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Abstract

An updating rule specifies how an agent reacts to information. An up-
dating rule is Blackwell monotone if more information is always better for an
agent in a decision problem and strictly Blackwell monotone if, in addition,
there is always a decision problem in which more information is strictly better
for an agent. Bayes’ law is strictly Blackwell monotone, and I show that within
a broad class of updating rules—those that distort the Bayesian posteriors in a
signal-independent manner-it is the only strictly Blackwell-monotone updat-
ing rule. Moreover, when the state is non-binary, I show that Bayes’ law and
the trivial updating rule in which an agent dogmatically holds a single belief

are the only continuous Blackwell-monotone updating rules.
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1 Introduction

The Blackwell order over statistical experiments (Blackwell (1951) and Blackwell
(1953)) provides an elegant way of comparing information structures. To a Bayesian
expected-utility maximizing agent, if one experiment ranks above another in the
Blackwell order, it yields a higher welfare to the agent than the other, no matter the
agent’s decision problem. We term this property possessed by Bayesian updating—
that Blackwell-more-informative experiments yield higher payoffs to an agent no
matter her decision problem-Blackwell monotonicity. If an agent violates Blackwell
monotonicity, she cannot be Bayesian.

This paper asks the converse question: is it true that if an agent is not Bayesian,
she must contravene Blackwell monotonicity? One the one hand, many of the lead-
ing non-Bayesian updating rules formulated to explain peoples’ (non-Bayesian)
behavior violate Blackwell monotonicity. For example, the conservative Bayesians
of Edwards (1968) may strictly prefer less information to more. Another example
is updating rules that exhibit confirmatory bias (Rabin and Schrag (1999)). Di-
visible updating (Cripps (2022)) also may yield a negative value for information;
likewise the a — f model of Grether (1980).

On the other hand, a related question does not single out Bayes’ law. Take
some (at least partially informative) experiment. Is it true that if the agent does
not update this information according to Bayes’ law, there is always a decision
problem in which she prefers to observe nothing than this experiment; viz., for
which this experiment has strictly negative value to the agent? As Morris and Shin
(1997) and Braghieri (2023) reveal, the answer is no. A broad variety of updating
rules are such that some information is always better than none.'

For the first half of this paper, we restrict attention to a special class of updating

'Notably, one such family of rules corresponds to underreaction, in which the agent’s posterior
from any piece of information (signal realization) is some average of the Bayesian posterior and the

prior. Even these rules are not Blackwell monotone, and we elaborate upon why shortly.



rules—those that systematically distort beliefs, i.e., for which the agent’s posterior
is the image of some experiment-independent distortion of the Bayesian posterior.
We also refine Blackwell monotonicity by introducing a “strict” modifier: an up-
dating rule is strictly Blackwell monotone if it is not only Blackwell monotone but
preserves the strict superiority of an experiment over another.

In the main result of this paper, Theorem 3.1, we show that in the class of up-
dating rules that systematically distort beliefs, Bayes’ law is the unique strictly
Blackwell monotone updating rule. That is, if an agent always prefers more infor-
mation, and there is always a decision problem in which strictly more information
can be exploited, she must be a Bayesian. We then push the limits of this result by
moving beyond systematic distortions and find that there are two broader classes
of updating rules in which Bayesianism is equivalent to strict Blackwell mono-
tonicity.

An updating rule is convex if an agent always (weakly) prefers to observe ex-
periment 7= with probability A and 7’ with its complement-that is, randomize
over two experiments—than observe their convex combination, experiment A7 +
(1 - A1), for sure. An updating rule is grounded if the absence of information (a
completely uninformative experiment) is updated correctly. Proposition 4.3 re-
veals that a grounded, convex updating rule is strictly Blackwell monotone if and
only if it is Bayes’ law. Focused updating rules generalize those that systematically
distort beliefs: such rules are those for which identical columns must produce
identical posteriors, irrespective of the experiments in which they lie. In Propo-
sition 4.7, we find that a grounded, focused updating rule is strictly Blackwell
monotone if and only if it is Bayes’ law.

As we discuss in §1.1, there is an asymmetry between updating rules corre-
sponding to overreactions to information by the agent, versus those in which the
agent underreacts. In particular, underreaction is a milder mistake: false positives—

wrongly abandoning the prior-optimal action—can be very costly; false negatives,



less so. Underreaction can only lead to false negatives and so the value of some
information (versus none) can never be negative. But Blackwell monotonicity re-
quires something stronger; namely, that the agent prefer any marginal increase in
information. The central feature of these environments (with systematic distor-
tions, convex, and focused) is that they all enable us to make underreaction costly
in the sense that we can find decision problems in which a local improvement in
informativeness leads to a more likely false negative.

The various additional structures we place on the class of updating rules are
meaningful. In §4.1, we construct a strictly Blackwell monotone and grounded
rule other than Bayes’ law. Importantly, however, by our equivalence results,
it does not satisfy the other reasonable desiderata of convexity or focus. Thus,
one perspective on our findings is that they provide an impossibility result: strict
Blackwell-monotonicity and one of these other criteria cannot jointly be satisfied
by any updating rule other than Bayes’ law. Even within the class of systematic
distortions (and even if we require that the distortion be continuous), the “strict”
modifier is also important. In particular, when there are just two states, a updating
rule that systematically distorts posteriors according to a continuous distortion is
Blackwell monotone if and only if it corresponds to extreme-belief aversion (Ap-
pendix C).

These results are also useful in that they remove the need to check whether a
particular specification of a (systematically distorting) non-Bayesian updating rule
is Blackwell monotone. Unless there are two states and it is some form of extreme-
belief aversion, any non-Bayesian updating rule that systematically distorts poste-
riors is such that there exist two Blackwell-ranked experiments with the property
that the less-informative of the two is strictly better for the agent. These findings
also motivate the construction of orders over experiments for non-Bayesians. How
might an underreacter rank experiments, for instance?

In light of the non-exclusiveness of Bayes’ law under the criterion introduced



by Morris and Shin (1997) and Braghieri (2023), it is surprising that Bayes’ law
can be singled out by Blackwell monotonicity. Why, in particular, aren’t simple

updating rules in which an agent underreacts to information Blackwell monotone?

1.1 Why Not Underreact?

Although departures from Bayesian updating cannot strictly benefit a DM, it is
known that not all errors are equally harmful. Namely, there is a strong sense
in which underreaction, where a DM’s posterior is a convex combination of the
Bayesian posterior and the prior, is superior to overreaction, where the Bayesian
posterior is a convex combination of the DM’s posterior and the prior. As Morris
and Shin (1997) and Braghieri (2023) show, a DM who underreacts can never be
hurt by information: some information is always better than none.” In stark con-
trast, for an agent who overreacts, there always exists a decision problem in which
her losses from information (versus none) are unboundedly large.

It is easy to see why overreaction can be so harmful: the DM can be tricked
into taking an extreme action that she should not take, and if incentives are steep
enough, this mistake will be very costly. The innocuity of underreaction is more
subtle: essentially, the martingality of the Bayesian posteriors means that a deci-
sion problem in which a DM makes mistakes at some beliefs must be one in which
she benefits at others, and this benefit must outweigh the cost of any mistakes.

Crucially, these papers are making statements about which updating rules can
and cannot render a negative value for information. In contrast, here, we study
a different question. We are interested in characterizing the updating rules for

which the marginal value of information is always positive, in which more is always

2Morris and Shin (1997) and Braghieri (2023) provide a full characterization of updating rules
that lead to a positive value for information (versus none). von Beringe and Whitmeyer (2024)
have a simpler and closely related thesis—underreacters can never be exploited by a malevolent

principal, overreacters always can—and their main result is implied by one in Braghieri (2023).



preferred to less. That is, the other papers are “some versus none,” ours is “more

)

versus less.” It is also notable that the class of updating rules shown by Morris
and Shin (1997) and Braghieri (2023) to render a positive value for information
is quite large, whereas requiring a positive marginal value for information (strict
Blackwell monotonicity) singles out Bayes’ law.

