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Abstract

This paper investigates the identification and estimation of social inter-
actions with endogenous group formation. We characterize group formation
by a two-sided many-to-one matching model, where individuals choose among
groups according to their preferences, and a group ranks individuals based on
their qualifications and admits those with the highest qualifications until the
capacity is reached. Following Azevedo and Leshno (2016), we show that an
equilibrium in a finite market converges to a limit as the number of individuals
in the market grows large. Based on this limiting approximation, we derive
the selection bias as a group-specific nonparametric function of the group for-
mation indices. Assuming the unobservables are exchangeable across groups,
the peer effects can be identified by controlling for the selection bias as in a
sample selection model. The excluded variables in group formation also provide
instruments that can help resolve the reflection problem (Manski, 1993). We
propose a multi-stage distribution-free semiparametric estimator based on our
constructive identification results. The proposed estimator is /n consistent

and asymptotically normal and performs well in simulations.
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1 Introduction

Social interaction models are useful for investigating the interdependence of individ-
ual outcomes in a wide range of contexts such as educational attainment, teenage
smoking, and criminal activity. A salient feature of social interactions is that they
often take place among individuals who belong to a certain social or economic group.
For example, a student tends to interact with other students in her school or college
(e.g., Kremer et al., 2009; Argys and Rees, 2008; Carrell et al., 2008; Gaviria and
Raphael, 2001; Lavy and Schlosser, 2011; Sacerdote, 2011; Zimmerman, 2003). A
resident tends to interact with other residents in the same neighborhood (e.g., Bayer
et al., 2008; Damm and Dustmann, 2014; Aslund et al., 2011; Bobonis and Finan,
2009; Katz et al., 2001; Kling et al., 2005; Lewbel et al., 2021). It is evident that
entering such a social or economic group, for example, by being admitted to a col-
lege or moving into a neighborhood, can be selective, thereby posing a challenge in
quantifying the causal social effects among the group members (e.g., loannides and
Zabel, 2008; Bayer et al., 2007; Epple and Romano, 1998).

Most of the literature on social interactions assumes that peer relationships, repre-
sented by an adjacency matrix, are exogenous (See Blume et al., 2011, for a survey).
Several recent studies (e.g., Goldsmith-Pinkham and Imbens, 2013; Hsieh and Lee,
2016; Johnsson and Moon, 2021; Auerbach, 2022) relax this assumption by incorporat-
ing a network formation model and introducing unobserved individual heterogeneity
that affects both the link formation and individual outcome, thus leading to endo-
geneity in the peer relationships. The endogeneity of this kind can be resolved once
the individual heterogeneity is controlled for. Unlike these studies, we consider a more
empirically motivated setting where the endogeneity in peer relationships stems from
the selective entry into each group. For example, there is sizable empirical evidence
documenting that students may be sorted into schools/classes and the potential sort-
ing hinders the identification of the peer effects (Sacerdote, 2011; Epple and Romano,
2011; Friesen and Krauth, 2007). We develop a new framework to characterize the
endogenous entry into groups and identify and estimate the causal social effects.

Specifically, we discover that group formation can be equivalently characterized
by a two-sided many-to-one matching model, where the individuals who join a group
can be regarded as being “matched with” the group. To form the groups, individuals

choose among the groups based on their preferences and each group ranks the indi-



viduals based on their qualifications and admits those with the highest qualifications
given the group capacity (Azevedo and Leshno, 2016; He et al., 2022). For example,
in college admissions, each student chooses among the colleges, and only those who
are admitted to a college can enter the college. The groups formed eventually are
determined as an equilibrium outcome. This two-sided group formation framework
covers one-sided group formation (e.g., neighborhood choice) as a special case, where
each group has an unbounded capacity and joining a group reduces to a simple multi-
national discrete choice problem. To the best of our knowledge, this is the first paper
that exploits a matching framework to characterize group formation.

Based on the group formation model, we show that the endogeneity in group for-
mation leads to a selection bias in the individual outcome. To derive this selection
bias, we follow the many-to-one matching literature and characterize an equilibrium
in group formation (i.e., stable groups) by group cutoffs, where the cutoff of a group
is the minimum qualification to join the group (Azevedo and Leshno, 2016; He et al.,
2022). Through the equilibrium cutoffs, the groups formed in an equilibrium depend
on the unobserved characteristics of all the individuals in the market, rendering it
difficult to represent the selection bias. To overcome this difficulty, we approximate
an equilibrium in a market with n individuals by the equilibrium in a limiting market
as n goes to infinity. The limiting equilibrium has the feature that the group that an
individual joins only depends on her own characteristics, thereby yielding a tractable
expression of the selection bias. The idea of limiting approximation has been exploited
in the matching literature (Menzel, 2015; Azevedo and Leshno, 2016; He et al., 2022).
As far as we know, our paper is the first to apply the limiting approximation to derive
the selection bias due to endogenous group formation. Under the limiting approxi-
mation, we can explicitly express the selection bias as a group-specific nonparametric
function of the preference and qualification indices in group formation.

The group-specific selection bias gives rise to a further challenge in the identifica-
tion of the social interaction effects, in both one-sided and two-sided group formation
settings. In the case where the adjacency matrix is given by group averages, the group-
level social effects can not be separately identified from the group-specific selection
bias. To conquer the challenge, we impose an assumption that the unobservables in
group formation are exchangeable across groups, so that the selection bias can be
represented using a group-invariant selection function, provided that the cutoffs and

group fixed effects are identified. We also provide constructive results on the identi-



fication of the cutoffs and group fixed effects. By partialling out this version of the
selection bias, we can thus identify the exogenous social effect.

In a general setting with the presence of both exogenous and endogenous social
interactions, it is well known that the social effects may not be separately identifiable,
referred to as the reflection problem (Manski, 1993). The existing literature proposed
to achieve identification using the exogenous variation in group size (Lee, 2007; Dav-
ezies et al., 2009; Graham, 2008) or the observed characteristics of friends of friends
(Bramoullé et al., 2009). Brock and Durlauf (2001) pointed out that self-selection
into groups may aid in the identification of the social effects. In this paper, we follow
the insight of Brock and Durlauf (2001) and propose a new approach that exploits
the exogenous variation in the observed characteristics in group formation to resolve
the reflection problem. We discover that after the selection bias is partialled out, the
excluded variables in group formation can be used as instruments to identify the so-
cial effects. Such instruments are valid regardless of whether the adjacency matrix is
given by group averages as proposed in Manski (1993) or additional networks within
each group. To our knowledge, our paper is the first to use excluded variables in
group formation to resolve the reflection problem.

As for the estimation, we propose semiparametric methods to estimate the model
parameters, where the distribution of the unobservables is assumed to be nonparamet-
ric. We first develop a distribution-free semiparametric estimator for the parameters
in group formation. In particular, we propose a two-step kernel estimator for the
cutoffs and group fixed effects based on our constructive identification results. To the
best of our knowledge, this is the first paper that proposes a distribution-free esti-
mator for the cutoffs in a two-sided many-to-one matching model. We then propose
a semiparametric two-step GMM estimator for the parameters in social interactions,
where we first partial out the selection bias by sieve estimators, and then estimate
the social interaction parameters by GMM. The proposed estimators in both group
formation and social interactions are y/n consistent and asymptotically normal.

The remainder of the paper is organized as follows. Section 2 introduces the
model. Section 3 derives the nonparametric selection bias. Section 4 investigates
the identification. Section 5 presents the estimation methods. Section 6 conducts a
simulation study. Section 7 concludes the paper. Additional results are presented in

the Online Appendix.



2 Model

2.1 Social Interactions

Consider a set of individuals N' = {1,2,...,n} who interact following the standard

linear-in-means social interaction model

n n
Yi = > wiyimn + Y Wwiyye + Ty + € (2.1)
i=1 j=1
In this specification, y; € R represents the outcome of interest (earnings, employment,
or education), z; € R% is a vector of observed characteristics, ¢; € R is an unobserved
shock, and w;; € R, denotes the weight of peer j on individual ¢. We assume that 7’s
outcome y; depends on -7 wijy; and 37, wy;xz;, the weighted averages of outcomes
and observed characteristics of i’s peers. Following the terminology in Manski (1993),
v captures the endogenous social effect, and 2 captures the exogenous/contextual
social effect. The parameter of interest is v = (v1,75,73) € R¥=+1,

In this paper, we focus on a setting where the adjacency matrix w = (w;;) € ]Rf
presents a group structure. Suppose there is a set of groups G = {1,...,G} that the
individuals can join. We assume that the number of groups G is finite and each group
g € G has a predetermined capacity n, that is proportional to n. The groups are non-
overlapping (such as colleges and nursing homes), so one joins only one group. Let
g; € G denote the group that i joins and g = (g1, ..., ¢g,) the n x 1 vector that stacks
gi- We assume that w;; = 0 if g; # g; — an individual is influenced by her groupmates
only. A typical example is given by group averages where we set w;; = nigl it g; = g,
and w;; = 0 if g; # g; (Manski, 1993)." We also allow w;; to take a more general form
so long as the interactions occur within a group. For example, group members may
form additional friendships and only friends in the group can have an impact.

Let y denote the n x 1 vector that stacks y;,  the n X d, matrix that stacks the

row vectors z;, and € the n x 1 vector that stacks ¢;. Write (2.1) in a matrix form
Y = wyy +wrys + Ty + €. (2.2)

The literature on linear-in-means models typically assumes that the adjacency matrix

!This example assumes that all groups reach their full capacities.



w is independent of the unobservables €. We relax this assumption to accommodate
endogenous group formation. Specifically, we allow w to be endogenous, though the
endogeneity only occurs at the group level, as detailed in Assumption 1 below. In the
next section, we develop a model of group formation to account for the endogeneity

of groups.

2.2 Group Formation

Suppose that, prior to social interactions, the groups are established through two-
sided decisions. On one side, an individual chooses a group according to her pref-
erences over groups. On the other side, a group ranks individuals based on their
qualifications and admits those with the highest qualifications until its capacity is
reached.? Two-sided group formation has various applications such as admissions to
colleges or schools, medical residency programs, and nursing homes. The framework
nests one-sided group formation as a special case, where each group has an infinite
capacity, and thus an individual unilaterally determines which group to enter.

Two-sided group formation can be equivalently characterized as two-sided many-
to-one matching without transfers, where the individuals in a group are regarded as
being “matched with” the group. Therefore, we specify group formation following
the literature on two-sided many-to-one matching without transfers (Azevedo and
Leshno, 2016; He et al., 2022).

Utility For individual i € A and group g € G, let u;, denote ¢’s utility of joining

group g

and vy; denote i’s qualification for group g

Vgi = 20g + Tgi, (2.4)

2For instance, in college admissions the qualifications of a student reflect colleges’ preferences over
the student; in school assignments, however, the qualifications may depend on (observed) priorities
of the student such as the district that the student lives in and whether the student has siblings
attending the school.

3Brock and Durlauf (2001; 2005) provided examples of one-sided group formation where individ-
uals unilaterally select into a group. In Brock and Durlauf (2001), an individual decides whether
to enter a potential group or not. In Brock and Durlauf (2005), an individual chooses one out of
multiple groups.



where z; € R% represents a vector of individual- or pair-specific observed character-
istics that affect the preferences and qualifications in group formation.* The group-
specific coefficients d;,0, € R% allow the effect of z; to be heterogeneous across
groups. Note that z; may overlap with the observed characteristics in social interac-
tions z;.° &, € R and 7,, € R represent pair-specific unobserved utility and qualifica-
tion shocks of individual ¢ for group g. Let & = (1, ..., &e) and 9, = (N4, -+ -, Nai)'-
We assume that the joint distribution of ¢;, &;, and 7; is nonparametric, which has
the advantage of allowing ¢; to have flexible dependence with & and 7;.°

It is worthy to point out that our model does not allow for peer effects in group
formation. In particular, the utility and qualification specified in equations (2.3)
and (2.4) do not depend on prospective group members. Nevertheless, if we have
additional information about the group members in the past (e.g., students enrolled
in a school in previous years), we can approximate the peer effects by including
in z; the outcome/characteristics of previous group members, provided that these
group-level measures do not vary over time. For example, assuming that the gender
composition in a school remains stable over time, we can use the fraction of female

in the previous year as a proxy for the gender peer effect.

Example 2.1 (College admissions). College admissions provide an example of two-
sided group formation, where students apply for colleges based on their utilities (),
and colleges admit students based on qualifications (vy;). In this example, ; refers
to student ¢’s unobserved preferences for the colleges (family tradition), and r; refers
to student i’s unobserved ability that affects her qualifications (extracurricular activ-
ities). z; represents a set of characteristics that affect the preferences of the student
or colleges, including student-specific characteristics (family income, parental educa-
tion, and SAT scores) and pair-specific characteristics (distance to a college and the
interaction between a student’s minority status and the fraction of minorities in a

college in the previous year).

4To illustrate that the specification in equations (2.3) and (2.4) covers both individual- and pair-
specific characteristics, suppose that there are two groups and we specify vg; = 8;04.s + digdg,a + Mgis
where s; is an individual-specific variable and d;, is a pair-specific variable (which can be an
individual-specific variable interacted with a group-specific variable). This example can be rep-
resented by equation (2.4) with z; = (s;, di1,d2)’, 67 = (91,5,91,4,0)’, and 85 = (2,5,0,02.4)".

5For the identification of +y, z; has to have at least two components that are excluded from z;.
See Section 4 for more details.

6The nonparametric specification implies that z; does not include a constant or group-specific
variables, because these group-level heterogeneity cannot be separated from &; and 7;.



Equilibrium Following the matching literature (Roth and Sotomayor, 1992), we
assume that the group formation outcome is stable.” Azevedo and Leshno (2016)
showed that a stable matching exists and can be characterized by group cutoffs. Let
py denote the cutoff of group g € G. It is given by the lowest qualification among the
group members if the capacity constraint is binding; otherwise, the cutoff is set to

—o00. Namely,

infig,—gvgi, if Yien g = g} = nyg,

by = .
—0Q, if Yien Hgi = g} < ny.

The cutoff of a group reflects how selective the group is.

Given the cutoffs p = (p1,...,pa)’, let Ci(p) = {g € G : vy = py} € G denote
individual i's choice set (i.e., the subset of groups that individual i qualifies for) .
Within C;(p), @ chooses the group that yields the highest utility

; = arg max Ug,.

g ggeci(p) I
This is a multinomial discrete choice problem with the choice set C;(p) determined
endogenously by the cutoffs p. Individual ¢ joins group g if (i) ¢ qualifies for group g,
and (ii) for any other group h # g, either i prefers group g to group h, or i does not
qualify for group h.® That is,

H{g: = g}
= vy >pg} - [T H{win < wigor v < pr}
h#g
= Ung >py— 20, - [ Hén — &g < 2(8; — 63) or s < pr, — 203} (2.5)

h#g

Equation (2.5) indicates that the group that individual ¢ joins is a function of i’s

"In the context of college admissions, stability can be achieved through various means. One
way is for students to apply to all acceptable colleges and use a stable mechanism like the deferred
acceptance algorithm to determine the matching Gale and Shapley (1962). Even if students choose
not to apply to all acceptable colleges due to application costs Fack et al. (2019) or errors in the
application process Artemov et al. (2020), stability can still be achieved theoretically as long as
students know the criteria used by colleges to rank them.

8For simplicity of exposition, we assume that individuals always prefer to join a group. This can
be relaxed by assuming that the utility of not joining any group is u;o = &;0. Such relaxation does
not lead to substantive technical modifications of the results.



observed and unobserved characteristics z;, &;, n; as well as the cutoffs p. We can
write g; = g(2i, &, mi5 p)-

We remark that in one-sided group formation, the capacities are infinite and the
cutoffs p, are set to —oo. The choice set C;(p) is simply G. The optimal decision
in equation (2.5) reduces to 1{g; = g} = [Trzy Huix < tig} = Tppry H&ik — &ig <
z(05 — 03)}, and we return to a standard multinomial discrete choice problem. The
group that individual 7 joins is a function of z; and &; only, that is, g; = g(z;,&;).

In a stable matching, the cutoffs p clear the supply of and demand for each group.”
Let z denote the n x d, matrix that stacks z., & the n x G vector that stacks ¢;, and
1 the n X G vector that stacks 7;. An equilibrium cutoff vector can be represented as
p(z,€,1)."° Given the equilibrium cutoffs, the groups are formed following equation

(2.5), and the equilibrium groups can be written as g(z,&,m;p(z,€,m)).

3 Selection Bias

In this section, we investigate the bias that results from selection into groups. Through-

out the paper, we maintain the following assumptions.

Assumption 1. The adjacency matriz w is independent of € conditional on x, z,

and g.

Assumption 2. (i) x;, z;, €, &, and n; are i.i.d. fori = 1,...,n. (i) The joint
cdf of €, &, and n; is continuously differentiable. (iii) For all i, €;, &, and n; are

independent of x; and z;.

Assumption 1 requires that the selection only occurs at the group level. For an
adjacency matrix that represents group averages, this assumption is trivially satisfied.
For an adjacency matrix of a more general form, the assumption requires that w is
independent of € given the group structure g — for example, conditional on group
memberships, how groupmates make friends is independent of €. This assumption
ensures that we can focus on the formation of groups to deal with the endogeneity
of w. Assumption 2(i) imposes an i.i.d. assumption that is typical in social inter-

actions. Assumption 2(ii) imposes a smoothness assumption on the joint cdf of the

9The equilibrium cutoffs p satisfy the following market-clearing equations:
Yien W9z, &imisp) = g} < ng and 30, Hg(zi,&imisp) = gb = ng if pg > —oo, for all
geagq.

0There may be multiple equilibrium cutoffs in a finite n economy.



unobservables. It is to ensure that the conditional probability that individual ¢ joins
group g is continuously differentiable. Assumption 2(iii) is a standard assumption

that the observables are exogenous.

3.1 The Presence of Selection Bias

The social interaction model in equation (2.1) presents a selection bias if

Eleilz, 2, 9(2,&,m:p(2,€,m))] # 0. (3.1)

Under Assumption 2(i)(iii), this bias arises from the dependence between the outcome
shock ¢€; and the unobservables in group formation &; and 7;. The dependence causes
€; to be correlated with g; because g; is a function of & and 7;. Moreover, €; can be
correlated with the entire group structure g through the equilibrium cutoffs p(z, &, n),
as the latter depend on € and n which include & and 7; (the general equilibirum
effects). Below we give an example to illustrate how ¢; is dependent of & and 7; and

how the dependence leads to a selection bias.

Example 3.1 (Example 2.1 continued). In the context of college admissions, €; repre-
sents unobserved ability (IQ and motivation) that affects y; (labor market outcome).
If this ability also affects an student’s performance in high school, then ¢; is depen-
dent of n;. Moreover, ¢; is dependent of &; if, for example, students of high ability
prefer colleges of high (unobserved) quality. In the presence of the dependence, the
admission process will sort higher-ability students into more selective colleges. By
the same logic, if high SES increases a student’s qualifications in college applications
and stimulates preferences for colleges of high rankings, then students with higher
SES will be sorted into more selective colleges. Therefore, we will observe a positive
assortative matching between students and colleges in the sense that students who
attend more selective colleges are also of higher ability and SES. The sorting yields a
positive correlation between €; and the average characteristics/outcomes in a college.

Without correcting for this sorting effect, we will overestimate the peer effects.

Simulation Evidence To further illustrate the selection bias, we provide simula-
tion evidence using the design in Section 6. We consider both exogenous and endoge-
nous group formation, depending on whether ¢; is correlated with 7; or not. Using the

simulated data, we display in Figure 3.1 the correlation between the group average
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characteristic z,, = >, w;;z; and the unobserved shock ¢; for both exogenous and

! Under the specification that z; and z; are correlated in the

endogenous groups.’
same direction as ¢; and 7; are correlated, we find that Z,, is uncorrelated with ¢;
in exogenous groups, but positively correlated with ¢; in endogenous groups. In the

latter case, the OLS estimate of the coefficient of z,, will be upward biased.

Figure 3.1: Correlation Between Group Average Characteristic and Outcome Shock

Endogenous Group Formation

Exogenous Group Formation

-2

-3+

-4 ‘ : ‘ ‘ -4 ‘ :
-1 05 0 0.5 1 -1 05 0 0.5 1

Lg; Ly

Y9i Yi

Note: The figures plot the relationship between the residualized group average characteristic
Z4, and the residualized outcome shock ¢;, using one market in the simulated data in Section 6.
In exogenous group formation (left figure), ¢; is independent of & and n;. In endogenous group
formation (right figure), ¢; is independent of &;, but correlated with ;. Other markets in the
simulated data show a similar pattern.

