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Decision-makers often face the “many bandits” problem, where one must simultaneously learn across related
but heterogeneous contextual bandit instances. For instance, a large retailer may wish to dynamically learn
product demand across many stores to solve pricing or inventory problems, making it desirable to learn
jointly for stores serving similar customers; alternatively, a hospital network may wish to dynamically learn
patient risk across many providers to allocate personalized interventions, making it desirable to learn jointly
for hospitals serving similar patient populations. We study the setting where the unknown parameter in
each bandit instance can be decomposed into a global parameter plus a sparse instance-specific term. Then,
we propose a novel two-stage estimator that exploits this structure in a sample-efficient way by using a
combination of robust statistics (to learn across similar instances) and LASSO regression (to debias the
results). We embed this estimator within a bandit algorithm, and prove that it improves asymptotic regret
bounds in the context dimension d; this improvement is exponential for data-poor instances. We further
demonstrate how our results depend on the underlying network structure of bandit instances. Finally, we

illustrate the value of our approach on synthetic and real datasets.
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1. Introduction

Contextual bandits are a popular framework for adaptive decision-making and have found numerous
applications including personalized content recommendations (Li et al.|2010), mobile health (Tewari
and Murphy|2017)), targeted COVID-19 screening (Bastani et al.|2021b)), dynamic pricing (Qiang
and Bayati2016) and inventory management (Yuan et al.|2021)).

While the bandit literature typically considers a single decision-maker solving an isolated bandit
instance, decision-makers increasingly face many, simultaneous bandit instances for closely related
learning tasks. In these cases, we have an opportunity to not only learn within each bandit instance,
but also across similar instances. To illustrate, consider the following two examples from healthcare
and revenue management respectively:

ExAMPLE 1 (MEDICAL RISK SCORING). Health providers seek to predict patient-specific risk

for adverse events (e.g., diabetes) in order to target preventative interventions. Learning this risk



score primarily from patient data collected at the target hospital (where decisions are made) is
important to account for idiosyncrasies that are specific to the hospital and the patient population
it serves. This can include systematic differences in diagnosis/treatment behavior, healthcare uti-
lization, or medical coding (see, e.g., |Quinonero-Candela et al.|2008| |[Subbaswamy and Saria;2020),
Bastani 2021, [Mullainathan and Obermeyer|[2017)). As a result, each hospital faces a distinct bandit
learning problem. Yet, we may expect hospitals that serve similar patient populations to have sim-
ilar underlying predictive models, creating an important opportunity to transfer knowledge across
these bandit instances.

EXAMPLE 2 (DEMAND PREDICTION). Large retailers seek to predict store-specific demand for
their various products to inform dynamic pricing or inventory management decisions. Learning this
demand model primarily from sales data collected at the target store (where decisions are made) is
important to account for idiosyncrasies that are specific to the store and the customer population
it serves. This can include systematic differences in customer trends/preferences, in-store product
placement, or promotion decisions (see, e.g., Baardman et al.|2020, |Cohen and Perakis|[2018], van
Herpen et al.[2012)). As a result, each store faces a distinct bandit learning problem. Yet, we may
expect stores that serve similar customer populations to have similar underlying demand models,
creating an important opportunity to transfer knowledge across these bandit instances.

There are numerous other examples where we wish to learn heterogeneous treatment effects
across many simultaneous experiments, ranging from customer promotion targeting, A/B testing
on platforms, and identifying promising combination therapies in clinical trials. It is worth noting
that bandits are largely used in problems where there is relatively little historical data available,
e.g., due to the novelty or nonstationarity of the learning problem, or the limited population size
relative to the feature dimension. In such settings, transfer learning from related data sources can
be especially valuable to improve performance (Caruana|1997, |[Pan et al.[2010]).

Existing work has proposed general multitask learning approaches for such problems, which
transfer knowledge across problem instances to improve learning. Unfortunately, existing bandit
algorithms targeting the multitask learning setting do not provide better regret bounds — i.e.,
they do not significantly improve performance compared to treating each bandit instance as its
own independent problem. Indeed, in general, transfer or multitask learning cannot improve pre-
dictive accuracy without assuming some form of shared structure connecting the different problem
instances — intuitively, if the problem instances are unrelated, then learning in one instance cannot
significantly improve learning in others (Hanneke and Kpotufe|2020). Our work bridges this gap by
imposing a natural structure, motivated by real datasets; by designing an estimator that exploits

this structure, we obtain improved regret bounds in the context dimension d.



In particular, each bandit instance j is typically parameterized with a predictive parameter
vector 37 — e.g., the parameters of a linear regression model predicting the reward of each arm
as a function of the current context. The shared structure we consider is that the 37 have sparse

differences relative to one another. In particular, we assume that they have the form
5j — 5T 4 &7 ’

for some (' representing the portion of the parameter vector that is “shared” across locally similar
problem instances; then, ¢’ is a problem-specific vector that represents the idiosyncratic biases
specific to problem instance j. Then, we impose that the problem-specific bias ¢’ is “small”,
capturing the notion that the problem instances are largely similar; such an assumption implies
that the difference between two problem instances is (statistically) easier to learn than either
problem instance by itself (Bastani [2021, Xu et al.|2021]). More precisely, we assume that 67 is
sparse — i.e., only a few of its components are nonzero. This is often the case when some unknown
underlying mechanism systematically affects a subset of the features, e.g., some hospitals under-
diagnose certain conditions in claims data compared to others (Bastani|2021)).

Even in the static, supervised learning setting, existing multitask learning algorithms (e.g., pool-
ing data or regularizing estimates across problem instances) are not designed to leverage this
structure (see for an overview of existing methods). Thus, we first propose a novel two-stage
robust estimator that exploits this structure in the supervised learning setting; we call the resulting
multitask estimator RMEstimator. In the first stage, it leverages the trimmed mean from robust
statistics (Rousseeuw|[1991, Lugosi and Mendelson|[2021) to estimate a “shared” model :B\T across
data collected from similar learning problemsﬂ Then, in the second stage, it uses LASSO regression
(Chen et al.|[1995, [Tibshirani [1996) to efficiently learn the problem-specific bias 47, which can be
combined with our estimate of 8T to obtain the problem-specific parameter 3. We prove finite-
sample generalization bounds that show favorable performance compared to existing approaches,
especially in terms of the context dimension d.

This estimator (and the tighter confidence bounds it affords) can then be embedded into simul-
taneous linear contextual bandit algorithms running at each problem instance; we call the resulting
multitask bandit algorithm RMBandit. It efficiently manages the bias-variance tradeoff from incor-
porating auxiliary data from similar bandit instances (multitask learning) in conjunction with the
classical exploration-exploitation tradeoff (bandit learning). We derive upper bounds for the cumu-
lative regret of the RMBandit, both for individual problem instances and across all instances. Our
multitask learning approach improves regret (compared to running separate bandit instances) in

! Note that we do not attempt to estimate the original shared parameter BT, since it is not identifiable; rather, as
discussed in 3, it suffices to estimate some ' that lies in an £ ball of radius O(s) around A7,



terms of the context dimension d; importantly, this regret improvement is exponential for data-poor
bandit instances, since they benefit most from transferring knowledge from similar instances.

We also analyze the impact of the underlying network structure on the cumulative regret. Specif-
ically, we assume knowledge of a network that captures the similarity between any pair of bandit
instances; this can be inferred based on observed covariates (e.g., geographic distance between hos-
pitals/stores or socio-economic indices of neighborhoods served) or data from past decision-making
problems (see, e.g., |(Crammer et al.||2008]). Then, for any given problem instance, we can optimize
the “similarity radius” of learning problems from which to transfer knowledge, resulting in regret
bounds that scale with the underlying network density.

Finally, we empirically evaluate our approach on both synthetic and real datasets in healthcare
and pricing. Indeed, we find that the RMBandit algorithm can substantially speed up learning and

improve overall performance compared to existing bandit and multitask learning algorithms.

1.1. Related Literature
Our work relates to the literature on multitask learning and contextual bandits; we contribute on
both fronts. Our approach builds on the literature on robust and high-dimensional statistics.
There has been significant interest from the machine learning community on developing methods
that combine data from multiple learning problems (typically referred to as tasks). These can be
broadly classified into three categories: (i) multitask learning (Caruanal|1997), where one aims to
learn jointly across a fixed set of similar tasks, (ii) transfer learning (Pan et al.[|2010), a special
case of multitask learning, where the goal is to maximize performance on a distinguished “target”
task, and (iii) meta-learning (Finn et al. 2017), where one aims to learn from historical tasks to
improve learning in similar future tasks. Our problem is an instance of multitask learning, since
our goal is to learn across a fixed set of bandit instances with related unknown parameters.
Multitask Learning. Naturally, if the tasks are sufficiently different, then learning in one task
cannot substantially improve learning in other tasks (Hanneke and Kpotufe 2020). Thus, a common
approach in machine learning is to assume that the underlying parameters across tasks are close
in ¢5 norm. Joint learning can then be operationalized by regularizing the estimated parameters
together, e.g., through ridge (Evgeniou and Pontil 2004) or kernel ridge (Evgeniou et al. 2005)
regularization. Alternatively, one can employ a shared Bayesian prior across tasks (Raina et al.
2006, Gupta and Kallus 2021) or simply pool data from nearby tasks (Ben-David et al. 2010,
Crammer et al. 2008). However, these approaches do not improve performance bounds beyond
constants; in general, one must impose (and exploit) additional structure to obtain nontrivial
theoretical improvements. Bastani| (2021)) uses real datasets to motivate the assumption that the

parameters across tasks are close in ¢y, norm. This structure motivates a two-step estimator of



transfer learning using LASSO regression, yielding improved bounds in the feature dimension d for
supervised learning (Bastani 2021} [Li et al.|2020a}, Tian and Feng|2021) and unsupervised learning
(Xu et al.|2021). One can further impose that the underlying parameters for each task are sparse,
sharing the same support (Lounici et al.|2009)) or similar covariance matrices (Li et al.|2020a}, [Tian
and Feng[2021) across tasks; we do not make these assumptions since the applications we consider
often have dense underlying parameters (see, e.g., Bastani|2021) and the covariance matrices vary
widely across tasks due to covariate shifts (e.g., due to different customer populations at hospitals
or stores, see Subbaswamy and Saria)2020).

We build on the last stream of two-step estimators for the multitask learning problem. However,
we need a fundamentally different algorithmic approach; as we discuss in the challenge is
that the sparse bias terms can be poorly aligned across tasks, and thus classical estimates of the
shared model (e.g., via data pooling or model averaging) destroy task-specific sparse structure
and therefore cannot be debiased using LASSO (as was the case in prior work). Instead, we take
the view that each component where the bias terms align poorly suffers “corruptions” to the
shared model; we use a counting argument to show that either the number of corruptions must
be small, or the component is one of a small number of well-aligned components. We use robust
statistics to overcome corruptions for poorly-aligned components and LASSO to debias well-aligned
components. To the best of our knowledge, our work proposes the first such combination of robust
statistics and high-dimensional regression, yielding improved bounds for multitask learning.

The first step of our approach (using robust statistics) relates to recent robust machine learning
methods that can handle adversarial corruptions to a small fraction of the data (Yin et al. 2018,
Konstantinov and Lampert| 2019). These approaches do not apply to our setting — as a conse-
quence of our sparse differences assumption, we show that only a few similar tasks (as opposed
to observations or features) have unknown parameters that are “corrupted” in most dimensions.
Rather, we build on the classical trimmed mean estimator (Rousseeuw| 1991}, |[Lugosi and Mendel-
son| [2021)). The second step (using LASSO) builds on the high-dimensional statistics literature
(Tibshirani|1996, |Candes and Tao| 2007, Bickel et al.|2009, Bithlmann and Van De Geer |2011)).

Multitask Bandits. A few recent papers have studied multitask learning across contextual
bandit instances; however, to the best of our knowledge, a key drawback of these algorithms is
that none of them ultimately improve the regret bounds for any bandit instance beyond constants.
Similar to the multitask learning literature discussed above, one strategy is to regularize the learned
parameters for a given bandit instance towards parameters for similar bandit instances (Soare et al.
2014)). For example, Cesa-Bianchi et al. (2013) and |Deshmukh et al.| (2017)) leverage parameter
updates that are similar to kernel ridge regularization, and |Gentile et al.| (2014) additionally perform

a pre-processing step clustering bandit instances prior to such regularization; however, the resulting



regret bound for a single bandit instance may actually increase in the number of instances .
Another popular approach is to impose a shared Bayesian prior across bandit instances (Cella et al.
2020}, Bastani et al.[2021c, Kveton et al.[[2021), but they also obtain similar results; furthermore,
these algorithms require the more restrictive assumption that bandit instances appear sequentially
(rather than simultaneously) in order to learn the prior.

We embed our robust multitask estimator across IV linear contextual bandit instances; the spe-
cific setting and assumptions we consider are based on |Goldenshluger and Zeevi| (2013) and Bastani
and Bayati (2020). We demonstrate that, unlike prior work, we obtain improved regret bounds for
each bandit instance in the context dimension d under the practically-motivated sparse differences
assumption; the improvement we obtain is exponential for data-poor instances where shared learn-
ing is most helpful. We also study the network structure underlying the bandit instances to better
understand how one may choose N. In particular, as we incorporate more instances, we reduce
variance (since we have more data) but we increase bias (since we are incorporating observations
from disparate sources). We characterize the N that minimizes this bias-variance tradeoff to obtain

regret bounds that scale with the density of the underlying bandit network.

1.2. Contributions
We highlight our main technical contributions below:

1. We introduce a new estimator for multitask learning, which leverages a unique combination
of robust statistics (for learning a shared model across tasks) and LASSO (for debiasing this
shared model for a specific task). We prove upper and lower bounds demonstrating that our
estimator outperforms a number of intuitive baseline approaches.

2. We embed our estimator in a multitask bandit algorithm, resulting in regret bounds that
exhibit an improved scaling in the context dimension d; notably, we show that this improve-
ment is exponential for data-poor bandit instances.

3. We also examine regret as a function of the underlying network structure, where vertices
represent bandit instances and edges capture their pairwise similarity. This sheds light on
choosing the number of bandit instances for estimation, minimizing a bias-variance tradeoff.

Finally, we conclude with numerical experiments on synthetic and real datasets.

2. Problem Formulation

Before describing our models and assumptions, we establish some notations. Let [n] denote the
index set {1,2,---,n}. For any vector 8 € R? and i € [d], let B be the i element of j3; for any
index set I C [d], let 3; denote the vector obtained by replacing the elements of 8 that are not in I

with zero. We use superscripts to index the bandit instance, e.g., the design matrix X7 corresponds



to the covariates observed at bandit instance j. We use a subscript without parentheses to denote
the arm, e.g. ﬂi represents the k' arm for bandit instance j.

For any design matrix X € R"*¢ with n observations, let S = XTTX be its sample covariance
matrix. Further, for any square matrix X € R¥9 let A\, (X) and A.,(X) denote its minimum and
maximum eigenvalues respectively. We use the subscript (i,-) to represent the i*" row of a matrix,
the subscript (-, ) the j™ column, and the subscript (i,7) the element at location (i, j), e.g., X,
is the i*" row of matrix X. We use the standard notation O(-), (-) and ©(-) to characterize the

asymptotic growth rate of a function, and O(-), Q(-) and ©(-) when logarithmic terms are omitted.

2.1. Model

We consider N distinct service providers, each facing a linear contextual bandit learning problem,
e.g., N hospitals in Example [1| or N stores in Example [2| respectively. Keeping with the tradi-
tional contextual bandit framework, the decision-maker at each instance has access to the same K
potential arms (decisions) with uncertain and context-dependent rewards.

Arrivals. Let T be the overall time horizon across all bandit instances. At each time step t, a
new individual arrives for service at one of the N bandit instances, given by the random variable
Z; € [N]. Naturally, some bandit instances may receive more arrivals than others, e.g., service
providers with more traffic. Thus, we model the random arrival process as follows: every instance
J is associated with a probability p,; such that Zfil p; = 1. At time ¢, the new individual arrives
at instance j with probability p;; in other words, Z, follows a categorical distribution CG(p) with
p= [pl pN]. Thus, in expectation, instance j will serve p,T" individuals. We will consider two
relevant settings: (1) all instances receive similar traffic (i.e., p; = ©(1/N) for all j € [N]), and (2) a
single instance j € [N] is relatively “data-poor”, receiving far less traffic than neighbouring instances
(i.e., pj =O(p;/d?) for i # j). In the data-poor setting, we focus on a single data-poor instance for
simplicity; our results generalize straightforwardly to the case where there are a constant number
of data-poor instances.

Each individual is also associated with a context vector X, € R?. In practice, different service
providers face different customer populations, which will be reflected in the probability distribution
of context vectors observed at that instance. Thus, we allow the context distribution to vary as a
function of Z;; that is, if Z, = j, then X; is drawn i.i.d. from an unknown distribution 77;(.

Rewards. At each instance, the local decision-maker has access to the same K arms (decisions).
However, the rewards of these arms likely vary across instances (e.g., due to systematic differences
among service providers or local customer populations, see discussion in Examples as well as
context distributions. Thus, we model the reward of pulling arm k for an individual with context

vector X; at instance j as

X8 +e.



Here, each arm k at instance j is parameterized by an unknown arm parameter ﬁi € R?, and the
corresponding noise ¢, given Z;, = j is an i.i.d. o;-subgaussian random variable (see Definition ;
note that the variance of the noise term can depend on the instance j.

DEFINITION 1. A random variable Z € R with mean pu =E[Z] is o-subgaussian if, for any A € R,
E [exp (A\(Z — 1))] < exp (02X /2).

The formulation above captures any N linear contextual bandit instances; we now impose our
assumption that these bandit instances are similar. As discussed in the introduction, for each arm
k € [K], we assume the arm parameters are sparse relative to one another—i.e., B,i — Bi is sparse
for each pair 7,5 € [IN]. It is easy to see that an equivalent assumption is that there exists 5,1 € R4
such that we can write

B =BL+4l,

where 67 is sparse (i.e., ||67]|o < s for some s € N) for all k € [K],j € [N]. Intuitively, 8] is a shared
vector that captures the similarity across all N bandit instances, and (5% is an instance-specific
vector that captures the heterogeneity/idiosyncrasies inherent to learning problem j. This key
assumption enables us to learn across instances for a given arm k. Note that the choice of the
shared vector ﬁ,i here is not unique — e.g., changes to O(s) components of 5,1 preserves the sparsity
of &/ up to constant factors — and therefore is not identifiable. As we describe in §3 it suffices
for our purposes to estimate any vector E,z that lies in an O(s) ball in £, norm centered around an
admissible choice of f3;.

Finally, we note that we do not assume that the individual arm parameters {3] }re(x),jen] O
the shared models {BZ}kE[K] are themselves sparse, since these rewards can often depend on the
entire set of observed covariates (see, e.g., discussion in Bastani|2021)).

Objective. We seek to construct a sequential decision-making policy 7 that learns the arm
parameters {B}i}ke[K],je[N] over time and across instances, in order to maximize expected reward
for each arrival. The overall policy 7 is composed of sub-policies 7/ : X7 — [K] at each instance j.
With a slight abuse of notation, we use m; to represent the arm played at time t.

