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Abstract

This paper considers the asymptotic theory of a semiparametric M-estimator
that is generally applicable to models that satisfy a monotonicity condition
in one or several parametric indexes. We call this estimator the two-stage
mazimum score (TSMS) estimator, since our estimator involves a first-stage
nonparametric regression when applied to the binary choice model of Manski
(1975, 1985). We characterize the asymptotic distribution of the TSMS es-
timator, which features phase transitions depending on the dimension of the
first-stage estimation. We show that the TSMS estimator is asymptotically
equivalent to the smoothed maximum-score estimator (Horowitz, 1992) when
the dimension of the first-step estimation is relatively low, while still achieving
partial rate acceleration relative to the cubic-root rate when the dimension is
not too high. Effectively, the first-stage nonparametric estimator serves as an
imperfect smoothing function on a non-smooth criterion function, leading to
the pivotality of the first-stage estimation error with respect to the second-stage

convergence rate and asymptotic distribution.
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1 Introduction

In a sequence of papers Manski (1975, 1985) proposed and analyzed the mazimum-

score estimator for semiparametric discrete choice models, e.g.,
yi=1 {Xgeo +€ > 0}
based on a median normalization med (¢;| X;) = 0 and the consequent observation
1 /

Specifically, the maximum-score estimator is defined as any solution to the problem
1 & 1 ,
— o 0 > ]
s . ; (yl 2) 1 {XZQ > O}
Subsequently, Kim and Pollard (1990) demonstrated the cubic-root asymptotics of
the maximum-score estimator with a non-normal limit distribution, and Horowitz
(1992) showed the asymptotic normality of the smoothed maximum score estimator!

with a faster-than-n=/3 but slower-than-n—1/2

convergence rate.
In this paper we consider yet another estimator of the model above, which we call

the two-stage mazimum score (TSMS) estimator, defined as any solution to
1 & s /
— . 0 >
max ~ ;h (X)) 1{X;6 >0},

where h is a consistent first-stage nonparametric estimator of hg. Essentially, the
TSMS estimator encodes the logical relationship (1) in a more literal way: we simply
replace hg in (1) with its estimator h. We focus on analyzing the asymptotic properties

of the TSMS estimator in this paper.

The applicability of the TSMS estimator, however, extends far beyond the binary
choice model considered above. Consider any model such that some nonparametrically
identified function of data hg and a finite-dimensional parameter of interest 6, satisfy

the following multi-index monotonicity condition (at zero): with X = (Xy,..., X;),

X;HO >0 forevery j=1,...,J = ho(X)>0,
X;HO <0Oforevery j=1,...,J = ho(X)<D0. (2)

IThe smoothed maximum score estimator is defined as the solution to
maxy % Dy (yi — %) P (XZ-H/ bn) with a chosen smooth function ® and bandwidth b,,.



Clearly (2) nests (1) as special case with J = 1. However, as we move to multi-index
settings with J > 2, the logical equivalence relationship between the sign of hg (X)
and the sign of the parametric indexes encoded in (1) is broken. Instead, (2) are

stated as logical implications, whose converses may not be generally true for J > 2:

ho(X)>0 XJI-HO > 0 for every j =1,..., J,
ho(X)<0 X;HO > 0 for every j =1,..., J.

On the other hand, instead of using the logical converses above, we can leverage the

logical contrapositions of (2) as proposed in Gao and Li (2020):
ho(X)>0 = NOT (X6 <0 forevery j=1,..,J),
ho(X) <0 = NOT (X6 >0 forevery j=1,...J), (3)

which serve as identifying restrictions on 6y, given that hg is directly identified and
can be nonparametrically estimated from data. The TSMS estimator in the monotone
multi-index setting can then be formulated as any solution to
1 s d : " d :
max —— ; { [h (XZ-)LE 1{X;;0 <0} +[-h (XZ-)L]‘]:I1 1{X;0 > 0}} :
where [-], is the positive part (or “rectifier”) function. It is important to note that

the right hand sides of (3) are not negations of each other, i.e.,

f[n{X;j9<o}7A1— f[n{X;j9>o},

j=1 j=1
thus we have to multiply VL (Xi)]+ and [—E (Xi)L with indicators of very different
sets. Hence, there are no counterparts of the original maximum score or smoothed
maximum score estimators in this setting, while the TSMS estimator will still be
consistent (under conditions for point identification).