3.2 Limiting Approximation

Because equilibrium cutoffs depend on the (observed and unobserved) characteris-
tics of the n individuals in a market, the selection bias in equation (3.1) is a high-
dimensional function that involves the observed characteristics of all the n individuals.
To reduce its dimensionality, we propose a novel approach that exploits the limiting
approximation of the market as n approaches infinity. We find that the correlation

between ¢; and g through the equilibrium cutoffs becomes negligible as the market

1We control for the individual characteristic ; by regressing Zg, (resp. €;) on x; and taking the
residual of z,, (resp. €;).
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grows large, thereby opening the door to reduce the dimensionality of the selection
bias.

To this end, let p, = (pn1,---,Pnc)" denote a vector of equilibrium cutoffs in a
market with n individuals. Azevedo and Leshno (2016) showed that there is a unique
stable matching in the limiting market as n — oo, which can be captured by a unique
vector of equilibrium cutoffs in the limiting market, denoted by p* = (pi,...,p&)".
Unlike the finite-n cutoffs p,, the limiting cutoffs p* are non-stochastic because they
are determined by the distribution of the characteristics and each individual has a
negligible impact.

In the following proposition, we follow Azevedo and Leshno (2016) and show that
the equilibrium cutoffs in a finite-n market converge to the equilibrium cutoffs in the
limiting market as n — oco. By continuous mapping, the selection bias in a finite-n

market also converges to the selection bias in the limiting market.

Proposition 3.1 (Limiting approximation). Under Assumption 2(i)-(ii), we have

E[€i|m7 z, g(za Sa napn)] ﬁ) ]E[Ei|xi7 Ziy gz(zza gia Thap*)] (32)
Proof. See Appendix A.2.1. m

The proposition indicates that the selection bias in a finite-n market can be ap-
proximated by the selection bias in the limiting market. Because the limiting cutoffs
are non-stochastic, the selection bias of individual 7 in the limiting market depends
on 7’s characteristics only. This reduces the dimensionality of the selection bias from
O(n) to a finite number.

In the subsequent analysis, we assume that the selection bias takes the limiting
form. Accounting for the sampling error due to the limiting approximation is left to

future research.

3.3 Nonparametric Form

Now we derive the selection bias. We start with a nonparametric form where the
selection function is group-specific. This group-specific selection, however, poses a
challenge in the identification of group-level peer effects. By imposing an additional
exchangeability assumption, we can represent the selection bias in an alternative form

where the selection function is group-invariant.
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3.3.1 Group-specific selection function

Under nonparametric unobservables, the selection bias is a nonparametric function
of the group formation indices. Specifically, let 7; = (2[0}, ..., zi0&, 2107, ..., 2i6%)" €
R2¢ denote a vector of preference and qualification indices of individual i.'> We can

represent the selection bias as a group-specific nonparametric function of 7;.

Proposition 3.2 (Selection bias). Under Assumption 2, for any g € G, there exists
a function \, : R?® — R such that Ele;|z;, zi, g; = g] = N\ (73).

Proof. See Appendix A.2.1. m

Below we illustrate the selection function A,(-) in the case of two groups.

Example 3.2. Suppose that there are two groups (G = 2) and the group formation

indices are 7; = (2[0%, 210y, 216V, 2163)" € RL. Denote & = (&1,&2)" and n; = (14, m2:)'-

Let f(e;, &, m;) denote the joint pdf of ¢;, &, and n;, and f(&;,n;) the joint pdf of &;

and 7;. The selection bias of individual ¢ if joining group 1 is

Ele;|zi, zi,9: = 1] = Eleg|mi > p1 — 2107, &z — & < 25(8) — 05) or mo; < pa — 2.05]
le(Ti) eif(eiu fia 772)d61d£ld771

= = 1(71')7

Jry () £ (& mi)d&idm;

where R;(7;) denotes the conditioning event Ry (7;) = {(&, 7)) € R* : 5y > py — 2/6vN
(&2 — &1 < 2[(0F — 0%) Uno; < po — 2.03)}. Similarly, the selection bias of individual

1 if joining group 2 is

Ele;|zs, zi, 9 = 2] = Eleina > pa — 203, i — &2 < 2{(05 — 07) or ni; < p1 — 2;01]
fR2(n-) e f (€5, &y mi)deid€sdn;

= = 2(Ti)>

Jro(ryy T (& mi)d&idn;

where Ry(7;) denotes the conditioning event Ry(7;) = {(&, 1)) € R* : 19y > po — 21650
(&ir — i < (05 — 01) Umis < p1 — zi07) -

The result in Proposition 3.2 extends the standard sample selection models (Heck-

man, 1979; Das et al., 2003) to social interaction models with endogenous group

12Note that the qualification index of a group matters only if the capacity of the group is binding,
If a group does not reach its capacity, then the qualification index of this group should be dropped
from 7;. Specifically, let G C G denote the subset of groups whose capacity is binding and G the
cardinality of G. Then 7; = (2104,9 € G;205,9 € G) € RGHE,

13



formation. Das et al. (2003) explored a standard sample selection model where the
model specification is fully nonparametric. They represented the selection bias as a
nonparametric function of the propensity scores of a multivariate selection rule. In
our setting, the propensity scores that correspond to the selection rules in equation
(2.5) are not available because we do not observe individuals’ rankings over the groups
or whether they qualify for each group. Instead, we impose an index structure on
the preferences and qualifications so that the selection bias can be represented as a
function of these group formation indices. Brock and Durlauf (2001, Section 3.6)
considered social interactions with endogenous one-sided group formation, where the
unobservables follow a parametric distribution. We extend Brock and Durlauf (2001)
to more general two-sided group formation with nonparametric unobservables.

Proposition 3.2 and Example 3.2 indicate that the selection function A,(+) is group-
specific for three reasons. First, the cutoffs are group-specific and are absorbed into
the selection function. Second, the distribution of the unobservables (&;,,n,) may
vary across groups. Third, the components of 7; for group g and for the other groups
h # g play different roles in the selection function, through different selection rules
as shown in (2.5). The group-specific feature poses a challenge in the identification
of group-level peer effects. To see this, let w; denote the ith row of w. If both w;y
and w;x are group averages that include i herself, they are invariant within a group.'
The effects of these group-level variables cannot be separately identified from a group-
specific nonparametric selection bias. This is similar to the case of panel data models,
where the effects of time-invariant variables cannot be separately identified from an
individual fixed effect.!* In the next section, we propose a novel idea to resolve the
problem of group-specific selection.

We remark that the selection bias is also individual-specific because it depends
on 7;. While the selection occurs at the entry into a group, individuals with different

values of 7; are subject to different selection biases. Therefore, we cannot correct for

BBIf w;y and w;x are group averages that exclude i herself, they converge to including-oneself
group averages as the number of group members goes to infinity. Hence, the variation of w;y and
w;x in a group vanishes to zero as the group size grows.

H1f we have an additional network within each group, conditional on ¢; there may be individual-
level variation in w;y and w;x because individuals in a group can have different friends. In this
case, we can partial out the group-specific selection bias by interacting the indices 7; with group
dummies and exploit the within-group variation in w;y and w;x to identify ~. This approach,
however, requires further restrictions on network structure as it exploits within-group variation in
w;y and w;x for identification.
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the selection bias by simply introducing group fixed effects. An appropriate correction

requires us to exploit the information in ;.

3.3.2 Group-invariant selection function

Our idea to tackle the group-specific selection function is motivated by the observa-
tion that if the cutoffs are known, by ordering the components of 7; appropriately,
the selection function becomes group-invariant so long as the distribution of the un-
observables does not vary across groups. To this end, we introduce group fixed effects
to account for group-level heterogeneity and assume that the remaining individual-
varying unobservables are exchangeable across groups. If the group fixed effects are
also known, we can establish an equivalent representation of the selection bias where
the selection function is group-invariant.

As the first step, rewrite the utility u;, in equation (2.3) as
Uig = ag + 205 + &g, (3.3)

where o, denotes a group fixed effect. We may also include group fixed effects in
the qualification vy;, but they cannot be distinguished from the group-specific cutoffs
and thus are normalized to 0. Let a = (ai,...,ag)" be a vector of group fixed
effects. They can capture vertical preferences over the groups. For example, in college
admissions, a may represent college quality, available resources, and reputation. We

assume that the individual-varying unobservables are exchangeable across groups.

Assumption 3 (Exchangeability). The joint pdf of €;, &, and n; satisfies

f(€i7€i17 s 7€iG77717§7 cee 777Gi> = f(eivfikm S 7§’i/€c777/€17ﬁ7 s 777kgi)7

for any permutation (ki,...,kg) of (1,...,G).

Assumption 3 assumes that the joint pdf of the unobservables is invariant under
the permutations of the group labels. In other words, the joint distribution of the
unobservables does not depend on the order of the groups. Exchangeability has
been used in various contexts such as differentiated product markets (Berry et al.,
1995; Gandhi and Houde, 2019), panel data (Altonji and Matzkin, 2005), matching
(Fox et al., 2018), and network formation (Menzel, 2021, 2022). In our setting, we

impose exchangeability so that the unobserved heterogeneity across groups is fully
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captured by group fixed effects. Note that Assumption 3 is less restrictive than an i.i.d.
assumption as it permits the unobservables (&5, 7,:) to be dependent across groups,
provided the dependence is symmetric. In particular, it allows for an individual effect
in & and ;.

Given the modified utility in equation (3.3), the selection bias in Proposition 3.2

can be rewritten as

E[€i|xi7 %y 9i = g]
= Eleing > py — 0., and Vh # g

179

Ein — &ig < g + 2{0) — ap — 2,0}, OF Ny < Py — 2,0}]
=1 A(77(9)), (3.4)

where 77(g) = (79,7 ,) € R*@ is a 2G x 1 vector, with the component 7§ =

(g + 204, pg — 207)" € R? representing the extended indices for group g, and the
component 77_ = (75,Vh # g)' € R**~2 representing the eztended indices for the
other G —1 groups.'” Because the cutoffs p and group fixed effects a are absorbed into
7¢(g) and the components for group g are properly separated, under exchangeability
the selection function A°(-) is invariant across groups. In contrast to the expression
in Proposition 3.2, the selection bias in equation (3.4) leverages the arguments 7£(g)
rather than the functional form A¢(-) to capture the group-specific feature. This
representation utilizes the structure of the selection bias and yields a nonparametric
selection function that is group invariant.

As a remark, by exchangeability the order of the extended indices in 77_, does
not matter — the selection function is symmetric in the extended indices 7, and 75
for any distinct h, h # ¢g. This symmetry can further reduce the number of nuisance

parameters, which we will delve into further in Section 5.

4 Identification

Moving on to the identification of parameters, we start by discussing the identification

of the group formation indices. Then we examine the identification of the peer effects

5More accurately, we can define 7£(g) as a (2G — 1) x 1 vector, where we drop the extended utility
index for group ¢ and replace the extended utility index for group h # g by the extended utility
difference between h and g. In the estimation, we will use these utility differences to construct an
estimator for the selection bias. See Section 5.2 for more discussions.
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with the presence of the selection bias.

4.1 Identification of the Group Formation Indices

Let 6 = (0},...,0¢,07,...,0¢) collect the slope parameters in group formation
and 0 = (0',p',a/) all the group formation parameters. The identification of § was
established in He et al. (2022).'° Hence, the raw indices 7; = 7(z;,d) are identified.
To identify the extended indices 7f = 7°(2;,¢:,0), we need to identify p and « in

addition to ¢, which we discuss below.

4.1.1 Identification of p and «

We start with the following assumption.

Assumption 4. (i) py = 0 and oy = 0. (i) The joint cdf of & and n; is strictly

MNCreasing.

Part (i) of the assumption is a location normalization because the joint distribu-
tion of & and ; is fully nonparametric. Part (ii) guarantees a one-to-one relationship
between the conditional probability of joining a group and an extended group forma-
tion index. It is satisfied for a wide range of common distributions such as normal

distributions.

Proposition 4.1 (Identification of p and «). Suppose that § is known. Under As-

sumptions 2-4, p and « are identified.
Proof. See Appendix A.2.2. n

Proposition 4.1 exploits the idea that under exchangeability, the extended indices
for two distinct groups 1 and g have the same impact on the conditional probability
of joining a third group h # g, 1. Therefore, by monotonicity (Assumption 4(ii)) the

extended indices that lead to the same conditional probability of joining group h must

16 A main challenge in identifying J is that an individual’s choice set C;(p) may be unobservable
to the researchers. To achieve identification, He et al. (2022) utilized excluded variables that act
as “demand shifters” and ”choice-set shifters”. These excluded variables trace out how utilities
and qualifications affect the conditional probability of joining each group, respectively. By taking
derivatives of the conditional probability of joining each group w.r.t. all the variables, excluded and
non-excluded, they derived a system of linear equations that that link the effects of variations in
demand and supply. This system of equations enables the nonparametric identification of the model
by ensuring the existence of a unique solution.
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be equal. We can then recover the difference between the cutoffs of groups 1 and g, and
thus identify p, under location normalization (Assumption 4(i)). The identification of
« follows similarly. He et al. (2022) studied a similar setting without exchangeability.
They relied on location normalization of the distribution of the unobservables and a
large support assumption, so that p and « can be identified by the variation within
groups. Our paper complements He et al. (2022) by leveraging the variation across

groups under exchangeability to identify p and «.

4.2 Identification of ~

4.2.1 The reflection problem

Define v; = ¢; — A°(7f) to be the residual of ¢; after the selection bias is eliminated.

We write the i equation in (2.2) as
Yi = wiym + widys + vy + A(7) + v, (4.1)

where w; denotes the i*" row of the adjacency matrix w. Equation (4.1) is a partially
linear model (Robinson, 1988). Taking the expectation of equation (4.1) conditional

on 7f and subtracting it from equation (4.1) we obtain
i = wiym + w0y + Tz + v (4.2)

where §; = y; — E[y;|7f] and similarly for other variables. The identification of
requires that the support of the regressors w;y, w;x, and #; is not contained in a
proper linear subspace of R?%*! which by Lemma 4.1 holds if and only if there is no
linear combination of w;y, w;x, and z; that is a function of 7{ almost surely. This
rank condition prevents any element of w;y, w;x, and z; being perfectly predictable
by 7f (e.g., x; is a function of 7£ or contains a constant). Moreover, the rank condition
fails when w;y, w;x, and x; are linearly dependent, a scenario widely referred to as
the reflection problem (Manski, 1993; Brock and Durlauf, 2001).

Lemma 4.1. Suppose that X; is a d x 1 vector of variables. The support of X; —
E[X;|7f] is contained in a proper linear subspace of Re if and only if there is a d x 1
vector of constants k # 0 such that k' X; is a function of 7, with probability 1.

To investigate whether the reflection problem arises in our setting, we consider
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the social equilibrium in equation (4.1). Let A® := A%(7¢) = (A°(7{), ..., A°(75))" be
the n x 1 vector of selection biases, where 7¢ = (77/,...,7¢), and v = (11,...,1,)

be the n x 1 vector of residuals after the selection biases are subtracted. Equation

(4.1) can be written in a matrix form as
Y = wyy +wxy: + Ty + A+ v

Under the assumption that |y,| < 1 and [[|w]||ec = max;en 325, |wi;| = 1, the matrix

I — vyw is invertible. The social equilibrium wy is given by

wy = (I —yw) (wey, + weys + wA + wy)

= wzy+ Y NPz (v + ) + D WA+ D fwt e, (4.3)
k=0 k=0 k=0

The ith equation in (4.3) gives

o0 00 o0
wiy = wiys + Y Ww ey + ) + Y wi TN+ Y wiTe, (44)
k=0 k=0 k=0

where w denotes the i row of the matrix w*. From equation (4.4), w;y, w;x and x;
are linearly independent if (i) y;93+72 # 0 and the support of (z;, w;x, wix, wizx, .. .)
is not contained in a proper linear subspace of R?%%1 or (ii) the support of (x;, w;x, w; A, wIA°, .. .)
is not contained in a proper linear subspace of R?%=+1

Existing literature on social interactions established numerous conditions for case
(i) to hold. For example, w?x, w;x, and z; are linearly independent if there is a
network within each group and each network contains an intransitive triad (Bramoullé
et al., 2009). If w;y and w;x represent group averages that exclude ¢ herself and there
is variation in the group sizes, then w?x, w;x, and z; are also linearly independent
(Lee, 2007). This source of identification fails, however, if w;y and w;x represent
group averages that include i herself because w? = w (Manski, 1993; Bramoullé
et al., 2009).

The presence of selection provides an alternative source of identification through
case (ii). It is evident from equation (4.4) that the rank condition for identification
holds if w; A, w;x, and x; are linearly independent and, in view of Lemma 4.1, w;A°
is not perfectly predictable by 7£. This source of identification holds regardless of

whether there are within-group networks and whether group averages include oneself.
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The result is in accordance with the insight of Brock and Durlauf (2001, Section 3.6)
who discovered that identification can be achieved through self-selection so long as
the selection correction has within-neighborhood variation. Essentially, the selection
bias serves as an individual variable whose average is excluded from the contextual
effect.

Near multicollinearity Despite the theoretical prediction that w;y and w;x are
linearly independent due to the presence of selection, in the case of group averages
that include oneself, we find in the simulation study that w;y and w;x are nearly
multicollinear, though not perfectly multicollinear, when the number of groups is
small (e.g., G = 5). Note that because w? = w, the social equilibrium w;y in this

case reduces to

1
e + T8 wi)\e + wY——-o. (45)

wy = wix
IL—m I—m I—m

The near multicollinearity results from the fact that both w;A® and w;x are group-
level averages, so they appear to be highly correlated in data if they are allowed
to take only a small number of values. This near multicollinearity imposes an ill-
conditioned problem in the estimation of ~, thereby leading to a biased estimate. In
the next section, we propose an approach that may reduce the near multicollinearity

even if the number of groups is small.

4.2.2 Instrumental variables

Our idea is to use the excluded variables in group formation z; as an instrument
for w;y. The basic intuition is that z; affects the group that individual 7 joins and
thus the average outcome of her neighbors. Because z; is individual specific, it brings
in variation that is linearly independent of w;ax, which then helps alleviate the near

multicollinearity problem.

Instrument validity To justify that z; is a valid instrument, let X; = (w;y, w;x, z})’
denote the vector of regressors and Z; = (2}, w;x,z})" the vector of instruments.
Rewrite equation (4.2) as §; = X!y + v;. Because K[|z, z, g, w] = Ele;|x, 2, g, w] —
N(1f) = 0, Z; satisfies the exclusion restriction E[Z;1;] = E[Z,E[v;|x, z, g, w]] = 0,

that is, Z; and v; are uncorrelated. The textbook literature on instrumental variables
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(e.g., Wooldridge, 2010) suggests that v is identified if Assumption 5 is satisfied.

Assumption 5 (Rank). (i) The matriz E[Z; Z!] has full rank. (ii) The matriz E[Z; X]

has full column rank.

Proposition 4.2 (Identification of 7). Suppose that ¢ is known. Under Assumptions
1-5, v s identified.

Proof. Under Assumption 5, there is a unique v that satisfies the exclusion restriction

E[Zi(5; — X/7)] = 0. 0

Assumption 5(i) is the standard assumption that requires the instruments to be
linearly independent. If some components of Z; are linearly dependent (due to the
fact that 7F consists of indices of z;), we can typically choose a subvector of z; to
make this assumption hold. Assumption 5(ii) is the standard rank condition for
identification. An immediate implication of this condition is that the support of X is
not contained in a proper linear subspace of R?**1 the same as discussed in Section
4.2.1. Moreover, the rank condition requires that the linear projection of w;y on
Z; must have a nonzero coefficient for ;. In other words, conditional on the other
controls, the instrument Z; must be correlated with w;y, the usual relevance condition
for an instrument to be valid. Note that because E[E[Z;|7¢]X!] = 0, it is equivalent
to using z; and z; as the instrument.

