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This paper develops a general framework to study how misinterpreting in-
formation impacts learning. We consider sequential social learning and passive
individual learning settings in which individuals observe signals and the actions
of predecessors. Individuals have incorrect, or misspecified models of how to in-
terpret these sources — such as overreaction to signals or misperception of others’
preferences. Our main result is a simple criterion to characterize long-run beliefs
and behavior based on the underlying form of misspecification. This provides a
unified way to compare different forms of misspecification that have been previ-
ously studied, as well as generates new insights about forms of misspecification
that have not been theoretically explored. It allows for a deeper understanding of
how misspecification impacts learning, including exploring whether a given form
of misspecification is conceptually robust, in that it is not sensitive to parametric
specification, whether misspecification has a similar impact in individual and so-
cial learning settings, and how model heterogeneity impacts learning. Lastly, it
establishes that the correctly specified model is analytically robust, in that nearby
misspecified models generate similar long-run beliefs.
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1 Introduction

How do individuals learn when they misinterpret information? The literature on mis-
specified learning typically takes the following approach: fix an incorrect, or misspecified,
model — such as overreaction to signals or a failure to account for correlated information
— and explore how it impacts the long-run beliefs about the state. We know from this
literature that asymptotic learning may be incorrect, where beliefs converge to the wrong
state,! cyclical, where beliefs do not converge,? or path-dependent, where multiple learn-
ing outcomes arise with positive probability — for example, whether learning is correct
or incorrect depends on initial signals.?

These insights are usually developed by choosing a parameterized misspecified model
that captures a conceptual learning error and assuming that all agents have the same
model. But often, there may be multiple parameterizations that capture a given concep-
tual phenomenon, and these different parameterizations may yield different predictions
about asymptotic learning. Alternatively, there may be model heterogeneity, either be-
cause agents exhibit varying levels of one form of misspecification or because different
agents have conceptually distinct forms of misspecification. Such heterogeneity raises the
question of whether the representative agent approach is valid. Finally, the same form
of misspecification may have different implications for learning depending on whether
the source of information is private, public or social.

This paper develops a general framework to study how misinterpreting information
impacts learning. We consider a setting in which individuals learn from signals and the
actions of predecessors. Signals can be private, such as past experiences in similar situa-
tions, or public, such as the announcements of a government or health agency. Critically,
individuals have misspecified models of how to interpret these sources. We develop a
simple criterion to characterize long-run beliefs and behavior based on the underlying
form of misspecification. This characterization allows for a deeper understanding of how
different forms of misspecification impact learning. Specifically, it can be used to explore
whether a given form of misspecification is conceptually robust, in that its implications
are not sensitive to parametric specification, and to determine whether the misspecifi-
cation has a similar impact in individual and social learning settings. It can also be
used to show that misspecification in the settings we consider is analytically robust, in
that nearby models (in a measure-theoretic sense) generate similar learning outcomes.

Therefore, the predictions of a correctly-specified model are a good approximation for

'Rabin and Schrag (1999)
Frick, Tijima, and Ishii (2019)

ZNyarko (1991); Bohren (2016); Fudenberg, Romanyuk, and Strack (2017); Gagnon-Bartsch (2017);
Frick, Tijima, and Ishii (2018); Heidhues, Koszegi, and Strack (2018)

3Guarino and Jehiel (2013); Eyster and Rabin (2010); Bohren (2016)

; Epstein, Noor, and Sandroni (2010); Gagnon-Bartsch and Rabin (2017);



settings with small levels of misspecification. In the case of heterogeneity, the character-
ization can be used to determine how agents with different models influence each others’
learning and to evaluate whether a representative agent model is a good approximation.
When agents’ models are sufficiently distinct, we show that heterogeneity can lead to
perpetual disagreement, with the beliefs of agents converging to different states despite
observing each others’ actions. Finally, we demonstrate how our framework can be
used to connect conceptually distinct forms of model misspecification that have similar
implications for learning.

Our framework captures a rich array of settings in which individuals are systemat-
ically biased when processing information and interpreting others’ choices. Depending
on the context, the empirical literature in psychology and economics documents that
individuals overreact or underreact to new information (e.g. overconfidence), slant in-
formation towards a preferred state (e.g. motivated reasoning, partisan bias), differen-
tially weight information based on their prior beliefs (e.g. confirmation bias), incorrectly
aggregate correlated information (e.g. redundancy neglect), misunderstand strategic in-
teraction (e.g. level-k, cognitive hierarchy), and misperceive others’ preferences (e.g.
false consensus effect, pluralistic ignorance).*® Our framework can represent these cog-
nitive biases as forms of model misspecification where individuals have incorrect models
of the informational environment and how others make decisions. Importantly, the
framework is not specific to a given set of biases and can be used to model broad classes
of systematic deviations from Bayesian learning with a correctly specified model. For
example, it can be used to represent non-Bayesian learning rules, such as the counting
heuristic (Ungeheuer and Weber 2017). This representation provides substantial added
structure and tractability for analysis.

Our framework encompasses sequential social learning and passive individual learn-

4Overconfidence: Edward (1982); Griffin and Tversky (1992); Moore and Healy (2008); Ortoleva and
Snowberg (2015); Underconfidence (in social information): Angrisani, Guarino, Jehiel, and Kitagawa
(2018); Motivated reasoning / partisan bias: Kunda (1990); Bartels (2002); Brunnermeier and Parker
(2005); Koszegi (2006); Bénabou and Tirole (2011); Jerit and Barabas (2012); Confirmation bias: Lord,
Ross, and Lepper (1979); Darley and Gross (1983); Plous (1991); Correlation neglect: Kallir and Sonsino
(2009); Eyster and Weizsacker (2011); Eyster, Rabin, and Weizsicker (2018); Enke and Zimmermann
(2019); Level-k / cognitive hierarchy: Kiibler and Weizsécker (2004, 2005); Penczynski (2017) Social
perception bias: Ross, Greene, and House (1977); Marks and Miller (1987); Miller and McFarland
(1987); Gilovich (1990); Miller and McFarland (1991); Grebe, Schmid, and Stiehler (2008). Theories
of cognitive limitations provide a foundation for such biases. For example, bounded memory leads to
behavior consistent with many documented behavioral biases, including belief polarization, confirmation
bias and stickiness (Wilson 2014), while selective awareness leads to confirmation bias and conservatism
bias (Gottlieb 2015).

5The context of the learning setting will determine which biases are of first order relevance. For
example, pluralistic ignorance often arises in contexts where agents believe that a negative trait affects
their own behavior, while the false consensus effect arises for non-normative behaviors such as sexual
promiscuity or smoking.



ing settings. Each agent is faced with a decision problem in which she selects an action;
her payoff depends on this action and an unknown state of the world. Prior to choosing
an action, she learns about the state from the actions of her predecessors, a private
signal and/or a sequence of public signals. The agent’s type specifies her preferences as
well as how she interprets signals and prior actions, captured by her subjective beliefs
about the signal distribution, others’ preferences, and how others interpret signals and
prior actions. Model misspecification refers to the case where these subjective distri-
butions differ from the true distributions. To maintain structure, we focus on aligned
environments in which types have a common interpretation of which signals are stronger
evidence for each state and the same ordinal, but not necessarily cardinal, preferences
over undominated actions. This framework captures all of the information-processing
biases cited above and nests several previously developed behavioral models of learning.%

Our first main result (Theorem 1) characterizes how asymptotic learning outcomes
depend on the form of misspecification. We show that the set of asymptotic learning
outcomes that arise with positive probability is determined by two expressions that are
straightforward to derive from the primitives of the misspecification: (i) the expected
change in the log likelihood ratio for each type at each candidate learning outcome; and
(ii) an ordering over the type space at an agreement outcome, which we refer to as mawi-
mal accessibility. The first condition is used to determine whether a learning outcome is
locally stable, in that beliefs converge to this limit belief with positive probability from
a neighborhood of the limit belief. Building on techniques used in Smith and Sorensen
(2000); Bohren (2016), we show that a learning outcome is locally stable if and only
if the the log likelihood ratio moves toward this learning outcome in expectation from
nearby beliefs.” The second condition determines when, starting from a common prior,
it is possible to separate the beliefs of different types and push them to the neighborhood
of a disagreement outcome (this step follows immediately from the first condition for
agreement outcomes, where all types have the same limit beliefs).

A challenge in social learning settings is that the informational content of actions
depends on the current belief for each type. Therefore, in principle, the asymptotic
properties of beliefs could depend on the behavior of beliefs across the infinite belief

space. An important feature of our characterization is that the conditions we outline

6The applications in Section 5 demonstrate how our framework nests Rabin and Schrag (1999);
Epstein et al. (2010); Bohren (2016). More generally, we nest heuristics that reduce to Markovian
updating rules. Our framework cannot nest heuristics that reduce to non-Markovian updating rules or
are calibrated based on equilibrium objects (e.g. the analogy-based expectation equilibria in Guarino
and Jehiel (2013)).

"This condition relates to the relative entropy of a type’s model in each state. Intuitively, a type’s
beliefs move towards the state that is more likely to generate the observed pattern of actions and signals.
As discussed below, limit beliefs are a Berk-Nash equilibrium (Esponda and Pouzo 2016).



only need to be verified at a finite set of beliefs: that is, the set of beliefs in which
all types have degenerate beliefs on one of the states. This significantly simplifies the
calculations required to use the characterization in specific settings.

Our characterization also establishes a robustness property (Theorem 2): regardless
of the form of misspecification, agents almost surely learn the correct state when they
have approximately correct models.®  This shows that agents do not need to know
exactly how their peers behave in order to learn from their choices. Complete learning
obtains even in the presence of model heterogeneity, as long as all models are suffi-
ciently close to the correct model. This may not seem surprising, since Bayes rule is
continuous. But in an infinite horizon setting, a small mistake in each period could sum
to a large aggregate mistake. If biases aggregate in this manner, then even arbitrarily
small misspecification could interfere with learning, which would in principle limit the
applicability of rational learning models. Our results establish when this does not occur.

We close with several applications to illustrate the value of a general framework for
studying learning with model misspecification. In the first two applications, we explore
whether two forms of signal misspecification — over- and underreaction and confirmation
bias — are sensitive to the parametric specifications used to model how agents misinter-
pret information. We demonstrate a fundamental difference in robustness: confirmation
bias is conceptually robust, while over- and underreaction are not. We then demonstrate
that the same parameterization of over- and underreaction has a qualitatively different
impact in individual and social learning settings. Learning from others’ actions interacts
with the signal misspecification to lead to cyclical learning in the case of sufficiently se-
vere overreaction and incorrect learning in the case of sufficiently severe underreaction.
In contrast, when individuals learn solely from signals, correct learning obtains almost
surely for both cases.

In the third application, we examine whether a representative agent model is a good
approximation for a setting with model heterogeneity in which agents vary in the degree
to which they fail to account for redundant information. When heterogeneity is small,
the representative agent model is a good approximation. In contrast, when heterogeneity
is large, differing levels of bias actually facilitate learning, in that correct learning obtains
for a strictly larger set of parameters compared to the corresponding representative agent
model.

In the fourth application, we derive an equivalence in terms of asymptotic learning

8The robustness result in Bohren (2016) is a special case of this result. In contrast, Frick et al.
(2019) show that robustness can fail in a social learning model with an infinite state space, in that
arbitrarily small amounts of misspecification can lead to asymptotic beliefs that are very far from the
true state. Madardsz and Prat (2016) also find a lack of robustness in a mechanism design setting where
a principal’s model of an agent’s preferences is misspecified.

4



outcomes between two conceptually distinct forms of misspecification — naive temptation,
a form preference misspecification, and partisan bias, a form of signal misspecification.
We show that for each level of temptation, there exists a level of partisan bias that yields
the same set of asymptotic learning outcomes.

Finally, we study a level-k model of reasoning. This form of model misspecification
is prominent in the empirical literature on social learning but relatively unexplored in
the theoretical literature, which typically focuses on learning for a single type. It is
straightforward to apply our characterization to this setting with multiple types. We
show that entrenched disagreement emerges as a robust feature of social learning in a

level-k model.

Related Literature. A rich literature explores when model misspecification interferes
with learning in both individual and social learning settings. The results are mixed:
in some cases, misspecification impedes learning about the state or leads to inefficient
behavior, while in other cases, misspecified agents still learn the correct state asymptoti-
cally. For example, in a passive learning setting, where information arrives independently
of past action choices, overweighting information (Epstein et al. 2010; Rabin and Schrag
1999) can lead to incorrect learning while underweighting information (Epstein et al.
2010) does not impede correct learning. In a social learning setting, where agents learn
from their peers, failing to account for redundant information (Eyster and Rabin 2010;
Bohren 2016; Gagnon-Bartsch and Rabin 2017) can lead to incorrect learning, while
overestimating redundant information (Bohren 2016) or overestimating the similarity of
others’ preferences (Gagnon-Bartsch 2017) can lead to non-convergence. In contrast, us-
ing coarse reasoning (Guarino and Jehiel 2013) or using a linear updating heuristic that
puts sufficient weight on agents’ own signals (Jadbabaie, Molavi, Sandroni, and Tahbaz-
Salehi 2012) leads to correct learning almost surely. In an active learning setting, where
future signals depend on past action choices, selective attention (Schwartzstein 2014)
can lead to incorrect learning, misspecified prior beliefs (Fudenberg et al. 2017; Nyarko
1991) can lead to non-convergence, and overconfidence can lead to inefficiently low ef-
fort (Heidhues et al. 2018). In other settings, correlation neglect can lead to inefficient
risk-taking (Levy and Razin 2015) and ideological extremeness (Ortoleva and Snowberg
2015).

Our paper is the first to explore a general model of misspecification in social learn-
ing settings. By characterizing when misspecification interferes with learning and when
it does not, our framework unifies insights about the impact of different forms of mis-
specification in social and passive learning settings (our characterization does not apply
to active learning settings). Molavi, Tahbaz-Salehi, and Jadbabaie (2018) engage in a

similar exercise when agents share their beliefs on a network and have imperfect recall.



They nest common learning rules that agents use to aggregate beliefs (as opposed to
actions), including the canonical Degroot model, and show how this impacts long-run
information aggregation. Heidhues, Koszegi, and Strack (2019) develop tools to study
convergence in a general class of active learning models with misspecification.

Esponda and Pouzo (2016, 2017) explore the implications of model misspecification
for solution concepts. In a Berk-Nash equilibrium, agents have a set of (possibly mis-
specified) models of the world and play optimally with respect to the model that is the
best fit, i.e. the model that minimizes relative entropy with respect to the distribution
of outcomes under the equilibrium strategy profile. In our paper, each state corresponds
to a model of the world in the Esponda and Pouzo (2016) framework. We show that
if beliefs about the state converge, then they converge to a limit belief such that each
type’s model at that limit belief is the best fit. This set of limit beliefs in our learning
characterization is analogous to pure strategy Berk-Nash equilibria. However, there may
also be pure strategy Berk-Nash equilibria which are almost surely not limit beliefs in
our setting. Further, there may be mixed strategy Berk-Nash equilibria; these equilibria
have no analogue in our dynamic setting. In particular, when beliefs do not converge in
our setting, the empirical frequency of actions does not correspond to the probability of
each action in a mixed strategy Berk-Nash equilibrium.

A related class of papers explore the foundations of non-Bayesian updating and model
misspecification. Ortoleva (2012) axiomatizes a non-Bayesian updating rule in which
agents switch models when they observe a sufficiently low probability event. Cripps
(2018) axiomatizes a class of non-Bayesian updating processes that are independent of
how individuals partition information. Frick et al. (2018) show that the false consen-
sus effect can arise when agents’ beliefs are derived only from local interactions in an
assortative society.

An older statistics literature on model misspecification complements recent work.
Berk (1966) and Kleijn and van der Vaart (2006) show that when an agent with a mis-
specified model is learning from i.i.d. draws of a signal, her beliefs will converge to
the distribution that minimizes relative entropy with respect to the true model. Shal-
izi (2009) extends these result to a class of non-i.i.d. signal processes. Our social
learning setting does not fall into this class of processes. In particular, the asymptotic-
equipartition property, which describes the long-run behavior of the sample entropy, is

generally not satisfied in social learning environments with model misspecification.

The paper proceeds as follows. Section 2 sets up the model. Section 3 outlines the
agent’s decision problem and evolution of beliefs. Section 4 presents the asymptotic
learning characterization and robustness results. Section 5 demonstrates applications of

the model, while Section 6 concludes. The Appendix contains the proofs of the main



results in the paper, while the Online Appendix takes up extensions and related technical

issues.

2 The Common Framework
2.1 The Model

States and Actions. There are two payoff-relevant states of the world, w € {L,
R}. Nature selects one of these states at the beginning of the game according to prior
po = Pr(w = R). A countably infinite set of agents ¢ = 1,2, ... act sequentially and
choose an action from a finite set A4 with M = |A| > 2 actions. Let a; denote agent ¢’s

chosen action.?

Signals and Histories. Agents learn from private information, public information,
and the actions of other agents. Agent t observes a private signal §; € (0,1) governed
by conditional c.d.f. F“ in state w, the ordered history of past actions (a,...,a;1),
and the ordered history of public signals (771, ...,¢_1), where &, € (0,1) is governed by
conditional c.d.f. G* in state w.!° Let h; = (ay,...,ds_1,01,...,0¢_1) denote the public
history.

Signals (§;) and (6;) are i.i.d. across time, conditional on the state and jointly in-
dependent. No private or public signal perfectly reveals the state: F'¥, F® and G, GE
are mutually absolutely continuous with common supports, denoted by & and X, re-
spectively. Therefore, there exist positive finite Radon-Nikodym derivatives dF%/dFt
and dG®/dGF. Assume that some signals are informative, which rules out the trivial
case where dF'/dFY = 1 almost surely and dG®/dG* = 1 almost surely, and assume
that the public signal space X is finite. As is standard convention, normalize each signal
realization to be the posterior probability that the state is R following a neutral prior,
ie. s=1/(1+dF¥/dFE(s)) for all s € S and 0 = 1/(1 + dG*/dG® (o)) for all o € X.
Private beliefs are bounded if inf S > 0 and sup S < 1 and unbounded if the closure of
the convex hull of S is [0, 1]. Let og = sup X denote the public signal that corresponds
to the strongest evidence for state R, which we refer to as the maximal public signal in

state R. Analogously, let o7 = inf X' denote the maximal public signal in state L.

Types. Each agent has a privately observed type 6, € @ drawn from distribution
m € A(O), where © = (64, ...,0,,) is a non-empty finite set. An agent’s type specifies
her model of inference and preferences. A model of inference determines how a type
interprets information from signals and actions. Preferences determine which action

this type chooses, given its belief about the state. The type space © captures both types

9We maintain the convention that x; or = corresponds to an arbitrary element of an ordered set X
and T corresponds to a random variable with support X.

10Gimilarly, we maintain the convention that 5, and &; correspond to the random variable and s and
o denote an arbitrary element A.



that occur with positive probability and types that an agent may mistakenly attribute
to other agents; therefore, m may assign probability zero to some types in ©. Types <9~t)

are i.i.d. across time and independent of both signals.

Models of Inference. For each type 6;, a model of inference includes (i) a subjective
private signal distribution ﬁ’;" in each state, (ii) a subjective public signal distribution
G¥ in each state, and (iii) a subjective distribution of types #; € A(6). Assume that
each type 6; believes that no private or public signal perfectly reveals the state and
does not observe a signal that is inconsistent with its model of inference: (FL, F})
and (GF,GF) are mutually absolutely continuous and have full support on S and X,
respectively. Given private signal s and a flat prior, type 6;’s subjective private belief
that the state is R is §;(s) = 1/(1+ dF}/dFF(s))."" Similarly, given public signal o and
a flat prior, type 6;’s subjective belief that the state is R is 6;(c’) = 1/(1+dGE/dGE(o)).
All types share common prior p, that the state is R.'?

We focus on forms of misspecification in which agents have a partial common un-
derstanding of how to interpret signals. We assume that each type’s subjective private
and public signal distributions are aligned with the true private and public signal distri-
butions, in that they ordinally rank signals in the same way, in terms of which signals
are more or less indicative of state R. In other words, for any two signals s and &', if s
is stronger evidence for state R than s’ under the true measure, then s is also stronger
evidence for state R than s’ under the subjective measure. We allow one exception for

the possibility that a type believes signals are completely uninformative.

Assumption 1 (Aligned Subjective Signals). For all 0; € O, the subjective private
signal distributions are either aligned with the true private signal distributions, i.e. for
any s,s" € S such that s > &', then §;(s) > $;,(s') or uninformative, i.e. $;(s) = 1/2 for
all s € S. Analogously, the subjective public signal distributions are either aligned with

the true public signal distributions or uninformative.

This assumption allows types to differ in the degree to which a signal influences their

belief about the state — both relative to other types and relative to the true distribution.

1 This set-up implicitly restricts attention to forms of misspecification in which two signals that map
into the same true posterior also map into the same subjective posterior. In Online Appendix D, we
show that under this restriction, it is without loss of generality to define subjective signal distributions
with respect to the private belief space & C [0,1] rather than an arbitrary signal space. We can also
define misspecification relative to the relationship between the subjective and true private beliefs, §
and s. In Online Appendix D, we show that for any strictly increasing function § : & — [0, 1] with
$(inf S) < 1/2 and §(supS) > 1/2, there exists a pair of mutually absolutely continuous probability
measures with full support on the signal space that are represented by §.

121t is straightforward to extend the types framework to allow for heterogenous prior beliefs about
the state, i.e. type 8; has a prior belief p; .



Note that when public signals are aligned, the maximal public signals o7 and op are

also maximal with respect to each agent’s subjective public signal distribution.

Preferences. Type 6; earns payoff w;(a,w) from choosing action a in state w, where
u;  Ax {L,R} — R. Given a belief p € [0, 1] that the state is R, the expected payoff
from choosing action a is (1 — p)u;(a, L) + pu;(a, R). An agent chooses the action that
maximizes her expected payoff. For each type, assume that at least two actions are not
weakly dominated, no two actions yield the same payoff in both states, and no action is
optimal at a single belief. Without loss of generality, assume that no action is dominated
for all types.

We focus on settings in which agents generate information in a common way, in terms
of their action choices, by restricting how preferences vary across types. A set of utility
functions are aligned if, under complete information, each utility function has the same

ordinal ranking over undominated actions.

Assumption 2 (Aligned Preferences). The set of types © have aligned preferences, in
that there exists a complete order = on A such that if a = da', then for all i = 1,...,n,

either u;(a, R) > u;(a’, R) or a is dominated.'?

Assumption 2 implies common knowledge that preferences are aligned, since all agents
believe that other agents have a type in @, and so on. This assumption places no
restrictions on how to order actions that are optimal for a single type or how a type
ranks its dominated actions. Smith and Sorensen (2000) establish that confounded
learning can arise when types have preferences that are not aligned, such as u; = 1,—,
and us = L,x,. The same is true with misspecification. Therefore, we restrict attention
to settings in which confounded learning does not arise in the correctly specified model.

Given Assumption 2, we maintain a complete order over the action space A by
relative preference in state R. Fixing an order > that satisfies Assumption 2, index
actions to correspond to this order, i.e. A = (ay,...,ap), where a,, = a; iff m > .1
Under this order, ay; denotes the mazimal action in state R, and a; denotes the mazimal

action in state L.

Categories of Types. We can broadly group types into four categories based on their
models of inference: noise, autarkic, sociable and correct. A noise type does not use

13For any undominated actions a and a’, if u;(a, R) > u;(a’, R), then u;(a, L) < u;(a’, L). Therefore,
this assumption implies that utility functions also have the same ordinal ranking over undominated
actions in state L, i.e. if a = o/, then for all i = 1, ..., n, either u;(a’, L) > w;(a, L) or a’ is dominated.

14This order is not necessarily unique. Assumption 2 places no restriction on how actions that are
optimal for a single type are ordered. For example, if one type chooses action Ry when p > 1/2, and
otherwise chooses L1, and a second type chooses action Ry when p > 1/2; and otherwise chooses Lo,
then both the orders Ry = Ry = Ly = Lo and Ry = Ry = L1 = Lo satisfy Assumption 2.



its private signal or the history to learn about the state. We can model this using the
types framework by defining a noise type to believe that private and public signals are
uninformative, F¥ = FE and GF = GE. Noise types also believe that actions reflect
no information about the state, which is modeled as the belief that all agents are noise
types, 7;(Oy) = 1, where Oy denotes the set of noise types. An autarkic type learns from
its private signal, but not the history. It believes that its private signal is informative,
f?’iL # FiR, the public signal is uninformative, G’f = Gf, and all agents are noise types,
7:(On) = 1. To avoid the trivial case in which an autarkic type is observationally
equivalent to a noise type, we assume that an autarkic type has preferences such that
it has at least two undominated actions on the set of posterior beliefs that arise from
its subjective private signal distribution. A type is sociable if it uses the history to
learn about the state. These types believe that either actions or the public signal are
informative. Finally, a correct type has a correct model of inference, Fi“ = F¥, G‘f =G¥

and T; = 7.

Let © be ordered such that the first k types are sociable and the remaining n — k types
are noise and autarkic types. Let ©g = (04, ..., ;) denote the set of sociable types, ©4

denote the set of autarkic types and @y denote the set of noise types.

Adequate Consistent Information. We focus on settings in which adequate infor-
mation arrives for agents to learn the state in a correctly specified model, and study
whether and how misspecification interferes with such learning. We know from Smith
and Sorensen (2000) that incomplete learning arises in correctly specified models when
there are no public signals, no autarkic types, and private signals are uniformly bounded
in strength. The same is true for misspecified models: if actions and public signals cease
to reveal information and all types are aware of this, then learning will be incomplete.
Assumption 3 rules out such settings by assuming that either public signals are infor-
mative or autarkic types occur with positive probability. Since autarkic types do not

observe the history, their actions are always informative.

Assumption 3 (Adequate Information). FEither (i) public signals are informative,
dGT /dGY # 1, and all sociable types 0; € Og believe that public signals are informative,
dGE/dAGF # 1, or (i) there exists an autarkic type 0; € O 4 with w(6;) > 0 that plays
actions ay and ap; with positive probability, and each sociable type 0; € Og believes this

autarkic type exists, 7;(6;) > 0.

This assumption ensures that actions or public signals are informative, and sociable

types believe that actions or public signals are informative.!®

15While a setting with unbounded private signals would also guarantee complete learning in a cor-

10



We also focus on settings in which the observed history is consistent with each type’s
model of inference, in that types do not observe what they believe to be zero-probability
histories. Trivially, if there is a single type, |@| = 1, then this type has a correct model
of the type distribution and consistency is not an issue.!® With multiple types, a type
may have a model of inference that places probability zero on an action that occurs with
positive probability. To rule out this possibility, we assume that sociable types believe
that there is an autarkic or noise type that plays each action with positive probability

(this probability can be arbitrarily small).

Assumption 4 (Consistent Information). When there are multiple types, |©| > 2, then
for each a € A and for each sociable type 0; € Og, there exists an autarkic or noise type
0, € ©4UOyN with m;(0;) > 0 that plays a with positive probability.

This ensures that each sociable type believes that all histories are on the equilibrium
path, and we do not need to model how a type reacts to zero probability events.

Any misspecified model can be slightly perturbed so that it satisfies Assumption 3
and 4 by either (i) perturbing an uninformative public signal distribution so that it is
slightly informative, or (ii) perturbing the type distribution to add an autarkic or noise

type that occurs with arbitrarily small probability.

Timing. At time t, agent ¢ realizes its type 6, and observes the history h; and private
signal §;, then chooses action a;. Then public signal &, is realized and the history is

updated to hyqq to include (ay, G;).'"

2.2 Examples

This framework can capture many information-processing biases, social misperceptions
and other models of inference that have been studied theoretically and empirically. The
following examples demonstrate how our types framework captures various forms of

model misspecification.

Partisan Bias. This captures an information-processing bias that systematically slants
signals towards one state (Bartels 2002; Jerit and Barabas 2012). For example, an R-

rectly specified model, our learning characterization requires a stronger notion of adequate information,
where the minimum and maximum update to beliefs are uniformly bounded away from zero across
the belief space. The presence of even a weakly informative public signal or small share of autarkic
types guarantees that there is adequate information, whereas unbounded private signals do not. When
actions are uninformative at certainty, as is the case with unbounded private signals, and there is no
additional source of information (i.e. public signals or autarkic types), learning outcomes will depend
on the tail properties of the private signal distribution.

6When |©] = 1, it must be that #'(0;) = 7(6;) = 1, and all observed actions will be consistent.
Note that even if only one type actually exists, w(6;) = 1, if this type believes that there is another
type 0o, i.e. #1(f2) > 0, then © = (01, 02) and we are in the case with more than one type.

17 Allowing agent ¢ to observe &; before choosing an action does not affect the analysis, but complicates
the notation.
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partisan type 6; interprets all signals as being stronger evidence for state R than is
actually the case, §;(s) > s. A parameterization that captures this is F¥(s) = F¥(s")
for v € (0,1) and F*(s) with support & = (0,1). This leads to private belief $;(s) = s”
— after observing signal s, the partisan type has the same belief as a correctly specified

type who observes signal s”.

Under- and Overreaction. Agents underreact or overreact to signals. For example,
15(5()3) = (%), where v € [0,1) corresponds to underreaction and v € (1,00) corre-

sponds to overreaction (Moore and Healy 2008; Epstein et al. 2010; Angrisani et al.
2018).

Correlation Neglect/Naive Learning. Agents underestimate the correlation in the actions
of prior agents: the true share of autarkic types is 7(©4), but sociable types believe that
the share of autarkic types is 7(©4) > 7(O4) (Eyster and Rabin 2010; Bohren 2016;
Eyster et al. 2018; Enke and Zimmermann 2019).

Level-k/Cognitive Hierarchy. Level-1 believes all agents are noise types and behaves as
an autarkic type. Level-2 believes all agents are level-1 and interprets each prior action
as reflecting an independent private signal. Level-3 believes all agents are level-2, and
so on. The cognitive hierarchy model is similar, but allows agents to have a richer belief
structure over the types of other agents: a level-k type places positive probability on
levels 0 through k-1 (Penczynski 2017).