For example, Gao and Li (2020) considers a semiparametric panel multinomial
choice model, where infinite-dimensional fixed effects are allowed to enter into con-
sumer utilities in an additively nonseparble way. Despite the complexity of the in-
corporated unobserved heterogeneity, a certain form of intertemporal differences in
conditional choice probabilities satisfy (3). In another paper, Gao, Li, and Xu (2020)
study a dyadic network formation with nontransferable utilities, where the forma-
tion of a link requires bilateral consent from the two involved individuals. With a

technique called logical differencing that cancels out the nonadditive unobserved het-



erogeneity terms in the model, a nonparametrically estimable function can again be
constructed to satisfy (3). In both papers, the TSMS estimators are used to provide
consistent estimates for the parameter of interest. There are likely to be many other
applications where the TSMS estimators can be particularly useful, given that the
logical implication relationships in (3) can arise naturally in economic models that

possess certain monotonicity properties.

Motivated by the reasons discussed above, we seek to analyze the asymptotic proper-
ties of the TSMS estimator in this paper. Since the key differences between the TSMS
estimator and the (smoothed) maximum score estimator in terms of their asymptotic
properties do not really depend on the number of indexes J?, we first focus on deriving
the convergence rate and asymptotic distribution of the TSMS estimator in a simple
binary choice model, where the key drivers of the non-standard asymptotics for the
TSMS estimator can be best explained and compared.

Using a kernel first-step estimator, we find that the asymptotics for the TSMS
estimator feature two phase transitions, the thresholds of which depends on the di-
mensionality and the order of smoothness built in the model.

First, when the dimension of covariates is low relative to the order of smoothness,
the TSMS estimator is asymptotically equivalent to the smoothed maximum score es-
timator, achieving the same convergence rate and a corresponding normal asymptotic
distribution. This is a case where the first-stage nonparametric estimator serves as a
smoothing function on the discrete indicator function in the best possible manner, de-
livering full “speed-up” from the n~'/3 rate of the original maximum score estimator
and attaining the minimax-optimal rate of the smooth maximum score estimator.

Second, when the dimension of covariates is moderate, the TSMS estimator con-

/3 and has an asymptotic

verges at a rate slower than n~2/° but faster than n-
distribution characterized by the maximizer of a Gaussian process plus a linear (bias)
and a quadratic drift terms. This is a scenario where the first-stage nonparametric
estimation plays a partially effective role as a smoothing function: it dampens the
effect of the discreteness of the indicator function, but the estimation error from the
first-stage is too large (due to the dimension of the first-stage estimation) to be neg-

ligible. It turns out that a composite mean-zero error term of partial smoothing on

2The difference in asymptotic properties should not be confused with the differences in identifi-
cation strategies, which are discussed above.



indicator function is asymptotically at the same order of the bias from the first-stage
estimation, hence leading to a Gaussian process as well as a bias term in the limit.
Third, when the dimension of covariates is relatively high, the TSMS estimator

1/3 that decreases with the dimension of covariates,

converges at a rate slower than n~
and its asymptotic distribution (without debiasing) is degenerate at a bias term.
The (mean-zero) disturbance term stays roughly at n~'/3-rate, but it is dominated
by the bias from the first-stage estimation. The result is intuitive, given that the
performance of TSMS must be fundamentally dependent on the performance of the
first-stage nonparametric estimation.

Lastly, we extend the results on convergence rate beyond the binary choice setting

to monotone mult-index models.

As discussed above, our paper contributes to the line of econometric literature on
maximum score or rank-order estimation that exploits monotonicity restrictions, as
studied in Manski (1975, 1985), Kim and Pollard (1990), Han (1987), Horowitz (1992)
and Abrevaya (2000), for example. Relatedly, the analysis of the discreteness effects of
indicator functions and the feature of phase transition in asymptotic theories are also
present in threshold and change-point models: e.g. Banerjee and McKeague (2007),
Lee and Seo (2008), Kosorok (2008), Song, Banerjee, and Kosorok (2016), Lee et al.
(2018), Hidalgo, Lee, and Seo (2019), Lee, Liao, Seo, and Shin (Forthcoming) and
Mukherjee, Banerjee, and Ritov (2020).