It is evident that z; is correlated with w;y because z; affects the group that i joins
g; and thus the average outcome in her neighborhood w;y. What is less obvious is
that after controlling for the selection bias, there is still additional variation in z;
that can affect g;. In fact, under exchangeability the selection bias can be controlled
for without fixing the group that an individual joins. In Example 4.1, we provide
an illustration that an individual may join different groups under different values of
z;, but the selection bias does not change with the group that she joins, because 77
takes the same value regardless of which group she joins. Therefore, conditional on
7¢, there is additional variation in z; that can affect the group that individual 7 joins

and thus w;y.

Example 4.1. Consider the case of two groups (G = 2). Suppose that the utilities
are u;; = ap — 255 + &1 and w,e = ag — 2/ + & and the qualifications are vy; = 28, +11;
and vy; = 2, + m2;. The group effects take the values a; = 4 and ay = 2, and the

cutoffs are p; = 2 and py, = 3. Consider an individual ¢ with the following values of
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the observables: z = (2}, 2%, 27, 23) = (2,1,0,2), and z = (z}, 2%, 27, 25) = (5,2,1,1).
If the unobservables (&1, &, i, ;) satisfy —1 < & — &1 < 1, and my4, 19 > 2,
then individual ¢ joins group 1 when 2; = 2z and joins group 2 when z; = z. In
this case, individual ¢’s group formation indices for the two groups take the same

e

value (7

i 7:7,'6) because Tie = (pl - Zfap2 - 257041 - Z% - (a2 - Z%)) = (2, 1, 1) and

T = (pa— 28, p1— 2}, 0 — 28 — (a1 — 2})) = (2,1, 1). Conditional on 7f, the additional

variation in z; can drive the individual to join different groups.

Example 4.1 demonstrates that there is variation in w;y that is driven by z;. For
the rank condition to hold, we further need that z; operates not just through w;z.

To verify this, let us take a look at equation (4.5). Partialling out 7f from equation
(4.5) yields

iy = w2

—1—7;;)\/6 + w;v

. 4.6
-M I—m L—m (4.6)

From the equation we can see that there are two channels for z; to affect the average
outcome w;y: via affecting the group that ¢ joins, z; can affect both the average char-
acteristics w;x and the average selection ’L/UZ\)? in ¢’s group. Therefore, conditional on
w;x, z; can influence the average outcome through 1717)\/6 . Because there are different
levels of selection in each group, z; becomes a relevant instrument for w;y by varying

it through this additional channel.

Reducing near multicollinearity So far we have focused on the validity of z;
being an instrument. Below we show that using z; as an instrument brings individual-
level variation to the predicted value of w;y, thereby reducing the collinearity with
w;T.

To gain insight into this approach, consider the matrix in Assumption 5(ii). De-

note X; = (w;y, X5,)', where Xyo; = (w;x, 2})’. We can write the matrix as
E[Z:X]) = (ElZwy) EIZXy)) (4.7)

where the first term on the right-hand side represents the first column of the matrix,
and the second term represents the remaining 2d, columns. Suppose that the linear

projection of w;y on Z; takes the form %3, +X},;3,. By definition of a linear projection
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the first column of the matrix is given by
E[Z@] = E[Zigﬂﬁl + E[Zij(éi]@ (4.8)

Note that the last term in equation (4.8) is a linear combination of the second term on
the right-hand side of (4.7). The relevance of the instrument implies that 51 # 0, so
the first term on the right-hand side of (4.8) is present. This term involves individual-
specific Z;, which is typically linearly independent of w;x. Due to the presence of this
term, the first column of the matrix (4.7) is therefore not likely to be collinear with

the remaining columns.

Simulation evidence We provide further evidence on the effectiveness of IV in
reducing multicollinearity using simulated data. We use the condition number of a
matrix to measure the magnitude of multicollinearity.'” Using our simulated samples,
we calculate the condition numbers of the matrix in equation (4.7) and its counterpart
for OLS E[X,;X/]."® Compared with the condition number of the matrix for OLS,
which is on average 844, the average condition number of the matrix for IV reduces
to 27. This result confirms that using z; as an instrument can effectively reduce the

near multicollinearity.

Remark 4.1. Motivated by equation (4.5), one may attempt to use the average ex-
cluded variables in group formation w;z as an instrument for w;y. In the case of group
averages that include oneself, however, because the instrument w;z is group-specific,
the predicted value of w;y is still highly correlated with w;xz when the number of
groups is small. Using w;z as an instrument does not resolve the near multicollinear-

ity problem.

5 Estimation

In this section, we propose semiparametric methods to estimate the model parameters.

We first develop distribution-free estimators for the parameters in group formation.

1"The condition number of a matrix A is the ratio of the maximal and minimal singular values of
A.

18To focus on the linear dependence between w;y and w;x, we partial out 2; and a sieve basis of
7f from w;y, w;x, and z;, and calculate the condition number of a matrix constructed from their
residuals.
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Based on these estimators, we then propose a semiparametric two-step GMM esti-
mator for the parameters in social interactions, where we first estimate the selection

bias by sieve, and then estimate the social interaction parameters by GMM.

5.1 Estimating p and «a in Group Formation

To construct the extended indices 77 in the selection bias, we need to estimate the
group formation parameter = (&', p',’)’. In this section, we discuss how to estimate
the intercept parameters p and «. The estimation of the slope parameter ¢ follows
He et al. (2022).

We construct a distribution-free estimator for p and « based on the identification
results in Section 3.3.2. For simplicity, we discuss the estimation of p only. The
estimation of a can be established similarly. Suppose that we want to estimate the
cutoff p, for group g # 1. Consider the conditional choice probability of individual
1 joining another group h # 1, g given her qualification index for group g, that is,
onlg(1y) = P(gi = h|7})), where recall that 7} = 77 (0;) = 2,0, denotes the qualifi-
cation index for group g. Proposition 4.1 showed that the cutoff p, can be obtained
from the difference 7;, — 77, for any pair of 7 and j such that oy, 4(7)) = ou (7)) for
all h # 1, g. Consequently, we propose to estimate p, by a two-step kernel estimator.

Specifically, in the first step, we estimate o4(7) for 7 € R using a kernel estimator

;1{91‘ = h} Ky (22)
a—h|9(7—) == )

- A
i=1

/\v _ /Av /\v . . v . . .
where 7/ = zj0;, 0y is an estimator of d;, Ki(-) is a kernel function, and (i, is a

bandwidth. Let 6 _1 4}y = (Gnjg. b # 1, g) denote the vector of estimated oy, for all

h#1,g.
In the second step, we estimate p, by a kernel estimator

A 1 LG 6h|g(%il§) - 6h|1(%}}1) A «
Dy = —K T = T4,
7 nn—-1)(G-2) ;;}LZ::QCZR 2{ Con ) = 753)
j#i h#g

where K3(-) is a kernel function, and (s, is a bandwidth. The kernel function is to
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approximate the criterion that a qualifying pair of i and j must satisfy op,(7}) =
opp(7f) for all b # 1,g. The estimator is similar in spirit to a propensity-score
matching estimator.

To establish the asymptotic normality of p,, we impose the following regularity

conditions:

Assumption 6 (First-step kernel). (i) [ K(t)dt = 1, and for a positive integer sy
and all j < sy, [ K (t)dt = 0. (ii) Ki(t) is twice continuously differentiable. (iii)

K, (t) is zero outside a bounded set.

Assumption 7 (Second-step kernel). (i) [ Ks(t)dt = 1, and for a positive integer
s9 > sy and all j < so, [ Ko(t)dt = 0. (ii) Ky(t) is twice continuously differentiable.

(iii) Ks(t) is zero outside a bounded set.

Assumption 8. For any g € G, (i) the pdf of 7} (7})) is bounded away from zero on
the support of it (13). (i) the pdf of i} (71) is (s2+1)th continuously differentiable.
(1ii) op)g(T) is (2 + 2)th continuously differentiable.

Assumption 9 (Bandwidth). Definero = (Inn)"2(n¢1,)"Y24+CL andry = (Inn)Y2(n¢d ) =124+
U The bandwidths (1, — 0 and Con — 0 satisfy (i) n'/2G2red — 0, (i) (520 — 0

in-

and Cgiry — 0, (iii) n*2C1n(3, — 00, (i) n*2¢5L — 0, (v) n'/2(52 — 0.

Assumption 10. (i) The parameter oy is an interior point in a compact space A.
(i1) §—86=n""t S0 (2) 4 0p(n12), where E[1%(z;)] = 0.

Assumption 11 (Compactness). (i) The variable z; has a bounded support. (ii) The

variable x; has a bounded support.

Assumption 6 and 7 impose regular conditions on the kernel functions. Assump-
tion 9 guarantees that the bias introduced by the kernel estimators in both the first
and second steps are of smaller order than y/n."? Assumption 10 is satisfied when §°
is parametrically or semiparametrically estimated.?”

The following proposition shows the asymptotic distribution of p,.

19 Assumption 9 holds when, for example, s; = 3, s3 = 5, (1, = O(n*%), and (o, = O(n*%).
208ee He et al. (2022) for discussions on a semiparametric GMM estimator based on average
derivative estimators (Powell et al., 1989).
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Proposition 5.1 (Asymptotic distribution of p,). Under Assumptions 2-4, 6-10, and
11(i), we have

Vilby = pg) = N(0, V),
where V, = Var{yy(zi, g:)], where 14(2;, g;) is defined in proof.

Proof. See Appendix A.2.3. n

5.2 Estimating 7 in Social Interactions

5.2.1 Symmetry of the selection correction

To estimate v in equation (4.1), we need to partial out the selection bias \°(7f). In
Section 3.3.2 we showed that the selection correction function () is symmetric in
the index pairs in 77_ . This symmetry property allows us to reduce the number of
nuisance parameters in the estimation and improve efficiency.

To account for the symmetry of the selection correction function, we consider
_gi» denoted by

is a tuple that consists of (i)

the elementary symmetric functions of the extended indices in 77
77 _,.- Following Altonji and Matzkin (2005), 7;_

=G Gi
the elementary symmetric functions of the extended utility indices 7" — 7;;" for

h # g; up to order G — 1, that is, >, ., (TZZ’Z‘ — 739, > (haoho)4gi (TZZ? - TE?)(TZZ’? —

e,u G-1/__eu e .. .
Ting )oe - 39 (hoher )20 LLomt (Tige — Tin), and (ii) the elementary symmetric func-
e,v

tions of the extended qualification indices 7;;° for h # g; up to order G — 1, that
18, Chita, Tinyr L(huha)tas Ton Tohar S (v L Timt Tits Where S, ) zg, de-
notes the summation over all combinations of distinct hq, hs, ..., hx in G\{g;}. By
the fundamental theorem of symmetric functions and the Weierstrass approximation
theorem, any symmetric function can be approximated arbitrarily closely by a poly-
nomial function of the elementary symmetric functions (Altonji and Matzkin, 2005).
Therefore, there is a function \* such that \°(77) = A\*(77), where 7° = (77,7, 77_,.)-
Using the symmetric representation of the selection bias can substantially reduce
the number of nuisance parameters in a sieve approximation. For example, if we
consider linear basis functions, the number of approximating functions in \¢(7f) is
2G —1, while the number of approximating functions in A*(7) is only 3 — one functions
for group g¢; and the other two functions for the remaining G — 1 groups combined.

For basis functions of order two, the number of approximating functions in A°(7f) is
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(G+1)(2G — 1) and 12 in A*(7#).*!

5.2.2 Estimation of v

Rewrite equation (4.1) using the symmetric representation of the selection bias \*(77).
Partialing out the selection bias yields y; — Ely;|77] = (X; — E[X;|7])'y + vi. From

the independence of Z; and v;, the true parameter 7, satisfies the moment condition

0 = E[Zi(y; — Elyil 7] — (Xi — E[Xi|77])'7)]
= E[(Z — E[Z]|7])(y: — X{7)], (5.1)

where the last line follows from the law of iterated expectations.??

Based on the moment condition in equation (5.1), we propose a three-step semi-
parametric estimator for +. In the first step, we estimate the group formation pa-
rameters 6y = (3, p", af)" by the estimator 6 = (3’ ,p', &) as discussed in Section
5.1. Note that 77 can be represented as 77 = 7°(z;, ¢;, 6p). Denote its estimator by
7 =72, 9i; é)

In the second step, we estimate the nuisance parameter pZ (77) = E[Z;|77] by a

sieve estimator 7(77). Specifically, define b% (77) = (bix(75), ..., b (7)) to be a
K x 1 vector of approximating functions, and let B (7%) = (b5 (75),...,0%(7)) be

the n x K matrix of approximating functions for all i. We estimate pZ (77) by the pre-
dicted value from the regression of Z = (Zy, ..., Z,)" on the estimated approximating

functions By = (b5 (75),...,b5(#¢))". That is,

A

PG = Z'Br(BicBr) bR (3).

)

In the third step, we estimate the parameter v by GMM. Let w; = (v;, X;, Z;) and

2For A¢(1f), there are G(2G —1) functions of order two: 2G'—1 squared indices and (2G—1)(G—1)
interactions between indices. For A\*(7}), we have 9 functions of order two: three terms that involve

e, e,v\2 e, e,u e,u e,v e,v ST . L
Tig t (Tig )% Tigt 2ong(Tin” —Tig )y and 707 32, 77", three monomial symmetric functions of the
. e,u e,u\2 e,v\2 e,u e, uy _e,v .
form m(2,0): 32, (72" — 7o) Yons(Tin )7, and 3o, (7" — 7,,%)7;,", and three monomial
symmetric functions of the form m (1, 1): 37, o (7" = 713 )T = 715")s 2o hnyeg it Tins » and

ig
2n e (Tin = Tig VTin
**Note that E[Zi(y; — E[yi|7}] — (Xi — E[Xi|7}])7] = E[Zi(yi — X{7)] — E[ZE[yi — X{y|77]] =
E[Zi(yi — X[v)| = E[E[Zi| 7 ]E[y; — X]v[7]] = E[(Z; — E[Zi|7])(yi — X))

Tih! -
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m(w;, v, u& (17)) denote the (infeasible) moment function

m(ws, v, 1 (7)) = (Zi — p& (7)) (i — X).

Define mq(7, p?) = E[m(w;, v, p?(75))] and 1, (v, %) = L S0 m(ws, v, 4 (77)). Let

W be a d, x d, weighting matrix and W a consistent estimator of W. We obtain a

GMM estimator 4 by solving

min i (3, %) Wit (7, 7). (5.2)
To establish the asymptotic properties of the GMM estimator, we impose the

following assumptions:

Assumption 12. (i) The parameter 0y is an interior point in a compact space ©. (ii)
0 — 0y =n 'Y, dolzi,00) + 0,(n"Y%), where Elgg(zi,00)] = 0 and E[¢g(2:,00)%] <

00.%

Assumption 13 (Sieve). Let K — oo and K/n — 0. The basis functions b (1) €
RE satisfy the following conditions. (i) EX(r)b5(7)] = Ix.** (ii) There ex-
ist 37 and a constant a > 0 such that sup|uf (1) — o*(7)B%| = O(K~*). (iii)
sup|[bX(7)|| < 00(K) for a sequence of cozzstants 00(K) such that 0o(K)*K/n —
O.T (iv) sup, [|Ob% (7)/07"|| < 01(K) for a sequence of constants oi(K) such that

01(K)/vn = 0.

Assumption 14 (Adjacency matrix). The adjacency matriz w = (w;;) € R? satis-
fies the following conditions. (i) ||wl||lse = maxien 37—, |wij| = 1. (ii) Ef]jw||2] =
O(n™). (iii) There exist i.i.d. <, i € N, such that (a) (x,z,g) is a function
of s = (si,i € N), (b) E[ysls] = 0, and (¢) w is independent of v conditional
on . (w) For hij = h(s,s;) € R such that max; jen |hij| < oo and t = 0,1,

23This assumption is satisfied by Assumption 10 and Proposition 5.1.

24 Assumption 13(i) is a normalization. In fact, we can assume alternatively that the smallest
eigenvalue of E[b¥ (1)b% (7)'] is bounded away from zero uniformly in K. Under this assumption,
denote Qp = E[bX (7)b% (7)'] and let Qal/Q be the symmetric square root of Qy'. Then b¥(7) =
Qg "?b% (1) is a nonsingular transformation of b¥ (r) that satisfies E[b" (7)b% ()] = Ix. Note
that nonparametric series estimators are invariant w.r.t. nonsingular transformations of b%(7) — let
% = Q(l)/QBZ then b5 (7)' 3% = b5 (7)'8%. Further, b¥ (1) satisfies Assumption 13(iii)(iv) if and
only if b% () does. Thus, all parts of Assumption 13 hold with b% () replaced by b*(7) (Li and
Racine, 2007, p.480).
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maXy 7>1 MaX; j k.1eN:{i,j}n{k,1}=0 | Cov(hij((w")'w")ij, hiu((w') w"))| = o(n=?). (v) For
K that satisfies Assumption 13, max; j kien-{i ik =0 B[ Cov(w;;, wi|$)?] = o(n™*/K)
and max; jen E[(Elw;ils] — Elwijls, s;])*] = o(n™*/K?). (vi) For {i,j} and {k,l} that

overlap in one element, max; j . ien|{i.j3n (k=1 B[ Cov(w;;, wi|s)?] = o(n™?).

Assumption 15 (GMM). (i) W & W. W is positive semi-definite and bounded,
and Wmo(y, u) # 0 for all v # ~vy. (i) The parameter o is an interior point in a

i, (%u(?)] 25

compact space . (iii) MW M, is nonsingular for M, = E[==57

Assumption 16. (i) The unobservable €; has finite fourth moment. (ii) For any 0 €
O, E[Z;|15(zi, 95, 0)] and Ele;|7° (2, gi, 0)] are continuously differentiable in 7°(z;, g;, 0).

We establish the asymptotics of 4 based on Newey (1994a) and Hahn and Ridder
(2013). The main challenge in deriving the asymptotics involves dependency of w;x
and w;y due to the adjacency matrix w. Different from the literature that study de-
terministic w, we consider w to be random and correlated with the observables, with
its randomness originating from the randomness of the group links and within-group
networks. Assumption 14 imposes a set of sufficient conditions on a dense network
that ensure the correlation within the network vanishes as n grows large. Specifi-
cally, part (iv) of the assumption addresses the dependency of w;y by restricting the
covariance of higher-order adjacency matrices. Part (v) is necessary to establish the
consistency of the sieve estimator, while part (vi) is used for deriving the asymp-
totic distribution. Our proof of asymptotics generalize Lee (1990, Secion 3.7.5) for

weighted U-statistics to accommodate random weights.

Theorem 5.1 (Consistency of 4). Under Assumptions 1-5, 11-16, we have 5 — o =
op(1).

Proof. See Appendix A.2.3. m

Theorem 5.2 (Asymptotic distribution of 4). Under Assumptions 1-5, 11-16, we
have /S Y2(3 — 40) 5 N(0, I4,), where the variance ¥, is defined in the proof.

Proof. See Appendix A.2.3. n
ZNote that M, = —n=1 3" | E[(Z; — ug (7:))X]] does not depends on 7.

29



6 Simulations

6.1 Setup

In this section, we conduct a simulation study to evaluate the performance of the
estimators. We generate a market with n = 2000 individuals. They form G =
5 groups following the model in Section 2, where the capacities of the groups are
{340, 320, 340, 320, 340}, implying a total of 1,660 seats. After the groups are formed,

they interact according to the social interaction model
Yi = NWiY + WiY2 + T3 + €, (6.1)

where ¢; isii.d. N(0,1), z; isi.i.d. N(5,25), and the social interaction parameters are
v = (71,7%,73) = (0.5,1,1). We consider two scenarios of the adjacency matrix w: (i)
pure groups; and (ii) additional networks within groups. In the case of pure groups,
w;y and w;x are group means. When there is an additional network within each
group, w;y and w;x represent the averages among friends. We generate a network
as follows: for individuals ¢ and j in a group, draw (;; from UJ[0,1], and the link
tj is formed if and only if ¢;; > 0.5. The weights w;; in w; are given by w;; = %,
where d;; = 1{(;; > 1/2}1{g; = g;}, and d; = ) _d;;.

