ESTIMATING STOCHASTIC BLOCK MODELS IN THE PRESENCE OF
COVARIATES

YUICHI KITAMURA AND LOUISE LAAGE

ABSTRACT. In the standard stochastic block model for networks, the probability of a connection be-
tween two nodes, often referred to as the edge probability, depends on the unobserved communities
each of these nodes belongs to. We consider a flexible framework in which each edge probability, to-
gether with the probability of community assignment, are also impacted by observed covariates. We
propose a computationally tractable two-step procedure to estimate the conditional edge probabilities
as well as the community assignment probabilities. The first step relies on a spectral clustering algo-
rithm applied to a localized adjacency matrix of the network. In the second step, k-nearest neighbor
regression estimates are computed on the extracted communities. We study the statistical properties

of these estimators by providing non-asymptotic bounds.

1. INTRODUCTION

The Stochastic Block Model (SBM) is a powerful yet convenient framework for network data
analysis, by postulating that each node in a network belongs to a community, in the presence of a finite
number of communities. The community assignments are unobserved to the researcher. A SBM is
highly effective in applications where community membership can be regarded as a discretized version
of unobserved heterogeneity. The standard SBM has been applied widely in diverse areas, where an
algorithm based on spectral clustering is often used. Statistical properties of these methodologies
have been investigated intensively in the recent literature; see, Lei and Rinaldo (2015), Joseph and
Yu (2016) and Rohe, Qin, and Yu (2016), just to name a few.

As an alternative approach, one can employ a model with more specific structures for the
edge probability functions, while incorporating (possibly continuous-valued) unobserved heterogeneity
through node-specific fixed effects. An advantage of such an approach is its ease of incorporating
observed covariates into the model. If one is willing to accept a specific form of the edge probability

function, e.g. scalar valued fixed effects representing unobserved heterogeneity, and the estimation
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algorithm is computationally feasible, then such a method is practical and intuitive to use, and by
having covariates in the model, it can shed valuable insights on, for example, the magnitude of
homophily (or heterophily) effects in terms of observed characteristics in a given network.

The main goal of our paper is to develop a procedure that incorporates both unobserved hetero-
geneity (through unobserved community assignments) and observed heterogeneity (through covariates)
building on the SBM framework. More specifically, our version of SBM lets each edge probability, to-
gether with the probability of community assignment, be impacted by observed covariates in a flexible
manner. That is, we postulate that the edge probabilities and the community assignment probabil-
ities are nonparametric function of covariates. Unobserved community assignment enters the model
in a fully unrestricted way, since it simply indexes (or used as a label for) the edge probability and
the community assignment probability. We note that letting the community assignment probability
depend on covariates nonparametrically is an important feature of our model. It means that the
observed covariates (or observed heterogeneity) and the unobserved heterogeneity can be correlated
in an unspecified way, a feature often considered to be highly desirable in econometrics. Of course,
this generality comes at the cost of additional technical complications, a part of the many theoretical
challenges presented by our model, as is discussed shortly.

We propose a computationally tractable two-step procedure to estimate the conditional edge
probabilities as well as the community assignment probabilities. The first step relies on a spectral
clustering algorithm applied to a localized adjacency matrix of the network. We build on the k-nearest
neighbor (k-nn) algorithm in our localization procedure, followed by the Singular Value Decomposition
(SDV) to compute left/right singular vectors of the localized adjacency matrix, or, more precisely, a
localized and normalized version of the Laplacian. Note that we need to employ SVD, as opposed to
the eigen-value decomposition often used for the standard spectral clustering, even though we consider
undirected network. This is because our localized and normalized network Laplacian depends on the
covariate values at each of the two nodes, resulting its asymmetry. We then apply K-means clustering
to extract communities, as in the standard spectral clustering algorithm, though it is implemented at
each covariate value. As in the literature of the standard SBM without covariates, we provide non-
asymptotic bounds for misclassificaiton error. Since we allow for correlation of unknown form between
the community assignment and the covariates, it naturally induces independent but non-identically

distributed (i.n.i.d) covariates when conditioned on community assignments, even though we assume
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random sampling for community assignments and observed covariates. We thus obtain some non-
asymptotic results for the k-nn estimator under an i.n.i.d sampling; those can be of independent
theoretical interest.

In the second step, once again we employ the k-nn regression algorithm, but this time in order
to estimate the edge probability matrix and the community assignment probability vector. We apply
the k-nn estimator to the extracted communities obtained from the first step. We study the statistical
properties of these estimators while taking account of the effects of classification error in the first step,

by obtaining non-asymptotic bounds for them.

1.1. Notation.
For a matrix M, ||M|| denotes its spectral norm, ||M||z its Frobenius norm, ||M ||max its max
norm. B(z,r) C R? is the closed ball of center x and radius r, A is the Lebesgue measure on R?,

Vg = fB(O,l) dA and I} is the identity matrix of size k.

2. MODEL AND ESTIMATOR

2.1. Stochastic Block Model with Covariates.

We consider a network of N nodes such that each node i has a d-vector of covariates x(i) and
belongs to a community ¢(i) € [G] where G € N. For each node 4, the researcher observes z(i) but
does not observe the community g(i). Let My g C RN*G the set of membership matrices, i.e., of
matrices such that each row has exactly one nonzero coefficient set to 1. Let ; € RS be a vector such
that Gig(i) = 1 and all other coefficients are 0. Then © := (64, ..., HN)T € My ,g. The researcher also
observes the adjacency matrix A = (Ajj),; ;- Define x = {xz(i),i € [N]} and g = {g(i),i € [N]}.
In our stochastic block model with covariates, the distribution of the adjacency matrix conditional on
x and g is given by a matrix-valued function B : (z,2') — B(z, ') € RE*%: conditional on x and g,

the entries A;; are i.i.d Bernouilli random variables with

Pr(Aij = 1|x,g) = Pr(Ai; = (i), 2(j), 9(2), 9(4)) = Byiyg() (x(0), 2(5))-

We note that the function B may vary with N and thus allows for sparsity. The distribution of g(7)
conditional on x(7) is given by the functions z — my(x) = Pr(g(i) = glz(i) = z), for g € [G]. We
assume that (2(i), g(i));e[n) are i.i.d random variables, and let Sx = supp(x(i)). However we state
some of our results as nonasymptotic bounds conditional on g, in which case it is understood that we

only assume that (z(7));c;n] are independent draws and the marginal distribution of each depend on

g(i) only.
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2.2. Construction of the estimator.

Our primary parameters of interest are B(x,z’) and w(z) = (m1(2), ..., 7¢(x)) for some (z,2') €
Sx X Sx. Our estimators of these quantities rely on a spectral clustering algorithm applied to a
truncated adjacency matrix, following the intuition of k-nearest neighbor regression. Before describing

the algorithm and our estimators, we introduce the following notations.

Let & € N. We define the k-nearest neighbor (k-NN) radius of x as ri(z) := inf{r > 0 :
|B(xz,r) N x| = k}. The k-neighborhood of z is ny(x) := {i € [N] : ||z(i) — z|| < rip(z)}. Let
nn(x,2’) = {(x(i),2(4)) : 2(i) € nn(z) and z(j) € ny(2')}. For ease of notation, we sometimes write
n(z) and n(z,2’). For these units, we define the adjacency matrix A7 € R¥*¥: it is a submatrix of
the network adjacency matrix A where rows index units in 7(x) and columns index units in n(z’).
Similarly, ©"(x) € My, ¢ is the membership matrix for the individuals in 7(z): it is a submatrix of ©
where rows index units in 7(z) and columns index communities. Note that we drop the dependence
of A" in z and 2’ for ease of notation. Let O7 € R¥*¥ and Q7 € R*** be the diagonal matrices such
that O == 3., (o Al and Q= 37,y Al,. For 7 > 0, we also define O7 := O" + 7I); and

7= Q"+ 71;s. Finally, by analogy with the regularized graph Laplacian in the symmetric case, let

D=

L= (01) 2 ANQI) 2.

Our estimation procedure first applies a spectral clustering algorithm to LI to estimate the commu-

nities of units in n(z) and n(z"). This spectral clustering algorithm proceeds as follows.

Spectral Clustering Algorithm:

Input: L}, G, approximation parameter for K-means.

Output: ©"(z) € M ¢ and O"(x') € My, ¢ estimators of the membership matrices.

Steps:

(1) Obtain the singular value decomposition of LY. Let U € R¥*% and V € R**C be the
matrices of the top G left and right singular vectors, respectively.

(2) Apply K-means clustering on the rows of U, output o (x).

(3) Apply K-means clustering on the rows of V', output C:)”(x’ )

Once these communities are estimated, we estimate Bgp(x,2) and 74(x) by running k-NN
regressions on the appropriate communities. For i € n(z), let g(i) be the estimated community, i.e.,

such that (@”(x)) o 1 and <(:)’7(a:)) = 0 for any g # §(i). Estimated communities of units
7,9( 2,9

in n(z’) are similarly defined. Let Gyn(x) = {g(i) = h,i € nn(z)} and ny(z) = |Gy (z)]. Our
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estimator for np(x) is np(x) == #{i € n(z) : §(i) = h}. We can finally introduce our estimators of

the connection probabilities and community probabilities. The estimator of m(x) is

(2.1) () = )
The estimator of By (z, ') is

~ 1
(2.2) Bgp(, ') = A () Z Ay
ien(x): §(1)=g
jen(@’): g(3)=h

2.3. Assumptions.

We will maintain the following assumptions where S is a subset of Sx, the support of x.
Assumption 2.1. There exist constants ¢ > 0 and T > 0 such that
(2.3) ASNB(z,t)) > cA(B(x,t)), YVt € (0,T], Vz € S.

We consider the case where the covariates are continuous. Define the density of (i) given

g9(i) = g as f(.|g), for g € [G]. Define also f(z) := mingciq f(z]g).
Assumption 2.2. There exist constants Ux and bx > 0 such that
(2.4) Ux > f(z) >bx, Vz € S.
Similarly, define f(z) := maxgeiq f(z]g).
Assumption 2.3. There exist constants Ux and bx > 0 such that
(2.5) Ux > f(z) > by, Yz € S.
Some smoothness assumptions will be imposed to study our estimators.

Assumption 2.4. (z,2') — Byp(z,2') is Lipschitz continuous for all (g, h) € [G]2. We denote I the

smallest Lipschitz constant.