We measure the performance of 7 by its cumulative expected regret — the standard metric in the
analysis of bandit algorithms (Lai and Robbins |1985) — modified naturally to extend across mul-
tiple heterogeneous bandit instances. In particular, when Z;, = j (an individual arrives at instance
j), we compare ourselves to the oracle policy 7/ at instance j, which knows the corresponding arm
parameters {Bi}ke[ k] in advance. Naturally, 7/ chooses the arm with the best expected reward, i.e.
i (X;) = arg maX;e X, 3] for any X, such that Z, = j. The expected regret incurred by pulling
arm 7, = k at time ¢ given an arrival at instance j is thus

rl =E | max (X, ) — X, 8]

k'e[K]

Zt:.]:| )



which is simply the difference between the expected reward of using 7/ and 7. Further taking the
expectation over the randomness in where the individual arrives, the expected regret of an overall

policy composed of sub-policies {7} }iern) at time ¢ is

re= Y PlZi=4rl=)_ prl
Jje[N] JE[N]
Our goal is to derive a policy that minimizes the cumulative expected regret Ry = Zthl T across
all instances. We also study the instance-specific cumulative expected regret R} = Zthl pjrf for
each j € [N] for standard and data-poor instances.

Network Structure. Finally, we consider the dependence of the regret on the underlying net-
work structure of bandit instances, when available. In particular, we consider a fully-connected
network with IV vertices (each representing a bandit instance) and edge weights s, ; capturing the
pairwise similarities between any two instances (i,7) € [IN] X [N] as measured by our sparse differ-
ence metric, i.e., ||87 — 8|l = si ;. Note that this graph is undirected since s; ; = s;;; furthermore,
if two instances ¢ and j are unrelated, then they trivially satisfy s; ; =d.

Such a graph can be inferred based on observed covariates (e.g., geographic distance between
hospitals/stores or socio-economic indices of neighborhoods served) or data from past decision-
making problems (see, e.g., the disparity matrix in (Crammer et al.|2008). Then, for any given
problem instance j, we can optimize the subset of instances Q; C [N] from which to transfer
knowledge. For simplicity, we assume a strategy where we fix a threshold §, and take all instances

with sparsity at most s — i.e.,
Q; ={ie[N]]s;; <5}

We denote the effective number of instances by N = |Q;|. Under this assumption, there is a tradeoff
between choosing smaller s, which yields smaller N (resulting in lower bias but larger variance),
and larger §, which yields larger N (resulting in higher bias but smaller variance). The optimal
choice of § (and correspondingly, N ) depends on the relationship between § and N. We consider a

natural power law scaling — i.e.,
§=min(N®,d), (1)

for some « > 0. In other words, as we increase the number of neighbouring instances we include, our
sparsity parameter increases by some power law N until it eventually hits the maximum possible
value d. Our main result allows us to easily compute the optimal choice of N, resulting in regret

bounds that scale with the network density «.
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2.2. Assumptions
We state our assumptions for the static supervised learning setting (RMEstimator) and dynamic
online learning setting (RMBandit) respectively as follows.

RMEstimator. Our static setting focuses on a single arm k € [K]| across instances j € [N] and
we drop the index k for this setting. Our first assumption is standard in the literature and states

that our features and regression parameters are bounded by a constant.

AssumMPTION 1 (Boundedness). There exist a positive constant Ty, such that each feature is
bounded by Tmax, i-€., [|X|loo < Tmax for any X € X7, j € [N], and a positive constant b such that
18]Iy <b for any j € [N].

Our second assumption is that the sample covariance matrix of any instance j € [N], i.e., S =

X X! ig positive-definite, where X7 € R"*4 encodes the n; observed context vectors; thereby,

ordinary least squares (OLS) is well-defined. Note that this assumption is not needed in the ban-
dit setting; instead, our bandit algorithm adaptively labels data in a way that ensures that this

assumption holds.

AssumPTION 2 (Positive-Definiteness). There exists a positive constant ¢ such that for any

7 €[N] we have Amin(S7) > 1.

RMBandit. Our bandit setting first assumes Assumption [I] on boundedness for any arm k €
[K]. As discussed earlier, we embed our robust multitask estimator into the high-dimensional
linear contextual bandit setting studied in Bastani and Bayati (2020); therefore, our next three
assumptions are directly adapted from this literature. We note that the remaining assumptions
in this section are only required for the regret analysis of RMBandit ( and not for the static
performance bounds of our robust multitask estimator (

Our second assumption is a mild margin condition that ensures that the density of the context
distribution P} for each instance j is bounded near a decision boundary (i.e., the intersection of
the hyperplane given by {X | XT3/, = X T} and X7 for any pair of arms k' # k). It allows for

any bounded, continuous features, as well as any discrete features with a finite number of values.

AssumpTION 3 (Margin Condition). For any arms k and k' of any instance j € [N], there

exists a positive constant L such that P [\XT(ﬂi - Bl <k|Z =j| < Lk for any > 0.

Our third assumption is that, for each instance j € [N], our K arms can be split into two mutually
exclusive sets:
1. Optimal arms k € K, that are strictly optimal in expected reward (by at least h) for any

opt

contexts drawn from a set U] C X7 with positive support on P%, i.e., P[X € U] | Z = j] > p..
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2. Sub-optimal arms k € K, that are strictly sub-optimal in expected reward (by at least h) for
all contexts in X7.

In other words, we assume that every arm is either optimal (by at least h) for at least some

individuals, or sub-optimal for all individuals (by at least h). This assumption will ensure that

every arm in ICgpt will roughly receive at least p,p,T" samples under a regret-minimizing policy on

instance j, ensuring that we can quickly learn accurate parameter estimates for all optimal arms.

AssuMPTION 4 (Arm Optimality). All K arms at any given instance j belong to one of two
mutually exclusive sets: le,pt of optimal arms or K , of suboptimal arms. There exists some h >0
such that: (i) each k € K, satisfies X 3] < Maxy 4, XTB,z, —h for any context X € X7, and (i)

each k € ICf;pt is optimal on a set of contexts
Ul={Xecx/|X"g > %}%XTB;/ +h},
which has positive measure, i.e., P [X € U,Z | Z :j] > p, for some p, > 0.

Our fourth assumption ensures that linear regression is feasible within the set U, ,z; this is a mild
assumption since it is with respect to the frue covariance matrix, which only requires that no
features are perfectly collinear in this set. In contrast, the sample covariance matrix may not be

positive-definite at time ¢, since we may have observed too few samples from that instance.

AssuMPTION 5 (Positive-Definiteness). For every arm k € [K| and instance j € [N], the true
covariance matriz ¥, = E[XXT|X € U], Z = j] is positive-definite—i.e., Amin (Efc) > ) for some
> 0.

The assumptions thus far are standard and have been adapted directly from the literature. We
now introduce a new assumption motivated by our multitask setting. In general, an arm k& can
be optimal (belong to Kgpt) at one bandit instance j and be sub-optimal (belong to K!

S

) at a
neighboring instance ¢. This implies that we will observe O(p,;T") samples from arm k at instance
j but only O(log(p;T)) samples at instance i under a regret-minimizing policy; in other words,
instance j cannot effectively transfer knowledge from instance ¢ about arm k. Thus, we impose
that if an arm k € [K] is optimal for any instance j, it is also optimal for at least some subset of

the N neighboring instances so that we have enough observations to enable multitask learning.

AssumMPTION 6 (Optimality Density). The set of instances with arm k being an optimal arm,
e, We={j€[N]|ke K{;pt}, has cardinality at least pN for some p >0 for each k € [K]| such
that [Wy| > 0.
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3. RMEstimator

First, we study the static supervised learning setting. In this section, we overview ( and provide
intuition ( on the design of our robust multitask estimator; we provide theoretical performance
guarantees in the standard ( and data-poor ( regimes, contrasting these guarantees with

those of intuitive baseline estimators (§3.6]).

3.1. Preliminaries
In what follows, we focus on a single arm k € [K] across different instances j € [N]; thus, we drop

the index k throughout this section. Recall that the reward for context X, € R? at instance j is
= XtTBJ + €ty

where the noise ¢, at instance j are i.i.d. o;-subgaussian random variables. For each instance j,
let the matrix X’ € R"*? encode the n; observed context vectors, the vector Y7 € R" encode the
corresponding observed rewards, and the vector ¢/ € R™ encode the instance-specific noise. Our
goal is to use {(X7,Y7)};cn to estimate the unknown parameter vector 47 for each instance j.
Next, we define and briefly review the trimmed mean estimator from the classical robust statistics
literature (Rousseeuw||1991), Lugosi and Mendelson|2021)), which computes the mean of a distribu-
tion P given samples {Z;};cn)- A typical setting is as follows: most of the samples are i.i.d. (i.e.,
Z; ~P), but a small fraction (indexed by the unknown set J C [N]) are “corrupted” and can be
arbitrary. In such settings, the traditional mean can be arbitrarily biased, but the trimmed mean
can obtain strong guarantees given a bound on the number of corrupted samples | 7| < (N for
some ( < 1/2. The trimmed mean estimator first sorts the samples in increasing order to obtain

Z;, << Z,

x> Where the subscript j, is the index of the "™ smallest sample. Then, given a hyper-

parameter w > (, it removes the top and bottom Nw values and takes the mean of the remaining
ones—i.e.,

N(1-w)

TrimmedMean ({Z;}e(n), w) = 1 “2w) Z

t=Nw+1
Intuitively, this estimator is robust since either the corruptions are among the deleted values, or

they are sufficiently close to the true mean that they do not significantly affect the estimate.

3.2. Algorithm Overview

Our robust multitask estimator is summarized in Algorithm [I} At a high level, the first step com-
bines high-variance OLS estimators across instances using robust statistics to estimate the shared
parameter 81 (up to O(s) deviations in £, norm); then, the second step uses LASSO regression to
debias this estimate for each specific instance j € [N].

In more detail,
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Algorithm 1 Robust Multitask Estimator
Inputs: Instance-specific regularization parameters {\;}

for j € [N] do
Let B, = (XiTX7)~1X 7Y be the OLS estimator for training data (X7,Y7)

Je[N]? trimmed mean hyperparameter w

end for
for i € [d] do
Let B\;M,(i) = TrimmedMean({B\ijn a1 Hieln], w) be the element-wise trimmed mean (i.e., mean
with the top and bottom w quantiles removed)
end for
for j € [N] do
Let By =argming {138 = Y713+ X118 — Bl }
end for

Outputs: {8y }iev

e Step 1 (Estimating 37): We compute the usual OLS estimator
Fha = (XXX Ty

for each instance j € [N] independently. Then, we combine these estimates using the element-wise

trimmed mean to estimate the shared parameter vector B&M ~ [T—i.e., for each i € [d],
ﬂg{M’(i) = TrimmedMean ({5{@7@)}%[1\7], w) , (2)

where w > 0 is the trimmed mean hyperparameter that we specify later.
e Step 2 (Estimating /7) : Next, we use LASSO regression to compute Bf{M, leveraging our

assumption that the instance-specific bias term 37 — 31 is sparse:
. ' 1 , , ~
B = rganin { - [X5 - Y-+ 318~ Bl Q
J

We make a minor modification in the data-poor regime: we omit the data-poor instance j from

the trimmed mean in Step 1 since Efnd has particularly high variance (see for details).

3.3. Design Intuition
We now provide intuition for our design choices relative to alternative strategies; the corresponding
error rates are summarized in Table [1| (see for precise definitions and more details).

One strategy is to simply use the independent OLS estimator Bijnd (from Step 1) to estimate
(37 this is an unbiased estimator, but has very high variance since it only uses the limited data
observed in instance j and does not leverage shared structure across instances. As a result, it has

high error when n; is small (see Table [I]).
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Estimator Estimation Error Bound Type
Standard Regime Data-Poor Regime

B _d_ _d_
Independen/t\ 'Bmd i ) i 1 Lower
Averaging 3], 1671 + Noon 1671 + Norn Lower
Pooling 7, 167111 + \/%nj 16711 + \/%nj Lower
Averaging Multitask (3, 2in{Ns.d} 2 min{Ns,d) Lower
vz /Ny mj
Robust Multitask Bf{M sd 4 __d —= Upper

nj v/ Nnj VT

Table 1 Comparison of parameter estimation error supg; E [||,§J — 6j||1] (see 43.6 for the precise definitions of

these estimators); constants and logarithmic factors are omitted for clarity. The upper bound for our robust
multitask estimator outperforms the worst-case lower bounds for intuitive baseline estimators under the same set

of problem settings G; our improvement is largest for data-poor instances.

An alternative strategy is to estimate the shared model 87 using data across instances, e.g., the

averaging estimator takes the model average of the independent estimators:
. 1 ~
;vg = N Z Bind‘
i€[N]

This estimator has low variance since it leverages data across instances, but it is biased since it
does not account for the instance-specific idiosyncratic bias term §’ = 3/ — 37 (the trimmed mean
estimator BEM that we actually use in Step 1 of Algorithm (1| suffers the same bias; we will explain
the purpose of using the trimmed mean shortly). Similarly, estimating the shared model 37 through
OLS on data pooled across instances suffers the same drawbacks. As shown in Table [I} the error
of such estimators never approaches zero due to the bias term 7.

Thus, a natural two-step strategy to achieve low variance and low bias is to first compute an
estimate E f of the shared parameter, and then try to debias it to estimate /7. Since the bias 57 — 1
is s-sparse by assumption, it should intuitively be easier to debias /ﬁ\T than to directly estimate (37.

Along these lines, consider the following averaging multitask estimator, denoted by the subscript
AM. Here, we estimate the shared parameter via model averaging, B\ZM = Egvg. Then, we use an ¢,

penalty on  — BI\M (i.e., LASSO regression) on data from instance j to debias BLM:
. (1. , ~
B = angmin {198 - Y74 11 - B | 0
J

(Note that this strategy is identical to Algorithm |1}, except it uses the traditional mean instead of
the trimmed mean in Step 1.) To see why equation helps, suppose we had a perfect estimate
of the shared model ELM = f"; then, B7 — BI\M would be s-sparse, in which case LASSO requires

exponentially fewer observations for recovering 37 (relative to BLM) than traditional OLS.
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Figure 1 lllustration of Step 1 of our robust multitask estimator for debiasing data collected from multiple

instances. Blue squares depict the support; the shade of blue depicts the magnitude. Z,.or represents the index set
which can be debiased using the trimmed mean across instances, while Z,,¢ represents the index set which can be

debiased using a subsequent LASSO regression for the target instance.

The issue with the approach outlined above is that 57 — BI\M is not s-sparse, or even “close” to

being s-sparse. To illustrate, we can decompose

. ~ . ~ ~ ~ ~ 1 .
B = Ba=0 =B+~ Bly+ Phu-Bly . where fly=% ) # (5)
—_——— —— —— ;
s-sparse (Ns)-sparse not sparse but small JE[N]

Here, EZM is the value that B\LM converges to as n; — 00, j € [N]. Note that B);M does not converge
to BT; in fact, as noted in the problem formulation, 3" is not identifiable. The first term in the

decomposition is sparse, and the third term becomes small as n =" 17 becomes large (since

je[N
B\LM effectively uses all n samples to estimate BLM); since LASSO can effectively recover parameters
that are approximately sparse, these two terms are not problematic. The key issue is the second
term:
Si= B = 5 S (- =1 Y & ()
N JE[N] N JE[N]
which is neither sparse nor small. This is illustrated in Figure [I} since the support of the different
bias terms {d;};cin) can be “poorly-aligned” (i.e., the idiosyncrasies for each instance affect a
different subset of features), the average across instances can result in SLM having as many as
min{Ns,d} nonzero components (even as n; — oo, j € [N]). This in turn implies that 57 — BI\M
is not sparse even for moderate values of N such as N = Q(d/s); thus, we cannot use LASSO to
efficiently debias BI\M Other classical estimators of the shared parameter (e.g., data pooling) suffer
the same issue.
Our robust multitask estimator addresses this issue by using the trimmed mean B}T:{M in Step 1;

we will show that this converges to a value B, (as n; — oo, j € [N]) such that

SIT%M = B;M — A" = TrimmedMean ({,Bj}je[N] — ,BT, w) = TrimmedMean ({5j}j6[N], w)
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is O(s)-sparse. In particular, we have the following decomposition:

B = Bhu=8 =B+ Bl + BBy (7)
s-sparse O(s)-sparse  not sparse but small

As discussed above, the third term becomes small as n becomes large. Since the second term g;M
is O(s)-sparse, 37 — @L{M is approximately O(s)-sparse; thus, LASSO can efficiently debias @;M
We now use a counting argument to illustrate why S;M is O(s)-sparse. As Figure [1] illustrates,
we can separate the components i € [d] into two groups: ones that are “well-aligned” (i € Z,) and
ones that are “poorly-aligned” (i € Z,o0,); see Definition |2 below. A poorly-aligned component ¢ is
one where very few instances j € [IN] are biased in this component, i.e., Bé) + Bgi). Intuitively, for
each such component, the trimmed mean estimator treats these biased instances as “corruptions”
to our samples {B(ji)}je[N], and trims them (with high probability) when computing the average
to obtain an unbiased estimate of B(Ti). On the other hand, well-aligned components may remain
arbitrarily biased. However, the pigeonhole principle implies that there cannot be many well-
aligned components; thus, these components (in addition to the components affected by the sparse
instance-specific bias term) can be efficiently debiased by LASSO in Step 2. We now formalize this.
DEFINITION 2 (WELL- AND POORLY-ALIGNED COMPONENTS). Given a constant ¢ € [0,1], a

component i € [d] is (-poorly-aligned (denoted i € Z¢,,.) if

poor

[{j €[N]] 5&) 755(2)“
~ <C.

Otherwise, it is ¢-well-aligned (denoted i € Z¢,).

In other words, a component i is (-poorly-aligned if at most ¢ fraction of j’s satisfy ﬂ(ji) #* B(TZ.).

Now, Step 1 constructs an estimator @{M of B that converges to

B Bl if i € IS,

BM.() ) unspecified  if i € 7S,
as n;’s become large. That is, we aim to correctly estimate all the poorly-aligned components, but
the well-aligned components can be anything. We estimate each component B(Ti) using the trimmed
mean, which is robust to a small fraction ¢ of arbitrarily corrupted samples. For a given component

1, let the corresponding corrupted instances be
Ji={j € NI B,y # By }-

By definition, for i € ZS,,, we have |7;| < N¢. Thus, we can use the trimmed mean estimator to

poor?

estimate ﬁ(TZ.) :

B;M,(i) = TrimmedMean ({ﬁijnd,(i)}jG[N]? W)
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for some w > (. This strategy ensures that B\;M (i & ﬂgi) for each poorly-aligned component as
desired. Now, note that there can only be a few well-aligned components. In particular, out of
the Nd total components in {ﬁé)}jem], there are at most Ns components where Bgi) #* B(Ti) as a
consequence of our problem formulation. Then, by the pigeonhole principle, we have
Ns s
‘Ivgvell| < N¢ ==
¢ ¢
In other words, there are at most s/¢ well-aligned components, so SEM is O(s)-sparse as desired

(for a constant choice of ¢). Thus, we can efficiently debias our estimate using LASSO in Step 2.

3.4. Theoretical Analysis
Next, we provide bounds on the parameter estimation error of our robust multitask estimator. Our

first result bounds the error of the trimmed mean estimator.