#i
In group formation, we specify the utility and qualification of an individual ¢ for

group g as follows

— u U u
U/ig — Oég + 51 Zl,ig + 62 22,7; —|— é-ig

— v U [
Vgi = 0] 21,9 T 0922 + Ngi

where a = (a1, a9, a3, a4, 5) = (9,6,4,2,0) are the group fixed effects, and the
group formation parameters are § = (0}, 93,07, d5) = (—1,1,1,1). Both 2}, and 27,
are individual-and-group-specific characteristics that are i.i.d. across individuals and
groups with the distribution N(0,9). 2»,; denotes an individual-specific characteristic
that we allow to be correlated with x;. In particular, we assume that z5; = log(z; +
g + 20), where g; follows i.i.d. N(0,4). Let z; = (2¥,,, 27y, 22.4). If an individual
does not join any group, her utility is §;p. The utility shocks §;, is i.i.d. across i and

g € GU{0} with the type I extreme value distribution . The preference shocks 7, is
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i.i.d. with the distribution N(e;, 1), and thus is correlated with ;.

We simulate 200 markets independently. For each market, we calculate the group
formation outcomes using the individual-proposing Deferred-Acceptance algorithm.
The capacity constraint is binding for all groups. The estimation of group formation

parameters are discussed in Appendix O.A.

6.2 Results

Panel A of Table 6.1 presents the estimation results for the case of pure groups in
the absence of endogenous social interactions (i.e., 3 = 0). The estimates of v5 by
OLS (Column 1) and OLS with school fixed effects (Column 2) are upward biased,
though the latter is less biased. Controlling for school fixed effects tends to eliminate
some selection bias, but not all. In Column 3, we use a polynomial series of the
extended group formation indices to correct for the selection bias. To account for
the symmetry of the selection bias, we combine the indices for groups other than the
group an individual joins using the elementary symmetric functions. The sieve OLS
estimates of 7 tend to be unbiased. This demonstrates that the control function we
construct performs well in approximating the selection bias.

Panel A of Table 6.2 presents the estimation results for the case of pure groups
when endogenous social interactions are present (i.e., y; # 0). The OLS estimates
of 71 and 7, (Columns 1 and 2) are heavily biased due to the endogeneity in groups
and the reflection problem. In Column 3, we correct for the selection bias using the
polynomial series . The sieve OLS estimates are still biased as a result of the reflection
problem. In Columns 4 and 5, in addition to correcting for the selection bias as in
Column 3, we also instrument for w;y and estimate the parameters by sieve 2SLS.
Column 4 shows that using w;z (average z of group members, partialling out 77) as
instruments does not resolve the reflection problem — the estimates of v and 73 are
similar to those by sieve OLS. F test of w;z implies perfect multicolinearity between
w;y and w;z. Therefore, w;z contains exactly the same information as w;y, leading
to identical results between sieve OLS and sieve 2SLS using w;z as instruments. In
contrast, Column 5 shows that using Zz; (own z, partialling out 77) as instruments
performs well: the sieve 2SLS estimates of 7 seem unbiased. This suggests that
using one’s own excluded variables in group formation as instruments can resolve the

reflection problem. Additionally, F test suggests that Z; is strongly correlated with
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Table 6.1: Estimation Results: Without Endoge-
nous Interactions (y; = 0)

OLS OLS Sieve OLS
Panel A: Pure groups
Yo bias 0.363 0.127 -0.004
sd 0.397 1.067 0.122
rmse 0.537 1.072 0.122
v3  bias -0.005 -0.005 -0.001
sd 0.005 0.005 0.005
rmse 0.007 0.007 0.005

Panel B: Network

v bias 0.166 0.046 -0.002
sd 0.140 0.106 0.058
rmse 0.217 0.115 0.058

~v3  bias -0.004 -0.005 -0.001
sd 0.005 0.005 0.005
rmse 0.007 0.007 0.005

Selection control? No Group FE Sieve

Note: This table presents estimates for the coefficients of
the social interactions model without endogenous social in-
teractions. The coefficients are estimated using 200 MC
samples, where each sample contains 5 groups and 1,660 in-
dividuals who join one of the groups. The basis functions
include a polynomial series (up to order 2) of the extended
qualification indices and differences in the extended prefer-
ence indices. We combine the indices for groups other than
the group an individual joins using the elementary symmet-
ric functions.
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Table 6.2: Estimation Results: With Endogenous Interactions (v, # 0)

OLS OLS Sieve OLS  Sieve 2SLS  Sieve 2SLS
Panel A: Pure groups
1 bias 0.500 -0.358 0.059 0.059 -0.022
sd 0.000 2.799 0.118 0.118 0.236
rmse 0.500 2.815 0.131 0.131 0.236
v bias -1.995 0.749 -0.267 -0.267 0.098
sd 0.005 18.300 0.560 0.560 1.115
rmse 1.995 18.270 0.619 0.619 1.116
~v3  bias -0.005 -0.005 -0.001 -0.001 -0.001
sd 0.005 0.005 0.005 0.005 0.005
rmse 0.007 0.007 0.005 0.005 0.005
F-stat of instruments Inf* 74.973
p-value 0.000 0.000
Over-identification stat 2.353 9.572
p-value 0.959 0.521
Panel B: Network
1 bias 0.168 -0.812 0.003 0.010 -0.018
sd 0.060 0.416 0.041 0.041 0.084
rmse 0.178 0.912 0.041 0.042 0.085
2  bias -0.271 0.792 -0.013 -0.028 0.037
sd 0.131 0.414 0.106 0.106 0.194
rmse 0.301 0.894 0.106 0.109 0.196
v3  bias -0.005 -0.005 -0.001 -0.001 -0.001
sd 0.005 0.005 0.005 0.005 0.005
rmse 0.008 0.007 0.005 0.005 0.005
F-stat of instruments 4835.600 49.192
p-value 0.000 0.000
Over-identification stat 10.424 8.721
p-value 0.468 0.580
Selection control? No Group FE Sieve Sieve Sieve
Instruments? No No No w;z Zi

Note: This table presents estimates for the coefficients of the social interactions model with
endogenous social effects. The coefficients are estimated using 200 MC samples, where each
sample contains 5 groups and 1,660 individuals who join one of the groups. The basis functions
include a polynomial series (up to order 2) of the extended qualification indices and differences
in the extended preference indices. We combine the indices for groups other than the group

an individual joins using the elementary symmetric functions.

a. F statistic is infinity in 105 (out of 200) samples, while the mean of F statistic in the
remaining samples is 8 x 10'3. This is due to perfect multicolinearity between w;y and w;z.

In this case, the sieve 2sls using w;z reduces to sieve ols.
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w;y, and the over-identification test indicates that we can not reject the exogeneity
of ;.

As a comparison, we repeat the exercises above for the case where there is an
additional network within each group. The estimation results are presented in Panel
B of Tables 6.1 and 6.2. Because the network within each group generates additional
individual-level variation in w;y and w;x, the model does not suffer severely from the
reflection problem. In particular, sieve OLS, sieve 2SLS using w;z as instruments,
and sieve 2SLS using z; as instruments yield similar results. Moreover, F test and

over-identification indicate validity of both w;z and Zz; as instruments.

7 Conclusion

This paper considers social interaction models with endogenous non-overlapping group
formation. The endogeneity is due to the correlation between the unobservables in
the group formation and the unobservable in the outcome equation. In this paper,
we derive a tractable expression of the correction term by exploiting a many-to-one
matching framework to characterize group formation. We characterize the selection
bias as a nonparametric function of group formation indices. We show identification

results of the model and propose a multi-stage estimation strategy.

A Appendix

A.1 Adjacency Matrix: Examples

In this section, we verify Assumption 14 for several adjacency matrices that are widely

used in the literature.

Example A.1 (Group averages including oneself). Suppose that w represents group

averages that include oneself and the group capacities are binding. We can write
w;j = 25:1 nigl{gi = g}1{g; = ¢g}. By construction, |||w|||s = max;cpn i lw;;| =1
L = L where 7, = 22 > 0 for g € G.

egng ~ mmingegry’
Hence, E[||w]%] < -+—+—= = O(n~*) and Assumption 14(i) and (ii) are satisfied.

— n*mingeg r;

Because n, is a constant, w;; is a function of g; and g; — once we know the groups

and ”wHOO = maxi:j€N|ij| < ming

that ¢ and j join, we know w;;. In this case, w is a function of ¢ = (x, z,g) and
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w;; depends on ¢ only through ¢; and ¢;. Therefore, Assumption 14(iii), (v), and (vi)
are satisfied. Further, for group averages that include oneself we have w’ = w and
w? = w.?% Because h;jw;; and hywy are independent for disjoint {i,j} and {k,},

Assumption 14(iv) is satisfied.

Example A.2 (Group averages excluding oneself). Suppose that w represents group

averages that exclude oneself and the group capacities are binding. We have w;; =

Zg iy _ll{gl = g}1{g; = g} for i # j and w; = 0. By construction, ||w|||- = 1 and
|wlle < m Hence, E[||lw||%] < m = O(n™*) and Assumption
14(i) and (ii) are satisfied. Similarly as in Example A.1, w;; is a function of g; and
g; and Assumption 14(iii), (v) and (vi) are satisfied for ¢ = (x, 2,g). For group
averages that exclude oneself, we have w’ = w and for » > 1, the (i,7) element
of w” takes the form (w");; = chzl ciig(M {9 = g}1{g; = g}, where ¢;;,(r) is a
constant that only depends on r and ny. For example, ¢;;,4(2) = (77:%12)2 for i # j and
Cig(2) = ﬁ This structure suggests that (w");; is a function of g; and g,. Hence,
hij(w");; and hy(w")y are independent for disjoint {4, j} and {k, !} and Assumption

14(iv) is satisfied.

Example A.3 (Dyadic networks). Suppose that individuals in a group form addi-
tional connections, for example, schoolmates make friends. Let d;;, denote an indica-
tor for whether individuals i and j are connected in group g and d; ;, = 377, dijol{g; =
g} the number of connections that ¢ has in group g. Suppose that no individual is
isolated so d; 4, > 0 for all i € N. Typically, wy; is specified as w;; = ¢ g1 d” 21{g; =
g}1{g; = g} — if both 7 and j join group g, then the weight of j has on i depends on
whether j is connected to i, normalized by the number of connections that ¢ has in
the group.

Following the literature on dyadic network formation with fixed effects (Graham,

2017; Johnsson and Moon, 2021), we specify d,; , as

zgg l{fg(IZ,ZL‘],CL“CL]> > d)zj} Vi 7é ]7 (Al)

and d;;; = 0, where a; € R and 1;; € R represent individual- and pair-specific un-

observed heterogeneity. Without loss of generality we normalize zﬂij ~ U[0,1] and

*For any i,j o€ N, (w)iy = YXp, wzkwk] = Y- 1(29 1y Hgi = 9}1{% =
g, aoHor =g}y = 9}) = Xy Yo 2 Li{gi=g}{g = gt{gr =g} =20, ao g =
g11{g; = g} = w;;, where we have used ny = qu Hgr = g}
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assume 0 < f, < 1. Denote a = (a;,i € N) and ¥ = (¢y;,i,j € N). Assume
that (a) both a; and t;; are i.i.d., (b) 1 is independent of (z, 2z, g, a), and (c) (a, )
is independent of € conditional on (x, z,g). The last is consistent with Assump-
tion 1 — conditional on (x, z,g), w is a function of (a, ) and is thus independent
of e. Let ¢ = (x,2,9,a), where ¢; = (x;, 2, g;,a;) is i.i.d. across i. Note that
oiEldigla] = 355 254 Bldie gy = gbla] = Elfy(xi 25, ai,05)1{g; = g}lsi]. We
assume that min;en mingeg E[f, (2, 2, a;, a;)1{g; = g}|s;] > ¢ > 0.

Lemma A.1. Forw in Example A.3, Assumption 1/ is satisfied with ¢ = (x, 2z, g, a).
Proof. See Appendix A.2.4. m

Example A.4 (Group averages, continued). Examples A.1 and A.2 assume that the
group capacities are binding. If the groups have infinite capacities as in one-sided
group formation or there is a group that does not reach its full capacity, then the
number of members in a group is determined endogenously. This setting can be
regarded as a special case of Example A.3, where we set d;;, = 1 for all 7,5 € N (if
oneself is included in an average) or d;;, = 1 for all ¢ # j and d;; , = 0 (if oneself is
excluded in an average). Following the proof of Lemma A.1, we can show that w in

this setting satisfies Assumption 14 with ¢ = (x, 2z, g).

Example A.5 (Strategic networks). Follow the setup in Example A.3. To account

for strategic network formation, we replace equation (A.1) with

dijg = W [o(mi, 5, ai5) > Py}, Vi j, (A.2)

and d;; ; = 0, where a; and 1);; are specified as in Example A.3. This specification
is motivated by strategic network formation under incomplete information (Leung,
2015; Ridder and Sheng, 2022), where we assume that @ is publicly observed by all
the individuals, and a; and v¢; = (¢;;,7 # 1) are privately observed by individual
1. The presence of x is to capture the equilibrium effect that results from strategic
interactions. We impose the same assumptions on a and 1 as in Example A.3 and
set ¢ = (x, 2,9,a). Note that E[d; 4|s] = >, fo(xi, x5, a:;2)1{g; = g}. We assume
that min; jen mingeg fy (s, x5, a;; ) > ¢ > 0.

Suppose that the equilibrium effect has a limiting approximation in the sense that
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for each g € G,

max E[(fy(z:, 25, ai; @) — f; (25,25, 0:))"] = O(n™?), (A.3)

i,JEN

for some function 0 < f7 (@, x5, a;) < Tasn — oo, and min, jen mingeg fy (s, ¥4, a;) >
>0 27

Lemma A.2. Forw in Example A.5, Assumption 1/ is satisfied with ¢ = (x, z, g, a).

Proof. See Appendix A.2.4. n
A.2 Proofs
Notation We use || - || to denote the Euclidean norm. For an n x 1 vector z € R”

and an n x n matrix A € R™, we have ||z|| = (270, 22)/? and || A|| = (tr(AA")Y/? =

(X, Xy a2)"/2. For a function b(z) € R and a nonnegative integer s, ||b|s denotes

P5z) {denote the vector that consists of

the Sobolev norm of order s. Specifically, let

027
all distinct jth-order partial derivatives of all elements of b(z), and let Z denote a set
that is contained in the support of z . We have [|b]|s = max < sup,¢z || 8:9(;(];) |-

A.2.1 Proofs in Section 3

Proof of Proposition 3.1. Following Azevedo and Leshno (2016), we can show that
the cutoffs converge, that is, p, = p* as n — oo, and the limiting cutoffs p* are
non-stochastic.

For any p, the selection bias E[¢;|x, z, g(2, &, n; p)] is continuous in p because the
cdf of the unobservables is continuous under Assumption 2(ii). Therefore, by the

continuous mapping theorem, we have

E[ei’wa z,g(z, Ea napn>] £> E[ei’wa z,g(z, €> U,p*)] (A4)

Let x_; = (z;,j # i) and define z_;, g_;, £_;, n_; analogously. The selection bias

evaluated at the limiting cutoffs satisfies
E[6i|m7 z, g(zv €7 77717*)] = E[€i|mia L_iy Ziy Z—is gz(zza fiv 771,]7*)7 gfi(z—iv S—ia ’l’]iZ,p*)]
= Eleili, zi, gi(2i, &, mis 7)), (A.5)

2TRidder and Sheng (2022, Section 5.2) demonstrated the existence of a limiting approximation.
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where the last equality holds because given the non-stochastic cutoffs, each g; in g_;
depends on individual j's characteristics (z;,&;,n;) only and for all j # 4, (x}, 2;,&;, ;)
are independent of ¢; under Assumption 2(i). Combining equations (A.4) and (A.5)

completes the proof. O

Proof of Proposition 3.2. The event that individual ¢ joins group g can be represented
by the selection rules in equation (2.5). Hence, individual i’s selection bias from

joining group ¢ is given by
Elei|2s, 21, 9i = 9] = Eles|2i, 9: = g] = Ag(7), (A.6)

where Ay (77) = Ele;|ng: > py — 20y, and for all b # g, & — §ig < 2((0; — 6}1) or Nps <
pn— 26p]. The first equality follows from the exogeneity of z; (Assumption 2(iii)) and
the fact that g; is not a function of x;. The second equality follows from equation

(2.5) and the exogeneity of z; (Assumption 2(iii)). O

A.2.2 Proofs in Section 4

Proof of Proposition 4.1. We focus on p in the proof and the identification of a can
be established similarly. Suppose that our goal is to identify the cutoff p, of group
g # 1. Take another group h # g,1. Let o} (py — 7iy) := P(g; = hlpy — 7;3) = P(g; =
h|r;,) denote the conditional probability that individual ¢ joins group h given her
qualification index for group g. The last equality holds because p, is a constant, so
conditioning on py—7;; is the same as conditioning on 7;. Similarly, let o7, (p1—7) =
P(g; = hlpr — 7/1) = P(g; = hl|7}1). By equation (2.5) and Assumption 3, o}, (-) and
op1(+) have the same functional form, that is, o, (-) = o,(-) =: 0},(-). Moreover,
because the unobservables have a strictly increasing cdf (Assumption 4(ii)), oy (-) is
strictly monotone. Therefore, for any i and j such that 0 < P(g; = h|7};) = P(g; =
h|7';-’1) < 1, because P(g; = h|7';;) = 05 (py — ) and P(g; = h|7'f1) = o5(p1 — TH),
we obtain p, — 7, = p1 — 7/;. This, together with Assumption 4(i), implies that
pg = Tiy — Tj1 1s identified. O
Proof of Lemma /.1. Suppose that the support of X; — E[X;|7f] is contained in a
proper linear subspace of R?. There is a d x 1 vector of constants k # 0 such that
K (X; — E[X;|7f]) = K'X; — E[K' X;|7f] = 0 with probability 1. Because E[k'X;|7{] is a

function of 77, k' X; is a function of 77 with probability 1.
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To show the reverse, let k # 0 be the d x 1 vector of constants such that k’'X;
is a function of 77 with probability 1. This implies that with probability 1 we have
E[k' X;|7f] = F'X; and thus k' (X; — E[X;|7f]) = 0. Therefore, the support of X; —

E[X;|7f] is contained in a proper linear subspace of R O

A.2.3 Proofs in Section 5

Proof of Proposition 5.1. Observe that p, = (G —2)™! ZhG:M#g Dg.n, Where

1 z": Zn: 1KQ(Uhlg(TiZ;)C;nghll(T;}l))(?U _ )

Dg.h ig ~ Tj1
for h # 1,9. To derive the asymptotic distribution of p,, we derive the influence
function of each p, 5, and take their average to obtain the influence function of p,.
Define 77 = (7,9 € G), 61 = (Gng, 9 € G), and the function

1 Onlg(Tiy) — o (T51)

hgn(%‘va'f—p;a-h) = 2(
an

C2n

V(7L — 4. (A7)

We can view pg, as a V-statistic with the kernel h,, which is asymmetric in ¢ and j.

We decompose

p 1 3 - 2V 2V, & v
Pon—py = Loy D (o100 = hoa(r 75 00)
i=1 j=1,j#i
1 n n
+n(n 1) ;j%ﬁ(hgn(ﬂ ) T 70'h) E[hgn(Tz )T ,ah)])
AR [gn (17, 7] 00)] — Py
= T+ 1o, +Ts,, (A.8)

where 77 = (77,9 € G) and o), = (opy, g € G). The first term Ty, captures the
estimation error due to the first-step estimators ¢ and &, the second term T,
captures the estimation error in the second step if properly centered, and the third
term T3, captures the bias due to kernel smoothing.

Lemmas O.B.1 and O.B.2 show that both T}, and 75, have an asymptotically
linear form, Ty, = n~ ' S0 Wy n1(2i, 6i) + 0,(n™Y2) and Ty, = n 25" Ygna(zi) +
0,(n"1/%). Lemma O.B.3 shows that T3, = o(n~'/2) and is thus negligible. Averaging
over h # 1, g, we derive \/n(p, —py) = n~Y2 S0 by (21, i) +0,(1), where 1y (2, g;) =
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(G-2)71 Sohr1.g(Wgn1(2is 9i) +Vgn2(2i)) and Efhy(z;, g;)] = 0. By the Central Limit
Theorem, we have /n(p, — py) % N(0, V), where V, = Var(¢,(z:, g:))- O

Proof of Theorem 5.1. Denote Q(7, %) = mo(7y, n?) Wmg(v, p?) and Qn (v, p?) =
M (7, 12 )Y Wity (7, u?). Fix 6 > 0. Let Bs(vo) = {y € T : ||y — 70| < 0} be an open
d-ball centered at yo. If Q(9, %) < Infer\g;(10) @(7, %), then 4 € Bs(vo). Therefore,

Pr(|ly —ll < 8) 2 Pr(Q(3, i”) < _inf  Q(v,%)). (A.9)

YE\Bs(v0)

From the triangle inequality and the optimality of 4, we obtain

A

The uniform convergence of the moment in Lemma O.C.1 together with W — W =
0,(1) and the boundedness of W and mq(7, u?) (Assumptions 11, 14(i), 15(i)) implies
that sup,.r [On(7, 12) — Qv )| = 0,(1), and hence Q(4, 1) = 0,(1).