Assumption 2.5. x — my(x) is Lipschitz continuous for all g € [G]. We denote Il the smallest

Lipschitz constant.

Note that I[p may depend on N and thus captures sparsity.
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3. CLUSTERING

We fix a pair (z,2') € S2. The main result of this section is a high probability finite sample
bound on a misclustering measure applied to ©7(z) and @”(m’ ). This result is obtained in 3 steps. We
first obtain a finite sample bound on the difference between the graph Laplacian and its population
counterpart. We then apply a version of Davis-Kahan theorem to bound the difference between U , V,
and their population counterparts. Finally, we use theoretical properties of the K-means algorithm

to bound the misclustering error.

3.1. Convergence of the graph Laplacian.

To introduce the population counterpart of L7, we define the following objects. Let P(x,g) :=
E[A[x, g]. Thus, P;j(x,8) = E[Aj]z(i), z(j), 9(1), 9(4)]. Let also Pyj(z,2',g) = E[Aj;|(i) = z,2(j) =
z',9(i),9(j)]) and P(z,2',g) = (P;j(x, o/, g))lgz‘,jgN' As in Section 2.2, we also define the localized ma-
trices P"(x,g) and P"(x,2’, g) as submatrices of the matrices P(x,g) and P(xz, z’,g) where rows index
units in 7(x) and columns index units in 7(2’). Let O"(x,g) € R¥*k O"(z, 2/, g) € R¥*F, Q1(x,g) €
REXE and Q"(z,2',g) € R¥*F be the diagonal matrices such that O}(x,g) = 2 jenn (@) E[A?ﬂx,g],
Of(z,2',8) = X v Li(2,2,8), Q;(x,8) = Xic, ) E[A]j1x, 8] and finally Q7.(z,2,g) :=
Y ieny (@) Lij(2,2',8). Define also Ol(x,g) = O"(x,g) + 7l, Of(z,2',g) = O"(z,2',8) + T},
Ql(x,g) = Q"(x,g) + 7l and Q}(z,2',g) := Q"(x,2',g) + TI;. Finally, let

N|=

Ll(x,g) = (O1(x,8)) 7 P(x,8)(Q!(x.g)) ,
Li(w,a',g) == (0,2, g)) "2 Pz, 2, g)(Q1(, 2, g)) 2.

To obtain a finite sample bound, we will rely on concentration inequalities for symmetric matrices.
However, P"(x,2’,g) and A" are not symmetric in general. Following Rohe, Qin, and Yu (2016), we
first focus on their Hermitian dilations, where the Hermitian dilation of a matrix M, denoted M , is
given by

— 0 M

M

MT 0
Define the minimum degree
dmin(xvxla)() = min ( min On(xa xlv g): i min ij(x,l'/,g), . min Oii(xag)a . min Q]j(xag)> .
i€nn (z) jenn(z') i€nn (z) jenn(z')

In most of the computations, we drop the dependence in (z,2’,x). Define

2k \ V4
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Lemma 3.1. Let Assumptions 2.1, 2.2, 2.8 and 2.4 hold. For all N, § € (0,1), 7>0and1 <k <N
such that

(1) supgeg i(v) < Ry,
(2) 3In(8k/6) < dpin + T,

with probability at least 1 — § conditional on (g,x), it holds that

(3.2) LD — £2(x, 2/, g)|| < 4

3In(8k/5)  2kipRy [ 2kipRy
+ +3].
Awin + T Awin + 7 \dmin + 7

Note that this finite sample bound holds conditionally on (g,x). It cannot be integrated
directly because Conditions (1) and (2) are restrictions on x. We show in Lemma A 1.5 that under
certain assumptions, sup,cg7x(x) < Ry holds with high probability and we derive in Lemma 3.3 a
high probability bound for dpyi,. Lemma 3.4 obtains a high probability bound on ||Z§ - E—(l’, -l

which will hold conditional on g only.

Proof.
Let
ol 0 O1(x, 0 ONx, ', 0
Dy = Dl g) = [T and DIz, o' g) = | 708
0 Q O QQ(Xv g) 0 QT(J") xlu g)
Note that

We decompose

Ll L)x,a',g) = (D) 2AN(DY) "7 — (D(z,2,g)) 2 Pz, o', g)(DX(x,a',g)) "
= (D17 — (Dl(x,g)) 2] AN(D2) "2 + (Dl(x,g)) 2 AT[(D2) "2 — (Dl(x,g)) 2]
=B =B,
+(DI(x,g)) 2 A1(D2(x,8)) "% — (Dl(x,g)) "2 P(x, g)(Dl(x,g)) 2
=Bs

+(DI(x,g)) 2 P(x,g)(Dl(x,g8)) "2 — (DN(z,2,g)) 2 Pi(x,a’,g)(D(z,a',g)) 2 .

=By
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Note that by Lemma A 1.6, HI/EH < 1. Thus
1 1 1~ 1
1B1l = [l — (Dl(x,g))"2(D1)2](DT)"2 An(D])"2||

= |1 - (Dl(x,)) 5 (D)LY

N[

< |- (Dl(x,g)) " (D)3 ]

Likewise

D=

I1Bol| = |[(DI(x,g))"2(D¥)z(D1) "2 An(D)~3[I — (D)2 (D2(x.g)) "2

< (DI(x,g)) "2 (DD — (D13 (Dl(x,g)) 2.

N|=

We follow Rohe, Qin, and Yu (2016) and use the two-sided Chernoff concentration inequality of Chung
and Lu (2006) (see Theorem 2.4) to obtain for i € ny(z) Uny(2'),

i — il > aolg,x) <ex —7%2) exp | — i
P 8 = (D7)l a0l ) < ex0 g ) + p( 2<m<x,g>>ﬁ+§a0>

where the absence of 7 as a subscript indicates 7 = 0. Take ag = a1(D}(x,g))ii where 0 < a1 < 1,

then

af(D1(x, 8))ii
Pr [|(DX(x,8))ii — (DD)iil > a1(D2(x,8))ilg, x| < 2exp <_1(’W3g>>>

= 2exp <_a% [(D"(x,8))i + T})

3
2 .
< 2exp <_a1[dmm+7]> ‘
3
Note that for any = > 0, |[\/z — 1| < |z — 1|. Thus we have
Pr (|1 = (D2(x,g)) # (DD} > arlg,x| =Pr|  max |1- (DA)it | 5 o 1g,x
T ’ o ’ i€nn (z)Unn (z') (DZ(X7 g))u ’
DM
<Pr [ max 1— 7(7 L > aﬂg,x}
ieny(@)unv @) | (D7(x,8))ii
< ) Pr(Dix.g))i — (DDl > ai1(Di(x,8))iile, x]
i€nn (z)Unn (z')

On the event {||I — (D!(x,g)) "2 (D12 < a1},

_1 1 1 _1
(D7 (x,8))2(DD)> | < ]| + [T = (D7)>(P(x,8)) 2| < 1+ a1,



which implies that || By|| + || Bz2|| < a? + 2a; < 3a;. Thus,

2 d:
(3.3) Pr (|| B1]| + || B2|| < 3ai1|g,x) > 1 — 4kexp (—W> .

3

The expression for B3 simplifies to
1~ o 1
By = (Di(x,g)) "% |47 - P(x.g)| (D(x.g)) "%
We follow Rohe, Qin, and Yu (2016) and decompose Bs = 3 e, (1) 2 jeny (2) Yinj With

Aij — Pij(x,8) ikt
([08(x, 8) + 7][QL(x, ) + 7))/

Y, =

2,

where E%J is the square matrix of size 2k with ones at position (4, j) and at position (j,7) and zeros
everywhere else. We apply a concentration inequality for symmetric matrices, see Theorem 5.4.1 of

Vershynin (2018). ||E%

| =1 thus a bound on ||Y; ;|| is

1Yl < ([0%(x, g) +7][Q(x,8) + 7))/
1

< ([dmin + 7] [dmin + 7’])71/2 - Ao + T

and a bound on || Zzemv(x ZjenN(:e') E[(Yi,j)ng,X]H is

x,8) — P;(x,8)° i kg k+i
ZGUZN: )Jen; )*lg, x] 7,6%96)]677;( Lo g) +7)[Q7 (x,g) + 7] (B + B ) |
_ Pij(x,8) — Pij(x,8)* ii
=12 D ot A |

ienn(z) |jenn ()

Pij(x,8) — Pij(x,8)* ket kg
E EFTI +J
+}Z ‘ (O] (x, )+T][Q’7 X,8) + 7] |
Jjenn(z’) Lienn ()

Pij(x,g) —

=max | max E
ienn(z) \ . ) O] (x,g) + T][Qn
Jjenn(z')

s Py(x.8) ~ Pii(x.8)
o\ 2 e+ ][Q”(,) 7]

Jem (e i€nn () 7
1 Pz(X g) 1 P X g
<max [ ———— max I , max WS,
dmin + T i€nn () | 2 , OL(x,8) + 7 |7 dmin + T jenn(a) 2 ) 2j(x.8) +
Jjenn(z') i€nn (@

1
Amin + 7’
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where the third equality holds by definition of the spectral norm. We apply Theorem 5.4.1 of Vershynin
(2018) and obtain

a% [dmin + 7'] )

3.4 Pr(||Bs|| < >1—4k —
(3.4 (18] < arlgx) > 1 - dkesp (-3

The remaining term is Bs. We decompose

By = [(D!(x,g))"% — (DX(z,2',g)) 2] P7(x,g)(D!(x,g))*

+(Di(z,a',g)) "2 P(x, g)[(Dl(x,8)) "7 — (DX(x, ', g)) 7]
=By2
+ (Dl(w,a',g)) "2 P(x, g)(Dl(z, 2", g)) "2 — (Di(z,a',g)) "2 P(x, 2, g) (D!, 2", g))~