PROPOSITION 1. Suppose we are given N samples {Z;};cin) and a subset J C [N] of size | J| <
N¢ with ¢ € (0,1/2), such that {Z;};egc are independent o;-subgaussian random variables with
equal means p=1RE[Z;]. Then, letting i = TrimmedMean({Z;};c;n), w) with w = +n, we have

. 3 Nn?
P || —p| > Comaxo; (3C+4n) | /log(=)| <3exp | — :
jege n 9

for any positive n and a constant Cy > 2 satisfyingn<1/2—-1/Cy—(.

The proof is provided in Appendix We use Proposition |1| to show that BAM’@ is close to the
true mean ﬁ&) for poorly-aligned components i € Z¢,.. This result is similar to classical results
from robust statistics (see, e.g., Li2019), but existing results typically assume that the uncorrupted
samples are i.i.d., whereas we only require independence (since we wish to apply it to {Bfm a( i)} JEINTs
which are not identically distributed).

Next, we have the following error bound for our robust multitask estimator on each instance j.

THEOREM 1. Given ¢ € (0,1/2), the robust multitask estimator szM of B7 for any instance j €
[N] computed by Algorithm[1] satisfies

2

. , 65 o? 3 Nn? Asn;
P |8 — 31l > CIJ/J + Cod (3¢ +4n) max " log(n)] < 3dexp <— 9 > +2dexp <—32072w2 ) :

7 % max
for any reqularization parameter \; >0 and for any n >0 and a constant Cy > 2 satisfying n <

1/2—1/Cy—C.

The proof is provided in Appendix The following corollary bounds the estimation error in the

standard regime where each instance j € [N] has a similar number of observations n;:
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COROLLARY 1. Letting \; = \/32 2% Jog(42), ¢ = (CO_Q)\/% and n=/%1og(%), the robust

n; 4Cy

multitask estimator for any instance j € [N] computed by Algom'thm satisfies

. , 96C, \/ 4d.  3C, o2n;log(N)\ |sd
J BRI, < 2 .2 1)
||5RM B ||1 — ((00_2)¢ 20]I1113x10g( 6 )+ 4 fg[a’]\ﬁ nlw nj

+ | 12Cy; max

1€[N]

_(7) ﬁ+ d
N nj \/Nnj ’

with probability at least 1 — 6 for any 0 > exp (—%(% — CLO — %}2\/%)2 +log(6d)) :

o?n;log(N)log(%?) d
,l/}ni \/ Nnj

~.

The proof is provided in Appendix Recall that the independent OLS estimator /37, ; on instance

_d_

VT ~

our robust multitask estimator has an estimation error of at most O (1 /Z—‘?) with high probability,
J

j yields an estimation error of O(—%=). In contrast, if the number of instances is at least N =Q(d/s),
i.e., it provides an improvement of v/d, which can be substantial in high dimension. When we
have very few instances from which to share knowledge (i.e., N = o(d)), multitask learning is less
effective and we obtain the same estimation error as the independent OLS estimator. As we discuss

next, our improvement is much larger in the data-poor regime.

3.5. Data-Poor Regime

Multitask learning is especially effective in the data-poor regime, where the target instance j
receives substantially fewer observations compared to other instances. In particular, we consider
the case where n; = ©(n;/d?) for all i # j. We focus on a single data-poor instance for simplicity;
our results generalize straightforwardly to the case where there are a constant number of data-poor
instances.

The following corollary bounds the estimation error for data-poor instance j:

3202z

1 %ax —
COROLLARY 2. Letting \; = \/’nj log(%), (= (’;0002, and n=/%1og(%), the robust mul-

titask estimator for a data-poor instance j computed by Algorithm [1] satisfies

~ : 96C, \/ 4d .\ s 3C, d?n; o2log(N)\ 1
J I < | === 4/25222 ] 7 “~0 )
H/BRM B ”1 = ((CO _ 2)¢ O-Jxmax Og< 5 )) \/TT] + < 4 I?;%X n; w \/7T]
+ [ 12, max \/ d?n; oflog(N)log(F) | 1
i#j

n " J/Nn,
()

with probability at least 1 — 9§ for any 6 > exp (—%(% — Cio)2 + log(6d)>.
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The proof is provided in Appendix [A:2] In this setting, the estimation error of our robust mul-
titask error depends only logarithmically on the context dimension d (as opposed to linearly for
independent OLS). In other words, we obtain an exponential reduction in estimation error in d,

which is especially valuable in high dimension.

3.6. Comparison with Baselines

Finally, we discuss how the estimation error of our robust multitask estimator compares with the
baseline approaches discussed in In particular, we contrast the upper bounds we derived for our
estimator with lower bounds for these baselines in both the standard and data-poor regimes; these
bounds are summarized in Table [T} Detailed statements and proofs are provided in Appendix [B]

We characterize the estimation error of an estimator Bj through the following loss function:
(B, 5" =supE |7~ I ®)

where G = {{X7};e(n1, {87 }jeiv)» {P? }jev) | satisfies our assumptions in §3.1} P? is the distribution
of the noise terms €/, and the expectation is taken with respect to €/’s. This choice of G ensures
that our upper and lower bounds are with respect to the same class of problem instances.

We consider the following estimators:

e Independent OLS (Appendix : This is the OLS estimator 3/, = (XiTX7)~!XTY7
trained on data only from instance j, i.e., it does not transfer information across instances.

~

e Averaging (Appendix : This estimator 37

avg

N 2ic(N] Bi 4 is a common approach that

averages the independent OLS estimates across instances (see, e.g., Dobriban and Sheng|2021)).

~

e Pooling (Appendix [B.3)): This estimator Bgool = (Ziem X”X’)i1 <Zie[N] X”Y’i) is a
common approach that pools data across instances to train a single OLS estimator (see, e.g.,
Crammer et al.[2008, Ben-David et al.[2010)):

e Averaging multitask (Appendix : This two-step estimator BJAM is described in detail

in It is an ablation of our robust multitask estimator that uses the traditional mean rather

than the trimmed mean in Step 1.

4. RMBandit Algorithm
Next, we leverage our robust multitask estimator to efficiently learn across N simultaneous linear
contextual bandit instances; we extend the single-bandit model with dense (i.e., not sparse) arm
parameter vectors studied in (Goldenshluger and Zeevi| (2013 and Bastani and Bayati| (2020]).
Throughout this section, we drop the subscript RM and denote our robust multitask estimator as
B\i for arm k and instance j.

In this section, we describe our Robust Multitask Bandit (RMBandit) algorithm (§4.1); we
demonstrate improved total and instance-specific regret bounds in the standard ( and data
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. q : . ).
. 3 M ’
poor regimes (§4.4)), along with an overview of the proof strategy (§4.5); we also study the regret

dependence on the network structure underlying bandit instances (§4.3]).

4.1. Algorithm Description

Our RMBandit algorithm is presented in Algorithm [2] Following prior work, RMBandit manages
the exploration-exploitation tradeoff using a small amount (O(log(T"))) of forced random explo-
ration in each instance j € [N]. Furthermore, for each instance j and arm k € [K], it trades off
between (i) an unbiased forced-sample estimator, which is trained only on forced random samples,
and (ii) a potentially biased all-sample estimator, which is trained on all observations for arm k.
Instead of using LASSO (Bastani and Bayati||2020) or OLS (Goldenshluger and Zeevi||2013) for
these estimators, we use our robust multitask estimator.

This introduces two important challenges. First, our multitask estimator leverages data across
instances, which induces (previously absent) correlations between our arm parameter estimates
{Bi}je[N] for a fixed arm k. However, our error bound for the trimmed mean estimator (Proposi-
tion|1)) requires that our estimates across instances be independent in order to recover a reasonable
estimate of the shared model 7. Thus, we introduce a new batching strategy, where we only per-
form parameter updates in batches rather than after every time step. This ensures that our arm
parameter estimates in the current batch are independent conditioned on the observations from
previous batches. Importantly, this batching strategy does not change the convergence rates (and
therefore regret), and has the added advantage of being far more computationally tractable.

Second, our robust multitask estimator requires two hyperparameters: the trimming hyperpa-
rameter w and the LASSO regularization parameter A (see Algorithm . We specify a trimming
path for w; to dynamically trade off bias and variance over time, in order to control the conver-
gence of our robust multitask estimators. Intuitively, we trim less for small ¢ (when we have little
data) to reduce variance at the cost of admitting “small” corruptions; as t increases (when we have
collected more data), we trim more aggressively to eliminate even small corruptions that can bias
our estimates. For \;, we use the path specified in Bastani and Bayati (2020).

Notation. In more detail, we split the time horizon T into batches J, -, B. The initial batch

m>0
By has size qlog(T) for some tuning parameter ¢, and the following batches iteratively double in

length (i.e., the m™ batch B,, has size |B,,| =2™7!|By|), which yields a total of M batches with

= ()]

We define B;;, = ;’;0 B, as all the batches up to batch m. We denote our robust multitask estimator

(Algorithm [1)) at instance j for arm k as

BL(B, A, w).
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The first argument indicates the training sample, i.e., all observations where we pulled arm k in
batch B; the remaining arguments are hyperparameters, i.e., the LASSO regularization parameter

A and the trimmed mean parameter w.

Algorithm 2 Robust Multitask Bandit (RMBandit)
Inputs: Forced-sample estimator hyperparameters (o, 7o, { o ; }je[n, initial all-sample estimator

hyperparameters (1,9,71,0, {A1,j,0}jen], batch size parameter ¢, time horizon T
Let wo = (o +mo, M as in (9)), By = [qlog(T)], By, = {t € [T] |27 |Bo| <t < 2™|Byl} for m € [M]
for t € [T] do
Observe an arrival at instance j = Z;, where Z; ~ CG(p)
Observe the corresponding context vector X; for this arrival, where X; ~ 73?(
if t € By then
Pull arm 7, = ((Zre[t] 1(Z,=j)—1) mod K) +1
else if t € B,, then
Let = {k € [K] | X;" B (Bo, Ao.jst) = maxie(sg X, B! (Bo, Aojjsto) — 4 |
Pull arm 7, = argmax,cxc X, BL(Brm=1, M jm=1, W1 m—1)
end if
Observe reward Y, = X, 87 + ¢
if t =2"|By| (i.e., when batch m € [M] ends) then

Update Cl,m = Cl,Oa nl,m = 771,0 \/log(dminiE[N],|Bﬁn\>0 ‘81171‘)7 and wl,m — Cl,m + 771,m

Update Ay jm = A0 % for each j € [N]
end if
end for

Strategy. In our initial batch By, we deterministically forced-sample each arm k € [K] of instance
j € [N] when an individual is observed at instance j (i.e., when Z; = j). At the end of this ini-
tial batch, we obtain a forced-sample estimator B\i(BO,)\OJ,wO) for each j € [N] and k € [K]; this
forced-sample estimator remains fixed for the entire time horizon T'. On the other hand, we also
maintain an all-sample estimator Bi(Bm,)\l)jm,wl,m) for each j € [N] and k € [K]; this estimator
is periodically re-trained with updated hyperparameters at the end of each batch m and thereby
fixed for the following batch m + 1. One distinction of this estimator from Algorithm [1] is that
the trimmed mean estimator in Step 1 is built upon only data from B,, such that arm parameter
estimates are independent.

The algorithm is executed as follows. If ¢ € B,, and a new arrival is observed at instance j, we

first use the forced-sample estimators to find the highest estimated reward achievable among the
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K arms at instance j. These estimates allow us to identify a subset of arms K C K whose rewards
are within h/2 of the estimated optimal reward. Then, within this set, we pull the arm k € K
that has the highest estimated reward according to the all-sample estimators. For a more detailed

description of this approach, see Bastani and Bayati| (2020)).

4.2. Main Result: Regret Analysis of RMBandit
We bound the total regret across all N bandit instances (Theorem [2]) as well as for an individual
bandit instance (Corollary [3). Here, we consider the standard setting where each instance receives

similar traffic, i.e., p; =©(1/N) for all j € [N]f] we discuss the data-poor regime in

THEOREM 2. When N = Q(log(d)log(T)), the total cumulative expected regret of all instances
up to time T implementing Algorithm[J is

O (Kd(sN +d)log(N)log*(dT/N))

for appropriate choices of hyperparameters (o, Ci.0, Mo, N1,05 Nojs M40, and g, which we provide in
Appendiz[C.

We provide a proof in Appendix [C] Note that we make the mild assumption that d and N are both
not too small; our approach is designed for problems where the feature dimension is nontrivial,
and there are a reasonable number of instances to allow multitask learning. As we show in Section
we obtain improved empirical results in practice even for modest values of d and N.

Next, we consider the regret of RMBandit for a single instance j. To make a direct comparison
to existing regret bounds, the expected time horizonﬂ for instance j alone should be T'. Since we
expect p; = O(1/N) fraction of the total arrivals (across all N instances) to be at instance j, we

scale our total horizon as % = O(NT), which implies an expected time horizon of T" for instance j.
J

COROLLARY 3. Consider the same setting as in Theorem @ with a time horizon of T/p; =

O(NT). The cumulative expected regret of a single instance j is
O (Kd(s+d/N)log(N)log*(dT)).

It is useful to compare the bound above with that of a T-horizon linear contextual bandit instance
j in the same setting, but which does not leverage knowledge sharing with other simultaneous
bandit instances. Prior literature shows that such an instance would achieve regret that scales as
O(d? 10g%(d) log(T")) (Bastani and Bayati 2020)). In contrast, our upper bound on the regret for

2In other words, if there are neighbouring data-poor instances, we do not include data from these instances in our
parameter estimation for a standard instance, since they contribute too much variance to improve performance.

8 Note that, given a fixed time horizon across all N instances, the time horizon (i.e., number of observations) for a
single instance j is a random variable since the distribution of arrivals across instances ({Z;}1—1) is a random process.
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instance j using RMBandit (Corollary [3)) is smaller by a factor of d, but larger by a factor of
log(T'); this is a substantial improvement in high dimension (large d) and underscores the value
of learning across bandit instances. We note that the extra factor of log(T) is likely an analytical
limitation that arises because RMBandit leverages the LASSO estimator, e.g., the high-dimensional
contextual bandit also attains a regret that scales as log”(T') (Bastani and Bayati|[2020).

4.3. Bandit Network Structure
Next, we consider the dependence of the regret on the metwork structure of the problem, when
available. Recall from §2.1| that we consider a fully connected graph, where the nodes are instances
and the edges (i,7) € [N] x [N] have weights s; ; = |87 — 3||o that indicate relative sparsity. Then,
for any given problem instance j, we can optimize the subset of instances Q; C [N] from which to
transfer knowledge, where Q; ={i € [N]|s;; < §} is the subset of instances that are have an edge
weight of no more than § to instance j. Denote the corresponding number of instances N = 1Q;].

There is a tradeoff between choosing smaller §, which restricts the number of instances N from
which we share knowledge (resulting in lower bias but larger variance), and larger § which yields
larger N (resulting in higher bias but smaller variance). Recall that we consider a natural power law
scaling § = min(N @ d) for some a > 0. In other words, as we increase the number of neighbouring
instances we include, our sparsity parameter increases by some power law N until it eventually
hits the maximum possible value d.

In this setting, we can compute the optimal choice N = da%l, resulting in the following upper

bound on the cumulative regret at instance j; note that it scales with the network density a.

COROLLARY 4. Consider the same setting as in Corollary @ with a time horizon of T/p; =
O(NT). Under the network structure given by Eq. and when there are sufficient bandit instances

N = Q(da%rl), the cumulative expected regret of a single instance j is

@ (Kdi%l log(d) 1og2(T)) :

where we choose the optimal value of N = @(d%ﬂ).

We give a proof in Appendix As before, we obtain an improvement in the dependence on the
context dimension d; in particular, the regret of RMBandit scales as d%, which is always smaller
than the d? scaling of an independent bandit instance where we do not learn from other instances.
The extent of this regret improvement scales with the network density ov. When o« — 0 (i.e., there
are many instances with high similarity to the target instance), we eliminate a factor of d, which
can be substantial in high dimension; when a — oo (i.e., there are essentially no instances with

high similarity to the target instance), our regret improvement disappears.
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4.4. Data-Poor Regime

Finally, we turn to the data-poor regime where we expect multitask learning to be most valuable
(matching our previous result in . Again, we consider the case where the target instance j
receives substantially fewer observations compared to at least one neighbouring instance ¢ € [NV];
specifically, we consider 5—;’_ = O(d?) and ||BL — Bi|lo < s for each k € [K]. Once again, to make a

direct comparison to existing regret bounds, the expected time horizon for instance j alone should

1

-5~ ) fraction of the total arrivals (across

be T. For a data-poor instance, we expect only p; = ©(
all N instances) to be at instance j, so we scale our total horizon as ]% =O(d*NT), which implies
J

an expected time horizon of T' for instance j.

THEOREM 3. Consider the same setting as in Corollary @ with a time horizon of T/p; =

O(d?>NT). Suppose there erists an instance £ € [N| such that o= O(d?) and ||BL — Blllo < s for
J

each k € [K]. Then, taking Q; ={j,¢}, the cumulative expected regret of the data-poor instance j is

O (Ks*log?(dT)),

for appropriate choices of hyperparameters (o, C1,0, Mo, M1,05 No,j» A1,5,0, and q, which we provide in
Appendiz [D,

We provide a proof in Appendix [D] Theorem [3] shows that RMBandit attains a regret bound that
only scales logarithmically in the context dimension d — i.e., our multitask learning strategy expo-
nentially reduces the regret for the target data-poor instance compared to running an independent
bandit that does not leverage multitask learning.

It is worth noting that the regret of instance j scales as if the arm parameters {ﬁi} are s-sparse
(see, e.g., Bastani and Bayati2020). However, our arm parameters are not sparse, i.e., HB%HO =d.
Rather, RMBandit achieves this scaling as a consequence of our multitask learning approach. When
a neighbouring instance is data-rich, it provides a good estimate of the shared model 37, which
allows us to substantially reduce the dimensionality of our estimation problem by focusing on
learning only the bias term 67 (which is s-sparse) rather than 87 (which is dense). This intuition

aligns with the offline settings considered in Bastani (2021)), Xu et al.| (2021)).

4.5. Proof Strategy

In this section, we sketch the proof of our main regret bound (Theorem . The proof builds on
the regret analysis of LASSO Bandit (Bastani and Bayati [2020), but with the confidence intervals
afforded by our robust multitask estimator (Theorem . As noted earlier, one key added challenge
is the requirement that the OLS estimators {Bi];qd}jE[N] across different instances be independent
in order to invoke our robust multitask estimator; RMBandit achieves this goal using a batching

strategy, as highlighted in Lemma
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Robust multitask estimator with random design:
We first introduce a variant of our Theorem for the setting where the design matrices {X7},¢(n

are random instead of fixed.

PROPOSITION 2. Given ¢ € (0,1/2), the robust multitask estimator for any instance j € [N] from
Algorithm [1] satisfies

~; ; 6\; 2 3
B = 871l 2 =25+ Cod (3¢ +4n) a2 log 4
2
< 3dexp (—N§72> + 2dexp < 32)\222> Z P [)\mm ¥ < ¢}

i€[N]

for any \; >0 and for any positive n and a constant Cy > 2 satisfying n <1/2—1/Cy—¢

We give a proof in Appendix [C.1]

Forced-sample estimator tail inequality:

Next, our algorithm uses a separate forced-sample estimator, which we can guarantee is close to
the true parameter with high probability. Our next result provides tail bounds on the error of this

estimator.

