity of labor cost. In this

paper, we discussed the impact of the change in automation level, because we know for a fact that

automation has increased. However, we believe that the other two parameters are also important

and need attention.

We provide one explanation for convex cost of labor: efficiency wage. However, any theory

that leads to firm size premiums should deliver similar results. It is shown that firm size wage

premium is decreasing, the gap between large firms and small firms is decreasing (Bloom et al.,

2018; Cobb & Lin, 2017). This might be a piece of evidence that monitoring cost is decreasing,

hence it also contributing to top income inequality.

Even though we see this paper as a model of automation, the model is open to other ways

of interpretation. With slight modification (by specifying the supply and price of the outsourcing),

it can be seen as a model of outsourcing. We believe that outsourcing is an important subject as

automation and it is crucial to distinguish them. Unfortunately, this paper remains short in that

aspect.
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A Online Appendix

Lemma 1. If wage rate w(L) is strictly increasing in L and positive, then w(L)L is strictly convex.

Proof. Let L1 > L2 and define Lλ = λL1 + (1−λ)L2 for some λ ∈ (0, 1). Suppose w(L)L

is not is not convex, then there exist λ ∈ (0, 1) such that

w(Lλ)Lλ ≥ λw(L1)L1 + (1− λ)w(L2)L2

(1− λ)[w(Lλ)− w(L2)]L2 ≥ λ[w(L1)− w(Lλ)]L1.

Since w(L) is strictly increasing and positive, w(Lλ) > w(L1) and w(Lλ) < w(L2). This implies

that left hand size is negative and right hand size is positive. Hence, it leads to a contradiction.

This prooves that w(L)L is a convex function. �

A.1 Proof of Proposition 1

In order to prove the existence and the uniqueness of equilibrium, first we consider a constraint

problem, in which cutoff for being entrepreneur is fixed. In such setting, we show that there exist

a cutoff skill level z̄ such that for z > z̄ there exist no positive prices that clears labor and capital

market at the same time. This allows us to bind the set of skill level. Then, we show that there

exist z? such that market clearing wage rate and profit for cutoff entrepreneur is same, hence z?

together with associated wage and rental rate constitute the equilibrium.

For a given prices {w,R}, labor demand for entrepreneur z is the solution to v′(L(z)) =(
zC(I?(z))

RI
?(z)

)1/(1−I?(z))

− w, where C(I) = exp

(
1∫
I

lnγi

)
. Since v is twice continuously differentiable

and strictly convex, inverse of v′ exists. Define φ := v′−1. For ease of notation, we drop argument

for I?(z) and write it as I?. Define M(R, z) =
(
zC(I?)

RI?

) 1
1−I?

. Since labor demand is decreasing

with R, and increasing with z, MR < 0, Mz > 0, where Mi is partial derivative with respect to i.
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Observe that boundary condition for labor demand is not satisfied, i.e. for a given positive

R as the wage rate converges to 0 labor demand does not diverge. Therefore, decrease in the wage

rate might not be sufficient to clear the market. We are going consider this boundary case in order

to find when markets are not going to clear.

The labor market and capital market clearing conditions when the cutoff skill is z′ are:

zmax∫
z̃

φ [M(R, z)− w] dG(z) = G(z?), (12a)

zmax∫
z̃

I?

1− I?
φ [M(R, z)− w]

M(R, z)

R
dG(z) = K̄, (12b)

where z̃ = max{z′, w1−I?RI?/C(I?)} is the least productive active entrepreneur, given prices

{R,w}, i.e. M(R, z̃) = w if z̃ 6= z′. Anyone above z̃ hires positive mass of labor, and anyone

below z̃ does not hire.

Define R`(w, z
′) as the labor market clearing rental rate when the wage is w and individuals

with z > z′ are entrepreneur. Define similar object Rk(w, z
′) for the capital market. Observe that

both R`(w, z) and Rk(w, z) is decreasing in z, since increase in z decreases the total demand, but

does not decrease the supply, hence R must decrease for a fixed wage. The intersection of these

two curves is the rental rate that clears both markets for a given w and z′.

Observe that boundary condition for labor demand is not satisfied, i.e. for a given positive

R as the wage rate converges to 0 labor demand does not diverge. Therefore, decrease in the wage

rate might not be sufficient to clear the market. We are going consider this boundary case in order

to find when markets are not going to clear.