=By3

o=

By Lemma A 1.7, HZZ(X,g)H < 1. Thus,

w\»—‘

1Bal < |- (DXx,2',g)"2(D(x, )2 |[|L2(x,8)|

N

< |- (Di(x,2',g)) "3 (D1(x,8))? ],
and
1 100 1 1
|Bazll < (DY(x, 2, 8)) "2 (DL(x,8)) 2 ||[I1£7(x, &)l — (D(x,8))2(Dl(x,2',g)) 2|
_1 1 1 1
< |[(DU(z,2',g)) "2 (DL(x,8)) 2] — (Dl(x, )2 (D(z,2', )" 2|.
Note that
1 1 DI(x,8))ii (DI(x,8))ii
I_ D'r] , /’ 3 Dn , 3 — 1_ ( 9 (X3 1_ 9 2
IF=(Drle. @) 2 (e )Pl = oo o |\ D, @) | = et |~ (D0 o 2))
IfZETIN(x)a
(DI(x,8))i = (O)(x,8))i = > E[ALlx,gl+7= > By x(i), z(j)) + 7
jenn(z’) jenn(z’)
thus

|(DI(x,8))ii — (D, 2", )il < D Byt (@(@), 2(5)) = By g0 (@ 7))
jenn(z’)

< Y isle).aG) - (@)

jenn (')

< Y s [I@@),2()) — (@@), )| + [[(2(0),2") = (z,2")]]
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= S s [lle) - @+ N2 — o] < M) + ()
jenn (')

< 2klpRy,

where the second inequality holds by Assumption 2.4 and the last inequality by Condition (1). We

also have for i € ny(x),
(35) (D:)—($) I/7 g))’L’L - OZZ(J:) 'T/a g) + T Z dmin + T

which implies

(DI(x,8))i < 2klpRyk
(DZ;([E, 1"/7 g))u " dmin + T
The same bound holds for i € ny(z’). Thus

2kl Ry,

3.6 B < .
(3.6) | Bax || pa——

We also obtain

(3.7) |Bas]| < 2kip Ry, <2leRk n 1) '

dmin + 7 dmin +7

The spectral norm of Bys can be bounded as follows

1Bssll < DXz, ", g)lI 7! | P(x,8) — P(z,2, g)ll.

By Equation (3.5), we have || D (z,2’,g)|| > dmin + 7. As for the second term in the inequality above,
|P(x.g) ~ Pi(w,a’ @)l <k max (Pl(x.g)~Pl.xg))
icnn(z) \ Y J
Jjenn(z’)

=k max (Bygg()(@(0), 2(j)) = By(iy () (2. 7))
ienn(z)
jenn (")

< 2klpRy,

where the first inequality comes from the fact that for any matrix A of size k x k, [|A]| < ||A||r <

kmax; j |A;j| and the following equality from Assumption 2.4. Thus

2klp Ry,

3.8 Bzl < .
(3.8) || Bas|| < p——

Adding (3.6), (3.7) and (3.8), we obtain

(3.9) [Bal| <

2kl 2
BRy klg Ry, 43).
Amin + 7 \dmin +7
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Putting (3.3), (3.4) and (3.9) together, and using the fact that for L events V4,...,Vr, Pr(nk, V) >
S Pr(Vi) — L + 1, we obtain

~ = 2klpRy [ 2KlpRy,
n_ prn ! <
Pr(||LE — L2(@,2', g)]| < a1 + P (dminM +3) |g.x

> Pr(|Bi]| + [| Bel| < 3a1]g, V(g)) + Pr(|Bs]| < ailg, x)

2kl 2kl
+Pr(||B4u< BRk( BRM:;)\g,x)_z

~ dmin + 7 \dmin + T
2 do:
> 1 — 8kexp <_W) _
Taking
_ [amsk)
b Amin + T ’

then a; <1 by Condition (2), and

Pr | L2 — Ll(x, o, g)|| < 4

3In(8k/5)  2klpRy [ 2kipRy,
dmin +7 dmin +7 dmin + 7

+3> |g, x| >1—0.

3.2. Lower bound on dy,(z, 2/, x).

The finite sample bound obtained in Lemma 3.1 is valid under restrictions on dpin(z,2’, %),
a localized minimum expected degree. In this section, we derive a nonasymptotic probability bound
on dpyin(z,2',x) and combine it with Lemmas 3.1 and A 1.5 to obtain a finite sample bound on

HIALi - Zﬁ(z, z',g)|| conditional on g only and with explicit dependence in k. For h € [G], let

n(x) = #{g(i) = h,i € nn ()}
Np := #{g(i) = h,i € [N]}

np, = min np(z).

Define

A = min max inf Bg(z,2')
g€[G] he[G] (z,2")€S?

Note that as for B and g, A may vary with N and thus captures sparsity. We assume that A > 0. A
natural lower bound on duyin (%, %', x) therefore involves minye(g ny. We show in Lemma A 1.5 that
under certain assumptions, infyegs 7x(x) > R;, holds with high probability, where

—12d1In(12N/6)\ /¢
(3.10) R, = (k dIn( /5)> .
ANT XV
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The following lemma uses this result and establishes a lower bound on minye(g na.

Lemma 3.2. Let Assumptions 2.1, 2.2 and 2.3 hold. Then for all N, 6 € (0,1), 1 < k < N such that
(1) k> 12d1n(24GN/J),
(2) k<8TW,;UxN,
(8) and for all h € [G], 1%%% k > 24d1n(24GNy, /6) + 1,

with probability at least 1 — § conditional on g, it holds that

LCthX kJ

min np > min 6NT
X

he[G]—  he€[qG]

Proof. Fix § € (0,1) and k satisfying the conditions of the lemma. Note that

8NUxVy

We apply Lemma 4 of Portier (2021) to the subpopulation {i : g(i) = h}. We define r}*(x) to be the
[-NN radius of z € S for this subpopulation, that is,

rlh(x) =inf{r >0 : |B(z,r) N{z(i) : g(i) = h}| =1}.
By Assumptions 2.2 and 2.3, we have
(3.11) 0<bxy < f(z|h) <Ux, Vx €S,

and by Assumption 2.1, Condition (7) of Portier (2021) also holds for f(x|h). For any I and ¢’ > 0
such that 24dIn(12N;, /") <1 < TINpbxcVy/2, let

T = 5 .
thXch

By Lemma 4 of Portier (2021), with probability at least 1 — ¢’ conditional on g, it holds that

sup rlh(x) < FlS’h.

zeS

We take [}, = {%%% kJ and §' = %. Then

< ———=— k<T%NpbxcVy/2
h_16NUX > hXcd/7

by Condition (2) and

lh Z 24d ln(12Nh/5’),
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Tho< () <R,.
h 8NU xVy

by Condition (3). Moreover,

This implies

{nn > In} = {nn(x) > 1), for every x € S} = {rl};(x) < ri(x) for every x € S }

2 {sup rﬁl(x) < ﬂhh} N {inf rp(z) > R}
zeS zes

Define L = miny¢(q Ll—%%ﬂ—x
X

k:J = minye(q ln- We apply the equation above to all h € [G] and
obtain

Pr(gn%g]nth|g> > Z Pr(nh2L|g)—G+l
i B Th
he[G]

> Pr(@Zlhlg)—GW—l
> Pr <{suprl}2(:c) < F?h} N {inf ri(x) > R} |g> -G+1
z€S zesS

> {Pr (suprl};(a:) < ?ZI |g> +Pr <inf rp(x) > Ry ]g) — 1] -G+1
helC] zeS zeS

>G(1-28)—G+1=1-4

where in the last inequality, we used k > 12d1n(12N/4’), guaranteed by Condition (1), together with

(A 1.8) of Lemma A 1.5. O

Lemma 3.3. Let Assumptions 2.1, 2.2 and 2.3 hold. Then for all N, 6 € (0,1), 1 < k < N such that
(1) k> 12d1n(24GN/$),
(2) k<8TW,;UxN,
(8) and for all h € [G], E%% k > 24dIn(24GNy, /) + 1,
with probability at least 1 — § conditional on g, it holds that
Ny, bx
min ' > A mi li‘lzif*
Amin(z, 2", %) > }fg[lg] {16 N Ty k
Proof. Recall that

dmin(x,x’,x):min< min O;(x,2’,g), min ij(:v,x’,g), min O;(x,g), min ij(x,g)>.
ienn(z) Jjenn(z') ienn(z) Jjenn(x’)
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Note that

Oii(w,2',g) = > Pylw,2',8) = Y nu(2') By (x,2)

jenn(a’) helG]
/ . /
> Z ﬂh(ﬂt‘)(96755325,2 Byiyn(z,2")
he|G]
> mi ! inf By !
= min (@) mex,  InE s, Boww (@)
> . . . . f B , /
2 poin g () min mex B g Baw (@, 7)
> A min ny,.
he[lG)—

The same inequality holds for Q;;(x,’,g). For the remaining terms in the definitions of dwyin(z, 2/, %),
note that
Oii (Xv g) = Z R] (Xv g)
jenn(z')
= Y E[AL(i), 2(j), 9(4), 9(5)]

Jjenn ()

- Z Z By (x(i), 2(5))

helG] jenn (2'):9(4)=h

> > () @ i%fGSQ Byiyn(, z")
he[G] ’

> . / . f B ) /
> min np () e Lt OGS

> min minny(z) min max  inf By (z,2)
he[G] zeS 9€|G] he[G] (z,2')€S?

> A min ny,
he[G)—

This also holds for Q;;(x,g). Thus dmin(z,2',x) > Aminye|g na and the result holds by Lemma
3.2. (Il

Combining Lemma 3.1 together with Lemma 3.3, we obtain a new bound on ||L7—£7(z, 2/, g)||.

Lemma 3.4. Let Assumptions 2.1, 2.2, 2.3 and 2.4 hold. Then for all N, § € (0,1), 1 <k < N such
that

(1) Amineg lﬁ%% kJ + > 31n(24k/6),

(2) k > max(12dIn(72GN/¢),24dIn(36N/¢)),

(8) k <min(8TV,U x N, (1/2)T%VbxcN),
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(4) and for all h € [G], 1%%% k> 24dIn(72GN, /) + 1,

with probability at least 1 — § conditional on g, it holds that

3 ln(24k/5)

Aminhe[G] LG N U kJ

IL7 — Lz, 2", g)l] <4J

2kl Ry, 2kip Ry, 43
Aminge(g LLW’L%—X kJ +7 \ Aminyeg [%%% kJ +7

Proof. In what follows we use some simplified notation. Let C be the function such that C(dpyin) is

(3.12) +

the right hand side of (3.2). We also define the following two events, V (g, x) := {sup,cq ri(z) < Ry}

and W(g,x) := {minhe[g]@ > minge(q) | 15 JX;] 7 kJ} {dmin > A minge(g] L%Wh%; J} here

the inclusion follows by the proof of Lemm 3.3. Then

Pr [||L’7 Cl(z,' g)| < C <A i | 202X kJ) ‘g}

helG] |16 N Uy
> Pr HL77 E"(a: 2,g)]| <C (A min € Nu b k NV(g,x)NW(g x))g
- helG] |16 N Uy ’ ’

> Pr [{|IL7 - Li(x,2/ )]l < C (duin) } NV (8, %) N W (g ) |g]
=FE [Pr HHZT# — Eﬂ(m,x’,g)H <C (dmm)} ‘g,x, V(g,x), W(g,x)} ’g,V(g,x), W(g,x)}
X) g}.