The technical part of this paper builds upon and contributes to the large line
of econometric literature on semi/non-parametric estimation. General methods and
techniques used in this paper are based on Andrews (1994), Newey (1994), Newey and McFadden
(1994), Van Der Vaart and Wellner (1996), Chen (2007), Hansen (2008) and Kosorok
(2008). More specifically, the handling of the non-smooth criterion functions is also
studied in Kim and Pollard (1990), Chen, Linton, and Van Keilegom (2003), Seo and Otsu
(2018) and Delsol and Van Keilegom (2020). However, our asymptotic theory cov-
ers an intermediate case of non-smoothness that leads to a convergence rate faster
than cubic-root-style rate obtained in Kim and Pollard (1990), Seo and Otsu (2018)
and the example considered in Delsol and Van Keilegom (2020), but faster than the
root-n rate considered by Chen, Linton, and Van Keilegom (2003). This is due to a
pivotal interplay between the smoothing provided by the first-stage nonparametric

estimation and its estimation error, which appears to be an interesting feature unique



to our TSMS estimator.
Lastly, this paper complements the work in Gao and Li (2020) and Gao, Li, and Xu
(2020) by providing a formal analysis of the asymptotic theory for the TSMS estima-

tor.

2 TSMS Estimator in Binary Choice Model

We start with an analytical illustration of the two-stage maximum score estimator
in a binary choice setting, where the TSMS estimator can be very clearly related
to and compared with existing results in the literature, in particular Manski (1975,
1985), Kim and Pollard (1990), Horowitz (1992) and Seo and Otsu (2018). To better
convey the key ideas, in this section we will impose several simplifying assumptions
that are stronger than necessary. We refer the readers to Section for a more general

treatment.

2.1 Model Setup
Consider the following model a la Manski (1975, 1985):
yi:]l{X£90+€iZO}, (4)

where y; is an observed binary outcome variable, X; is a vector of observed covariates
taking values in R?, 6, € R? is the unknown true parameter, and ¢; is an unobserved
scalar random variable that satisfies the conditional median restriction med (¢;| X;) =
0. Defining

Qo (0) =F Ky - %) 1{x/6> o}} , (5)

we know by Manski (1975, 1985), under appropriate conditions, 6, is the unique
maximizer of Qg on St := {u eRe: |lul| = 1}. based on which the maximum score
(MS thereafter) estimator is constructed as
Ous € arg max — i (yi - 1) 1 {XZ-,H > O}. (6)
gesi—1 n — 2
Kim and Pollard (1990) demonstrated the cubic-root asymptotics of the MS estimator
ns (BMS — 60) LN argmax,csp-1 Z (s) . Alternatively, Horowitz (1992) considered



the smoothed maximum score (SMS thereafter) estimator

; d 1 X;0
Osms = arg max — » (yZ — 5) P < bl ) (7)

9:‘91‘21 n i—1

under the alternative normalization |#;| = 1, where & : R — [0,1] is a smooth
kernel function and b, is a tuning parameter that shrinks towards 0 as n — oo.
By Horowitz (1992) the SMS estimator is asymptotically normal with a convergence
rate of n=%/° when, say, the kernel function ® is taken to be the CDF of the stan-

dard normal distribution. More precisely, writing §5M5 = (él SMS, (%MS), we have

n~% (éSMS — 90) s N (psus, Ssars) for some deterministic g1/ and Sgprg. More-

over, with high-order kernel functions, the rate could be improved to be arbitrarily

close to n=%/2.

In this paper we consider yet another form of estimator, which we call “two-step
maximum score (TSMS) estimator”, based on exactly the same population criterion

function @)y defined above in (5). Observing that )y can be equivalently written as
Qo (0) =E [ho (X:) 1 {X,0 > 0}]

with ho (z) := E [y;| X; = 2] — 5, we define the TSMS estimator as
A~ 13- /
i ~Sh(x)1{xe >0}, 8
€ arg max, =pD (Xi) { 0> } (8)

where h is any first-stage nonparametric estimator of hy.
Assumption 1. Suppose 0y € S together with the following:
(a) (yi, Xi,€)iy is i.i.d. and satisfies model (4).

(b) €; L X;, median(e;) =0 and the (unknown) CDF F of €; is twice continuously

differentiable on R with uniformly bounded first and second derivatives.

(c) X; is uniformly distributed with support X := B?, the unit ball in R,

Under Assumption (1), it is easy to show that 6y is point identified as the uniquer

maximizer of Qg over S¥!.

2.2 Asymptotic Theory

Before presenting the formal results, we first explain how our TSMS estimator differs

from the MS and the SMS estimator, and provide some intuitions about the key

7



features of the asymptotics of the TSMS estimator. For this purpose we write
1 /
MS gy . (., _ =
gV () = (y 2) 1{x/6> 0},

975 (0) = (- 5) 1{x[0 2 0},
gl oM (0) = h(X:) 1{X;0 >0},

which are the (random) functions of § being averaged into the sample criterion for
the MS, TMS and TSMS estimators above in (6), (7) and (8).