We now illustrate these ideas in the context of a simple two-state example. The
state space, ©, is binary, © = {0,1} and the DM’s prior is yg = P(1) = 1/2. The
DM has a binary decision problem with action set A = {ag,a;}. Action 4, yields
a state-independent payoff of 0 (the DM’s utility is u(ay,6) = 0 for all 6 € ©),
whereas action a; yields payoff —30 in state 0 and 20 in state 1 (u(a;,0) = —30
and u(a;,1) = 20). The DM is indifferent between the two actions when her belief
pu =1P(1) equals 3/5.

Now take a binary experiment with realizations L and H, where the Bayesian
posterior upon observing L is 0 and the Bayesian posterior upon observing H is
some puy > 1/2. If the DM overreacts, this signal can be worse for her than no
information. In particular, suppose py < 3/5, in which case a Bayesian DM will
never take action a;, which yields her a payoff of 0, the same as her payoff to
no information. However, if she overreacts and instead updates the high signal
realization to some posterior that is strictly larger than 3/5, she will mistakenly
take the high action, producing a strictly negative ex ante expected payoff.

This is depicted in Figure 1. The black line segment is the DM’s payoff (in
her belief y) to action ay. The purple line segment is her payoff to a;. The DM’s
prior (1/2) is the large purple circle, and the low and high Bayesian posteriors,
pr = 0 and uy = 9/16, are the small solid green and blue dots, respectively. Her
expected payoff at belief yy from taking action a, is specified by the red x, and is
strictly negative. On the other hand, the large hollow blue dot is her non-Bayesian
posterior fig = 5/8. Her expected payoff at this belief corresponds to the blue x,

which leads her to incorrectly take action a; following realization H.



Figure 1: A Pernicious Overreaction

With underreaction, the worst that can happen is a false negative: it may be
that the Bayesian posterior following the high signal realization, py, is strictly
larger than 3/5, in which case the DM ought to take action a;. If, instead, the DM’s
posterior following the high realization is less than 3/5, she will persist with the
status quo, taking the prior-optimal action of a4y,. But this hurts her only in the
sense that she is failing to take advantage of an opportunity-she is still no worse
off than if she had had observed nothing.

This failure to take advantage of information is what makes underreaction vi-
olate Blackwell monotonicity, as we will now see. Suppose the DM underreacts in
the sense that her updating rule produces posteriors that are 50/50 averages of the
Bayesian posteriors with the prior. Take a signal that produces a distribution over
Bayesian posteriors that is supported on {0,5/8,7/8} (with respective probabilities
1/3, 1/3, and 1/3). The DM’s updating produces posterior 1/4 instead of 0, 9/16
instead of 5/8, and 11/16 instead of 7/8. Consequently, the DM takes action a; if
and only if she observes the highest signal realization. She fails to fully take ad-
vantage of information because she should also take a; following the intermediate

signal realization but does not (as 9/16 < 3/5 < 5/8).
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Figure 2: Underreaction Leads to Type-II Errors

The specified ternary distribution corresponds to a strictly more informative
experiment than a binary one with support {0,3/4}, yet yields a strictly lower ex
ante expected payoff to the DM. This is because the binary experiment does not
produce any consequential mistakes: although the high realization in the binary
is underreacted to, the DM’s posterior (5/8) is still high enough for her to pick the
correct action at the interim point.

This is depicted in Figure 2. As before, the prior is the large purple circle. The
solid dots are the (common) low posterior 0, uy; := 5/8, 3/4, and 7/8; in green,
blue, orange, and red, respectively. The underreacting DM’s posteriors are the
hollow dots instead; in green, blue, orange, and red, respectively. The purple x
is the Bayesian DM’s ex ante expected payoff from each experiment-the extra in-

formation is superfluous. The non-Bayesian DM, however, makes a mistake: her



expected payoff following realization M is the strictly negative blue x, so she will

mistakenly choose 4.

1.2 Related Work

By now, many papers explore non-Bayesian updating. One vein of the literature
formulates axioms that produce updating rules other than Bayes’ law. Epstein
(2006) studies an agent whose behavior is in the spirit of the prone-to-temptation
agent of Gul and Pesendorfer (2001). Ortoleva (2012) axiomatizes a model in
which an agent does not behave as a perfect Bayesian when confronted with unex-
pected news. Of special note is Jakobsen (2019), who introduces a model of coarse
Bayesian updating in which a decision-maker (DM) partitions the belief simplex
into a collection of convex sets. Jakobsen (2019) presents an example (Example
4) of a coarse Bayesian updater who, nevertheless, assigns a higher value to more
information. This is a particular case of extreme-belief aversion, the unique family
of rules that are Blackwell monotone when there are two states (Appendix C). His
Proposition 7 states precisely when a regular (for which all cells of the partition
have full dimension) coarse Bayesian updating rule is Blackwell monotone.

This work is also related to the work on dynamically consistent beliefs—see,
e.g., Gul and Lantto (1990); Machina and Schmeidler (1992); Border and Segal
(1994); Siniscalchi (2011); and the survey, Machina (1989). Another seminal paper
in that area is Epstein and Le Breton (1993), who show that “dynamically consis-
tent beliefs must be Bayesian,” thereby establishing an equivalence (as Bayesian
beliefs are obviously dynamically consistent). Accordingly, we find that within
our specified classes, dynamic consistency and strict Blackwell monotonicity are
also equivalent.

Closely tied to the notion of dynamic consistency is the value of information
for DMs with non-expected-utility preferences. That some experiments may be

harmful to a DM is illustrated in Wakker (1988), Hilton (1990), Safra and Sulganik



(1995), and Hill (2020). Li and Zhou (2016) show that the Blackwell order holds
for almost all DMs with uncertainty-averse preferences provided they can commit

ex ante to actions, and Celen (2012) establishes that it holds for an MEU DM.

2 Setup

There is a finite set of states of nature, ©, with |@|=n>2. A =A(0) is the (n—1)-
simplex, the set of probabilities on ®, understood as a subset of IR"~!, topologized
by the Euclidean metric. py € A° denotes our decision-maker’s (DM’s) full-support
prior, where A° denotes the (topological) interior of A. For any belief y € A, we
write u(0) =P, (0).

A (statistical) experiment is a pair (7, S), consisting of a stochastic map 7: © —
A(S) and a finite set of signal realizations S for which i. the unconditional proba-
bility of each s € S is strictly positive; and ii. the Bayesian posterior after observing
each s, yg, is unique (for s,s’ € S, if s # s/, pg # ;45/).3 We note the formula for the

Bayesian posterior: for all 6 € ©,

po(0) 7 (s|0)
(O;m) = p —.
KO ca o (@) (S107)

IT denotes the set of experiments. In turn, from the ex ante perspective a statisti-

cal experiment induces a distribution over Bayesian posteriors p € AA(©), where
Py (ps) = p(ps) = Legreo Ho (07) 1 (s]0).

We are interested in studying departures from Bayes’ law. To that end, we
denote the DM’s posterior upon observing signal realization s, given experiment
(1, S), by fig (0;7).* An Updating Rule, U, is a map

U:IT—AS

(10, 8) = (A5 (057)) g5 »

3Neither assumption affects the results of this paper and both help simplify the analysis.
“Throughout, beliefs with hats will be those produced by the (potentially non-Bayesian) updat-

ing rule, and those without hats will be those produced by Bayes’ law.
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i.e., it maps a experiment to a collection of posteriors, one for each signal realiza-
tion.

Following de Clippel and Zhang (2022), we say that an updating rule Systemat-
ically Distorts Beliefs if there exists a function ¢: A — A such that for all statistical

experiments (77, S) € Il, and signal realizations s € S,

fis (0;1) = @ (ps (6;1)).

For most of the paper, we restrict attention to updating rules that systematically
distort beliefs, which from now on we term Updating Rules. This allows us to drop
subscripts and arguments: given distortion ¢ and a Bayesian posterior p, the DM’s
posterior is fi = ().

A Decision Problem (A, u) consists of a compact set of actions A and a contin-
uous utility function u: A x® — IR. For a Bayesian DM, any decision problem
induces a value function in the posterior u

V) = T&XIEy” (a,0) .