False Consensus Effect. Agents overweight the likelihood that others have similar prefer-
ences or models of inference. For example, there are two types with preferences u; # us.
Both types believe that others have the same preferences as their own, 71(#;) = 1 and
72(02) = 1 (Ross et al. 1977; Marks and Miller 1987; Gagnon-Bartsch 2017; Frick et al.
2018).

Pluralistic Ignorance. Agents underweight the likelihood that others have similar pref-
erences or models of inference. For example, all agents have preferences uy, but believe
that others have preferences uy, m(6;) = 1 and 71(62) = 1. Alternatively, all agents
correctly interpret private signals, but believe that others are overconfident (Miller and
McFarland 1987, 1991).

Limited Recall. An alternative interpretation of the social learning setting is that there
is a single long-run agent with limited memory: she can recall past actions but not past
signals. The agent may also be misspecified in how she recalls these actions (for example,

she has selective recall due to motivated reasoning).

The following example contains a complete specification of our framework. We use

this example throughout the paper to illustrate our main results.
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Example 1 (Partisan Bias). There are two types of agents: 6y is a sociable type and
0y is an autarkic type. Both types seek to choose the action that matches the state,
A = {L,R} and u;(a,w) = 1,—,, and have an identical level of partisan bias v €
(0,1), where F¥(s) = F“(s*) as introduced above. To close the model, assume that
the public signal is uninformative, the private signal distribution is informative and
symmetric, F¥(s) = 1 — FE(1 — s), there is a positive share w(6y) € (0,1) of autarkic
types, type 01 has a correctly specified type distribution, 71 = 7w, and the prior py = 1/2.
Trivially, signals and preferences are aligned (Assumption 1 and 2) since both types
have the same subjective signal distributions and preferences. We show in Appendiz B
that Assumption 3.7 holds and Assumption 4 is redundant in a binary action decision

problem that satisfies Assumption 3.i1.

2.3 Discussion of Model

We briefly comment on notable features of the model and possible extensions.

The Type Framework. An agent’s type captures her model of the world, which she
uses to learn about the environment. We can divide type 6#;’s model into a model of
the world in state L, which consists of the signal and type distributions in state L,
(FZ-L, GZL, 7;), and analogously, a model of the world in state R, (FiR, G’f, 7;).1® We take
these models as fixed and explore learning about features of the environment that are
directly payoff-relevant, i.e. the state.

We focus on aligned type spaces in which all agents generate and interpret infor-
mation in a common way. Aligned signals (Assumption 1) guarantee that agents have
a common interpretation of the relative order of signals as evidence for state R, and
aligned preferences (Assumption 2) guarantee that the action choices of agents are or-
dered in a way that reflects the same relative strength of evidence for state R. For
example, suppose it is common knowledge that lung cancer is stronger evidence that
smoking has a negative impact on the lungs, relative to shortness of breath, but agents
differ in their beliefs about the strength of these two signals. Or suppose that agents
have the same preferences between a risky and a safe asset when they are certain about
the state (whether the risky asset has a high or low expected return), but differ in their
risk preferences, and therefore, the threshold belief at which they are willing to start in-
vesting in the risky asset. Note that these assumptions do not require all types to choose
the same actions at certainty. For example, one type may be systematically more risk
averse than another type and prefer less risky actions across all beliefs about the state.

A natural economic setting that aligned environments do rule out is some versions of

18We implicitly assume that the type distribution is the same in both states. It is a straightforward
extension to allow the true and/or subjective type distributions to depend on w.
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horizontally differentiated environments (e.g. the horizontally differentiated preferences
studied in Gagnon-Bartsch (2017) in relation to the false consensus effect).

When there are multiple types, agents have heterogenous models and may be mis-
specified about how other agents learn. This can lead to complicated higher-order beliefs.
For example, when an agent believes that other agents have partisan bias, we also need
to model what this agent believes that these partisan bias agents believe about others.
In our framework, these higher-order beliefs are fully captured by the subjective type
distributions. If type 6; believes that all agents are type ¢;, then type 0;’s subjective
distribution 7; captures 6;’s second order beliefs, the subjective type distributions of
the types in the support of 7; capture third order beliefs, and so on. Therefore, the
type space © fully determines the hierarchies of beliefs. The assumption that © is finite
limits the number of models that each type can attribute to other agents. It also rules
out infinite chains of models of the form: type 6; believes all agents are type 6;,1, type

;11 believes all agents are 6;,,, etc. fori =1,2,....

Individual Learning. Our framework nests an individual learning model in which
a long-run agent learns from a sequence of exogenous signals. This is captured by a
specification with an informative public signal, an uninformative private signal, and a
single type who believes that the public signal is informative and the private signal is
uninformative. In this set-up, actions contain no private information and there is no
social learning. Therefore, it is isomorphic to a model in which a single long-run agent
observes a sequence of signals or multiple long-run agents observe the same sequence of

signals.

Extensions. It is straightforward to allow types to receive private signals from different
distributions or to believe that other types receive signals from different distributions.
To capture this, augment the definition of a type to include both the type’s true signal
distribution, i.e. type 6; has private signals drawn from F}”, as well as type’s subjective
belief about its signal distribution. This extension allows us to model biases that involve
interpersonal comparisons related to the quality of information. For instance, a natural
way to model an overconfident agent is with a type that believes it draws signals from a
more informative distribution than everyone else, i.e. all types observe signals from the
same distribution and correctly interpret them, but the overconfident type believes that
other agents observe signals from a less informative distribution. The analysis carries
through unchanged, albeit with more burdensome notation.

It is also straightforward to allow a type’s model of inference to depend on its current
belief about the state. This extension allows us to analyze several additional classes of
model misspecification, including confirmation bias (nesting (Rabin and Schrag 1999))

and forms of under- and overreaction that vary with the current belief (nesting Epstein
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et al. (2010)). We explore this extension further in the applications in Section 5 and
present the formal set-up in Online Appendix E.4.

In many situations, agents learn from observing the outcomes of others’ choices,
rather than directly observing their actions. Our learning characterization extends to
a setting in which agents learn from outcomes that stochastically depend on actions
(see Bohren and Hauser (2019)). A special case of this extension is a setting in which
stochastic outcomes are the only source of information (i.e. signals are uninformative)
and there is a single sociable type. This case is equivalent to an active individual
learning model in which a single myopic long-run agent chooses actions that influence
the distribution of information.

For technical convenience, we assume that the action and public signal spaces are
finite. Allowing for a continuous action and public signal space would not qualitatively
change the analysis. Similar techniques to those we use can be used to analyze a fi-
nite state space with more than two states, with the caveats that the definition of an
aligned environment is more complicated and the notation is more cumbersome. We use
results pertaining to stochastic difference equations in our analysis, which means that

generalizing to an infinite state space requires different techniques.

3 Beliefs and Action Choices

Consider an agent of type #; who observes history h and private signal s. Assumption 4
ensures that 6#; believes that h occurs with positive probability, and therefore, Bayes
rule can be used to update beliefs. The agent uses her model of inference to compute
the probability of h in each state, ]%-(h\w), and applies Bayes rule to form the likelihood

ratio

:E(R\h)_< P )E(hm) 0

Ai(h) = = = -
Fi(LIh)  \1=po/ P(h|L)
that the state is R versus L. The agent then uses her subjective signal distribution $;(s)

to update to

pu0).5) _ PBIbs) s (L) | 2)

L= pin(h),s) — By(L|h, s) 1= 4(s)

She chooses the action that maximizes her expected payoff with respect to p;(\;(h), s).

Let A(h) = (A1(h), ..., \g(h)) denote the vector of likelihood ratios for sociable types
(01, ..., 0x) following history h. For autarkic or noise types, \;(h) = po/(1 — po) for all
h, since these types believe that the history is uninformative. To construct A(h), first
consider an agent of type ;s decision rule at belief p; (A, s). Recall that actions (ay, ...anr)
are ordered by relative preference in state R. Since no two actions yield the same
payoff in both states, no action is optimal at a single belief, and preferences are aligned

(Assumption 2), there exist belief thresholds 0 = p; o < P;; < ... <P; 5y = 1 such that we
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can partition the belief space into a finite set of closed intervals, with action a,, optimal at
pi(A, 8) if pi(A, 8) € [P 1, Pim) a0d Py 11 7 Dy m» and a,, never optimal iff p; ., | = D; .
Without loss of generality, assume the tie-breaking rule is to choose the optimal action
with the lower index at each interior cut-off p, ,,, € (0,1), i.e. if B, ,,, 1 # P; > choose ay,
at belief p; ,,. Since there are at least two undominated actions, there are at least two
intervals with a non-empty interior. Since signals are aligned (Assumption 1), p;(A, s) is
strictly increasing in s for all A € (0, 00). Therefore, for each A € (0, 00), we can define
the decision rule with respect to signal cut-offs 0 = 5;0(A) <5;1(N\) < ... <5 m(A) =1
such that the agent chooses action a,, at likelihood ratio A iff she observes private signal
$ € (Sim—1(A),Sim(N)] and 3; —1(A) # Sim(N).

The signal cut-offs for each type determines how sociable types interpret past action
choices. Fix a vector of likelihood ratios A € (0,00)". An agent of type 6; chooses action
am, when she observes a private signal in the interval (5;,,-1(};),3;m(A;)]. An agent of
type 6; believes this occurs with probability F&(5,,m(A;)) — F¥(5;m-1();)) in state w and
believes that type 6, occurs with probability 7;(6;). Therefore, she believes that action
ay, occurs with probability 377 70 (F(3;m(\)) — F(5,m-1();))) in state w. Let

Vilam, olw, X) = dG5 (o Zm )EE (85m(A) = Y (Sm-1(A))) (3)

denote her belief about the joint probability of action a,, and public signal ¢ in state w
when the likelihood ratio is A, where G"; denotes #;’s subjective public signal distribution.
From these expressions, we can construct A(h). Each sociable type 6; initially has
likelihood ratio A;(h1) = po/(1 — po) at history hy. At any history h; with ¢t > 1,
0 = (122 )Hw, i, | R () "
— Po (Gr,0.|L, A(h;))

T=1 71

The process is recursive: given A(h;) and (ay, dy),

@(dtﬁtha )‘t)) ) (5)

Ailher) = N(h) | £
(o) = M )<wi(at,&t|L,At)

Therefore, Ay = A(h;) is sufficient for the history and we suppress the dependence on h;
going forward.
The behavior of (A;);~, determines the learning dynamics for each type. While each

type’s model of inference determines the wvalue of the update to the likelihood ratio

16



following action a,, and signal o, the true probability

n

Y(am, olw, A) = dG¥(0) Y m(0:)(F* (5im(A)) = F*(Sim1(A))- (6)

=1

of (an,,0) at a vector of likelihood ratios A € (0,00)" determines the probability that
the likelihood ration transitions to this value in state w. In correctly specified models,
&i(a,olw, A) = ¢Y(a,olw,N), and the likelihood ratio is a martingale in state L. But
misspecification introduces a wedge between the subjective and true probability of ob-
serving each action and signal, ¢;(a, o|w, A) # ¥(a, o|w,A). This makes characterizing
the behavior of (A;),~, challenging, as it is an equilibrium object with nonlinear transi-
tion probabilities that depend on the current value of the process: due to the dependence

of equilibrium actions on the current value of A, the transition probabilities ¢ (a, o|w, X)
i (a,0|R,A)
¥;(a,0|L,A)
as the process fails to satisfy standard conditions from the existing literature on Markov

and transition values also depend on A. This presents a technical challenge,

chains.

Example 1 (Partisan Bias, cont.). Return to the example introduced in Section 2.2.
An agent of type 6; who has likelihood ratio X and observes private signal s updates to
belief 1%)‘/\58) A( V). It chooses action L if this belief is less than one, which is
equivalent to s < (1/(1 + M)V = 5,1(\). At likelihood ratio i, type 6, chooses L
with probability F¥((1/(1 + X\1))Y"). However, it believes that it chooses action L with
probability F((1/(1 + X)) = F*(1/(1 4+ \)). Type 0y is autarkic. Therefore, its
likelihood ratio is constant at Ay = 1 and it chooses action L with probability F*(.5'/").
But 0, believes it chooses L with probability F¥(.517) = F“(.5). This implies that 6,

overestimates the frequency of action L, since F¥(x) > F*(x'/").

4 Asymptotic Learning

We study the asymptotic learning outcomes — the long-run beliefs about the state — for
sociable types. Autarkic and noise types do not learn from the history; therefore, their

beliefs following the history are constant across time and their behavior is stationary.

4.1 Asymptotic Learning Outcomes

Without loss of generality, we define asymptotic learning outcomes relative to state L.
Let correct learning (for type 6;) denote the event where A; — 0¥ (\;; — 0), incorrect
learning (for type 6;) denote the event where Ay — oo® (\;; — o0), and cyclical learning
(for type ;) denote the event where A; ()\;;) does not converge. Learning is complete
if correct learning occurs almost surely. Agents asymptotically agree when all sociable

types have the same limit beliefs, A\, — {0%, 0o*}, and agents disagree when some sociable
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types have incorrect learning and others have correct learning, A; — {0, 00 }*\ {0%, co*}.
Learning is mixed if some sociable types have correct or incorrect learning and others
have cyclical learning, while learning is stationary if beliefs converge for all sociable
types.t?

4.2 Asymptotic Learning Characterization.

Our main result characterizes how the limiting behavior of the likelihood ratio depends
on two expressions that are straightforward to derive from the primitives of the model,
i.e. the type space and the signal distributions. This characterization utilizes results on
the stability of nonlinear dynamic systems.?’ First, we characterize the set of stationary
beliefs, where the likelihood ratio remains constant. Next, we characterize the behavior
of the likelihood ratio when it is in a neighborhood of a stationary belief. Building on
techniques developed in Smith and Sorensen (2000), we establish necessary and suffi-
cient conditions for the likelihood ratio to converge to this stationary belief with positive
probability, which we refer to as local stability. Third, we determine when the likeli-
hood ratio converges to a locally stable belief with positive probability from any initial
belief, which we refer to as global stability. This ensures that our characterization holds
independent of the prior belief. Finally, we use these results to determine when the
likelihood ratio almost surely converges.

This approach builds on techniques used in Bohren (2016) to characterize asymptotic
learning outcomes when there is a single type with a misspecified model of the share
of autarkic types. Our key technical innovations are to allow for multiple types, which
leads to a vector of likelihood ratios, and to characterize conditions for disagreement.
Relative to Bohren (2016), establishing the global stability of disagreement outcomes
and belief convergence with multiple types requires novel and different techniques.

It what follows, we summarize the four main steps to derive the characterization
formally stated in Theorem 1. See Appendix A.1.1 for a detailed outline of the key
lemmas in the proof. To simplify notation, in this section we assume that there are
k < 2 sociable types; we present an analogous derivation for k£ > 2 sociable types in
Online Appendix E.2.

19We use the term disagreement to refer to the case in which beliefs converge to different limit beliefs.
Agents’ beliefs will also differ when beliefs do not converge or converge for some types but not others.
We do not define incomplete learning, where A; — X for any X ¢ {0, 00}*, as this does not occur in our
framework (we show in Lemmas 1 and 2 that Assumption 3 rules out incomplete learning).

20In correctly specified models, the likelihood ratio is a martingale, and the Martingale Convergence
Theorem can be used to rule out cyclical and incorrect learning. This is not the case in a misspecified
model. With even the slightest misspecification, the likelihood ratio is no longer a martingale, as any
perturbation of a correctly specified model breaks the equality condition. Therefore, an alternative
approach is necessary.
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Stationary Beliefs. At a stationary belief, the likelihood ratio remains constant for

any action and signal pair that occurs with positive probability.

Definition 1 (Stationary). A* € [0, 00]* is stationary if for all (a,0) € A x X, either
(i) Y(a,olw, A*) =0 or (i) X* = X* (W) for all 9; € Og.

a,0|L,\*

Aligned signals and preferences (Assumption 1 and 2) rule out confounded learning,
while autarkic types or public signals (Assumption 3) rule out informational herds.?!
These assumptions ensure that actions and/or public signals are informative at any
interior belief. Therefore, the set of stationary beliefs correspond to each type placing
probability one on either state L (A = 0) or state R (A = co) (Lemma 1 in Appendix A.1).
Further, the likelihood ratio almost surely does not converge to non-stationary beliefs
(Lemma 2 in Appendix A.1). Therefore, the set of stationary beliefs are the candidate
limit points of the likelihood ratio.

Local Stability. A learning outcome is locally stable if the likelihood ratio converges

to this limit belief with positive probability, from a neighborhood of the belief.

Definition 2 (Local Stability). A" is locally stable if there exists an € > 0 and neigh-
borhood B.(X*) such that Pr(A; — X*|A; € B.(X")) > 0.

The first expression for the characterization, the expected change in the log likelihood
ratio, determines whether a learning outcome is locally stable. For type 6;, the expected
change in the log likelihood ratio at belief A depends on the subjective and true proba-

bility of each action,

(A w) = Z ¥(a,olw, ) log (M) . (7)
(a,0)EAX X wi(av UlLa A)
Equation (7) has a natural interpretation. Suppose the true state is L and fix a belief
A. Then v;(A, L) is the difference between (i) the Kullback-Leibler divergence from type
0;’s subjective model in state L, ¥;(-|L, A) to the true model in state L, ¥(-|L, A) and
(ii) the Kullback-Leibler divergence from 6,’s subjective model in state R, ?;z'(']R, A), to
the true model in state L, ¥(-|L, X). At a given belief A, if 6;’s subjective model in state
R is closer to the true model than 6;’s subjective model in state L, then this difference
is positive, v;(A, L) > 0, and log A; moves towards state R in expectation. Otherwise,

log \; moves towards state L in expectation.

21 Confounded learning corresponds to convergence to an interior belief at which actions are unin-
formative even though each type acts based on private information, while informational herding corre-
sponds to convergence to an interior belief at which all types cease to incorporate private information
into their action choices (Smith and Sorensen 2000).
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The sign of each component of y(A, w) = (V;(A,w))F_; determines local stability. Let
Ai(w) = {X € {0, 00} 7i(A,w) < 0 if \; = 0 and (A, w) > 0 if \; = oo} (8)

denote the set of learning outcomes in which the expected change in the log likelihood

ratio decreases if \; = 0 and increases if \; = 0o, and let
Alw) = Mz Ai(w) (9)

denote the set that satisfies this property for both sociable types. We restrict attention to
misspecified models in which ~;(X,w) # 0 for all §; € Og, A € {0,00}* and w € {L, R}.
This set of misspecified models is generic in the set of models that satisfy Assumption 1
S 422

Building on the results on the local stability of nonlinear stochastic difference equa-
tions developed in Appendix C of Smith and Sorensen (2000), we show that a learning
outcome A" in a generic misspecified model is locally stable in state w if and only if
A" € A(w) (Lemma 3 in Appendix A.1). In other words, if (A;);2, converges for all
sociable types, then it must converge to a limit random variable whose support lies
in A(w). Intuitively, in order for the likelihood ratio to converge to a given learning
outcome with positive probability, in expectation, the log likelihood ratio must move
towards this learning outcome from nearby beliefs. This also implies that if A(w) is
empty in a generic misspecified model, then almost surely at least one type has cycli-
cal learning. This result significantly simplifies the set of possible limit beliefs. It is

straightforward to compute A(w) from the primitives of the model.

Example 1 (Partisan Bias, cont.). From the characterization of action choices in Sec-
tion 3,

(61) + 7(02) FR(.5)
(61) + 7 (62) FE(.5)

m(0,L) = (7r(91)+7T(92)FL(.51/”))log:

Lf;u;fion
1 — FR(5)
0,)(1 — FE(.5Y")) log ———2
()L = (5 log 17
Rf;;fion

221f (A, w) = 0 for A € {0,00}*, the stability of A also depends on 7;(-,w) in a neighborhood of
A. We do not consider these non-generic cases, as they significantly complicate the analysis without
adding much economic insight.
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and

n(oei) = wlB)FH) g 1y
(00 + 7(0:)(1 — (57 log T ETCE = FELOY

in state L. When there is no bias, v = 1, both expressions are negative and A(L) = {0}.
As v decreases, R actions occur more frequently and both expressions increase. When
v 1is sufficiently small, both expressions are positive and A(L) = {oo}. For intermediate
values of v, 41(0, L) > 0 and (0o, L) < 0, and therefore, A(L) = 0. See Appendiz B.1

for this derivation.

Global Stability. We are interested in a characterization of asymptotic learning that
is independent of the initial belief. Therefore, we need a stronger notion of stability
than local stability. We say a learning outcome is globally stable if the likelihood ratio

converges to this outcome with positive probability, from any initial belief.

Definition 3 (Global Stability). A* is globally stable if for any initial belief Ay €
(0,00)%, Pr(x; — X*) > 0.

For an agreement outcome, local stability is necessary and sufficient for global stability
(Lemma 4 in Appendix A.1). Aligned signals and preferences (Assumption 1 and 2)
guarantee that there exist signal and action pairs that move the beliefs of all types in the
same direction. Therefore, we can construct sequences of actions and signals that occur
with positive probability and move the beliefs of all sociable types to a neighborhood
of an agreement outcome. Given this, computing A(w) is the only calculation necessary
to determine whether correct or incorrect learning occurs with positive probability in
state w. In a generic misspecified model, these learning outcomes occur with positive
probability if and only if the corresponding limit beliefs are in A(w). Note that all
stationary learning outcomes are agreement outcomes for the case of k = 1.

Global stability does not immediately follow from local stability for disagreement
outcomes, as it is not always possible to construct a sequence of action and public
signal realizations that push the likelihood ratio arbitrarily close to the disagreement
outcome. For example, if two types are sufficiently similar, then disagreement may
not be possible starting from a common prior, even if it arises when the types’ beliefs
are far apart. Therefore, while a failure of local stability is sufficient to ensure that a
disagreement outcome almost surely does not occur, local stability does not guarantee

that the outcome occurs with positive probability.
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For a disagreement outcome to be globally stable, it must be possible to separate the
beliefs for the type converging to A\; = 0 and the type converging to \; = oo, starting
from any initial belief. The second part of our learning characterization is a sufficient
condition to separate beliefs using the maximal action and public signal in each state,
(a1,0r) and (ap,0r). We first define a partial order on how types update their beliefs
following maximal actions and signals. Note that (a;,0y) decrease the likelihood ratio,

while (apr, 0r) increase the likelihood ratio.

Definition 4 (Maximal R-Order). The maximal R-order =y over © at likelihood ratio
A is defined by 0; = 0; iff 0; interprets both mazimal action and public signal pairs as

stronger evidence of state R than 0;,

Ui(a, o|R, N
@@i(a,a|L,A)

bi(a,o|R, A)

= <
Yi(a, oL, A)

(10)

for (a,0) € {(a1,01), (ap,0r)}. Define the corresponding strict order =y if (10) holds
with strict inequality for either (ay,o0r) or (an,oR).

We use the maximal R-order to establish conditions under which a neighborhood of
a disagreement outcome is reached with positive probability from a neighborhood of an
agreement outcome. Suppose 0z > 1. Then in a neighborhood of (0,0), we can
construct a finite sequence of maximal actions and signals that decrease #,’s beliefs and
increase 6y’s beliefs. Such a sequence occurs with positive probability, since it is finite.
Therefore, 0y =(,0) 0 is sufficient to separate beliefs and move them to a neighborhood
of (0,00). The intuition is analogous for 6 > (s o0y 61 to move beliefs to a neighborhood
of (0,00), and similarly, 6, =(0,0) U2 Or 01 =(s0,00) B2 to move beliefs to a neighborhood

of (00,0). The following definition formalizes this notion of mazimal accessibility.

Definition 5 (Maximal Accessibility (k = 2)). Disagreement outcome (0,00) is max-
imally accessible if Oy =0 61 07 02 =(sc,00) 01, and disagreement outcome (00,0) is

maximally accessible if 01 = (0,0) 02 0T 01 = (00,00) 0.

As discussed above, the likelihood ratio enters a neighborhood of each agreement
outcome with positive probability. Maximal accessibility ensures that the likelihood
ratio reaches a neighborhood of the disagreement outcome with positive probability from
the neighborhood of an agreement outcome, and local stability establishes convergence
from the neighborhood of the disagreement outcome. Therefore, maximal accessibility

is a sufficient condition for the global stability of a locally stable disagreement outcome

23Tn Online Appendix E.2, we define an analogous notion of maximal accessibility for & > 2 sociable
types.
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(see Lemma 5 in Appendix A.1).2* Tt is straightforward to verify by evaluating (10) at
action and signal profiles (a1,0.) and (apr,0r) and either beliefs (0,0) or (0o, 00). See

Section 5.5 for an application that uses maximal accessibility.

Mixed Learning. Next we consider the behavior of the likelihood ratio in the neigh-
borhood of a mixed learning outcome. Consider the outcome in which type 6; has
correct learning, w = L and A} = 0, and type 6, has cyclical learning. This outcome
will almost surely not arise if at A\j = 0, it is possible for the beliefs of 6, to converge,
i.e. either (0,0) or (0,00) is locally stable for 6,. Intuitively, if (A\o;) converges with
positive probability when A} = 0, then almost surely (\2;) cannot oscillate infinitely
often. Therefore, in order for this mixed outcome to arise with positive probability, it
must be that (0,0) € As(w) and (0,00) € Ay(w). This ensures that in a neighborhood
of (0,0) or (0,00), 65’s beliefs drift away from this outcome.

Generalizing this intuition, let A/(w) denote the set of mixed learning outcomes in
which there are no locally stable beliefs for the non-convergent type. When k = 2, this

corresponds to
Ap(w) ={(N\,0;) |\ € {0,00},VA_; € {0,000}, (A], A=) € Ai(w), i € {1,2}}. (11)

Trivially, Ay (w) = ) when k& = 1. We establish that in a generic misspecified model, if a
mixed learning outcome is not in A/ (w), then almost surely it does not occur (Lemma 6
in Appendix A.1).% Therefore, if Ap/(w) is empty, mixed learning almost surely does
not arise. It is straightforward to compute Ay (w) from A;(w).?® In Section 5, we show
that Ay (w) is empty and mixed learning outcomes almost surely do not arise for three

commonly studied forms of model misspecification.

Belief Convergence. Finally, we establish that the likelihood ratio converges almost
surely for all sociable types when there is at least one globally stable outcome and no

locally stable mixed outcomes (Lemma 7 in Appendix A.1).

Theorem 1 combines these steps to characterize how the set of asymptotic learning

24 An alternative sufficient condition for the global stability of (0,00) is (0,0) € A;(w) \ Az(w) or
(00,00) € Ag(w) \ A1(w) (ie. M (Aw) < 0 and y2(A,w) > 0 for either agreement outcome A €
{(0,0), (00,0)}). This condition can be directly verified from the local stability construction, but it
will not be satisfied in applications in which both agreement outcomes are locally stable. An analogous
condition holds for (oo, 0).

2When k > 2, an analogous condition rules out mixed learning outcomes in which a single type
has cyclical learning. We also need to rule out mixed learning outcomes in which more than one type
has cyclical learning. This requires joint conditions on A;(w) for the non-convergent types. See Online
Appendix E.2.

26An easy sufficient (but not necessary) condition for A,(w) to be empty is if both agreement
outcomes or both disagreement outcomes are locally stable.
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outcomes in each state depends on A(w) and Ay (w). The proof follows directly from

Lemmas 1 to 7 described above, which are formally stated and proved in Appendix A.1.

Theorem 1. Consider a generic misspecified model with k < 2 sociable types that sat-
1sfies Assumption 1, 2, 3 and 4. When w = L:

1. Agreement. Correct learning occurs with positive probability iff 0 € A(L) and

incorrect learning occurs with positive probability iff oo* € A(L).

2. Disagreement. Sociable types disagree with positive probability if A(L) contains a
mazimally accessible disagreement outcome, and sociable types almost surely do not
disagree if A(L) contains no disagreement outcomes. Fach maximally accessible

disagreement outcome in A(L) occurs with positive probability.

3. Cyclical Learning. Cyclical learning occurs almost surely for all sociable types
if A(L) and Ay (L) are empty, and cyclical learning occurs almost surely for at
least one sociable type if A(L) is empty. Cyclical learning almost surely does not
occur for any sociable type if A(L) contains an agreement outcome or maximally

accessible disagreement outcome and Ap;(L) is empty.
An analogous result holds for w = R.*

The conditions for correct and incorrect learning are tight: these learning outcomes
arise if and only if the respective limit beliefs are in A(w). For disagreement outcomes,
we establish a sufficient condition for the outcome to occur (maximal accessibility) and
a sufficient condition for outcome not to occur (A(w) empty). In many applications, all
locally stable disagreement outcomes are maximally accessible (see Section 5.5 for an
illustration). Therefore, there is no wedge between the sufficient conditions for disagree-
ment to occur and not to occur — a disagreement outcome arises if and only if it is in
A(w). However, this is not always the case. When a disagreement outcome is locally
stable but not maximally accessible, whether disagreement arises can depend on initial
beliefs.

An important feature of Theorem 1 is that the characterization requires calculations
at a finite set of beliefs. Since action choices depend on beliefs, ¥ and v; vary with
A € [0,00k. Therefore, in principal, determining the asymptotic properties of the
likelihood ratio could require characterizing its behavior across the infinite belief space.
However, Theorem 1 establishes that this is not the case. Deriving A(w) and Ay (w)

and verifying maximal accessibility only require calculations at the finite set of beliefs

2"The characterization for more than two sociable types is identical, using the modified definitions
of maximal accessibility and Aps(w). See Online Appendix E.2.
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{0,00}*. Thus, Theorem 1 significantly simplifies the characterization of asymptotic
beliefs.