PRrROPOSITION 3. When N = Q(log(d)log(T)), and the hyperparameters (o, 1o, Mo, ¢ are as
specified in Theorem @ the forced-sample estimator B\i,o = B;z(Bo,Ao,j,wo) of any instance j € [N]
and arm k € [K] computed by Algorithm g satisfies

~; h 10
]P) J J < _.
B0z | <7
We give a proof in Appendix [C.2] At a high level, this result follows directly from Proposition [2]

since the forced samples are i.i.d. random variables.

All-sample estimator tail inequality:

Next, we provide a tail inequality for our all-sample estimator for all arms that belong in IC(,pf (it
suffices to consider these arms since the forced-sample estimator is sufficiently accurate to exclude
arms in K7, from consideration). In contrast to the forced-sample estimator, which is based on
O(log(T")) samples, the all-sample estimator is based on O(T’) samples (since we will show that all
optimal arms receive a linear number of samples with high probability). Therefore, the all-sample
estimator has smaller error than the forced-sample estimator (the tradeoff is that these samples are
adaptively assigned to arms, so they may be collected from biased regions of the covariate space;
thus, the i.i.d. samples generated when using the forced-sample estimator are needed to ensure
that the all-sample estimator converges). In particular, define the following event, which says that

the forced-sample estimators have small error:

= {||§Z(BO7)\0,J‘»W0) Billx <

Vje[N],k:e[K]}. (10)

4 max
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This event holds with high probability by Proposition [3| Our next result shows that our all-sample

estimator satisfies the following tail inequality conditional on the event .A.

PROPOSITION 4. When A holds, T > KN, N =Q(log(d)log(T)), and (i, m.,0, M0 take the

values in Theorem @ the all-sample estimator B\i "= Bi(b’m,)\l,j’m,wl,m) of any instance j € [N]

‘

6 8 6 Pt Bl _ pepil Bl
< 2d 8
~ mingew, pilBnl " pj|Bnl N T'N " Z =P ( 32dx} Z o 20 ’

1€EWg max €Wy

and optimal arm k € K opt computed by Algomthml satzsﬁes

2 : sdlog(dp;|Bm|) sdlog(pN) log(dp;|Bin|) log(pN)
P18, — il > Oy 2008 PiPml) | o [STOBWTA) | oy ;
[”ﬁkv il \/ plBal P\ B T Np,IB.

where the constants Cy, Cy and Cy are provided in Appendiz[C.3,

Note that compared to Proposition [2], this result has two extra terms in the probability on the
right-hand side of the inequality. These terms account for the event that the number of samples
received at each optimal arm of each bandit instance scales proportionally with |B,,|.

We give a proof of Proposition[d]in Appendix[C.3] As discussed above, because our all-sample esti-
mators are constructed using all available samples, they may not be independent across instances;
however, the trimmed mean estimator in Step 1 of our robust multitask estimator requires that
the inputs {Bﬁ}jem for each arm k € [K| are independent. By using a batching strategy, we ensure
that the samples used to train B,]C are independent (which implies that the {Bi}je[]v] are also inde-

pendent). In particular, we have the following lemma:

LEMMA 1. The samples assigned to arm k in batch B,, (for any m >1) are independent across
bandit instances conditioned on F,,—1 =0({X,Z;,Yi}ien, - ), the o-algebra generated by the sam-
ples in B,,—1.

We give a proof in Appendix Given this, Proposition [ follows by applying Proposition
Regret bound: Finally, we describe how the above results enable us to prove Theorem [2| For
this regret analysis, we group time steps ¢ € [T] into three possible cases, and bound the regret
across time steps in each case separately:
(I). Time horizon T'< KN, or forced-sample batch (¢t € By) or the first batch using all-sample
estimator (¢ € By),
(IT). All the remaining batches (¢ € B,, for m > 1) such that A does not hold and time horizon
T>KN,
(III). All the remaining batches (¢ € B, for m > 1) such that A holds and time horizon "> K N.
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For Case |I| note that the sizes of the first two batches By and B; are both glog(T") and ¢ scales
as O(Kd(sN +d)). In the worst case, the regret for one time step is at most 2b& .y, so the regret
in this case is bounded. For Case [[I, we have shown that the event A holds with high probability.
Similar to before, in the worst case, the regret for one time step is at most 2bx.,, S0 the regret
in this case is bounded with high probability. Finally, for Case [[I]] when A holds, Proposition []
guarantees that the all-sample estimator has small error with high probability, again ensuring that

the regret is bounded with high probability. Details are provided in Appendix [C.4]

5. Experiments
We now illustrate the value of our approach on synthetic and real datasets. For the latter case, we
focus on two well-studied applications of bandit learning: patient risk prediction for personalized
interventions, and demand prediction for dynamic pricing. Furthermore, let the average arrival
probability across neighbouring instances be p = ﬁ > 2 Di- When possible, matching our the-
oretical results, we consider two cases for a single instance j: (i) standard with similar arrival
probability p; ~ p, and (ii) data-poor with arrival probability p; < p.

In all cases, we simulate the following linear contextual bandit algorithms:

1. LASSO and OLS Bandit (no transfer learning)

2. GOBLin (transfer learning via Laplacian similarity and ¢,-regularization)

3. RMBandit (transfer learning via our robust multitask estimator)
The two approaches in the first bullet point operate N independent bandit instances, either via
ordinary linear regression (Goldenshluger and Zeevi 2013) or LASSO (Bastani and Bayati|[2020).
The GOBLin algorithm is a state-of-the-art multitask bandit algorithm that uses a Laplacian
matrix and ridge regression to jointly estimate the N parameters, thereby fy-regularizing both
the parameters and their pairwise differences (Cesa-Bianchi et al. 2013]). It builds on the OFUL
algorithm (Abbasi-Yadkori et al.[2011]), which leverages UCB for linear contextual bandits.

REMARK 1. There are a few alternative multitask bandit algorithms that are not applicable to
our experimental setup. For instance, Soare et al.| (2014)) and |Gentile et al.| (2014)) simply pool data
together across similar instances and ignore instance-specific heterogeneity, which would result in
linear regret in our setting. There are also Bayesian meta-learning algorithms (Cella et al. 2020,
Bastani et al.|[2021c, Kveton et al. 2021, but these require instances to be observed sequentially
(rather than simultaneously) in order to construct a prior across instances. Furthermore, Bayesian

approaches are often computationally intractable in high dimension (Djolonga et al./[2013).

5.1. Synthetic
Figure 2]shows the expected cumulative regret over time for a single (a) standard and (b) data-poor

contextual linear bandit instance. Appendix provides details on the underlying parameters.
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Figure 2 Lines depict the cumulative regret averaged over 15 trials (shaded regions depict the corresponding
95% confidence intervals) of a single linear contextual bandit that receives (a) similar traffic as neighbouring

instances, or (b) significantly less traffic than neighbouring instances.

Since our unknown parameters satisfy our assumption of sparse differences, we expect RMBandit
to outperform alternative algorithms that do not explicitly leverage this structure. Indeed, RMBan-
dit significantly outperforms OLS and LASSO Bandit, which do not leverage transfer learning.
Moreover, since the underlying arm parameters are not sparse, we see no noticeable difference
between OLS and LASSO Bandit. Perhaps more surprisingly, we observe that the GOBLin algo-
rithm increases cumulative regret compared to not performing transfer learning, which is likely
due to two reasons. First, their transfer learning methodology is predicated on the assumption
that the arm parameters across instances are close in £, norm; this assumption is not met by our
synthetic data, and more importantly appears unwarranted in the two real datasets we study in
the next two subsections, leading to negative transfer learning. Second, their algorithm builds on
the UCB algorithm, which is known to over-explore compared to the OLS Bandit strategy (see,
e.g., Russo et al.|[2017, [Bastani et al.|2021a); it remains an interesting future direction of research
to adapt multitask learning methods to other bandit algorithms such as e-greedy or Thompson
Sampling. Finally, we note that the cumulative regret in the data-poor instance is lower than the
corresponding cumulative regret in the standard instance for RMBandit; in contrast, the data-poor
instance suffers similar or worse cumulative regret for the baseline algorithms.

It is also worth noting that RMBandit is significantly more computationally efficient, largely due
to the batching strategy which requires only a small number of model updates. To run 15 trials
in the standard setting, LASSO and OLS Bandit each took approximately 5-6 minutes, GOBLin
took over 11 hours, while our algorithm took less than a minute to runE|

The next two subsections examine real datasets, which may not satisfy our assumptions.

4 All algorithms were run on the same desktop, with an Intel Core i7-7700K 4.20GHz processor and 16 GB memory.
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5.2. Risk Prediction in Health Data
Diabetes is a leading cause of severe health complications such as cardiovascular disease, stroke,
and chronic kidney disease (Ismail et al.|2021)). Thus, there is significant interest in leveraging
machine learning for early detection of (Type II) diabetes, in order to improve treatment outcomes
(Zhang et al.|2020). However, significant evidence shows that machine learning models trained
on one health system can perform poorly on a different health system (Quinonero-Candela et al.
2008, Subbaswamy and Saria 2020); this can be due to dataset shifts such as changes in patient
demographics, disease prevalence, measurement timing, equipment, and treatment patterns. Thus,
it is important to train provider-specific risk models; yet, smaller providers may benefit from
additionally leveraging information across providers due to their relatively small patient cohorts.
In this experiment, we use electronic medical record data across N = 13 healthcare providers
to learn a good diabetes risk model for a single provider. After basic preprocessing, we have
approximately 80 patient-specific features constructed from information available before the most
recent visit (e.g., past diagnoses, procedures and medications); our outcome is an indicator variable
for whether the patient was diagnosed with diabetes during the most recent visit. We aim to learn
the best linear classifier online as patient observations accrue, and evaluate different methods based
on the classification accuracy over time. We consider a mid-sized provider with 355 unique patients
observed during the sample period, as well as a data-poor provider with only 176 unique patients.
We additionally fit a linear oracle, which leverages all observed data from the provider in hindsight
using a leave-one-out approach, representing the best achievable performance within a linear model
family. Figure [3| shows the fraction of incorrect classifications made over time for the (a) standard

and (b) data-poor providers. Appendix provides additional details on the setup.
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Figure 3 Lines depict the fraction of incorrect classifications averaged over 20 trials (shaded regions depict the
corresponding 95% confidence intervals) of a linear contextual bandit operated by (a) a mid-sized provider with

355 unique patients, or (b) a data-poor provider with 176 unique patients.
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Once again, we observe that RMBandit performs favorably compared to the other baseline
algorithms, and converges to the oracle’s classification accuracy much faster. This is especially the

case in the data-poor instance, as suggested by the theory.

5.3. Demand Prediction in Retail Data
Contextual bandit algorithms can also naturally be extended to solve dynamic pricing problems
with unknown demand (Besbes and Zeevi||2009). We consider such a demand forecasting and price
optimization task for food distributors; to this end, we use a publicly available dataset of orders
from a meal delivery companyﬂ

In this experiment, we use data across N =7 fulfillment centers, serving between six to seven
thousand orders each during the sample period. Features include the category and cuisine pertaining
to the order, as well as associated promotions. The decision variable is the (continuous) price for
the order; rather than arm parameters, there is a single set of unknown parameters (per instance)
that aims to predict demand/revenue as a function of price and the observed features. Following
the approach of Ban and Keskin| (2021, we model the price elasticity of demand as a linear function

of the observed features:
Y, =X B +pe (X, B]) + e

Here, {ﬁg, B{} are the unknown parameters corresponding to instance j; conditioned on an arrival
with context X; at instance Z; = j, Y; is the observed revenue for the chosen price p; and noise ¢;.
Regret is measured with respect to an oracle that knows {Bg, I6 ;V:l.

We straightforwardly extend RMBandit and the other baseline bandit algorithms to the dynamic
pricing setting using a batched explore-then-commit strategy employed by Ban and Keskin| (2021)).
Figureshows the cumulative regret of our algorithm RMX (our dynamic pricing analog of RMBan-
dit) compared to other benchmarks including ILQX and ILSX (the LASSO and OLS based pricing
algorithms introduced in |Ban and Keskin/2021) and GOLX (our dynamic pricing analog of GOB-
Lin). Note that all 7 fulfillment centers are similarly sized (the smallest has 6072 orders and the
largest has 7046 orders); thus, we do not study the data-poor setting in this experiment. Appendix
[F.3] provides details on the setup, as well as pseudocode for our dynamic pricing algorithms.

Once again, we observe that RMX (the dynamic pricing analog of RMBandit) performs favorably
compared to the dynamic pricing analogs of the other baseline bandit algorithms. Thus, our insights

on multitask learning carry over to the dynamic pricing context.

Shttps://datahack.analyticsvidhya.com/contest/genpact-machine-learning-hackathon-1/


https://datahack.analyticsvidhya.com/contest/genpact-machine-learning-hackathon-1/

31

le8

= ILQX
ILSX
GOLX
-
I
2 4- /__
o
2- /__—____
0-
0 1000 2000 3000 4000 5000 6000

Order
Figure 4 Lines depict the cumulative regret averaged over 40 trials (shaded regions depict the corresponding

95% confidence intervals) of a linear contextual bandit operated by a single fulfillment center.

6. Discussion and Conclusions

Decision-makers frequently want to learn heterogeneous treatment effects across many simulta-
neous experiments. Examples range from learning patient risk across hospitals for personalized
interventions (Bastani|2021, Mullainathan and Obermeyer|2017)), learning drug effectiveness across
combination therapies for clinical trial decisions (Bertsimas et al. 2016), learning COVID-19 risk
across travelers for targeting tests (Bastani et al.2021b), and learning demand across stores for
promotion targeting (Baardman et al.[|2020, (Cohen and Perakis/2018]) or dynamic pricing (Bastani
et al.[[2021c|). We propose a novel robust multitask estimator that improves the efficacy of down-
stream decisions by learning better predictive models with lower sample complexity. To the best of
our knowledge, our work proposes the first combination of robust statistics (to learn across similar
instances) and LASSO regression (to debias the results) to yield improved bounds for multitask
learning. In the online learning setting, these problems translate to running simultaneous contex-
tual bandit algorithms. To this end, we propose the RMBandit algorithm to effectively navigate
the exploration-exploitation tradeoff across bandit instances, thereby improving regret bounds in
the context dimension d.

We highlight several features of our proposed approach that make it a particularly attractive
solution. First, it is well known that data limitations result in worse model performance, which in
turn can imply unfair decisions, e.g., in healthcare, such biases disproportionately affect protected
groups or minorities due to limited representative data (Rajkomar et al.|2018)). A natural approach
to alleviating unfairness is to improve the performance of our models for data-poor instances (see,
e.g., discussion in Hardt et al.[2016). We show that multitask learning can be especially valuable
in such settings — our approach leverages data from data-rich instances to provide an exponential
improvement in performance for data-poor instances. Thus, we provide one additional tool (among

others) for improving fairness in decision-making.
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Second, privacy and regulatory constraints prevent granular data sharing in many applications.
A growing literature on federated learning studies training statistical models over siloed datasets,
while keeping data localized (Li et al.|2020b)). While our focus is on multitask learning, our approach
satisfies the constraints of federated learning, since we only require sharing aggregate statistics (in
this case, OLS regression parameters) across instances. All model training is performed locally at
the instance-level and does not require any raw data from other instances.

Third, practical deployment of bandits often precludes real-time updates to the model. For
instance, many individuals may appear for service simultaneously (Schwartz et al.|2017) and there
may be operational constraints or concerns over model reliability (Bastani et al.|[2021b). Our
RMBandit algorithm employs a batching strategy that only requires a logarithmic number (in
the time horizon T') of model updates, while preserving convergence rates (and therefore regret).

Furthermore, it has the added advantage of being far more computationally tractable.
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Appendix A: Error Bound for Robust Multitask Estimator
A.1. Trimmed Mean Estimator

Here we prove the tail inequality for our trimmed mean estimator in Proposition |1} which is the key to
estimate the global shared parameter 37.

Proof of Proposition[]] Recall that the indices of the corrupted samples are denoted by J C [N] (so
the rest are J¢ = [N]\ J). By assumption, {Z;};csc are independent and o;-subgaussian with mean pu
respectively, and | 7| < N¢ with ¢ < 1/2. By Hoeffding’s inequality, any uncorrupted sample j € J° satisfies

P(|Z; —p| > 1] < 2exp (—;;2)

for any t > 0. Letting t = | /207 log(%)7 it follows that

Z; & {u— \/@’ pit /207 log(f’)}

with a probability of at most 27/3. Then, again by Hoeffding’s inequality, we have

2t—>" . c,epi)?
P Z 1(Z;¢1)>t| <exp _M ,
2 7]
where p; =P[Z; ¢I] < 2n/3 and I = {,u—maxjejc \/207 log(%),u—&—maxjejc 207 log(%) . Taking t =
n|J¢|, we have
c 27° |7
P LZ 1(z; ¢1) =nlT I] <exp (—9 ;
ege
in other words, with a high probability, at most n fraction of J¢ are outside a neighborhood I of the mean
1. As a consequence, on the event
V{Z 1<ZJ¢I>stC|},

jege
at most ¢ + 7 fraction of the N samples are outside the interval I (recall that (N samples are corrupted). As
a subgaussian distribution might not be symmetric, by trimming the upper and lower w-quantile of samples,
the remaining ones are guaranteed to fall into I.

Suppose the event V' holds. Let {ZjL}fV:(]l\,ijr)l denote the samples after trimming and 7 = { jL}fV:(Il\,;i)l the
corresponding index set. Let U = {j € [N]| Z; € I} denote the set of samples that lie in I. Since 7 CU from
our argument above, we have
Z(Zj — )
JET

The first term on the RHS of can be upper bounded by

Z (Z; — 1) Z (Z; — 1)

JETNUNTC JETCNUNT©

= < + . (11)

Z (Z; — 1)

jeTnu

Z (Z; — 1)

jeETNUNTC

Z (Zj =)

i€TNUNT

< +

Z (Z;—p)|-

JjeUuNnge

As we remove 2(¢ +n) fraction of the samples, we have

> (2= )| £2C+n)N max, 207108, (12)

JeTeNUNT ©
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Since those samples in J¢ that lie inside the interval I are independent and bounded, applying Hoeffding’s

inequality gives

1 3 |TeNU|x?
c 2
jegenu
for any x > 0. The truncation on these samples introduces a bias of at most
E(Z, —mW(Z; ¢ D) | T°]| _ EllZ; —pl* | TVPZ; ¢ T| T ]V
E[Z, | T°NU] — p| = : z < z ! , 14
IElZ; | J= i P(Z,€1|J°) P(Z,€1|J°) (14)

where the last inequality uses Holder’s inequality and k, ¢ are such that 1/k+1/¢g=1. Recall that P[Z, ¢ I |
J¢] < 2n/3. In addition, E[|Z; — u|* | T¢]'/* < e¢0,;v/k for k > 2 by the property of subgaussian (Rigollet
and Hutter|2015)). Taking k = 1051;(%)7 inequality gives

80"77’/10g(i)
[E[Z; | T°NU] - pl < ——— 2"

- 3—2n
Then, the high probability bound in implies

8a;m, /log() c 2
3 37 gL5 Jenu
P | E (Z; == 1T NU| x~§2£}>§\/oflog(5)+ma><7n <2eXp(—|X>.

jegenu eI 322 4

Further setting xy =7 and by our assumption that n < 1/2, we have

P[ Z (Z; — )

jegenuU
Combining and , it holds with a high probability that

Z (Z; — )

JETNUNT €

Next, the second term on the RHS of has

Z (Z; — )

JETNUNT

_|Tenuly?
. .