V is convex, which implies a positive value of information for a Bayesian DM.
In this paper, we are interested in evaluating the value of information for non-
Bayesians. For simplicity, we specify that at every fi € A the DM’s choice of action
is Consistent: her choice depends only on the realized posterior, i.e., selection
a*(fi) € argmax,, [E;u (a,0) is a function of T

Now we state the two central definitions of the paper.

Definition 2.1. An updating rule is Blackwell Monotone if for any decision prob-
lem (A, u) and consistent choice of action a*: A — A, a DM’s ex ante expected utility
from observing experiment (77, S) is higher than from observing (7’,S’) if 7 > 7/,

where > is the (Blackwell) order over experiments.

Naturally, we are also assuming interim optimality: a* is a selection from the argmax corre-

spondence at belief .
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Definition 2.2. An updating rule is Strictly Blackwell Monotone if it is Blackwell
monotone and for any two experiments (77, S) and (nc/,S”) for which 7 > 7’ there
exists a decision problem and consistent choice of action a*: A — A such that the
DM'’s ex ante expected utility is strictly higher from observing the draw from 7

than from 7.

For a fixed decision problem and consistent choice of action, the function W (p) :
E,u(a*(¢(p),0) is a well-defined function of the Bayesian posterior p. Thus, let-
ting p” and p be the Bayesian distributions over posteriors corresponding to 7’
and 7, an updating rule is Blackwell monotone if for any decision problem (A, u),

consistent a*: A — A, and pair 7t > 17/,

IEpW (’/’) 2 IEhW (V) .

Note that Blackwell monotonicity is is equivalent to W’s convexity in p. An updat-
ing rule is strictly Blackwell monotone if (in addition to Blackwell monotonicity),
for any pair 7@ > 7’ there exists a decision problem and a consistent decision rule
such that

E,W (1) >Ey W ().

2.1 Blackwell Monotonicity

We are taking a stance on how to compute the value of information. There are sev-
eral reasonable ways to evaluate a non-Bayesian DM’s value of information. In all
cases, the DM’s action at any belief must be interim-optimal; viz., must maximize
her expected utility given her posterior fi = ¢ (¢). Thus, from a Bayesian DM’s
perspective, the DM with non-Bayesian belief /i # y may make a mistake. But
how should we evaluate this expected payoff, with respect to the Bayesian belief
p or to ji? Moreover, when we compute the DM’s payoff from the ex ante perspec-

tive, should we use the correct distribution over Bayesian posteriors, or should
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we allow for forecasting mistakes and, thus, use an alternative (Bayes-plausible)
distribution over posteriors?

Ours is the perspective of a sophisticated DM (or observer), who forecasts the
distribution over signal realizations—and, thus, Bayesian posteriors—correctly, yet
understands that the DM is not a perfect Bayesian but will potentially make mis-
takes at interim beliefs. She may, therefore, refuse free information, in anticipation
of her likely errors. In Appendix B.1, we show that when the DM instead evaluates
expected payoffs using ¢ (p) (but still forecasts signal realizations correctly), U is
Blackwell monotone (in this new sense) if and only if ¢ is affine.

In the latter case, the DM’s expected utility at the Bayesian posterior uis V (¢ (¢)),
and, ex ante, we evaluate IEPV (¢ (u)). The DM’s mistake is made twice, both when
the DM chooses her action at belief ¢(p) but also when computing the expectation
of the action’s payoff. A third case is that in which the forecast distribution over
signal realizations is also incorrect-some Bayes-plausible g instead of p—and so we
evaluate [E; V (fi). We provide a full characterization of Blackwell monotonicity for

this conception of it in Appendix B.2.

2.2 Why Systematic Distortions?

The primary focus of this paper is on updating rules that systematically distort
beliefs. There are several justifications for this. First, systematic distortions are
those for which counterfactual events do not affect decision-making either directly
or indirectly: only the column of the experiment corresponding to the realized
signal matters for the DM’s posterior and the agent can simplify fractions, which
renders the other columns totally irrelevant ex interim. This is consistent with
our method of evaluating the value of information in that the DM encounters the
signal realization and takes an interim-optimal action at her resulting posterior.
Why should counterfactual events matter in her calculus?

Second, the bulk of the existing literature on updating rules focuses on those

13



that systematically distort beliefs. Thus, our results concern a particularly relevant
and useful class of rules. A third argument in favor of our emphasis on systematic
distortions is that the subsequent results concerning focused (and grounded) rules
and convex (and grounded) rules also single out Bayes’ law as equivalent to strict
Blackwell monotonicity. In this light, the systematic-distortion specification can
be seen as a slightly simplified environment that is extremely tractable and yet

whose properties extend more broadly.

3 Blackwell-Monotone Updating Rules

In this section, we state and prove the main result of the paper. It is important to
keep in mind that in this section, by updating rule, we mean “updating rule that

systematically distorts beliefs.”

Theorem 3.1. An updating rule is strictly Blackwell monotone if and only if it is Bayes’

law.

That is, an updating rule is strictly Blackwell monotone if and only if ¢(u) = p
for all y € A. The theorem follows from a number of smaller results, the proofs to
which may be found in Appendix A. We begin by arguing that if an updating rule

is Blackwell monotone, the distortion ¢ must be continuous on A°.
Lemma 3.2. If updating rule U is Blackwell monotone, ¢ is continuous on A°.

The intuition behind this lemma is fairly straightforward. U being Black-
well monotone is equivalent to the induced value function W’s convexity in the
Bayesian posterior W. But convex functions are continuous except on the bound-
aries of their domain. Thus, if ¢ is not continuous, and has a “jump” somewhere,
we can find a decision problem in which the “jump” is inherited by W, rendering

it non-convex.

14



We then build upon this lemma to discipline the behavior of ¢ for all full-
support beliefs. We say that a distortion ¢ is Trivial on a set Y C A if ¢(u) = ji for
some fi€ Aforall ueY. @ isthe Identity mapon Y CAif ¢(u)=pforall peY.

We also highlight one particular departure from Bayesian updating:

Definition 3.3. Let there be two states (n = 2). A DM with updating rule U dis-
plays Extreme-Belief Aversion if there exist two intervals C; := (0,c¢)and C, = (d,1)
(with ¢ < d) such that @(u) =c for all y € Cy, p(u) =d for all p € C, and @(u) = p
for all p € [c,d].

We discuss this pattern of behavior in Appendix C, where we specialize to the

two-state environment.

Proposition 3.4. (i) Let there be two states (n =2). If U is Blackwell monotone, the
DM displays extreme-belief aversion.
(ii) Let there be three or more states (n > 3). If U is Blackwell monotone, @ is either

trivial or the identity map on A°.

Lemma 3.2 is key to establishing this proposition, whose proof is purely topo-
logical. Thanks to the lemma, we know that Blackwell monotonicity implies con-
tinuity of the distortion ¢ on the interior of the simplex. Using this continuity,
we argue that if ¢ is not the identity map on A° it must be locally trivial at some
belief y € A° for which ¢(u) # p. That is, every belief in an open ball around that
p must be mapped to the same point. This local triviality plus the facts that ¢ is
continuous and A° is connected allow us to conclude the global structure stated in
the proposition.® Moreover, if we add the additional requirement that ¢ is con-
tinuous on A, we arrive at the following stark conclusion when there are three or

more states.

Corollary 3.5. Let there be three or more states (n > 3). If U is Blackwell monotone

and @ is continuous on A, @ is either trivial or the identity map on A.

°T am grateful to the anonymous reviewer who suggested this approach.

15



But U cannot be Blackwell monotone and such that the DM gets every full-

support posterior “right,” yet gets some non-full-support posterior “wrong:”

Lemma 3.6. If U is Blackwell monotone and ¢ is the identity map on A°, @ is the
identity map on A.

The reasoning behind this lemma is simple. If ¢ distorts some belief, x, on the
boundary of A but none on the interior, we can take a binary experiment 7t whose
induced Bayesian distribution over posteriors has one of its two support points on
that x. But then we just take an ever-so-slightly less informative experiment, 7/,
in which x is replaced with x’ that is on the line segment between x and the prior.
No matter how close it is to x, x” lies, nevertheless, in the interior of A, and so
@(x’) = x”. Consequently we can always find a decision problem in which x leads
to a harmful mistake but x” does not, or a decision problem in which the DM fails
to take advantage of her information at x but does at x’.