By Assumption 15(i), Wmq(y, u?) = 0 if and only if v = 7 and therefore Q(~y, uf)
has a unique minimizer at v = 79. Hence, by the compactness of I' \ Bs(7y) and the
COIltiIlllity of Q(’% ug)v we have inf'YEF\B(g(’yo) Q(’yv ILLg) = Q(’77 IuOZ) > Q(Vm H’g) = 0 for
some 7 € I'\ Bs(70).

Combining the results we can see that the right-hand side of equation (A.9) goes

to 1, and the consistency of 4 is proved. ]

Proof of Theorem 5.2. For simplicity, we write 77 as 7;,. 4 satisfies the first-order

condition

Wing (4, i%) = 0. (A.10)

Expanding equation (A.10) around ~y, and solving for \/n(§ — 7o) gives

A

-1
R O (3, 12) . O (7, i%) O (%, i2) < . 7
) = — W W/mim (o, 7). (A1
Vi = ( o0 ol oy Va0, A7), (A-11)

where 7 is a mean value that lies between 4 and .

Consider the derivatives in equation (A.11). We have

A (v, i%) 1 wz,w “(1))
oy ;Z
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_ —iﬁ}&—ﬂ@ﬁ»ﬁ
. é(z" () X+ jé(ﬂ%) — ()X,
_ —i§X&—uﬁn»ﬁ+ﬁAU7

where the last equality follows from Lemma O.C.2. By definition M,, = E[%W] =

—n " E[(Z; — pé (1)) X]]. Lemma O.C.3 shows that n=t S0, ((Z; — pé (1)) X| —
E[(Z; — p€(1:))X]]) = 0,(1). Therefore, %ﬁj}ﬂz) — M, = 0,(1).

By Lemmas O.C.11 and O.C.12, the last term in equation (A.11) has the asymp-
totic distribution /nQ Y2, (0, i%) % N(0,1,,), where €, is defined in Lemma
0.C.12. By equation (A.11) and Slutsky’s theorem, we obtain /nX2(§ — ) <

N(0,I,), where X, = (MW M,) ™" MW, W M, (M. W M,)~". 0

A.2.4 Proofs in Appendix A.1

1
mingeg d; g°

Proof of Lemma A.1. By construction, [|w]]| = 1 and ||w|s < T
Observe that —1-(d;, — E[d;4|s;]) = 0,(1) by the law of large numbers. Because
—L-E[di4lc;] > ¢ for all i € N and g € G, we have E| 1 ] —

- - T
min;en mingeg (7=di,g)*

E[— i egl( TR, |§_])4] < 0o by dominated convergence and thus E[|w]|%] =
mlni Inlng ﬁ i,g|Si

O(n™*). Conditional on (x,z,g), a is independent of v, so we have E[y|¢] =

Elv;|x, z,g] = 0. Moreover, conditional on ¢, w is a function of % and is thus

independent of v.?® Hence, Assumptions 14(i)—(iii) are satisfied.

. . . . di; _ dis
To verify Assumptions 14(iv)—(vi), define w;;, = =224 w;; , = o7 and eijg =
1,9 157

di’g
Wijg — Wij . By Taylor expansion,
e = =TI (4 Eld,la]) + =T (g~ Eldlal)? - (A12)
i = TR, | e T Bldislal) T g iy — Bldi

It suffices to consider the leading term in e;;,. Recall that d; ; —E[d; 4|G] = >5;2; 7ij.g,
where i, = dijg1{g; = g} —E[dij 41{g; = g}|si]. Note that |ri;,| < 1and Elry;4|s;] =

0. For any j # k, conditional on g;, r;;, is a function of (z;, aj,¥ij, g;) and ri 4 is a

28Because (a, ) is independent of v conditional on (z, 2, g), we can show that 4 is independent
of v conditional on g.
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function of (zy, ak, Yik, gr), so rij 4 and r;, 4 are independent. Therefore,

E[(di,g_E[di,g’Q]>4|§i] = Z E[rijgTik.gTitgim.g|Si]
7,k m#£i

= Y Eljlal+ > Elfriglal < 0(n®).(A13)

J#i J#k.g,k#i
Combining equations (A.12) and (A.13) yields max; jex maxgeg Elef; ] = O(n™%).
Further, summing over the groups we define w;; = Zngl Wi H{g = gtl{g; =

g} and e;; = w;; — w;;. From the previous results we obtain max; jen |w;;| <

1
min;e v mingeg Eld; gl<;

O(n~°).
Assumption 14(v). For any disjoint {7, j} and {k,l}, we have Cov(w;;, wi|s) =

] < O(n™!') and maxiyjeNE[e?j] < Gmaxi7jeNmanegE[efj,g] =

Cov(w;j, e|s) = Cov(e;;, en|s). The first equality holds because conditional on g,
w;; is a function of (Y;5,5 € Ny \{i}), where Ny, = {j : g; = g;}, and wy is
a function of ¢y, so Cov(w;j, wyls) = 0. The second equality follows similarly
from Cov(w;;, er|s) = 0. By Cauchy-Schwarz inequality and Jensen’s inequality,
E[Cov(es, enls)?] < CEle};]. Therefore, max; j s ienijynikiy—0 E[Cov(wij, wi|s)?] =
O(n7%) = o(n™*/K) because K/n?* — 0.

Moreover, for any i,j € N, Elw;;|s] — E[wij|si, s;] = Eless|s] — Eless]si, ;] because
w;; depends on ¢ only through ¢; and ¢; and thus E[w;;|s] = E[w;;s;, ;]. We can bound
E[(Elei;|s] — Eleijlsi, ;1)) < CE[ej]. Hence, max; jen E[(E[wi;|s] — Elwijls, )] =
O(n™%) = o(n™*/K?) because K/n — 0. Assumption 14(v) is satisfied.

Assumption 14(vi). For {i,j} and {k,l} that overlap in one element, w;; and
wyy are independent conditional on g. Therefore, Cov(w;j, wi|s) = Cov(e;;, Wi|s) +
Cov(w;j, eri|s) + Cov(e;j, er|s). By Cauchy-Schwarz inequality and Jensen’s inequal-
ity, we can bound E[Cov(e;;, wils)?] < C(E[ef|E[wy])/? = O(n™®) = o(n™*) uni-
formly. Assumption 14(vi) thus holds.

Assumption 14(iv). For any r > 1, (W) = Xy, t):(toits)= (i) Wio,.nit, Where
T | Wy,,,, and the sum is over tuples (to,...,t,) with ¢ =4 and ¢, = j.

For any disjoint {i, 7} and {k,[}, we can write

COV(hij (wr)ija hi (wf>kl)
- 3 Cov (hijtbrg,...,» hiati,.7,)

(to,--tr Lo t7): (to e to T ) = (3,5, K,1),
{to,...tr}N{to....tr } £0
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+ Z Cov<hijwto,...,tr; hklwfo,...ff>' (A14)
(to,...,tr,go...,lz/’,,:):(to,fr,foll?;):(i,j,k,l),
{to,.str }{f0.... L7 }=0
The first sum in (A.14) consists of O(n"*7=3) terms, and each term can be bounded
uniformly by C(E[||w||"™] + E[||w||%]JE[||w|%.]) = O(n=C*). Hence, the first sum
in (A.14) is O(nU*M=3). O(n=(+") = o(n=2), uniformly in 4, j, k, [, 7, and 7. The
second sum in (A.14) consists of O(n"+7=2) terms. To derive a uniform bound on
each term, for disjoint {to,...,t,} and {to,..., %} with (to,t., %0, %) = (i, 4, k, 1), we

write

Cov(hijting,... 1 Mratiy,, .. 7,)

= ElhijhuCov(ty,,...,, 05, 7,|5)] + Cov(hyEty,,..+,1s], bl 7. |s]).

= _ 7»71 —_ _ . =
Define wy,,. ¢ = [[i=g Wi,y and e 1 = Wy, p, — Wy, 1, For any to, ..., 1., by

continuous mapping and Slutsky’s theorem we can bound ey, ;. uniformly by o,(n~").
Observe that Cov(uy,,.. ¢, W, 7.|S) = Cov(ty,,..1,, €5 7.|S) = Coviey,.. b, €5, 5:]S)-
The first equality holds because conditional on ¢, wy, ;. is a function of (,;,j €
Ny \ts},s = 0,...,r — 1) and wy, ;. is a function of (¢rz, ,,s = 0,...,7 — 1),
and thus Cov(iy,, 4, Wy, 7.|s) = 0. The second equality follows similarly from
Cov(wy,. 4, ei,..i.|s) = 0. Therefore, from the boundedness of h;; and dominated
is of the rate of o(n=("*7).

Moreover, because 1wy, . ;. depends on ¢ only through <, ..., ., Elwy, 4 |s] =
E[Wty... 4.[St0s - - -5 St.).  For disjoint {to,...,t.} and {Zy...,&} with (t,t,,t0,t7) =
(1,7, k,1), hijE[/thO,~-~7tr|gt07 .y 5,] and hkl]E[ngo’_“’g;‘
Cov(hyElir,,..r, |s] huElwy,,...7,1s]) = Cov(hyElw,. b |Sts - -+ 50])s TiaBlez,,..7,[6])+
Cov(hijEler,...o ] Pui[ws, . 7.5, - - - 55.])+Cov(hijEles,,. s, |, hnaBlez, . 7, |s]). Sim-

ilarly as before, we can derive that Cov(h;;E[wy,,. 1 |s], huE[y, . 7.|s]) has a uniform

Siys - - - Sz.) are independent. Hence,

bound that is o(n~"*7). Combining the results yields Assumption 14(iv). O

Proof of Lemma A.2. For any j # k, conditional on g, d;;, is a function of 1;; and
d;k g 1s a function of ¥, so d;; , and d;y , are independent. Hence, we obtain E[(d; , —
E[d; 4/s])%] = O(n) and thus -1 (d; , —E[d; 4|s]) = 0,(1). Note that ¢ < —SE[d; 4|s] <
1 for alli € N and g € G. Following the argument in Lemma A.1, we can show that

Assumptions 14(i)—(iii) are satisfied.
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To verify Assumptions 14(iv)—(vi), modify w;; , and e;; , in Lemma A.1 with w;; , =

dij, _ _
]E[dij,ggk] — ]E[di7g|c] = Z];ﬁz Tij.gs where Tijg —
dijo1{g9; = g} — Eldi;j 41{g; = g}|s]. Observe that |r;;,| <1 and E[r;;4|s] = 0. For

any j # k, rij 4 and r;; 4 are independent conditional on . Therefore, we have

and €ijg = Wijg — wij’g. Write di,g

El(dig — Eldigls])'ls] = > Elrijgricgrigrimgls]

7.kl m#i
= D Elrlsl+ > E[r,ri,ls] < O(n?).(A.15)
J#i J#k,j,k#i

Combining a modification of equation (A.12) where we replace E[d,; ,|;] with E[d; 4|<]
and equation (A.15) yields max; jex maxgeg Elef; ] = O(n™°%). Further, summing

over the groups we define w;; = Y50 wi5,,1{g: = g}1{g; = g} and e;; = w;; — w;;.

i i . T 1 -1
From the previous results we obtain max; jen |w;;| < e e g Bl gl < O(n™)

and max; jen Elef;] < G max; jen maxgeg Elef; )] = O(n™°). Conditional on ¢, wy; is

a function of ;.

With the modified w;;, the rest of the proof in Lemma A.1 still holds, except
that w;; also depends on ¢, k # i, j, due to the presence of strategic interactions.
In fact, Elwyls] = X5, Blwi;,ls]1{g: = g}1{g; = g} and E[wy|c] = T =

fij.g
Zk# fir,gH{ar=9}’
lem, we exploit the limiting approximation in equation (A.3).

Define dj;, = 1{fjjy = Yy} fori 7 j, diyy = 0, and diy = 355, djj, g, = 9}
where fJ5, i = E[dgjﬁ]’
wl = Yo wy Mg = g}{g; = g}, and €}; = wy; — w};. Note that wy; = e;; +

where f;;, is shorthand for f,(z;,z;, a;;x). To overcome this prob-

3 * e * — a71.. ¥
is shorthand for f;(z;, z;,a;). Define w €l = Wijg — Wy 4,

ei; + wy;. Because E[wj;|c] = E[wj|s;,s;], we can write Elwg|s] — Elwijls, ;] =
Eleij|s] —Eleslsi, s;] +Elej;ls] —Elej;lsi, ¢;]. The proof in Lemma A.1 provides a bound
for Ele;;|s] — Eleijlsi, s;]. Here we derive a similar bound for E[ef;|s] — Elej;[<i, ¢;]. By

Taylor expansion,

1
(& =

%

* d’t j, *
ij,9 E[d, | (dijg — dijg) — E[ijgg(E[di,gk] — E[d; [<i])

d:,gki]

1 . «
—W(dij,g — dj; o )(E[dig|s] — E[d] ;|si])
d*.
99 (R[d, —E[d* g2 —--- Al
+E[dzg|§i]3( [ ,9|§] [ l,g’§]> ( 6)
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It suffices to consider the first two leading terms. By equation (A.3), we derive
E[E[di; g — d; ,Is]"] = E[(fiq — f55,)"] = O(n~?) uniformly. Moreover, observe that
Eldigls] = X fingl9; = g}, Eldi ] = Xy 15,49, = g}, and E[d] || =
Yz Elf5,1{g; = g}ls]. By Cauchy-Schwarz inequality and equation (A.3), we
can bound E[(E[d: <] — Bl e])'] < (n — 1)* max jex maxyeq B(fg — £55)1] =
O(n?). Next, note that for any j # k, f,1{g; = ¢} and f; 1{gx = g} are
independent conditional on ¢;. Similarly as in equation (A.13), we can thus de-
rive E[(E[d; |s] — E[d} ,|])*] = O(n?) uniformly. Therefore, by (a + b)* < 8(a* +
b*), we obtain E[(E[d;,|s] — E[d},|])*] = O(n®) uniformly. Combining these re-
sults with equation (A.16) yields max; jen max e E[E[ef; ,[¢]Y] = O(n~°) and hence
max; jen E[E[ef;|]!] < Gmax; jen maxgeg E[E[e]; ,|s]'] = O(n~°). By iterated expec-
tations and Jensen’s inequality E[E[e};|<;, s;]*] < E[E[e};|s]], so we obtain the uniform
bound max,sex EI(E[e3 5] — Eleg s i))') < € maxijen EE[ef <] = O(n®). This
proves that Assumption 14(vi) is satisfied.

Assumption 14(v) can be justified by the same proof as in Lemma A.1. As for
Assumption 14(iv), the proof in Lemma A.1 remains valid except the last paragraph.

- % _T1yr—1 % =%
Define wy, _, =IIiZowy,,,,- Because wy ., depends on ¢ only through ,,...,s,,

77777777

.....

(to, tT, tN(), E,:) = (i,j, k’, l>7 thE[QD;;O tT|§t07 R 7§t7‘] and hklE[’u;J;O f;|§t~07 ce ,§£F] are in-

..........

.....

-----

dependent. Using a similar argument as in Lemma A.1 with i;;} ¢, in place of

Wyy,... +,, we derive that Cov(hyE[y,,. 4, |s], K[z, 7 |s]) has a uniform bound that
is o(n~+7). Assumption 14(iv) is thus satisfied. O
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Online Appendix to

Social Interactions with Endogenous Group
Formation

Shuyang Sheng Xiaoting Sun

O.A Simulations: Group Formation Parameters

The parameters to be estimated include the group formation parameters 9, the group
fixed effects «, and the cutoffs p, a total of 14 parameters. We use maximum simulated
likelihood (MSL) for estimation. Let V... ,n® be R draws from the multivariate
standard normal distribution. The simulated conditional probability for each g € G

is

exp (ag + (5}‘2}‘72-9 + (5322,1-) -1 ((51}21}’@] + 0820, + 77;2) > pg)

)

G
U exp (e + Y2ty + 037 ) - 1 (0827 4+ 05z 4y > i) + 1

and for those who do not join any group,

5’0(21') = Flf Z

=1

1

<

Ma

exp (Ozk + 0721 i + 5322,1') -1 (5}’2{’,% + 0529, + 'fh(g:) > Pk) +1

M

1

A

The MSL estimator (9, &, p) maximizes

1. G
L(,c,p) = =>_> 1(g: = g)log 5y(2).
n i=1 g=0
To mitigate the numerical difficulties caused by the nonsmoothness of the indica-
tor functions, we replace 1 (5fzf7ig + 0529, + ng) > pg> with a smoothed A-R simula-

tor(McFadden, 1989; Train, 2009) 1/(1 + exp(py — (6727, + 0522, + 7791 ))//@) where
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k > 0 is a scale factor which we specify as 0.05.%° The estimation results are presented

in Table O.A.1.

Table O.A.1: Estimation Results for Group Formation

Group formation parameters Group fixed effects Cutoffs

bias sd bias sd bias sd
of 0.026 0.073 a1 0.101  0.652 p1  0.048 0.142
o7 0.025 0.196 as  0.049 0472 pe  0.014 0.163
0y -0.047 0.039 as  -0.031 0.448 ps  0.002 0.163
98 -0.069 0.044 as  -0.044  0.467 pg  -0.027 0.177

as -0.056 0.519 ps 0.004 0.226

Note: This table presents estimates for the coefficients of the group formation model. The

coefficients are estimated using 200 MC samples, where each sample contains 5 groups
and 2,000 individuals.

O.B Lemmas in the Asymptotic Analysis of p and
Q

Notation Define 77(6*) = (77,(d;),9 € G). Then 77 = 77(6") and 7} = 72(8Y).
Similarly, for h # 1,9, define 0,(6") = (on(75(37)), Uh‘l(Tfl( ) and ah(5“) =
(Gnig(75,(07)), Onn (771(67))). We have a4 = 04,(0”) and 65, = 6,(6Y). For any g # h,
define 7,55 = ony(7)) and fpg; = G4)e(7,). Under Assumption 4(ii), the inverse
of opjg(-) exists and hence 7 = aa;(ﬂh|g7i).3o Let fr,, denote the pdf of ;. Let

0 < C < oo denote a universal constant.

Lemma O.B.1. The term Ty, in equation (A.8) satisfies Ty, = n~ S0 g na(2i, i)+
0,(n~Y%), where 1y 11 (2, g;) is defined in equation (O.B.10).