Theorem 1 rules out mixed learning when A/ (w) is empty, but does not characterize
whether mixed learning arises when A;(w) is not empty. Mixed learning presents a
challenge, as we need to consider the movement of the convergent type’s likelihood
ratio across all possible beliefs for the non-convergent type to determine whether mixed
learning arises with positive probability (in contrast to Theorem 1, where we can restrict
attention to stationary beliefs for both types). Theorem 4 in Online Appendix E.3

characterizes sufficient conditions for mixed learning to occur with positive probability.

Example 1 (Partisan Bias, cont.). Applying Theorem 1 to the characterization of A(L)
above establishes that correct learning occurs a.s. for mild partisan bias (v high), beliefs
fail to converge for intermediate levels, and incorrect learning occurs a.s. for severe
partisan bias (v low). Triwially, mized learning and disagreement cannot arise when
there is a single sociable type. See Proposition 7 in Appendix B.1 for a formal statement

and proof of this result.

Example 2. To illustrate how Theorem 1 applies to a setting with two sociable types,
suppose that there is a partisan type, as in Example 1, and a non-partisan type that has
a correctly specified signal distribution. Neither type is aware of others’ biases, i.e. the
non-partisan type believes that others also have a correctly specified signal distribution
and the partisan type believes other have the same misspecified signal distribution. We
can use Theorem 1 to show that the learning outcomes are similar to Example 1: for both
types, correct learning occurs a.s. for a low share of the partisan type or mild partisan
bias, beliefs fail to converge for intermediate levels, and incorrect learning occurs a.s.
for a high share of a severely biased partisan type. Even though the non-partisan type
correctly interprets signals, its failure to account for the partisan type has an equally
severe impact on learning.

Fig. 1 illustrates these three learning regions as a function of the level of bias v and
share of mon-partisan types q. See Appendiz B.2 for a formal description and analysis

of this variation.

Complete Learning. An immediate consequence of Theorem 1 is that in a correctly
specified model, learning is complete — correct learning occurs almost surely. To see this,
note that when all types are correctly specified, the likelihood ratio is a martingale in
state L. Due to the concavity of the log function, this means that the expected change in
each type’s log likelihood ratio is negative at all beliefs, 7;(X, L) < 0 for all X € [0, oo]*.

Therefore, 0% is the unique locally stable belief and mixed learning does not arise, i.e.
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A(L) = {0%} and Ay (L) is empty.?®

But from Theorem 1, 7;(A, L) < 0 at all interior beliefs is not necessary for complete
learning: if 7;(X, L) < 0 at beliefs A € {0,00}*, then learning is complete. Further,
complete learning may obtain even if v;(X, L) > 0 for some types at some X € {0, co}*.

Therefore, Theorem 1 provides much weaker conditions for complete learning.

Corollary 1. Complete learning obtains in state L if A(L) = {0F} and Ay (L) is empty.

An analogous result holds for state R.

These weaker conditions are important for establishing the robustness of complete learn-
ing in misspecified models, as with even an arbitrarily small amount of misspecification,
the likelihood ratio is no longer a martingale. Section 4.3 uses Corollary 1 to derive

several robustness results.

Action Convergence. Belief convergence forces action convergence: each type even-
tually settles on an action if and only if its beliefs converge. The limit action choice
is efficient if learning is correct, and otherwise is inefficient. If learning is cyclical for a
type, then that type will choose both efficient and inefficient actions infinitely often.?’

28 A similar result holds for all correctly specified types when some types are misspecified. A correctly
specified type accurately accounts for other types’ misspecification and is able to probabilistically parse
out the information conveyed by actions. Therefore, misspecified types do not interfere with the learning
of the correctly specified types. See Theorem 3 in Online Appendix E.1.

29Tn the proof of Theorem 1, we show that if the likelihood ratio for a type does not converge, then it
enters a neighborhood of each certain belief infinitely often. Therefore, the type chooses both efficient
and inefficient actions infinitely often.

26



4.3 Robustness of Complete Learning.

The next result establishes that correctly specified models are robust to some misspec-
ification, in that learning is complete when sociable types have approximately correct
models. This may not seem surprising, since Bayes rule is continuous. But in an infinite
horizon setting, nearby models with small per-period differences in belief updating can
aggregate to very different limit beliefs. When this is the case, then even arbitrarily small
departures from the correctly specified model will interfere with learning. In principle,
this would substantially limit the applicability of rational learning models to real-world
settings. Theorem 2 establishes that this does not occur in the environment we consider
in this paper; complete learning obtains for any form of misspecification in which each

sociable type’s subjective model is close enough to the true model.

Theorem 2. Given a generic misspecified model that satisfies Assumption 1, 2, 3 and
4. there exists a § > 0 such that if |1h;(a, 0w, X) — ¥(a,o|w,A)| < 8 at X € {0,000} for
all (a,0) € Ax X and 0; € Og, then learning is complete in state w.

Robustness follows from the continuity of (A, w) in each type’s subjective signal and
type distributions. In any correctly-specified model, A(L) = {0¥} and Ay (L) = 0. By
continuity, these sets don’t change when some misspecification is introduced. The tools
in this paper allow for a precise characterization of exactly how robust complete learning
is to different forms of misspecification.

Theorem 2 depends on the subjective and true equilibrium probabilities of each
action at stationary beliefs. The following corollary presents sufficient conditions on the
primitives of the model for these subjective equilibrium probabilities to be close enough
to the true equilibrium probabilities: if all sociable types have subjective type and signal

distributions close enough to the true distributions, then learning is complete.

Corollary 2. Given a generic misspecified model that satisfies Assumption 1, 2, 3 and
4, there exists a & > 0 such that if ||&; — w|| < 6, ||F¥ — F*|| < ¢ and ||G¥ — G¥|| < &
for all 0; € Og, then learning is complete in state w, where || - || denotes the supremum
metric.

Corollary 2 is more restrictive than Theorem 2, since Theorem 2 can hold when agents
are very wrong about the type distribution, as long as the types that they believe exist
are “close” to the actual types. For example, suppose that all agents are type #;, but
believe that all agents are type 0, # 6,. If types 6; and 0 have similar preferences
and subjective signal distributions, then the conditions for Theorem 2 hold, but the
conditions for Corollary 2 do not. Similar robustness results hold for an individual type

that has a model close to the correctly specified model, regardless of other types.
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Example 1 (Partisan Bias, cont.). For v sufficiently close to one, A(L) = {0} and

complete learning obtains.

These results contrasts with Frick et al. (2019), who demonstrate a failure of robust-
ness in a social learning setting with misspecification over the distribution of agents’
preferences. Their setting differs from ours in that they consider an infinite state space
and do not assume adequate information (i.e. Assumption 3) — a continuum of prefer-
ence types ensures that actions are informative, but the informational content of these
actions can become arbitrarily small.*® With an infinite state space, action choices are
much more sensitive to small amounts of misspecification. They show that no matter
how small the misspecification in their setting, the limiting belief does not depend on the
underlying state when the state space is infinite, but correct learning is robust to mis-
specification when the state space is finite. Similarly, under an analogue of our adequate
information assumption, correct learning is robust to small amounts of misspecification
in their setting, even with an infinite state space. Nevertheless, settings with larger state
spaces are more sensitive to misspecification and the size of the state space is important

to keep in mind when considering robustness in misspecified models.

4.4 Discussion of Results

When agents learn from the action choices of their peers, model misspecification interacts
with the endogenous informativeness of actions to give rise to the possibility of cyclical
learning or path-dependent learning (for example, both incorrect and correct learning

31 These learning outcomes have important economic

arise with positive probability).
implications. Cyclical learning is a failure of beliefs (and actions) to settle down, even
after an arbitrarily long period of time. This means that in the long-run, action choices
oscillate infinitely often between efficient and inefficient actions. When multiple learning
outcomes arise, different paths of signal realizations lead to different long-run beliefs. An
initial signal that, for instance, a medical technology is dangerous or a new restaurant
is low quality when in fact the opposite is true can lead to this misconception becoming
entrenched and beliefs converging to the incorrect state. In contrast, if the initial signal
had been positive, agents would have learned the correct state. Path-dependent learning
can explain why different populations with similar models can come to have very different

entrenched views.

30Gpecifically, herds do not arise in the correctly specified model but Lemma 10 in our paper does
not hold.

31Belief convergence requires that when agents are almost certain of a state, the action and signal
frequencies they observe confirm their model in that state. If agents are “surprised” when they are
almost certain of either state, this leads to cyclical learning (i.e. |A(w)| = 0). In contrast, if there
are multiple learning outcomes near which the action frequencies confirm each type’s model at that
outcome, then multiple learning outcomes occur with positive probability (i.e. |[A(w)| > 1).
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Cyclical and path-dependent learning can also arise in misspecified active individ-
ual learning models, where future information depends on the current action choice of
the agent, or in misspecified passive individual learning models, where the true signal
distribution is independent of the history but an agent’s misspecified signal distribution
depends on her current belief. For example, cyclical learning emerges in the active indi-
vidual learning models of Nyarko (1991); Fudenberg et al. (2017), while path-dependent
learning arises in the passive individual learning models of Rabin and Schrag (1999);
Epstein et al. (2010).

In contrast, cyclical and path-dependent learning do not arise in misspecified passive
individual learning models in which an agent’s signal misspecification is independent
of her current belief. In our framework, this corresponds to settings in which agents
learn from the public signal but not from the actions of others. It follows immediately
from Theorem 1 that, generically, there is exactly one locally stable learning outcome,
|A(w)| = 1, and beliefs almost surely converge to this unique outcome.*?

Path-dependent learning also occurs in correctly specified social learning settings
with informational herds (Bikhchandani, Hirshleifer, and Welch 1992; Banerjee 1992;
Smith and Sorensen 2000). In contrast to misspecified settings, all but at most one of
these limit beliefs must be non-degenerate (i.e. incomplete learning). This difference is
economically important. In correctly specified models, informational herds are fragile
(Bikhchandani et al. 1992). Even though all agents are playing the same action, they
remain uncertain about the state. Therefore, a herd of any length can be overturned by
a relatively uninformative public signal or other piece of new information. In contrast,
when an incorrect herd persists in our setting, beliefs almost surely converge to the
incorrect state. This implies that longer herds will become increasingly difficult to

overturn.>3

Focus on Asymptotic Learning. When incorrect learning, cyclical learning or dis-
agreement arise asymptotically, then we will observe these learning outcomes even in
the face of an infinite amount of information. This establishes that the source of these
inefficiencies is not a lack of sufficient information to learn the state. Agents are bounded
away from efficiency, irrespective of the amount of information that they observe. Of
course, these asymptotic results also establish that we will observe inefficient choices,

belief cycles and disagreement in finite time.

32When 7;(A,w) is independent of A, its sign is constant across the belief space. Therefore, the
conditions in Theorem 1 collapse to the standard result that beliefs converge to the state that minimizes
the relative entropy from the misspecified model to the correct model (Berk (1966); Shalizi (2009)).
When the sign of v;(A,w) is independent of A, there is no wedge between local and global stability for
disagreement outcomes: if the unique locally stable outcome is a disagreement outcome, then it is also
globally stable. Therefore, it is not necessary to check maximal accessibility.

33This observation was first made in Eyster and Rabin (2010) in the context of naive social learning.
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The expression v;(A,w) that we use to characterize the locally stable set also deter-
mines the asymptotic rate of learning. The larger this term is in magnitude, the faster
the rate of convergence to (or, depending on the sign, the faster the rate of divergence

from) the candidate limit belief from a neighborhood of this belief.

5 Applications

In this section, we demonstrate how our general framework can be used to gain a deeper
understanding of how different types of model misspecification affect learning. First,
we explore whether two forms of signal misspecification are conceptually robust, in that
they are not sensitive to the parametric specifications chosen to model how agents mis-
interpret information. We show that whether the learning results in these settings are
robust to alternative specifications depends on the type of misspecification. Second,
we compare whether signal misspecification has a similar impact in individual and so-
cial learning settings. Third, we examine whether a representative agent model is a
good approximation for a setting with model heterogeneity by comparing the learning
outcomes for a set of types with heterogenous levels of model misspecification to the
learning outcomes for a single type with the average model of the population. Fourth,
we demonstrate that our framework can connect conceptually distinct forms of model
misspecification that have similar implications for learning and behavior. Finally, we

explore entrenched disagreement in a level-k social learning model.

5.1 The Fragility of Underreaction and Overreaction Specifications

We first study conceptual robustness in a setting in which agents underreact or overreact
to signals.>*  We show that this form of misspecification is sensitive to the modeling
choice, in that different parametric specifications lead to qualitatively different asymp-
totic learning results. We also compare individual and social learning settings, and show
that the interaction between under- or overreaction and learning from others’ actions
creates long-run inefficiencies that are not present when agents learn solely from signals.
This illustrates that the context of a learning environment — specifically, whether agents
learn from private or social sources of information — can influence how a bias impacts
long-run behavior.

We model overreaction as an agent who forms beliefs as if she has observed the same
signal multiple times. Analogously, we model underreaction as an agent who needs to

observe multiple realizations of the same signal to reach the posterior induced by the

34Both overreaction and underreaction have been observed empirically (Edward 1982; Tversky and
Kahneman 1971). Griffin and Tversky (1992) reconcile these disparate findings by showing that context
determines whether an individual overreacts or underreacts to information: in updating experiments,
subjects underreact to precise estimates of moderate effect sizes, while subjects overreact to noisy
estimates of large effect sizes.

30



true signal distribution. Formally, if a signal induces posterior belief s that the state
is R, then the agent updates her likelihood ratio by (%_S)V, where v € [0,1) captures
underreaction and v € (1,00) captures overreaction. For example, if ¥ = 2, an agent
double counts signal s, and if ¥ = 1/2, an agent needs to observe two realizations of
signal s in order to arrive at the true posterior induced by one realization of s.

This modeling approach contrasts with Epstein et al. (2010), who represent underre-
action as a subjective posterior belief that is a weighted average of the prior belief and
the posterior induced by the true signal distribution and overreaction as a subjective
posterior belief that places a negative weight on the prior belief and a weight above
one on the true posterior. These different modeling choices are of consequence: in an
individual learning setting, our forms of underreaction and overreaction lead to funda-
mentally different asymptotic learning outcomes than the forms considered in Epstein
et al. (2010).

Individual Learning. In an individual learning setting (i.e. informative public signals

and uninformative private signals), the signal misspecification introduced above corre-

sponds to 1:5“7()0 y = (ﬁ)y Our first result establishes that under- and overreaction
do not alter the set of asymptotic learning outcomes in this setting, regardless of the

severity of the bias.

Proposition 1. In an individual learning setting, correct learning occurs almost surely

for any v € (0,00).

To understand the intuition for this result, consider the case of overreaction. Agents
overreact symmetrically to signals that favor state L and state R — that is, equally
extreme signals for states L and R in the correctly specified model are interpreted
as equally extreme signals in the misspecified model. For example, when v = 2, the
symmetric signals o7 = 1/3 and 05 = 2/3 are interpreted as symmetrically more extreme
beliefs 6(0y) = 1/5 and 6(09) = 4/5. Further, agents overreact to weak and strong
signals in a similar manner. For example, agents double count both weaker signal o =
3/5 and stronger signal o = 4/5. These properties ensure that overreaction does not
affect the sign of the average change in the log likelihood ratio: as in the correctly
specified model, it remains negative at all beliefs, v(A,w) < 0 for all A. Therefore, the
set of asymptotic learning outcomes is independent of the level of overreaction.*

In contrast, Epstein et al. (2010) find that sufficiently severe overreaction leads to

35More generally, this result holds for any signal misspecification such that the functions /(1 —0)
6(0)/(1—6(0)) and (1—0)/oc — (1—5(0))/5(0) are log-concave. Heidhues et al. (2019) find a similar
result for conservatism and base rate neglect in an individual learning model with a continuous state
space and a normal prior and noise. Their result also relies on choosing a symmetric parameterization
for the misspecification.
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the possibility of incorrect learning. In their specification, overreaction alters updating
in an asymmetric way. An agent with prior p who overreacts to signal ¢ that leads to

£ - updates to posterior belief

po+(1-p)(1—0)
po _
Y <p0+ (1-p)Q —0)> +a=2p

where 7 > 1 is the overreaction parameter. This learning rule is represented by a form of

true posterior

signal misspecification that asymmetrically skews signals: when an agent believes that
state R is more likely, she overweights signals in favor of state R more than she over-
weights signals in favor of state L, and vice versa. For example, when 7 = 1.2 and p =~ 1,
7(.25) = .23 while 6(.75) = .83 > 1 — 4(.25). Further, the misspecification depends on
the prior: the asymmetry is more pronounced for more extreme priors. Given this asym-
metry, sufficiently severe overreaction changes the sign of (A, w), and therefore, the set
of asymptotic learning outcomes. See Appendix C.1 for the representation of this form
of overreaction in our framework.

Relatedly, Bushong and Gagnon-Bartsch (2017) study a setting where an agent is
misspecified about her past preferences. The agent has reference dependent utility and
underestimates the extent of her reference dependence when recalling past outcomes.
This causes her to overreact to past gains and losses. Given that she overreacts sym-
metrically, as in our setting, she accurately learns the average return. Only if she is also
loss averse will she overreact more to losses than gains. As in Epstein et al. (2010), this
asymmetry leads to the possibility incorrect learning.

Although complete learning still obtains when under- or overreaction is symmetric,
these forms of signal misspecification do impact short-run learning and the volatility
of beliefs. An agent who overreacts to signals has beliefs that are more volatile and
converge faster than expected, while an agent who underreacts has beliefs that are less

volatile and converge slower than expected.

Social Learning. Now consider a social learning setting with informative private sig-
nals and uninformative public signals, in which all agents believe private signals are dis-

tributed according to F¥(s) = F' ”(u_gﬁ) in state w. These misspecified signal distri-

butions lead to the form of under- or overreaction introduced above, i.e. 1f§()s) = (ﬁ)y

In contrast to individual learning, social learning interacts with under- and overreaction

in a way that can interfere with asymptotic learning. Although the signal misspecifi-
cation is symmetric, these signals are filtered through other agents’ action choices in
a way that gives rise to asymmetric under- or overreaction to actions. Similar to an
asymmetric under- or overreaction to signals, this asymmetric under- or overreaction to

actions can alter the set of asymptotic learning outcomes.
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To illustrate this possibility, consider a decision problem with four actions, a €
{a1, as, as, a4}, ordered according to increasing preference in state R. Assume preferences
are symmetric: if a; is optimal at belief p, then a4 is optimal at belief 1 —p, and similarly
for as and as. There are two types of agents: 6, is sociable and 6y is autarkic. Both
types interpret signals in the same way and have the same preferences and type 6, has
correct beliefs about the share of autarkic types.

Suppose sociable agents are herding on action a;. Then a; actions that confirm the
herd are less informative than a4 actions that contradict the herd. Therefore, overre-
action is stronger with respect to the contradictory action ay. This pulls beliefs away
from state L. Similarly, when sociable agents are herding on a4, they overreact more to
contradictory action a; than confirmatory action a4, pulling beliefs away from state R.
For sufficiently severe overreaction, this gives rise to cyclical learning. In contrast, when
agents underreact to new information, they do not learn enough from contradictory ac-
tions. This makes it more difficult to break a herd, and gives rise to the possibility of
incorrect learning. Fig. 2 illustrates these learning regions.

Note that in the asymmetric signal misspecification in Epstein et al. (2010), incor-
rect learning arises when agents overreact to signals, whereas in the asymmetric action
misspecification that arises from social learning, incorrect learning arises when agents

underreact to signals.

5.2 The Robustness of Confirmation Bias Specifications

We next study conceptual robustness a setting in which an agent misinterprets informa-
tion to confirm her current beliefs — confirmation bias. We use our characterization to
show that the asymptotic learning insights derived in Rabin and Schrag (1999) hold for a
broad class of specifications of confirmation bias. Therefore, in contrast to the previous
section, this form of signal misspecification is less sensitive to modeling choice.>°

Rabin and Schrag (1999) study an individual learning model in which an agent
receives a binary signal y € {l,r} that matches the state with probability § > 1/2. If
the signal contradicts her prior belief (i.e. her belief favors state L and she observes signal
r, or vice versa), then with probability ¢ she misreads the signal as a confirmatory signal
(i.e. believes she observed | when she observed r). They establish that for sufficiently
high ¢, confirmation bias leads to incorrect learning with positive probability. This
set-up makes several strong assumptions to simplify the analysis. First, the severity of
the confirmation bias, i.e. the frequency that a signal is misread, is independent of the

current belief: an agent exhibits the same level of bias when she believes that state L is

36Fryer, Harms, and Jackson (2018) derive similar insights in a model of ambiguous information with
limited memory. The interpretation strategies they study map into a misspecified model that mirrors
confirmation bias.
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very likely as when she believes that state L is only slightly more likely than state R.
Second, misread contradictory signals are interpreted as having the same informational
content as confirmatory signals.

We use our framework to show that the insights gleaned from this stylized form of
confirmation bias are robust to more general specifications. Consider the case in which
contradictory signals may be viewed as weaker evidence of the more likely state than
confirmatory signals and the degree of the slant can depend on the current belief about
the state.?” This corresponds to a form of signal misspecification in which with probabil-
ity ¢, a contradictory signal y is interpreted as a weighted average of the true posterior
o(y) induced by signal y and the true posterior o(y’) induced by the confirmatory signal
y'. Formally, when belief p > 1/2 that the state is R, with probability ¢ an [ signal is
slanted towards state R and interpreted as subjective posterior (1 —v(p))o(l) +v(p)o(r)
and when p < 1/2, with probability ¢ an r signal is slanted towards state L and inter-
preted as subjective posterior (1 —v(p))o(r)+v(p)o(l), where v : [0,1] — [0, 1] captures
the slant of the contradictory signal. To simplify exposition, we assume that v is contin-

uous and symmetric at certainty, v(1) = v(0). The dependence of v(p) on the current

37 As discussed in Section 2.3, it is a straightforward extension to allow the signal misspecification to
depend on the belief about the state (see Online Appendix E.4).
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belief about the state allows this slant to vary with the belief about the state. If v is
strictly decreasing on [0,1/2] and strictly increasing on [1/2, 1], then confirmation bias
becomes more severe as the agent’s belief becomes more extreme. The model of Rabin
and Schrag (1999) corresponds to the case where v(p) = 1, i.e. contradictory signals are
fully slanted, independent of the current belief.

We can apply Theorem 1 to show that the possibility of incorrect learning depends on
the probability of misreading signals and the level of slant at certainty, but is independent

of how the slant depends on the belief about the state.

Proposition 2. There exists cut-offs ¢ € (0,1) and v(q) € (0,1], with v(q) < 1 for
q > @, such that for ¢ > q and v(1) > ©(q), both incorrect and correct learning arise with
positive probability, and for ¢ <G or v(1) < U(q), then almost surely learning is correct.
If signals are symmetric, o(r) =1 — o(l), and fully slanted at certainty, v(1) = 1, then
g =1—1/20(r), which is identical to the cut-off when signals are fully slanted across
the belief space, v(p) =1, as in Rabin and Schrag (1999).

This establishes that the stark form of confirmation bias in Rabin and Schrag (1999)
does not drive the incorrect learning result: when confirmation bias is sufficiently severe,
beliefs can become entrenched on both the correct and incorrect state, regardless of its
exact form. In fact, when signals are fully slanted at certainty, the cut-off for incorrect
learning is identical to that when signals are fully slanted at all beliefs, as in Rabin
and Schrag (1999). We obtain a similar result to Proposition 2 when we also allow the
probability ¢ of misreading a signal to depend on the belief about the state.

While the possibility of incorrect learning is independent of the shape of v(p), the
probability of incorrect learning depends crucially on it. Fixing the slant at certainty,
an v(p) closer to one at interior beliefs amplifies the impact of early signals and makes
it more difficult to overturn beliefs that even slightly favor the incorrect state. Fig. 3
illustrates that the probability of incorrect learning is increasing in the severity of the

slant using three parameterizations of v(p).

5.3 Naive Learning with Model Heterogeneity

A standard assumption in papers that study model misspecification is that all agents
have the same misspecified model. This can be viewed as a representative agent ap-
proach, and it significantly simplifies the analysis. More realistically, agents will have
heterogeneous levels of misspecification. The representative agent approach is valid in
the face of heterogeneity if agents process information in a way such that their long-run
behavior is approximated by the long-run behavior of the representative agent.

In this section, we use our framework to explore the validity of the representative

agent approach when agents exhibit a form of naive learning in which they overestimate
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the private information reflected in actions. Bohren (2016); Eyster and Rabin (2010)
study naive learning when all agents have the same misspecified model. We compare
learning in a setting where agents have different levels of naivety to a representative agent
setting in which a single type has a level of naivety equal to the average naivety of the
population. We show that when heterogeneity is small, this representative agent model
is a good approximation of the underlying model with heterogeneity. When hetero-
geneity is large, the models have qualitatively different learning outcomes. Specifically,
heterogeneity facilitates learning in that it leads to correct learning for a strictly larger
set of parameters than the representative agent model.

As in Bohren (2016), we model naive learning as a misspecified belief about the share
of autarkic types. Let 64 denote the autarkic type and assume w(6,4) € (0,1). To capture
model heterogeneity, suppose there are two sociable types, #; and 65, that occur with
equal probability, 7(6;) = m(f2). Both sociable types overestimate the share of autarkic
types, with type 6, having a more severe bias, m(04) < 71(04) < m2(64) < 1. This form
of misspecification leads agents to underestimate the correlation between prior actions.
We compare this setting to a representative agent setting in which a single sociable type
believes that the autarkic type occurs with probability 7 = (711(04) +72(04))/2. In other
words, the representative agent has a bias equal to the average bias in the heterogenous
setting. To close the model, assume that each agent faces a binary decision problem
in which she earns a payoff of one from choosing the action that matches the state,
A = {L,R} and u(a,w) = 1,—,, all types correctly interpret private signals, sociable
types have correct beliefs about the relative frequency of each sociable type, all types

have common prior py = 1/2, and public signals are uninformative and believed to be
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uninformative.?®

We first show that the representative agent model is a good approximation when

heterogeneity is sufficiently small.

Proposition 3. Generically, for any average bias 7, there exists an ¢ > 0 such that
if heterogeneity is sufficiently small, |71(04) — T2(04)| < €, then the heterogeneous and

representative agent settings have the same set of long-run learning outcomes.

Next, we explore how heterogeneity affects learning. It is a priori unclear whether
heterogeneity will facilitate or hinder learning, compared to the representative agent
model. The type with milder misspecification may facilitate learning by counteracting
the type with more severe misspecification, or the type with the more severe misspec-
ification may distort information in a way that hinders learning for both types. The
following result establishes that the first effect dominates and heterogeneity facilitates

learning.

Proposition 4. Suppose the signal distribution is symmetric, F*(s) =1 — FE(1 — s).
For all 71(04),72(04) € (w(04),1], almost surely learning is either correct or incorrect.
If learning 1s almost surely correct in the representative agent model at 7, then learning
is almost surely correct in the heterogeneous model for all 71(04) and 75(04) such that
(71(04) +T2(04))/2 = 7, and if incorrect learning occurs with positive probability in the
heterogeneous model at w1(04) and To(04), then incorrect learning occurs with positive

probability in the representative agent model at T = (71(04) + 72(04))/2.

Type 6, is more adept at correcting for correlated information, and as a result, asymp-
totically adopts the inefficient action with lower probability than 6. In turn, this helps
0y learn the true state. Actions from 6; confirm the state and 0y overestimates the pri-
vate information reflected in these actions. This reduces the probability that 6, herds
on an inefficient action.?”

Proposition 4 has important implications for policy interventions aimed at mitigating
inefficient choices. Suppose a social planner wishes to intervene if and only if agents face
the possibility of incorrect learning. The planner measures the average level of bias in the
population and uses a representative agent approach to determine whether to intervene.
Given Proposition 4, this method will result in over-intervention, in that there are levels

of bias at which incorrect learning arises in the representative agent model but not in the

38The representative agent model is a special case of Bohren (2016).

39Heterogeneity does not always improve learning. If heterogeneity leads to fundamentally different
biases — for example, if one type overestimates the correlation in prior actions and the other type
underestimates it — then sufficient heterogeneity will interfere with long-run learning, even when the
average bias is close to the truth (e.g. # ~ 7(64)) and learning is complete in the representative agent
model.
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heterogeneous model. However, whenever incorrect learning arises in the heterogeneous
model, it also arises in the representative agent model — and therefore, under-intervention
will not be an issue. Fig. 4 illustrates these insights.

These results provide insight into the use of the representative agent approach to
study how model misspecification impacts learning. The range of heterogeneity plays
a key role in determining whether such an approach is appropriate. If heterogeneity is
large, then assuming all agents are a single type with the average bias of the population
can lead to very different predictions about long-run outcomes. Using these predic-
tions to determine appropriate policy interventions may lead to interventions that are
unnecessary or even harmful. In contrast, if the level of heterogeneity is small, then
the predictions of the representative agent model are a good approximation. The tools
developed in this paper can be used to quickly assess whether a reasonable amount of

heterogeneity will lead to substantially different learning predictions.

5.4 Using the Framework to Demonstrate Behavioral Equivalence

We can use our general framework to connect conceptually distinct forms of model mis-
specification that have similar implications for learning and behavior. To demonstrate
this, we show that a model with naive temptation and a model with partisan bias are
asymptotically equivalent in terms of the set of learning outcomes that arise.

The temptation setting is as follows. Consider a binary action decision problem
in which agents seek to choose the action that matches the state, but differ in whether
they are tempted to choose action R when there is uncertainty. The tempted types place

higher weight on matching the state in state R, u;(a,w) = (2 — 8)lomp=1, + Bla—w=r for
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some [ € (1,2), while the non-tempted types have symmetric preferences across states,
u;(a,w) = 1,—,. Agents are unaware of others’ temptation. We establish an equivalence

between this setting and the partisan bias setting in Example 2.

Proposition 5. For every level of temptation € [1,2) and share of non-tempted types
q € [0, 1], the model in Example 2 with level of partisan bias v(5) = log.5/log(1 — 5/2)

and share of non-partisan types q has an identical set of asymptotic learning outcomes.