Now we show that there exist unique z̄ such that R`(0, z̄) = Rk(0, z̄). To do this, first

we show that Rk(0, z) is bounded above, whereas R`(0, z) is not. Second, we show that for high

enough z, Rk(0, z) > R`(0, z), hence, by the intermediate value theorem, they must intersect.

Lastly, we show that at the point where they intersect, derivative of R` is higher than Rk, i.e.
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around z̄, R`(0, z̄)−Rk(0, z̄) is decreasing, so that they can only intersect once. Notice that z̃ = z′

when the wage rate is zero.

Lemma 2. As z → zmin, R`(0, z)→∞, and Rk(0, z)→ t <∞.

Proof. Let z → zmin. Suppose the contrary, R`(0, z) → p < ∞, and p > 0. Take small

ε > 0, by continuity of R`(0, z), there exist δ > 0, such that R`(0, z
′) ∈ (p − δ, p + δ) for any

z′ ∈ (zmin, zmin + ε). Define k := φ [M(p+ δ, zmin] > 0. Let z′ be such that (1−G(z′))k > G(z′),

and z′ ∈ (zmin, zmin + ε). Because k > 0 = G(zmin), such z′ exists. Since R`(z
′) < p+ δ and labor

demand is decreasing with R, labor demand for each z is higher than k. Hence, for small enough

z′:

zmax∫
z′

φ [M(R`, z)] dG(z) >

∞∫
z′

kdG(z) = (1−G(z′))k > G(z′),

which contradicts that R` clears the market. Therefore, with a finite R`, the labor market cannot

be cleared. Hence R`(0, z)→∞ as z → zmin.

Now consider the capital market condition (12b) when z? = zmin. As Rk converges to

zero, demand goes to infinity, and as Rk diverges, demand converges to 0. Hence, there exist

Rk(0, zmin <∞ that clears the capital market. By continuity, Rk(0, z)→ R(0, zmin) as z → zmin.

�

Since R`(0, z) diverges and Rk(0, z) converges to some positive number as z → zmin, this

implies that for low enough z, R`(0, z) > Rk(0, z). We now show that inequality must be flipped

for high enough z.

Lemma 3. For high enough z′, Rk(0, z
′) > R`(0, z

′).

Proof. Observe that as z′ → zmax, R`(0, z
′) and Rk(0, z

′) converge to 0. To see this, for

a positive R, both total labor demand and total capital demand converges to 0, in contrast capital

supply is fixed and labor supply converges to 1. Hence, R` and Rk converge to 0 in order to clear

the market. As Rk converges to 0, I? converges to I, every entrepreneur automates all possible
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tasks. Then, capital demand is:

I

1− I
R
− 1

1−I
k

zmax∫
z′

φ [M(Rk, z)− w] (zC(I))
1

1−I dG(z) = K̄.

Since R
− 1

1−I
k diverges, it must be the case that integral converges to 0 in order to have finite demand.

Observe that φ(M(R, z))(zC(I))
1

1−I > φ(M(R, z))(zminC(I))
1

1−I > 0 for z > zmin. Therefore,

zmax∫
z′

φ [M(Rk, z)] (zC(I))
1

1−I dG(z) >

zmax∫
z′

φ [M(Rk, z)] (zminC(I))
1

1−I dG(z)→ 0.

However, labor demand must be equal to labor supply G(z′), close to 1 for large z′. Hence,

for large enough z′, it must be the case that:

1 ≈
zmax∫
z′

φ [M(R`, z)] dG(z) >

zmax∫
z′

φ [M(Rk, z)] dG(z) ≈ 0. (13)

Since M is decreasing in R, it must be the case that R`(0, z
′) < Rk(0, z

′) for large z′. �

Lemma 4. Let R`(0, z̄) = Rk(0, z̄). Then |R′`(0, z̄)|> |R′k(0, z̄)|. In other words, R`(0, z̄)−Rk(0, z̄)

is decreasing around z̄.

Proof. Let R`(0, z̄) = Rk(0, z̄) = R̃. Using implicit function theorem, taking derivative

of labor market condition (12a) with respect to z̄ gives us:

−φ
[
M(R̃, z̄)

]
g(z̄) +

xmax∫
z̄

φ′
[
M(R̃, z)

]
MR(R̃, z)R′`(z̄)dG(z) = g(z̄). (14)

Similarly, derivative of capital market condition with respect to z̄ is:
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0 = − I?(z̄)

1− I?(z̄)
φ
[
M(R̃, z̄)

](M(R̃, z̄)

R̃

)
g(z̄) +

zmax∫
z̄

[
I?