By Lemma 3.1 and A min¢(g Ll—%%% kJ + 7 > 31In(24k/9),

x Pr [V(g,x) NnW(g,

Pr [{IIL7 - £1(@,2', @)l < C (dmin) } | % V(&%) W(g,x)| = 1-/3.
Moreover, by Lemma A 1.5 and 24d1n(36N/6) < k < T*NbxcV;/2,
Pr [V(g,x) ( g} >1-4/3.

Since

(1) k> 12dIn(72GN/$),
(2) k< 8TdVdU)(N,

(3) and for all h € [G], 55225 | > 24dIn(72GN,/8) +

bx
Ux

we also have by Lemma 3.3,

Pr [W(g,x) ‘g} >1-46/3.
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Thus

o 157 — Fie 2 )] < i | SN Ox
r|||L c(x,x,g)!_C(A;fgfg] {16]\7ka ‘g

zu—am)@wﬁq&xwg}+Prw«gxwg]—Q;zu—amx1—%ﬂnzl—&

O

Remark 3.1. The variance term is the first term in (3.12). Consider the case where no regularization
is made (7 = 0) and sparsity is captured by a parameter py, i.e., such that B = pyBy where By
does not vary with N, see e.g. Bickel, Chen, and Levina (2011)). Approximating N, /N =~ C for all

h € [G], the variance term in (3.12) simplifies to

In(24k/5)

3.13
(3.13) ok

)

where C' is a constant subject to change in value. The normalization in the definition of the Laplacian is
not unlike that of the k-NN regression estimator. However in comparison to standard k-NN regression,
e.g., Jiang (2019), the variance term has an extra v/In k term in the numerator, which comes from the
growing dimension of Z/Q and appears when applying various matrix concentration inequalities. On
the other hand, (3.13) does not have a In N term in the numerator because it is a pointwise bound at

(z,2') € S2.

Remark 3.2. Let 7 = 0, sparsity be captured by a parameter py and Ny /N =~ C for all h € [G].
Then the bias term in (3.12) simplifies to ~ Ri(Rr + C) =~ Ry if Ry — 0 as N — oo, where C' is a
constant subject to change in value. This is similar to Jiang (2019), confirming the intuition that the
effective dimension is that of the covariates and not twice as much. Note that the bias, a novel term

in this type of calculations, is not impacted by sparsity.

Remark 3.3. Let 7 = 0, sparsity be captured by a parameter py and N, /N =~ C for all h € [G].
Then as long as Npy — oo, taking k =~ (NQ/p‘]‘{\,)d%r2 gives ||277 - E(m,x’,g)” R~ (pNN)d;J:?, up to
In N and In py factors: the rate obtained is as Jiang (2019), see Remark 1, where the sample size is

replaced with Npx due to sparsity.

3.3. Clustering.
In this section, for ease of readability, we do not display dependence of many of the defined

objects in x,2’, 7, k, etc. Using the Laplacian L} we compute its top G left/right singular vectors, to
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obtain the SVD of L}
L1 =UAV"T
where U,V € RF*¢. We then apply K-means clustering to U and V, solving
(3.14) (0"(2), Zy) =  argmin  ||0Z —U|p
OeMy, ¢, ZERGXC

(3.15) (©"(x'), Zy) =  argmin  |©Z — V|
OeMy, ¢, ZERGXC

It is possible to use a faster clustering algorithm by using an approximate solution instead, incorpo-
rating the approximation error explicitly in the following analysis as in Lei and Rinaldo (2015).
Note that the i-th element of the diagonal matrix OF(z,2’,g) only depends on g(i). Define the

RGXG

diagonal matrix O € collecting these coefficients, i.e., such that Oy, = > jenn (@) Bog() (@, 2) +

7. Similarly, define the diagonal matrix @ € R“*¢ such that Q,, = Zi@m(z) By(iyg(z, o) + 7.

Define N (z) = diag (W, vy m) and let
(3.16) N@)O 2 B(a, Y0 Y N (@) = 20,2
be the SVD of B(z, ') after normalization by N (z)0 /% and (/)0 /2. Note that
Lz, o, g) = (0(x,2',g))"20"(z) B(x,2')O"(z') (QU(w, ', )2,
with (Oﬂ(x,x’,g))_%@”(x) = @’7(%)@_1/2 and (Qﬂ(x,x’,g))_%G"(x’) = @”(x’)@_l/g. Thus

(3.17) LNz, 2, g) = 0N (x)N (2) L2y A2 N (2) LT (x')T.

From this expression, by slight modification of the argument in the proof of Lemma 2.1 in Lei and
Rinaldo (2015), considering SVD instead of eigenvalue decomposition, and taking account of the

normalization of the Laplacian, we see that the SVD of L7(x,2’,g) is given by
LMz, 2, g) =UAVT

with U = ©"(x)Zy and V = @"(z2') 2y where Zy = N (z) " lzy and Zy = N (z) Lzy.
Note

(3.18) ZUZ[}— = N(;p)_IZUZ[—]r./\/’(x)_l — diag (nltl‘) 5 eeny ’nGl(l‘)>

As in Rohe, Qin, and Yu (2016), define
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o= 4(3)

then ¢ and U are the eigenvectors corresponding to top G eigenvalues of L7 and L7 , respectively. We
will use A\ (z,2") > Xo(z,2’) > ... > Ag(z,2) and ;\1(33,30') > 5\2(56,:13’) > > 5\@(.%‘,%’) to denote

them although we drop (z,2") in most of our computations. We now have

Lemma 3.5.

2\5

0T —did e < 22910 - Lie, o g

Moreover, for some G X G orthogonal matrices QU and Qv,

4F ~
U -UQu|Fr < L2 — L2z, o g)]-
and
4\/2G -~
[V =VQvlF < HL" L(x, 2", g)l|.

Proof. We employ the proof strategy developed by Lei and Rinaldo (2015) and Rohe, Qin, and Yu
(2016) with suitable modification. Note that these eigenvalues are equal to the top G singular values
of L7 and L", respectively. By Davis-Kahan Theorem (see Theorem VII.3.1 in Bhatia (2013)) and

noting that the eigengap between 5\j,j < G and )\j,j > @G +1is A\¢ we have

(7 —uu"Huu"| < — L(z, 2, g)|.

But
Ac > e — [Ae — Ad
> A — |12 — Li(w, 2 g)|

where the second inequality follows from Weyl’s Theorem. It follows that

e~ 1 ~
(I -uu™Hou"|| < —— L7 — L (z, 2", g)].
Ao — LT — Lz, 2/, g)

If | L2 — £(2, 2/, g)|| < 2E then we have
- 2 ~  ~
|1 =" YUUT| < =L = L (z, 2/, g)l-
G
If, on the other hand, Hﬁ — Zﬁ(m, 2, g)| > /\TG then we directly have

e~ 2~ =
(I —uu"HUU || <1< E”LZ — Lz, 2 g)||
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again. Now, noting rank(f] ) is at most G it holds that

e~ 1 e~
(I —UdU"UU || > —=||(I —UU"TU " ||

Ve
FHUUT U || k.
by Proposition 2.1 in Vu and Lei (2013). In sum, we have
PR 202G~
100" —utd"|p < =127 - Li(z, 2! g)

as desired. For the second assertion, as in Rohe, Qin, and Yu (2016) we note that for some G x G

orthogonal matrix Qg
- - 1
OO —ud ™| r > fHUUT —UU'||p

fH sin ©(col(U), col(U))|| 7

> *HU —UQu|F

where the second inequality follows from Proposition 2.1 in Vu and Lei (2013) and the third follows
from Proposition 2.2 in Vu and Lei (2013). We now have

4\5

U -UQu|r < IL? — L2z, 2, g)]|.

A similar argument shows the last inequality. O

We now bound misclassification rates. Let

U=0"2)Zy, V=0")2y,
then
IU —uUQully < 21U — U7 +2|U —UQul%

< 2|UQu — Ulfi +2|U -~ UQull

=4|U - UQu|%
and likewise

IV =vQvli <4V —VQv (.

Define

Z[/] - ZUQU7 Z{/ - ZVQV7
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Note that for g € [G], by (3.18)

inl|Z, —Z || =min||Zy, — Z
min || 2y, — 2y, || = min || 2y, — 2y, |

1
(3.19) T\ ne@ e

B L 1
~ \ng(z) " max{ng(z): £ # g}

Moreover, let

. - 1 1 1
SgN(x) = {’L S QgN(x) : ”UZ — (UQU)ZH > 2\/ng(x) + max{ng(x) U4 g} } .
Then
10— uQul3 :fjl[ Ly ! } . ST - Qo)
F =4 ng(x)  max{ng(@) : € # g} |\ 1 + T i€Gam (@) z Z

3 1 1 1

17 1 1
=Y @ | * e T E )

Therefore we have

G G
S, (@) [ 1
9221 ng(z) - gzl [Son ()] (ng(a:) + max{ng(z) : { # g})

<4|U —UQu|%

< 16|U —UQu| %

By Lemma 3.5 it follows that

G
Sv(@)| _ 5126 = o
. < Lg— Z ) ) .
(3.20) DT S oI - S e

The same holds with %ﬁ’f;)‘ Moreover, one can show that following the proof of Lemma 5.3 of Lei

and Rinaldo (2015), the definition of Syn(z), in view of (3.19), guarantees that for each g € [G], under
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the condition

16v2G

L0 — 0z 2 1
o I = Bl )] < 1,

(3.21)

the estimated membership matrix ©7(z) assigns the correct membership for every i € Ggn () \Sgn ().
That is, for Gn(z) = Uge(a(Ggn () \ Syn(x)), there exists a permutation matrix J(z) such that
((:)n(x))gN(x).J(m) = (0"(2))gy (2)- and the same holds for z’.