3
> e 2 =) <
>5|7 ﬂZ/{|n§1é%)C{ 03 log(n)] _2exp<

3
< <2\/§(C+77)N+577|._700U|) max o? log(;)

3
< 2log(2).
< (N max4 /20] log(n)

Thus, we can write

1
mzzj*#

i€T

max;e zc 0 . 3
SA—2CtmN (V23¢+2mN + 5917 ) log()

3
< . —
< Comaxo; (3¢ +4n) 4 /log( n)

with a high probability, where we use |7]=(1—-2(¢+7))N, |[J°NU| <N and n<1/2—1/Cy — (. Since
|TenU| > (1—n)|T¢| on the event V', we have

1
P[WZZJ-—;L

JeT
where we use |J¢| > (1 — ()N and n+ ¢ <1/2. Together with a union bound on the event V', we have

1
P[WZZj—u

JET

3 Nn?
> Comaxa; (3¢ +41) log(n)]é%xp (— 3 >

3 Nn?
ZC’o?el%)c(aj(?)C—Hln) log(n)]<3exp(— 9 ) O
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A.2. Proof of Theorem [I]
We first provide a tail inequality to bound the noises of each instance j, through which our parameter

estimation error is also bounded.

LEMMA 2. Define the event for instance j
. 2 R y
HI =< || XITel || < 2 5. 16
{Zixren. <3 (16)
Then, we have

, )\2

Proof of Lemma[d For any column 4 of the design matrix X/, i.e., Xi A have H\/#XZ i)||2 < Trmax-
, N

Then, by Lemma [27] we have

s2dexp|~gppam— |- &

Now, we prove Theorem [l| by applying Proposition [I| to the OLS estimators of all instances.
Proof of Theorem[l] First, we show that each OLS estimator 37, = (X/TX/)"1XiTY7 constructed in

Step 1 is a subgaussian random vector with mean 37. In particular, the i*" component Efn d4.3) of B{nd is

2
| o% . .

. —SubgauSSIan sice
njp

Elexp(A (B ) — B1,))] = Elexp(A(X? TX7) L X7 Ted)]

Nao 2H(X”XJ) XT3
<exp

2
)\2032
<exp o)
J

||(X]TX]) X]TH2 (X]TX]) < Amax ((XJ'TXJ')—l) —

where the last inequality follows since

1 1
n; )\mm(z‘y) J’l/)'

Now, consider our robust multitask estimator {BﬁM}je[N] computed by Algorithm |1} Recall that for any
poorly-aligned component i € Z,o0,, the corresponding corrupted subset of instances is J; = {j € [N] | ﬁgi) #*
ﬁ( )} By definition of Zyo0r, we have | J;| < N¢ < N/2. Since the data from different instances are mutually

independent, the vectors {,Bind}je[N] are independent. Thus, we can apply Proposition |1| to the trimmed

=i i o2
mean of {3 4};e[n], where we use the fact that 37 4 is 4/ n;w—subgaussian:

o o2 3 N 2
P Uﬂ;M,(U *B(Ti) > Co (3¢ +4n) max J (77)] <3exp < ;7 ) .

jeln] \l n;Y
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By a union bound over i € 7,50, We have

P H(Ef L > Cod (3¢ + 47) max % o )| <sdexp (-0 (17)
RM Ipoor = 0 4y JEIN] nqu) g n = p 9 )
where 7 for a set 7 is described in Next, note that
Y7 =X +67) 4+ =X/ (B, + Bhot 2, + Bhy — Bhoa 2,0 +69)) +€,

where B}Wm — BIT%M,Iwen + 67 is ((1/¢ + 1)s)-sparse — in particular, letting Z;, = Zyen UZ;, where Z; = {i €
[d] | b’jz.) + B(TZ)} are the components of 37 that do not equal 37, then we have |Z,| < (1/¢ +1)s. In addition,
B}poor + B\IT%M,IWH is closely approximated by EEM as in . Therefore, after computing B\;{M in Step 1, we
can use LASSO to recover the sparse vector ﬁ}weu — BRM,IWSU + &7 to estimate (7.

The basic inequality of LASSO in the second stage of our algorithm is
1 (s ‘ ~ = 1 o . N
X7 B = Y7115+ A1 Bens - Bhlh < —IX7B = Y75+ 00187 — Bl
J J
Plugging in Y7 = X737 + €/, and conditioned on the event 7 in (I6), we obtain

1 . _ N N 92 _ o
;"Xj(ﬁ%{M = B3+ X1 Bt — Bl < ;éTX](ﬁﬁM =B+ X187 = Bl
J

J

2 R ~ . S
< X ool Baa = Bl + 25187 = Bl
J

A~ . N
< f”ﬁfm — BN+ 1187 = Blill1-

Decomposing terms based on Z; and f; and rearranging, we have
I Bias = B + 3, Bl = Bl < "2 Baa = )+ 1Bl = Bzl + 08 = Bl
so it follows that
*IlXJ( R — B3 + a H(ﬂRM F)zellr < 7J||(ﬁRM B)z, Il + 22| (Bl — Bz -
Then, adding %”(ﬁ{w{ —f37)z,1l1 on both sides, we get
I Bl = B+ VB = s < 2, B = )+ 2, B = )5

< 20| (Bfenr = 7)1, 1+ 2251 Bar = B 700 1

(18)
where we use (B;wcu — B\E{M,Iweu + 5j)f;: =0. As ¥/ is positive definite on Z7, we have
1(Bons = B)z, Il < v/ (1/C+ )51 Bl — 812

< \/“/ﬂj” s (B - 303

Then, we derive from inequality

2X2(1/¢+1)s

42 (Bon = B e

1 o~ , i~ )
5o %7 Blng = BB+ SN Bhns = 711 <
J
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where we use the fact that 2ab < a? +b%. Since ¢ < 1/2, we have

1Bt — 8711 <

w (Bfint = B Zyen 1

Combining the above with inequality and Lemma |2 we obtain

6)\ s o? 3 N172> .
4+ Cyd (3¢ 4 4n) max “log(—)| < 3dex +P|(H)°
U > 0+ Cod (3¢ + ) mane |- = g<n>] p( 5 (3]
Nn2 A2n,
< — J .
< 3dexp ( 9 ) + 2d exp ( 82072 O
Proof of Corollary[]] Taking \; = 32U’ﬂlog 47 )and n=,/+ 2 Jog( % in Theorem and noting that

0 <1 and d>1, we have

/ 3 /1 N
log(—) = log( ><\/logN
Therefore, it holds that

24s |20222,, log(%4) o7 log(N) o?log(N)log(8%)
i i Tmax 0675 ) 12 : 2 1
H/BRM Bl < C'l/} n +3COCdZH€1aN] T + Codlnel% N , (19)

Co—2 /5
4Co d

with probability at least 1 — . Since n,’s are assumed to be similar in magnitude, choosing ¢ =

suffices to minimize the scale of the sum of the first two terms in inequality . Thus, with probability at

least 1 — 6, we have

96, 20222 sdlog(%d)  3C, o2sdlog(N) o2log(N)log(2)
] 7 mox 14— o 1 12C,d : 57
e T
This holds for any § > exp (—%(% — c%, — %’()2 )2 +log(6d)) as we require < 1/2—1/Co—¢. O

Proof of Corollary[d Similar to Corollary taking \; = 320 whax log( % Jandn=,/+ 2 Jog( % we derive
from Theorem [ that

24s 20222, log(42) &2 21og d?a? log(N)log(%)
1By — 5J||1_w —ilmex D00 o ;) +3C’OCmaX —|—1200max Noo 2,

with probability at least 1 —4. Since n; is assumed to be similar to n;/d? for i # j in magnitude, choosing ¢ to

be any constant smaller than 1/2 —1/C} suffices to minimize the sum of the first two terms in inequality

and thereby we take ( = CO 2 Thus, with probability at least 1 — &, we have

187 = B7|lx <

96Cy  [207a3 8% log() | 3C, d?0?log(N) d*o? log(N)log()
max “~0 L 12C i 9 .
(& o—zw\/ o4 ST g TR Nni

This holds for any § > exp (—%(% - %0)2 +log(6d)), as we require n <1/2—-1/Cy—¢. O



41

Appendix B: Lower Bounds for Baselines

In this section, we provide detailed statements and proofs for the lower bounds discussed in and Table
At a high level, our lower bounds follow by exhibiting a concrete instantiation of the parameters 3/ and data
X7,Y7 and establishing a lower bound on the error of the estimator for this instantiation. Recall that our
error measure is defined in , ie.,
UP.B) =swB[|F — L],

where G = {{X7};c(n1, {8 }je(n, {P?}ev) | satisfies our assumptions in §3) P7 is the distribution of the noise
€/, and the expectation is taken with respect to ¢/’s. Since this error measure takes a worst-case scenario
over G, it suffices to show the lower bound for a specific case where the assumptions hold.

For the remainder of this section, we assume €/ ~ N(0,07T), and Si=Tforje [N]. Our choices of errors
¢’ are all gaussian, which ensures the parameter estimates are gaussian as well, thereby enabling us to obtain
lower bounds by applying the following lemma;:

LEMMA 3. Consider a multivariate gaussian random variable X ~ N (u, X)) € RY. We have

1 1
EIX1] 2 5llell +

Var

Proof of Lemma[3 Consider the i component of X, i.e., X(;). Let 02 = X, ;. We have X ;) ~ N (p(), 02).

tr(X2).

Without loss of generality, assume fi(;) > 0; otherwise, we can consider —X(;y instead and its £; norm stays

the same. By our gaussian assumption, it holds that

22 S 22

oo 1 — = -z 1 1
E[| X :/ T+ | —e 2”z‘dncz/ T+ f e *idr=—pu +—0;.
[ X @] _OO\ u0) o ; (z+ pey) — SHw + =

k3 (3

Then, we further have
1

E[JIX1]] ZEZ;]EIXQ ||u||1+\ﬁl€§[;m ||M|\1+\/7—7rtr(2%),
where the last step uses /3 ;) = ||E(l 2= E(Z oo O
B.1. Independent Estimator
First, we consider the independent estimator, which simply uses ordinary least squares (OLS) independently
on each instance (i.e., it does not perform any learning across instances). This estimator is
Bl = (XX XY,
Intuitively, this estimator has high variance since it uses relatively little data to estimate 87. In particular,

we have the following result:

PROPOSITION 5. The estimation error of the independent estimator in both the standard and data-poor
. . do; d
(P > Zo==0 ().
2mn; n;

Proof of Proposition[5 For our choice of X7 and €, the estimation error follows a gaussian distribution:

2
v (o)

do'j
2mn;

regimes satisfies

Therefore, using Lemma [3] we have

O

E (1B - #11] 2
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B.2. Averaging Estimator

Next, we consider the averaging estimator, which simply takes the average of the independent parameter
estimates across instances to reduce variance:

Bra=y 3 B
avg — N . ind*
i€[N]

Note that this estimator is constant across instances j’s; also, it is identical to Step 1 of the averaging
multitask estimator described in — ie., Bgvg =Bl
PROPOSITION 6. The estimation error of the averaging estimator in the standard regime satisfies

~ . 1
é(ﬂfwy?ﬂj) 2 5

1 . )
=Q|||l= g (& =) +
and in the data-poor regime satisfies

(BB 2 5 |5 30 =8| +

i€[N] 1

1 ) ) 1
=Q| |52 0" =0)| +

NG VN

Proof of Proposition[] For our choice of X7’s and €’’s, the estimation error follows a gaussian distribution:

~ . ~ . . . . . 2
e B = 3 Bra =B+ S0 =N [ S0 -5

i€[N] i€[N] i€[N] i€[N]

Therefore, by Lemma [3| we have

E[18 - 2] 2 5 |5

For data-poor regime, we use all the instances except j as a proxy. Following a similar proof strategy as

above, we have

E (1B~ 1] > 5

i#i

1 .
S > -)

B.3. Pooling Estimator
Next, we consider the pooling estimator, which pools all the data X7,Y7 across instances, and then uses OLS

on this pooled dataset:
-1

oY R iTYi iTye
= [ Yxox ] (Exy
i€[N] i€[N]
As with the averaging estimator, this estimator is constant across instances j’s. Intuitively, it performs

.. . . . . . . . gy iTxi
similarly to the averaging estimator, except it accounts for differences in the covariance matrices X7 = %
J

across instances.
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PROPOSITION 7. The estimation error of the pooling estimator in the standard regime satisfies
D e (8" —67)
Zze [N] U
Diepw (0 —6)
Zie[N] n;

WB, ) > &

Q<

and in the data-poor regime satisfies

Zz;ﬁ] nl(él 6‘7
Zzsﬁj

Ze N]a n,; Nn] d
V z€ [N] nl V Nnj

|WN*>

Z;ﬁ] o2n; NdQn] 1
2 \/ z;ﬁj Nnj
Zi#] (61 51)

=Q + .
( Zi?&j n 1 Nnj)

Proof of Proposition[7] For our choice of X7’s and €’’s, the estimation error follows a gaussian distribution:
—1 -1

ool — 7 = Z XX Z XITX(51— 87 | + Z XiTX Z XiT ¢l
el i€[N] i€[N] i€[N]
~N Liep M0 =) Yiem Uf”iI
Zie[N] N (Zie[N] n;)?

Z(B\ioolﬂ ﬂj) 2 1

Therefore, Lemma [3] implies

D ieny (8" —67) ZE[N o?n;)Nn; (
Zie[N] n V 1€[N )? Nn;

Note that for data-poor regime, we use all the instances except j as a proxy. Following a similar proof

= 7"” Nd2 L o
2#] Nnj

Finally, we consider the averaging multitask estimator described in which uses a traditional estimate

E [1Be~ 1] 2 5

strategy as above, we have

Din M

B.4. Averaging Multitask Estimator

E 1B~ 51h] > 5

of the mean instead of our robust estimate in Step 1. Our lower bound on the error of this estimator
demonstrates the importance of robustness. Following the proof of the LASSO lower bound in Theorem 7.1

of |[Lounici et al| (2011, we assume that A; is chosen based on the analysis of the error upper bound. With

a similar argument as in Corollary |1} we take \; = 320’ o lo g(4d) with § = ¢ for any 1/2 > ¢ > 0, which

is mainly based on Lemma

o222 o . .
PROPOSITION 8. Let b>min{Ns,d} < /50;& log(24) + \/% Zke[N] % log(i)) and the reqularization

parameter \; = 320 whax log( 4. The estimation error of the averaging multitask estimator in the standard
nj

; min{Ns,d} d
a2t )

regime satisfies

and in the data-poor regime satisfies
min{Ns,d} )

(B ) =02 o
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Proof of Proposition[§ The first order condition of problem is
XN (7 = X Bha0) =00 s~ Bl
where 8||3£M - @\Mﬂl is the subgradient of /; norm at BﬂM - BLM; in particular, for the i*® component,
L (XjT(YJ' _ XjBZM)) o= Asign(Bhng oy — Bhae) i Bhn # Bl

o (XjT(Yj - X8 j*M)) @) 0

e B _ 7t
<A if Bane oy = Ban, )

Next, on the event H7, it holds

2 R 2 R A
X)) < — KT < 2.
Combining it with , we have
3 1 , ‘
s| (e - 0B | 1B - 7)o
J

for each ¢ such that B\QM’(Z.) * BLM,(i)’ where the last equality is from our assumption SV = 1. For the rest of
the components, note that BJAM 0= ELM 0 Summing over all i € [d], we get

3|V\)\

||5AM Bl = (21)

where V = {i € [d] | Biy ;) # Bhni o} Next, define 5y, = 5;M — By and &%, = 7 — Bl where B, is
defined in . Then, |V|= ||3\2M||0 For the remainder of the proof, we use a similar argument as the proof
of Theorem 7.1 in |Lounici et al.| (2011)).

First, if ||5£M||0 < ||giMHO, then there exists ¢ € [d] such that gj&M,(i) =0 but gj\M,(i) # 0. By the first order
condition , for such ¢, we have

N , - , 5.
|(Bhn = B) iy | = 1(BAn — B7) )| < TJ,

and hence
i _ At 5N\ ym Gt
|(5 - BAM)(i)| < 4 + |(IBAM - BAM)(Z') | (22)

Now, note that

. ~ 1 —~ . 1 o2

T T _ i i i
ﬂAM_BAM_N.Z(ind_ﬁ)NN O’ﬁ_z EI
i€[N] i€[N]

Then, by Hoeffding’s inequality, we have for any ¢ > 0 and i € [d]
t2
N2 ZkQ nk

Taking ¢ = \/% Zkem % log(%) and given our choice of \;, we derive from |D that

P [‘(ﬂLM - BLM)(i)| > t] <2exp | —

R 20222 4d 2 o? 2 ,
j _ gt < Z7J"max finiad = Zk 2 > il_e>1-2c.
e ﬁAM><z>|_5\/ o log(<) 1 | 55 2 Phlog(-) | 2B (W] —ez1-2

7 k€[N]
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Since we consider a worst-case error over all possible {47};c(n] that satisfy our assumptions in we focus

on special cases in two diﬂerent situations (i) Ns <d and (ii) Ns > d. When Ns <d, we consider a case
. : 500 zmax . . .

where (i) |67, | > \/a log (44) 4 \/QZkG[N o 2k log(2) for any i € [d] and j € [N] such that 5y # 0,

and (ii) 4, = 0 for any & 7éj and ¢ € [d] such that 6{.) #0 for any j € [N]. When Ns > d, we consider a case

where (i) |67, ) > \/ ] i log (%) + \/ 3L D okeN] %k log(2) for any i € [d] and j € [N] such that 5{i) #0,

2N2

and (ii) [{j € [N] | 5(1.) 75 O}\ = Ns/d. For the above two cases to satisfy our assumptions in §3| it suffices to

have b > min{Ns,d} (W \/N2 ZkE[N] log( )) Then, it leads to a contradiction with

probability at least 1 — 2c. As a consequence, we must have [|6% /o > ||5£M||0 with a high probability;

correspondingly, [V| > min{Ns,d} noting that ||6%,]lo = min{Ns,d} given our design above.
On the other hand, it always holds true that

1BAne = 111 2 1 (Bhas = B7)vell1-

By Lemma [3| and given the set V, we have
~ , 1)1

T B9, > || =

E [IGhu 8w lh] > 5|7

(23)

where the last equality holds because the support of SJAM includes that of giM as shown in the last paragraph.
Given |V| < d and the fact that [V| > min{Ns,d} holds with probability at least 1 — 2¢, we derive from
that

oin; d—|V|

N

E 184 - #l:| 2 E d> |V| = min{Ns,d}| (1-2). (24)

Further, from (21]), we also have
Bl j 3VIA; 3(1—¢)|V|\;
E [”5fo *5]”1} >E [4|]] (1-¢)>E [(4)||J

Combining and , we have

d>|V| > min{Ns,d}| (1—2c). (25)

B [|Fjas— 11 2 520 | 20OV 1

oin;d—1|V|
U > > mi
5 1 \ﬁ Z d>|V|>min{Ns,d}

N i€[N] i v Nnj

where we use max{a,b} > (a +b)/2. As the above lower bound is linear in |V|, its minimum value is taken

at either ends of the interval [min{Ns, d},d]. Therefore, we can write

5 j . |3(1—c)d [202%22,. 4d
E[”ﬂJAM_ﬁ]Hl >(1—2€)m1n{ ( 5 ) \/ Jn. log(22
J

o?n; max{d— Ns,0}
P

3(1—¢) mm{Ns d} 20J x?nax o 4d 1
n; Nnj

i€[N]



46

Therefore, when Ns=o(d), we can write

B[54 — 511 | =

when Ns=(d), we get

E [I1BAn — #7111 = 6
The proof for the data-poor regime is similar. [
Appendix C: Regret Analysis of RMBandit Algorithm
In this section, we give a proof for Theorem [2] Corollary [3] and Corollary [4] in and We list the

hyperparameter choices for Theorem [2| to hold as follows. Particularly, we take

0 — 61,0 — 400 d’
B j ““max

960722, Klog(d)| By
q|Bg)| ) 1,5,0 — . )

2560222
)\0,]' -

and

2-3843CFat . (max;e vy 07 /pi) K sdlog(d) 576C3 2, (max;c(n) 07 /p;) K sdlog(N)
q: m{ (Co —2)h2p2y? | X |
(max;epn) 07 /p;) Kd*log(d)log(N) 9622, Kdlog(dN) 60K log(N) }
h?p.pN ©opp(minepny i) pe(mingeny ) J

6-1922C3 2

max

C.1. Proof of Proposition

We first prove Proposition |2, which extends Theorem [1] to the setting where the design matrices X?’s are
random.