On the other hand, if ¢ is trivial on some open ball in A°, the updating rule

cannot be strictly Blackwell monotone:

Lemma 3.7. If there exists y’ € A° and € > 0 such that @(u) = ji € A for all y € B.(y'),

U is not strictly Blackwell monotone.
Finally, we combine the intermediate results to produce the theorem.

Proof of Theorem 3.1. Proposition 3.4 and Lemma 3.7 tell us that if U is strictly
Blackwell monotone, ¢ must be the identity map on A°. Lemma 3.6 states that

this property must extend to the boundary as well, which yields Theorem 3.1. =

Even without the additional strictness refinement, if we impose that ¢ is con-
tinuous and nontrivial, Blackwell monotonicity already singles out Bayes’ law
when there are more than three states (Corollary 3.5). Moreover, the continuity
assumption only has bite for extreme posteriors—the distortion is necessarily con-

tinuous for full-support posteriors. And the two-state environment? It turns out
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that a DM’s updating rule is Blackwell monotone and continuous if and only if she

displays extreme-belief aversion. We discuss this in Appendix C.

3.1 Sketching a Special Setting

To gain intuition for Theorem 3.1, let us sketch an alternative proof for a restricted
class of updating rules. We say a distortion, ¢, is Grounded if @(ug) = yo.

The result to be argued is

Corollary 3.8. An updating rule whose distortion is grounded is strictly Blackwell

monotone if and only if it is Bayes’ law.

Naturally, we need only establish the necessity of Bayes’ law. The assumption
that ¢ is grounded is extremely helpful, as it allows us to immediately rule out
all but a special class of errors. To elaborate, we note the following result, which
follows from discussion in Braghieri (2023). We state a more general version of

this remark (when we allow for non-systematic distortions) in the next section.

Remark 3.9. If ¢ is grounded, U is Blackwell monotone only if ¢(u) € conv {p, u}
for any p € A.

The idea is simple: if ¢ does not pull each Bayesian posterior (weakly) “back”
along the line segment toward the prior-if the DM’s mistake for any binary exper-
iment is anything other than underreaction-there is a binary experiment whose
Bayesian distribution over posteriors is supported on at least one belief y such
that we can find a hyperplane that strictly separates p from ¢(u) and py. Thus,
there is a (binary) decision problem where the DM strictly is worse off than if she
obtained no information, as upon obtaining ¢(y) she will make a big mistake. Fig-
ure 1 illustrates this in the two-state environment.

What this revealed necessity of underreaction to all binary information does is

to allow us to draw conclusions about any binary experiment merely by studying
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binary experiments in the two-state environment. Let us do so. Take the low
(strictly less than p,) Bayesian posterior, y;, produced by a binary experiment,
1, (where the other Bayesian posterior is some uy > pg) and suppose iy > pyj.
Take two additional binary experiments, 7" and 7”/, whose (respective) Bayesian
distributions over posteriors are supported on {//L, ptH} and {y’L’, yH}, where p; <
< B[ < Pr-

By construction, @ > 7’ > 1"/, and so if U is Blackwell monotone, it must
be that the monotonicity of the posteriors is weakly preserved by the distortion:
fir < jpp < 7. Otherwise, if fi; > ji; for instance, we could find a binary decision
problem for which one action is strictly optimal at y;, y;, and ji; but strictly sub-
optimal at fi;, so that the DM does not take advantage of a profitable opportunity
when the experiment is 7w but does with less information (7, violating Blackwell
monotonicity.

Slightly more subtle is the fact that if U is Blackwell monotone, fi; = ;. If
that were not the case, ﬁi < ﬁ’L’, we could generate a violation of Blackwell mono-
tonicity as in §1.1’s example-more specifically, Figure 2. Namely, we take the
ternary experiment 73 whose Bayesian distribution over posteriors is supported
on {yL, M ;/tH} and that is strictly more informative than 7’. Remember, however,
that we know that ji > ji; so there exists a binary decision problem for which the
DM fails to take the correct action upon obtaining the interim posterior ji/’ but
does at interim posteriors ji; and fi;. But in this decision problem, there is no
value to a Bayesian DM to the extra information afforded by 7 over 7/, and a DM
distorting the probabilities in the specified way does not make a mistake when
she observes experiment 7¢" but does when she observes 7t, another violation of
Blackwell monotonicity.

So, if U is Blackwell monotone, y; and p; must be mapped to some common
belief by ¢. But then so too must any y € [y’L, y’L’], in which case there is no differ-

ence to the DM between a binary experiment whose corresponding Bayesian distri-
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bution over posteriors, 7* has some support point y* € (//t’L, ,u’L’) and another experi-
ment whose Bayesian distribution over posteriors is obtained by a local “spread” of
u*, i.e., in which the other support point is the same as under 7* and realizing with
the same probability, but where y* is spread to some collection of posteriors all ly-
ing within ( Wil ) and whose barycenter is p*. Any experiment of the latter form is
strictly more informative than 7", yet for no decision problem will this additional
information ever be useful. Consequently, U is not strictly Blackwell monotone.
Moreover, although this discussion was couched in the binary-state setting, this
logic also applies to any binary distribution in the n-state environment. And, as
any p € A\ {yo} can be produced by a binary experiment, we conclude that if U is

strictly Blackwell monotone, ¢(u) = p for all u € A.

4 Non-Systematic Distortions

Now let us remove the requirement that the updating rule systematically distorts
beliefs. That is, given experiment (77, S) € I'l, and upon observing realization s € S,
the DM’s posterior is

fis (057) = @r (s (057))
i.e., the distortion of the Bayesian posterior depends on what the experiment was
itself.”

In this section, we consider three additional classes of updating rules, which we
term grounded, convex, and focused. Our definition of grounded updating rules
is a simple modification of the previous term concerning distortions. Namely, we
say an updating rule is Grounded if the DM’s posterior upon observing the trivial

experiment with a single signal realization is the prior. That is, the DM correctly

"We do not permit the distortion to depend on the realization s. This is without loss of gener-
ality as we have assumed that each realization induces a unique Bayesian posterior. Allowing for

duplicate Bayesian beliefs and realization-contingent distortions would not affect our results.
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updates a completely uninformative signal. We maintain the standing consistency
requirement on the DM’s interim choice of action. Then, for a fixed statistical
experiment (77, S), decision problem, and consistent choice of action, the function
Wi (p) = E,u(a*(¢r (1)), 0) is a well-defined function of the Bayesian posterior p.
Note that as the distortion of the Bayesian posterior ¢, is experiment-dependent,

so too is the ex ante Value function W,,.

4.1 A Strictly Monotone Updating Rule Other Than Bayes’ Law

Absent the assumption of systematic distortions, groundedness, by itself, is not
enough to single out Bayes’ law as the unique Blackwell-monotone updating rule,
nor even the unique strictly Blackwell-monotone rule. Let us construct an alter-
native one. Let ©® = {0, 1}. For any experiment (7, S), with corresponding p, define

[ (p—po)?
olm) = Eplﬂo(l —m)l'

P = po(l—o(m)), and  jfiy = po+o(m)(1 - po).

o:IT — [0,1] is strictly monotone in the Blackwell order: if 7 > 7/, o (1) > o (1¢').

o(mt) also ranges from 0 (a fully uninformative experiment) to 1 (full information).
We define

o if  p<pgn

Pr(1)=1p, if e < < i

o if  p2 i

That is, ¢, corresponds to experiment-dependent extreme-belief aversion, where

the degree to which the DM eschews obtaining extreme beliefs is decreasing in the
informativeness of the experiment. Observe that this updating rule is grounded.

Moreover,

Remark 4.1. This updating rule is strictly Blackwell monotone.
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Please visit Appendix A.5 for a proof of this remark. This rule alters the
standard extreme-belief-aversion rule, which is Blackwell monotone (proved in
Appendix C)-but not strictly Blackwell monotone-to make it strictly so via the
experiment-dependent weight o (-). But can there be strictly Blackwell-monotone
rules other than Bayes’ law when there are three or more states? After all, we
already know that the two-state environment is quite special.