Notice first that the indicator function 1 {le 0> 0} in g7'5M5(0) is not smoothed
SMS

out by a CDF-type kernel function as in g7~ (#). Consequently, our TSMS sample
criterion is discontinuous in # while having zero derivative with respect to 6 almost
everywhere, and thus we cannot characterize the TSMS estimator by first-order con-
ditions as in Horowitz (1992). More generally, we cannot directly existing asymptotic
theories based on the (Lipschitz) continuity and differentiability of the criterion func-
tion in parameters.

In the meanwhile, the TSMS sample criterion is also very different from the original
MS sample criterion, as in gM* (), the term (yz — %) is also discrete in addition to
the indicator function 1 {X;H > O}. As explained in Kim and Pollard (1990), for 6

close to 6, the expected squared difference between gM* (9) and gM* (6,):

E|g® (6) — g (6)| =E[L{X/6 >0} —1{X/6 > 0}| =06 —60ll) (9)

is of the same order of magnitude as ||# — 6y||, which becomes the key driver for the

cubic-root asymptotics. However, in our case

2 A
E|g!5MS (6) — M (60)| = E[I* (X))

1{X;0 >0} - 1{x;0 > 0}||

where h? (X;) enters as a weighting on the discrete difference in indicators.

As it turns out, h (X;) will actually help smooth out the indicator function and
making the expected squared difference above to be smaller than |6 — 6|, even
though h (X;) itself does not depend on 6. To see this, keep in mind that when-
ever 1{x'0 > 0} # 1{a2'0y > 0} occurs, 0 must lie between 2’6 and 2'6y. For 0 very
close to 6y (||6 — || =~ 0), the difference between 2’6 and z’'6; must also be small.
Then if 0 lies between 2’6 and x'6,, we can infer that both 2’6 and 2’6, must be closer
to 0. Together,

1{2'0 >0} #1{a'0, >0} = 26y =0. (10)



Now, since hg (z) = F (2/6y) — 3 with F' (0) = £, we have
£0~0 = hy(z)~0. (11)
Combining (11) and (10), we deduce that for € close to 6,
W (@) |1{z'0 >0} —1{a'60 > 0}| ~ 0,

i.e., ho () automatically shrinks any nonzero difference between the two indicators
1 {ZL’IQ > O} and 1 {ZEIQO > O} as 6 gets closer to 0, resulting in

E |5 (Xi)

1{x/6 > 0} — 1 {x/6 > 0}[] = 0 (6 — b))

which contrasts sharply with (9) and “removes” the cubic-root asymptotics from
our problem. Since h approaches h in the limit, & will play the role of hg, albeit

imperfectly, as an effective smoothing function.

We now proceed to a formal development of the TSMS asymptotic theory. For any
6 € © and any (deterministic) function & : R* — R in Lyx), write

gon(x):=h(x)l {xlﬁ > 0} , Vo € R
ngﬁ = /gg’h (LL’) dP (SL’) s
1 n
Pogon == gon (Xi).
N =1

Gngon == vn (Pngosr, — Pgon)

so that

1
P, (gg,ﬁ - ggo,ﬁ) = %Gn (90,10 — 980,10

1
+ %Gn (ge,ﬁ ~ Ygo,h — Y0,k + geo,ho) +P (gejl - geoﬁ) (12)
and we proceed to deal with the three terms on the right hand side of (12) separately.
Lemma 1 below presents a maximal inequality about the first term, and formalizes
our previous discussion that the smoothness of the function gy 5, with respect to 6 in

a small neighborhood of 6y:



Lemma 1. Under Assumption 1, for some constant M; > 0,

P osup |Gy (gono — Gaone)| < Mid2. (13)

[16—60lI<o

The term 62 on the right hand side of (13) is in sharp contrast with, and much smaller
than, the corresponding term o 2 under the usual setting with n~/3-asymptotics, such
as in Kim and Pollard (1990) and Seo and Otsu (2018). In fact, the smoothing by
hg is so strong that 62 is even of a smaller magnitude than ¢, which corresponds
to the standard n~"?-asymptotics. This implies that, if we knew the true ho, then
any point estimator from arg maxgpce Prgsn, would actually converge to 6, at the
n-rate. Such “super-consistent” rate would be reminiscent of the super-consistent
least-square estimator in change-point models Kosorok (2008); Lee and Seo (2008);
Song, Banerjee, and Kosorok (2016, Section 14.5.1). Of course, since hg needs to be
estimated in practice, we need to account for the estimation error as captured by the
remaining two terms in (12). As it turns out, the term § 3 is negligible in comparison

with those terms.