Proof. We decompose T}, as

1 n n v v n 1R e
T = 7_12 Z (hgn(Ti 7Tj;0h(5 )) — hgn(Ti ' T ;O-h<5 )))
n(n—1) 3 507
1 n.n
- h n , : oY h " 7 7
+n(n_1>;j:§;ﬁi( o735 753 00(0%)) = hon (7', 755 1))

29The smaller & is, the better the simulator approximates the indicator function.
30Under Assumption 4(ii), we can show that oy,,(7) is strictly monotone for all 7 and thus its
inverse function O’;lz(T) exists.
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= T‘S + 17,

(0.B.1)

captures the estimation error due to 3” and 17

5
where T, i

1n

error due to Gy,

captures the estimation

Step 1: we start with 77, in equation (O.B.1). Define the remainder term

1 Thigi — Th|1,j 1 Thigi — ThL,j
Rn’i' K 9, JN K g, 5J
™ C?n ( CZn ) <2n 2( C2n )
1 ﬂ'h 71: — 7Th 17‘ ~ A
—*K'( o | J)((Wh\g,i — Thlgi) — By — Tayng))
C2n CQn

= Cz DK (D i) (Figi — Thigs) — (Rapy — mang))’s

where the last equality follows by Taylor expansion, with A, ;; an intermediate value

Thlg,i ~Th|1,j and Thlg,i —Th|1,j

between . We can write

2n 2n

n

mrsP3 > g K (e T (e

=1 j=1,j#1i C2n C2n
'((ﬁhlg; - 7Thlgz‘) — (Fnjrg — i)

Z > Ruglry— 7).

i=1 j=1,j#i

For any g # h, write 7y, = Bh‘g(ﬁ;)/@ (77,), where Bh|g(TV) = %22_1 Hor =
h}Kl(ng_T’:g) and IA)g<TiUg) = ncm S Ki( s T’“’). Moreover, let by(7;;) denote the
pdf of 77, and define byy(77,) = 7rh|gﬂbg(7ig). We express 7ip)g; — Th)g; aS a linear
functional of the kernel estimators 3h|g and l;g. Specifically, we follow Newey and
McFadden (1994, p.2204) and Newey (1994b, Lemma B.3)*! and derive

meax [#ajg; — Taiga — 1/by(m8y) (Bnig (7iy) — by (7 ) i)
< max 1/ (b (73 1by (78,)) (1 + Thigi) (Buig (755) — brig (735))* + (by () — by (75,))°)
< Gy(1) Sgp((bhm(ﬂ = bujg(1))? + (b (1) = by(7))?)
= Op(((Inn)"(nCin) ™% + G32)7), (0.B.2)

31Lemma B.3 in Newey (1994b) holds by Assumptions 6, 8(ii)(iii), 10(i), 11(i), and n*/2¢y,,/Inn —
oo. The last condition is implied by Assumption 9(ii). To see this, note that the second condition of
Assumption 9(ii) implies that n(}, — oo, or (1, = ¢,n~Y/? with ¢,, — oo. Therefore, n'/2(y,,/Inn =
can/?/Inn — oo, and Lemma B.3 in Newey (1994b) holds under the assumptions we impose here.
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where the second inequality holds because by(-) is bounded away from zero under
Assumption 8(i) and b,(-) is uniformly close to b,(-). Under Assumption 9(i), we
can bound the linearization error as (5> max; |Thgi — Thigs — 1/bg(T, Zg)(bh‘g( ) —
l;g(ﬁ;)wmg’iﬂ = 0,(n"Y?) and similarly ¢;,” max; ; |fup,; — mhps — 1/01(7, Z~1)(bh‘1( ) —
by (T5)mh14)| = 0,(n"/?). Applying the boundedness of Kj(-) and 74 (Assumptions
7(ii)(iii), 10(i), and 11(i)) we can see that the overall linearization error is o,(n~/2).
Further, observe that max; |1/b,(, zg)(bh|g< i) — BQ(T%)WM%M < Csup7(|lA7h|g(T) —
bty (T) 410y () —by(T)]) = Op((In n)"/?(n¢y,) "2 4+¢5L) by Newey (1994b, Lemma B.3).
Combining this with equation (O.B.2) yields max; |7h)y;— | = Op((Inn)Y?(n¢1,) 12+
1) and similarly for 71 j — mn1,;. Hence, by Assumptions 7(ii)(iii) Assumption 8(i),
9(i), 10(i), and 11(i), the remainder term is negligible, that is, ) 2l D=1 ki | Ry i (T
7| = G2 Op(Inn) 2 (nCia) ™12 + (13)%) = 0, (n7172).

Overall, we obtain

o . . 7.rh|£]z 7Th|1:j v v
Ty, = —K’ — =) (1) — T
1 n . 1 ;] %7&@ 4-2” ( CZn )( g ]1)
. bh|g(Tig> - bi(Tig)ﬂ-h\g,i . bh|1(7';-}> bl( ]1)7Th|1J + op(n*1/2()O.B.3)
bg(Tig) by (le)

Let w; = (77, g;). Plugging in the expressions of the kernel estimators, we can further

write
1 AL ., _
T = = — SOSTS T # G han(wi, wy,wi) + 0p(n7?)
n’(n—1) 5 j=1k=1
1 n n n
= Wi # j # k}aa(wi,wj, wi) + 0,(n?)
W -9 2 J
= Qu+o(n), (0.B.4)
where
qn(wi7wjawk)
1 Thigi — ThiL,j
= K (=% N7 — 1
CmCQn ( Cn )( g jl)
, (Kl(ng Tkg)l{gk h}y = Thigi Ky Té’l)l{gk =h} - 7Th|1,j> _
Cln bg (7—;;]) Cln bl (7—;’)1)
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The second equality in (O.B.4) follows because the terms with ¢ = k or j = k are
negligible.?? (), is a V-statistic of degree 3 with an asymmetric kernel function.

We derive an asymptotically linear representation of (), using the idea of Ho-
effding projection (Hoeffding, 1948). Let I = (i1,49,43) with i3 # is # i3 and
wy = (w; 4 € I). We can write @, = mzlqn(wﬁ. Define ¢ (w;) =
mzmd Elg(wr)|w;] and Qi = 37, ¢i(w;) — 2E[gy(wy)]. Observe that
Elg:(w;)] = 3E[g.(ws)] and thus E[Q, — Q%] = 0. By construction, we obtain
Cov(Qn, Q) =n~1 37", Cov(Qn, ¢ (w;)) and for each i,

Cov(Qn, gp(wi)) =

1 .
IEEr PR

1
=) =) o, CVElm(wnle, (@)

I el

- ivmq;;(wi)),

where the first equality holds because for i ¢ I we have Cov(g,(wr),¢:(w;)) = 0, and
the second equality holds by iterated expectations. It then follows that Cov(Q,, Q) =
n=2 3", Var(q:(w;)) = Var(Q?) and hence E[(Q,, — Q})?] = Var(Q,) — Var(Q?}). By
Markov inequality, we obtain Q,, = Q% + 0,(n~/?) if Var(Q,) — Var(Q%) = o(n™!).

To show the last result, note that ¢,(w;) and ¢,(w;) are independent for disjoint
I and J. Therefore,

1

Var(@n) = (n(n —1)(n —2))? (I,J):Izlr:Ulzl Covignlwr), g(es)
+ 1 Y. Cov(gn(wr),gn(ws)). (O.B.5)

(n(n —1)(n —2))? (I,J):|INJ|>1

-2

For comparison, because Var(Q}) = n *, Var(qf(w;)) we can write

Var(@,)
1

- E Cov(E[gn (wr)|wi], Elgn(ws)|wi])
(n(n—1)(n —2)) 1221(1.]){2}: nJ ! R

32The terms with i = k are negligible because mzy 12 Wi # GYan(wi,wj,wi)
(n€1nG3,) ~" supy | K1 (8] supy |5 (1) =gy oimy 2ojoy Wi # gl — mhl(1/bg (7)) + 1/b1(75))
Op((n€1n€2,)™Y) = 0,(n~1/?) by Assumptions 6(ii)(iii), 7(ii)(iii), 8(i), 9(iii), 10(i), and 11()
similar argument shows that the terms with j = k are negligible.

33The sum over I with i € I consists of 3(n — 1)(n — 2) terms.

= A
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1
Tl —1)(n - 2)) 2;(IJ){X}jcmCw(E[qn(m)m],E{qn(w)mlo.gﬁ)

For I and J such that {i} = INJ, ¢,(wr) and ¢,(w,) are independent conditional on w;
and thus Cov(g,(wr), ¢n(wy)) = Cov(E[g,(wr)|wi], Elgn(ws)|w;]). This implies that the
first sum in Var(Q),,) is equal to the first sum in Var(Q}). Moreover, the second sums
in both Var(Q,,) and Var(Q?) consist of O(n?) terms. For any I and J, by Assump-
tions 6(ii)(iii), 7(ii)(iii), 8(i), 10(i), and 11(i), we can bound both Cov(g,(wr), ¢n(wy))
and Cov(E|[q, (wr)|wi], E[gn(wy)|wi]) uniformly by O((,2¢5"). Therefore, the second
sums in Var(Q,) and Var(Q?) are both (n(n — 1)(n — 2))72- O(n?) - O(,2¢) =
O(n~2¢;2¢0 = o(n™!) by Assumption 9(iii). Combining the results yields Var(Q,,)—
Var(Q*) = o(n™!) and thus Q,, = Q% + 0,(n"/2).

Now we calculate the influence function of Q. Because w; = (77,¢;) are i.i.d.,
to calculate ¢ (w;) it is sufficient to consider E[g,(wy)|w;] for the three cases where
1 appears as the first, second, or third element of I. Fix i # j # k. We start
with the case where i appears as the third element (i.e., E[g,(w;, wk, w;)|w;]). Write
Gn (W, Wry Wi) = qgn(Wj, Wk, Wi) — qun(Wj, Wk, w;). Note that conditional on w;, 77 and
Thigi = Onlg(Ts,) are constants. By the change of variables ¢ = Gt (Thg,j — Th)A, k) and

using 77, = Uh‘l(ﬂ'h“?k), we obtain

Tjg — Tigy Hgi = B} — Ty
Elggn(wj, wi, wi)lwi, w;] - = CTKI( L () o
n n AN

‘/QKQ(t)(%%(Whg,j — tGn) = Tjg) frn (Thig,j — 1C2n)dt
Moreover, by Assumptions 7(i)(iii), 8(ii)(iii), 10(i), and 11(i),** we obtain

1
/QKé(t)(U;]i(ng,j — tCon) = Ty) frpp (Thygy — tCan)dl

/Kz(t) 8((75)9 - 0-}:‘}<7Th|g,j - t<2”)>f7"h|1<7rh|g,j _ t<2n>>

dt
OThlg.;j

¥For any g € G, by definition m,; = opy(ry,) and thus fr, (7hg:) =
bg(a;‘;(wmgﬂ)ﬂ(aag) (Thig,i)| = bg(T )|(ah|g) (Thig,i)|- By the chain rule, the (s3 + 2)th order con-
tinuous differentiability of oy,4(7) (Assumption 8(iii)) implies that U;ﬁ](ﬂ is (82 +2)th continuously
differentiable. Because by is (s2 4+ 1)th continuously differentiable (Assumption 8(ii)), we derive that

frn, 18 (s2+1)th contmuously differentiable. The boundedness of 7, (Assumptions 10(i) and 11(i))
then implies that the (sg + 1)th derivative of fr, = is bounded.
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_ 8((7_;)9 - Uf;i(wh\g,j))fﬂhu(ﬂ-h\g»j)) i rgn(T;)g)7
Omhlg.;

with max; ; |74, (7},)| < C(5, and hence

Elggn(wj, wi, wi)|wi]
= E[E[ggn(wj, wi, wi)|wi, wj]|wi]
= [ Ka®) (g = B} = ony (75, + 1610))
. (5(753 + 1C1n — 01 (Tnig (T8 + 1C1n))) fr s (Tnig (T8 + 1C1n))

Il ((7ig + 1in))

a<7'z‘vg - U;ﬁ (ﬂ'hlg,i))fmlu (Thig,i)

OTh)g,i

+ rgn(ng + tQ,J) dt

= (Hgi = h} — mnyg) Toni

with max; |rg,;| < C((h + (52). The second equality follows from the change of
variables t = ¢, (7 (75 = Tin) 35 and the last equality follows from Taylor expansion and
Assumptions 6(i), 8( i)(iii), 10(i), and 11(i). The form of E[g,(wj, wk, w;)|w;] can be

derived similarly. Overall, we obtain Elg, (w;, wk,w;)|wi] = ¥g,(w;) + 7, where

(75 — T (Thlg,i)) Frns (Thig i)
o) = (Hgu = = i) g
972

o1 — U;ﬂ; (hy1,0)) frny, (Tp1.a)
87Th|g,’i

—(Hgi =h} — mn,) , (O.B.7)
and r,, ; satisfies max; |r,, ;| < C((r+¢52). Using similar arguments, we can show that
both max; |E[g, (w;, w;, wy)|w;]| and max; |E[g,(w;,w;, wk)|w;]| are bounded by C(jp,
We obtain ¢ (w;) = Elgn(w;, wk, w;)|wi] + Elgn(w;, wi, wi)|wi] + Elgn (wj, wi, wi) |wi] =
7 (i) + 77, where max; |1, | < C(CGh + C32).

Note that E[1{g; = h} — mpgl7i;] = 0, so E[¢)7,(w;)] = 0. This together with
max; |1}, ;] < C(¢h + ¢52) and Assumption 9(iv)(v) yields E[g}(w;)] = o(n™"/?). It
follows that TS, = Qp + op(n/2) = L3570 47, (wi) + 0p(n~12).

Step 2: now we examine 77, in equation (O.B.1). Under Assumption 6(ii) &y, is

twice differentiable in d, so by applying the Taylor expansion we obtain hy, (7, 7; O’h(g ))—

hon (72, 703 6,(57)) = ahg”“a;,“h“ V(50— 5v) + 0,(]|8" — 6°)12). Because 8* — 6 =

7 ]’

" 0 () +o,(n?), where 4% (z;) is the influence function of 6 with E[¢" ()]

%5Recall that by(77,) is the density of 7}, so the two cancel out.
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0 (Assumption 10(ii)), we have

o2 Ohgn (), TV 08 (0
S e

[y 1:11 1,j#i

) v (21) + Op(nil/z)-

The double sum term in parentheses is a V-statistic with a nested kernel estimator

G1,(5°).

Observe that 2T 2000) _ Ohontr 8;’;&;1(6“))’ o ahgn<r;’8,%;&h(5v>>>7 where
el o ) — o T ) o = 7))
_C; Kﬂ“'gz;ﬁ b
R i v ALY
e

and the remaining G' — 2 subvectors equal to zero. We focus on the gth subvector,
and the first subvector can be analyzed similarly. Applying the mean-value theorem

(with A, ;; an intermediate value), we obtain the bound

- 7AThle) _ fep(Ttlod — ML )
CQTL CQTL

< G max | K5 (Anij) [ Fhigi — Thigs — (Frjtg — Thj)]

= G Op((lnn)2(nCi) ™2 + (31) = 0,(1)

-1
Can MAX

)

by Assumptions 7(ii)(iii), 9(ii), and Newey (1994b, Lemma B.3). Similarly, we have

Ké(ﬂ-mg,i — ThlLj )&;ng(,l_ ) K,<7Th|g,

C2n
Ké(ﬁmg,i - ﬁhu,j)

C2n
Ry(hlod = Mgy per Mhigd ~ Mhiv

C2'n C2n
= (20,((Inn) 2 (n¢d) ™2 4+ 1) + G20 ((Inn) 2 (nGrn) ™2 + (51) = 0,(1).

Th|1,5
LYot o (7

(5,2 max
0]

),

g2n

< C2712 H%%X Sl}_p ’6;1\9(7—;;;> - UZ\Q(T;;;)’

+(z, max sup |7, (7iy )|
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by Assumptions 7(ii)(iii), 8(i)(ii), 9(ii), 10(i), 11(i), Sun (2019, Lemma 3) and Newey
(1994b, Lemma B.3).Therefore, by the boundedness of 7;; and z; (Assumptions 10(i)

and 11(i)), we have the approximation

1 n n 8h (7’z s ],ah(év)) 8hgn( e j,O'h)
n(n —1) ;j:%;#( a0y’ a0y )
1 n n
< - vV 7Yz, ) = .
< gk 2 =7 + ) = o)

Following a standard argument for the Law of Large Number for U-statistics Serfling
(1980, p. 190), we can show

T DY

=1 j=1,j#i

ah/gn T ) J?Uh)

=E
a0y

ahfgn( Ti s j 70h)
[ 957 + 0,(1).

Now we derive the form of E[Ohg, (77, 7];01)/00,']. Recall that

ahgn(T ) /] 7071) . LK’(WMQ%
865 <2n

Thigd = ThiLi o1, () (x5, — 750) 2k oy Fp( T8 = T

C2n 9 CZn §2n -

By the change of variables t = (5, (Th)g,i — Thj1,;), integration by parts, Taylor expan-
sion, and Assumption 2(i), 7(i)(iii), and 8(ii)(iii), 10(i), and 11(i), we have

Thlg,i — Th s
|| G KT o (o T + T (g )| < CG

2n

7Th i — Thl1 v — s
|| G R ‘wﬂmMmMmmw+wmwwnmmmwwn$ e

2n

_ Th|gs — Thil,j s
|/C2n1K2("quj)fml(ﬂhu,j)dﬂhl,j+fwh1(ﬂhg,i)| < O¢2

Therefore, from Assumption 9(v) we derive E[Oh,, (77, 7]; 04)/06;'] = h+0(n_1/2),

where

D5, = L0 (higa) s (i)Y = S g )01 (7) + s (i) 21
(0.B.8)
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Similarly we can derive E[0hg, (17,775 04)/00}'] = D;jfh + o(n~1/?), where
5y _
Dty = E[(((0319(ni1.0) frn, (1)) = fr,,, o) T) ohn (Ti1) + Fr, (Tp1.0)) 2]
(0.B.9)
Combining the results yields 70, = 71L i (Dgghwav (z;) — Dgthpé’f(zi)) + 0,(n"1/?),

where 11 (2;) and % (z;) are the influence functlons for 5}’ and 3;’, respectively. Define
55 v 51’ ) o
Vg (2i, 91) = Dypth® (z;) — Dbt (2;) + 007, (wi). (0.B.10)

We thus have T, = = 371 g n1(2i, gi) + 0p(n n=1/2).

Lemma O.B.2. The term Ty, in equation (A.8) satisfies Ty, = n™' 30 | ¥, no(2i) +
0,(n~1/%), where 1, 1, 2(z;) is defined in equation (0O.B.12).

Proof. Recall that Ty, is a V-statistic of degree 2 with an asymmetric kernel function
and E[T5,] = 0. Similarly as in Lemma O.B.1, we use the idea of Hoeffding projection
and derive an asymptotically linear representation of Ty,. Let I = (iy,i9) with i; #
ip and 77 = (77 i € I). We can write Ty, = m > gn(T}’) — E[hgn(17)]).
Define hg, (7)) = ﬁZI:ieI(E[hgn(T})”Tiv] — Elhgn(77)]) and T3, = 5 30y hy, (7).
Observe that E[T5,] = 0. Following Lemma O.B.1, we can show that Cov(Ts,,Ty,) =
Var(Ty,)*° and hence E[(Ty, — Ty,)?] = Var(Ty,) — Var(Ty,). By Markov inequality,
we obtain Ty, = T, + 0,(n~/?) if Var(Q,) — Var(Q?) = o(n™!).

To show the last result, we express Var(Th,) and Var(75;,) similarly as in equa-
tions (O.B.5) and (O.B.6). Follow the argument that compares the two equations
and note that for any I and J, by Assumptions 7(ii)(iii), 10(i), and 11(i), we can
bound both Cov(hg,(77), hgn(75)) and Cov(E[hg, (77)|77], E[hgn(TY)|77]) uniformly by
O(Gsn). Therefore, Var(Q,) — Var(Q;) = (n(n—1))72-0(n?)-O(¢,') = O(n*¢;,) =
o(n™') by Assumption 9(iii)*” and then Ty, = Ty, + 0,(n"/?) follows.

Next we calculate the influence function of T3,. Conditional on 7, both 7;; and

Thigi = Onlg(Ts,) are constants. Under Assumption 2(i), we obtain

1 Thigd — Thilj~, o _
Elhyu(rt 7io0l] = [ @f@(g@”)(ng = T (15 e (7o) A7

= [ KaO)(7) = 033} (s — o)) Fry (ol — o)l

316This is because Cov(Ts,,Ty,) = 21:1 1 Cov(Tay, by, (17)) and for each i, Cov(Tan, by, (7)) =
7= 2onicr Covlhgn (1), hyn (7)) = 3 Var(hy, (7).
37 Assumption 9(iii) (i.e., n'/2(1,(3, — 00) implies n'/2¢,, — oo.
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= (TZ] - Ja}(ﬂhlg,i))fmu(ﬂ—h\g,i) + T, (0.B.11)

with max; |7, ;| < C(Z. The second equality follows from the change of variables
t= C2_7L1(7Th|g7i — Thp,), and the third equality holds by Assumptions 7(i) and 8. Sim-
ilarly, we can derive [E[hg, (77, 7; on)|7}] — (Ua;(ﬁhm) — 731 fry, (M) < CGone By
Assumption 9(v), O(G52) = o(n~'/2). All together, we obtain 7%, = £ 37| 1y, 2(2;) +

0,(n"1/?), where

bn2(2:) =(7ig = 0y (Thig)) Frn (Thig.s) + (e (T ) = 75 Fr, (Tapr i)

—E[(75 — 01 (Thig.0)) Frnpy (Thig.i) + (g () = 73 Fr, (a1 .0)]-

(0.B.12)

[
Lemma O.B.3. The third term Ts, in equation (A.8) satisfies Ty, = o(n~Y/?).