1− I?
φ′
[
M(R̃, z)

]
MR(R̃, z)R′k(z̄)

M(R̃, z)

R

+
I?

1− I?
φ
[
M(R̃, z)

]MR(R̃, z)R′k(z̄)R̃−M(R̃, z)R′k(z̄)

R̃2

+
I?RR

′
k(z̄)

(1− I?)2
φ
[
M(R̃, z)

]M(R̃, z)

R̃

]
dG(z).

Recall that I?(z) is decreasing in R, hence I?R ≤ 0. Since R′k < 0, the last term of the

integrand is positive for all z. Similarly, the second term of the integrand is also positive, since

MR < 0. Therefore:

I?(z̄)

1− I?(z̄)
φ
[
M(R̃, z̄)

](M(R̃, z̄)

R̃

)
g(z̄)

>

zmax∫
z̄

[
I?

1− I?
φ′
[
M(R̃, z)

]
MR(R̃, z)R′k(z̄)

M(R̃, z)

R

]
dG(z).

Moreover, I?/(1−I?) and M(R, z) are increasing in z. We can simplify the above expression

by replacing them with I?(z̄)/(1− I?(z̄)) and M(R, z̄) :

φ
[
M(R̃, z̄)

]
g(z̄) >

zmax∫
z̄

[
φ′
[
M(R̃, z)

]
MR(R̃, z)R′k(z̄)

]
dG(z).

Using derivative of labor market condition, equation (14):

∞∫
z̄

φ′
[
M(R̃, z)

]
MR(R̃, z)R′`(z̄)dG(z) >

∞∫
z̄

[
φ′
[
M(R̃, z)

]
MR(R̃, z)R′k(z̄)

]
dG(z),

∞∫
z̄

φ′
[
M(R̃, z)

]
MR(R̃, z)(R′`(z̄)−R′k(z̄))dG(z) > 0.

Which implies that R′`(z̄) − R′k(z̄) < 0, since φ′ > 0 and MR < 0. In other words, if R̃

clears both labor and capital market, when we increase z, rental rate that clears the labor market

5



decreases much faster than capital market. �

Lemma 5. There exists a unique z̄, such that R`(0, z̄) = Rk(0, z̄)

Proof. Lemma 2 shows that R`(0, z) > Rk(0, z) for low z, and lemma 3 shows that

R`(0, z) < Rk(0, z) high z, therefore, they must intersect. Lemma 4 shows that they can at most

intersect once, since at the point they intersect, R`(0, z̄)−Rk(0, z̄) is decreasing. If they intersect

once more, then it must be the case that the difference is increasing in the second intersection.

Hence z̄ exists and it is unique. �

Now, we prove that for z? < z̄, there exist positive prices that clears the market.

Lemma 6. For z? < z̄, there exist w > 0 and R > 0 that labor market condition, equation (12a),

and capital market condition, equation (12b), hold.

Proof. First, notice that R`(w, z
?) and Rk(w, z

?) are decreasing in w. To see this, assume

w increases but R does not decrease, z̃ weakly increases by definition and demand strictly decreases

for each entrepreneur. But then market conditions cannot be satisfied. Therefore, Ri(w, z
?) must

be strictly decreasing in w. Since z? < z̄, R`(0, z
?) > Rk(0, z

?). We need to show that for large

enough w, Rk(w, z
?) > R`(w, z

?).

Observe that as w diverges, R converges to 0, otherwise market clearing condition cannot

be satisfied. As R converges to 0, automation technology binds for everyone: I? → I. Using the

similar argument with proof of lemma 3:

G(z?) =

zmax∫
z̃`

φ

[
M(R`, z)− w

]
dG(z) >

zmax∫
z̃k

φ

[
M(Rk, z)− w

]
dG(z)→ 0,

where z̃i = max{z?, w1−IRI
i /C}. If R` ≥ Rk, M(R`, z

?) ≤ M(Rk, z
?) and z̃` ≥ z̃k. There-

fore, above inequality cannot hold. Hence Rk(w, z
?) > R`(w, z

?) for large enough w. Using the

intermediate value theorem, continuity of R` and Rk implies that there exist w? > 0 such that

R`(w
?, z?) = Rk(w

?, z?).