We now turn to the second term in (12), which corresponds to the usual stochastic
equicontinuity term in the semiparametric estimation literature. We impose the fol-
lowing standard smoothness condition on the functional space of hy and the sup-norm
convergence of the first-stage estimator h. Specifically, let C EJH (X) denote a class

of functions on X’ that possess uniformly bounded derivatives up to order |d] + 1.

Assumption 2. (i) hg € H C CJR/C[”H (X) (i) h € H with probability approaching 1
and (iii) [h—ho| =0y (an).

See, for example, Hansen (2008), Belloni et al. (2015) and Chen and Christensen
(2015) for results on the sup-norm convergence of kernel and sieve estimators. Lemma
2 below then allows us to control the second term in (12).

Lemma 2. Under Assumptions 1-2 with H := ij”l (X), for some constant My > 0,

P sup G (901 — Gooh — Goho + Goghe)| < Moan Vo, (14)
9€0,heH:||0—0o]|<8,||h—ho|l . <Kan

We note that the term v/ due to the non-smoothness of the indicator function now
shows up on the right hand side of (14) , but it is weighted down by a,,, the sup-norm
rate at which A converges to hg. This formalizes our intuition above that the first

stage estimator serves as an imperfect smoother on the discrete indicator function.

10



Lastly, we turn to the third term P (ggﬁ — ggoﬁ) in (12), which is a familiar term in the
standard asymptotic theory for semiparametric estimation. Usually(Newey and McFadden,
1994; Chen, Linton, and Van Keilegom, 2003) such a term can be written into an
asymptotically linear form based on the functional derivative of gy in h, contribut-

ing an additional component to the asymptotic variance of the n~'/2

asymptotically
normal semiparametric estimator. However, this will not be the case with our current
TSMS estimator.

The behavior of the third term can be most clearly illustrated if we take h to be
the (adapted) Nadaraya—Watson kernel estimator defined by

e LS o e (5)

pSC n =1 n

where b, is a (sequence of positive) bandwidth parameter shrinking towards zero, ¢4
is taken to be the standard d-dimensional Gaussian PDF, and p, = 7~%2I" (d/2 + 1)
is the reciprocal of the volume of the unit ball B? (with " being the Gamma function),

since the true density of X is assumed to be known and uniform on B?.? In this case,

Pgeh—/h(:v :59>O}pxdx

b D) stz

n =1

1 & 1 1 - X;
:52-1(%_5) W {x9>0}¢d( 2 )dm

n

— o> (1= 3) [ a1 {0 by 02 0} with i
:%Z;(% %)/1{X+bu ) 0> 0} g (u) du

15 (=) [rfuo= -2 ua

:%g(yi_%>p[]< h> bﬂ) where U ~ N (0, I,)
:%iz;(y,._%)%{vz )1;9} with U= U'0 ~ N (0,60 = 1)

3The density, if unknown, can be estimated by the standard kernel density estimator p(z) =
%ﬁ Yo b (””;;X ), so that h (z) = %ﬁ Sy (yi— 3) da (ngi) 57 We note that the additional

density estimation does not change the convergence rate of ;L, so we leave it out for simpler notation.

11



S (-3) -+ (57))

1=

1

n

1& 1 X0
— )P

nz<y 2> <bn>

=1

which is exactly the same as sample criterion for the SMS estimator in (7).

Notably, Py, is now (twice) differentiable in 6, allowing us to exploit the Taylor
expansion of P 9y j, around the true parameter fy. Hence, the essence of the asymptotic
theory for the SMS estimator in Horowitz (1992) applies. Nevertheless, we formally
present the following results, given that we are working with different normalization
and support assumptions than those in Horowitz (1992).4

Formally, define Z; := (y;, X;) and 9,4 (2) := (y — %) ) (xlﬁ/bn), and consider

the following decomposition:

1
P (ge,f} - geo,ﬁ) =P, (Yno — VYno,) = %Gn (Yo — Ungo) + P (Vno — Una,)

the right hand side of which can be controlled via the following lemma, which is very

similar to Horowitz (1992, Lemma 5).