By (3.16) and (3.17), the singular values of £L"(x, z’, g) are that ofN(:L‘)@_l/QB(:L‘, a:’)@_l/QN(:E’).
Denote 01(M) > ... > 0,(M) the singular values of a matrix M of rank r. We use Theorem 3.3.16 of
Horn and Johnson (1990), see also Wang and Xi (1997), and write

Aa(@, ') = o6 (N(@)0*B(a,a)Q N
>a(;(/\/(:c) o 'p ) o (N(@)0*B(z,2))
) al<[gl/2/v<x'>} ) @)
> oc (B(z, ) B oc (B(z,z))

o (M)12?) 01<[N(x)(91/2}1> o (N( )= Q”Q) (N(x>—1@1/2)

where we recall that the matrices AV(z), O and Q are diagonal. Their singular values are equal to

their diagonal coefficients, and

(./\f(a;)ﬂ@l/z)? - ¥ s, 7| fg(@) < (1B, ) lmach +7) / min .

99 jenn (=)
This implies that

og (B(z,2")) min, np,

22 A N > .
(3.22) ) 2 B o e & 7

We plug in (3.22) and the bounds obtained on the relevant quantities in (3.21). This condition becomes

+3

4 In 8]{7/(5) n QkZBRk leBRk
A mingeiq) L Wh%— J +7  Amineg {iﬂg—x kJ +7 \ Aminyeg Ll—%%% kJ +7

i < Np bx
MMpe[a) Llﬁ N Ty kJ

2 16V2 B .
(3.23) < 16V Gag( (z,x B2 ok + 7

We combine (3.20) and (3.23) to obtain a finite sample probability bound on Zngl |Sgn ()] /ng(2) in

the following Lemma.
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Lemma 3.6. Let Assumptions 2.1, 2.2, 2.3 and 2.4 hold. Then for all N, § € (0,1), 1 <k < N such
that

(1) Amingee [ﬁ%% kJ + > 31In(24k/9),
(2) k> max(12d1In(72GN/§),24d1n(36N/J)),

(8) k < min(8TV,U x N, (1/2)TWVbxcN),

(4) and for all h € [G], ﬁ%% k > 24dIn(72G N, /8) + 1,

(5) (3.23) holds for 6 = 6/3

with probability at least 1 — § conditional on g, it holds that

a
3 [Son(@)| _ 512G || B(w, &) lmaxk + 7)* A 31n(24k/9)
< ‘ 2 . c Ny b
pre G R (B(z,))* minge(g) L%%% kJ A mingeg] Lﬁﬁhﬁ kJ +7
2
2klp Ry 2klp Ry
(3.24) + : ¢ Ny bx : ¢ Ny by +3 ’
A minge (g Lﬁﬁi kJ +7 \ Aminygg Ll—ﬁﬁi kJ +7

and that there exist permutation matrices J(x) and J(z') such that (@”(x))gN(m),J(a:) = (©"(7))gy ()

and the same holds for z'.

Proof. We use the events V (g, x) and W (g, x) as well as the function C' defined in the proof of Lemma
3.4. Let C be the function such that C’(dmin) is the right hand side of (3.24).

G
Pr 27|SQN($)| < C <A min {CthX kJ) ‘g
= ng(x) held) |16 N Ux

CthX

> Ll — [0 ! < in | ———
> {12 - el < 0 (A pin | S22 K ) b avies nwie s |g]

by (3.20) and (3.22). By the proof of Lemma 3.4, the probability on the right hand side is larger than
1-—0. O

Remark 3.4. Let 7 = 0, sparsity be captured by a parameter py and Ny /N =~ C for all h € [G].
Remark 3.3 explains that Hﬁ — ﬁ(m,x’,g)” A (pNN)d_Tl?, up to In NV and In py factors. According
to Lemma 3.6, this implies that

G
g=1 ng(z)

whereas Lei and Rinaldo (2015) obtains a rate of (pyN)~!, see Corollary 3.2.
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4. ESTIMATION OF B AND 7

As in the previous section, we fix a pair (z, ') € S2. Recall that G,y (z) = {g(i) = h,i € ny(x)}

and np(z) = |Gy (x)|. We introduce the following new notation,

* Gun(x) = {g(i) = h,i € nn(x)}, then ny(z) = |Gun (@)]
o Gun(z) = {3(i) = h,i € ny(x)}, then Ay (z) = [Ghn ()]
Gnn = {g(i) = h,i € [N]}, then Ny = [Ghn|

1p,0(i) = 1{i € Gpn(2) }

Tha(i) = 1{i € Guy(z)}

1.(i) =1{i e nn ()}

Note that the estimators of 7, () and Bgp(x,2”) can be written

~ o (@) Dieny(@) Lha(D)
7rh(a:) = 2 = A ,
B N — Ajj= — ATy (Vi (7).
(% T) ng(x)ny (! Z T hg(x)nn (2 Z i1g,0(1)1n,q(J)
leggN(I) 2%
jeghN(:L")

Define the oracle estimators for my(x) and Bgp(x,2’) as

ﬂ_or(x) — ng]ix) — Zz 1]3,96(1.)’

, 1 ) .
or e N A1, (D)1 ().
gh (7,7 ng(z)np (') ; Los(ne (7)

In this section, we derive probability bounds on 7, (z) and Egh(a:, 2’). Note that according to Lemma
3.6, with probability at least 1 — § conditional on g, the memberships of i € (Gyn(z) \ Syn(z)) are
all correctly estimated up to a permutation. Thus all the following probability bounds hold up to a

permutation. We explore this identification issue this raises in Remark 4.1.

4.1. Result conditional on g.

We can decompose

. X 1 o
5 )= B < B 1,.(4)1p (7
| Bgn (2, ") — Bgy, (2, 2)| < frg(2)in(@)  ng(a@)nn(x) %: 0212 ()
T
1 -~ o~
TN (o) 11.1x/'_1x'13:l.’
+n9($)nh($,)izj 9,2(1)1h a2 () — 1g0(4)Lpar ()

Ts
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where by a slight abuse of notation the summations are over i € ny(x) and j € ny(a’). We look at

T7 and T» separately.

fg(@)fn () | |ng(@)nn (') — ng(x)nn (2'))|
ng( Jnn(z’) ng(@”h@’)

TQS Z‘lgx ) ]-hx() ng(x)lnh(x/)zlg, ‘]—hx 1h$() .

)

ﬂ:k—

When (3.21) holds,

Ty = ) S () 3 [T )~ 100

<

where the second inequality holds by the argument used in (4.7). Similarly, when (3.21) holds we

obtain

Thy < Z |Sin (2

le [G]
Note that when (3.21) holds,
ng(x) — g ()| nn(2') + g () [An (&) — mn (27)]|
ng(z )”h(CU/)

Z |Sin (@ g (@ Z |Siv (@

ng( z[c: l[G

2
s[ k . k 2] yslN(a;)y’
)le[G]

Th <

minhE[G] np (minhe[g] Np ny (l’)

where we used the same argument as in (4.7) in the second inequality. We use similar arguments to

bound T5; and Ty and obtain

(4.1) |Byn(2,2") — B (x,2")] < 2

* ni(z)

k k? ] [Siv ()]
minge(g) Nh (minhe[G] @)2 1€[G]

We now bound |Bgj (z,2") — Bgp(x,2")|. The oracle estimator is not a standard k-nearest neighbor
estimator with, say, k = ng(x)ns(2’), because ng(x) and np(2’) are not chosen by the statistician
but random. Moreover, the neighborhood for x is chosen separately from that of z’. It is also not a

Nadaraya-Watson estimator with uniform kernel as o () (x) and rzh (w,)(m’ ) are random. Write

Aij = By(iyg()(x(i), (7)) + Gy
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then we can decompose

|Bgh(z,2") — Bgn(z,2")| < ;, > | [Bn(@(i), 2(5)) = Bon(w,2')] |1g2())1n0 (4)
ng(z)np (') .

~~

T3

1 . .
(4.2) + e @)n(@) | ZZJ: Cijlga(i)1pa(j)] -

Ty
In this decomposition, T3 is a bias term and T} is a variance term. As in the proof of Lemma 3.1, the

bias term can be bounded using Assumption 2.4,
(4.3) Ty < lp[ri(x) + ri(2’)]

by rflg(ﬁ)(x) < ri(z) and rflh( ,)(x’) < ri(a’). Note that the relevant regressor dimension is d. As for

xT

the variance term T}, note that we can rewrite

1
= w2 b

1€Gyn(x)
JEGhN ()

where conditional on (x,g), {(j, ¢ € Gyn(x), j € Gun(2)} are independent mean-zero bounded
random variables. We apply a Hoeffding inequality for bounded random variables, see Theorem 2.2.6

in Vershynin (2018), and obtain for any ag > 0,

(4.4) Pr ‘ Z Gijlge(i)1p o (j)‘ >ap|x,g | <2exp (—a%/[2ng(x)nh(x’)]) ,
6, J

where we used that (;; € [—1,1]. Taking ag = \/2ng(x)nh(x’) In(2/6) implies

21n(2/4)

(4.5) Pr < —
ming () Nh

x,g| >1-0.

We combine (4.1) with (4.3) and (4.5) to obtain the following Lemma.

Lemma 4.1. Let Assumptions 2.1, 2.2, 2.3 and 2.4 hold. Then for all N, § € (0,1), 1 <k < N such
that

(1) Aminyg(g [%%%—XX k‘J + 7 > 31n(48k/9),
(2) k > max(12d1n(144GN/6),24d1In(72N/§)),
(8) k < min(8TV,U x N, (1/2)TWVbxcN),

(4) and for all h € [G], E%% k > 24d1In(144GNy/6) + 1,



(5) (3.23) holds for 6 = 6/6,

with probability at least 1 — § conditional on g, it holds that

|§gh($a 'T/) - th(l‘, CL‘,)’

1024G [|| B(z, ') | maxk + 7]° k K

06 (Bl o) minyeic | &8 20 k| | mincren | 5585 B (mingere | 53 2 k])

4 31n(48k/5) + leBRk 2k’l3Rk + 3
Amingeg {166% lb]X kJ +7  Amin,gg {106% gx kJ A minge (g Ll—%%%—xx kJ +7

(4.6)

+ 2R +

Proof. We use once more the definitions introduced in the proof of Lemma 3.4.