Proposition 5 shows that fundamentally different biases — the temptation model is a
form of preference misspecification, while the partisan bias model is a form of signal
misspecification — interfere with learning in similar ways. See Appendix C.4 for the full

description and analysis of this setting.

5.5 Entrenched Disagreement in a Level-k Learning Model

This application shows that entrenched disagreement emerges as a robust feature of social
learning in a level-k model. Level-k models describe how boundedly rational agents draw
inference in strategic settings (Costa-Gomes, Crawford, and Iriberri 2009). Agents are
characterized by their “depth” of reasoning, where higher levels use progressively more
sophisticated reasoning. This misspecified model features prominently in the empirical
literature on social learning, but has been relatively unexplored in the corresponding
theoretical literature, as characterizing learning outcomes is significantly more complex
when agents learn in different ways. Using our framework, each level can be modeled as
a type that has a misspecified model of the strategic link between prior actions. When
agents have heterogenous models, observing the same information does not ensure that
they converge to the same beliefs. In fact, we show that agents can become very certain
of different states, despite observing the same patterns of action choices.

Consider a level-k model with four levels. Each level corresponds to a type, @ =
{60,064, 05,05}, where the level-0 type is used to anchor the model of level-1.0 Level-0
chooses an action without learning from signals or the actions of others, i.e. it is a noise
type who believes that private signals and prior actions are uninformative, §o(s) = 1/2
and 7mo(0g) = 1. The level-1, 2 and 3 types accurately learn from private signals but have
a misspecified model of how to interpret actions, which is captured by a misspecified
type distribution. Level-1 chooses an action solely based on its private signal, i.e. it is
an autarkic type who believes that prior actions are uninformative, 7, (6p) = 1. Level-2
believes that prior actions solely reflect private information, i.e. 79(6;) = 1. It fails to

account for redundant information from the prior actions of others.*! Level-3 is the most

400ur framework can allow for higher levels. However, empirical and experimental studies rarely
find evidence of levels above level-3.
4LA level-2 type is analogous to the “BRTNI” agents in Eyster and Rabin (2010) and the “naive
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sophisticated type: it understands that prior actions contain redundant information, but
does not allow for the possibility that other agents also account for this — it believes that
most other agents are level-2, 73(6,) = 1 — ¢ for some small ¢ > 0, and for technical
reasons, places arbitrarily small probability on the level-1 type, 73(6;) = £.> The
correctly specified model is not a special case of this set-up for any type, as no type
allows for the existence of its own type. To close the model, assume that each agent
faces a binary decision problem in which she earns a payoff of one from choosing the
action that matches the state, A = {L, R} and u(a,w) = 1,—,, the level-0 type does
not actually exist in the population, 7(6y) = 0, the level-1 type occurs with positive
probability, 7(6;) € (0,1), all types have common prior pg = 1/2, and public signals are
uninformative and believed to be uninformative.*3

A level-1 type incorporates solely its private information into its decision, and its
likelihood ratio is constant across time, A\;; = 1 for all £. Therefore, a level-1 type
chooses action R iff it observes a signal s > 1/2, independent of the history. A level-
2 type believes all past actions are from level-1 types. Therefore, it believes that the
informational content of actions are independent of the history, and the number of L
and R actions are sufficient statistics for its likelihood ratio. One interpretation is the
level-2 type uses a simple heuristic that counts the number of L and R actions in the
history and uses this number to form beliefs. A level-3 type believes that almost all
past actions are from level-2 types. Its subjective probability of an L action depends
on the probability that level-2 types choose action L, which does depend on the history
through Ay. Therefore, how the level-3 type updates its beliefs depends on the history.

Proposition 6 establishes that there are two distinct regions of learning, which feature

cyclical learning or disagreement depending on the true distribution over types.**

Proposition 6. There exists an € > 0 such that if € € (0,€), then either learning is
cyclical almost surely or disagreement occurs almost surely. For e € (0,€), there exists

a cutoff w3 € (0,1) such that if w(03) > 73, then almost surely learning is cyclical, there

Bayesians” in Hung and Plott (2001). The naive learners in Bohren (2016) can be interpreted as a
modified level-2 type that allows for the possibility that other agents are also level-2. In Eyster and
Rabin (2010), all agents have the same model — they are all level-2 — while Bohren (2016), level-1 and
level-2 types both occur with positive probability.

42The exact parameterization of the level-k model, i.e. € = 0, violates Assumption 3 and 4. In
a cognitive hierarchy model (Camerer, Ho, and Chong 2004), level-3 places non-trivial probability on
level-1 types. We explore this alternative parameterization in Online Appendix F.2.

43These assumptions are made for expositional simplicity. The results from Section 4 apply to any
level-k model in which the level-1 type occurs with positive probability, (6;) > 0 (to satisfy Assumption
3).
4“4 Theorem 1 characterizes the asymptotic learning outcomes as follows: (i) construct the set of
locally stable learning outcomes A(w), (i) show both disagreement outcomes are maximally accessible,
and (iii) show Aps(w) is empty. See Appendix C.5 for a detailed construction of A(w) and Ay (w). Tt
follows from (ii) and (iii) that A(w) fully characterizes the set of asymptotic learning outcomes.
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ezists a cutoff Ty € (0,1) such that if w(02) > 7o, then both disagreement outcomes arise
with positive probability, and there exists a cutoff T € (0,1) such that if w(01) > 71,
then disagreement outcome in which level-2 learns the correct state and level-3 learns the

incorrect state arises almost surely.

To understand why correct learning almost surely does not arise, suppose that the
state is L and the beliefs of both level-2 and level-3 are near zero. When this is the
case, a level-3 agent underreacts to L actions since she believes these actions are from
herding level-2 agents. However, some L actions are from level-1 agents who reveal
private information. In contrast, she accurately interprets R actions, since she correctly
attributes these actions to the level-1 agents who reveal private information. Therefore,
the level-3 type’s belief increases in expectation, moving away from zero, and correct
learning is not locally stable. The intuition is similar for incorrect learning.

This leaves the disagreement outcomes and cyclical learning as candidate learning
outcomes. Consider disagreement outcome near which level-2 agents choose action L
and level-3 agents choose action R. If a large share of agents are level-3, then most
agents choose action R. A level-2 agent overreacts to these R actions, since she believes
they are from level-1 agents who reveal private information. This pulls the level-2 type’s
belief away from zero and the disagreement outcome is not locally stable. The intuition
for the other disagreement outcome is similar. Therefore, disagreement almost surely
does not arise and learning is cyclical.

As the share of level-1 and level-2 types increase, convergence becomes possible
and disagreement emerges. Disagreement is driven by level-2 agents’ imitation of the
more frequent action and level-3 agents’ anti-imitation in order to correct for the level-2

agents’ overreaction. If a large share of agents are level-1, then most actions do indeed
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reveal private information. Therefore, the level-2 type’s model is close to correct and
almost surely level-2 agents learn the correct state. This corresponds to the disagreement
outcome in which level-2 agents learn the correct state and level-3 agents learn the
incorrect state arising almost surely. In this case, a higher level of reasoning performs
strictly worse than a lower level of reasoning, since level-3 agents almost surely learn
the incorrect state.

If a large share of agents are level-2, then both disagreement outcomes arise with
positive probability. Consider the disagreement outcome at which level-2 agents choose
L and level-3 agents choose R. Due to the high share of level-2 agents, most agents
choose L. A level-2 agent overreacts to these L actions, confirming her belief that the
state is L. In contrast, a level-3 agent believes L actions are from herding level-2 agents
and R actions are from informative level-1 agents. She does not account for informative
level-1 agents playing L or herding level-3 agents playing R. Therefore, she underreacts
to L actions and overreacts to R actions. This confirms her belief that the state is R,
despite the high frequency of L actions. Therefore, this disagreement outcome is locally
stable. The intuition for the other disagreement outcome is similar. Given that both
disagreement outcomes arise, learning is path dependent. Two similar populations who
learn about the same state from different action histories may converge to very different
long-run beliefs.

Fig. 5 illustrates these learning regions. In a social learning experiment, Penczynski
(2017) finds that most agents’ behavior is consistent with level-1, 2 or 3 types, with a
modal type of level-2. His estimate of the type distribution lies in the region where both

disagreement outcomes arise with positive probability.

6 Conclusion

We develop a general framework to study sequential social learning and passive indi-
vidual learning with model misspecification. The framework can capture many biases
and heuristics in interpreting information, including those discussed in Section 2.2. Our
main result characterizes how asymptotic learning outcomes depend on two expressions
that are straightforward to derive from the underlying form of misspecification. This
provides a unified way to compare different forms of misspecification that have been
previously studied, as well as provides new insights about forms of misspecification that
have not been theoretically explored. We use the characterization to show that some
forms of misspecification are robust to different parameterizations (i.e. confirmation
bias) while others are not (i.e. under and overreaction to signals), and explore whether
a representative agent approach yields accurate conclusions about long-run learning in
the presence of model heterogeneity. The characterization also yields new insights into

how misspecification impacts social learning in a level-k framework and provides a ra-
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tional for entrenched disagreement, in which agents’ beliefs converge to certainty about

different states despite observing each others’ actions.
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A Proofs from Section 4
A.1 Proof of Theorem 1

We establish Theorem 1 through a series of lemmas. In Lemma 1, we characterize the
set of stationary beliefs, which are candidate limit points of (A;). Lemma 2 rules out
convergence to non-stationary beliefs. Next, Lemma 3 establishes when a stationary
belief is locally stable. Lemma 4 establishes that global stability immediately follows
from local stability for agreement outcomes, while Lemma 5 establishes that maximal
accessibility is a sufficient condition for global stability of disagreement outcomes. In
Lemma 6, we show that locally stable mixed learning outcomes must be in Ay (w).
Therefore, if Ap/(w) is empty, almost surely mixed learning does not arise. Finally,
Lemma 7 establishes that the likelihood ratio converges almost surely for all sociable
types when there is at least one globally stable stationary outcome and no locally stable
mixed outcomes.

We present Lemmas 1 to 4 for any finite number of sociable types k& > 1, as the con-
structions of local stability and the global stability of agreement outcomes are identical
for all finite k. Establishing the global stability of disagreement outcomes and ruling
out mixed learning is more involved for more than two sociable types, as the number of
possible outcomes increases with k. Therefore, we present Lemmas 5 and 6 for k = 2
sociable types (trivially, disagreement and mixed learning are not possible with a single
sociable type, i.e. k =1). Finally, we use Lemmas 1 to 6 to establish belief convergence
in Lemma 7 for k£ < 2 sociable types. The analogues of Lemmas 5 to 7 for k > 2 are in
Online Appendix E.2.

Throughout this section, assume Assumption 1, 2, 3 and 4. Given ¢ > 0, define a
neighborhood B.(A) of X € {0,00}* as \; € [0,¢) if \; =0 and \; € (1/¢,00] if \; = cc.

A.1.1 Statement of Lemmas

In this section, we state Lemmas 1 to 7 outlined above. The proofs follow in Ap-
pendix A.1.2.

By Assumption 3, the set of stationary beliefs correspond to each type placing prob-
ability one on either state L (A = 0) or state R (A = 00).

Lemma 1 (Stationary Beliefs). The set of stationary beliefs are {0, 00}
Further, the likelihood ratio almost surely does not converge to non-stationary beliefs.

Lemma 2 (Non-Stationary Beliefs). Given X*, if Af € (0, 1) for some 6;, then Pr(A; —
A =0.
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Therefore, if the likelihood ratio converges for all types, then it must converge to a
stationary belief A* € {0, co}*.

Next, we determine when the likelihood ratio converges with positive probability.
Recall that A* is locally stable if the process (A;) converges to A* with positive probability
from a neighborhood of A*, and that +;(A\,w) is the expected change in the log likelihood
ratio for type 6; at belief A. Lemma 3 establishes the relationship between the local
stability of stationary belief A* and the sign of v;(A*,w).

Lemma 3 (Locally Stable Beliefs). Let A* € {0,00}* be a stationary belief.

1. If (A", w) < 0 for all 0; € Og such that X} =0 and v;(A*,w) > 0 for all §; € Og
such that X} = oo, then X* is locally stable.

2. If there exists a 0; € Og such that X! = 0 and v;(A*,w) > 0 or \f = oo and
(A", w) < 0, then X* is not locally stable and Pr(X; — X*) = 0.

Lemma 3 uses results on the local stability of nonlinear equations developed in Smith
and Sorensen (2000) (Theorems C.1 and C.2). Given Lemma 3, the set A(w) defined
in (9) is the set of locally stable beliefs for a generic misspecified model. If there are
no locally stable beliefs, i.e. A(w) is empty in a generic misspecified model, then the
likelihood ratio almost surely does not converge for at least one type, as Lemma 3 rules
out convergence to stationary beliefs that are not locally stable and Lemma 2 rules out
convergence to non-stationary beliefs.

We are interested in determining whether convergence occurs with positive proba-
bility from any initial value of the likelihood ratio, i.e. global stability. Clearly, the
set of globally stable learning outcomes is a subset of the set of locally stable learning
outcomes. Therefore, it remains to establish when local stability implies global stability.
For agreement outcomes, A* € {0, 0¥}, global stability immediately follows from local
stability.

Lemma 4 (Global Stability of Agreement). For A* € {0%, 00*}, if X* is locally stable,
then X* is globally stable, i.e. for any initial belief X, € (0,00)%, Pr(x; — X*) > 0.

All types update their beliefs in the same direction following either the maximal action
and signal in favor of state L, (a1, 0r), or the maximal action and signal in favor of state
R, (ap,0r). Therefore, from any initial belief, it is possible construct a finite sequence
of action and public signal pairs that occurs with positive probability and pushes the
likelihood ratio arbitrarily close to an agreement outcome. Once the likelihood ratio is in
a neighborhood of the agreement outcome, local stability establishes positive probability

of convergence.
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Lemma 5 establishes that maximal accessibility is a sufficient condition for the global
stability of a disagreement outcome in the case of two sociable types, k = 2 (recall that

disagreement is not possible with a single sociable type).

Lemma 5 (Global Stability of Disagreement). Suppose k = 2. If disagreement outcome
A" € {(0,00), (00, 0)} is locally stable and mazimally accessible, then X is globally stable.

Maximal accessibility orders the way each type interprets maximal actions and public
signals, which guarantees that there exists a finite sequence of maximal actions and
public signals that separates the beliefs of each type in the direction of the disagreement
outcome.*® As before, once the likelihood ratio is sufficiently close to the disagreement
outcome, local stability establishes convergence.

As discussed in Section 4.2, a sufficient condition for ruling out mixed outcomes when
k = 2 is that Ay(w) is empty (recall that mixed learning is not possible with a single

sociable type).

Lemma 6 (Unstable Mixed Outcomes). Suppose k = 2. If mized learning outcome
(A5 0:) & Apr(w), then Pr(X; — Af and A_;; does not converge) = 0.

Finally, if there is at least one locally stable agreement outcome or locally stable and
maximally accessible disagreement outcome and no locally stable mixed outcomes, then
the likelihood ratio converges almost surely for all sociable types (recall that for k = 1,

both stationary learning outcomes are agreement outcomes and Ay (w) = ).

Lemma 7 (Belief Convergence). Suppose k < 2. If A(w) contains an agreement outcome
or maximally accessible disagreement outcome and Ay(w) is empty, then for any initial
belief A1 € (0,00)%, there exists a random variable Aoy with supp(As) = A(w) such that
At = Ao almost surely.

Theorem 1 immediately follows. Part (1) follows from the local and global stability
of agreement outcomes (Lemmas 3 and 4). Part (2) follows from the local and global
stability of disagreement outcomes (Lemmas 3 and 5). For part (3), Lemmas 1 and 2
rule out convergence to non-stationary beliefs, Lemma 3 rules out convergence to sta-
tionary outcomes that are not locally stable, and Lemma 6 rules out convergence to a
mixed learning outcome when A/ (w) is empty. Therefore, if A(w) is empty in a generic
misspecified model, there are no locally stable learning outcomes and almost surely the

likelihood ratio does not converge for at least one sociable type, establishing the second

45While maximal accessibility is simple and easy to verify, it can be restrictive, especially in models
with large action or public signal spaces. In Lemma 9 (Appendix A.1.2), we establish a more general
sufficient condition to separate beliefs, which we call separability (Definition 6).
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statement in part (3).%6 If A/ (w) is also empty, then almost surely the likelihood ratio
does not converge for any sociable type, establishing the first statement in part (3). The
final statement in part (3) follows from Lemma 7, which establishes when the likelihood

ratio converges.

A.1.2 Proofs of Lemmas 1 to 7

Proof of Lemma 1 (Stationary Beliefs). At a stationary belief A* € [0, 0o]*,

JUIY (M) (12)
vi(a,o|L, X")

for all (a, o) such that ¥(a,o|w, A*) > 0. Trivially, (12) is satisfied for all A* € {0, c0}*,
independent of ¥ (a, o|w, X*). Therefore, all A* € {0, 00}* are stationary. It remains to
be determined whether there exist any interior stationary beliefs A* € (0, 00)*.

Suppose A* € (0, 00)" and Assumption 3.ii holds, i.e. there exists an autarkic 6; with
7(6;) > 0 that plays a; with probability in (0, 1), and each sociable type ¢; believes this
autarkic type occurs with positive probability, ;(6;) > 0. Then the true probability of
action a; and each type’s subjective probability of action a; at A* are in (0, 1) for each
state w € {L, R}. Further, each type’s subjective probability of a; in state R is less
than its subjective probability of a; in state L, since F < FF. Given &;(oy) < 1/2,
this implies ¢; (a1, oL|R, A*) < (a1, 01)L, A*) and (12) does not hold for (a1, o). But
(a1,0r) occurs with positive probability in either state, ¥ (a1, or|w, A™) > 0. Therefore,
A" cannot be stationary.

Suppose A" € (0,00)* and Assumption 3.i holds. Then 6;(0z) < 1/2 and 6;(0R) >
1/2 for all sociable types 6;. Further, o, and og occur with positive probability, inde-
pendent of A. At least one action a occurs with positive probability at A*. Since public
signals are informative, it must be that mi ‘Ifi‘)) + wzig‘;’;:ii; Therefore, (12) can-
not hold for both (a,or) and (a,og). But both action-signal pairs occur with positive
probability in either state, 1 (a,op|w,A") > 0 and ¥ (a,or|w,A") > 0. Therefore, A*

cannot be stationary. 0

Proof of Lemma 2 (Non-Stationary Beliefs). Suppose beliefs converge to a non-
stationary belief A* € [0,00]* \ {0,00}* with positive probability. After action and
public signal (a:, 6¢) = (an, or), by Lemma 10, A; ;11 — A;¢ is bounded uniformly away
from zero for all sociable types 0; € ©Og. For sufficiently small € > 0, if Ay € B.(A"),

46Tn the non-generic set of models where ~; (A, w) = 0 for some 6; € O, the values of A that satisfy
vi(A,w) = 0 may or may not be locally stable. If X is not locally stable, then (A;) almost surely does
not converge for at least one type, while if A is locally stable (and maximally accessible), then Lemmas 4
and 5 establish that it is also globally stable.
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then after observing (@, d;) = (am,or), Nig+1 & B:(A") for any type with an interior
belief \;; € (0,00). The probability Pr(3t < T'|(a;, ;) = (an,0r)) converges to one as
T — oo. Therefore, the likelihood ratio almost surely leaves B.(A"). O

Proof of Lemma 3 (Locally Stable Beliefs). Suppose w = L. The proof for w = R

is analogous.

Part 1. Consider A* = 0% and suppose 7;(0%, L) < 0 for all sociable types #; € Og.
Then there exists a € > 0 such that in the neighborhood B.(0%) = [0, e]* of 0F,
Ai ) R) A
Z Y(a,o|L,0%) sup log —Q% (a,0] ) <0

(13)
(a,0)EAX Y A€[0,e]* wi(a, O'|L, A)

for all ; € Og. Let

Ui(a,0|R,N)
gi(a,0) = sup log —————=
A€[0,e]® wi(% U‘L, )‘)

denote the maximal update from action and signal (a,o) in the neighborhood [0, g]*,

with g(a,0) = (g1(a,0), ..., gr(a,0)). Let

;= max g;(a,0
g (a,a)GAXZ‘g ( )

denote the maximal update across all action and signal pairs in the neighborhood [0, £]*,
For § > 0, choose a neighborhood [0, 5]* C [0, €]* with

sup |v(a,o|L,X) —¥(a,o|L,0%)| < 4.

A€ [0,55]k

By Lemma 11, v(a,c|L, ) is continuous at A = 0%, so such a neighborhood exists.
Suppose A; € [0,5]%. Let a(f,s,A) be the optimal action for type  at beliefs X after

observing private signal s. Define the linear system (Xs;)22, as follows: As1 = Aq,
log As 41 = log As; + g(a(ét, S, Ok)y at),

when (6,,5,) is such that a(6;, 5, X) = a(f;, 5,,0%) for all beliefs A € [0,&5] (note this

includes all autarkic types), and
log )‘6,t+1 = log )\6,t +8g

otherwise. When w = L, let ¢s(a, o) be the probability of (a,c) in the former event and
let 1bs be the probability of the latter event. Note 1)s(a, o) < infejo e, ¥(a, oL, A) and
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Vs + > (amyeaxs Ys(a,0lL) = 1. By Lemma C.1 of Smith and Sorensen (2000), if

Usgi + Y vs(a,0)gi(a,0) <0 (14)

(a,0)€EAXX

for all 0; € Og, then almost surely lim;_, As; = 0%. Equation (14) holds for sufficiently
small 0, since by (13), it is strictly less than zero at § = 0.

Let §; > 0 denote an upper bound such that (14) holds for all § < §;. Whenever
(A;,3,) is such that a(f;, 5, A) = a(fy, 5, 0%) for all A € [0,5], the process (log As)
updates by g(a,o). When X; € [0, g5]%, by construction this is larger than the update to
% for each type 0, € Og. Otherwise, (logAs;)
updates by g, which is also larger than the update to (log A;) when X; € [0, &5]*. There-
fore, for § < 4y, if As; > Ay and As; € [0,5]%, then Aspi1 > Ay Since Ag € [0,64)", as

long as it remains in [0, £5]%, (A;) is bounded above by a stochastic process that converges

the process (log A¢), which is log

to zero almost surely.

Since limy_,o A5 = 0% almost surely for § < 4y,
PT’(Ut msZt {)\5,5 € [Oasé]k}> =L

Therefore, there exists a t > 1 such that Pr(Vs > t, Ass € [0,25]*) > 0. Since the system
is linear, if this holds at some ¢ > 1, it must hold at t = 1. Therefore, there exists some
Xs1 € [0,e5]%, with positive probability, As; remains in [0, g5]* for all £ > 1 and Ay < Asy.
Moreover, this holds for all A < As;. When this happens, since lim;_,o A5 = 0%, it must
also be that lim; o, A; = 0%. Let ¢* = inf A5, ; This establishes that when X, € [0, &*]¥,
with positive probability, lim;_,.o Ay = 0% i.e. A* = 0% is locally stable.

The proofs for the other stationary beliefs are analogous. If \¥ = oo, substitute \;*

for type 6; and modify the transition rules accordingly.

Part 2. Let A* € {0,00}* be a stationary belief and suppose that there exists a
type, which without loss of generality we denote 0y, such that A} = 0 but (A", L) >
0. Without loss of generality, suppose the types are ordered so that the first s types
correspond to Af = 0 and the latter k— « types correspond to A\f = co. Since 71 (A", L) >
0, there exists a ¢ > 0 such that for neighborhood B.(A*) = [0,¢]* x [1/e, 00]* ™ of A*,

S wvleol Xt tog HRTES
S

. = > 0. (15)
(a,0)€EAXE Be(AT) 1/)1(6% U|La )‘)

Let 7. = min{7|A; € B.(AX*) Vt > 7} be the first time at which beliefs enter B.(A")
and never exit. Suppose Pr(A; — A*) > 0. Then for all € > 0, 7. < oo with positive
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probability. We will reach a contradiction by showing that for small enough ¢, 7. = 0o
almost surely. Let R
R A
gi(a,0) = inf log M
AEB(A") wl(a’a(ﬂL?A)
denote the minimal update for type 6; following action and signal (a, o) in the neigh-

borhood B.(A") and let

9=, U)mei}wgl(a,a)

denote the minimal update across all action and signal pairs in the neighborhood B.(A").
Suppose A, € B.(A¥) for some time 7 (if such a 7 doesn’t exist, then clearly A; — A*
is not possible along such a sample path). As above, let a(f, s, A) be the optimal action
for type 6 at beliefs A after observing private signal s. Define a linear system <5\t> as
follows: let A\, = A, and for t > 7,

log A1 = log \; + g1(a(By, 5, X7), 51)

when (6, 5,) is such that a(0;, 5, A) = a(f,, 5, X*) for all beliefs A € B.(A*) (note this

includes all autarkic types), and
log A1 = log A, + 9,

otherwise. When w = L, let ¥(a, o) be the probability of (a,c) in the former event and
let ¢ be the probability of the latter event. Note ¢+ 37, ,yc x5 ¥(a,0) = 1. Choose &
sufficiently small so that

vg + Y. Yla,0)gla0)>0. (16)

(a,0)EAXY

Given (15), (16) is strictly greater than zero at ¢ = 0, so such an ¢ exists. Moreover,
(log Aep1 — log A)$2_ is an i.i.d. process with expectation equal to (16). By the Law of
Large Numbers, almost surely, %(log Aiy1 — log \y) converges to (16), which is positive.

Therefore,

t
tli>nc;lo log \; = tliglo (10g Air+ Z(log Asi1 — log >\s>> — 0.

By definition of (5\t>, if \i; > M and A\, € B.(XY), then A; ;11 > 5\1,t+1- Since A\, €
B.(X"), as long as (A;) remains in B.(X") for t > 7, (A1) is bounded below by the
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stochastic process (\;). Therefore, if (\;) remains in B.(X*) for all ¢ > 7
lim log A1 ; > lim log At — 00.
t—o0 t—o0

But this implies that for small enough e, A, & B.(A*) for some t > 7. This is a
contradiction. So it must be that for small enough e, 7. = co almost surely. Therefore,
Pr(x, — A*) =0.

Similar logic establishes that for stationary A* such that A} = co and ~1(A*, L) < 0,
Pr(h — A") =0. O

Locally Stable Neighborhoods. From Lemma 3, if A\* € A(w), then A* is locally
stable, i.e. there exists an € > 0 and a stable neighborhood B.(A*) such that when
AL € B-(XY), Pr(A: = A") > 0. Also, generically, for each stationary belief A* & A(w),
there exists an € > 0 and an unstable neighborhood B.(A*) such that when A\; € B.(X"),
(A¢) almost surely leaves this neighborhood.

Fix state w and define F > 0 as the smallest constant such that if log A\; € R\ [-E, F]
for each 0; € Og, then X is contained in one of these stable or unstable neighborhoods,
and let Bg(X\*) denote the corresponding neighborhood for each stationary A*.47 Let B
denote the union of the stable neighborhoods, B = Ux+caw)Br(A*), and let By denote
the union of the unstable neighborhoods, By = Ux«c{0,0014\a(w) Be(A"). We will use these

neighborhoods in the proofs of Lemmas 4 to 7.

Proof of Lemma 4 (Global Stability of Agreement). Suppose the agreement
outcome is locally stable, 0¥ € A(w), and there are at least two types, |© > 2. By
Assumption 4, a; occurs with positive probability, and by Lemma 10, observing (ay, or)
decreases the likelihood ratio. Given initial likelihood ratio A; € (0,00)*, let N be the
minimum number of consecutive (a1, 0y) actions and signals required for the likelihood
ratio to reach the stable neighborhood, Ay,; € Bg(0¥). By Lemma 10, the change in the
likelihood ratio following (a1, o) is bounded away from zero. Therefore, N < oco. Let 7
be the first time that (A;) enters Bg(0%), 71 = min{t|\; € Bg(0*)}, let 7 be the first that
(X¢) leaves Bg(0F) after entering, 7 = min{t > 71|\, € Bg(0%)}, and let 73 be the first
time the likelihood ratio enters Bg(0*) and never leaves, 73 = min{7|\; € Bg(0%) Vt >
7}. We know that Pr(m < oo) > 0, since the probability of transitioning from Ay
to Bg(0%) is bounded below by the probability of initially observing N consecutive
(ay,0r) action and signal pairs. Also, Pr(ms = co) > 0, since by local stability, when

the likelihood ratio is in Bg(0%), with positive probability, it never leaves. Therefore,

4"Tn a slight abuse of notation, we switch from the neighborhood subscript denoting the bound
for the likelihood ratio to denoting the bound for the log likelihood ratio. This simplifies notation in
subsequent lemmas.
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Pr(m; < 00) > Pr(m < 0o A1y = 00) > 0. Therefore, with positive probability, the
likelihood ratio eventually enters and remains in Bz(0%). By Lemma 3, if the likelihood
ratio remains in Bg(0%) for all ¢, beliefs almost surely converge to 0F. Therefore, if
0% € A(w), then from any initial belief A; € (0,00)*, Pr(X; — 0%) > 0.

Suppose the agreement outcome is locally stable, 0¥ € A(w), and there is a single
type, |@| = 1. Then Assumption 3.i must hold and public signals are informative. With
a single type, action a; may occur with probability zero at some beliefs, and we need
to adapt the proof for multiple types. Let a(\) be the lowest action that type 6; plays
at belief \. When there is a single type 61, this type has a correctly specified model
of the type distribution (this must be the case when |O| = 1, as trivially, #!(0;) = 1),
and therefore, observing a(\) at belief A weakly decreases the likelihood ratio (by similar
reasoning to Lemma 10). Therefore, observing (a()), o) strictly decreases the likelihood
ratio, since public signals are informative. Substituting the sequence (a()\;),or)N.; for
the sequence of N consecutive (ay, o) actions and signals, where )\, is the updated belief
following (a(A¢—1),0r), the remainder of the proof is the same as in the multiple types
case.

k

The proof for agreement outcome co” is analogous. 0

Intermediate Results for Lemma 5. The following definitions and Lemmas 8 and 9
are used in the proof of Lemma 5. Order the public signals by relative likelihood of state
R, (01,09,...,015)) (note 01 = o, and oyx = op). Order the action and signal pairs
((a1,01), (az,01), ..., (an, 015))) so that pair M (I — 1)+ m corresponds to action a,, and
signal 0;. Define A(A) as the matrix of updates to the log likelihood ratio at beliefs
A, where each row corresponds to the updates for sociable type #;, and each column

corresponds to the update following action and signal pair j,

~

_ Z'((a’aa)]"R? >‘>
A(AN))ij = log = )
AN =108 (ol LA

(17)

Without loss of generality, we consider disagreement outcomes that are ordered so
that the first k € {1,...,k — 1} types have belief 0 and the remaining k — k types have
belief 0o, i.e. A* = (0%, 00*7*). To consider other disagreement outcomes, simply reorder
the types so that this holds.