Proof of Proposition[d The proof follows that of Theorem [} Define
& = {min(&) 2 0}

for any j € [N] and some ¢ > 0. Then, on the event ), &?, Theorem (1| gives

e[N]

P [Ilﬁfm —Flh= d (3¢ +4n) max 0g() | Nietm& X }ie[N]]
Nn? )\2
<3d - 2d —_—
where we condition on the design matrices {X* } ; since Theorem |1f considers the fixed design. Integrating

over {X'},_y and using a union bound, we obtaln

. . 6\ [ o2 3
P[HBIJ?{M_ﬂ]”lZ C(;S d(gg[fﬁ ;Z¢)(3C+4n) log(n)]

2

N A2 .
< 3dexp ( ;7 ) +2dexp< ﬂlj) +P [Uie[N] (51)6]

oo
Nn? Ao, e
§3dexp(— 9 )+2dexp( 320793; + ZIP’[(S)] O
7 “max

i€[N]
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C.2. Forced-Sample Estimator

Next, we prove Proposition [3| which says that our forced sample estimators have small estimation error with
high probability given our batching design. For simplicity, we use ¢, n and A; to represent (o, 7o and Ao ;
respectively in the following.

We start by defining some additional notations. Let B be the index set of those observed at instance
j. Bj, be the subset forced sampled at arm k and B}, be the subset of all t € Bj, such that X, € U}; in

particular,

i={teBo|Z.=j}, Bj,=3teBy|Z=j,(k—1)=(>_ 1(Z, =j)—1)mod K ¢,

re[t]

By ={teBy|Z,=j, X, €U, (k=1)=(>_ 1(Z, =) —1) mod K

re(t]

Note that the distribution of X, always conditions on the value of Z,.
LEMMA 4. The forced samples of arm k are independent across bandit instances.

Proof of Lemma[f The forced samples of arm k at instance j are {(X,,Y;)}, s _» where the set of covari-
0,

ates is

X |teB,, Zi=j, (k—1)=()_ 1(Z, =j)—1) mod K
relt]
Since {(X;, Z;)}ien, are independent, X, is independent of Z,, and X, conditional on Z; for any ¢ # ¢ and
t' € By. Further note that given Z, =j, 3° .y 1(Z, =j) —1=3" , ,, 1(Z, =) is also independent of X,.
Thus, X,’s observed at arm k are independent across bandit instances. Similarly, Y;’s are also independent
across different instances as the noise €, also only depends on Z, by design. As a result, the forced samples
of arm k are independent across different instances. [

Now we consider a set of subsamples of arm k at one single bandit instance j.

LEMMA 5. The samples {X,}, i . are ii.d. with distribution P%. and its subset {X,}, g _ are i.i.d. with
0, 0,

distribution P’ ;-
X|xevi

Proof of Lemma[j Using a similar argument in the proof of Lemma [ we can show that {X,} res]  ATe

independent. As Y 1(Z, =) is independent of X, given Z, = j, X, follows the distribution P%. On the

S [t]

other hand, the subsamples { X}, gz . form the set
0,

X |teB),, X, €U, Zi=j,(k—=1)=()_1(Z,=j)—1) mod K
relt]
Since {(X;, Z;)}+en, are independent, X, is independent of Z, and X,/ conditional on {X, € U/, Z, = j} for

any t' #t and t' € By. Similarly, we can conclude that {Xt}teégk are i.i.d. drawn from P’ O

X|xeuj”
In the following, we use the notation ¥(B) to represent the sample covariance matrix created using the

samples {X;}iep.



48

LEMMA 6. Define the event

Then, given |B} .|, we have

- P|Bg i
IF’[ é,k]21—dexp <_8dac2 .

Proof of Lemma[f] Note that {XtXtT}teB—g’k are i.i.d. according to Lemma By Assumption for any

t € B) i, Amax (XX, ) < || X, |3 < da,,. Therefore, by taking t =1/2 and L =dz? ., we instantaneously get

max

our result from Lemma9 O

LEMMA 7. For any sets B,B with B C B, it holds that
B\ B|

~ B ~ ~ _
Mo (E(8) 2 {5 i (SB) + 3 A (B(B\ B)).
Proof of Lemma[] By our definition, we have
S Bl . IB\Bla o\
¥(B) =5 2(B) + X(B\ B).
(B)= 5 506) + =5 S(B\ B

The result follows by noting that the minimum eigenvalue is concave. [

LEMMA 8. Given |B? .|, it holds that

B *Bj *Bj
\Bé’k|§p |20,k|] <2exp (_p| O,k|>.

P
10

Proof of Lemma[§ Applying Lemma to the indicator random variables 1 (t € Bé’ k) forall t € Bg, x With
= [Siesy, 1€ BhL)| = Siesy, PIXi €UL | Z, = j]. we have

2 p p
P (1Bl —pl > E] <200 (- £).
HBO,k| pl = 9] = €Xp 10
Noting u > p*|Bé’k| by Assumption |4} the result then follows. [

LEMMA 9. It holds that

i PilBol i 1Bol
| < L1100 _E1701
P{|BO|_ 3 } _2exp( 10

Proof of Lemma[ Applying Lemma [30] to the indicator random variables 1 (Z, = j) for all ¢t € By with
M:E [ZtEBO 1 (Zt :])] = ZtEBO P[Zt :]] :pj|80|7 we have

] P;|Bol |Bo|
P {184 -l = 220 < e (24501

which implies our result. [

LEMMA 10. Given |B} .|, we have

S 1ai Dt p*¢\56k| p*‘86k|
P w(X(B > >1— _ 7 IT0k] ) , )
[)\mm( (Byh)) > 1 } >1—dexp ( 6da2 exp 0

max
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Proof of Lemma We start by defining the events
— . . p* .
D3 = { 1Bl = 185l } -
Conditioned on D} , and &, in , Lemma@implies )\min(i(Bgyk)) > (p.1p)/4. Therefore, we have
Py

P Pran((88,0) < 52| <P (04,07 U (&) <P (6,0
By Lemma [§] the second term above is upper bounded by
_ .|B}
P [(’Dé k)c} < 2exp <_p | O,k> )
’ 10
Lemma |§| upper bounds the first term in inequality with

)| D Bo,i B
P[(S&k)°|Dé,k]SEldexp< ;@x,f ) ng] <d XP< Z’Ww@). -

16dz2
Now we are ready to prove Proposition

D k] +P [(D5.0)] (27)

max

Proof of Proposition[3 We apply Proposition 2] to our forced-sample estimators built upon the forced

samples in {B} , }ie(n]- Based on Lemma 4] and |5, the forced-sample OLS estimators are subgaussian and

independent across instances so the conditions of Proposition are satisfied. Letting ¢ = & j;/’ in Proposition

we have

—~. . 24\ s 0’2 3
P[H@i,o—ﬂﬂhz — +2Cod (3C+477)max 7‘1 (’7)1

P Ctp D|BE
Nn? 2|B P
< — 7
3dexp ( 9 ) + 2dexp ( 3947 : o s N + EE[ P [ Amin( BO b)) < 1

Nn? A8y
< 3dexp < ;7)+2dexp< ?)20|362|>
J “max

+Zdexp( fi*gi’liod) 22 ( p*|1B(l)Z)k|), (28)

ie[N] max
where the last inequality uses Lemma By our design of forced sampling, |B k| = |B}|/K. Plugging it into
the probability bound (28], we have

~ - 24\ ;s Ko? 3
70— Bl > = 4+ 206d(3¢ + 4n) max log(2
||6k,0 k”l p*cw 0 ( C n)leN p*7,/J|BZ| g( )‘|
N X253
< — vl
< 3dexp< 9 ) +2dexp< 32K0] 2
pY(By| _p.|B}
—I—Zdexp( 6K da,_ +Z2exp 0K |- (29)

i€[N]

Now we configure the parameters ¢, A;, n and ¢ (recall that |By| = qlog(T")) such that our forced-sample

h
4rmax

estimator of arm k and instance j has estimation error smaller than with a high probability. Similar

to the proof of Corollary E we take ( = CO 2 \f We further set

mog 2Mlog(@IBo] ) \/%oszmmog( )50l
q|By| '
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In the following, we will frequently use the inequality
3log(T)log(x) > log(Tx) (30)

for T'>1, z > 1. Given our choices of n and A; and inequality , the sum of the first two probabilities on
the RHS of is upper bounded by 5/T. Further, consider the probability bound on the following
events for j € [N]

i_fipi|>Pi
b= {1811 = %150l } (31)

Plugging in our choices of ¢, 7 and A; and using a union bound over {Mé}je[ ~] through Lemma @ we have

~ 7686’00 xmax 3stlog 3log(d)|Bo| Ko?log(N)
P 7 J +24dy | ——%— | max | ————=
1Pro=Fiels 2 A < qN icIV] || 2p.tpi| Bol

5 p*wpz‘BO p*pleO p1|30\
<2 Y2 2ex
=7t _Z dexp ( PR ) T 2 ] b (o ) T2
5

max ie[N ie[N]
p.Upi| Bo p-pilBol
4ex 32
=7t % ( 32Kdm3nax> Z ( 20K )’ (32)

log(N)
2

where we use log(%) < and the last inequality follows given K > 1 and p, < 1. Next, we choose a

sufficiently large ¢ such that

h >768000jxmax 3K sdlog(d)

Sxmax - (CO - 2)]3*1/1 qu ’
h 3V'sd Ko2log(N)

max
=702 e\ 2p.vpilBo|

1 Ko2log(N
- 1cud \/3 og(d)|Bo| \/ o? log(N)
i€ N

162 max

162 0 qgN 2p.p;|Bo|
P.bp; | Bol
— > L e 01
D dex ( 32Kda2_ )
i€[N]
p.pi|Bo|
- > .
T dex ( s ) (33)
'LG[N

With a choice of ¢ satisfying all the above constraints, we can derive from our final result. To meet all

the conditions in (C.2)) for all j € [N], it suffices to have

e 2-3843C3at . (max;e vy 07 /pi) K sdlog(d) 576C3x2,, (max;c(n) 07 /p;) K sdlog(N)
! (Co—22R2p20? | Wp. |
6-1922C202,, (maxseqn; 02/p:) Kd® log(d) log(N) 9622, Kdlog(dN) 60K log(N) }
h2p.apN ’ p*w(mmiempi) ’p*(minie[N] i) .

Remember we also require n <1/2 —1/Cy — ¢ according to Proposition [2 which is satisfied as long as

1 1 Cy—-2 [5\° N
<(=-—=- 2) —.
log(T) = <2 Co 4G, \/;) 27log(d) (34)

The result then follows. O
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C.3. All-Sample Estimator

We now prove Proposition[d] which says that our all-sample estimators have small error with high probability.

First, the constants in the statement of Proposition [4| are

1536C00; T max 3C, 202p, 24C, 202p,
Oy = 20203 Tmax ¢ OV S 29PNy o xy | 2ZiPiy
T (Co—2pP Py T 2p o\ o = o, G Bew)

and the hyperparameters for all-sample estimators are

Clm =C100 Mm="N10 \/log(d v I]%?nbo 1BL.1), Aljm = A1j.0 bgfglffw
as in Algorithm 2| For simplicity, we use ¢,  and A; to represent (i ,,, 71,m» and Ay ;,, respectively in the
following.
We begin with the following bound on the probability of event A (defined in ), which says that the

forced sample estimators have small errors.
LEMMA 11. The event A holds with at least a probability of 1 —10KN/T.

Proof of Lemma The result follows by applying a union bound over all arms and bandit instances
using Proposition 8] O

Next, we define some additional notations. Let 7 be the index set of those observed at instance j in
batch m, B2, , be the subset batch sampled at arm k, and B, , be the subset of all ¢ € B/, such that X, € U}

when A holds; in particular,

B, ={teB,|Z,=j}t, B, .={teB.|Z=j X,) =k}, {teB,|Z,=j X, €U, A},

ml( mk:*

where, with a slight abuse of notation, we use Wi‘;l to represent the sub—policy of instance j estimated
using the data from B,,-;. We further define Bz =", B, BL, =Ui—, B, BL =U, Bl B2, . =U Bis,
s =U" B, and Bf%’k =%, B} . Next, we prove Lemma [1| which says that the samples assigned to
arm k collected in batch B,, (for any m > 1) are independent across bandit instances conditioned on F,,-;
defined in Lemma [1l
Proof of Lemma[l] The collected samples of arm k at instance j in the batch B,, are {(Xt,Yt)}teBZM,

where the set of covariates is

(X |te B, Zo=j nit (X)) =k}

m,k>

Note that our estimated policy 7th— depends on Z, and is constructed using samples from B,,-;. Since
{(X:,Z:,Y;) }es,, are independent, {(Xt,Zt, 77t (X¢))}ies,, are independent conditional on }"m;l. Thus,
for any t' #t and t' € B,,, X, is independent of Z,,, X, and ﬂm’{l(Xt/) conditional on {Z, = j, 7t (X;) =
k,F. _ }. This implies X,’s of arm k in batch m are conditionally independent across bandit instances.
Moreover, since the noises ¢,’s are independent of X,’s and only depends on Z,’s by design, the collected
samples of arm k in B,, are independent across different instances conditional on F,,-;. 0O

REMARK 2. Note that the samples across instances are also independent given {A, F,,-} since A € F,,- ;.
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LEMMA 12. Foranyj € [N], k€ [K] andt ¢ By, if Z, = j, X, € U and the event A holds, then Algom'thm@

plays the optimal arm k of instance j at time t based on the forced-sample estimator Ei,o-
Proof of Lemma[T3 Since X, € U], by the definition of U},
X B = max X[ 5] + h.
Then, for any arm i # k on the event A, we have

PO _ . . _ o h
X[ (Blo—Blo) =X (Bho—B) = X/ (Blo = B) + X[ (Bl = B!) = —2Tmax

4xmax

N>

+h>
Therefore, the optimal arm k for X, will be pulled. O

LEMMA 13. (i) B, , C B}

m,k = ~m,k’

subset {X‘}tegfn,k are i.i.d. from 77;

. . .. ] ' _ .
(1) {Xt}tEBZn,k are i.i.d. from thfn;l(x):k conditioned on F,~1, and its

and (1ii) {X:},cq _are i.i.d. from ’P;

3 je
| XeUj, |XeU]

Proof of Lemma[I3 The first claim follows Lemma If Z, =4, X, €U and the event A holds, then
72t (X,)=k and hence t € B, . i.e., B, , C B, ,.

Using a similar argument as in the proof of Lemma [I| we can show that {Xt}teB{mk are ii.d. from
distribution Pi{ ()= conditioned on F,,=;. On the other hand, note that the event .4 only depends on
forced samples from B, and is therefore independent of {(X;, Z;)}es,, for any m > 1. Thus, X, for any ¢t €
B2, . follows distribution 77;‘ xeui”

Zy and X, given {Z, = j, X, € U?*, A} for any t' # t and t' € B,,,. Therefore, {Xihes , are also independent.

Furthermore, since {(X, Z;) }+c5,, are independent, X, is independent of

Correspondingly, we can show {Xt}teg%k are also i.i.d. from Pﬁqer,ﬁ by noting

Bl =Ur B, ={teUr,B|Z =j, X, eUZ, A}. O
REMARK 3. Note that (ii) and (iii) both hold further conditioned on A. The first statement in (ii) still
holds as A € F,,-, while the second statement in (ii) and the statement in (iii) hold as {(X;, Z;,Y:)}s, are

independent of {(X,,Z,;)}5._ .

LEMMA 14. Given |B%,| and |BL| respectively, it holds that
p«|B},| P«|B},| 2 | PelBE
P[P | >1-9 _Px1Pm] PlIBL | > 22wl

5 | Azl 2ew 0 ) PBaslzT

m

J
A} >1—2exp (—%) )

P {Il?in,kl >

Proof of Lemma([Ij By definition of Bimk and given B | we have
B =Y 1(teBl,)=>Y 1(Z=4X, cU/)1(A).

teBy, teBl,

Then, take

p=RE[|B, ||A]=E|> 1(Z=jX.cU?)|=> P[X,€Ui|Z=j],
teBd, teBl,
where the second equality is from the fact that {(X;, Z;) }+es,, are independent of {(X;, Z;,Y:) }+en,. Using

Lemma [30] we have
_ “ I
P (11850~ 2 & | A] <200 (- 5).
Therefore, using > p.|B? | by Assumption |4 we have
| B p.|B |
2 |12 b 10

The high probability bound regarding |Bi~nk| can be proved in a same manner. [

P |:Bjmk| >
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LEMMA 15. It holds that

i pj|E7n| pJ|Bm| i pg|8r71| pg|Bm~|
PlIB |>~L—"|>1—-2ex — P||IBL|>———""|>1—2ex —
|: m‘ _ 2 € p 10 ) | m| — 2 € p 10 )

10
Proof of Lemma The result follows correspondingly the proof of Lemma[] O
REMARK 4. Note that the high probability bound of |B7 | also holds conditioned on A as {Z,}.c5,, are
independent of {(X;, Z;,Y:) }ien, -

LEMMA 16. Given |BJ |, we have

PP P |Bj | p*|Bj |
H lgj > F - > — m .
[ mm( ( =7 A, m1:| 1—dexp < 16d22 —2exp —710

rnax

When T > 20K N and given |BL | and |B|, we futher have

~ DY p*w|Bj | p.|BL|
. J < < _&xTml
P [Amm(Z(Bm,k)) < A} <dexp ( L6da? +2exp 10

P3| By p.|Bg|
2 D0l ) 4 gexp (2200
* deXp( 16xdz2, ) T HOP\ T ox

max

Proof of Lemma Define the following events analogous to Lemma

. Dei s Y
Jo > i V- j
Dhps = {1B00sl 2 BB}, €= {Auin (BB 2 S
By Lemma [7| and the fact that |B7,| > |B2, |, it holds that /\min(i([)’fmk)) > (p.1))/4 on the above events
f)ﬁmk and fjnk Thus, we have

<P (D}, 1) U (E0)° | A]

IP’{ min(S(BL, gpf A] <

<P[(&..)°

By Lemma [I3] and analogous to Lemma [6] the first term above has

DI Al +P[(D0)°] A -

pY|B |
< .
}P’[(c‘) e’ mk,A]_dexp( 16422, .
In addition, Lemma [14] implies
Y c P+ an
P[(Dfnk) ] <2exp (—|10|> .