_ - N. b
P —yl / < o | E 2R OX
r[{HL LNz, 2, g)| C(A}{g{m}{m k

O{T4< v/2In(4

/0)
minhe[G] [% NW %7 k

J}WW&MOW@JWg

21n(4/9)

> Pr —
- miNye(c) Nh

{IL7 = L0, 2", )l| < C (dmin) } 0 {T4 < } NV(g,x) nw<g,x>1g]

>

E[Pr [{IL7 - £l(a,2', )]l < C (dmin) } | &% V(g.%), W(g,x)] | & V(e %), W(e, x)]

{Q<Vﬁm%m}‘g ‘4 1

- MiNye(q) Nh
where the last inequality holds by (4.5) and the proof of Lemma 3.4. The result holds by

xPrV(g,x) " W(g,x)|g]+E |Pr

>1-6/241-6/2—-1=1-34

-~ . c Ny b
{177~ St < 0 (& in |50 25 k] ) nVig 0 0 Wi

27
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ZZG |S7l1]lv(a: ‘ 6]\/'(6/6%

= \Egh(x,$’) — B (z,2)] <2

S

k
. Ny b
mlnhe[G] \‘ﬁ X IC

h 22X
N Ux

J + K en(5/6),

2
. N
(mmhe @) {17, N ’fJ )

T3 < 2Ry,

\

where the first line holds as in Lemma 3.6 under condition (5), the second holds by (4.1), and the
third by (4.3). 0

4.2. Results unconditional on g.

4.2.1. Result on the community assignment probabilities.
The following results hold up to a permutation but for ease of readability we let J(z) = J(2') =
I. Note that when (3.21) holds,

[Fy(w) =7 ()] < ¢ Z\lgw . >1
(4.7) 572 Y i % S [last -1

hhi[g‘} 1€GnN (z) i€Ggn ()
(4.8) <- Z |Shv(@)] < Z ‘ShN
he[G he[G]

The behavior of 77" () is given by Theorem 1 of Jiang (2019). Write

1g2(1) = mg(z) + &

with E(&|z(7) = x) = 0. Assumptions 1-3 of Jiang (2019) hold by Assumptions 2.1, 2.2 and taking
the sub-gaussian parameter to be 1 since &; € [—1, 1] almost surely, see Exercise 2.4 in 7. We note that
the imposed assumption of independence between ¢ and z is not needed for his Theorem 1'. Assume

also that
(4.9) 28d1In(4/0)In N < k < cVgbxT4N/2,

then under Assumption 2.5, Theorem 1 of Jiang (2019) implies that the following holds with probability
at least 1 — ¢ ,

(4'10) ’W(g)r(.%') —7Tg(.7})| < IRy +2\/dlnN—|l—€1H(2/(§)'

IThe application of Hoeffding’s inequality in the Proof of Theorem 1 (see p4004) can be done conditional on x as
long as (x(2),&;) for ¢ = 1...n is i.i.d.
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Let my := Pr(g(i) = g) = E(my(2(7))) and 7 := minge () 7. We combine Equations (4.8) and (4.10) to

obtain a probability bound unconditional on g in the following Lemma, where (3.23) is replaced with

A 31n(24k/6) 2klp Ry, 2klp Ry, 5
NN N ET
32U x 32U x 32U x

32U x
|B(z,2') || maxk + 7

16v2Go¢ (B(z, ")) Lﬂcbx kJ
(4.11) < .
Lemma 4.2. Let Assumptions 2.1, 2.2, 2.8, 2./ and 2.5 hold. Assume moreover that @ > 0. Then
for all N, 6 € (0,1), 1 <k < N such that

wch
(1) A [ﬁ kJ 47> 31n(72k/5),
(2) k > max(12d1n(216G N/§), 24d In(108 N/4)),
(3) k <min(8T VU x N, (1/2)T%VybxcN),

mch
(4) s k> 24d1n(~216GN/6) +1,
(5) (4.11) holds for 6 =§/3,
(6) 22d1n(24/8)In N < k < cVybxTIN/2,

(7) N > 81n(3G/5)/x%,

with probability at least 1 — &, it holds that

- 512G [|| B(x, 2")||maxk + 7]° 31n(72k /5 2klp Ry,
fro(e) - myla)] <2 2ENE Dk £ 1 | SWETD) 2K
oc (B(z, 7)) L’iﬁi kJ AL* k‘J +7 A {* kJ + 7

32U x 32U x
2
2klg R din N +1n(6/6
(4.12) x( e +3)] +lﬂRk+2\/ - ;n(/).
mehbx
A[:ﬂﬁx k’J+T

Proof. For ease of readability, we denote with ex(d) the bound on the right hand side of (3.24). We
apply a Hoeffding inequality for bounded random variables, see Theorem 2.2.6 in Vershynin (2018),

and obtain,

Pr(Ny —mgN > —m4N/2) = Pr (Z 1{g(i) =g} —my > WgN/Q)

1€[N]

< exp (—W;N/8) < exp (—EQN/8) .
Define the event T'(g) = {Vg € [G], N > Ny > wN/2}. Then

Pr(T(g)) > 1—Gexp (—x°N/8) >1—4/3,



30 KITAMURA AND LAAGE

by Condition (7). Note that on T'(g), Conditions (1) - (5) of Lemma 3.6 hold. Thus,
’ShN

rf > <en(6/3)|g,T(g) | > 1-4/3.

he[G]

Moreover on T'(g), note that the upper bound on €x(d/3) is bounded above by

512G [|| B(2, @) ||maxk + 7]° 4 | 3n(72k/0) 2klg Ry, Wl
2 | meb 2 mch mch mch
oG (B(z,2')) {73*23); kJ 2 L’)QU); kJ +r A L32U§( kJ +7\A L32U); kJ T
The result follows by Theorem 1 of Jiang (2019). O

4.2.2. Result on the connection probabilities.

We integrate Lemma 4.1 with respect to g on T'(g) and obtain the following Lemma.

Lemma 4.3. Let Assumptions 2.1, 2.2, 2.3 and 2.4 hold. Assume moreover that w > 0. Then for all
N, 0 €(0,1), 1 <k <N such that

(1) A L;;gx kJ 47> 31n(96k/6),

(2) k > max(12d1n(288GN/§),24d1n(144N/9)),

(3) k <min(8T VU x N, (1/2)TVybxcN),

mch

(4) 32UX k > 24d1n(288GN/§) + 1,

(5) (4.11) holds for & = §/12,

(6) N > 81n(2G/d)/n*,

with probability at least 1 — & conditional on g, it holds that

|Bg(2,2') — Byp(z,2")|

(4.13) 1024G [|| B(%, @) || maxk + 7]° ko k2 y
’ - 2 2 || zeb wch 2
oG (B(xvx/)) mlnhG[G] \;32(]){ k:J [32ﬁ); kJ Lﬁ kJ
2
In(48k/6 2kl 2kl
uxep’s Teb x e x
AL&QU kJ+T AL32U k‘J-l—T AL&QU kJ-f—’T
21n(4/9)

+ 2lpRy, + .
B
32U x
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Proof. Under Condition (6), Pr(7(g)) > 1 —§/2 and under the remaining conditions, by Lemma 4.1,
Pr( (4.13) holds |g,T'(g)) > 1 —4/2.

O

Remark 4.1. As in the existing literature on the SBM (or other models with mixture structure in
general) the preceding results hold up to relabeling of communities. This usually causes no issues since
community labels have little practical implications in those models. While this observation partially
applies to our procedure, the issue of community labeling still poses a novel challenge in terms of the
interpretability of our estimators.

Take a simple, special case with G = 2. The results obtained above enable us to identify and
estimate each of the four elements of the edge probability matrix B(xz,z'), (z,2') € S?, as well as the
two vectors of community assignment probabilities, up to relabeling of the rows and the columns. We
are clearly free to choose the labels for either the rows or the columns, so let us say we fix the two labels
for the rows (those corresponding to the nodes with covariate value being x): this essentially amounts
to normalization. Given this normalization, however, one may wish to identify the community labels
for the columns (i.e. the order of the two columns of B), at least for two reasons. First, even when one
is interested in the edge probabilities and the community assignment probabilities at just one point
(x,2') in S?, interpreting and using these probabilities might demand identification of the column
(row) order, relative to a given choice of the row (column) order. For example, a diagonal element of
the edge probability matrix represents connections within an unobservable community (though they
generally differ in terms of the observed heterogeneity, as far as x # z’); Such within-community
connections are often associated with homophily/heterophily or (dis)assortativity. Of course, such
issues potentially affect off-diagonal elements of the edge probability matrix with general G > 2.
Second, if, for example, one is interested in the partial effect of moving &’ to 2" in By (z,-) or m4(+),
then it is obvious that we need to have the correspondence between the community labels remain
consistent between (z,z’) and (x,2").

This issue does not arise in the standard SBM without covariates as in Lei and Rinaldo (2015),
as their edge probability matrix are defined for the same population. This holds true even in the
analysis of asymmetric networks in Rohe, Qin, and Yu (2016). In our analysis, if x # 2, then the
edge probability matrix B(z,z’) is concerned with edges between two separate populations, and this
feature gives rise to difficulties in guaranteeing proper matching between the row-clusters and the

column clusters in the absence of further information/restrictions. Of course, by setting x = 2/ in
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B(z,2'), matching the community labels between the two sides is trivial, and then to the extent that
continuity of By (-, ), (g,h) € [G] x [G] and the connectedness of the support of covariate X permit,
the labels can be matched as we move 2’ away from z. Such approach may fail to be reasonable or
practical in actual applications, however.

If we are willing to impose additional restrictions, it is possible to address this issue directly. For
example, once again, we are free to choose community labeling such that 7 (x) > ma(x) > --- > 7g(x),
assuming no ties. Suppose we also choose community labels for the columns, so that m(z") > ma(2’) >
-+ > mg(2’). Under the assumption that the ranking of the magnitudes of community assignment
probabilities is invariant between those at x and those at 2, then trivially the community labels on
both sides can be matched in a consistent manner.