Yes, there can: for example, suppose that for each line that goes through u
the DM updates any experiment whose Bayesian posteriors all lie on that line in
the manner defined in Remark 4.1, treating the intersection of the simplex and
the specified line as the two-state 1-simplex. Any experiment whose Bayesian pos-
teriors are not all collinear is updated according to Bayes’ law. This is a strictly

Blackwell-monotone (and grounded) updating rule.

4.2 Convex Updating

For any pair of experiments (77, S) and (7c/, S’), a Convex Combination of the two ex-
periments is, for some A € [0,1], experiment (77, S US’), where 1) (5]0) = A1t (s]|0)

forall s€ S, forall 6 € © and 7 (s'|0) = A (s’|O) for all s’ € S/, for all O € O.

Definition 4.2. An Updating Rule is Convex if for any triple of experiments (7, S),
(1/,S’), and (7),S US’), where (71,,S US’) is a convex combination of the first two

experiments, and consistent choice of action a*: A — A,
/\IEan(l‘) +(1- /\)lEp’Wn’(ﬂ) 2 IEp/\ Wnk(l‘);

where p, p’and p, = Ap+(1-A7)p’ are the corresponding distributions over Bayesian

posteriors (respectively).

Any updating rule that systematically distorts beliefs is convex. An updat-
ing rule that does not systematically distort beliefs, yet is convex, is “no learning

without full disclosure,” where for any experiment other than the fully informa-
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tive one, each realization is updated to the prior, and the DM updates the fully-
informative experiment according to Bayes law. In fact, this updating rule is both
Blackwell monotone and grounded. However, it is not strictly Blackwell mono-

tone.

Proposition 4.3. A grounded, convex updating rule is strictly Blackwell monotone if

and only if it is Bayes’ law.

Only the necessity direction needs proving, as Bayes’ law is grounded, strictly
Blackwell monotone, and convex. Our approach is to use the following generaliza-
tion of Remark 3.9 (beyond the environment of systematic distortions) to establish
a pair of lemmas, which together imply the proposition. We defer the detailed

proofs of these lemmas to Appendices A.6 and A.7.

Remark 4.4. Let binary experiment (77,S) induce the Bayesian distribution over
posteriors p, supported on {uy, pp} (uy # pp). If U is grounded, U is Blackwell

monotone only if i € conv {pg, o} and AT € conv {1, po}.?

In the first lemma, we prove the necessity of Bayesian updating for ground-
edness, convexity, and strict Blackwell monotonicity within the class of binary

experiments.

Lemma 4.5. If U is grounded, convex, and strictly Blackwell monotone, U is Bayes’

law for any binary experiment.

The reasoning behind this lemma is essentially the same as that in §3.1, al-
though the fact that the DM’s distortion of the Bayesian posterior may be experiment-
specific complicates matters. In particular, we need the additional convexity as-
sumption to carry out the trick where we use a judiciously-constructed ternary
experiment to discipline the errors made for posteriors produced by the specified

binary experiments. Eventually, we arrive at a pair of experiments as in the last

8We adapt the earlier notation so that ji™ := @, (p).
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paragraph of §3.1, where i. one produces three (collinear) posteriors and the other
two; ii. the latter is obtained from the former by collapsing the low two poste-
riors to their barycenter; and iii. the extra information contained in the ternary

distribution is lost by way of the updating rule.

Lemma 4.6. If U is grounded, convex, and strictly Blackwell monotone, U is Bayes’

law for any experiment.

Compared to the previous lemma, this one is easy to prove. Only the neces-
sity direction warrants a proof and we suppose for the sake of contradiction that
the updating rule is not Bayes’ law for some non-binary experiment 7t (with cor-
responding Bayesian distribution over posteriors p). This means that we can find
a hyperplane that strictly separates the offending Bayesian belief, y, from ™. This
hyperplane partitions the simplex, and we use it to generate a binary Bayesian dis-
tribution over posteriors by collapsing the collections of support points of p on
each of the partition elements to their respective barycenters. Being binary, by the
previous lemma, the DM gets this distribution “right.” Moreover, by construction,
the corresponding binary experiment is strictly better for the DM than 7 for some
decision problem, yet is strictly less informative than 7. We conclude that U is not

Blackwell monotone.

4.3 Focused Updating

We say an updating rule is Focused if for any pair of experiments (7, S) and (7, S’),

if 11(s|0) = 7(s’|0) for all O € © for some pairs € S, s’ € §’, then ji; (0; 1) = fiy (0; 7).

Proposition 4.7. A grounded, focused updating rule is strictly Blackwell monotone if

and only if it is Bayes” law.

The proof of this proposition is extremely similar to that of Proposition 4.3. We
start by using Remark 4.4 to treat binary experiments as if they are all in the two-

state environment. Then, we argue that all binary experiments must be updated
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correctly. Finally, we do the same collapsing-to-the-respective-barycenters trick to
extend the necessity of Bayes’ law to arbitrary experiments. For the details, please
visit Appendix A.8.

Focused updating rules possess a weaker form of column-independence than
those that systematically distort beliefs. The latter class are those for which the
DM must be able to understand when two ratios are equivalent, irrespective of the
precise numerators and denominators of the fractions. Viz., a systematic distorter
understands that 1/2 and 9/18 are equivalent. Focused updating rules are those
for which the DM must be able to understand when two identical fractions are the
same-i.e., that 1 equals 1, 2 = 2, 9 = 9 and 18 = 18-but may not recognize that
1/2 = 9/18. Accordingly focused updating rules are a much broader class, and
assume a much lower baseline of cognition.” For such updaters, focus merely
imposes that upon seeing the exact same thing ex interim, a DM’s beliefs must be

the same.

5 Motivated Reasoning

Up until now, we have fixed the DM’s full-support prior, but not the decision
problem—so that a Blackwell-monotone updating rule is such that more informa-
tion is more valuable in every decision problem. What if we instead start with a
fixed decision problem? Our search, therefore, is for updating rules that generate
a positive marginal value of information for the particular decision problem under
consideration.

Fix a full-support prior py € A° and a finite-action decision problem with at
least two actions in which no action is weakly dominated. Let the set of actions

be A ={ay,...,a,} (with m € N, m > 2). Recalling the definition of value function

9To be fair, it is more difficult to recognize that .28/.95 and 7/19 are the same (are they?) than
7/19 and 7/19.
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V= maxgea By u(a, 0), a Problem-Specific Updating Rule (that systematically dis-
torts beliefs), Uy, is an updating rule for which the DM’s posterior is a posterior-
separable function of the Bayesian posterior ¢y : A — A.

We maintain the specification that the DM’s choice at every belief y € A is con-

sistent (and interim-optimal); viz., depends only on the realized posterior.

Definition 5.1. A problem-specific updating rule, Uy, is Blackwell Monotone if
for any consistent choice of action a*: A — A, a DM’s ex ante expected utility from
observing experiment (7, S) is higher than from observing (7’,S’) if @ > e/, where

> is the (Blackwell) order over experiments.

A Menu of actions is some nonempty subset A C A. Given a menu of actions A,
let V4(p) == max,c1 E,u(a,0) be the DM’s value function in Bayesian-belief y. We
say a problem-specific updating rule generates an effective menu on Y C A if for

any consistent choice, there exists some A C A such that W =V; on Y.

Theorem 5.2. A problem-specific updating rule is Blackwell monotone if it generates

an effective menu on A. It is Blackwell monotone only if it generates an effective menu

on A°.

The essence of this theorem is that for a fixed decision problem, updating rules
that respect the Blackwell order must be behaviorally equivalent to a DM updating
to full-support posteriors correctly but ignoring particular actions except possibly
on a measure-zero subset of beliefs. To elaborate, any menu A C A generates a
polyhedral subdivision of A

ct={cd) i

For eacha € A, Cf is the set of beliefs at which action a is optimal when the DM

has access to menu A. Evidently,

Remark 5.3. A problem-specific updating rule generates an effective menu on A°

if and only if there exists some A C A such that for all y € A°, u ¢ Cg;i implies
Pv(p) € Ci.
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As this remark and Theorem 5.2 reveal, many different distortions can produce
Blackwell monotonicity. However, the behavior induced by such rules must take a

particular form; namely, the almost-total ignorance of some subset of actions.