Using similar argument with the proof of lemma 4, one can easily show that R`(w, z
?) −
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Rk(w, z
?) is decreasing around w?, hence R` and Rk can at most intersect once. Therefore, prices

are unique for a given z?. �

Lemma 7. For z? > z̄, there does not exist positive prices that clears the market.

Proof. As we discussed in the previous lemma, Rk and R` can only intersect if R` > Rk

for low wage rates, since R` cross Rk from above. However, R`(0, z
?) < Rk(0, z

?) since , z? > z̄.

Therefore, they cannot intersect when w > 0. �

Up to now, we know that for any z ∈ (zmin, z̄], there exist unique prices w(z), R(z) that

clears the market. To find the equilibrium, we need z? to be indifferent between occupations,

i.e. π(z?|R(w?), w(w?)) = w(z?) where π(z|R(w), w(w)) is the profit of entrepreneur with skill z

when prices are {R,w}. Clearly, if there are inactive entrepreneurs, then it cannot be equilibrium.

Recall that an entrepreneur with skill level z′ is inactive if M(R(z), z′) < 0 = w(z). Let’s define

A := {z|M(R(z), z) > w(z), z ≤ z̄}, so that z ∈ A implies every entrepreneur is active when z is

cutoff entrepreneur.

Lemma 8. There exists z0 ∈ (zmin, z̄), such that for z < z0, there exist inactive entrepreneurs,

and for z > z̄, every entrepreneur is active.

Proof. Let z′ ∈ A. If M(R(z′), z′) − w(z′) is increasing around z′, then z′′ > z′ implies

z′′ ∈ A. To show M(R(z′), z′)− w(z′) is increasing take derivative with respect to z′:

dM/dz = MRRz +Mz − wz.

Since Mz is positive, it is sufficient to show that MRRz−wz is positive. Now consider labor market

clearing condition. By definition, z̃′ = z′. Then:

zmax∫
z′

φ

[
M(R(z′), z)− w(z′)

]
dG(z) = G(z′).

7



Derivative with respect to z′ leads to:

zmax∫
z′

φ′

[
M(R(z′), z)−w(z′)

]
(MR(R(z′), z)Rz − wz) dG(z) = g(z′)+φ

[
M(R(z′), z′)−w(z′)

]
> 0.

Claim 1. ∂M(R,z)
∂R∂z

< 0.

Proof. Suppose I?(z) < I, then M(R, z) = RγI?. Then:

∂M(R, z)

∂R∂z
= γ′I?I

?
z +Rγ′′I?I

?
RI

?
z +RγI?I

?
Rz.

Recall that optimal I? solves the following equality:

1∫
I?

lnγi − (1− I?)lnγI? = ln(R/z).

Using implicit function theorem twice, one for derivative of R, and second for derivative of z, we

could get:

−γI?I?z = −I?zRγ′I?I?R + (1− I?)Rγ′′I?I?z I?R + (1− I?)Rγ′I?I?Rz.

By rearranging, one can get:

∂M(R, z)

∂R∂z
= I?zRγ

′
I?I

?
R − Iγ′I?I?z < 0

since I?z > 0, I?R < 0 and γI? > 0.

Now suppose technology binds, hence M(R, z) = (ZC/RI)1/(1−I). Since I does not change

with small changes in R and z, it is straight forward to show that MRz < 0. �

By claim 1, MR is decreasing in z, hence MR(R(z′), z′) > MR(R(z′), z) for z > z′. φ is

8



strictly increasing, hence derivative is positive. Thus

(MR(R(z′), z′)Rz − wz)
zmax∫
z′

φ′

[
M(R(z′), z)− w(z′)

]
dG(z) > 0.

Therefore, it must be the case that MR(R(z′), z′)Rz−wz is positive, which implies that M(R(z′), z′)−

w(z′) is increasing. Define z0 := infA. M(R(z), z) − w(z) is increasing implies that A is con-

nected, for z ∈ A ⇐⇒ z̄ ≥ z > z0, if such z0 exists.

Next, we show that z0 exists and is in (zmin, z̄).B y definition, M(R(z̄), z̄) > 0 = w(z̄),

hence z̄ ∈ A. Continuity of R,w,M implies that z0 < z̄.