Definition 6 (Separability).

1. Given k € {1,...,k}, X* = (0%, 00" %) is separable at zero if there exist vectors
c € [0,00)** and G € R* with G; > 0 for all i > k and G; < 0 for all i < k,
such that A(X")c = G.
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2. Given k € {0,....k — 1}, X* = (0%,00"™%) is separable at infinity if there exist
vectors ¢ € (0,00)** and G € R* with G; > 0 for alli >k + 1 and G; < 0 for
all i < Kk + 1, such that A(A")c = G.

Definition 7 (Adjacently Accessible). Given k € {1,...k}, Aj = (0571 coP=r+1) 4s
adjacently accessible from A} = (0%, 00%™%) if for any e5 > 0, there exists an g, > 0
such that for any A € B (X]), there exists a T(X) < oo such that if Ay = A, then
Pr(Aei-) € Bey(A3)) > 0. The definition is analogous for k € {0,...k — 1} and

Ay = (0711 ook "1 adjacently accessible from X; = (0%, 0o®~%).

Lemma 8 (Adjacently Accessible). Given k € {1,...,k}, if \] = (0%, 00"™") is separable
at zero, then Xy = (071, 0o®=*1) s adjacently accessible from X;. Given k € {0, ...,k —
1}, if X} is separable at infinity, then X5 = (0°T1 0o®=*=1) is adjacently accessible from
Al

Proof. Let X} = (0%, 00%), A5 = (071, 0o®=*1) and suppose A} is separable at zero.
We will show that for any 5 > 0, there exists an e; > 0 such that for any A € B, (X)),
there exists a 7(A) < oo such that if Ay = X, then Pr(Ai4;) € B.,(A3)) > 0. Since
the log likelihood ratio process is linear, this also holds for any A; = A.

For ¢ > 0, recall B.(A]) = [0, ) x (1/g,00]F=" denotes a neighborhood of Aj.
Define K (¢) = —loge, and let [—oo0, —K(g))" x (K(g),00]*~" denote the corresponding
neighborhood of log A]. Define

Ai A
g-i(a,0) = inf log M7
AEBE(AT) wi(a, O-ng A)

as the smallest update to the log likelihood ratio when type ¢ > k observes (a,o) and

has likelihood ratio in the neighborhood B.(A}), and

- (a ag|R, )
geila,0) = sup log —
xeB-(AD)  thia, o|L, )

as the largest update to the log likelihood ratio when type ¢ < x observes (a, o) and has
likelihood ratio in the neighborhood B.(A}). Finally, define

_ Unla, 0| R, A)
Ger(a,0) = sup log —_
AEB:(A}) Ye(a, oL, )

as the largest update to the log likelihood ratio when type x observes (a, o) and has
likelihood ratio in the neighborhood B.(A7).
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We construct a process that bounds (\;) as long as it remains close to A, and use
this process to show that we can separate the log likelihood ratios of types 1,...,x — 1
and type x by an arbitrary amount K while the beliefs of all types remain close to Aj.
By separability at zero, there exist vectors ¢ € [0,00)% and G € R¥ that satisfy the
separability condition. Moreover, since the rationals are dense in the reals, there exists
vector ¢ € [0,00)* of rational numbers and vector G € R¥ that satisfies the separability
condition.

Therefore, there exists an €3 > 0 and integers ¢, , > 0 for each (a,0) € A x X such
that

Gi = Z Ca,o’.ga:;,i(aa U)) (18)

(a,0)EAXY

with G; > 0 for all i > xk and GG; < 0 for all 7 < k. Let

G

Z Ca,agaaﬁ(aa U)' (19)

(a,0)EAXY

Next we define processes §;; = 22;11 Gesilas,05) and &, ; = Zi;ll Ges.n(as,05). Given a
sequence with ¢, , realizations of each (a,0), at time 7 = > , - a0 + 1, the process
& = Gy by (18) and £erm = G by (19). For i > k, G; > 0, and therefore, &in >0,
while for ¢ < k, G; < 0, and therefore, §; ;, < 0. Moreover, there exists an K > 0 such
that for all 7 > &, &, > —K for all ¢ < 7, and there exists a K > 0 such that for
all t < K, & < K for all t < 7. Therefore, for any K > 0, there exists an Ng such

that following Nk repetitions of the sequence of ¢, , realizations of each (a,0), at time
Tk = Nk D 4y s Cao + 1,

1. &7 < —K foralli < &,

2. &ope >0 foralli > g,

3. For all t < 7g, &4 < K for all i < k and &> —Kforall i >k,
4. Em < NgG,, for all t < 7x, with equality at t = 7.

In summary, following Nk repetitions of the sequence, the processes (&; ;) of types i < k
and type k are separated by at least K, and at all ¢ during the repetitions, the process
of type i < k is bounded above by K and the process of type ¢ > & is bounded below
by —K. As long as Ay € B, (A]) for all s < ¢, the change in the log likelihood ratio of
t < Kk is bounded above by &,

log )\iﬂf — 10g )\i71 < é-i,t < K;
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the change in the log likelihood ratio of i = & is bounded above by &, ;,
log A — log Ayt < &y,
and the change in the log likelihood ratio of ¢ > « is bounded below by &; ,
log \iy —log A\j1 > & > —K.

Fix g9 € (0,e3) and K > K. Choose an g;-neighborhood of A} such that log \;; <
—K(g9) — max(K, NxgG,) for i < k and log \;; > K(e2) + K for i > k. Note g, < es.
Suppose the initial likelihood ratio A; € B, (A]). We establish local accessibility in
three steps.

Step 1. Repeat N realizations of the sequence of ¢, , realizations of each (a, o) to
separate the log likelihood ratio of types i < k and k by K. It follows from items (3) and
(4) that A; remains in B.,(A]) for all ¢t < 7. Therefore, for each i and at all t < 7, the
process &, ; bounds the change in the log likelihood ratio, log A\; ; —log A1 < &; . After Nk
realizations of the sequence, log \; ;,, < —K(e3) — K for i < k, and log \; ;. > K(e2)+K
for i > k.

Step 2. Next, push type ’s log likelihood ratio to —K(e3) as follows. Continue
repeating the sequence of ¢,, realizations of each (a,o) until log\,; > —K(e3). By
construction, the likelihood ratios of all types i # k remain in B, (A]) after every (a, o)
in this sequence, since at any point in the sequence, log \;; < —K(e3) — K + K for all
i < Kk, and log A\;; > K(e3) for all i > k.

Step 3. Finally, push type x’s log likelihood ratio from —K(e3) to K(e), while
keeping the log likelihood ratio of type i < k less than — K (g3). Given g9, there exists
an Ny < oo such that if log\.; € [-K(e3), K(g2)], then following N, realizations of
(ap,0R), log A\piyn, > K(e2). Let Ky be the most any type ¢ < x’s log likelihood
ratio increases after Ny realizations of (anr,or) across all beliefs A € B, (A]). Recall
that when type s hit the boundary of —K(e3), log\;; < —K(ep) — K + K for all
i < k and log\;; > K(e2) for i > k. Therefore, after Ny realizations of (apr,or),
log Ay < —K(g2) — K + K + K, for all i < k and log \;; > K(e3) for i > . In order to
keep i < k in an e9-neighborhood of zero after Nj realizations of (ays, og), we need to
separate beliefs by at least K = K 4+ K,. This determines the K we need to use in step
1.

Following these three steps with K = K + K>, the likelihood ratio is in neighborhood
B.,(X). Each step required a finite number of actions and signals that occur with
positive probability. Therefore, given £; and &9 defined above, for any A € B, (A)),
there exists a 7(AX) < oo such that if Ay = A, then Pr(Ai4-(x) € B.,(A3)) > 0. The case
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of A7 separable at infinity is analogous. 0

Definition 8 (Accessible). A belief X* is accessible if for any initial belief A; € (0, 00)*
and any € > 0, there exists a T < 0o such that Pr(XA; € B.(AX")) > 0.

Lemma 9 (Accessible Disagreement). Suppose k = 2. If (0,0) is separable at zero or

(00, 00) is separable at infinity, then (0,00) is accessible.

Proof. By Lemma 8, if (0,0) is separable at zero, then (0,00) is adjacently accessible
from (0,0). Fix initial belief A; € (0,00)% and choose €5 > 0. Choose €; > 0 such that
for any A € B.,((0,0)), there exists a 75(A) < oo such that if Ay = A, then Pr(A -, €
B.,((0,00))) > 0. By adjacent accessibility, such an ¢; exists. By Lemma 4, there exists
a finite sequence &; of N; action and signal pairs that occurs with positive probability,
such that following &, Ay, 11 € B, ((0,0)). By adjacent accessibility, there exists a
finite sequence & of N, action and signal pairs that occurs with positive probability,
such that following sequences &; and &3, An, yn,+1 € B, ((0,00)). Since these sequences
occur with positive probability, Pr(Ay,+n,+1 € Be,((0,00))) > 0, which is the definition

of accessible. The case where (00, c0) is separable at infinity is analogous. 0

Proof of Lemma 5 (Global Stability of Disagreement). Suppose k =2, (0,00) €
A(w) and 0y =0y 01. We first show that 05 =) 01 implies that (0,0) is separable at

zero. Define the submatrix

Pa(a1,0|R,(0,0 Ya(anr,or|R,(0,0

) )

A = 18 G@orinoo) 8 Gaauraniz00)
maxr — lOg ’1/11(0«170'L|R7(0,0)) lOg zel(aM,o’R|R,(0,0))
wl (alvaLlLv(O’O)) wl (G']WvURlLv(O’O))

Since 03 =(,0) 01, this has a positive determinant. Therefore, there exists a ¢ € Ri that

ApazsC = <1> )
0

By continuity, there exists a perturbation of ¢ to ¢ € R2 such that

Alma:p6 = <G2> )
G

where G; < 0 and Gy > 0. Therefore, by Definition 6, (0,0) is separable at zero, since

solves

we can set values of ¢; to zero for the remaining action and signal pairs in matrix (17).
Therefore, by Lemma 9, (0, 00) is accessible.
We will next show that for any initial belief, Pr(A; — (0,00)) > 0. Fix initial belief

A1 € (0,00)? and choose ¢ < e ¥. By accessibility, there exists a finite sequence &
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of N action and signal pairs that occurs with positive probability, such that following
sequences &, Ayi1 € B:((0,00)). From (0,00) € A(w), Pr(A; — (0,00)|£) > 0. There-
fore, from any initial belief A; € (0,00)%, Pr(A; — (0,00)) > 0, which implies that
(0,00) is globally stable. The case where 05 > (o ) 01 is analogous, as is the proof for
(00,0). O

Proof of Lemma 6 (Unstable Mixed Outcomes). Suppose k = 2 and consider
a generic misspecified model in which the mixed learning outcome (0, 6;) in which 6;’s
belief converges to zero and 6y’s belief doesn’t converge. Suppose (0,6;) € Ay (w), i.e.
(0,0) € Ay(w) or (0,00) € Ay(w). Without loss of generality, consider the case where
(0,0) € Ay(w). Suppose the initial belief for type 6, is near zero, A\;; € B.(0) for any
e < e . We want to show that almost surely, either (i) there exists a 7 < oo such that
A+ & B:(0); or (i) (As) converges for both types. This will establish that almost surely,
the mixed outcome does not occur.

We first characterize how the behavior of (A;) near (0,0) and (0,00) depends on
Aj(w) and As(w). Suppose (0,0) € A;(w) (recall by assumption, (0,0) € Ay(w)). By the
construction in Lemma 3, for e < e, if (A;) enters B.(0,0), with positive probability,
(A¢) converges to (0,0). If (0,0) ¢ A;(w), then by the construction in Lemma 3, for
e < e P if (A) enters B.((0,0)), then from any belief in B.((0,0)), (i) with positive
probability uniformly bounded away from zero in the starting belief, (A, ;) exits B.(0),
and (ii) almost surely, (A;) exits B.((0,0)). If (0,00) € Ay(w), the behavior of (A;)
in a neighborhood of (0,00) is similar. If (0,00) ¢ As(w), then by the construction
in Lemma 3, for ¢ < e ¥ if (\;) enters B.((0,00)), then almost surely, (A;) exits
B.((0,50)).

Let 7 = min{t| A1+ & B:(0)} be the first time that 6;’s belief leaves a neighborhood
of zero. Then it must be that almost surely, 73 < oo or (A;) visits a neighborhood of
(0,0) or (0, 00) infinitely often,

Pr(m < oo or A € B((0,0)) U B-((0,00)) i.0.) = 1. (20)

If (0,0) & Ay(w), so (0,0) is not locally stable, then Ay almost surely leaves B.((0,0)),
and Pr(m < oo or A; € B-((0,00)) i.0.) = 1. Similarly, if (0,00) & A(w), then Ay almost
surely leaves B.((0,00)), and Pr(m < oo or A; € B.((0,0)) i.0.) = 1.

Case (i): Suppose (0,0) € A;(w) or (0,00) € Ay(w) N Ax(w). If (A;) enters a neigh-
borhood of a locally stable belief infinitely often, then (A;) almost surely converges for
both types. Therefore, almost surely, 771 < 0o or (A;) converges.

Case (ii): Suppose (0,0) ¢ A;(w) and (0,00) € Asy(w) \ A1 (w). Each time (A;) enters
B.((0,0)) U B-((0,00)), with positive probability uniformly bounded away from zero in
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the starting belief, (\;;) exits B.(0). Therefore, if (A;) enters B.((0,0)) U B.((0,0))
infinitely often, (A;;) almost surely exits B.(0). Therefore, almost surely 73 < oo.

Case (iii): Suppose (0,0) ¢ Aj(w), (0,00) € Ay(w). Then Pr(m < ocoor Ay €
B.((0,0)) i.0.) = 1. Each time (A¢) enters B.((0,0)), with positive probability uniformly
bounded away from zero in the starting belief, (\; ;) exits B.(0). Therefore, if (A;) enters
B.((0,0)) infinitely often, (A;;) almost surely exits B.(0). Therefore, almost surely
71 < OQ.

The proofs for the other mixed outcomes are analogous. 0

Proof of Lemma 7 (Belief Convergence). Suppose k < 2, A(w) contains an agree-
ment outcome or maximally accessible disagreement outcome, and Ay (w) is empty.
Recall that B is the set of locally stable neighborhoods and By is the set of locally
unstable neighborhoods. Let 71 = min{t|A\; € B} be the first time that the likelihood
ratio enters the set of locally stable neighborhoods. By Lemma 10, there exists a finite
sequence of actions and signals such that starting from any initial belief A; € (0, 00)*,
(A¢) enters B. This sequence occurs with positive probability. Therefore, the probability
of entering B in finite time is bounded away from zero, Pr(m < oo) > 0. If (A;) enters
By, then by Lemma 3, (A;) almost surely leaves Byy. Therefore, (A;) does not converge to
a stationary belief that is not locally stable. If (A;) enters the neighborhood of a mixed
outcome, by Lemma 6, (A;) almost surely leaves this neighborhood or converges to a
locally stable belief. Therefore, mixed learning outcomes almost surely do not arise. By
Lemma 2, (A\;) does not converge to a non-stationary belief. Therefore, almost surely,
either (A;) does not converge for either type or (\;) converges to a learning outcome
in A(w). Since (A;) almost surely leaves the neighborhood of any mixed or unstable
outcome, it must be that (A;) enters B infinitely often, Pr(A; € Bi.o.) = 1. Butif (A\;)
enters a neighborhood of a locally stable belief infinitely often, then almost surely (A;)

converges. 0

A.1.3 Intermediate Results

The following two lemmas are intermediate results used to prove Lemmas 1 to 7. They
hold for any k& > 1. We first define some additional notation. Fix X € [0, 0o]*. Let a(X)
denote the >-minimal action played with positive probability at A and a(X) denote
the >=-maximal action played with positive probability at A, where > is the order from
Assumption 2. If |©| > 1, by Assumption 4, these actions are constant and equal to a;

and ay; respectively, i.e. a(A) = a; and @(A) = ayy.

Lemma 10 (Minimum Informativeness). For all sociable types 6;, the minimal update

to the likelihood ratio is uniformly bounded above by one and the maximal update to the
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likelthood ratio is uniformly bounded below by one,

sup <1 and inf Vi(@(N), og| R, X)

= > 1.
relodt Ui(a(N), or|L, A) Ael0oclt 1y (@(N), og|L, A)

Lemma 10 implies that for any A; € (0,00)*, when (a;,6;) = (a(\),0r), then beliefs
update toward state L,

i1 = Aig %i(g(At)’aﬂR’ A < iy
wi(g()‘t)a UL‘La )‘t)

for all sociable types ;. Similarly, when (a:, 6¢) = (@(A:), or), then beliefs update toward
state R, At-i—l > At‘

Proof. We first show that for all X € [0, co]* and sociable types 6; € @5, ( o ;Zi ‘i;;

1. Fix X € [0,00]® and let m(A) denote the index of action a(X), e.g. if a(A) = ay,
then m(A) = 1. Consider how sociable type 6; updates its beliefs following a(A). Since

IA

preferences are aligned, any type §; € © who chooses a(A) with positive probability at A
chooses this action for any signal s € S such that s <35;,,(x)(A;). Type 6; believes that
6, plays a(X\) with probability F¥(5; m(A)(A;)). By Lemma A.1 in Smith and Sorensen
(2000), F2(s) < F*(s), with strict equality for s € int(S). Since signals are aligned, this
is also true for the subjective beliefs. Therefore, ]:}R(Ejymw(/\ ) < FE(5;, m(n)(Aj)). This
implies P;(a(A)|R,A) < Pi(a(A)|L, ), where Pi(alw, A) denotes type 0;’s subjective
probability of action a in state w at likelihood ratio A, since Pj(alw,A) is a convex
combination of the probability each type chooses a in state w. Public signals are aligned,
so it must be that 6;(c;) < 1/2, as the maximal public signal in state L is either
uninformative or indicative of state L. Therefore, 1;(a(X), 0| R, A) < thi(a(X), or|L, N).

We next establish the uniform bound. Recall that autarkic types have a likelihood
ratio that is constant and equal to 7 p 0 Sociable type #;’s update to the likelihood ratio

following a(A) is bounded by

S aNR A Daeo, 10N E5mo(7255)) + g, cop 105 F (S 1m ()
PaNILA) Xy co, Til0)FEGime(£25) + Xy co, (00 FEGimey ()
< Ze €O, ﬁz(aﬂ)}?fi(g%m()‘)(l—po)) + Ze €65 Z(QJ)Z?L(EJ m(/\)O‘j))
— Ygcon Til0)FFGimo (1255)) + 20 co5 Ti0) FF (55mnn (M)
- 2 0,c0, Ti(0;) }R(Ej,m(k)(lf(;,o)) + 7:(Os)
T Yo, M0 FE(S men (£225)) + 7i(Os)
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where the first line follows by definition, the second line follows from FE(s) < FL(s), and
) <

the third line follows from 20 co Ti(0; VEL(s) < #;(Og) and FR(s) < FE(s). Therefore,

DilaN), oLl R ) _ (Z%E@Aﬁi(eﬂ‘)ﬁf(gmmu)(lp%o))Mi(w)( 5:(or) > (21)
bi(a(N), or| LX) ~ Zoje@Aﬁi(ej)ﬁ}L(gj,m(/\)(lf(;O))+ﬁi(93) 1—6i(oL) /)

Note that both terms on the right hand side of (21) are less than or equal to one for all

A € [0,00]%. First suppose Assumption 3.i holds. Then % < 1, independent of A.

Next suppose Assumption 3.ii holds. This implies that a(A) = a;, m(AX) = 1 and there
exists at least one autarkic type 0; € ©4 with #;(6;) > 0 and 5;:(:£2-) € int(S), which

implies F}F(3;, 1(12)) < Fr (8;1(:2%-)). Therefore, the first term on the right hand side

of (21) is less than one, independent of A. Itn both cases, the right hand side of (21) is

uniformly bounded away from one and sup ¢ o % < 1.

Similar logic holds for the case of (@(A), og). O

Lemma 11 (Continuity). A — 9(a,o|lw,A) and A — zﬁi(a,alw,)\) are continuous at
each stationary X* € {0,00}* for all (a,0) € A x X and w € {L, R}.

Proof. Consider A* = 0*. Each type 6, € Og has a unique optimal action at 0¥, inde-
pendent of the realization of the private signal. Moreover, since no action is optimal at a
single belief, there exists an €; > 0 such that if the posterior belief following the private
signal is in [0,&1)*, each type plays this action. Let ©, denote the set of sociable types
who play a at 0%. Fix ¢ > 0. Let

5
01 = min

acA maX{ﬂ'(@s \ C) ) (@a)}

and

) €
0o = min

acABie0s max{7(Og \ O,), T (O4)}

and § = min{dy,d2}. Signals are not perfectly informative, so there exists a § such that
1— F*(5) <dand 1 — F¥(5) < 0 for all §; € Og and w € {L, R}. Define

€1

e1(0) = maxg,co, 5i(5)/(1 — 3i(5))

Fix an action a € A and let ¢, denote the probability that a type is autarkic and plays
action a. If A € [0,£1(9)), then the probability of action a in state w, denoted P(ajw, A),
is bounded above by 7(60,)+07(Os\ O,)+¢q, and bounded below by 7(6,)(1—9)+q,. So
|P(a]w, A\)— P(a)w,0%)] < e for all A € [0,e1(6)). Similarly | P;(a|w, ) — Pi(alw, 0F)| < e
for all X € [0,1(6))* and 0; € Og, where P;(a|w,A) denotes 6;’s subjective probability
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of observing action a in state w at likelihood ratio A. The public signal distribution is
independent of A. Therefore, this continuity extends to ¥ (a, o|w, X) and ¥;(a, o|w, X)
for all ; € @g. The proof for other stationary beliefs is identical. O

A.2 Proofs of Theorem 2 and Corollary 2

Proof of Theorem 2. Assume Assumption 1, 2, 3 and 4 and consider a generic
misspecified model. Suppose w = L. For any sociable type 0, € ©g, the mapping
Ui(a, oL, A) — (X, L) is continuous. By the concavity of the log operator, v;(\, L) is
negative when ||t;(a,o|L, A) — ¢(a,o|L, N)|| = 0. Therefore, there exists a § > 0 such
that if ||1;(a, o|L,X) — ¥(a, o|L,A)|| < & for (a,0,A) € A x X x {0,00}* and 6; € Oy,
then v;(A, L) < 0 for all A € {0,00}* and ; € Og. Therefore, any locally stable point
must have \; = 0 for each sociable type. Therefore, 0¥ is the unique locally stable point.

We also need to show that A/(L) is empty, i.e. all mixed outcomes are reducible.
Consider the mixed outcome A} with convergent types I and non-convergent types N =
Og \ I. For any node Ay in the graph G(A}) (as defined in Definition 12), it follows
from the choice of ¢ that for each i € N, (A}, An) € A;(L) iff \; = 0. Therefore, each
Ay that is mixed accessible from Ay has fewer ¢ € N with A, = 0. Therefore, each path
terminates at 0Nl and the graph has no cycles, i.e. A} is reducible. Therefore, Ay (L)
is empty. By Theorem 1, if A(L) = {0*} and Ay;(L) is empty, then the likelihood ratio
almost surely converges to 0¥ and learning is complete.

Similar logic holds for w = R. U

Proof of Corollary 2. Assume Assumption 1, 2, 3 and 4, and consider a generic
misspecified model. Fix state w. For any sociable type 6;, the mapping (7;, FZ-“, C?‘f) >
&i(a,olw,)\) is continuous. By continuity, for any d, > 0, there exists a 6 > 0 such
that if ||, — «|] < 8, ||F¥ — F¥|| < § and ||G¥ — G¥|| < 6 for all §; € Og, then
i (a, 0w, X) — (a,olw,N)| < &, for all (a,0) € Ax X, A € {0,00}* and 0; € Og.
Choose 9, sufficiently small so that Theorem 2 holds. 0

B Derivation of Examples 1 and 2

In this section, we present the analysis for Examples 1 and 2.

B.1 Example 1

From Section 3, the autarkic type 65 plays both actions with positive probability and the
sociable type 0, places positive probability on #5, which establishes that Assumption 3.ii
holds. Assumption 4 is redundant in a binary action decision problem that satisfies
Assumption 3.ii, since Assumption 3.ii guarantees that the sociable type believes that
the autarkic type plays both actions with positive probability.

From the action probabilities derived in Section 3, at likelihood ratio A, type 6;
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believes action L occurs with probability
dr(Llw, M) = m(0) F<(1/ (14 M) + 7(0:) F(.5),
whereas the true probability of action L is
(L, Ar) = 7 (0 F=((1/(1+ A))HY) + m(6) F(517),

where in a slight abuse of notation we suppress the dependence of @/;1 and 1 on o since
the public signal is uninformative in this example. The construction of (0, L) and
71 (00, L) in Section 4.2 follows from evaluating these expressions at \; = 0 and \; = oo,
respectively.

We next characterize how A(w) depends on v. To capture its explicit dependence on
v, let 7Y (X, w) correspond to the function v; (A, w) and A”(w) correspond to the set A(w)
in the model with partisan bias level v. To simplify notation, define o, = F¥(.5'/)
as the probability that type 65 chooses an L action in state L and w4 = m(62) as the
probability of the autarkic type. By symmetry, FZ(.5) =1 — FL(.5) =1 — a; and by
definition of a probability measure, 7(6;) = 1 —m4. Also note that F'X strictly increasing
implies that a,, is strictly increasing in v, and symmetry implies that «; > 1/2.

First consider w = L. To determine whether incorrect learning arises, i.e. whether
oo € A¥(L), we need to determine the sign of
11—

1-— 1-—
+ (1 —macy,)log Tal 041)‘
(6%} 1 — A

Y (0o, L) = maa,log

Since a; > 1/2, the update from an L action is negative, log 1;—?1 < 0 and the update
1-ma(l1—av1)
1—ma01

from an R action is positive, log > (0. Note both terms are independent of
v. Since a, is strictly increasing in v, the probability of an L action, maay,, is strictly
increasing in v and the probability of an R action, 1 — m4q,, is strictly decreasing in v.
Therefore, v (0o, L) is strictly decreasing in v. At v = 1, v{ (o0, L) < 0 by the concavity
of the log operator. At v = 0, 05 chooses action R for all signals, cg = 0. Therefore,
(o0, L) = log%;i“) > (0. This establishes that there exists a cutoff 4, € (0,1)
such that for v < vy, 9 (c0, L) > 0 and oo € AY(L) and for v > vy, 77 (c0, L) < 0 and
oo & NV(L).

To determine whether correct learning arises, i.e. whether 0 € AY(L), we need to

determine the sign of

1 —ma04 aq

1 (0,L) = (1 = 7a(l — ay))log

+7a(l — ) log .

1—7a(l—ay) —ay
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As in the previous case, the update from an L action is negative and the probability of
an L action is strictly increasing in v, while the update from an R action is positive and
the probability of an R action is strictly decreasing in v. Therefore, 47 (0, L) is strictly
decreasing in v. At v =1, (0, L) < 0 by the concavity of the log operator. At v = 0,

05 chooses action R for all signals, ay = 0. Therefore,

1—7TAO(1
0
0,L) = (1-— 1 1
Fyl( Y ) ( 7TA) Og 1 _7TA(1 _Oél> +7TA Og 1 _041
1 —mq04 Qy
> (1-— 1 1
> (1 —maon) 8 T i —ay) | TAclos T

= 7(0,R) > 0.

This establishes that there exists a cutoff v5 € (0,1) such that for v < vy, 47(0,L) > 0
and 0 ¢ AY(L) and for v > vy, 747(0,L) < 0 and 0 € A”(L).
Finally we show that v; < 5. Note

— log

o 1 —ma0

1-— 1 —
(00, L) = 7 (00, L) = ma(cw, — a1) (log - - moa)

and by the symmetry of the signal distributions, ¥(0,L) — ~{(0,L) = ~¥(c0, L) —
Y1 (00, L). Moreover 74 (0, L) — (oo, L) is zero at m4 = 0 and m4 = 1, and concave in

74 since the second derivative is

(1 —2aq)my
<7TA(1 — Oél) + (1 — 7TA))2(7TA041 +1-— 7TA>2

<0.

Therefore, 0 ¢ A”(w) before co € AY(w). This implies that A¥(L) = {oo} for v € (0, 14),
AY(L) =0 for v € (v1,15), and AY(L) = {0} for v € (v, 1].

Next consider w = R. Then ~{(oo, R) > 0 and ~{(0, R) > 0, since only correct
learning can occur at ¥ = 1. The only change in the above expressions is that now
the true probabilities of each action are taken with respect to state R rather than state
L. Therefore, the comparative statics are similar to the comparative statics in state L:
7/ (0, R) and 77 (0o, R) are decreasing in v. Therefore, 77 (0, R) > 0 implies 0 ¢ A" (R) for
all v € (0,1]. Similarly, 77 (co, R) > 0 implies co € A(R) for all v € (0,1]. Therefore,
AY(R) = {oo} for all v € (0, 1].

When there is a single sociable type, mixed learning and disagreement are trivially
not possible. By Theorem 1, the characterization of the locally stable set fully determines

asymptotic learning outcomes. This leads to the following proposition.