A Omitted Proofs

A.1 Lemma 3.2 Proof

Proof. We prove the contrapositive: if ¢ is not continuous on A°, there is a deci-
sion problem in which the induced W is not convex on A°. By Theorem 10.1 in
Rockafellar (1970) it suffices to show that W is not continuous on A°.

We enumerate the states ® = {0,1,...,n—1} and for u € A let y' denote PP (i)
(i=1,...,n—1). Suppose @ is not continuous at some y € A°. That is, there exists
some sequence {y,} € A° such that y,, — p but @(u,) /> @(u). Without loss of
generality (as we could just relabel) we assume that ¢! (u,) /> ¢! (n).

Now, let us construct a decision problem as follows. The set of actions is A =

[0,1], and the DM’s utility function is
u (0,9) = —1{9:1}((1 - 1)2 - (1 - 1{6:1})(12.

Consequently, given belief y € A, the DM’s interim expected payoff (which guides
her decision) is

—yl (a— 1)2 —(1 —,ul)az.
By construction, a*(¢(p)) = ¢! (), so

2 2

W) ==p! (@' (W =1) = (1= )" (W =—p' + 21" 0" (W) — 0" (W)

Observe that W(u,,) = W(p) if and only if
1 1_ 1 1 1_ 1
@ (pn) 2pn = @~ () =@~ (W) (20" =@~ (1)) = 0,
which holds if and only if @!(pu,) — @!(k) or @' (u,) — 2ut — @' (k).
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We have assumed away the first possibility, so if ¢!(u,) / 2u' — @'(u), we are
done. Accordingly, let
@ (1) = it =20 =" (1) = @ ().

Observe that this implies ¢! (u) = u! = fi'. Because of this, there exist scalars a, f €
IR such that
ap(W+p>0, ap'+p>0, and 0>aji' +p,

or there exist scalars «, p € R such that
ap'(W+p>0, ap'+p<0, and 0>aj' +p.

Suppose the first case is feasible. We define a new two-action decision problem
with action set {ay,a,}, where the payoff to action a, is the state-independent 0

and the expected payoff to action a; (in belief y) is au! + p. Thus, recalling that
W(p) =E,u(a (¢ (p),0),

W(py) = 0<ap' +B=W(p),

and so W is not continuous at y. We omit the second case as it mirrors the first. m

A.2 Proposition 3.4 Proof
I'm grateful to an anonymous referee for sketching this approach.

Proof. Let U be Blackwell monotone. By Lemma 3.2, this implies that ¢ is contin-

uous on A°. Suppose there exists some x € A° for which ¢ (x) =y = x.

Claim A.1. There exists an € > 0 such that for all x’ € B.(x), @ (x") = .

Proof. Suppose for the sake of contradiction not. Then there exists a sequence {x,,}
in A that converges to x and such that y, := ¢ (x,) =y for all n € IN.
Consider a two-action decision problem in which the payoff (in belief p) to

action 1 is 0 and the payoff to action 2 is ay — , where a and  are such that

27



ay—p =0and ax—p <0. We must have i. ay,—p > 0 for infinitely many members
of the sequence {y,}; or ii. ay, — p < 0 for infinitely many members of the sequence
{vn}-

i. In the first case, by construction, there is a subsequence {ynk} such that ay,, —
B > 0 for all Yn,- We impose for all such beliefs, the DM takes action 2 and for
belief y, the DM takes action 1. As x,, — x, Xy, — X, SO

lim W{(x,, )= lim ax, —f=ax—-p<0=W(x).
k k

N —00 N —00
ii. In the second case, by construction, there is a subsequence {ynk} such that
ay,, —p <0 forall y, , so for all such beliefs, the DM takes action 1. Accordingly,
W(x,, ) =0 for all x,, . We impose for belief y, the DM takes action 2, so

lim W(xnk) =0>ax—-p=W(x).

nj—00

In both cases, W is discontinuous at x and, therefore, non-convex, contradicting

that U is Blackwell monotone. ]

This claim implies that either ¢! (y) is open in (A°,||||g) or is the union of an
open set with p itself (in the event where ¢ (y) = y as well). By the continuity of ¢,
@ ! () is closed in (A% ||||g). As A° is connected, if there are three or more states
@~ 1(v) = A°, i.e., @ is trivial on A°. If n = 2, either ¢! (v) = (0,1), ¢! (v) = (0,4], or
o~ (v) =1[b,1). u

A.3 Lemma 3.6 Proof

Proof. Suppose for the sake of contraposition that there exists some x € A°\ A for
which ¢(x) = x. If £ does not lie on the line segment between x and , we are done,
as there exists a decision problem for which the DM strictly prefers no information
to any binary experiment whose distribution over Bayesian posteriors has support

on x (see Remark 3.9).
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Thus, for some A € [0,1), X = Ax+ (1 — A)pp. But then there exists a decision
problem for which a DM prefers the binary experiment that induces p” with sup-
port {y, 7% + (1 —)x} to that inducing p with support {y,x}. Accordingly, U is not

Blackwell monotone. ]

A.4 Lemma 3.7 Proof

Proof. Suppose that ¢ is locally trivial, i.e., assume the stated condition. Take a
binary experiment, 7, whose induced Bayesian distribution over posteriors, p, is
supported on {y, "’} for some y” € A. Then, take another experiment, 77, whose
Bayesian distribution over posteriors, ¢ has support on {uy, py, p”’}, where py, pp €
B(y') and Py(u”) = Ps(n”). By construction, @ > 7, yet for any decision prob-
lem and any consistent choice of action, 7 and 7t yield the DM the same ex ante

expected utility, violating strict Blackwell monotonicity. [

A.5 Remark 4.1 Proof

Proof. Take two experiments 7w and 7’ with 7 > 7’ For any decision problem and

consistent decision rule, and for any v € {gn,ﬂn,yn/, ﬁn/}, let
() =Eu(a(v),0) = a,u+py,
for a,, B, € R. For each 7 € {r, 7}, define A; C A as
A= {a € A: E,u(a,0) = V() for some p € (lfﬁ,ﬁﬁ)}.

By construction,

Wy (i) = max {f,fn(ﬂ),f,zn(#), sup [E,u(a, 9)},

acA,

and

aeAn/

Wi (p) = max{fgnf(l")'fﬁnf(l’l)' sup IEyu(a,Q)}.
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Evidently, W, W,», and W, — W, are convex, so by Theorem 3.1 in Whitmeyer
(2023), B Wy (1) > Ey Wi (1) > By Wy ().

Strictness is easy: the standard quadratic-loss utility and unit-interval action
set decision problem yields the strictly convex V(u) = —p(1—p) on [0,1] and, there-

fore, the conclusion. m

A.6 Lemma 4.5 Proof

Proof. Let U be grounded. Suppose for the sake of contraposition that U is not
Bayes’ law for some binary experiment (77, S). Appealing to Remark 4.4, we may
specify without loss of generality that the state is binary and that the Bayesian
distribution p has support {0,1} with ¢, (0) = € (0, ug] and @, (1) =6 € [pp, 1].
Take five (five!)!" additional experiments (711,S;), (712,55), (73,S3), (714,S4),
and (75, Ss), defined as follows. Let p' (i € {1,...,5}) denote the distribution over

Bayesian posteriors induced by each 7;. Then, for 0 <41 <y,

suppp = {0,1}, suppp' ={0,47,1}, suppp® = {21,1}, suppp’ = {21,411},
suppp* ={3#,1}, and suppp’ = {41, 1},
with
pi=TP,2(21), P,i(dr) =P, (0) = g,q = P,4(31), and IP s (41) = P s (27) = g
Note that

1-2n

by Bayes-plausibility. By construction,

p

TC> Ty > T(p > T(g > Ty > T(5.
Claim A.2. If U is convex and Blackwell monotone,

0= gonl(l) = (Pnz(l) = (Png,(l) = 90714(1) = (Pm;(l) 2 Ho-

10This quantity seems excessive, but it seems like we need all five.
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Proof. Throughout the proof of this claim, we can ignore the other support points
(the ones less than pg) of each p, as Remark 4.4 tells us that each is mapped by
the respective distortions to beliefs less than pg if U is Blackwell monotone and
grounded (which we specified at the start of the proof of the lemma). Moreover,
by Remark 4.4, ¢, (1) > p for each i is necessary for Blackwell monotonicity, so
we also assume this.