To show z0 > zmin, suppose the contrary. Notice that as z → zmin, labor supply shrinks,

so demand converges to 0. Hence, it cannot be possible that both R(z) and w(z) converges to a

finite number, which leads to positive labor demand. Since Rk(0, z) < ∞ by lemma 2, it must be

the case that w(z) → ∞ and R(z) → 0 as z → zmin. Since, by assumption, every entrepreneur

is active, then z? > w1−IRI/C, hence w1−IRI/C is finite . However, this implies that the labor

demand, φ
[

(zC)1/(1−I)−(w1−IRI)1/(1−I)

RI/(1−I)

]
, diverges. Therefore, w1−IRI must diverge, which implies for

small z, there are inactive entrepreneurs. Hence z0 > zmin. �

Proposition 1. For a given automation technology 0 < I < 1, capital stock K̄, and skill distribu-

tion G with support [zmin, zmax] ⊂ R+, there exists a unique equilibrium.

Proof. By lemma 6 and 7, and due to the fact that every entrepreneur is active in

the equilibrium, we know that z? ∈ (z0, z̄). Define profit of cutoff entrepreneur as π̃(z) =

π(z|R(z), w(z)). z?, R(z?), w(z?) is equilibrium if π̃(z?) = w(z?). Optimality conditions imply

π̃(z) = v′ [M(R(z), z)− w(z)]φ [M(R(z), z)− w(z)] − v(φ [M(R(z), z)− w(z)]). Derivative with

respect to z gives us :

[M(R(z), z)− w(z)]φ′ [M(R(z), z)− w(z)] [MRRz +Mz − wz] > 0

where first term is positive since z ∈ A, second term is positive because φ is increasing and last

9



term is positive by lemma 8. Therefore, π̃ is strictly increasing in (z0, z̄), with π̃(z0) = 0 and

π̃(z̄) > 0.

On the other hand, w(z̄) = 0 by definition, and w(z0) > 0 by lemma 6. By the intermediate

value theorem and continuity of π̃(z) and w(z), they must intersect.

To show that it is unique, we want to show that w(z) is decreasing in z. Fix z′ and

w′ = w(z′). Take the derivative of the market clearing conditions with respect to z fixing w

constant, around R`(w
′, z′) and Rk(w

′, z′). Using similar idea to lemma 4, one can get:

′∫
z

φ′MR(R′`(w
′, z′)−Rk(w

′, z′)) > 0.

Since MR is negative, it must be the case that (R′` − R′k) < 0. By definition of derivative, this

implies that:

R`(w
′, z′ + ε)−Rk(w

′, z + ε)

ε
< 0

for small ε > 0. But then, R` and Rk cannot intersect at w >≥ w′, since R`(w, z)−Rk(w, z) must

be decreasing in w around market clearing wage rate. This implies that w(z) is strictly decreasing.

This concludes that w(z) and π̃ intersects only once, hence the equilibrium is unique. �

A.2 Proof of Proposition 3

Proposition 3. Suppose the distribution of entrepreneurial productivity, z, is Pareto with shape

parameter λ, monitoring cost function is v(L) = Lα, and λ(1 − I)(α − 1) > 1.12 Then, the

distribution of profits has a Pareto tail with shape parameter λ(1− I)α−1
α

.13

12Proposition 1 can be extended to any unbounded distributions as long as the labor demand remains finite. For
the Pareto distribution, we need λ(1− I)(α− 1) > 1 to have an equilibrium.

13We say that the tail distribution of F is distributed by G if F (x)/G(x)→ 1 as x→∞. Observe that including
capital income, RK, does not impact the tail of income distribution of entrepreneurs.

10



Proof. The distribution of profit Π = π(z) is given by:

P (Π > π) = D

[
α

(
π

α− 1

)α−1
α

+ w

]λ(1−I)
RλI

Cλ
. (15)

By dividing to D̃πλ(1−I)α−1
α , where D̃ = DRλI/C(I)λ

[
α/(α− 1)(α−1)/α

]λ(1−I)
, we can get:

P (Π > π)

D̃πλ(1−I)α−1
α

=

[
1 +

w(α− 1)
α−1
α

απ
α−1
α

]λ(1−I)

→ 1 as π →∞.

Hence Π ∼ Pareto(λ(1− I)α−1
α

).

�
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