Proof. Equation (O.B.11) implies

Elhgn (7], 7}500)] = /(Uai(ﬂmg,z‘) — 1 (Thig.i)) Frns (Thlg i) Frpyy (Thig) ATnggs 4+ O(G52).

From the identification result in Section 4, we can represent p, as

pg = E[{mngi =} (7, — /1)

= / (0310 (Thig 1) = T (Thig,)) Frngy (Thig.i) Frnpy (Thig.i)ATngg -

Hence, Ty, = E[hyn (77,705 01)] — pg = O(C52) = o(n~1/2) by Assumption 9(v). O

7 ) ]7

O.C Lemmas in the Asymptotic Analysis of 4

Notation Let A = (a;;) € R” denote an n x n matrix and z = (z1,...,z,) € R”
denote an n x 1 vector. Denote by [[|A[|[oc = maxi<i<n 27—, |as;] the maximum row
sum norm and [||Al||; = max;<j<, >1 4 |a;;| the maximum column sum norm. Note
that [|4'[|.o = 1Al and | 4[]y = [ 4]].c. Denote by | - [l and | - 1 the Loy and
norms. That is, [[Alle = maxi<ij<n [ai], [|Allr = 382 lag], [|2]le = maxicicn 7],
and ||z||y = X% |z;]. For n x n matrices A and B and n x 1 vectors x and y, we can
how [ AB]x < 14 [l 1Bller [4B1s < 1A s 1Bl | A2]e < 1A 1o 2], and
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[Az]ls < [I[A[ll1 lz]l. Moreover, |&"Ay| < [ A]llss lzllscllylls < n [ Alllo |2 ]oc[[9ll0-™
Let 0 < C < oo denote a universal constant. For simplicity, we write 77 as 7;

throughout this section.

O.C.1 Consistency of %

Lemma O.C.1 (ULLN of the moment). sup,cr ||, (7, i7) — mo(y, uf)|| = 0p(1).

Proof. Because y; — X!y = y; — X/ — X[(7 — ) = & — X[(v — %), we have

(v, 17) — mo(y, 1))
. ;(Zi — 2 (3) (i — X[y) — E[(Zs — pd (12)) (i — X))

S

= D) — e+ SR = 1 ()X, = o)
o3 (7= i () — Bl — ()
(% ()X, B{(Z— 1 ()X~ )

s
Il
—

In the last expression, the first two average terms are 0,(1) by Lemma O.C.2, and
the last two average terms are o,(1) by Lemma O.C.3. By the compactness of I'

(Assumption 15(ii)) we have sup.ep ||/, (7, 27) — mo(7y, 1)l = 0p(1). O

Lemma O.C.2. Fort; = (X, €)', we have
S8 (5) — () = 0,(1), (0.C.1)

Proof. Recall that X; = (w;y, wsx, z})'. Because t; € R?*%=*+2 is finite dimensional, we
can prove equation (O.C.1) for each component of ¢; separately. Forr =1,...,2d,+2,
let ¢;. denote the rth component of ¢;, and t, = (ty,,...,t,)". By construction,
we have pZ(%) = BZ(#)bX (%) € R and p4(r;) = B%(7)bX(m) € R, where
B%(#) = (B4Bk)'BjcZ and (%(1) = (B%Bk) 'ByZ, with Bx = Bg(#) and
Br = Bg(t). Denote puf = (u(m),...,uZ(m.)). The left-hand side of equation

38These results can be found in Horn and Johnson (1985, Section 5.6) or proved similarly.

Online Appendix 12



(0.C.1) for component t;, satisfies

n

IS 5) — i et = n (BB () — i) (BB () — 't

=1
< 0P| BB (F) - ud |7t

where the inequality follows because we can bound the largest eigenvalue of the matrix
(BrB(#) = u§) (BB (#) — uf) by |Bxp*(#) - uf|*.

For t;,. that represents a component of w;x or x;, we have max; |tz~r| < 00 (Assump—
tions 11(ii), 14(i)). Therefore, n='t.t, = n=' 3" 12 < max;t2. < co. For t;, = ¢,
because ¢; is i.i.d., by the law of large numbers and Assumption 16(i) n='t't, =
n iy, €2 = Elef] + 0,(1) = O,y(1). For t;, = wyy, we have n™ ! (wy)'wy = O,(1) by
Lemma O.C.4. We conclude that n™'¢/t, = O,(1).

By the triangle inequality and (a + b+ ¢)? < 3(a® + b* + ¢?),

n | Bip?(F) - ki I?
(II(BK—BK)BZ( )+ 1Bx (57 (F) = 89N + |1 B 5? — pi |1)?
< 307 (Bx — BrlPIB7 (DI + 1Bx(5%(%) = 2P + 1Bk 5” — ki |I?).

IN

It suffices to show that the last three terms are o,(1).
By equation (O.C.5), n™Y|Bx — Bg||*> = Op(01(K)?/n). Moreover,

167 (#)|I* = tx(Z' B (Bj Bi) *B'c Z)
< O,(nYVtr(Z' By (ByBy) ' B Z)
< 0,(n™Htr(Z'Z) = 0,(1). (0.C.2)

The first inequality follows from Lemmas O.C.5 and O.C.6.%" The second inequality
follows because éK(BkéK)_lé’K is idempotent and thus BK(E}{EK)_lé’K < Iy.
The last equality holds because n™'tr(Z'Z) = n=t 3", [|Z]|* < oo by the bounded-
ness of Z;. We conclude that n~'||Bx — Bg||2||3%(#)]|? = 0,(1).

Observe that n~! || Bi (5%(#) — 87)||2 = n || Bk (3% (%) = %) ||* = n~ e (B4 (+) —
B2Y Bl Bi (B%(#) — %)) < 0,(1)||5%(#) — 57||?, where the inequality holds because
by Lemma O.C.5 By Bk /n < CIk with probability approaching one. By the triangle

39By Lemmas O.C.5 and O.C.6, the smallest eigenvalue of Ox = B’KEK/TL converges to one in
probability and hence (B}(B x/n)~1 < CIk with probability approaching one.
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inequality, ||3Z(#) — 82| < ||5%(#) — B%(7)|| + |3 () — B?||. Lemma O.C.7 shows
that || 3% (%) — BZ(1)|| = O,(01(K)/+/n). Moreover, by Lemma 15.3 in Li and Racine
(2007) for z; and z in Z; and Lemma O.C.8 for wyx in Z;, we have ||3%(7) — 2| =
0,(1). Combining these results yields n~'|| Bx (3% (%) — B2)||? = 0,(1).

Finally, n™ || Bk 8% — pg ||* = n™" Sy 18705 (i) — g (73)II* < sup, [|376% (1) —
pé (7)]|? = O(K~%%) by Assumption 13(ii). O

Lemma O.C.3. Fort; = (X/,¢;), we have

S|

é((Z@- — 5 (1))t — El(Z; — pig (1) 1)) = 0p(1). (0.C.3)

Proof. Recall that Z; = (w;x, x}, z}) and X; = (w;y, w;x, x})’. Because both Z; and t;
are finite dimensional, we can prove equation (O.C.3) component by component. For
simplicity, we assume that both z; and z; are scalars. Depending on which components

of Z; and t; under consideration, we divide the proof into six cases (Table O.C.1).

Table O.C.1: The Six Cases in Lemma O.C.3

Component of ¢;
i, € W; X w;y
x;, z; | Case (a) Case (¢) Case (e)
w;x | Case (b) Case (d) Case (f)

Component of Z;

Case (a): Because (x;, z;, €;) is 1.i.d., the result follows by the law of large numbers.

Case (b): Take x; in ¢; as an example and ¢; in ¢; can be proved similarly.

n

" ;((wiw = o (i) — Bl(wiz — g™ (73))2:])

= n! E(Uh‘mz‘ — Elwizz]) —n~' 2(#8“(%‘)% — Elug™*(7i)zi]).
Because pg**(7;)z; is independent across i, the second term on the right-hand side
is 0,(1) by the law of large numbers. Write the first term on the right-hand side as
n~H(z'wx — E[z’wz]). Applying Lemma O.C.9 with @ = b = x and q = w yields
n~Hz'wz — E[z'wz]) = 0,(1). Equation (O.C.3) thus holds for case (b).
Case (c): Without loss of generality we take z; in Z; as an example. Denote

Z = 2z — pi(r) and 2 = (Z,...,2,). Write n™' S0, ((2i — pé(mi))wiz — E[(z; —
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pi(i))wizx]) = n~(z'wx — E[z'wz]). Applying Lemma O.C.9 with a = 2, b = x,
and q = w, we prove equation (0.C.3) for case (c).
Case (d): Write

n Xn: ((wiz — py** (1) Jwie — E[(wiz — pg"* (1:) Jwiz])

n

= n Zn:l(wiazwim — Elw;zw;x]) — n~ Z:l(,ugj’w(n)wiaz — E[pug™ (1:)w;x])

= n (z'wwz — Elz'w'wz]) — n ' (u® (1) we — E[pud* (1) wz]),

where py*(T) = (g (11), ..., ug"*(7n))’. Applying Lemma O.C.9 twice, one with
a =b = and q = w'w, and the other with a = py’*(7), b = « and q = w, we
obtain that the last two terms are both 0,(1). Equation (O.C.3) holds for case (d).

Case (e): Recall that y = s(wzys + ®y3 + €), where s = (I, — yyw) ™!, and
A = X(7) is short for A*(7%). Take z; in Z; as an example. Write

S (2 — () ey — El(z — (7))

i=1
= n '(Fwswz — E[Z'wswz))y, + n ' (Z'wsz — E[Z'wsz])y;

+n1(Z'wse — E[Z'wse]).
Applying Lemma O.C.9 to each term in the last line proves equation (O.C.3) for case

(e).
Case (f): Write

n Y (i — () sy — El(wa — i () wy))

.
I
—

-1

I
3
ANE

(w;zwiy — Elwizw;y]) —n~! Z o () wiy — E[pg™ (1) wiy])
i=1

x'w'wswzx — Elx'wwswzx))y; +n (2w wsz — E[z'w'wsz])y;

Il
\,_.

= n 1(
“Hx'w'wse — Elz'w'wse]) — n 7 (ud® (1) wswx — E[pd® (7) wswz])y,

(e (Y ws — Bl (r)ws])ys — 0 (e () wse — E[u®(r) wse]).
Applying Lemma O.C.9 to each term in the last line proves equation (O.C.3). ]

Lemma 0.C.4 (Boundness of wy). n~H(wy) wy = O,(1).
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Proof. Let T = w2z, + wxys be an n x 1 vector, and recall that wy = s(w?xy, +

wxys + we) = s(T + we). We can write

nHwy)wy = n (T + we)'s's(T + we)

= n 'T's'sT +2n ' T's'swe + n '€w's'swe.  (0.C.4)

We show that w and s are uniformly bounded in both row and column sums.*’ In
fact, under Assumption 14(i), we have ||w|||c = 1 and thus |||s][|c < X520 [71]" |
w(||Z, < oco. For any r > 1, we can bound ||w"|« < [|w |21 |w]e = [|[w]]oo-
Therefore, [[Jw"|[ly = maxjen ity [(w")ij| < nljw"{lo < nflwlle and thus [|sf]; <
550 il w0l < 52 nlnllwle = Op(1).

By the boundedness of z; and 7, we can bound ||T|s < [[|w]||% 27200 + |20 ||l
|Z73]lc < 00. Therefore, the first term in the last line of (O.C.4) is n™'T"s'sT <
18"s oo 17112 < I8 Il I8 oo ITN1% = Op(1). The second to last term in equation
(0.C.4) satisfies n ™ T"s'swe| < |||8'sw |||oo [| T || ||€/n]]1 = O,(1), because |l€/n||, =
n~ 'Y el = Ell&]] + 0,(1) = O,(1) by the law of large numbers and Assumption
16(1) and [|s'sw]]|cc < (IS ll1 I8 lloo lw]|oc = Op(1). Finally, the last term in
(0.C.4) satisfies n™'e'w's'swe < n™ ' \ax(w's'sw)e’'e = O,(1), because n~'e'e =
nEIL & = Bl 4 0y(1) = 0y(1) and Ay (w's'sw) < [Jw's'swlle < [lw Iy
sl I8 loo llwl|oo = Op(1). Combining the three terms, we complete the proof. [

Lemma O.C.5. Let Qx = By Bg/n. Then [|Qx — Ix|| = O,(00(K)y/K/n).
Proof. The result follows from Lemma 15.2 in Li and Racine (2007, p.481). H
Lemma O.C.6. Let Qi = BBy /n. Then |Qx — Qx| = O,(01(K)/y/n).

P’I"OOf Because E,KEK — B}(BK = (BK - BK)2 + B}((BK — BK) + (BK - BK)/BK, we
have |Qx — Qx| = | BxBx — B Bx||/n < ||Bx — Bx|*/n+2||(Bx — Bx) B || /n.
The y/n-consistency of # and boundedness of z (Assumptions 11(i) and 12(ii)) imply

that max; ||#; — 7i|| = O,(n~Y/2). Therefore,

1Bk — Brcll = (3 165 (5:) = b5 (ra)|)/* < n'/?01(K) max [|7; — 7| = Op(01(K)),
=1
(0.C.5)

40See Lee (2002, Lemma 1) for similar results.
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by the mean-value theorem and Assumption 13(iv). Moreover,

I(Bx — Bx)'Bxkl|/n = t((Bx — Bx)'BxBj(Bx — Bx))'"/*/n
O,(1)tr((Bx — Bx)' Bi (B Bx) ™' B (Bx — Bx))'*/v/n
O,(1)||Bx — Bxl|/v/n = Op(01(K)/v/n).

IN

)
)

<

The first inequality above holds because by Lemma O.C.5 Ix < C(B}Bg/n)™!
with probability approaching one. The second inequality follows by By (B} Bx) ' Bj
idempotent. The last equality follows from equation (O.C.5). We conclude that
1Qx — Qicll < Op(01(K)?/n) + Opl01(K) /v/n) = Opl01(K)//n). O

Lemma O.C.7. ||37 (%) — B%(T)| = O,(01(K)//n).
Proof. Recall that 3%(#) = Q' B} Z /n and B%(1) = Q&' B'x Z /n. We have
167(F) = (1)l = (2" (Qx'By — Qx'B'x) (Qx' By — Qx' B'x)Z /n*)"/?
< QK By — Q' B'x) /[Vnlltx(Z'Z /n)' 2.
By the boundedness of Z;, tr(Z'Z /n) = n~ ' S, || Zi||? < co. Moreover, ||(Qx! B —

Qx'B'x)/vnl < I(Qx" — Q") Bi/vnll + |Qx' (Bx — Bk)'//n||. Observe

tr(Qx' — Qx) Bk Br(Qx' — Qx')/n)'/?
r(Qx (Qx — Qx)Qx (Qx — Qk)Qx)'?
O,(Ntr((Qx — Q)R (Qx — Qx))™?

O0,(V[|Qx — Qx| = Op(01(K)/Vn),

Q%" — Q") Bi/Val

IAN I

IA

where the inequalities follow from Lemmas O.C.5 and O.C.6.*' The last equality

follows from Lemma O.C.6. As for the second term, we have

1Qx' (Bx — Bx)'/v/nl = t1((Bx — Bx)Qg*(Bx — Bx)'/n)"/?
< O,(V|[(Bx — Bg)/Vnl = Op(01(K)/v/n).

where the last equality holds by equation (O.C.5). O

41By Lemmas O.C.5 and O.C.6, the smallest eigenvalue of Q K converges to one in probability
and hence the largest eigenvalue of Ql}l is bounded with probability approaching one. Similarly, by
Lemma O.C.5, the largest eigenvalue of Q;(z is bounded with probability approaching one.
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Lemma O.C.8. ||3“%(1) — B%*|| = 0,(1).

Proof. Recall that %% (7) = Q&' Bjewa /n. We can write %% (1) —3%* = Q' B) (wz—
Bgf"*)/n. Observe that

Bv2(r) = 5= = ta((wa — BiB™) BeQid Biclwa — Be®)/n?)
0y()||Bic(wz — By ™) /nl.

IA

where we used that the largest eigenvalue of Q5 is bounded with probability ap-
proaching one. Write wx — Bx " = (wx — py*) + (ud® — Br""). We derive

| B (g™ — B 3*) /]
= tr((u§® — Bf"") Bi By (u§® — B ") /n*)"/?
< Op(Ntr((p® — Bkf**) Bk (B Bk) ™' Bie (8 — Bk ") /n)'/?
< Op(D[[(ug® = Bx ) /vl = O,(K™),

where the first inequality holds by Lemma O.C.5,*? the second inequality follows by
B (B} Bk ) ' B) idempotent, and the last equality follows by Assumption 13(ii).**
If we can show || By (wx — pi®) /n|| = op(1), then combining the results completes the
proof. Because z; is finite dimensional, we can prove the equation for each component
of x; separately. For simplicity, assume that x; is a scalar.

Write Bi(wx — p§™)/n = n~1 3,5 05 (1) (wijz; — Elwz;|n]) = n=t 3 2,14,
where r;; = b (7;) (w;;x; — E[w;;z;|7]). Because Elry|7;] = 0, we have E[r;;] = 0. By

construction,

E|By(wz — pg®)/nl* = n*> > Elrjru
() (k{5530 k)40

+n 2y > B[] (0.C.6)
(i,3) (k,1):{i,5 }0{k,1}=0

For any i,j, k,l € N, we have |E[r};ry]| < E[b™ (7;)'b% (1) (wijz; —Blwi;a;| 7)) (wra —
Elwiz|m])] < O(n=2)(E[(bX (1,)b5 (1,))?])Y? = O(n~?VK). The second inequality

42By Lemma O.C.5, the largest eigenvalue of Qx = B} Bk /n converges to one in probability and
hence CIx < (B} Bk /n)~! with probability approaching one.

“3Under Assumption 13(ii), we have |(u&® — BgBY®)/vnl = X0, |lud®(n) —
BB (1) [2)1/2 < sup, = (r) — B9 (7)] = O(K ).
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follows from Assumptions 11(ii) and 14(ii),** and the last equality follows because
by Assumptions 2(i) and 13(i), E[(b" (7;)'0% (1:))?] = E[bX (1) 0" (74)b% (7)'b% (13)] =
Eftr(0" (7:)b" (1) b" (7)b" (m) )] = te (B (r)0™ (7)) JED" (m)0™ (7)) = tr(Ix) =
K. The sum over overlapping {i,j} and {k,[} contains O(n®) terms. Therefore, the
first term in equation (O.C.6) is n=2 - O(n?) - O(n">VK) = O(VK /n).

Further, for disjoint {4, j} and {k, [}, we have

Elriruls] = 0% (7) 0" (1) El(wijz; — Elwia; |m)]) (waz — Elwa|mi])|s]
= b5 (1)'b" (11.) (Cov(wij, wy|§) 7y
+(E[wij|¢]z; — Elwijz;| 7)) (Elwgls]zr — Elwn| 7))
= b (n) 0" () (Blwi i, )5 — Blwga; | 7)) (Elwkl sk, 9)ar — Elwg|m])
+05 (1) b (k) €.k,

where e;; 5 = Cov(wij, wi|$)ajzi+(Blwij|]—Elwi; |, ]) 2 (Elwp ¢z —Elwya| 7)) +
(Elwi|s]—E[wki|sk, si])zi(E[wijlsi, sjlxj—E[wijz;|7:]). By Assumptions 11(ii), 14(ii)(v),
and Cauchy-Schwarz inequality, we derive E[(e;; )% < o(n™*/K). Observe that
the terms b (7;)(E[wyjlsi, s;]v; — Elwijz;|n]) and b5 (1) (Elwii|sk, 9]z — Elwgx| 1))
are independent, both with mean zero. Therefore, we have the uniform bound
Bl < (BIOK (75 (7)) V2 (El i) 72 = VE -o(n~2/VE) = o(n™2). The
sum over disjoint {7,7} and {k,{} contains O(n?) terms. Hence, the second term in
(0.C.6) can be bounded by n=2 - O(n*) - o(n™2) = o(1). Combining the results we
prove El| By (w — u¢®)/nll? = o(1) and thus || By (wa — ) ul] = o,(1). O

Lemma O.C.9. Suppose that a = (ay,...,a,) and b = (by,...,b,) are n x 1
vectors in R™ such that (i) (a;,b;) is independent across i; (ii) a is a function of
S with max;en |a;| < oo; (iii) b is either a function of ¢ with max;cp |b;| < oo or
independent of w conditional on ¢ with max;ep |E[bi|s]| < oco. Let g be a matriz that
takes the form of (a) w, (b) w'w, (¢) wsw', t =0,1, or (d) wwsw', t = 0,1, where
s = (I, —yyw)™'. Then n~'(a’qb — E[a/qb]) = 0,(1).