Next, we argue that

02 @r, (1) 2 @, (1) 2 @ (1) 2 @r, (1) 2 @i (1)

if U is Blackwell monotone. Suppose for the sake of contraposition that ¢, (1) <
@, (1). Take a binary decision problem in which action a, yields a state-independent
payoff of 0 and action a; yields a payoff, in belief y, of

(D) + (1)
H ) .

The DM'’s ex ante expected payoff from 7y is 0 and is strictly positive from 75, so
U is not Blackwell monotone. The analogous arguments produce the rest of the
chain, pair by pair.

Finally, we argue that ¢, (1) < ¢, (1) if U is convex and Blackwell monotone.
Suppose for the sake of contraposition not, i.e., that ¢, (1) > ¢.(1). By construc-

tion,
1 1 1-4n 5
b =02 2i-2p)?

Take a binary decision problem in which action a, yields a state-independent pay-

off of 0 and action a; yields a payoff, in belief y, of

P (1) + g (1)
M B .

The DM’s ex ante expected payoff under 75 is v5 := 0. The DM’s ex ante expected

payoff under 7 is
_ (Pﬂl (1) + 907'(5(1)
2 )

vi=pg|l
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and it is

o Ho _277 (1 _ (Pnl(l)"'(PnS(l))

vy - 1_217 2
under 7.
Then,
1-4 -2 1)+ 1
vl_ 1 v — 1/] v5: VO 17_ :MO 1_@7’(2( ) goﬂg,( ) >Ol
2(1-2n) 2(1-2n) 1-2n  2(1-29n) 2
so U is not convex. n

Claim A.3. If U is Blackwell monotone, for all & € {0,4n} and v € {21,4n},

Y < 0r, (&) £ 0, (21) < Ory (V) < 01, (317) < @y (477) < pho-

Proof. First, we argue that

Y < 0, (217) < 05, (31) < @ (417) < o

is necessary for Blackwell monotonicity. By Remark 4.4, ¢, (21) € [21, uo], ¢, (317) €
[377, po] and @ (417) € [41, o] are necessary. Now suppose for the sake of contra-
position that ¢ (217) € [21, ).

Take a binary decision problem in which action a, yields a state-independent
payoff of 0 and action a; a payoff (in belief y) of

_(ﬂ_ fpn2(217)+7)'
2

Under 7, the DM gets 0, as she’ll always take action a,; whereas, under 7;, the DM
gets a strictly positive expected payoff, a violation of Blackwell monotonicity. The
analogous arguments pair-by-pair yields the necessity of the rest of the chain of
inequalities.

Second, we argue that if U is Blackwell monotone, max{goﬂ1 (0), @, (417)} <
¢r,(217) and max{(pn3(217), (pn3(417)} < @r,(3n). Let us tackle the first of these. Sup-
pose for the sake of contraposition that ¢, (47) > ¢, (21). Take a binary decision
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problem in which action a, yields a state-independent payoff of 0 and action a; a

payoff (in belief y) of

( 90n2(217)+<Pn1(417))
p- S ,

The DM’s expected payoff under 7, is bounded above by
p ((Pnz(zﬂ) + (Pn1(477))

)

vy ==
L) 2

whereas her expected payoff under 7, is

( <Pn2(217)+fpn1(411))
-p|2n - .

Vy == 5
Then, v, —v; equals
P Prr(21) + ¢, (477) p
5( 5 — 4| > £ (gr,(20) = 4n) >0,

a violation of Blackwell monotonicity. The analogous argument yields the neces-
sity of ¢, (0) < ¢, (277). Likewise, the proof can repeated to argue max{(pn3(211), Prs (417)} <
Py (377).

Third, we argue that if U is Blackwell monotone, y < rnin{(pn1 (0), @, (417)} and
Pr,(217) < min{(pn3(217), (pn3(417)}. Let us tackle the first of these. Suppose for the
sake of contraposition that ¢, (0) < y. Take a binary decision problem in which
action a, yields a state-independent payoff of 0 and action a; a payoff (in belief y)

of

max{(pnl(O), 4r]}+ Y
—| - > )

The DM’s ex ante expected payoff under 7, is strictly positive, whereas it is 0 under
7, a violation of Blackwell monotonicity. Note that we have assumed without loss
of generality (or else U would not be Blackwell monotone) that ¢, (47) € [0, po].
Now suppose for the sake of contraposition that ¢, (477) < ¥ < @, (0). If
¢r,(4n) < 41, U is not Blackwell monotone so we specify @, (47) > 4. Take a

binary decision problem in which action a, yields a state-independent payoff of 0
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and action a; a payoff (in belief y) of

. em )ty
po—— |

The DM’s ex ante expected payoff under 7, is strictly positive, whereas it is 0 under
7, a violation of Blackwell monotonicity.

This proof can be repeated to argue @, (217) < min{(pn3(217), (pn3(417)}. [

Claim A.4. If U is convex and Blackwell monotone,

P, (217) = Py (217) = Py (41]) = @, (317) = P (41).

Proof. From Claim A.3, it suffices to show that max{(pm(O), g0n1(417)} > Q. (41).
Suppose for the sake of contraposition not, i.e., that max{(pn1 (0), @, (417)} < g (47).
Take a binary decision problem in which action a, yields a state-independent pay-

off of 0 and action a; a payoff (in belief u) of

maX{fpnl (0), P, (417)} T Prs (41)
. 5 .

The DM’s ex ante expected payoff under 75 is v5 := 0. Her ex ante expected

payoff under 7 is

max{(pnl (O)r (Prcl (477)} + (Pn5(477)

v = (1 - po) 5 )
and it is
o lem|, _ max{gr, (0), r, (41)}+ s (41)) 1 T
T o | 2 12" T2y
under 7t;. Then,
1 1-4n 1
vl_Z(]_—Z v_2(1—2 )VS—W(V—4T](1—]40))>O,
1 1 n
so U is not convex. ]

Claim A.5. If U is convex, U is not strictly Blackwell monotone.

34



Proof. By Claims A.2 and A.4, if U is convex and Blackwell monotone, ¢, (1) =
Py (1) and @, (217) = @, (41) = @z, (37). By construction 73 > 714, yet for any
decision problem and consistent choice of action, w3 and 74 yield the DM the same

ex ante expected payoff, so U is not strictly Blackwell monotone. ]

This concludes the proof of the lemma. ]

A.7 Lemma 4.6 Proof

Proof. Let U be grounded and convex. Take an arbitrary non-binary experiment
(17, S) and let p be the induced Bayesian distribution over posteriors. Suppose for
the sake of contraposition that there exists some x € supp p for which ¢ (x) = £ = x.

Consequently, there exists @ € R""! and f € R such that
ax+p>0>ax+p.

Without loss of generality we assume ¢, (y) = p for all y € suppp \ {x}. We

define

M :={puesuppp: ap+p > 0}.
If suppp \ M =0, we are done, as Remark 4.4 tell us that U is not Blackwell mono-
tone.

Suppose that supp p\M = 0, and take the binary Bayesian distribution over pos-
teriors obtained by collapsing the posteriors in M and the posteriors in suppp \ M
to their respective barycenters (under p). Call this Bayesian distribution over pos-
teriors p” and denote the experiment that induces it 7’. Naturally 7t > t’. More-
over, if @, /() # p for any of the two posteriors in suppp’, Lemma 4.5 tells us that
U is not strictly Blackwell monotone.

Suppose, therefore, that ¢,/ () = p for all y € suppp’. But then the DM must
strictly prefer 7’ to 7, as she makes an error with strictly positive probability under

7t. We conclude that U is not Blackwell monotone. [
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A.8 Proposition 4.7 Proof

The proposition is the product of Lemmas A.6 and A.11. As ever, we need only to

establish the necessity of Bayes’ law.