This gives us our first high probability bound.
Next, define the following events correspondingly regarding the batched samples (excluding the forced

ones):

Dl = {1851 2 51841} = { A BB 2 ]

On the above events D}Lk and g};yk, we have /\min(i(Bfﬁk)) > (p.v)/4. With a similar argument as above,

we can write

P Pron(85,0) < 5| 4] <P 0,070,071 4

<P (&7 | Dh g Al + P (D7 )7 A]

] *BJ;
Sdexp( 16d|2 |>+2exp (_p |10m|).
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P Auin (S(85,) < 55

]

-A:| < P [Amin(i(lgfﬁ,k)) < mm i Bé k < p*’(/) :|

Then, note that Amin(2(B% 1)) > (.4)/4 when both Apin (S(B% ) > (p.%)/4 and A\in(S(B],)) > (p.1)) /4
hold using Lemma [7] Thus, we have

(By)) <2
[A]

p*wBJ palBL
SdexP( 16arz . ) T2 10

p.)| B .| B}
+2dexp( 716K(1| 2| )+4exp(—10lg| ,

max

bt 4 Amin (2

<P [Amm@(l’f‘iﬁ W) <

where the third inequality uses Lemma [10] and the fact that P[A] >1/2 when T'>20KN. O

Next, we show that Lemma [2| also holds for an adapted sequence of observations so that we can use all
samples collected at arm k and instance j to debias in Step 2 for our all-sample estimators. We keep the
same notations as in Lemma [2] but use (X7,Y7) to represent all the data collected at arm k and instance j

through Algorithm 2| up to batch m, i.e., {(X¢,Y))}, 50 .

LEMMA 17. Define the event for an adapted sequence of observations in By, ,

2 o py
i XIT i <2\

P [H7 (B, )] >1—2dexp ( 2|B|> .

H (B, 1)

Then, we have

32022

05 Tmax

Proof of Lemma[I7 Let F, = o ({Xx, Zk,Ys}repy) be the o-algebra generated by an adapted sequence of
random variables up to time ¢. For the i*® element of X, i.e., X, 5, let D, ;) = X, (i€, and {Dt}tEBfﬁ,k is
a martingale difference sequence adapted to the filtration {‘Ft}tegf%,,,k respectively as E[X, e, | Fio1] = 0.
Besides, D, (;) is subgaussian adapted to F,_; as

Elexp(ADy,5)) | Fe-1] < E[exp()\QXz(i)a?/Z) | Foo1] <exp(\?z2 . 02/2).

Tmax ]

Then, by Lemma we have

A |B:

mk‘

P[(Hj(Bz_n,k)) =P ?éé[tzx E X (iy€e| = 4
teB’ ®
| B L
<d P X, 0 > ZIlmmkl
SdmaxP ||} Xoge|z =
teBl |
<2d 2|B el O
= 2aexp 320Jx?nax '

Now we provide the proof of Proposition
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Proof of Proposition[j] We follow a similar proof strategy as Proposition [3] to provide an error bound of
all-sample estimators conditioned on 4. Now we consider learning across a set of instances that has arm k
to be an optimal arm, i.e., W, C [N], since suboptimal arms won’t observe any users on the event of 4. We
apply Proposition |2 to our all-sample estimators across W;,.

Based on Lemmal[I]and [I3] our all-sample OLS estimators are subgaussian and independent across instances
conditioned on {A, F,,=1} so our trimmed mean estimator in Step 1 is valid. Here we make a small adjustment
to Proposition [2| since we use batched data from {B}, ,}ic(n) to compute our trimmed mean estimator but
all the data in B, , to debias for instance j in Step 2. In particular, we bound the event H7 (57, ) in in
contrast to H (B’

m,k

) of only samples from batch m, and bound an extra event that the sample covariance
matrix based on data from B, , has positive minimum eigenvalue, i.e., )\min(i(Bf%’k)) > (p.yp) /4. Therefore,

we can write

BB — Bl > 225 4 20d(3¢ + ) max | — 2 08(3) | 4.7,
’ PO e B

< 3dexp <pjg’72> +P[(H (B..))° mo1] +P {Amin(i(l%ﬁg,k)) < pf’ A, J—'ml}
DI PINCTEIES S S D
Note that given T > 20K N, we have o
P[(H(B.)° | A] < < PLOEB.))] <2P [(H7(BL.))°] - (37)

P[A]
Taking expectation over F,,-; and using inequality , we obtain from that

2

~ , 24\ s o; 3
VY] J

N2 22 B j » B{
§3dexp (—p 9?7 )—|—4dexp< 32|22|> +dexp< :M2|)+2€Xp (—plom|)
] max max

Py By P53
+2deXp ( 16]{d2|> +46Xp (_1(|)K0

max

o 3 o (iel) ¢ 3 2o (2.

1EW) max 1EW)

where we apply Lemma [16| and Then, define the events
D= {BLul 2 Bl Do = {1Bh. = BB}

With a union bound over the events

i J oy
iew, Pk N D%, conditioned on A, we have
2

3
————log(—) | A
vy o, ) ]
Nn? A2p,|BL | B LB
< 3dexp (_p 977 )+4dexp< 64]p“> +dexp< ]1)615‘2 I) +4exp (—pllém|)
] max max

J
oy (2L e (2154

d(3¢ + 4n) max

[HBk n— Bill >

16 K dx2 10K

ma.x

+Zdexp< ’;gﬁ'f |> 24 < p-|B, |>, (38)

PEW, max
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where we use Lemma [14] by noting that B .| >|B and |BL | >|BL | > |BL |. Similarly, we take
m,k m,k m,k m,k m,k

C" 2\[ and set

_ 9log(dmin;ew, |B%,|) ) = 2560222, log(d|BL,|)
PN C p.|Bx]

Since | B! | =0 for any i € [N]\ W, conditioned on the event A, the value of 7 is equivalent to

_ 9log(dmin;e(ny, i >0 |Bi,])
= pN *

As log(dmin;e(ny, 5: >0 |B:.|) > log(d) > 1, it holds that 1og(%) < \/@_ Next, consider M, defined in
and the events

m

_ ) D ) ) s : 3p; b
Mt = {1851 = 1B} st = {18502 Bt} s = { 1 = 120> B8

Using a union bound over (),

M N M0 ME N M through Lemma |§| and |15| on inequality , we

eEWy,
obtain
2 : sdlog(dp;|B|/2) sdlog(pNN) log(dp;|B,.|/2)log(pN)
Pl .. — Bl >C ; 4Oy [0 L O : A

l” o = el \/ AT N B O Np; B

< d BT 44 _=BIERL) 4 og — P00

= T, 2Bl | 2olBa] | eXp( 32dez._ ) TP 20 ) TP\ TR
p*p]|BO P*pz"/}“g | p pz|B |

+4exp< 20K > Zde p< 32422 Z4ep 20 ,
1EWL IEW

where C1, (5, C5 are constants that are listed at the beginning of and we use the facts that log(z)/x is
monotonically decreasing when z >3 and that [Bg|/|Bm|=1—1/2m" >3/4 when m > 1. Given our choice
of ¢ in Proposition [3] the two probability terms regarding forced batch can be upper bounded by

p-p;¥|Bol p-p;|Bol 6
2d L-Pi201 ) 4 gexp ( - <2
eXp( 32K da2 >+ P < 20K )~ TN

max

Combined with the fact that |Bs| > |B,.|, we can further simplify the formula into

= : sdlog(dp;|Bx|/2) sdlog(pNN) log(dp;|B,.|/2)log(pN)
P8, —Bill>C - +Co| — = +Csd J
l”ﬁ’“ Bell ¢ pj|Bm| N\ B O Np B

6 A]

PP B _ ppil Bl
< 3" 2dex 8 :
= Do Bl |B | TN+ ( 32dz2 EXW: P 20
1EWy

iEW), max

Then we get our final tail inequality.

In addition, to satisfy n <1/2—1/Cy — ¢, we require

2

1 1 Co—2 [s\ pN
1 <(z2-—=—_
Og(dB’”|)—<2 Co 4G, d)

Since |B,,| < T, this combined with gives N =Q(log(d)log(T)). O
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C.4. Regret Bound for RMBandit
Finally, we prove Theorem |2} which provides an upper bound on the cumulative regret across all bandit

instances. We start by providing a worst-case regret bound for Case ().

LEMMA 18. The cumulative expected regret from the first two batches By U By or when T < KN is at most
202 max(2qlog(T) + KN).

Proof of Lemma By our design, we have 2qlog(T) time steps in total from By and B;. The worst-case

regret per step is 2bxyax. The result then follows. [

Next, we discuss the worst-case regret bound for Case ([LIJ).

LEMMA 19. When T > KN and A does not hold, the cumulative expected regret from all the batches

{B,.}m>1 up to time T is at most

2062 max KN

Proof of Lemma By Lemma the probability of a failure of A is at most (10K N)/T. The worst-case
O

cumulative regret is at most 2bx .1 throughout {B,,},,~1. The result then follows.
Before we proceed to the regret analysis of Case (I1I]), we first provide the following helpful lemma, which

shows a sufficient amount of data is employed to train the all-sample estimators.

LEMMA 20. For any t € B,, with m > 1, we have

t t
|Bm71‘217 |Bm;1‘2§

Proof of Lemma[20] By our design, |B,,| =2™"*|By| for any m > 1, which implies for any m > 1

m—1
Bual o Bl _ 1 Bl EEGBI 1
t YoolBil 4 t YoolBil 2

The second lemma in the following shows that the forced-sample estimators filter out suboptimal arms in

Algorithm [2| Therefore, we can apply our high probability bound of all-sample estimators in Proposition

to the regret analysis of Case (I1I).
LEMMA 21. If A holds, then the set of arms K that survive after using the forced-sample estimators

contains the optimal arm k= argmax; X[ B! given Z,=j and no suboptimal arms in K, .

Proof of Lemma Similar to the proof of Lemma given A, we have for any arm 14

—~. —~. h . .
Xt—r(ﬂijc,ofﬁf,o)Z*§+X:(5ijgfﬂf) 2*5-

Thus, we have

N SO
X, Blo> an[a%XtTﬁZ,o -3

In other words, the optimal arm will be kept based on the forced-sample estimators in Algorithm
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Now consider any suboptimal arm k' € K7, . By definition, we have X, (8! — ,) > h for any arm i.

sub*
Therefore,
~ h ; h
X[ (Blo—Bla)z—5+ X (B -8L) 2 5
which implies
~. ~ h
XtTBi’,O < inelﬁ%XtTﬁg,o T

In other words, any suboptimal arm k' will be filtered out through the forced-sample estimators and hence
not in . O

Next, we provide a per-period regret bound when a user is observed at time ¢ and instance j in Case (III)).

LEMMA 22. When A holds, T > KN, N =Q (log(d)log(T)) and Z, = j, the expected regret at time t € BB,,
with m > 1 is upper bounded by

. 2 .
S <oua? LK (012 sdlog(dp;t) Lac? sdlog(pN) n 202(1 log(pN) log(dp]t)>

pit 2 p;t 3 Np;t
24 16 6 P (mingen pi)t P (min;eny pi)t
Abz o K = 124N - 8N _ PN P ) )
b <H£F}3§ pit pt TN PR ew ( 128de2__ ) TONOP 80

Proof of Lemma[23 Without loss of generality, assume arm 1 is optimal for X, i.e., arg max; ¢ k) X8l =
1. Note that here the optimal arm is a function of X, and hence a random variable, though for simplicity we
fix arm 1 as the optimal arm in the following. Consider the conditional expected regret at time ¢ € B,,

TZ(Xt) =E [Z Xz—r(ﬂ{ _ﬁi)]l (ﬂ—znll(Xt) = k)

ke

Xtvzt :]aA] 9

where the set of arms K is defined in Algorithm Since 7rfn—_1(Xt) =k implies X:Ez 1 X;B{ 1y We

have

r(X,) <E

SXT(B -8 (X B, 2 X B, ) ‘Xt,zt =j,A1 : (39)
kel

To bound the above expectation, define the events
£i = {meax(S < XzT (B{ - ﬁi)} .
Then, we can decompose the upper bound of the regret in into two parts given £

(X)) < Y (X, (40)

r=1,2
where
7"t1 (X)) = lz X (81— Bi)1 ({XTﬁkm L > X:B{’m-_l}ﬂ[,i) X, Zy =j,A] , (41)
kek
Tt2 Xt [ZXT /BJ /Blc) ({XTﬁkm 1= XTB mil}m(‘cgc)c) |XtaZt :JaA] . (42)
keK

The event {{XTB,c — 7XTﬁ1 - 1}05{;} regarding 77, (X,) implies

X[ By =B = X[ (B, -y = B = X[ (8] = Bl) > 2mand.
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Thus, at least one of | X, (3 — B9)] with ¢ € {1,k} must be greater than x,,,d, which means

Lm 1
[]1 ({XTﬂ,m X l}ﬂﬁi) |Xt,Zt:j,A}

E
< Z |:|)(T Lm 1 ﬁ3)|2xmax5 XtaZt:j7A:|
Le
<

Le

{1,k

}
> PIE, ﬂi’lllzéw.
}

{1,k
Since Lemma [2T]implies both arm 1 and & are not suboptimal, we further upper bound the above probability

using our all-sample tail inequality in Proposition |4} Together with Lemma we can write

24 16 6
J >§} <
PIB s = Bl 2 0] Smax S 4% s

Patp(ming vy ps )t P (min, ey pi)t
2dN — SN S —— AP A
* eXp( 128dz2 ol exp 80 ’

max

for v € {1,k}, where

2sdlog(dp, 4sdlog(pN 4log(dp;t) log(pN
5=, | 22doslpit) | [4sdlog(pN) , ., , [4log(dp;t)log(pN)

Then, we can obtain from

E [ (X0) | Ze =5, A] < 200axK > P18, = Bl 2 0]

ve{l,k}
24 16 6 Dt (min; ey pi)t P (mineny pi)t
< Ab KK 4 9dN _ 8N _PATEINI PO ) )
=0 (1255? bt gt TN AN e ( 128daz__ ) TONeP 80
(43)
On the other hand, by Assumption |3, we have for the term r},(X,) that
E[r]o(X) | Z = j, A] < 220maxd KP [(£])°] < 42, LK. (44)
Combining (43]) and ( with .7 we obtain
Tf:]E[Tf(XtHZz:% Z (Xy) |Zz*];-/4}
r=1,2
dlog(dp;t dl N d?1 N)log(dp;t
<ou? I (cfs 08(dp;t) | o2 5d108(pN) | o 7108 (pN) log(dp, ))
24 16 6 P (mingen ps)t P (mine vy pi)t
40T o K —— +2dN — 8N ],
b (Igf}v’? bt pot T TN AN ( 128da2__ ) POV 80

where we use the inequality that 3(a® + b+ ¢*) > (a+b+c)?. O

Now, we provide a cumulative regret bound over time of all bandit instances for Case ([I1I)).

LEMMA 23. When A holds, T > KN, N =Q(log(d)log(T)), the cumulative expected regret from all the
batches {B, }ms1 up to time T is upper bounded by

Z {24xmaxLK (Cfsdlog(dpjT) +2C3sdlog(pN) + 2C3 log(p,T)

J€[N]

d*log(pN)log(dp,T) >
N

24p, 6p; 25622 d> 640 )]
+4bxmaxI( 16 + max J lo T 4+ - + (max — T max -’ g .
(( s 222 g3, ) + 22+ (e 20) 2 me, O8
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Proof of Lemma The cumulative expected regret from all instances over {B,,},>1 is

E| > r(X)|Al= > EE[FFX)]Z.A A= D Y prl (45)
]

zeUrn>le' tEUm,>1 Bm t=2q10g(T)+1jE[N

Note that we have

T
/ Ldtg log(pjT).
2qlog(T) Pit Dj

Moreover, given ¢ in Proposition [3} we have

/T dN exp (_p*ib(miniz[m pi)t> dt §4128d%Nx?nax exc (_p*zﬂ(minie[mfi)qlog(T))
9 128dx P (min; ey p;) 64dx

128d% N 2

max

<
= ptp(min ey p; ) T3K los(dN) /2
12822 d?

max

~ pop(mingeny pi) N’

qlog(T)

where the last inequality holds since T3%108(@N)/2 > N2 when T'> N and K,d, N > 1. Besides, we have

/ T New (P(mwp)t) s o <p* (min e m)qlog(T))
t=2q1og(T) 80 ~ p.(minge vy p;) 80
SON
= p.(min;e ) p;) T3 los(N) /4
_ 80

~ p(mingeny p;)’
where the last inequality holds since T3X1°8(M)/4 > N when T' > N and K, N > 1. Combined all the above
with Lemma the cumulative expected regret conditioned on A in is at most

Z {24:cfnaxLK (C’fsdlog(dpjT) +2C3sdlog(pN) + 2C3 log(p,T)

JEN]

d*log(pN)log(dp,T) >
N

+ 24p; 6p; p;., 25622 d? 640
4bz o K | (16 + max —2) log(p,T) + —2 + (max =L )(=——max"_ 0
<( i€V P )108(2,T) N (iG[N] pi- PN e )

Proof of Theorem[d Summing up the expected regrets of the three cases obtained in Lemma and

we can upper bound the total cumulative expected regret up to time T' by

Ry < 202 max (2q10g(T) + KN) + 2002 0 KN

+ Z {24xfnaxLK (Cfsdlog(dpjT) +2C3sdlog(pN) +2C2 log(p,T)

JE[N]

d*log(pN)log(dp,T) )
N

24p; 6p; P 25622 d? 640
+4bxmaxK 16+maX J lo T —|—7J+ max—J “vV max™ A '
(( €N P Nlospi 1)+ (ie[N] P’ PN p*)

In our standard case, p;, = ©(1/N) for any i € [N] and thereby ¢ = O(Kd(sN + d)log(d)log(N)). Thus, we

have

Ry =0 <Kd(sN +d)log(N)log® <‘§\7;)> .0
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C.5. Single Bandit Instance
Here we prove Corollary |3] which provides the regret for a single bandit instance j € [N] (while running
RMBandit across all bandit instances).
Proof of Corollary[J The cumulative expected regret of any target instance j in Case [[I]] is
E| Y rlZ=§)|A|=pE| > rilA
t€U,, 1 Bm t€U,p>1 Bm

Corresponding to the proof of Lemma [23] we have

210g(pN) log(dT
LK (cfsdlog(dT)+20§sdlog(pzv)+20§d o(p N) og(d >> log(T)

El > Al <242}

max
t€Ums1 Bm

24p, 6p; p; . 256x2  d> 640
4+ 4bTmax K | (16 + max —2)log(T) + — + (max =) (———22X__ 4+ ) ).
(( i€[N] P; ) og(T) N (ie[N] pz)( PN D. )

Besides, the cumulative expected regret of instance j from Case [[] and [[I)is simply
D; (20Zmax(2qlog(T) + KN) 4 200 max KN) .
Combining all the above with p; = ©(1/N), we have
R}, =0 (Kd(s+d/N)log(N)log®(dT)). O
C.6. Network Structure

Besides, we prove Corollary [4] which provides a regret bound for the case where the bandit instances have
network structure.