One may also wish to introduce qualitative restrictions that are motivated by concepts devel-
oped in the literature of network analysis, in order to achieve successful community label matching.
Examples of such restrictions include homophily/heterophily, or, assortativity/disasortativity, con-
ditional on the covariates. Suppose the edge probability matrix B(xz,z’) is conditionally weakly

assortative at (z,2') € S2, in the sense that?
(4.15) Byg(z,2") > max(By p(x,2'), By g(z,2')) for every (g,h) € [G] x [G] with g # h.

This can be justified under homophily in terms of unobserved community membership, while the
impact of covariates (x,z') on edge probabilities remain fully unspecified (and can be correlated
with unobserved heterogeneity in an arbitrary manner). The restriction (4.15) suffices to achieve
identification of matched community labels. Let £; denote the set of G x G permutation matrices.
Without loss of generality, assign G labels on the rows of the edge probability matrix; let B(x,2’) be
the resulting matrix to be (uniquely) recovered. Without a restriction such as (4.15), we can only

identify the set {B(x,2')Eq, Eg € Eg}. Let B°(x,2') an arbitrary element of the set. To exploit the

2Technically7 even a weaker condition such as
Byg(x,2") > By n(x,2') for every (g,h) € [G] x [G] with g # h.

which ensures that each diagonal element dominates the rest of its row elements — or its column elements, by symmetry

— suffices. The strong assortative version of (4.15) can be obtained by strengthening the inequality by

Byy(x,z") > By f(x, ) for every (f,g,h) € [G] x [G] x [G] with h # f.
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asortativity restriction (4.15), we can simply solve
E¢g = argmax tr[B°(x, ') Eg],
Eg€eéa
and then we recover B(x,2’) by B°(x,2')Eg. This offers a practical algorithm, as the maximization
problem maxg,ece, tr[AEq]| is well defined for any G by G matrix A as far as the maximum entry of
each row has no ties. Likewise, if one is willing to impose a heterophily, we can flip the inequality sign
in (4.15) to restrict B(z,z’) to be disasortative, then solve
Eq = argmintr[B°(z,2') Eg],
Ec€éa

to recover the desired edge probability matrix.

5. CONCLUSION

This paper demonstrates that it is possible to incorporate both observed and unobserved het-
erogeneity in network data analysis in a flexible way, at least when we have discrete values of het-
erogeneity represented by community assignments. It offers a highly versatile, yet computationally
tractable procedure, which is expected to complement the existing methodology for analyzing net-
works with covariates under more specific structures for the edge probabilities and the community
assignment probabilities. Our results build upon recent developments in spectral clustering in SBMs
and k-nn algorithms, and we contribute to the literature by addressing novel theoretical challenges
presented by our multi-step procedure. Though our estimators can be computed in a straightfor-
ward manner, an extensive simulation exercise is called for in order to assess the efficacy of the new

procedure in a practical setting.

SUPPLEMENT: SOME USEFUL RESULTS

A 1.1. Nearest Neighbor Radius.

To obtain uniform upper and lower bounds on the radiuses, we use inequalities for relative
deviations see Anthony and Shawe-Taylor (1993) and Section 1.4.2 of Lugosi (2002). Before stating
the two inequalities we will use, we introduce some definitions. Let z denote a R% valued covariate
vector. Let Pyn denote the empirical measure based on x = (21, ..., zn), that is, Pyn(A4) := #{z(i) €
A,i € [N]}/N for A € C. Likewise define Pyy(A) := #{y(i) € A,i € [N]}/N and Pxyn(A) =
#{x(i) € A,y(i) € A,i € [N]}/2N. We consider x = (z1,...,2y) and y = (y1, ..., yn) defined on the
sample space S, independent of each other and both distributed according to P(.)" for a probability
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measure P. Let C be a collection of subsets of S. For a sample x = (21, ...,xy) viewed as a collection
of draws {z1,...,xn}, we define as in Giné and Nickl (2021) (Section 3.6.1) the trace of C on x as all
the subsamples of x obtained by intersection of x with sets A € C. Define A¢(x) as the cardinal of
the trace of the collection C and

me(N) = sup Ac(x).
xeSN

me(N) is the shattering coefficient of the collection C. Following Anthony and Shawe-Taylor (1993), we
define a complete set of distinct representatives (CSDR) of C for x as a collection A = {A?, ..., A%}
if for any 1 < i # j < Ac(x) then AN {zy,...,ax} # AT N {x1,...,2n5}. For all A € C, there exists
1 <i < Ac¢(x) such that AN {z1,...,on} = AN {z1,...,2N}.

We are in particular interested in the following inequalities, see e.g. Theorem 1.11 in Lugosi

(2002),
(A1.1) Vn >0, Pr (Slellc) P(Ai/;(%V(A) > 7]) < 4mc(2N) exp (—1>N/4)
(A 1.2) Vn >0, Pr (sglg Px (;1))]\7(5)(14) > 77) < 4mc(2N) exp (—n°N/4)

where C is any collection of Borelian sets. We first give a proof of (A 1.2). As we could not find
one in the literature, we restate one which we will later modify to accommodate non-identically (but

independently) distributed random variables.
Lemma A 1.1. For C any collection of Borelian sets, (A 1.2) holds.

Proof. The proof adapts the steps of Anthony and Shawe-Taylor (1993). We define the sets

Pyn(A)— P(A
Q=< (x1,...,zN) € SN .34 e C such that (4) (4) >n
Pyn(A)
R := {(xl, iy TN YLy s YN) € S2N .34 € C such that Pyn(A) — Pyn(A) > 1y /nyN(A)} )
We first look at the case N > 2/n. First note that for each x € @ there exists a set Ax € C, indexed
by x, such that Pxn(Ax) — P(Ax) > n+/Pxn(Ax). Define

PxN(AX) - PyN(AX)
f&yN(Ax) .

Fyy(Ax) :=

Take Pyn(Ax) such that Pyy(Ax) < P(Ax). Then

P(Ax) + 1/ Pxn(Ax) — PyN(AX)
VIPxn (Ax)) + Pyn (Ax)]/2

Fyy(Ax) >
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> nyv Pxn (A)
\/[PXN(AX) + P(Ax)]/Q
where the second inequality holds by monotonicity in Pyn(Ax) and the third by Pyn(Ax) > P(Ax).

> 1,

Pr{(x,y) € Rlg} > Pr{Fuy(Ax) > 1 |[Pyn(4e) < P(40),x € Q} Pr{Pyn(4x) < P(4x),x € Q}

(igg Pr{P,n(Ax) < P(A )}) Pr{ixe Q} = (irelg Pr{Pyn(A%L) > P(Ai)}) Pr{x € Q}

v

v

i Prix € Q}.

where A$ is the complement set of Ax. The last inequality uses Theorem 1 of Greenberg and Mohri
(2014) thus we need to check that for all x € @, P(AS) > 1/N, that is, P(Ax) < 1 —1/N. Note
that P(Ax) < Pxn(Ax) — nv/Pxn(Ax) =: g(Pun(Ax)). The function g decreases on [0,7%/4] and is
negative on this interval, and increases on [?/4,+00). Thus P(Ax) < g(1) = 1 — 1, which imposes
n <1, and P(Ax) < 1—1/N follows by N > 2/n. The inequality (A 1.2) is obtained by

Pr{(x,y) € Rlg} < m¢(2N)exp (—n°N/4),

which holds by the proof of Theorem 2.1 in Anthony and Shawe-Taylor (1993).

If N < 2/n, the upper bound in (A 1.2) is 4m¢(2N)exp (—n?N/4) > 4me(2N) exp (—n/2).
For x € Q, P(Ax) < g(Pxn(Ax)) guarantees that < 1 which implies that 4mc¢(2N) exp (—n?N/4) >
4exp(—1/2) > 2. Thus (A 1.2) holds naturally. Note that if @ = 0, (A 1.2) holds naturally as
well. 0

Before elaborating on our results, we state two preliminary lemmas.

Lemma A 1.2. Suppose {z}}\, are independently distributed, with z; NBemoullz(qz) 0<gqi <1 for
every i € [N]. Let S := SV | 2, then Pr{S > N minge iy ¢i} > 5 i minge(y) ¢i > +.

Proof. Tt is easy to see that, if z; ~qBernoulli(miney) ¢;), and we let S := SN then Pr{S >

=1 Zis
N min;en¢i} > Pr{S > N min;en ¢;}. Indeed, note that by definition z; first-order stochastically
dominates z;, or z; > z; for each i. Then by Theorem 1.A.3(b) in Shaked and Shanthikumar (2007),
we have S > S and the statement indeed follows. Since S ~Binom(N, min, ey i), by Theorem 1 of

Greenberg and Mohri (2014) Pr{S > N min;c[n) ¢} > L if min;c(y) ¢ > + and the result follows. O

Corollary A 1.1. Suppose {2}, are independently distributed, with z; ~Bernoulli(g;), 0 < ¢; < 1
for every i € [N]. Let S := YN 2, then Pr{S < Nmax;en ¢} > 7 Lif max;e(n) ¢ < 1— +.

Proof. Apply Lemma A 1.2 to {Z}Y, = {1 — % }¥,. O
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We now extend (A 1.1) and (A 1.2) to accommodate non-identically (but independently) dis-
tributed random variables (i.ni.d), induced by conditioning. We first introduce additional notation as
we now consider X = (z1,...,xy) and y = (y1,...,yn) defined on the sample space SV, independent
of each other and both distributed according to H,fil f(.]gi) conditional on ¢(i) = g¢;,7 € [IN]. We use
Pr{-|g} to denote the probability of event - conditional on (g(1),...,g(N)) = g. Define

(A 1.3) P(A) = /f(m)dz,
(A 1.4) P(A) = /A F(2)da.

where f and f are as defined in Section 2.3. Define B = {B(z,7)|z € R%, 7 > 0} and

Q= {(551, .,xy) €SN :3A € C such that D(4) — Pev(4) > 77} ,

V(A

Q=4 (z1,...,zN) € SN 134 e C such that Pev(4) — P(4) >Ny,
Pyn(A)

R:= {(xl, s TN YLy oy YN) € SN .34 e C such that Pyn(A) — Pyn(A) > m/nyN(A)} .

Lemma A 1.3 and Lemma A 1.4 extend (A 1.1) and (A 1.2) to i.ni.d data.

Lemma A 1.3. For any collection C of Borel sets,
Pr{x € Q|g} < 4m¢(2N)exp (—n>N/4) .

Proof. The proof relies on two claims.