Proposition 7 (Partisan Bias). When w = L, there exist unique cutoffs 0 <1y < vy < 1

such that (i) if v € (19, 1], then almost surely learning is correct; (ii) if v € (v1,14), then
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almost surely learning is cyclical; (iii) if v € (0,14), then almost surely learning is

incorrect. When w = R, almost surely learning is correct.

The proof follows immediately from the construction of A”(w) above.

B.2 Example 2

We construct this variation by adding two types to the setting considered in Example 1.
Types 0, and 05 are partisan types with the same signal misspecification and preferences
as in Example 1. Types 63 and 6, are non-partisan types that correctly interpret signals,
F¥(s) = F¥(s) = F¥(s); 05 is a sociable type while 6, is an autarkic type.*® Both types
have the same preferences as 0, and 65, i.e. u;(a,w) = 1,—,. Assume that an equal and
positive share of partisan and nonpartisan types are autarkic, m(62)/(7(61) + 7(62)) =
w(04)/(m(03) + 7(04)) € (0,1). Both sociable types have correct beliefs about the share
of autarkic types, but partisan #; believes all agents are partisan, 71(6;) = 7(61) +7(65)
and 71(02) = m(02) + w(04), and analogously, non-partisan 3 believes that all agents
are non-partisan. Let ¢ = m(#3) + m(6,) denote the share of non-partisan types and
w4 = m(02) + m(0s) denote the share of autarkic types. To close the model, assume
that the public signal is uninformative, the private signal distribution is informative
and symmetric, F®(s) =1 — FL(1 — s), and the prior py = 1/2. Note that signals are
aligned since partisan types order signals in the same way as nonpartisan types, i.e. s”
is increasing in s (Assumption 1).

The true action probabilities for partisan types 6; and 65 are identical to those derived
in Section 3 for Example 1, as are #;’s subjective action probabilities for each type. A
non-partisan type 6; € {#3,0,} who has likelihood ratio A and observes private signal s
updates to belief %
which is equivalent to s < 1/(1 4+ X) =3;1(\). At likelihood ratio A3, type 03 chooses L
with probability F“(1/(1 + A3)). Type 6, is autarkic. Therefore, its likelihood ratio is
constant at \y = 1 and it chooses action L with probability F*(.5). Type 03 has correct
beliefs about the probability that 63 and 64 choose action L.

We use these subjective and true action probabilities for each type to construct 1&1,

= A <1T85) It chooses action L if this belief is less than one,

~

13 and . Partisan type 6 is now also misspecified about the type distribution, since it

does not account for the nonpartisan types. It believes action L occurs with probability
D1 (Ljw, A) = (1 — ma) F(1/(1 4+ M) + maF2(.5),

where again we suppress the dependence of 1@ and 1 on o since the public signal is

uninformative in this example. This type misspecification leads the partisan type to

48Tn a slight abuse of notation, we maintain 6, as the partisan autarkic type for consistency with
Example 1, which violates our convention that the first k£ types are the sociable types.
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underestimate the range of signals for which other agents choose action L, while its
signal misspecification causes it to overestimate the probability of these signals. The
latter effect dominates, and #; overestimates the frequency of action L. Nonpartisan
type 03 has a correctly specified model of the signal distribution and believes that other
agents do as well, since it does not account for the partisan types. It believes action L

occurs with probability
U3(Llw, A) = (1 — m4)F¥(1/(1 + X3)) + maF¥(.5).

This type misspecification leads the nonpartisan type to believe that other agents are
choosing L for a larger range of signals than is actually the case, which leads it to

overestimate the frequency of L actions. The true probability of action L is

U(LIwA) = (1= q)((L=ma) F((L/(L+A)Y) + maFe(57))
+ (1= ma) F2(1/(1 4 As)) + maF(.5)).

Although the partisan and nonpartisan sociable types have different models of the
world, their models collapse to the same subjective probability of each action when
they have the same current belief: for any X with A; = A3, ¥1(L|w, A) = ¥5(L|w, A).
Therefore, these types update their likelihood ratios in the same way following each
action. For different reasons, their beliefs both move too much towards state R following
R actions and too little towards state L following L actions. This implies that when
there is a common prior, after any history h;, beliefs are equal, A\ ; = Az ;.%

Given that the two likelihood ratios move in unison, we can consider the partisan and
nonpartisan sociable types as a single type to characterize asymptotic learning outcomes.
Disagreement and mixed learning do not arise, since it is not possible to separate beliefs.
Global stability immediately follows from local stability for the two agreement outcomes.
Therefore, determining the set of parameters (v, q) for which each agreement outcome
is locally stable fully characterizes asymptotic learning outcomes. This leads to the

following proposition.

Proposition 8 (Partisan Bias). When w = L, there exist unique cut-offs ¢ € (0,1) and
¢ € (q1, 1) such that:

1. For q < qu, there exist unique cutoffs 0 < v1(q) < v2(q) < 1 such that if v > v5(q),
then almost surely learning is correct, if v € (v1(q),v2(q)), then almost surely

learning is cyclical and if v < v1(q), then almost surely learning is incorrect.

49Partisan and nonpartisan types with the same likelihood ratio may choose different actions following
a given signal s, as they have different private signal cut-offs.
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2. For q € (q1,q2), there exists a unique cutoff 0 < v5(q) < 1 such that if v > v5(q),
then almost surely learning is correct and if v < v5(q), then almost surely learning

18 cyclical.
3. For q > qo, almost surely learning is correct.
When w = R, almost surely learning is correct.

The construction of the locally stable set is similar to Example 1. We present it in

Online Appendix F.1.

C Additional Analysis and Proofs from Section 5
C.1 Section 5.1 (Underreaction and Overreaction)

Proof of Proposition 1. Suppose public signals are informative, private signals are

uninformative, and there is a single type 6, that interprets public signals according

1%70(27) = (ﬁ)y, correctly interprets private signals as uninformative and correctly

believes that all agents are type 0;. Let yo(Aw) = > . dG¥(o )log( ) denote

the expected change in the log likelihood ratio in a correctly specified model. Since

to

correct learning occurs almost surely in the correctly specified model, v-(0, L) < 0 and
ve (oo, L) < 0 in state L and y¢(0, R) > 0 and y¢ (oo, R) > 0 in state R. Then

= ) dG¥(o log( > =v ) dG“(o log< g) = 1yc(A,w).
oeX oceX

Therefore, 7(A,w) has the same sign as yo (A, w), which implies A(L) = {0} and A(R) =
{oo}. Trivially, Ay(w) = @ since there is a single type. By Theorem 1, correct learning

occurs almost surely, independent of v. O

Representation of Epstein et al. (2010). Consider the form of under- and over-
reaction specified in Epstein et al. (2010) with constant weights given to the Bayesian

update and the prior belief. That is, an agent with current belief p who observes signal

o that leads to true posterior p’ = m updates to posterior belief
o~ bo ~
p=r + (1 —70)p, 22
(eram=a) + 17 22

where 7 € [0, 1) corresponds to underreaction, o > 1 corresponds to overreaction, and
v = 1 corresponds to the correctly specified model.

This form of signal misspecification can be represented in our framework. Let

¢(o,p) =po+ (1 —p)(1 —0). Then p' = ¢>ZE§Z') +(1—-p)pand 1 —p' = —9(1;27(;)—0) +(1—
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7)(1 — p). Therefore,

A o p
11— o) , 1 _p)\1-p)’

#(o,p)

To capture this form of under- and overreaction, the signal misspecification needs to
depend on the current belief about the state. As discussed in Section 2.3, this is a
straightforward extension (see Online Appendix E.4). Let &(o,p) denote the extension
of the signal misspecification & to depend on current belief p. Then

6(‘7717) o Vo + (1 B D)¢<O’,p)

1—6(o,p) v(1—0)+(1—0)p(o,p)

yields the representation. This form of signal misspecification satisfies the assumptions
of our framework. Therefore, we can use Theorem 1 to determine how the set of learning

outcomes depends on misspecification parameter o.

C.2 Section 5.2 (Confirmation Bias)
Set-up. In Rabin and Schrag (1999), signals are probabilistically misinterpreted. To

allow for this, we extend our framework to allow the signal misspecification to map two
signals that induce the same true posterior to different misspecified posteriors. It is
straightforward to extend all results in our paper to this case. We also allow the severity
of confirmation bias to vary with the current belief about the state.

To model probabilistic misinterpretation in our framework, suppose there are four
public signals, y € {l1,l2, 71,72}, where signals y € {ly,l3} induce the same posterior,
o, =0(ly) = o(lz) and signals y € {ry, r2} induce the same posterior, o, = o(r;) = o(r2).
Conditional on an [; or [, signal, the signal is I, with probability ¢ and conditional on
an ry or ry signal, the signal is ro with probability ¢. Signals ls and ry correspond to
the signals that are misread, and signals [; and 7; correspond to the signals that are
correctly read. Let &(y,p) denote the subjective posterior belief for signal y at belief p.

The confirmation bias we outlined in Section 5.2 corresponds to

(1—=v(p))o,+v(p)o, ify=Iyand p>1/2
6(.9) = (1—v(p)oy +v(por ity =r,andp<1/2 23)

o(y) otherwise,

where v : [0, 1] — [0, 1] is a continuous function.
To complete the model, assume that public signals are informative, o(r) > 1/2, and

private signals are uninformative and believed to be uninformative.
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Proof of Proposition 2. Suppose public signals are informative, private signals are
uninformative, and there is a single type 6; that interprets public signals according to
(23), correctly interprets private signals as uninformative and correctly believes that all
agents are type 6. Let o = v(0) denote the slant at certainty (recall v(1) = v(0) by
assumption).

We first characterize the locally stable set A(L). The local stability of correct learning
is determined by the sign of

v0,L) = Pr({ry,r}|L) ((1 —q)log (1 oy > + qlog <<1 — (1—7)o, + Doy >)

. (1 —0,) + (1 — o)

o]
Pr{{l,b}|L)1 a—
+Pr({h ) g (12,

where P({l,l,}|L) = ——=2/0=00) __and P({r1,rs}|L) = 1 — P({l1,15}|L). At ¢ =0,

o1/(1—oy)—or/(1—07)
agents have a correctly specified model, so (0, L) < 0. As ¢ increases, more weight

is placed on the second term and less weight is placed on the first term in the above
equation. The second term is less than the first term; therefore, v(0, L) is decreasing
in q. Therefore, for all ¢ and v(0), v(0,L) < 0 and correct learning is locally stable,
0e A(L).

The local stability of incorrect learning is determined by the sign of

sioot) = Prigin i) (- atos (12 ) +gtos ()

s 1—0)1—0) +o(1—0)

o,
1—0,/)"

At ¢ = 0 or 7 = 0, agents have a correctly specified model, so y(co, L) < 0. As ¢

+Pr({ry,r:}|L) log <

increases, more weight is placed on the second term and less weight is placed on the first
term in the above equation. The second term is greater than the first term; therefore,
v(o00, L) is increasing in ¢. Similarly, the second term is increasing in 7, and therefore,

so is y(oo,L). At g=1and v =1,

(00, L) = log <1 JTU ) > 0. (24)

— Ur

Therefore, the desired cutoffs § € (0,1) and 7(q) € (0,1) exist such that incorrect
learning is locally stable for ¢ > g and v > 7(q).

When signals are symmetric and fully slanted at certainty, i.e. ¢ = 0, = 1 — 0; and
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7(00,L)z(20q+1—20))10g< 7 ) (25)

l1—0

Given log (ﬁ) > (), this expression is positive when ¢ > 1 — 1/20, which is the cut-off
in Rabin and Schrag (1999).

The construction of A(R) is analogous. Given that there is a single type, mixed
learning does not arise. Therefore, A(w) fully characterizes the set of asymptotic learning

outcomes. O

C.3 Section 5.3 (Naive Learning)
Set-up.

Proof of Proposition 4. Let a; = FZ(1/2) be the probability an autarkic type plays
action L in state L and ar = F7(1/2) be the probability an autarkic type plays action
L in state R. Note that ay, € (0,1) and ag € (0, 1), since private signals are informative.
In a slight abuse of notation, let 7; denote 7;(#4) and 7 denote 7w(64) to abbreviate the
following expressions.

We first construct the locally stable set. We write v;(A,w; ;) and A(w; 71, 7a) to
make these expressions’ dependence on 7; and 75 explicit. The local stability of correct
learning is determined by the sign of

N 7AI'ZOéR+1—7?('Z 1—04R
i((0,0), Ly m;) = l—m)log | —————— 1 —ag)l :
3(0,0). i) = (raw + 1= mlog (X IEE ) fon(r - ) log (1)

In the correctly specified model, ;((0,0), L; w) < 0, and this expression is decreasing in
7r;. Therefore, +;((0,0), L; 7;) < 0 for all #; > w. This implies that (0,0) € A(L; 7y, 72)
for all 71, 5. Therefore, correct learning arises with positive probability at any level of
heterogeneity.

The local stability of incorrect learning is determined by the sign of

~i((00,00), L; ;) = ma log (%> +(r(1—ag)+1—m)log <

Qay, .

ﬁz‘(l_al/)"i‘l_ﬁ'i

This expression is increasing in 7; and is equivalent to the representative agent model
at m; = 7. Therefore, if v;((c0,00), L; ) < 0, then v;((00,00), L;m) < 0 since 71, < 7
by definition. This implies that if incorrect learning does not arise in the representa-
tive agent model with bias 7, i.e. (00,00) € A(L;7,7), then it does not arise in any
corresponding heterogeneous model with average bias 7, i.e. (0c0,00) & A(L; 7y, 7o) for
all 71, 7 such that (7 + 72)/2 = 7. Further, we know from Bohren (2016) that there
exists a cut-off 7 € (m, 1] such that for m; > 7, v;((c0,00), L;7;) > 0, with @ < 1 for
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small enough 7. Therefore, (co0,00) € A(L; 7, 7) for 7 > 7 and (o0, 00) € A(L; 7y, 7a)
for T > 7.

The local stability of disagreement is determined by the sign of

7TZOJR+ (1 )
miop + = (1 ))

7:(1 — ag) + ;(l—ﬁi)
+4ﬂ1—m)+ﬂ—ﬂﬂﬂbg( (1 —an) + ;a—ﬁo)

__W@aL—])bg<ﬂxA o) + (AJ >>,

Uy L+2(1 5

7i((0,00), L; ;) = (mag + (1 — ) /2) log (

where the second equality follows from symmetry, agp = 1 — ay. Given ay > 1/2,

~ (11— L%, R R .
WS ji);r(f({ )l) < 1 and 2oy — 1 > 0. Therefore, v;((0,00), L; ;) < 0 for any ;. This
(184 2 —T

implies that disagreement outcome (0, 00) almost surely does not arise, i.e. (0,00) &

A(L; 7y, m5). Given v;((00,0), L; ;) = 7i((0,00), L; 7;), disagreement outcome (oo, 0)
almost surely does not arise. Therefore, almost surely disagreement does not arise. The
construction of A(R; 7, 72) is analogous.

Next, we rule out mixed learning. Since correct learning is always locally sta-
ble, the only candidate mixed outcomes are A\ = oo or A\ = oco. As argued above
7 ((0,00), L;7r1) < 0 for any 7 and 72((00,0), L;7r5) < 0 for any 9. This implies
Ap(L) = (). Therefore, mixed learning almost surely does not arise. The construction
of Ap(R) is analogous.

Given Ay (w) = 0 and A(w; 71, T2) does not contain any disagreement outcomes — and
therefore, we do not need to consider maximal accessibility — by Theorem 1, A(w; 7y, 72)
fully characterizes the set of asymptotic learning outcomes. From the above charac-
terization, either A(w;7,72) = {(0,0)} or A(w;m,m2) = {(0,0), (00, 00)}. Therefore,
either learning is almost surely correct, or learning is almost surely correct or incorrect
with both occurring with positive probability. Further, if A(w;@, 7) = {(0,0)}, then
Aw;y,m) = {(0,0)} for all 7,7y such that (7 + 72)/2 = 7, and if A(w;7,T2) =
{(0,0), (00, 00)}, then A(w;7,7) = {(0,0), (c0,00)} at # = (7r; + 72) /2.

Proof of Proposition 3. This result follows directly from the constructions of ;(\, w; 7;)
in Proposition 4. Generically, 7;((0,0),w; ;) # 0 and 7;((c0, 00),w; ;) # 0 for i = 1, 2.
Given an average bias 7, consider the case where v;((0,0),w; 7) # 0 and 7;((c0, 00), w; T) #
0 for i = 1,2. For any § > 0, there exists an ¢ such that for |7, — 7| < /2 and
|ty — 7| < €/2, [N w; ) — (A w; )] < § for X € {(0,0),(c0,00)} and ¢ = 1,2.
Choosing ¢ small enough ensures that ~;(A,w; ;) and v;(A,w;7) have the same sign.
Therefore, A(w;m,T) = A(w; @, 7) and the heterogeneous set-up has the same set of

learning outcomes as the corresponding representative agent set-up. U
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C.4 Section 5.4 (Using the Framework to Demonstrate Behavioral Equiva-

lence)

Set-up. As in Example 2, consider a setting with a binary action space, A = {L, R}
and four types of agents: ; and 05 are sociable types, and 6, and 64 are autarkic types.*®
All types seek to choose the action that matches the state, but differ in whether they
are tempted to choose action R when there is uncertainty. Types 6; and 6, are tempted:
their preferences place higher weight on matching the state in state R, u;(a,w) = (2 —
B)lacw=r + Blo—w=r for some 8 € [1,2) and 6; € {0;,605}. Types 03 and 6, are not
tempted: their preferences are symmetric across states, u;(a,w) = 1,—,. Assume that an
equal and positive share of tempted and non-tempted types are autarkic, 7(62)/(7(61) +
7(6s)) = m(04)/(7(05) + w(04)) € (0,1). Both sociable types have correct beliefs about
the share of autarkic types, but believe that no agents are tempted, 71 (63) = m(0;)+7(653)
and 71 (04) = 7(02) +m(04) and similarly for 3. Let ¢ = w(03)+m(64) denote the share of
non-tempted types and m4 = w(f2) + 7(64) denote the share of autarkic types. To close
the model, assume that the public signal is uninformative, the private signal distribution
is informative and symmetric, F¥(s) = 1— FL(1 —s), all types have a correct subjective
signal distribution, and the prior py = 1/2. Note that preferences are aligned since
tempted and non-tempted types order actions in the same way (Assumption 2).
Proposition 5 in Section 5.4 establishes that there is an equivalence between this

setting with preference misspecification and the signal misspecification in Example 2.

Proof of Proposition 5 Fach type 6; updates to belief % = A (1%5) following
likelihood ratio A and private signal s. Types 6; and 6, choose action L if this belief is
less than (2— )/, which is equivalent to s < (2— 3)/(24 B\ —3). Therefore, 5,1(\) =
S21(A) = (2—8)/(2+ BA— ). Types 03 and 0, choose action L if this belief is less than
one, which is equivalent to s < 1/(1 + X). Therefore, 531(\) =341(A) =1/(1+ ).

At likelihood ratio Ay, type 6y chooses L with probability F“((2—3)/(2+ A3 —5)).
Type 05 is autarkic. Therefore, its likelihood ratio is constant at Ay = 1 and it chooses
action L with probability F*(1 — 3/2). At likelihood ratio A3, type 63 chooses L with
probability F“(1/(14MX3)). Type 64 is autarkic. Therefore, its likelihood ratio is constant
at Ay = 1 and it chooses action L with probability F“(.5). Both sociable types #; and
03 have correct beliefs about the probability that 63 and 6, choose action L, but neither
accounts for the presence of #; and 6,. Therefore, at likelihood ratio A, type 6; believes

action L occurs with probability

U1 (Llw, A) = (1 = mA)F<(1/(1 + X3)) + maF“(.5),

50For ease of comparison with Example 2, in a slight abuse of notation we continue to let 65 denote
an autarkic type, which violates our convention that the first k types are the sociable types.
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where again in a slight abuse of notation we suppress the dependence of Q@Z and ¢ on o
since the public signal is uninformative. Since €5 has an identical model as 6y, its sub-
jective action probability is equivalent, '@3([;’(&), A) = zﬁl(L\w, A). The true probability
of action L is

P(Lw,A) = (1= g)((1 =m) (2 = B)/(2+ BA = §)) + mal™ (1 = 5/2))
+q((1 = TA)F2(1/(1 4 \3)) + maF(.5)).

From these subjective probabilities, the construction of ’yf 9((0,0),w) and ’ylﬂ (00, 00),w)
are similar to Proposition 8, replacing a,, with ag = F*(1 — 3/2) and noting that g is
strictly decreasing in 3.

Define v(f3) = log.5/log(1 — 3/2). Then ag in the model with level of temptation
$ and share of non-tempted types ¢ is equal to a,(g) in the model in Example 2 with
level of partisan bias v(f) and share of non-partisan types q. Therefore, the models
have identical locally stable sets, and hence, an identical set of asymptotic learning

outcomes. [l

C.5 Section 5.5 (Level-k)
Let A = (A2, A3) denote the vector of likelihood ratios for the sociable types s and 65.

Construction of A(w). When type 6; € {6;,62,05} has current belief \;, it chooses
action R iff it observes a signal s > 1/(A\; + 1) = 5;1(\;). Given 5;1(\1) = 0.5, type 6,
chooses action L with probability F“(0.5) and action R with probability 1 — F*(0.5).
Type 65’s subjective probability of each L action in the history is the probability that
a level-1 type chooses action L, ¢y(L|w,A) = F*(0.5) and its subjective probability
of each R action is ¢y(R|w,A) = 1 — F¥(0.5), where in a slight abuse of notation, we
suppress the dependence of Q@Z on the public signal since it is uninformative. Given belief
Mg, level-2 chooses an L action with probability F“(1/(As 4+ 1)) and an R action with
probability 1 — F“(1/(A2 4+ 1)). Type 603’s subjective probability of each L action is the
weighted average of the probability that a level-1 type and a level-2 type choose action
L,

U3(Llw, A) = (1 —e)F¥(1/(Aa 4 1)) + £F¥(.5). (26)

The subjective probability of an R action is analogous. Finally, the true probability of

an L action depends on the correct distribution over types,

Y(Llw, X)) =m(01)F“(.5) + w(02) F¥(1/ (Mg + 1)) + 7(03) F“(1/(As + 1)). (27)
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To simplify the exposition, let oy, = FL(.5) be the probability a level-1 type plays action
L in state L and ap = F®(.5) be the probability a level-1 type plays action L in state
R. Note that ay, € (0,1) and ag € (0, 1), since private signals are informative.

Suppose w = L. We first consider local stability for the level-3 type. At the correct
learning outcome, (0,0), the level-2 type chooses action L for all signals. Therefore,
the level-3 type believes that L actions are approximately uninformative for small ¢,

Us3(LIR(0,0) _ 1-etean J3(RIR,(0,0) _ 1-ap

¥3(L|L,(0,0)) l—etear, ? 43(R|L,(0,0)) l—ap*
Since only the level-1 type plays action R, the true probability of an R action is 7(6;)(1—

1 and R actions are from the level-1 type

ayr). Therefore, for small ¢,

1—¢e+cap
1—e+eap

v3((0,0),L) = (m(01)ar + w(02) + m(03)) log (

+ (01 — az)log <1 - O‘R)

1—OéL

Q

1— R
01)(1 — 1 >0
()1~ an)tog (=22 )
and correct learning is not locally stable for the level-3 type, (0,0) € A3(L). Similarly,

for small ¢,

v3((00,00), L) = m(0;)ay log <Z—f) <0
and incorrect learning is not locally stable for the level-3 type, (co0,00) € A3(L). This
establishes that correct learning and incorrect learning almost surely do not occur for
small e, as neither outcome is locally stable for level-3 types.

This leaves the disagreement outcomes as candidate learning outcomes. Consider
(0,00). As in the case of (0, 0), the level-3 type believes that L actions are approximately
uninformative and R actions are from the level-1 type. But now, this confirms the level-3
type’s belief that the state is R,

73((0,00), L) ~ ((61)(1 — ar) + m(65)) log (1 - Zj) > 0.

and (0,00) € A3(L). Similarly,

Y3((00,0), L) ~ (m(6h)ar + m(0s)) log <Z—f) <0

and (00,0) € As(L). Therefore, for small ¢, both disagreement outcomes are locally
stable for the level-3 type, A3(L) = {(0, 00), (00, 0)}.

7



Next, we determine whether the disagreement outcomes are locally stable for the
level-2 type. The level-2 type believes that all actions are from level-1 types. Therefore,
it interprets L and R actions in the same way at both disagreement outcomes. At
(0,00), the true probability of an L action is m(6,)ar + 7(62), while at (co,0), it is
m(01)ar + 7(03). Therefore,

72((0,00), L) =(m(61)crr, + 7(62)) log (%)

ay,

(001~ 05) (65 s (15 )

1—OéL

and

Y2((00,0), L) =(m(61)or + m(03)) log (%>

ay,

+ (7(6:)(1 — ap) + 7(62)) log G = z’z) |

The signs of these expressions vary with the true distribution of types. We next charac-

terize the region of the type distribution at which each disagreement outcome is locally
stable. To do so, we use the inequalities (a) 22 < 1, (b) 22 > 1 and (c) from the

oy, l—aL
l—OzR
l—arp

correctly specified model, ay, log Z—f + (1 —ay)log < 0, as well as the property that

T = ¥2((0,00), L) and 7 +— 2((00,0), L) are continuous.

1. As 7T(93> — 0,

Y2((0,00), L) = (m(01)ar + 1 —m(61)) log (Z_f)

b w01 - ap)log (1 - O‘R) <0

for all w(6;), where the negative sign follows from inequalities (a) and (c). There-
fore, there exists a cut-off ¢; > 0 such that for m(03) < ¢1, (0,00) € Ag(L) for all
7T((91> and 7T(62).

2. As 7T(93> — 1,

15((0,50), L) — log (1‘“3) -0

15((00,0), L) — log (“—) <0

ar
Therefore, there exists an interior cut-off co € (0,1) such that for w(63) > co,
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(0,00) & Ay(L) and there exists a cut-off ¢3 < 1 such that for 7(63) > c3, (00,0) &
As(L) for all m(0;) and m(#y), where co > 0 follows from part (1). Therefore,
there exists an interior cutoff 73 = max{cy,c3} € (0,1) such that if 7(63) > 73,
neither disagreement outcome is locally stable for #. Combined with A3(L) =
{(0,0), (00, 0)}, this implies that A(L) = @ for 7(f3) > 73 and small .

. As 7T(62> — O,

72((00,0), L) = (m(0h)ar + 1 —m(61))log (Z_f)

(00— ap)log G _O‘R) <0,

for all w(6;), where the negative sign follows from inequalities (a) and (c). There-
fore, there exists a cut-off ¢4 > 0 such that for m(62) < ¢4, (00,0) & As(L) for all
7T((91> and 7T(63).

. As 7T(92) — 1,

72((0,00), L) — log (%> <0

Qg

75((00,0), L) — log (1 - O‘R) > 0.
1—ap
Therefore, there exists a cut-off ¢5 < 1 such that for 7(62) > ¢35, (0,00) € Ax(L)
and there exists an interior cut-off ¢g € (0,1) such that for m(62) > cg, (00,0) €
Ao(L) for all m(0;) and m(#3), where ¢ > 0 follows from part (3). Therefore,
there exists an interior cutoff Ty = max{cs,cs} € (0,1) such that if 7(6y) > 7o,
both disagreement outcomes are locally stable for 6. Combined with A3(L) =
{(0,00), (00,0)}, this implies that A(L) = {(0,00), (00,0)} for 7(62) > 7 and

small e.

. As 7T<61> — 1,
1—
72((0, 00), L) —>aL10g%+(1—aL)log R g
Qag, 1 — g,
1—
72((00,0), L) = aplog “& + (1 — ap) log ——E < 0.
Qag, 1 — g,

Therefore, there exists an interior cut-off ¢; € (0,1) such that for w(6;) > ¢,
(0,00) € Ay(L) and there exists an interior cut-off c¢g € (0, 1) such that for = (0;) >
cs, (00,0) & Ao(L) for all m(f2) and 7(65), where ¢; > 0 and ¢g > 0 follow from parts
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(2) and (4). Therefore, there exists an interior cutoff 7; = max{c7,cs} € (0,1)
such that if 7(61) > 71, (0,00) is locally stable for 5 and (00, 0) is not. Combined
with A3(L) = {(0,00), (00, 0)}, this implies that A(L) = {(0,00)} for m(6;) > m

and small €.

Fixing 7(63), 72((0,00), L) is increasing in m(f3). Given this, we next show that
the type distribution can be divided into two connected regions in the simplex such that
(0,00) € A\y(L) or (0,00) & Ao(L), and these regions are separated by the unique solution
to 712((0,00), L) = 0. As shown above, at 7(6;) = 0 and 7(05) = 0, 72((0,00), L) < 0 and
at m(f2) = 0 and 7(03) = 1, 72((0,00), L) > 0. Therefore, there exists a cutoff ¢y € (0,1)
such that at 7(63) = 0 and 7(f3) = cg, 12((0,00), L) = 0. Similarly, there exists cut-off

oL

. logaR
10_10 a_L_lO ﬂ
gaR glfaR

such that at w(6;) = 0 and 7(05) = c10, 72((0,00), L) = 0. Given ,((0,00), L) is
linear in 7(f2) and 7(f3), the solution to 72((0,00), L) = 0 is linear in the simplex and
represented by the line connecting (1 — 9,0, ¢9) and (0,1 — ¢19, ¢19). This establishes the
above statement.