Proof of Corollary Our network structure is an exogenous assumption upon the sparsity s. Therefore,
all the previous analyses for Theorem |2l and Corollary (3| still go through for an arbitrary number of selected
instances, i.e., N. Plugging s = N in the regret bound derived in Corollary 3| and optimizing in terms of
N, we get the optimal value of N to be © (d#l) Note that the constraint on the time horizon T' becomes

1

datl

T=Q(d)=0 <e 1o&(d) ) given the above s and N. The result then follows. [

Appendix D: RMBandit Algorithm in Data-Poor Regime

In this section, we give hyperparameter choices and a proof for Theorem [3] which bounds the regret across
all bandit instances in the data-poor regime. The proof closely follows that of Theorem [2| First, we give the
hyperparameter choices for Theorem |§| to hold. We take (o =C10=1, 10 =mn1,0=0,

Mo, = ' p.Yh A= 640]2:1:[21%)(7
562 max s D«
and
(128v/3)%0222,, Kd?logd (2048v/3)%x} . 02K s*logd
":max{ B2p. i, ’ W2p;p20” ’
9622, Kdlogd 4K 20K 12Klogd

) ptpe  C?pup; pap;’ CPpup; }

wnere

1 ¢/2
C_maX{Q’ 512522 } '

max

Note that since we are only using a single neighbor of j, we trivially set ( = N =1 and 1 =0, amounting to

the transfer learning method.



62

D.1. Robust Multitask Estimator with Random Design

We begin by proving a variant of the robust multitask estimator for the random design setting, specialized
to our setting where N = 2. Before we do so, we first prove that the compatibility condition holds with high
probability for our design.

DEFINITION 3 (COMPATIBILITY CONDITION). For a constant ¢’ > 0, define the set of matrices
C(S, ") ={M e R | V]vse|ls < T|[vslr, ¢'[los]I¥ < [S]o" Mv}.

LEMMA 24. The true covariance matriz ¥, =E,; [XX|X € Ul],k € [K] of the target instance j satisfies
X
the compatibility condition—i.e., there exists a positive constant 1" such that 37, € C(S;,%") for any k € [K].

Proof of Lemma[2] Given Assumption Amin(27) > 1. Then, for any v € R%, we have ||vs||; < v/5vs||2-

Therefore,
svT Mv > sy||v]|3 > ps|vslls > plos|. O
Now, we state and prove our main proposition for this section.

PROPOSITION 9. The robust multitask estimator of instance j from Algorithm (1] satisfies the following

concentration inequality

~ . 8\, s o2 X2
P13 - B, > 229° 4 4dy | ZE x| <2dexp [ -2
187 =Bl > & + be] < eXp< 5 )

+2dexp <32(§Z;> +P [Amm(if) < qb} +P [ia‘ ¢C(S]-,¢’)} ;

J ¥max

for any A\; >0 and 0 < x.

Proof of Proposition[9 The proof mainly follows that of Theorem [I] and Proposition
Differently, now we use E" as an estimate of the shared parameter 8. On the event {)\min(i") > ¢}, note
that 3¢ = (X TXH)IXTY? is a subgaussian random vector with mean ‘. In particular, the i** component

Y =, o2 .
of 3, i.e., ﬁfi)’ is \/?ﬁb—subgausswn. Therefore,

3 o? 2
F [W@) — Bl z \/;;x] < 2exp (—2) ,

for any 0 < x. Using a union bound on all i € §¢, we have
o2 %
>dy| x| <2d =
a2 caaon ()
since B* = B%. The following still holds

Y7 =XI(B1+67) + & =X ((Blse + i) + (Bls) — By +8)) +€,

P [II(B* — B s0)

where B(T s~ BE‘S) + 67 is now at most 2s-sparse. Here we follow a proof strategy of transfer learning using
LASSO as in [Bastani| (2021)), Xu et al.| (2021). Similar to the proof of Theorem [} we can derive from the
basic inequality of LASSO that
L xi(Bi gy o N B i 3N 15 _ i g* _ gt
—IXI(B" = B2 + 58 = B)sp lls < 718" = B7)spll + 2451 (B7 = BY) so) - (46)
J

Now we consider two cases respectively:
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@)- (87 = B) sl < I1(B* = B)se I

(ii). 1187 = B7) syl > 11(B* = BT (se) -
In the first case, we can obtain from inequality that

157 — B2l <8[I(B" — BY)(se)ll-

In the second case, it holds that ||(3’ —ﬂj)(g;) I < 7)(3 —B7)(s,)ll1- Therefore, on the event (S e C(S;, )},

we have
~ . 32)\;s
187 =Bl < —+.
¢
Combining all the above, we get
~ . 32)\;s ~
187 = Bl < —=+8[(B" = B")(so) Il

¢/
with a high probability. With a union bound, we obtain the following concentration inequality:

~ . 32);s i X A
P i B, > J di | =2 <2d — 2d Q0 2.9 |-
[n/s B> =7 +8 WX]— exp( z>+ eXp( 3201953,,“)

Following a similar argument in the proof of Proposition [2| we get

1/ z¢> ]§2dexp <—X2>

2

+zdexp( 32”) P (€9 < 6] + B[S €0(5,9)]. O

j max

P [Ilﬁ’ Bl =

D.2. Forced-Sample Estimator

LEMMA 25. When |B} | > 289 we have given |B |

P [if;wg,k) ec(s, %)] > 1 exp (~C|BiL) .
whereszax{é,%}.

max

Proof of Lemma[25 See Lemma EC.6 in Bastani and Bayati (2020). O

PROPOSITION 10. When (o, Ao, j,M0,q take the values in Theorem@ the forced-sample estimator of instance

7 and arm k satisfies

~ h 10
P |18 6> | < 7

Proof of Proposition The proof mainly follows that of Proposition[3] Similarly, applying Proposition 0]

we have
~ - 32)\;s 2Ko?
P||IBLo — Bl > 222 1 gd, [Tty
|| w0 k”l p*'l/J p*¢pé|60|
2 A2 |B| B
X pg 0 pﬂ/}Pe| ol
<2d - 2d _— d —_—

+exp(— Cp*p”BO +Z2e (p*é’é[fo) S 2exp ( p’|50|>. (47)

=3, i=j,l
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Now we configure the parameters A; and x such that our forced-sample estimator of arm k£ and instance j

h__ Take

has estimation error smaller than

N P¥ho ok ppe| Bo
7 256X maxS 642 maxd 2Ko?

For the first term on the right hand side of to be less than 2/7, it suffices to have
X* = 6log(d) log(T),

that is,

o (128VB)07es K loa(d)
- hQP*wpz

Finally, we require

g > max

(2048v/3)%ah, 02 Ks*log(d) 9622, Kdlog(d) 4K 20K 10
h?p;p2i? ’ PLpe "C?p.p; pep; D

so that the sum of the last four probability terms in inequality is no greater than 8/T. Moreover, to

12K log(d)

: 3log(d) : ;
satisfy |B) x> =~ in Lemma |25, we also require g > CZpons

As a result, letting

‘= max{ (128v3)%0 202, K log(d) (2048V/3)%a}, 02 K5 og(d)
h2p.p, ’ h2p,p21)? )
96 xfnadelog(d) 4K 20K 12Klog(d)
PP "C?p.p; pep; C?pap; } ’
we have
P |:||Bi0 Bk“l = max] < ¥,

for any ke [K]. O

PROPOSITION 11. When q take the values in Theorem[3, the forced-sample estimator of instance j and

arm k satisfies

~ h 10
P (1B - sl 2 | < 7

max

Proof of Proposition For the data-rich instance £, we have

~ 2Ko? X2
P |13 = B, > 2dy | ——=%L | <2dex (—)
[” I petbpe|Bol* P\

PYpe| By ppe| Bo| pe|Bo|
LOPAB0L ) 4 gexp [ —ZLAZ0Y | g oxp (242001
dexp ( Kz, ) PP\ T or ) TP\ T 0

max

Setting the value x and g as in Propositon [10] we have

~ . h 7
P |IBLo -l 2 | < 7.

for any k € [K]. The result then follows. O



65

D.3. All-Sample Estimator

LEMMA 26. The event A holds with at least a probability of 1 — 23%.

Proof of Lemma[26 The result follows by applying a union bound over all arms and bandit instances
using Proposition [I0] O

Assume that the optimal arm of instance ¢ is the same as that of instance j so that p=1.

PROPOSITION 12. When A holds, and (1,0,A1,50,7,0 take the values in Theorem@ the all-sample esti-

mator of instance j and optimal arm k € K’ pe using data from the batch B, with m > 1 satisfies

2
;B De|Brn \

8 DD Byl 2 ppJIB | _ papilBi|
< B PelPm| = Bl Pml 6 ex
= p;|Bul +deXp( 32dx? +eXp +2 e 20 ’

max i= ] 1

i s2log(dp;|B,, d2log(dp,|B,,
[||Bkm 1 6£||1ZC1 M C g pa‘ | ‘ 1

where
- 256f 20, xmax C,— 16\/%7@’
piy P2

and

log(|B: : ,
A1 jm = A150 M, 771,m771,o\/10g( min  |B; [),

B3, | i€[N1,|Bi, >0

as in Algorithm[3

Proof of Proposition[I4 The proof follows that of Proposition [4} Applying Proposition [0} we get

32>\
P |18~ Bl > 2220° a2 %'B[ |{|Bf||8@|}A]

A2p.| B, | W|B,,
<2dexp( 2>+2dX ( 6422>+dexp( f61§|2 )

J max max

+exp< Cp.| m') Z4ep< Bl'). (48)

i=j,l

Similarly, take

640222, log(d|B;
\ = \/ 0302 108(d|By.]) ARG

| B},| ’
Then, define the events

Mi, = {1Bi,| = 2Bl }

for i =j,1{. With a union bound, we obtain

-~ . 2 . 9 d ]
P[Pt 0, [ZRSIIED o, [Plestipleel |

pj\Bm| Pe| By |
8 DDy Byl _C?p. pJIB | _ ppil Bl
< dex sl — B ymml 6ex e
;| B |+ < 32dx2,,.. e Lz;l 20
where
Ci— 256\/530]%“’ Cy— 16\/5@.

piy Pt
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D.4. Single Bandit Instance

Proof of Theorem[3 The cumulative expected regret of any target instance j is

T/pj

Ry =E Zr{]l(Zt =J)
t=1

Using a similar argument in the proof of Corollary [3] we have

T/p;

. ) T
R =p,E Z ri| < 4bzmaxp]-qlog(p—) + 2062 1maxp; K

t=1 J

d2p,
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Since difj =0O(1) and p;q=O(Ks?log(d)), it implies

Ry =0 (Ks’log*(dT)). O
Appendix E: Auxiliary Results
This appendix collects useful results from the literature.

LEMMA 27. Let X = [Xl Xn] be a vector of n independent o-subgaussian random variables with mean

w. Then, for any a € R™ and t >0, it holds that

t2
Plla™(X —p)|>t] <2 - .
[a” (X —m)l=1] < eXp( 2a2||aa)

Proof of Lemma[27 See Corollary 1.7 of Rigollet and Hiitter] (2015).

LEMMA 28. Let {(Dy,F)}2, be a martingale difference sequence and suppose that Elexp(ADy,) | Fr_1] <
exp(02A?/2) for any t € R. Then, it holds for any t >0 that

t2
P Z Dy|>t| <2exp (27102)'

k€[n]

Proof of Lemma[28 The result is a special case of Theorem 2.19 of [Wainwright| (2019).

LEMMA 29. Consider a sequence of independent random symmetric matrices X, € R k € [n] with

Amin(Xk) >0 and Apax(Xy) < L for any k. Let p= )\min(E[Zke[n] X4i]). We have for 0 <t <1 that

1—1t)?
P )‘mi“(kg]‘xk)ztﬂ >1—dexp (_(2L>M)

Proof of Lemma[29 See page 61 in [Tropp]| (2015)).

LEMMA 30. Suppose Xi,---,X, are n independent Bernoulli random wvariables with mean py,--- ,p,

respectively. Let y= Zie[n] p;. Then, we have

p f
P ‘ZXi_,U|Z§ §2eXp(—T0)-
i€[n]

Proof of Lemma The result follows by taking e =1/2 in Corollary A.1.14 of|Alon and Spencer| (2004)).
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Appendix F: Experimental Details & Results
F.1. Synthetic Experiment Details

In the standard setting, we take the number of instances N = 10, the number of arms K = 10, the context
dimension d =20, and the sparsity s =2. Our total time horizon across instances T'= 40,000 and the arrival
probability p; = 1/N for all j € [N]; thus, each instance will receive an expected 4,000 observations. We
generate the shared parameters {3{}xc(x) by drawing independently from a gaussian distribution A(0,T),
and normalizing them || ﬂl”l = 1. We set the first instance’s parameters to be equal to the shared param-
eters; for the remaining instances, we draw the nonzero entries of the bias terms &7 independently from a
uniform distribution on [—0.5,0.5]. Note that ||3]|; <2 for all j € [N]. Next, we draw the context vectors
X, independently from a gaussian distribution A (0,I), and truncate them so that || X;|l. =1. We draw the
noise ¢, given Z, = j independently from a gaussian distribution A (0,0]2-) with o; =0.05.

We use the same setup in the data-poor setting, but modify N =2 and take the arrival probability
p1 = p2/100; accordingly, in order to simulate a similar time horizon for the data-poor instance, we increase
the time horizon across instances to T' = 400, 000.

To ensure fair comparison, we tune the hyperparameters of all algorithms on a pre-specified grid. Matching
the suggestion by [Bastani and Bayati| (2020)), we take h =15, ¢ =1 and Ao ; = A1 ;0 = 0.02 for Lasso and
OLS Bandit. We take o =1 for GOBLin. We take 19 = 11,0 = 0.2, h =15 and ¢ = 50 for RMBandit in the
standard setting; in the data-poor setting, we increase ¢ =300 as suggested by the theory.

F.2. Diabetes Experiment Details

Our original dataset consists of 9948 patients observed from 379 healthcare providers. However, many of
these providers observe very few patients, so we restrict our experiment to the N = 13 largest hospitals, of
which each has at least 150 unique patients (mean 317; median 301) observed during the sample period.
We take K =2 since our arms are either to intervene or not intervene on the patient. We consider a simple
binary reward that directly evaluates the accuracy of our classification of patients, i.e., the reward is 1 if the
prediction is correct, and 0 otherwise.

We perform standard variable selection as a pre-processing step in order to avoid overfitting when com-
puting our linear oracles. In particular, we run a LASSO variable selection procedure by regressing diabetes
outcomes against the 184 total features (note that we exclude the healthcare providers that we use in our
experiment in this step to avoid overfitting), and we tune the hyperparameters using 10-fold cross-validation.
This leaves us with roughly 80 commonly predictive features (depending on the randomness in the cross-
validation procedure). Note that this is still a relatively large number of features compared to the number of
observations, supporting our argument that arm parameters are likely dense. We fit a linear oracle to data
from the target provider in hindsight; to avoid overfitting, we use a leave-one-out approach, i.e., for each
patient, we train the best linear model on all data from the target provider excluding the current patient.
Our oracle is constructed to provide the best achievable mean squared error within a linear model family.

We run the bandit algorithms on this data in the same manner as in the synthetic setup in the previous
subsection. Once again, to ensure fair comparison, we tune the hyperparameters of all algorithms, and we

report the optimized results in Figure
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F.3. Pricing Experiment Details

Data: The original dataset covers 145 weeks of orders from 77 fulfillment centers across 51 cities. There
are 14 different categories (e.g., beverages, snacks) and 4 different cuisines (e.g., Indian, Italian) for meals
delivered by the company. To ensure similarity, we restrict our experiment to fulfillment centers in the largest
city, and further exclude two centers that do not supply most food varieties. Thus, we have N =7 centers,
each processing an average (median) of 6,747 (6,894) orders during the sample period. One order arrives
at each time step, and the chosen price is the checkout price, which includes discounts, taxes and delivery
charges. The order price in our data ranges from $55 to $729; thus, we set ppin = 0 and ppax = 1,000.
Following standard practice, we also normalize the price so it has a similar scale as the other features. Our
outcome (demand) is given by the quantity in each order. The contexts are order-specific features including
dummy variables capturing the category and cuisine, indicators of email or homepage promotions, and an
intercept. Overall, our X; has dimension 19, and therefore the dimensionality of the unknown parameters of
the pricing model d = 38.

Algorithm: We now embed our robust multitask estimator within the ILSX/ILQX algorithmic approach
proposed in [Ban and Keskin| (2021) to design the RMX algorithm; similarly, we embed the Laplacian esti-
mator used by GOBLin (Cesa-Bianchi et al.2013]) to design the GOBX algorithm.

Let 87 = {gﬂ denote the unknown parameters for instance j. For our forced samples, we fix two experi-

mental prices p; =200 and py = 600, which we charge in two sets of periods

k3

M =St 1(Z, =j)=E*+i-1,E=1,2,---

reft]
for each experimental price i € [2] and each instance j € [N]. Note that M/ is a random set in the multitask
setting, since it depends on the realization of arrivals Z,. Let M7 = M] U Mj represent the forced price
experimentation period, and let M} = {r|r € M7, r <t} be the set of time periods when prices are forced at

instance j before time ¢. We update our estimators at time periods
M={t|t=N(E*+1),E=1,2,---},

so that each instance obtains the same number of training observations in expectation as in the single-

M’ | where

instance setting. Then, the samples used for estimating the optimal price at time ¢ are Uje[N] E

e =max {r|reM,r <t}.
Note that we now only maintain a single set of estimated parameters for each algorithm. We denote our

robust multitask estimator (Algorithm [1)) at instance j at time ¢ as
ﬁj(uje[N]Mitv/\j,t,wt)-

The first argument indicates the training data, i.e., all observations with price experimentation before time
v: (recall that the robust multitask estimators are only updated at ¢ € M); the remaining arguments are
hyperparameters. We denote the estimated optimal price of user X, at instance j at time t as

X, B

ﬁXaBj S
R
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Algorithm 3 Robust Multitask Regression with Price Experimentation (RMX)

Inputs: Initial hyperparameters (o,70,{A; 0} e[
Define {M?}ic(2), M, and wo = (o + 1o
for t € [T] do
Observe an arrival at instance j = Z, and corresponding context vector X, for this arrival
if t € M/ then
Charge price p;, = p;
else N
Charge price p, =5 (X, ')
end if
if te M then
Update ¢ = o, 1 =0, log(dming iy s 0 [M3,]), and w, =G+

Update A, = A;0|M?, |3 log(d| M3, |)

Estimate parameter 3’ (Ujern M2, Ajeswe)
end if
Observe demand Y, = X, 3} +p, - (X B]) + ¢,
end for

which is truncated at punin and pyax. We formalize our algorithm in Algorithm
The GOBX algorithm follows exactly as in Algorithm 3] but uses the Laplacian-regularized estimator from
(Cesa-Bianchi et al.|2013)) instead of our robust multitask estimator. Once again, to ensure fair comparison,

we tune the hyperparameters of all algorithms, and we report the optimized results in Figure [4
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