Lemma A.6. If U is grounded, focused, and strictly Blackwell monotone, U is Bayes’

law for any binary experiment.

Proof. We begin just as in the proof of Lemma 4.5 (see Appendix A.6). Let U be
grounded and suppose for the sake of contraposition that U is not Bayes’ law for
some binary experiment (1, S). As before, Remark 4.4 enables us to specify without
loss of generality that the state is binary and that the Bayesian distribution p has
support {0, 1} with ¢,(0) =y € (0, yp] and @, (1) =05 € [po, 1].

We take the five additional experiments constructed in Lemma 4.5’s proof and
add a sixth to the mix; (74, Sg), where 174 is binary and obtained by combining the
columns of 77y that produce Bayesian posteriors 0 and 1 (adding the two elements
in each row of the two columns together). Consequently, the Bayesian distribution
over posteriors corresponding to 75 has support {47, 7}, where IP,1(41) = IPy6(47).

Moreover, if U is focused, ¢y, (41) = ¢, (417). Note also that
TC> Tl > Ty > Tlg > Ty > T(5 > Tlg.

Next,

Claim A.7. If U is Blackwell monotone, for all & € {0,4n} and v € {21,4n},

Y < 0r, (&) < 0, (21) < Pry (V) < 01, (317) < @ (417) < @ (417) < o

Proof. Claim A.3 states the entire chain other than ¢, (41) < ¢, (47), but the logic

for that is identical, so we can conclude it as well. ]

Claim A.8. If U is focused and Blackwell monotone,

P, (217) = @y (217) = P, (417) = @1, (31) = P (417) = P (417).
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Proof. From Claim A.7, it suffices to show that ¢ (417) = @, (41). We have already

observed that if this is not true then U is not focused, so we are done. ]
Claim A.9. If U is focused, @r,(1) = g, (1).

Proof. This follows immediately from the fact that 7t4 is obtained from 73 by com-

bining two columns, leaving one (the one that yields posterior 1) untouched. m
Claim A.10. If U is focused, U is not strictly Blackwell monotone.

Proof. This proof mimics that of Claim A.5. By Claims A.8 and A.9, if U is focused
and Blackwell monotone, ¢, (1) = ¢, (1) and @, (27) = @, (41) = @, (377). 73 >
14, yet for any decision problem and consistent choice of action, 73 and 7t4 produce

the same ex ante expected payoff, so U is not strictly Blackwell monotone. ]
We conclude the lemma. [

Lemma A.11. If U is focused, convex, and strictly Blackwell monotone, U is Bayes’

law for any experiment.

Proof. The proof is identical to Lemma 4.6’s proof and so we leave it out. ]

A.9 Theorem 5.2 Proof

Proof. (<) The convexity of V; gives us Blackwell monotonicity.

(=) If Uy is Blackwell monotone, W is convex on A. This implies that on A°,
W(p) = sp}){ajy + [)’j},
j€

for some index set J, where a; € R"! and Bj € R for all j € J. For each a € A, let
fa(p) = azp+ B, denote its payoff in belief u (where a, € R"! and B, € R for all
a € A). As the set of beliefs at which f,(u) # f,(¢) for any distinct pair a,a’ € A is

dense in A°,

W) = S}l}){am + /3]'} = mekaa(M) = Vi(p),
je ae
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for some A C A on a dense subset of A°, implying that W = V; on A°. ]

B Alternative Notions of Blackwell Monotonicity

B.1 When Do Two Wrongs Make a Right?

One other way of thinking about the DM’s value for information is to evaluate the
decision made ex interim according to belief ¢(u) rather than pu. In this case, more
information is more valuable in a Blackwell sense if and only if V(¢(u)) is convex,
as the ex ante expected payoff is E, V(¢ (p)).

We say that map ¢: A — A is affine if ¢ (x) = Ax+ b for some (n—1)x(n—1)

matrix A and b € R"1.
Lemma B.1. V (¢ (x)) is convex for all convex V if and only if @ is affine.
Proof. (=) If ¢(x)=Ax+Db, then forall x,x’€e Aand 1 €(0,1)

V(pAx+(1=A)x) = V(A(Ax+b) + (1 - A) (Ax’ + b))
<AV (Ax+Db)+(1-A)V (Ax"+b)
= AV () +(1-)V(p),

so V o ¢ is convex.
(<) Suppose for the sake of contraposition that there exist distinct x,x” € A and

A €(0,1) such that ¢ (x) = Ax+ b and ¢ (x") = Ax"+ b but
PAx+(1-A)x)=zAAx+(1-A)x")+b. (B.1)
Let V (x) = ax, where a e R""!, so

AV(p(x)+(1 - V(p(x) = dap(x)+(1-A)ag(x))
= daAx+(1-A)aAx"+ab (B.2)

=aA(Ax+(1-A)x")+ab.
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Appealing to Expression B.1, WLOG we assume
a(AAx+(1-A)x")+b) 2z ap(Ax+(1-1)x)

(as otherwise we could just modify «). If
a(AAx+(1-A)x")+b)<ap(Ax+(1-21)x'),

we have, from Equation B.2,

AV(px)+(1-A)V(px)=a(A(Ax+(1-1)x")+b)
<ap(Ax+(1-1)x")=V(pAx+(1-21)x").

so V o @ is not convex. If
a(AAx+(1-1)x)+b)>ap(Ax+(1-1)x'),

we simply define V (x) = —ax, in which case, again, we have

AV (e (x))+(1 =) V(@) <V (p(Ax+(1-1)x")),

so V o ¢ is not convex. [

B.2 Forecasting Errors

A second alternative way of evaluating the value of information is one in which we
allow for forecast errors from the ex ante perspective. In this case, we specify that
the anticipated distribution over posteriors is p and so the ex ante expected payoff
is E; V(fi). We also assume that the DM understands the martingality of beliefs, so
that the anticipated distribution over posteriors, ¢, has mean .

Consequently, an updating rule is Blackwell monotone (in this sense) if 7= > 7’
implies EyIE;u(a,0) > EyE,u(a,0) for any decision problem. Then, we have the

following easy result:

Remark B.2. An updating rule is Blackwell monotone if and only if 7t > 7’ implies

P is a mean-preserving spread of p’.
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C Two States and Extreme-Belief Aversion

Let there be two states (n = 2). Recall that a DM with updating rule U displays
extreme-belief aversion if there exist two intervals C; := (0,c) and C, := (d, 1) (with
0<c<d<1)suchthat p(u)=ctforall ye Cy, p(p)=d forall ye C, and @(u) = p
for all y € [c,d].

Proposition 3.4 tells us that extreme-belief aversion is implied by Blackwell

monotonicity. Now let us show that it is sufficient when ¢ is continuous.

Proposition C.1. Let n = 2. An updating rule U that systematically distorts beliefs
according to a continuous distortion ¢ is Blackwell monotone if and only if the DM

displays extreme-belief aversion.

Proof. Suppose U displays extreme-belief aversion. Because ¢ is continuous, ¢(0) =

cand ¢(d) = 1. Define AC A as
A= {a € A: B u(a,0) = V(p) for some p € (c,d)}.

Given the DM’s consistent decision rule, let f.(y) := a.p+ B. and f;(u) = azp+ B4
be the expected payoffs (in belief y) to the actions the DM takes at beliefs c and 4,
respectively, where a;, f; € R for i € {c,d}. By interim optimality and the definition
of A, fo(p) >sup,cs E,u(a,0) for all u <c. Likewise, f;(p) > sup,1E,u(a,6) for all
p>d. Thus, W(u) = max{fc(,u),fd(/u), sup,c4 E,u(a, 9)}, which is convex. [

Here is an example of such a rule.

Example C.2. There are two states, © = {0, 1}, and the set of actions is the unit in-
terval, A =[0,1]. The DM’s utility function is the standard “quadratic loss” utility,
translated up by .3 (to make the graph prettier): u(a,0) = —(a— 0) +.3. Accord-
ingly, V(x) = —x(1—-x) +.3. Here is an Interactive Link, where one can adjust
the parameters, ¢ and d, that specify the continuous extreme-belief averse rule by

moving the corresponding sliders.
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