Fixing 7(63), 12((00,0), L) is decreasing in m(f3). Therefore, by similar reasoning, the
type distribution can be divided into two connected regions such that (co,0) € A\y(L) or
(00,0) & Aa(L), and these regions are separated by the unique solution to y2((00,0), L) =
0. Given 75((00,0), L) is linear in m(fy) and 7(6s), the solution to 72((c0,0),L) =
0 is linear in the simplex and represented by the line connecting (1 — ¢y, ¢11,0) and
(0,1 — ¢12, c12), where ¢17 € (0, 1) is the value of 7(6;) such that v2((00,0), L) = 0 when
m(03) = 0, and

l—aL

. log ar
12 = l—ajp, aj,
1 g —an IOg Oé_R

Given the linearity of both solutions, if ¢19 > ¢12, then the solution to v2((0, 00), L) =
0 lies above the solution to 9((c0,0),L) = 0. Therefore, there are three distinct
regions such that for small ¢, either (i) A(L) = 0, (ii) A(L) = {(0,00)}, or (iii)
A(L) = {(0,00),(00,0)}. Otherwise, if ¢;p < ¢12, the solutions cross exactly once.
Therefore, there are four distinct regions such that for small ¢, either (i) A(L) = 0, (ii)
A(L) = {(0,00)}, (iii) A(L) = {(00,0)}, or (iv) A(L) = {(0,00), (00,0)}. Note that
when the signal distributions are symmetric, c19 > 9.

The construction of A(R) is analogous.

Maximal Accessibility. When A(w) contains a disagreement outcome, we need to

check whether the disagreement outcome is maximally accessible to determine whether
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it occurs with positive probability from any initial belief. The following lemma estab-
lishes that both disagreement outcomes are maximally accessible at all distributions over
types and all € € (0,1]. This implies that a disagreement outcome arises with positive

probability if and only if it is in A(w).

Lemma 12. For any m € A((0y,65,05)) and ¢ € (0,1], both disagreement outcomes

(0,00) and (00,0) are mazimally accessible.

Proof. At X = (0,0), type 05 perceives L actions as stronger evidence of state L than
type 937

and both types perceive R actions in the same way,

~

Ua(R|R, (0,0))  ¥3(R[R,(0,0)) 1-—ag

@ZA}?(RM/’ (O’ O)) ¢3<R|L7 (07 0)) B 1 - aL.

(28)

Therefore, 3 > (0,0) 62. From Definition 4, this implies that (0, 00) is maximally accessi-

ble. At A = (00, 0), type s perceives R actions as stronger evidence of state R than

type 03,

~

o(R|R, (00, 00)) _ 1—agp - e+ (1—¢)(1—ag) _ zﬁg(R|R, (00, 00))
Ua(R|L, (00,00))  1—ar ™ e+ (1 —e)(l—ar) y3(R|L,(00,00))

and both types perceive L actions in the same way,

1/}2(L|R7 (00700)) _ 7%3(L|R7 (OO,OO)) _ % (29>
¢2<L|L7 (OO7OO)) 7vb?)(L|Lv (O0,00)) aL

Therefore, 0 = (s,00) 3. From Definition 4, this implies that (oo, 0) is maximally acces-
sible. U

Construction of A/ (w). Finally, we need to rule out mixed learning outcomes in
which 6y’s beliefs converge and #3’s beliefs cycle, or vice versa. Suppose w = L and

consider the four possible mixed outcomes.

1. Consider the mixed outcome (0, f3) in which (A\a;) does not converge and (A3;) —

0. By the concavity of the log operator,

1—
ay log (%) + (1 —ayg)log ( aR) < 0.

L 1—ap
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Therefore, since Z—IZ <0,

12((0,0),L) = (moap+7(02) + 7(0s))log (%>

Qay,

l -«
+ m(l—ag)log (1 — alz) < 0.
and (0,0) € As(L). By the definition of Ay (L), this implies that (0,63) & A (L)

and this mixed learning outcome almost surely does not arise.

. Consider the mixed outcome (00, 63). This outcome is in Ay, (L) if (00, 00) & As(L)
and (0, 00) & Ay(L), which is equivalent to y2((00, 00), L) < 0 and ,((0, 00), L) >
0. However, v5((A2,00), L) is increasing in Ay, so this is not possible. Therefore,

(00,05) & Ap(L) and this mixed learning outcome almost surely does not arise.

. Consider the mixed outcome (0,65). This outcome is in Ay (L) if (0,0) & As(L)
and (0,00) ¢ Az(L). From the characterization of A(L) above, we know that
(0,00) € A3(L). Therefore, (0,05) ¢ Ap(L) and this mixed learning outcome

almost surely does not arise.

. Consider the mixed outcome (00, 0). This outcome is in Ay (L) if (00, 0) & A3(L)
and (00,00) & Asz(L). From the characterization of A(L) above, we know that
(00,0) € A3(L). Therefore, (00,6;) & Ap(L) and this mixed learning outcome

almost surely does not arise.

Therefore, Ay (L) = () and mixed outcomes almost surely do not arise if the state is L.

Similar logic rules out mixed outcomes if the state is R.

Proof of Proposition 6. Ase — 1, A(w) C {(0,00), (00,0)}. Given Ay (w) =0 and

by Lemma 12, both disagreement outcomes are maximally accessible, by Theorem 1,

A(w) determines the set of asymptotic learning outcomes. Either A(w) = (), in which

case learning is cyclical for both types, or A(w) C {(0,00), (00,0)} and A(w) # 0, in

which case beliefs almost surely converge to a limit random variable with support A(w).

The construction of A(w) above establishes the cut-offs on the type distribution such

that A(w) =0, A(w) = {(0,00)}, A(w) = {(00,0)} or A(w) = {(0,0), (c0,0)}.

0
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Online Appendix for “Social Learning with Model
Misspecification: A Framework and a Characterization”

J. Aislinn Bohren and Daniel N. Hauser

D Posterior Representation.

Let Z be a signal space. Let p¥ € A(Z) and ¥ € A(Z) be probability measures
on Z in state w. Assume p, pff and %, 4ff are mutually absolutely continuous. Let
r(z) = 1/(1 + ZZ—;(Z)) and 7(z) = 1/(1 + %—;(z)) denote the posterior belief that the
state is L under each set of measures. The c.d.f.s F¥(z) = p¥(z|r(z) <) and F¥(x) =
[“(z|7(z) < x) are the distributions of the posterior beliefs r(z) and 7(z) under measures
pe and %, respectively. Given these two measures, we can also define the distribution
of 7(z) under measure p* as F¥(z) = u(z|7(z) < x), and the distribution of r(z) under
measure 1 as F¥(z) = (°(z|r(z) < ).

As in the text, we say that two pairs of distributions are aligned if they induce the
same ordinal ranking over signals, in terms of the posterior belief. Pairs of distributions
are equality-preserving if, for all sets of signals that map into a given posterior belief r
under one pair of distributions, these signals also map into the same posterior belief 7
under the other pair of distributions (which may differ from r).5!

Definition 9. (Equality-Preserving Signals). Mutually absolutely continuous probability
measures pl, pf € A(Z2)? and pb, pf* € A(Z)? are equality-preserving if for any z,2' €
supp 4 N supp fi, fl:f—;(z) = flﬁ_;(Z/) if and only if 2”;—;(,2) = fl’;—;(z’).

Multiple signals z and 2z’ can lead to the same posterior belief. Therefore, two pairs
of distributions can map to the same distribution over posterior beliefs. The following
property describes an equivalence class of probability measures. These measures have

the same ordinal ranking of signals and the same distribution over posterior beliefs.

Definition 10 (Equivalent Measures). Measures u”, u® and %, i® are equivalent iff
they are aligned, equality-preserving, supp p = supp ji, and p“(z|1/(1 + flﬁ—;(z)) <z =
a°(z|1/(1+ %(z)) < z) for all x € [0,1] and w € {L, R}.

Lemma 13 establishes that when pairs of probability measures i, 4f € A(Z)? and
pl, pft € A(Z)? are aligned and equality-preserving, there is a unique representation of
[F, iR as (8, FR), where § : supp F, — [0,1] is a strictly increasing function mapping
the posterior 7(z) to the posterior #(z) and FE is the distribution of r(z) under measure

i,

51Tf the signal distributions are aligned and equality-preserving, then the mapping from z — "—R(z)

is an order preserving mapping from (supp g N supp i, >) to (R, >), where z ~ 2’ if Z—LR(Z) > B (2)).

1



Lemma 13. Suppose u*, pf* have full support and signals are informative, W( z) # 1.

1. For any mutually absolutely continuous probability measures fi’, it € A(Z)? that
have full support and are equality-preserving and aligned with p”, u®, there exists
a unique (§,FTR), where § : supp F,, — [0,1] is a strictly increasing function with
S(infsupp F,) < 1/2 and §(supsupp F,.) > 1/2, such that 5(r(z)) =1/(1 + %(Z))
forall z € Z and FTR is the distribution of v(z) under measure ji®.

2. For any strictly increasing function § : supp F, — [0,1] and any c.d.f. FTR

1-5(s) )dFR = 1, there exist unique (up to an

with supp FR = supp F, and fo (
equivalent pair of measures) mutually absolutely continuous probability measures
(pl, o) € A(Z)? that have full support are equality-preserving and aligned with
pl, u®, and satisfy 3(r(2)) = 1/(1 + ( )) for all z € Z. The measures ji*, it

are equality-preserving and aligned wzth pk, pft o2

3. For any strictly increasing function § : supp F, — [0, 1] such that $(inf supp F}.) <
1/2 and s(supsupp F,.) > 1/2, there exists mutually absolutely continuous proba-
bility measures (¥, i® € A(Z)? that have full support, are equality-preserving and
aligned with p*, u®, and satisfy 3(r(z)) = 1/(1 + ZIZL—Z(Z)) forall z € Z.

The first part of Lemma 13 implies that F¥(5(s)) = F“(s) for all s € supp(F,) and
supp Fy = §(supp F,). Similarly, F¥(5(s)) = F¥(s) for all s € supp F, and supp Fy =
$(supp F7.).

Proof. First establish part (i). Let (4, i) € A(Z)? be mutually absolutely continuous
probability measures that have full support and are equality-preserving and aligned
with (%, u®). Define the mapping § : supp F, — [0, 1] as 5(r(z2)) = 7(z), where 7(z) =
1/(1 + gﬁ—;(z)) This is a function since if r(z) = r(2’), then 7(z) = 7(2’), which
establishes existence. For any z such that r(z) > (%), 7(z) = §(r(2)) > 7(2') = 5(r(¢'))
since (1f, i) is equality-preserving and aligned. Therefore, § is strictly increasing on
supp F;.

By the Bayesian constraint, it must be that E,[7(2)] = 1/2, where the expectation is
taken with respect to (i, if). Given that (ul, uf?) are informative, equality-preserving
and aligned with (i, 4t), it cannot be that #(z) = 1/2 for all z € Z. Therefore, there
exist z,2" € Z such that #(z) > 1/2 and 7(2') < 1/2, which implies that there exist
s,s" € supp F, such that §(s) > 1/2 and 5(s') < 1/2. Given that § is strictly increasing
in s, it immediately follows that $(inf supp F;.) < 1/2 and §(supsupp F.) > 1/2. Define

52Note that if FF is a c.d.f. and fo (1 SS)S)) dFR =1, then it must be that (sup(supp F}.)) > 1/2
and $(inf supp F,.) < 1/2.



FR(z) = p2(2|r(z) < x). Then FE is the distribution of s under measure 4. Given

{3, FR}, FL is uniquely pinned down by
A @ (1 R
Frw) = [ (222 ) i
0 (s)

Next, show part (ii). Let § : supp F,. — [0, 1] be a strictly increasing function and

for any x € supp F.

let c.d.f. FTR be the distribution of r(z) under measure i, with supp }A?’TR = supp F, and
fol <1_§(8)> dFrR = 1. By Lemma A.1 in Smith and Sorensen (2000), the distribution of

3(s)
r(z) under measure fi” is uniquely determined by

P = (R0 ) dER)

1—35(s)
3(s)
serving signal z from set of signals Z = {z|r(z) = s} that lead to correctly specified

Since F* has Radon-Nikodym derivative , it induces posterior belief §(s) after ob-

posterior s, for any s € supp F,.. If any other distribution induced the same posterior be-
1-3(s)
5(s)

to F'X. Since i(i()S) > 0 and FX(1) = 1, FL is a probability distribution.

Define the random variable S = r(z). F“ defines a probability measure over this

liefs, then it would also have Radon-Nikodym derivative so it would be equivalent

random variable in state w. For any measurable set A C Z, define

() = / E(L4|S)dE®,

where E is the conditional expectation defined with respect to uft. By the uniqueness

and additivity of conditional expectation, for any disjoint, measurable sets A, B C Z,

(AU B) = / E(Las|S)dE® = / (E(L4|S) + E(15|S))dE> = 4(4) + 4(B),

so fi* is a measure. For any set A, if iX(A) = 0, then f(A) = 0 and vice versa, since
the integrand used to define it is strictly positive. Therefore, the distributions (i, 4f?)
are mutually absolutely continuous with common support supp fi. Also, supp i = supp i
by construction, so the measures have full support on Z. Moreover, since F¥ is unique,
il
measurable set A C Z,

it = [ ey (g Yarr = [ (55 dire)

3

“ is unique up to the probability measure that is used to evaluate E(:|S). For any



where the first equality follows from the definition of FTL and the second equality follows
from the definition of i, so these distributions induce the correct posterior beliefs.
Finally, i%(2) = fol dFE(s) = 1 and p2(2) = fol dF(s) = 1, so these are indeed
probability measures.

Finally, show part (iii). Suppose § : supp F,. — [0, 1] is a strictly increasing function
with §(inf supp F,.) < 1/2 and §(sup supp F,.) > 1/2. Fix any distribution F' with support
supp F, N {s|3(s) < 1/2}. Then [} (1 8)) dF,(s) < 1. Similarly, fix a distribution G

with support supp F,. N {s|s(s) > 1/2}. Then fo <1§S S)> dG(s) > 1. For any A € [0, 1],
let Gy be the distribution of the compound lottery G, = A\F + (1-— A)G’ This lottery
draws signals from F with probability A and G with probability (1 — A). The function

135

HN =] ( ) ) dG is a continuous mapping from [0, 1] to R, so by the intermediate

value theorem, there exists a \* € (0,1) such that [ <1g(58)5)) dGy = 1. Let FE =

Gy-. Then FR is a probability distribution, since it is the convex combination of two
) ) dF R — 1. Therefore,
from part(ii), it is possible to construct the desired probability measures (gf, aft). O

distributions. By construction, supp F R — supp F, and fo (

E Additional Results from Section 4
E.1 Complete Learning for Correctly Specified Types

The following result establishes that misspecified types do not interfere with the learning

of correctly specified types.

Theorem 3. Given Assumption 1, 2, 3 and 4, learning is complete for all correctly

specified types.

Proof. Assume Assumption 1, 2, 3 and 4, and suppose w = L. Under these assumptions,
if (\;+) converges for any type 6;, then the support of the limit belief A, is a subset of
{0, 00}, i.e. supp(As) C {0,00}. Let 6; be a correctly specified type. Then its subjective
probability of each action is equal to the true probability, ’IZJZ = 1. Therefore, given w =
L, (i) is a martingale for any learning environment {O, w, FL, F®}. By the Martingale
Convergence Theorem, ()\;;) converges almost surely to a limit random variable Ao, with
supp(As) C [0, 00). This rules out incorrect and cyclical learning. Therefore, zero is the
only candidate limit belief for the correctly specified type, supp(As) = {0}, and it must
be that A;; — 0 almost surely. OJ

E.2 Analogue of Theorem 1 for k& > 2.

This section proves the analogue of Theorem 1 for more than two sociable types, k > 2.
The statement of the result is identical to Theorem 1, using the modified definitions of
A(w) (defined in (8)), Ap(w) and maximal accessibility (defined for & > 2 below). Recall

that Lemmas 1 to 4 hold for all £ > 1. Therefore, we prove analogues of Lemmas 5 to 7.
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Global Stability of Disagreement. As above, without loss of generality, order a
disagreement outcome so that the first x types have belief zero, and the remaining k — k
types have belief infinity, i.e. A = (0%, 00f7). As in the case of two sociable types, we
can use the maximal action and signal pairs to define a sufficient condition for global

stability, and use this to prove an analogue of Lemma 5.

Definition 5’ (Maximal Accessibility). Disagreement outcome (0%, 00f~*) is maximally

accessible if either:

(i) for all &' = 0,....,k — 1, given X = (0%, 00" "), 0; =x Opyy for alli > k' + 1 and
8514_1 >_')\ 6)1 fOT' all 1 < K + ]_,'

(i3) for all k' = k41, ..., k, given X = (0%, 00" "), 0; =x O for alli > &' and 0,0 = 0;
for alli < K/,

where = is the mazximal R-order defined in Definition 4.

Note that this definition is equivalent to Definition 5 for the case of k = 2. If the belief
of the type with A’ = 0 that interprets maximal action and signal pairs as the weakest
evidence of state L decreases at a faster rate than the belief of the type with A7 = oo that
interprets maximal action and signal pairs as the strongest evidence of state L, then it is
possible to find a finite sequence of maximal action and public signal pairs that separate
beliefs. Once again, this condition is straightforward to verify from the primitives of
the model. As in the case of k = 2, for any disagreement outcome in A(w), maximal
accessibility is a sufficient condition for global stability. Given this revised definition of

maximal accessibility, the statement of Lemma 5 is identical.?

K k—n)

Lemma 5’ (Global Stability of Disagreement). If disagreement outcome X* = (0%, 0o

is locally stable and mazximally accessible, then X is globally stable.

Mixed Learning Outcomes. Consider the mixed outcome in which beliefs converge
to A7 € {0,000}l for some subset of sociable types I C Og, where A} denotes the
likelihood ratio vector restricted to set I, and beliefs do not converge for the remaining
sociable types N = Og\ I. As in the case with two types, denote this mixed outcome as
the pair (A7, 1), where I C O is the set of sociable types whose beliefs converge and AJ is
the vector of limit beliefs these types. For example, a mixed outcome where 6; and 6,’s
beliefs converge to zero and 63’s beliefs do not converge is denoted ((0,0), {61, 602}). This

outcome is not locally stable if it is possible for the beliefs of the non-convergent types to

53The proof of Lemma 5’ shows that Definition 5 is sufficient for a much weaker, but more com-
plicated to verify, condition called separability (Definition 6) that utilizes the entire set of actions to
separate beliefs.



converge. For example, suppose there are three sociable types. If (0,0,0) € A;(w), then
the mixed learning outcome in which #; has cyclical learning, and 6, and 65 have correct
learning is not locally stable, since if the beliefs of 6, and 63 converge to zero, then
the beliefs of #; will also almost surely converge to zero. For mixed learning outcomes
in which two or more types have cyclical learning, the argument is more involved. To
rule out mixed learning, we also need to show that a locally stable outcome for the
non-convergent types is accessible from other points in the mixed outcome belief space.
For example, if (0,0,0) € A;(w) N Az(w), then to rule out the mixed learning outcome
in which #; and 65 have cyclical learning and 03 has correct learning, we need to show
that for A € {(0,00,0), (00,0,0), (00,00,0)}, either (i) beliefs will almost surely enter
a neighborhood of (0,0,0) from a neighborhood of A, or (ii) A € A;(w) N Az(w). The

following definition formalizes this notion.

Definition 11 (Mixed Accessible). Given mized outcome (A}, 1) for I C Og and non-
convergent types N = Og \ I, (X, N) is mixed accessible from (Ay, N) if (Ny, N) #
(An, N) and (A}, Ay) € Ai(w) for eachi € N such that N, # X\;, and (X, N) is strongly
mixed accessible from (Ax, N) if (N, N) is mized accessible from (Ax, N) and for each
distinct i,j € N with X\; # X, and \j # X, then \; = A;.

Given mixed outcome (A}, ), we construct a graph G(A7,I) with nodes (Ay, N) such
that Ay € {0,000}V and N = O\ I to represent which nodes are mixed accessible from

other nodes for the non-convergent types.

Definition 12 (Accessible Graph). Given (A}, I) and N = Og \ I, define the directed
graph G(X5, I) with nodes (Ay, N) such that Ay € {0,000} as follows: there is an edge
from (An, N) to Ny, N) iff (Ny, N) is strongly mized accessible from (A, N).

A terminal node (Ay, N) is a node with no edges leaving it.

Definition 13 (Reducible). A mized outcome (A}, 1) is reducible if G(A},I) has no

cycles.

If a mixed outcome is reducible, then conditional on the convergent types I remaining
in a neighborhood of A7, almost surely, the beliefs of the non-convergent types converge.
This is a contradiction. Therefore, almost surely, this mixed outcome will not arise. Let

Apr(w) denote the set of mixed learning outcomes that are not reducible,
Ay (W) = {5, DA € {0,001 T € Og, (X3, 1) is not reducible}. (30)

As in the case of two sociable types, if a mixed learning outcome arises with positive

probability, it must be in Ay (w).



Given the modified definition of Ay (w), the statement of Lemma 6 is identical.>*

Lemma 6’ (Unstable Mixed Outcomes). Given I C Og and N = Og \ I, if mized
learning outcome (A}, 1) & Ap(w), then Pr(Xry — A7 and Ay, does not converge) = 0.

Reducibility is always satisfied in some important cases and is relatively straightfor-
ward to verify. For instance, it is satisfied in models near the correctly specified model,
in which ;(A,w) < 0 at all stationary A € {0,00}"* for all sociable types 6;. In this
model, each node in the graph is connected to all nodes with fewer oo’s than it and
is connected to no other nodes. Therefore, for any mixed outcome (A}, ) and set of
non-convergent types N = Og \ I, every path in the graph terminates at node (0¥, N).
For mixed outcome (07, I), this is a convergent point. For other mixed outcomes, this
is a point at which \; moves towards zero in expectation for all i € @g, and therefore,

some i € I’s beliefs must eventually exit a neighborhood of Aj.

Belief Convergence. Finally, if there is at least one globally stable agreement or
maximally accessible disagreement outcome and no locally stable mixed outcomes, then
the likelihood ratio converges almost surely for all types. Given the modified definitions

of Aw), Ap(w) and maximal accessibility, the statement of Lemma 7 is identical.

Lemma 7" (Belief Convergence). Consider a generic misspecified model. Suppose A(w)
contains an agreement outcome or mazimally accessible disagreement outcome and Apr(w)
is empty. Then for any initial belief X, € (0,00)*, there exists a random variable A
with supp(As) = A(w) such that Ay — A almost surely.

E.2.1 Proofs of Lemmas 5 to 7.

Using the definition of accessible (Definition 8), the analogue of Lemma 9 for k > 2 is

as follows. We use this result in the proof of Lemma 5'.

K

k=r) s ac-

Lemma 9" (Accessible Disagreement). Disagreement outcome A, = (0%, 0o
cessible if there exists a sequence of stationary likelihood ratios X[, X5 ... XY, with A} €

{0F, 00"} and X} adjacently accessible from X;_y for j =2, .., .J.

Proof. The proof follows almost directly from Lemma 8. Each element of the sequence
A; is adjacently accessible from the previous element of the sequence Aj_;. Starting with
A5 and any €; > 0, there exists an €51 > 0 and 7; < oo such that if A; € B, [ (A7_;),
then Pr(Ai,, € B:,(A})) > 0. Iterating back to A7, for any £; > 0, there exists an

€1 > 0 and 7 < oo such that if A, € Be, (A}), then Pr(A s € B, (A])) > 0.

54 An alternative condition that involves bounding ~;(\,w) across the belief space for i € Og \ I can
also be used to rule out mixed learning.



Consider agreement outcome A € {0%, 0co*}. By Lemma 4, for any initial belief A; €
(0,00)% and any £; > 0, there exists a finite sequence of 7, actions and public signals
such that following this sequence, A;, 11 € B., (A]). Therefore, from any initial beliefs,
Pr(A,+1 € B.,(A])) > 0. Therefore, for any £; > 0 and initial beliefs A; € (0, 00)F,
Pr(X. € B.,(X%)) > 0, where 7 = 37

i=1 Tj + 1. Since each 7; < o0, T < 00. O

Proof of Lemma 5. Consider A* = (0%, 00*™*). Suppose A* € A(w) and A* is maxi-
mally accessible. Consider the sequence of stationary likelihood ratios A} = (0¥~7+!, oo/!)
for j =1,...k — k+ 1, and suppose part (ii) of Definition 5" holds. We first show that
this implies separability at zero (Definition 6) for each likelihood ratio in the sequence.

For each j = 1,...k — k + 1, define the submatrix

Yp—jr1(ar,oL|RAY) ] Pr—jr1(an,or|RAY)

log - s
o & VYr—j+1(a1,0L]LAT) VYr—j+1(anror|LAT)
J = log Yr—j(a1,00|R,A]) Yr—j(an,or|RAT)
Yr—j(a1,0L|L,AY) Yr—j(anm,oRIL,AT)

Since 641 = Op_;, this has a positive determinant. Therefore, there exists a ¢ € R%

Ao (O) |

By continuity, there exists a perturbation of ¢ to ¢ € R such that

Ajé - Gkij+l 5
G

where Gj_;+1 > 0 and Gj_; < 0. Moreover, by maximal accessibility, for any j* >
k—7+1,

that solves

log g%j,(aM, or|R, A?,l Q%j/(al, or|R, )\z) e 0
%'(GM,UR’L)\]-) ¢j'(a170L|L7)\j)
and for any 7' < k — j,

(k)g by (ans, or| R, X)) | Vi (ar,0L|R, A;)) o

ﬂj/(CLM,O'RLL,A;)’ lﬁj’(alaaL‘La )‘;k)

Therefore, )\j is separable at zero, since we can set the elements of ¢ to zero for the
remaining action and signal pairs in matrix (17). Therefore, by Lemma 8, A7, is
adjacently accessible from A7. Since this holds for each element of the sequence, starting
at A} = 0% and ending at A% = X*, by Lemma 9, A* is accessible. Similar to the proof

E

of Lemma 9, we can choose ¢ < e~ so that the likelihood ratio reaches the locally



stable neighborhood of A* with positive probability. From here, local stability implies
that P(A; — AX*) > 0. The case where part (i) of Definition 5" holds is analogous. [

We use the following result in the proof of Lemma 6'.

Lemma 14. Given mized outcome (A}, 1), non-convergent types N = Og \ I and graph
G(AL D), if (An, N) is a terminal node, then (A7, Ax) € NienA;(w).

Proof. Let (Ax, N) be a terminal node in G(A},I). By definition of terminal node,
no nodes are strongly mixed accessible from (Ay, N). If any node is mixed accessible
from (An, V), then there exists an i € N such that (A}, Ay) € A;(w). Then the node
(A, N) where X; = X; for all j # i is strongly mixed accessible, so (Ay, N) is not a
terminal node. This is a contradiction. Therefore, if (Ay, N) is a terminal node, then
no nodes (A}, N) are mixed accessible from (Ay, N). Therefore, by definition of mixed
accessibility, (A7, Ay) € NienAi(w). O

Proof of Lemma 6’. Consider a generic misspecified model and suppose mixed out-
come (A7, 1) is reducible, i.e. (A7, I) € Ap(w). We will show that this implies that
(A7, 1) almost surely does not occur. Fix ¢ < e™® and suppose A;; € B.(A}). We will
show that almost surely, either (i) there exists a time 7 < oo such that A, & B.(A}) or
(ii) (A;) converges for all sociable types.

By reducibility, at every Ay € {0,00}™! either (A}, Ay) € Nien /i (w) or there exists
a Ny € {0,00}™! such that (N, N) is strongly mixed accessible from (Ay, N) and
(A5, Ay) € NienAi(w). First consider Ay € {0, 00} such that (A}, Ay) € NienAi(w).
By the construction in Lemma 3, if beliefs enter B.((A}, An)), then (Ay;) is bounded
above by a process that converges to Ay with positive probability, and this probability
is uniformly bounded away from zero for any belief in B.((A7,An)). If (A7, An) €
NierA;(w), then (A7, Ay) is locally stable, so with positive probably, Ay — (A7, An).
Otherwise, if (A7, An) & Nierdi(w), then for some i € I, (\;;) is bounded below by a
process that almost surely leaves B.(A}). Therefore, in the event that (An:) — Aw,
(A1) almost surely leaves B.(A}).

Next consider Ay € {0, 00HN such that (A}, Ax) & NienAs(w). Fix 0 < &’ < e F.
We want to show that there exists a €2 > 0 such that if initial belief Ax1 € B.,(An),
then there exists a (X, N) that is strongly mixed accessible from (Ay, N) such that
with probability uniformly bounded away from zero in initial belief Ay 1, beliefs enter
a neighborhood B.(Ay). Given (A}, Ay), let \; denote the component for type i € N
and A; denote the component for type ¢ € I. By the construction in Lemma 3, there
exists an i € N such that (\;;) is bounded below by a process that almost surely leaves
B.(X\;). Let Ny be the set of types i € N such that (A}, Ay) € A;(w), with Ny the
set of 7 € Ny such that A\; = 0 and Ny the set of i« € Ny such that \; = co. We
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now argue that starting from a neighborhood B.,(Ay) for i € N and B.(A}) for i € I,
with positive probability, either (A;;) leaves B.(A}) or (Ay ) reaches Bu (X)) for some
strongly mixed accessible point (Ay, N). For i € Ny, let N; be the minimum number
of (an, oR) actions it takes for any \;; € [¢/,1/¢'] to hit 1/¢’. Similarly, for i € Ny, let
N; be the minimum number of (a1, 0;) actions it takes for any \;; € [¢/,1/¢] to hit €.
By the construction in Lemma 3, there exists an €5 > 0 such that if Ay € B.,/2(An),
with positive probability there exists a finite ¢ such that Ay\n, .+ € Bz, (Any, ), and
ANyt & Ber(Any ).