First claim: Pr{x € Q|g} < 4Pr{(x,y) € R|g} if N > 2/n*.

Proof of the first claim: We follow the proof of Theorem 2.1 of Anthony and Shawe-Taylor
(1993), which deals with IID sequences, while accomodating heterogeneity induced by conditioning on
g. First note that for each x € @ there exists a set Ax € C, indexed by x, such that P (Ax)—Pxn(Ax) >
nv/P(Ax). Tt then follows that infxeq P(Ax) > n? for x € Q. Define

Pyn(Ax) — Pen(Ax)

ny(Ax) = nyN(Ax)

Note that for every x € Q

9€lGl J a e

>

min/ f(z|g)dr > inf P(Ag)
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2

>N.

Therefore by Lemma A 1.2 we have Pr{Py,n(Ax) > P(Ax)|g} > 1 for every z € Q. Then noting that

d—y <( —x)/ T’) is nonnegative,

Pr{(x,y) € Rlg} = Pr{Fxy(Ax) >n[Pyn(Ax) > P(Ax),x € Q, 8} Pr{Pyn(Ax) > P(Ax),x € Q|g}

. { P(Ax) — Pay(Ax)
(v/(Pxn(Ax) + P(Ax)

Y

v

Lp, 1/ P(Ax) . .
i {¢<PxN<Ax>+P<Ax>>/2>”| EQag}P{ € Qlg}

1
= 3 Pr{x € Q|g}.
Second claim: if N > 2/n?,
Pr{(x,y) € R|g} < mc(2N)exp (—n*N/4) .

Proof of the second claim: Define A as in Anthony and Shawe-Taylor (1993), i.e., the group
generated by all transpositions of the form (i, N +4) for 1 < ¢ < N. Consider 7 € A and define for
ze SN 7z .= (zr(1) - Zr(2n))- If X and y are two samples independent of each other and both

distributed according to Hfi 1 f(.]gi), then xy and 7xy have the same distribution. Thus
Pr(Rlg) = Pr(EIATxy € C such that Frxy(Arxy) > 1 (8)

- \A\ (Z 1[3A/xy € C such that Fryy(Arxy) > 1] ]g)
TEA

We use the notation (A,l(y7 e AAC(xy)) for a CSDR of xy. Note that any CSDR of 7xy is a CSDR of

xy and vice versa. Then for all A € C, there exists 1 <t < Ac(xy) such that Fruy(A) = Fray (ALy).
Thus

Ac(xy)
Pr{(x,y) € Rlg} < E(Y > 1[Fuy(dly) >n] g
TeA t=1

Define ©%(xy) as in Anthony and Shawe-Taylor (1993), that is, the number of permutations 7 € A
such that FTxy(A;y) > 1. The inequality above can be rewritten

Ac(xy) Ac(xy)

1 1
PI'{(X,y) S R|g} S W E Z Z Txy > 77} |g - W E Z @t Xy

t=1 7€l

72 >nlx € Q,g} (,122 Pr{Pyn(Ax) > P(Ax)lg}> Pr{x € Q|g}
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As in Anthony and Shawe-Taylor (1993),

0 (xy)

< exp(—nQN 4),
A /4)

thus
Pr{(x,y) € Rlg} < Ac(xy)exp(—n°N/4) < me(2N)exp (—°N/4).

By the first and second claim, if N > 2/n?, Pr{x € Q|g} < 4m¢(2N)exp (—n>N/4). Note that if
N < 2/n?, 4exp(—n2N/4) > 2 thus the previous inequality also holds. O

The next lemma adapts Lemma A 1.4 to i.ni.d data.

Lemma A 1.4. For any collection C of Borel sets,
Pr{x € Q|g} < 4mc(2N) exp (—n>N/4).

Proof. We look first at the case N > 2/n and prove that Pr{x € Q|g} < 4Pr{(x,y) € R|g}. The rest
of the proof follows by the second claim in the proof of Lemma A 1.3.

First note that for each x € @ there exists a set Ax € C, indexed by x, such that Pxn(Ax) —
(Ax) > 1v/Pxn(Ax). As in the proof of Lemma A 1.4, this implies that Pen(Ax) > P(Ax) and
P(Ax) <1 —1n. Define

S

ny(Ax) — PXN(AX) B P}’N(AX) )
nyN(Ax)
P(Ax) + nv/Pxn(Ax) — Pyn(Ax)
VI[Pxn (Ax)) + Pyn (Ax)] /2
> N Pun(4) > 1.

VIPax (Ax) + P(A)]/2
Note that for every x € Q, P(Ax) > maxye(g) P(Ax|g). Thus Pr{Pyx(

Fyy(Ax) >

< P(Ay)lg} = Pr{Pyn(Ax) <
<

Ay)
max e P(Ax|g)|g} > 1/4 by Corollary A 1.1 as long as maxe(q) P(Ax|g) < 1—1/N. This holds by

max P(Ax|g) < P(Ax)

g€[G]
< 1-ng
2
< I—N.

Therefore

Pr{(x,y) € Rlg} > Pr{Fxy(Ax)>n |Pyn(Ax) < P(Ax),x € Q,g} Pr{Pyn(Ax) < P(Ax),x € Q|g}
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> (ianr{PyN(Ax) < P(Ax)\g}> Pr{x € Q|g}
x€Q

v

1 _
1 Pr{x € Q|g}.
The case N < 2/n is handled as in the proof of Lemma A 1.4. O

We now apply these results to derive bounds on radiuses. Lemma A 1.3 implies the following

version of Theorem 4 in Portier (2021).

Corollary A 1.2. Let (2(i))i<n be a sequence of independent and nonidentically distributed random
vectors valued in R® and P and P defined as above. For any § > 0,

With probability at least 1 — § conditional on g,

N
(A 1.5) VBGB,jifiz;l(x(i)eB)ZP(B) (1 %1(2]3]\;/5)),

With probability at least 1 — § conditional on g,

N
1 . 12d1In(12N/6) —
A1l6 VB € B, — 1 By < ——— 22 1+ 4P(B).
(A 16) €B.y D10l e By < = 4P
Proof. The proof of (A 1.5) applies Lemma A 1.3 to the collection B and follows the lines of the proof
of Theorem 4 in Portier (2021).
To obtain (A 1.6), note that Lemma A 1.4 applied to the collection B implies that with prob-

ability at least 1 — ¢,
VB € B, Pyn(B) — P(B) - \/4[ln (4me(2N)/6)] - \/12d1n(12N/6)

Pyn(B) N N
where the second inequality is obtained through the same arguments as in the proof of Theorem 4 in
Portier (2021). Define 3, := w and the function g : x — 22 — 8,z — P(B). The function

g has two roots, thus

[Pun(B) — P(B)]/\/Pun(B) < fn
= g(vPxn(B)) <0

= /Pxn(B) < % (ﬂn +4/62 +4P(B)> <\/B2+4P(B).

We finally obtain the following upper and lower bounds on the radius.

Lemma A 1.5. Let Assumptions 2.1, 2.2 and 2.3 hold. Then,
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(1) for all N, § € (0,1) and 1 < k < N such that 24dIn(12N/8) < k < T¢NbxcVy/2,

(A 1.7) Pr <suprk(33) < Rk|g> >1-9,
zeS
(2) for all N, 6 € (0,1) and 1 < k < N such that k > 12dIn(12N/4),
(A 1.8) Pr (irelg’f’k(x) > Rk\g> >1-4.

Proof. (A 1.7) is derived replacing P with P in the proof of Lemma 4 in Portier (2021) and using
(A 1.5).
To prove (A 1.8), note that

P(B(x, R,)) = /B e

< UxA(B(z, By) N S)

_ k= 12dIn(12N/5)
AN

where ) is the Lebesgue measure. By (A 1.6), with probability at least 1 — 9,

Vo e S, — 21 i) € B(x,Ry)) < k/N
which implies (A 1.8). O
A 1.2. Results on Laplacian.

Lemma A 1.6. HZ?H <1

Proof. By Theorem 7.3.3 of Horn and Johnson (2012), the eigenvalues L7 are o (LY >..>o0q(L)) >
0> —og(LY) > ... > —o1(L}). Thus the claim holds if o1 (L}) < 1. We equivalently show that I — 2777
is a symmetric positive semidefinite matrix. Note that
— I L
I—L1= . !
— (L) I

Take ¢ € R?*, write ¢ = Y where y, 2 € RF. Then
z

T [I - Zﬂ c=yly+zz2—2y L'z

Z yz + Z Z yizjdi 1/2
i€nn (z) jenn(x ) ienn(x) [(Oﬂ)u (Qﬂ)jj]
jenn(z')
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2
2 A
> Z ( z - 741y ) 20’
ienn (z 071)1/2 (QQ);JM
jenn (')

where the first inequality comes from 7 > 0 thus guaranteeing I — L is positive semidefinite. ([l

Lemma A 1.7. HZQ(X,g)H <1.

Proof. We proceed as for L}: we can equivalently show that I — £7(x,g) is a symmetric positive

semidefinite matrix. Take ¢ € R%*_ write ¢ = (y

) where y, z € R*. Then note that
z

2
Yi PZZ(X,g) Zj PZJ]-(x,g)
zenzN:( [(OF(x, g))n‘]lﬂ [(QQ(Xa g))jj} v

Jjenn(z")

iZjPZZ X,
_ Z Z y g Z Z ] Z] ))])] -9 Z Y ( g) ]1/2

i€nn (z) jenn (z i jenn () i€y (x icnn (z) [(Og(xvg))ii(Qz()gg))jj
jenn(z')
yzzpln (Xv g)
< T+ T4 ¥ e
ienn (z jenn(a') i€ny (z) [(OQ(ng))ii(QZ(X’g))jj]
jenn (@)

by (OQ(Xv g))m = ZjEnN(I/) P,Z(X,g) +7, (QQ(ng))]J = EiEnN(x) P@'Z'(X7g) + 7 and 7 > 0. Thus we

obtain

T [I — L(x, g)} c=y'y+z'z2-2"LI(x g)2

YiziPji(x, 8)
= Z yz+ Z z —2 Z A 12
() e ien() (00 8)); (QXx.8));,
jenn(z’)
7 7] 2
P (X7g> Pi'<x7g
> ’ >0

12 1/2
;ggg((j?) (O%(x,8))] {(QZ(X, g))jj}
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