Proof. By Markov’s inequality, it suffices to show that the second moment of n=!(a’gb—

4By Cauchy-Schwarz inequality, (a + b)* < 8(a* + b*), Jensen’s inequality, and it-
erated expectations, we have (E[(wijz; — Elwijz;|n))?(wur — Elwgs|m))?)?2 <
(El(wijz; — Blwija;|m))* DY E[(wz — Elwga|n))* ) < 4E[(wigz;)* )V (E[(wra)]) 4 <
CE[[|w|%]'/? = O(n=?).

N
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E[a’gb]) is o(1). The second moment is

n’E(a’qb — E[a'qb])* = n 2Cov (Z > abiqi, Y > aiijz‘j)
=1 j=1

i—=1j=1
= n? > Cov(aib;qij, arbigr)
(3,,k,0):{3,5 3N {k,1} 0
+n 2 Z Cov(a;b;qij, arpbigi ) (0.C.7)

(4,4,k,0){3,5}N{k,1}=0

In the last expression, the first term sums over all the indices ¢, j, k, and [ such that
{i,j} and {k,(} have at least one common element, and the second term sums over
all the indices i, j, k, and [ such that {7, j} and {k, [} do not overlap.

Because a is a function of ¢ and q is a function of w, if b is independent of w

conditional on ¢, we can write the covariance as

Cov(a;b;qij, arbigr)
= Ela;a,E[b;|;]E[bi|G)E[gijqms]] — E[a:E[b;|s;]E[g:;|<]E[arE[bi|G]E[gr<]]
= Ela;arE[b;|;]E[bi|a]gijan] — Ela:E[b)|<;]qi;E[arE[bi] <) gr]
= Cov(a;E[bj|s;]qij, arE[bi|si|qrr),

where in the first equality we used E[b;b;|s] = E[b;[;]E[b|s] and E[b;|s] = E[b|g;]
because (b;,<;) is i.i.d.. Let h;; = a;b; (if b is a function of §) or h;; = a;E[b;|s;] (if b
is independent of w conditional on ¢). The boundedness assumptions in conditions
(ii) and (iii) then imply that max; jen |hij| < oo.

The first sum in (O.C.7) consists of O(n?) terms. By Lemma O.C.10(i), each co-
variance term can be bounded by O(n~?) uniformly in i, j, k, and [. Hence, the first
sum is n=2-0(n3)-O(n~2) = o(1). The second sum in (O.C.7) consists of O(n?) terms.
Applying Lemma O.C.10(ii) yields max; ; . iengi30ik13=0 |Cov(a:b;gij, arbigr)| = o(n™?2).
Hence, the last sum in equation (O.C.7) is n=2- O(n*) - o(n™2) = o(1). O
Lemma O.C.10. Let q be a matriz that takes the form of (a) w, (b) w'w, (¢) wsw?,
t=0,1, or (d) wWwsw', r = 0,1, where s = (I, — yw)~*. For hij = h(s;,s;) € R
such that max; jen |hij| < 0o, q satisfies (i) max; jxien |Cov(hiiqij, hiuqr)| = O(n™?)
and (i) max; jrien-ijynikiy=0 | Covlhi;gij, hugu)| = o(n=?).

Proof. Part (i). Write Cov(hijqij, hiugr) = Elhijhigijan) — Elhiiqij|Elhugal. By

the boundedness of h;; and Cauchy-Schwarz inequality, it is sufficient to show that
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E[|lg]|%] = O(n™?). For case (a) with ¢ = w, the result follows immediately from
Assumption 14(ii). For case (b) with ¢ = w’w, we can bound ||q||« < [[|w|||1]|w]|c <

n||lw|%. Hence, E[||q||2] < n*E[||w|%] = O(n~2) by Assumption 14(ii). For case

(c), because s = (I, — nw) ™' = ¥22)7{w', we have ¢ = wsw' =302, 7 )
and <qﬁ>2 = 2 i1 Y IH_Z(HI)(’U’T)M(WF)U, t =0,1. For any » > 1, we have
[w ]| < [lw [floo W™ Yoo < -+ < [lw 125" lw]lss = |w]lo. Therefore, E[||q]|%] <

P D SRR E[|lw|/%] = O(n2) by Assumption 14(ii). Similarly as in
cases (b)(c), we can show that the result holds for case (d).
Part (ii). For case (a) with ¢ = w and case (b) with ¢ = w'w, the statement

follows immediately from Assumption 14(iv). For case (c), consider 4, j, k, I € N such
that {i,7} N{k,1} = 0. We have

COV(hzgqu,thka Z Z T+T 2(t+1)COV(h (’wr)z'j,hkl(wf)kl).
r=t+17r=t+1

By Assumption 14(iv), each term in the sum has an uniform bound o(n~?) that does
not depend on i, j, k, [, r, and 7. The statement is thus satisfied for case (c). Case

(d) can be proved similarly. O

0.C.2 Asymptotic Distribution of %

Lemma O.C.11 (Asymptotically linear representation of the moment). We have

\}ﬁé;m(wi,%, pe(7)) = \/1— Zn:((Zl — u& (T))vi + Mypg(2,60)) + 0,(1), (0.C.8)

ni4

where My = —E[(E[Z;|2;] — Mg(ﬂ-))‘”gfi) BT(Zggi,QO)]‘

Proof. Consider the decomposition

i wlﬂfVOv 1))

m(wi, 50,15 (7)) + Vi [ Dles i (7) = p? (R))dF (21,93, )

t 55
\IIM:II

617” IUO (Tl))dF(nghel)

i (e, A2 (72) — pZ (7)) /Del, —E (T AF (2, g1, €)), (0.C.9)
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where D(e;, ) = —pe; for any p € RZ 12 (%) = E|Zi|1 (2, g:,0)], and F(z;, g, €;)
denotes the cdf of (z;, g;, €;). The first term is a leading term. The second term is to
adjust for the estimation of uZ, and the third term is to adjust for the estimation of
6y (Hahn and Ridder, 2013), Both terms contribute to the asymptotic distribution of
4. The last term is 0,(1) by Lemma O.C.14.

The second term in (O.C.9) can be analyzed following Newey (1994a). Observe
that for an arbitrary mean square integrable function p(7(z;, g;, #)) € R% that is con-
tinuously differentiable in 7, by iterated expectations we have E[D(e;, (7 (24, g, 0))] =
—E[u(7 (2, gi,0))p(7(2i, gi,0))], where pu(7(z;, 9:,0)) = Ele;|7(24, gi,0)]. Hence, the
correction term in Newey (1994a, Proposition 4) takes the form o (w;, 7(2;, gi,6)) =
~(Zi=p?(7(2i; 94, 0))) e (7 (2, 95, 0)) and thus /n [ D(eg, fi? (7:)—p?(7:))dF (25, gis €) =
n25"  of (wi, 7). Moreover, recall that 7 = 7(z;, g;,0) and 7, = (2, g;, 0p). De-
fine af (wi, 7;) = —(Z; — pZ (7:)) Mo(7:). Under Assumption 16(ii), expanding o (w;, ;)
around 6y yields aZ(w;, 7;) = of (w;, 1) + da” (wi.1:) (0 — 6o) + 0,(]|0 — 6o]]). By Lemma

907
0.C.15 and Assumption 12(ii), n=' yor, 22@an) — o (1) and /(6 — 6y) = O,(1).
Therefore, we can represent \/n [ D(e;, fi? (7;)—p? (7:))dF (2, i, €) = n~ 220 af (wi, )+
0p(1).

The third term in (O.C.9) can be analyzed following Hahn and Ridder (2013).

Observe that M € and E[W!n = 7] = —Xo(7). The first term in
Hahn and Ridder (2013, Theorem 4) takes the form —E[(ei—)\o(n))a"giﬂ') 87('233“90)] -

0,where we used ¢; — \o(7;) = v; and E[v;]z;, g;] = 0. Therefore, by Hahn and Ridder
(2013, Theorem 4),

- -E [(E[ZAzA—qu(n))”;f")af(zgg’“@“ Vil — ) = Myy/n(6 —6y).

Because /n(0—6,) = f Sy gbg(z“ 6o) +0,(1), we can represent \/n [ D(e;, n? (%) —
pE(T))AF (2, gis &) = n~YV2 " Myeg(zi, 0) + 0,(1). Note that m(w;, Yo, ué (7)) +
a?(w;, ) = (Z; — pé (1:))v;. Combining the results we obtain (O.C.8). O

Lemma O.C.12 (CLT of the moment). Let ®, = n~ 2" ((Z; — pé(7))v; +
Mygo(2i,600)). Then Q;1/%d, N N(0,14,), where p,(z;,2,v;) € R is defined in
equation (0.C.10), Q, = n= " Elpn (i, 25, vi) (T3, 20, v4)'], and Iy, is the dz X dy

identity matriz.
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Proof. Recall that Z; = (w;x, ), z.)’. While z; and z; are i.i.d., w;x are correlated
across i. Lemma O.C.13 establishes the Hoeffding projection n='/2 " | (w;x)'v; =
n=VESR R (3, v3)+0,(1), where R (x4, v;) = Y (Blwgavi|vi, v +Elwjiviz|zi, v]) €
R% . Define the function ¢, (z;, 2;, v;) € Rz by

on(i,2i,v5) = nV2((W(x5,v) — El(wiz) |7y, (2] — Bl |m))vi, (2] — El2{|m])v:)

Then @, = Y1, @ (i, 2, v3) + 0,(1). Because E[R} (x;,v;)] = 0, E[r;]¢] = 0, and
E[¢g(z:,00)] = 0, we obtain E[p,(z;, z;, v;)] = 0.

Write @,; = on(xi, zi,v4). Observe that {p,;,i = 1,...,n} forms a triangular
array. We apply the Lindeberg-Feller CLT to derive the asymptotic distribution of
>, ¢ni. By the Cramer-Wold device it suffices to show that o' 1 | ¢,,; satisfies

the Lindeberg condition for any d; x 1 vector of constants a € R%. The Lindeberg

condition is that for any x > 0, lim,HOOZ E[ “,‘6“& Hld' oni| > rvad'Qnal] = 0.
The sum is bounded by E[>; i,“;z”’a 1{max; |a Oni| > KV a'Q,a}], where the random

variable 3, “"'”) has a finite expectation and is therefore O,(1). Moreover, we can
derive max; \a <pm| = 0,(1),” and therefore 3, “,‘gma 1{maxZ |a' oni| > KV dQa} =
O,(1)o,(1) = 0,(1). This random variable is bounded by >, (a “0’“) which has a finite

expectation. We conclude that by dominated convergence the Lindeberg condition

is satisfied. By Lindeberg-Feller CLT, Q7Y/2®, = QY2 o (21, 21, 1) + 0p(1) 5
N(0,14,). [

Lemma 0.C.13 (Hoeffding projection). Let W, = n~ Y2, > wiz;v;.  Define
Wi = n Y25 ki (wq, v5), where B (zq,v;) = 32 (E[wijzvi|i, vi] + Elwgiav|, v]).
Then ||W,, — W} = o0,(1).

Proof. Our proof is based on Lee (1990, Secion 3.7.5) for weighted U-statistics. The
idea is to generalize the Hoeffding projection to allow for weights. What differs from
Lee (1990, Secion 3.7.5) is that Lee assumed a constant weight w;;, while we allow
w;; to be a random variable that is correlated with .

Let [ = {z’l,i2} be an ordered 2-subset of N and t; = (x;,v;). Define w; = wy,;,
and h(t;) = h(ty,, t,) = 24,13, We can write W, = n= Y2 wrh(t;) and b (zg, v;) =

h:(t;) = Y ricr Elwrh(tr)|t;]. Because w is independent of v conditional on ¢ and

4Because z; and z; are bounded, E[||w|%] = O(n™%), and E[v}] < oo, we can bound
E[max;(a'pni)’] < [lal*Emax; [[¢ni[*] < O(n™) = o(1).
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E[vils] = 0 (Assumption 14(iii)), we have E[wh(t;)] = E[E[w/|s]E[h(t/)|s]] = 0
and E[h}(t;)] = Y rier Elwrh(tr)] = 0. By Markov’s inequality, it suffices to show
B|W, — W2 = of1)

By definition, E[W/W*] = n=Y2 S, E[W!h*(t;)], and for each i, E[W!h*(t;)] =
n~Y2 Y e Elwrh(tp) RE ()] = n~Y2E[RE (t;)'hE (t:)], where the first equality holds
because for ¢ ¢ I, Elwrh(t;)'hi(t;)] = E[E[w;|s|E[h(t;) RE(t:)|s]] = 0 under Assump-
tion 14(iii), and the second equality follows by iterated expectations. It then fol-
lows that E[W/!W:] = n=' 3, E[RX () ki (L)) = E|W||? and thus E||W,, — Wr||? =
E[|[W,||> — E[|W?||?. Tt remains to show that E||W,||> — E||[W*||* = o(1).

To show the last result, note that for disjoint I and J, we have E[ww h(t;)' h(t;)] =
E[E[wyw;|s|E[A(t;) h(ts)|s]] = 0, where the first equality holds by Assumption 14(iii),
and the last equality follows from E[h(t;)'h(t,)|s] = 0 because (v, ;) is i.i.d.. Hence,

IEHI/VnH2 = n_l Z E[wIWJh(t[)/h(tj)]

(1,0):|1nJ|=1
+n*1 Z E[w;wjh(tf)’h(tj)].
(1,0):|1NJ|=2
For comparison, because E||W7*[|? = n~ ! 30, E||h%(t;)]|* we can write

n

E[Wi1? = o' Y EE[wh(t) [LIEwsh(t)]t]
i=1 (I,J):{i}=INJ

> E[E[wrh(t) [t]E[wsh(ts)[t]].

n
~1
i=1 (I,J):{i}CINJ

+n

The first sums in E||W,,||> and E||W;*||* consist of the same number of terms. Consider

I and J such that |/ N J| = 1. Because w and v are independent conditional on g,

Elwiwsh(t;)'h(t;)] = E[E[wmw;sls,v|h(t;) h(ts)]
= E[E[wrw,[c]h(tr)'h(ts)]
= E[(Cov(wr,wyls) + Elw[]E[w,[c])h(t)'h(ts)]
= E[E[w;|s/|E[wslss)h(tr) h(ts)] + o(n2), (0.C.11)

where the o(n™2) term does not depend on I and J. To see the last equality, note
that h(t;)'h(t;) is square integrable by the boundedness of x and E[v}] < oo un-
der Assumption 11(i) and 16(i). The last equality then follows from Assumption
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14(ii)(v)(vi)."® Similarly, we can derive

E[E[wh(t) [t E[wsh(t)lt])] = EEE[w|s, v]h(t)|LIEE[w,|s, v]hts)[t]]
= E(E[E[w/[c]h(tr) |tIEE[w,|s]h(t,)[t:]
= E[E[E[w|sh(t) [LIEE[w|s k() [t]] + o(n™?)
= E[E[w|s/]E[ws|ss|h(tr) h(t;)] +o(n™?), (O.C.12)

where the last equality follows because for I and J with {i} = INJ, Elw,|/]h(t7) and
E[wy|ss]h(t;) are independent conditional on ¢;. Comparing (O.C.11) with (O.C.12)
we can see that the two covariances differ by o(n™?) uniformly in  and J. Because
the first sums in E||W,||* and E||W?||? consist of O(n3) terms, they differ by n=! -
O(n®) - o(n™%) = o(1).

The second sums in E||W,,||? and E||[W}*||? consist of O(n?) terms. For any I and J,
both Ejwyw h(t;)' h(t;)] and E[E[wh(t;) |t;|E[w h(ts)|t;]] can be uniformly bounded
by O(n™?) (Assumption 14(ii)). Therefore, the second sums in E||W,||* and E||W*||?
are both n™1-O(n?)-O(n™2) = o(1). We conclude that E||W,||> —E[W:||* = o(1). O

Lemma 0O.C.14.

z (6, i (53) = i (7)) = [ Dl 47(%) = i (r)AF (21,96, 0)) = 0p(1).
(0.C.13)

Proof. Let = p(r (zz, gi,0)) € R% be a function of 7(z;, g;, ). Define the empirical
process G, (1) = —=>;(D(€e;, 1) — E[D(e;, 1)]) indexed by p. We can represent the
left-hand side of equatlon (0.C.13) as G, (a7 (7)) — Gu(pg (1)).

Observe that D(€;, ) = —pue; is linear in p. This together with the boundedness of
Z; and E[€?] < oo (Assumptions 11, 14(i), and 16(i)) implies that the empirical process
Gn () is stochastically equicontinuous under Ly norm (Andrews, 1994, Theorems 1-
2). It remains to show that [ ||a? (%) — pué(m:))|I?dF (2, 9;) = 0,(1), where F(z;, g;)
denotes the cdf of (z;, g;). We prove it following Newey (1997, Theorem 1).

By the triangle inequality and (a + b+ ¢)? < 3(a* + b + ¢?), we derive

J N 2) = () PP (2, 90

460bserve that Assumption 14(v) implies that max;cn E[(E[w;|s] — E[w/|s1])}] = o(n™%/K?) <
o(n™%).
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< 3 [UBZ () 6% () = V)P + 1 (B7(F) = BV ()|
1870 (7) — (7)) (21, g:). (0.C.14)

Consider the three terms in the last equation. The first term satisfies

/ 1B%(#)' (6% (7:) = 0 (m)PdF (24, 91)
< Op(ai(K)) | max |14 = m|*dF (2, 9:) = Opler(K)*/n),
where the inequality holds by equation (O.C.2), the mean-value theorem and Assump-
tion 13(iv), and the equality holds because the /n-consistency of 6 and boundedness

of z imply that max;<;<, |7 — 7| = O,(n"1/?). As for the second term in (0.C.14),
by E[bX (1;)b%'(7;)] = Ix we obtain

SN ) = 82)05 () PP (2, 90
= <B (7) - 62 ) [V @R (R)AF (2, 00) (B (7) - 57)
= 1B%(%) = 871" = Opler(K)*/m) + 0,(1),

where the last equality follows from || 3% () — 82|12 < 2(||3% (%) — BZ(7)|2 + || 5% (7) —
B%|1?), Lemmas O.C.7 and O.C.8, and Li and Racine (2007, Lemma 15.3). The third
term in (O.C.14) has the bound [ ||37'6% (7;) — u& (7;)||2dF (2, g;) < sup, ||3Z'd5 (1) —
pé(T)|| = O(K—2*) by Assumption 13(ii). Combining the results yields [ ||27(7;) —
pi (1) IIPAF (21, gi) = 0,(1) and Gy (47 (7)) — Gl (1)) = 0p(1).

Lemma O0.C.15. 1y°7 W = 0,(1).

Proof. Recall that o (w;, 7(2i,9:,0)) = —(Z; — p?(7(21, 9i,0))) (7 (21, 9i, 0)), where
(5 0.0) = B0 0170 = BIfr (o O B he
of iterated expectations we have E[a?(w;, T(z:, i, 0))] = 0, so E[0aZ (w;, 7;)/00'] =
OE[a? (w;, T(2i, 5, 0))] /060" = 0.

Differentiating o (w;, 7(2;, gi, 0)) with respect to 6 at 6, yields

da? (wi, ;) _ <3MZ(T¢) . 8M€(Ti>> 37(2’13%90)_

o6/ or, )~ G ()=, o6/

Because 7; = 7(2;, g, 0) is bounded and p?(7;) and pf(r;) are continuously differen-
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tiable in 7; (Assumptions 11(i), 12(i), and 16(ii)), p? (), p<(r:), %T(f), and 8“8677(:1')

are bounded. Observe that (z;,7;) is i.i.d.. By the law of large numbers, we have

(0.C.15)

Moreover, following Lemma O.C.3 we can show that

L& Op(7i) 07 (2, gi, 0o) Op(7:) 07 (2, g, bo)

- Z; — p2(r; —E ((Z; — pZ(r; =0,(1).

L3 (@ - s 25T (71— i ) 28 (P 0T (1)
(0.C.16)

Combining (0.C.15) and (O.C.16) proves the lemma. O
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