Choose €, such that if Ax\n,1 € Bey(An\ny), then after zieNU,o N; action and
signal realizations (aa,or), Aiy € Bo(\;) for all i € N\ Ny, and after ZieNu,oo N;
action and signal realizations (a1, 0r), Ay € Bo(\;) for all i € N\ Ny . Therefore, if
AN € Be,o(An) and Ar1 € B.(A}), then with positive probability either (i) there exists
a t < oo such that A;; & B.(A]), or (ii) there exists t < oo such that for some i € Ny,
it € Bo(N\;) and for all i € N\ Ny, Ay € B.,(\;). First consider case (ii) and suppose
that a type i € Ny leaves. After N; actions and signals (ay, or), if Ay € Ber(Ny)
for some (X, N) that is strongly mixed accessible from (Ay, V), then stop. Otherwise,
there exists an io € Ny such that A\, & Bo(\,). Repeat N;, realizations (apr,og).
After these N;, + N, realizations of (ay, og), if Ays € Bo(Xy) for some (X, N) that
is strongly mixed accessible from (Ay, V), then stop. Otherwise, there is an i3 € Ny
such that \;, ; € Bo(\i,). Repeat N;, realizations (ap, or), and so on. Therefore, after
at most } ¢y,  N; realizations of (an, o), beliefs have entered the &’ ball around some
other stationary point (A7, Xy) such that (A, N) is strongly mixed accessible from
(An, N). Therefore, the probability of either (Ay;) reaching a neighborhood Be/(Aly)
of some (X, N) that is strongly mixed accessible from (Ay, N) or (Ar;) leaving the
neighborhood B (A7) is bounded below by the probability of >;cy,  N; realizations of
(anr, or), which is strictly positive. The argument for a type i € Ny o is analogous.

Consider the graph G(A7, ). We will choose an e(Ay) to correspond to each node
(An, N). At any terminal node (Ay, N), define e(Ay) = €. For any node (Ay, N)
that only has edges going to terminal nodes, by the above construction, there exists
an £(Aly) such that if Ay, € Beay)(Xy), then with positive probability, either (An,)
reaches Be(a,)(An) for terminal node (Ay, V) or (A7) exits B.(A7). Repeat this process
for each node in the graph.

Let 7 = min{t|A;; & B.(A7)}. Then almost surely, 77 < oo or (Ay;) enters the

neighborhood of a node on the graph constructed above infinitely often,
Pr(r < oo or for some Ay € {0, 00} ANt € Beay)(An) 1.0.).
If (An+) enters the neighborhood of a terminal node (Ay, V) infinitely often, then Ay €
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NienAi(w), so either Ax; — An or (A7) leaves B:(A}). Otherwise. (Ay;) enters the
neighborhood of some (A}, N) that is strongly mixed accessible infinitely often. Since
any path of this form ends at a terminal node, this implies that almost surely, either
(Ant) converges or (Ar;) leaves B.(A}). Therefore, the mixed outcome (A7, ) almost

surely does not arise. 0

Proof of Lemma 7. Suppose A(w) contains an agreement vector or maximally ac-
cessible disagreement vector and Ap/(w) is empty. Recall that B is the set of lo-
cally stable neighborhoods and By is the set of locally unstable neighborhoods. Let
71 = min{t|A; € B} be the first time that the likelihood ratio enters the set of locally
stable neighborhoods. By Lemma 10, there exists a finite sequence of actions and sig-
nals such that starting from any initial belief X; € (0, 00)*, (X\;) enters B. This sequence
occurs with positive probability. Therefore, the probability of entering B in finite time
is bounded away from zero, Pr(m < oco) > 0. If (A;) enters By, then by Lemma 3, (A;)
almost surely leaves By. If (A\;) enters the neighborhood of a mixed outcome A;, by
Lemma 6', (A;) almost surely leaves this neighborhood or converges to a locally stable
point. By Lemma 2, (A;) does not converge to a non-stationary belief. Therefore, almost
surely, either (A;) does not converge for all types or (A;) converges to a learning outcome
in A(w).

Suppose with positive probability (A;) exits and never re-enters the interior of the
belief space, [e™, eF]¥. Then either (X\;) enters the neighborhood of each mixed outcome
where |I| = 1 infinitely often, in which case with probability one they visit a locally stable
set, or there exists some 4 such that \; is constant across all neighborhoods that (A;)
enters. But then (A;) is in the neighborhood of the mixed outcome \;, and by Lemma 6,
almost surely, (A;) must leave this neighborhood or converge to a locally stable point.
So almost surely, beliefs either return to [e=%, eF]* or converge to a locally stable point.

Let 7 = min{7|A\; € B ¥Vt > 7} be the time at which (\;) enters B and never
leaves. From Lemma 3, Pr(A; — Axo|T2 < 00) = 1, where A, is a random variable with
supp(As) C A(w). Suppose 75 = 0o. Then it must be that (\;) enters B infinitely often,
Pr(X; € Bio.) =1. Butif (\;) enters a neighborhood of a locally stable belief infinitely
often, then almost surely, (A;) converges. This is a contradiction, as we supposed 1, = oo.
Therefore, Pr(m, < co) = 1. This implies Pr(A; — Ay) = 1, where Ay is a random
variable with supp(As) C A(w). O

E.3 Sufficient Conditions for Mixed Learning

The intuition for when mixed learning outcomes arise is similar to that for convergent
learning outcomes. Consider the mixed learning outcome in which \; — 0. A sufficient

condition for the likelihood ratio of type 6; to converge to zero, independently of Ao,
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is that the expected change in log A\; is negative at zero for all possible beliefs of type
05, i.e. supy,71((0,A2),w) < 0. We also need to ensure that type 6y’s beliefs do not
converge. By definition of Ay (w), no limit beliefs with A\; = 0 are locally stable for 6,
ie. (0,0) € Ay(w) and (0,00) & As(w). Therefore, 0;’s beliefs do not converge. The
following theorem states sufficient conditions for mixed learning to occur with positive

probability.

Theorem 4. Suppose there are two sociable types, Assumption 1, 2, 8 and 4 hold, and
the true and subjective private signal distributions have a finite number of discontinuities.
If mized outcome (\;,0;) € Ap(w) and (i) supy_ . %((0, A=), w) < 0 if Ay = 0, or
(i) infy_, 7;((00, Ai),w) > 0 if \; = oo, then the mized outcome occurs with positive

probability. If (N, 0;) & Ay(w), then the mized outcome almost surely does not occur.

Proof. Suppose w = L and suppose the mixed outcome (Ag, 02) € Ap(L). Asin the proof
of Lemma 3, we can construct neighborhoods (0,eF]? and [e¥, 00) x (0, e %] such that
in each of these neighborhoods, there exists an i.i.d. process that bounds #,’s updates
above as long as beliefs remain in the neighborhood and almost surely converges to zero,
and a process that bounds 6y’s updates below (above) in the neighborhood of 0 (c0) and
eventually leaves the neighborhood.

Consider the interior of the belief space, [e™F, eF]2. This space can be partitioned
into finitely many closed, convex sets Dy, Dy, ... Dy where v,(+, L) is continuous on the

interior of these sets. Consider the set D; and define the function 4p, : D; — R as

. Y2(A, L) if X € interior of D;
Yi,0;(A) =

lim,_, y2(z, L) otherwise.

This is a continuous function. So, for each (A, 0) € D;, we can construct an open, convex
set B(A,0) such that if A; is in this set, then log As 111 — log Ao, is bounded above by

_ 77[)2(6% U|R7 )‘)
gjla,0) = sup log ——"——"—.
AeB(A0)  Uola,o|L, )

Let

= max g(a,o).
g (a,U)GAXZg]( )

Define the process
£D‘7-,t+1 = éDjvt + gj (a(9t7 St ()‘7 0))7 &t)a

when (0, 3,) is such that a(f;, 5, ) = a(fy, 3, (), 0)) for all beliefs X € D; (note this
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includes all autarkic types) and

ng,t-s-l = ij,t + g;

otherwise. When w = L, let ¢;(a,0) be the probability of (a,c) in the former event
and let ¢; be the probability of the latter event. By construction, log Ay ;41 — log g <

Ep;t+1 — &p, e if Ay € Dj. Moreover, choose D; sufficiently small so that

igi+ Y ¥la,0)g(a,0) < 0. (31)

(a,0)EAX Y

As in Lemma 3, this sequence converges to —oo almost surely. But now the process that
bounds the updates changes as the likelihood ratio moves across the state space even if
Ay stays in a neighborhood of 0, so this is insufficient to conclude that A\, converges.

By compactness, we can find a finite collection of open sets Bp,i...Bp,, that
contain all (A\,0) € D;. Since this procedure can be done for each D;, there exists a
disjoint, finite collection of sets C = (C;)¥; and an & > 0 such that these sets contain each
point A € [e™F, e”] x [0, ¢], each set is contained in exactly one Bp, ; for some i and j, and
each discontinuity point X is contained in a subset of the D;, where 72(X, L) = 4p, ().
Within each set in this cover, log Ay — log A\2; is bounded above by an i.i.d. process
§o,4 — §0;4-1, and with positive probability, supg, E(&c,t — &oy-1) < 0. It remains
to show that with positive probability, Ay remains below ¢ and converges. For each
Cj, there exists a sequence of actions and public signals such that {o, — —oo and
sup&; < loge/2N. Let N; be the set of realizations of the process ({¢,: — {c;—1)72; for
set C;. Let EJT be the set of these sequences truncated after the first 7" terms.

Let 7;, be the kth time the X process enters C}, and let 759 = 0 and {¢; o = 0. Let n
be the n that satisfies where 7;,, <t and 7,41 > t if it exists. Let A; be the event that
for all Cj, the sequence N = ((§¢, 1, +1 — &jir,i) )iy 18 in Z77" for each j. Elements in
this sequence bound the change in the log-likelihood ratio above at each time 7;; when
the likelihood ratio is in set Cj. Finally let P; NT be the probability that the process
realization of the process {¢, s s > T satisfies (NjT, (§oj541 =80y 5)52r)) € Ej, and let P;
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be the probability that (¢, s+1 —&c;.s)ser € 5. Let ¢; be the set C that A, is in. Then

PT<A2|61)

Vv

Pr(Ai|c;)Pr(As]Ay, c)

r(Aifer) E(Pr(Aslée, 1, A1, e1)|Ar, 1)
(

(

)

Pr(Ailc))E[Pr(ci # caler, Ay, & 1) Pr(As|er, A, & n, 1 # c2)
ricr = 02|Cl,A1,§1)P7“(A2|017Ahfcl,hcl = 02)|A1,C1]

Pr(Ai|e1)E[Pr(c; # calcr)

Z PT’(C’Cl, Alafcuc 7é cl)PC + PT(Cl = 02’015 Ala 501)Pc1, E

c#cy

N
Pr(A|e))E(P., y2 || PealAr,c) =[P >0
c#cq =1

Cl]

where the first inequality follows from the fact that at time ¢, given the current neigh-

borhood beliefs are in ¢, the probability that the next realization is consistent with the

desired sequence is at least the probability that all subsequent realizations of & are in

that sequence. Now suppose we start at time ¢, and condition on the current set and

the past realizations of the sequences. Then

Pr(Aga|(N.

) = Pr(AJ(N)Ly, co) Pr(Aal|As (N))Y )
= PT(At’Nt)J 1 C)E[Pr(c, # Ct+1|(NtH)
*Pr(At+1|(N'?+1)j 1 Cty Ay, ¢ 7 Cia)
+ Pr(e = ct+1|(Nt+ )j 1, G, Ay)
«Pr(Apa|(NJFX Ct,AtaCt = 1) | A, e, (N

Pr(AtKN )] 17Ct Ct NtJrl H Nt|At7ct7 N;)évzl)

J#et
N
— H P
j=1

Ce, At)

Jj=b

Jj=D

v

where the inequality follows from similar logic to the previous case. Conditional on

knowing the current set ¢; and the previous realizations of the sequence when A\; was in

¢, the current realization being consistent does not depend on anything else. Moreover,

the current realization being consistent is bounded below by the probability that all
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future realizations are consistent. Finally

Pr(Ai1) = E(Pr(Am|(N)a)) > E<Hjj\;1Pj,N;)
= B(B(ILL Py (N7 )

= Ntl. HP>O

Therefore, limy_,o, P(A7) > 0. By the dominated convergence theorem, limy_,o, Pr(Ar) =
Pr(A). Moreover, at any time T, if the event Ay has occurred and Ao < /2, the like-

lihood ratio updates are bounded above by

T—-1
log Ao —10g Aoy <D (&1 — o) < Ne/2N =¢/2.
t=1

So Ay never leaves the e-ball.

Finally, since the mixed outcome (Ag,65) € Ap(w), beliefs cannot converge to (0,0)
or (00, 0). Otherwise, beliefs would eventually enter either (0,e~ ]2 or [e¥, 00) x (0, e F]
and never leave. But there exists a process that bounds type 6,’s belief updates below
and leaves the neighborhood almost surely, which is a contradiction. Therefore, the

mixed outcome occurs with positive probability. 0]

E.4 Belief-Dependent Signal Misspecification

Some updating rules are represented by a model of inference in which the subjective
signal and/or type distributions depend on an agent’s current belief. For example, one
of the parameterizations of over/underweighting in Section 5.1 and the confirmation
bias application in Section 5.2 both have subjective signal distributions that vary with
the current belief. In this section, we present the formal set-up of this extension. This
extension allows our framework to nest Rabin and Schrag (1999); Epstein et al. (2010).

Specifically, given likelihood ratio A, an agent of type 6; has subjective private signal
distribution Fi”(s; A), subjective public signal distribution G’;"(a; A), and subjective type
distribution 7;(6; \) in state w. An agent of type 6; uses likelihood ratio A;; to interpret
the realized action and public signal (G, 6;) at time t.

As in Section 2, we focus on settings in which sociable types believe that actions or
public signals are informative. When the model of inference depends on the current be-
lief, we need to modify Assumption 3 to ensure that the adequate information property
holds uniformly across all values of the likelihood ratio. We define a notion of uniform
informativeness to describe families of signal distributions that are bounded away from

uninformative across the belief space. This definition requires each possible signal re-
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alization to be either perceived as informative at all values of the likelihood ratio or
perceived as uninformative at all values of the likelihood ratio. Further, it requires at

least some signals to be informative.

Definition 14 (Uniformly Informative). The family of subjective private signal distri-
butions {FF(s;\), FE(s; M) }acp,00) are uniformly informative if for all s € S, either
FL(s; M) = FE(s;0) = 0 for all X € [0,00), EF(s;\) = FE(s;\) = 1 for all X € [0, 00),
or infyeg (0,00 FZL(S; A) — FiR(s; A) > 0, and similarly for the family of subjective public

signal distributions.

We use this definition to modify Assumption 3 in a way that ensures adequate informa-
tion at all values of the likelihood ratio. This rules out sequences of beliefs along which
either public signals or an autarkic type’s actions are perceived to become arbitrarily

uninformative.

Assumption 3’ (Uniform Adequate Information). Either (i) public signals are informa-
tive, dGR®/dG* # 1, and each sociable type 0; € Og has uniformly informative subjective
public signal distributions, or (ii) there exists an autarkic type 0; € O 4 with w(6;) > 0
that plays actions ay and ap; with positive probability, and each sociable type 6; € Og
believes this autarkic type uniformly exists, infycp o) Ti(05;A) > 0 and has uniformly

informative subjective private signal distributions.

For technical reasons, we also make the following continuity assumption about the sub-
jective distributions.

Assumption 5 (Continuity). For each 0; € ©, the mapping A — (EL,FZR,G@L, Gf,fri)
18 continuous under the total variation norm except at at most a finite number of interior
likelihood ratios A € (0,00).

Substituting Assumption 3’ for Assumption 3 and adding Assumption 5, the proofs
of Lemmas 1 to 7 are unchanged, using the following modified version of (3) for the

probability of each action and public signal:

dila, olw, A) = dG5 (0 0) Y 70 M) (FP(85mN )i M) = F2(Sjm1 (M) ).
j=1
The proofs of Lemmas 10 and 11 require minor modifications, but continue to hold.
Therefore, Theorems 1 and 2 and Corollaries 1 and 2 continue to hold as stated in
Section 4.2.
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F Additional Material from Example 2 and Section 5.5

F.1 Proof of Proposition 8 from Example 2

To simplify notation, define a,, = F*(.5'/%) as the probability that type 65 chooses action
L in state L. Given this notation, type 64 chooses action L in state L with probability
ai1. As in Example 1, FE(.5) =1 — F(.5) = 1 — ay, a, is strictly increasing in v and
a; > 1/2.

We characterize how A(w) depends on v and g. To capture its explicit dependence
on these parameters, let 7,"?(A,w) correspond to the function v; (A, w) and A*?(w) cor-
respond to the set A(w) in the model with partisan bias level v and share of nonpar-
tisan types ¢, with an analogous definition of v59(X,w). Since beliefs move in unison,
Y3 (A w) = 9% (A,w), and therefore, we can focus on characterizing ~v;?(A, w) at the
two possible stationary limit beliefs, (0,0) and (oo, 00).

To determine whether (0o, 00) € A*9(L), we need to determine the sign of

1—@1

N((00,00),L) = ¢"(L|L, (00, 00))log + Y4 R|L, (00, 00)) log L= ma(l = o)

o 1—ma01
where

PU(L|L, (00,00)) = ma[(1 — q)aw + gau]
Y"(R|L, (00, 00)) maAl(l—q@)(1 — ) +q(l —aq)]+ 1 —ma.

Since ay > 1/2, the update from an L action is negative, log% < 0 and the up-
1-ma(l—aq)
1—-ma01
dent of v and ¢. Since «,, is strictly increasing in v, the probability of an L action,

date from an R action is positive, log > 0. Note both terms are indepen-
Y"I(L|L, (00, 00)), is strictly increasing in v and ¢, and the probability of an R ac-
tion, ¢¥"?(R|L, (c0,00)), is strictly decreasing in v and ¢. Therefore, v;((o0, c0), L)
is strictly decreasing in v and ¢q. At v = 1, both partisan and nonpartisan types are
identical, so Y!4(L|L, (00, 00)) = maa; and Y4(R|L, (00,00)) = ma(l — 1) + 1 — 7a.
Therefore, for any ¢ € [0, 1], 719((00,00), L) < 0 by the concavity of the log opera-
tor. Similarly, at ¢ = 1, for any v € [0,1], 7' ((c0, ), L) < 0 by the concavity of
the log operator. At v = 0, 6, chooses action R for all signals, ay = 0. Therefore, at
q =0, Y*°L|L, (c0,00)) = 0 and "°((00, 00), L) = log%;:”) > 0. This estab-
lishes that there exists a cutoff ¢; € (0,1) such that for ¢ < ¢y, there exists a cutoff
v1(q) € (0, 1) such that for v < v1(q), v1"*((00, 00), L) > 0 and (0o, 00) € A*4(L) and for
v > 11(q), 77%((00,00), L) < 0 and (00, 00) € A(L). For ¢ > q1, 7, ((00,00), L) < 0
and (oo, 00) € AY(L).
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To determine whether (0,0) € A*?(L), we need to determine the sign of

1 —7ma0 aq

"(R|L,(0,0))1
Y (RILL (0.0) log

7((0,0), L) = ¢"(L|L,(0,0)) log
where

w%q([”[’v (07 0)) = 7TA[(l - q)a,, + C]Oél] +1—ma
VPURIL, (0,0)) = 7al(l—q)(1 — )+ (1 —ai)]

As in the previous case, the update from an L action is negative and the probability of an
L action is strictly increasing in v and ¢, while the update from an R action is positive and
the probability of an R action is strictly decreasing in v and g. Therefore, 77%((0, 0), L)
is strictly decreasing in v and ¢. By similar reasoning to the case of (00, 00), at v = 1,
719((0,0), L) < 0 for all ¢ € [0,1] and at ¢ = 1, 4,°%((0,0), L) < 0 for all v € [0,1] by the
concavity of the log operator. At v =0and ¢ = 0, ¥*°(L|L, (0,0)) = 1—m4 since ay = 0.
As in Example 1, ’yf’o(((), 0), L) > 0. This establishes that there exists a cutoff ¢, € (0,1)
such that for ¢ < go, there exists a cutoff 15(q) such that for v < 15(q), v77((0,0), L) > 0
and (0,0) ¢ A”(L), and for v > w,(q), v((0,0),L) < 0 and (0,0) € A*4(L). For
q>q2, 771((0,0), L) < 0 and (0,0) € A»4(L).
Finally we show that ¢; < g2 and v1(q) < 12(q) for all ¢ < ¢;. Note

(00, 00), L) = 71((00,00), L) = ma(L = g)(, — n) (log T pre j”al)
and by the symmetry of the signal distributions, 7°%((0,0), L)—1"%((0,0), L) = 4*((c0, o0), L)—
v14((00,00), L). Moreover, v14((0,0), L) — 71%((0c0,00), L) is 0 at m4 = 0, 0 at 74 = 1,
and concave in m4.”> Therefore, (0,0) ¢ A”9(w) before (00,00) € A*9(w).  This
establishes the first part of the proposition.

Next consider w = R. Then y((c0,00), R) > 0 and v"¢((0,0), R) > 0 for all
q € [0, 1], since only correct learning can occur at v = 1. The only change in the above
expressions is that now the true probabilities of each action are taken with respect to
state R, rather than state L. Therefore, the comparative statics are similar to the
comparative statics in state L: ~,9((0,0), R) and ~;%((c0, 00), R) are decreasing in v
and g. Therefore, v*9((0,0), R) > 0 for all v and ¢, which implies (0,0) ¢ A*9(R) for all

55The second derivative is

21— o) —1

A —a) + (0 =72 (macs £ (A —7))? =

ma(l—4q(1 —q))
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v and ¢. Similarly, v;"¢((0c0, 00), R) > 0 for all v and ¢, which implies (0o, 00) € A*9(R)
for all v and g. Therefore, A"9(R) = {(00,00)} for all ¥ and ¢ and learning is almost

surely correct. O

F.2 Cognitive Hierarchy Parameterization.

In the cognitive hierarchy parameterization, level-3 places non-trivial probability on
level-1 types. We study how asymptotic learning varies with level-3’s belief about the
frequency of the level-2 type, denoted ¢ = 73(65). Aside from allowing any ¢ € [0, 1), we
maintain the set-up introduced in Section 5.5. As in Appendix C.5, let af, = F¥(1/2)
be the probability a level-1 type plays action L in state L and ap = FT(1/2) be the
probability a level-1 type plays action L in state R. Note that oy, € (0,1) and ag € (0, 1),
since private signals are informative. To simplify exposition, assume that the types are
evenly distributed, w(0;) = m(0y) = w(#3) = 1/3, and private signals are symmetrically
distributed across states, ar, = 1 — ag.

Similar to the level-k parameterization, we construct A(w) for each ¢ and show that
Ap(w) is empty. Lemma 12 holds for all ¢ € [0,1), and therefore, both disagreement
outcomes are maximally accessible. Therefore, A(w) fully characterizes the set of asymp-
totic learning outcomes. Proposition 9 establishes that there are four regions of learning,

featuring incorrect learning, correct learning and disagreement.

Proposition 9 (Cognitive Hierarchy). The likelihood ratio almost surely converges to a
limit random variable with support A(w) # 0. When w = L, there exist unique cutoffs

0<q <qo<qg <1 such that:

1. If g < qu, then incorrect and correct learning occur with positive probability, A(L) =

{(0,0), (00, 00)}.

2. Ifq € (1, q2), then incorrect learning, correct learning and disagreement occur with
positive probability, A(L) = {(0,0), (o0, 00), (0,00)}.

3. If q € (g2, q3), then correct learning and disagreement occur with positive probabil-

ity, A(L) = {(0,0), (0, 00)}.
4. If ¢ > g3, then disagreement occurs almost surely, A(L) = {(0,00)}.
An analogous result holds for w = R.

When q is low, level-3 types believe most agents are level-1 and they behave similarly
to level-2 types. Both types overreact to confirming actions and underreact to contrary
actions. Initial actions have an outsize effect on asymptotic beliefs, as the information

from these actions is amplified in every subsequent action. Therefore, whether initial
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actions are correct or incorrect will influence whether beliefs build momentum on the
correct or incorrect state, leading to either correct or incorrect learning. The models of
level-2 and level-3 types are very close, and asymptotic disagreement is not possible.

As q increases, level-2 and level-3 types interpret the action history in an increasingly
different way, and disagreement becomes possible. Further, as ¢ increases, level-3 types
move closer to the level-k model in which they anti-imitate the more frequent action.
Even though level-2’s model does not change, the shift in level-3’s model leads to be-
havior that moves level-2’s model closer to the correctly specified model. Therefore,

disagreement takes a specific form: level-2 learns the correct state, while level-3 learns

the incorrect state. Once ¢ is sufficiently large, this disagreement outcome becomes

the unique learning outcome, and level-3 almost surely learns the incorrect state, while
level-2 almost surely learns the correct state.

Fig. 6 plots the probability of each learning outcome, as a function of ¢. Increasing ¢
monotonically increases the probability that level-2 learns the correct state, as level-3’s
behavior mitigates level-2’s misspecification. However, increasing ¢ has a non-monotonic
effect on the probability that level-3 learns the correct state. At first, raising ¢ moves
level-3’s model closer to the true model, as it becomes aware of the level-2 type. This
increases the probability of complete learning. But above ¢ = .55, increasing ¢ moves
level-3’s model further from the true model, as it begins to overestimate the frequency
of the level-2 type. In this specification, ¢; = .01, ¢o = .55 and ¢3 = .76.

While this example focuses on a particular distribution of types, 7 = (0,1/3,1/3,1/3),

a robustness result that is similar in spirit to Theorem 2 establishes that Proposition 9
holds for nearby type distributions.
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Proof of Proposition 9. Suppose w = L. Consider the level-2 type. Since oy > 1/2,

w(0.0,2) = = (FF 1o (125 ) <o
(0,0 = (L2 o (12 ) <0
w(0.00,2) = (L2 o (2 ) <0
() 20) -
Therefore, As(L) = {(0,0), (0, 00), (00, 00)}. Consider the level-3 type.
ltoe.000) = (5 o (% ) + (P57 ) om (o S
0000 (557 Jus (MR (57 e (25

0000 = (S5 e (Mgt ) (57 e ()

If v3((00,0), L) > 0, then (c0,00) € A(L). From these expressions, y3((0c0,00), L) is

/72((007 OO), L) =

positive at ¢ = 0, decreasing in ¢, and negative at ¢ = 1. Therefore, there exists a ¢
such that for ¢ < gq, (00, 00) € A(L), and for ¢ > ¢a, (00, 00) ¢ A(L). If v3((0,00), L) >
0, then (0,00) € A(L) and if ~3((0,0),L) < 0, then (0,0) € A(L). The expressions
v3((0,0), L) < v3((0,00), L) are both negative at ¢ = 0, increasing in ¢, and positive at
q = 1. Therefore, there exists ¢; < g3 such that (0,0) € A(L) for ¢ < g3 and (0,0) ¢ A(L)
for ¢ > g3, while (0,00) ¢ A(L) for ¢ < ¢; and (0,00) € A(L) for ¢ > ¢;. This yields
the characterization of A(L) as a function of gq.

It immediately follows from Theorem 1 that the agreement outcomes (0,0) and
(00, 00) are globally stable iff they are in A(L). By Lemma 12, both disagreement out-
comes are maximally accessible. Therefore, (0, 00) is globally stable iff (0, 00) € A(L).

Finally we have to rule out mixed outcomes. In the region where both correct learning
and incorrect learning are locally stable (parts 1 and 2), it immediately follows that
Ay (L) is empty and mixed outcomes almost surely do not arise. Given ~,((c0,0),L) <0

and

73((00,0), L) = (1 +3aL> log (1 ;LQL) + (2 _3aL> log (q J:](Jlr E161;((11%%0@))

< 73((00,00), L) < 0,
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(00,0:) & Apr(L). If disagreement and correct learning are locally stable (part 3), then
(00, 0) is the only candidate mixed outcome and therefore, Ay;(L) is empty. If only
disagreement is locally stable (part 4), we also have to rule out Aj = 0. But since
(0,0) & A(L), v3((0,0), L) > 0. Also, 72((0,0), L) < 0. Therefore, (0,603) & Ap(L).
Therefore, Ay (L) is empty for all ¢ € [0, 1).

Given this characterization, by Theorem 1, beliefs almost surely converge to a limit
random variable A, with supp A, = A(L). O

22



	18-017 Cover Page
	R-Nov19 BohrenHauser_SocialLearningModelMisspecification_20191107_Combined
	1 Introduction
	2 The Common Framework
	2.1 The Model
	2.2 Examples
	2.3 Discussion of Model

	3 Beliefs and Action Choices
	4 Asymptotic Learning 
	4.1 Asymptotic Learning Outcomes
	4.2 Asymptotic Learning Characterization.
	4.3 Robustness of Complete Learning.
	4.4 Discussion of Results

	5 Applications
	5.1 The Fragility of Underreaction and Overreaction Specifications
	5.2 The Robustness of Confirmation Bias Specifications
	5.3 Naive Learning with Model Heterogeneity
	5.4 Using the Framework to Demonstrate Behavioral Equivalence
	5.5 Entrenched Disagreement in a Level-k Learning Model

	6 Conclusion
	References
	A Proofs from SectionLearningDynamics
	A.1 Proof of ThmLongRun
	A.1.1 Statement of Lemmas
	A.1.2 Proofs of LemmaStationaryLemmaConvergence
	A.1.3 Intermediate Results

	A.2 Proofs of ThmRobust and CorRobust

	B Derivation of ExamplePartBias,ExamplePartNonPart
	B.1 ExamplePartBias
	B.2 ExamplePartNonPart

	C Additional Analysis and Proofs from SectionApplication
	C.1 SectionReaction (Underreaction and Overreaction)
	C.2 SectionConfBias (Confirmation Bias)
	C.3 SectionNaiveLearning (Naive Learning)
	C.4 SectionLinkingPrefSignal (Using the Framework to Demonstrate Behavioral Equivalence)
	C.5 SectionLevelk (Level-k)

	D Posterior Representation
	E Additional Results from Section 4
	E.1 Complete Learning for Correctly Specified Types
	E.2 Analogue of Theorem 1 for k>2
	E.3 Sufficient Conditions for Mixed Learning
	E.4 Belief-Dependent Signal Misspecification

	F Additional Material from Example 2 and Section 5.5
	F.1 Proof of Proposition 8 from Example 2
	F.2 Cognitive Hierarchy Parameterization