Lemma 3. With h given by (15), for some positive constants Mz, My, M5 and C > 0:

=

(i) PSUP||€—60||§6 G (Yo — Vo) < Msb, " (6 4 by)? 6.

(i) Writing 6 := (|0 — ||,
P (thng — Ungy) = — (6 — 60) V(8 — 6) + b2 Ay (6 — b))
+0(0%) + 0 (b20) + O (b,'0° (1+,%57?))
< —C8% + Myb2s + Msb,'6° (14,2072

where the inequality on the second line holds for sufficiently large n with some

Ay and some positive semi-definite matriz V' of rank d — 1.

Combining the results from Lemma 1, 2 and 3, we obtain the following theorem

regarding the convergence rate of the TSMS estimator.

“Horowitz (1992) normalizes |¢;| = 1 and assumes that the conditional distribution of X; 1 given
any realization of (X, o, ..., X; 4) has everywhere positive density on the real line. In contrast, we
assume that § € S~ and Supp (X;) = B¢, and will work with differential geometry on S9!,

12



Theorem 1 (Rate of Convergence). With h given by the Nadaraya- Watson estimator
(15), for any b, — 0 and nb%/logn — oo,

[0~ 60| = 0, (max {82, ()7 (w0 10gm) 7} ). (16)
For d < 4, with the optimal bandwidth choice b, ~ n_%,
|6~ ]| = 0, (n=27)..
For 4 < d < 6, with the optimal (up to log factors) bandwidth choice b, ~ n_ﬁ,

Hé — HOH =0, (n_di% (logn)%) .

=

For d > 6, with the optimal (up to log factors) bandwidth choice b, ~ (n/ log? n)_ ,
Hé — HOH =0, (n_% (logn)g) .

If the bandwidth is chosen to optimize the first-stage convergence rate a,,, the final

convergence rate for 6 is characterized by the following Corollary:

Corollary 1. Let a} := P Vlogn denote the optimal sup-norm convergence rate

of h to h (with respect to the first-stage estimation only). Then:

(i) With b, optimally chosen as in Theorem 1, || — HOH =0, (a}).

(i) With by, ~ N7 so that a, = ar, then Hé — HOH =0, (n_%ﬂ)

First, we observe that the bias and variances induced by P (997 i — e, ;Z) are of order
b2 and (nb,) "2, which do not depend on the dimension d as in Horowitz (1992).
Setting b, ~ n~'/5 balances these two terms, b2 ~ (nb,) "/* ~ n=2/5. However,
in our current setting, we also need a, to be sufficiently small so as to control the
disturbances induced by the first-stage nonparametric estimation of h, whose sup-

-1
norm convergence rate a, = (nbfl / log n) + b2 depends on the dimension d. This

1
leads to the last term (nQbfL log n) ® in (16), which in comparison is not required for
the SMS estimator. For d < 4, this term is negligible with b,, ~ n‘%, but for d > 4
this term becomes pivotal. It turns out that for d > 4 but d < 6, the optimal choice
1
3

of b, ~ n~ 7 balances b2 with (n%ﬁ log n)_ while guaranteeing that the sup-norm

consistency of the first-stage estimator

(nby) '/? << Hé — HOH ~ b2 << a, ~ (nbi/logn)_l/2 =o0(1).

13



In other words, the choice of b,, ~ n~ 76 is “over-smooth” relative to the SMS optimal
bandwidth, while being “under-smooth” relative to the optimal d-dimensional kernel
regression bandwidth. However, if d > 6, then it is no longer possible to even balance
b2 with (nzbi log n)_%, so we minimize b? subject to the consistency constraint that
ap = (nbz /log n)_1/2 — 0 by setting b, to be slightly larger than n=d. In this case,
the dominant term in Hé — HOH is a deterministic bias, while the disturbances are still
of the order (n%ﬁ/ log n)_% ~ (nlog n)_%.

Of course, in this illustration we used the Gaussian density kernel. If smoothness

condition of order p is imposed along with the adoption of a kernel of order p, then

the generalization of (16) would look like

Hé - HOH =0, (max {bﬁ, (nbn)_% : (nzb‘i logn)%}> ,
corresponding to an optimal rate of
n_%%, for d < p+ 2,
Hé - 90” ~ (logn)% , forp+2<d< 3p,
for d > 3p.

2p
d

n~d (logn)

Lastly, we note in Corollary (1) that the optimal rates are all strictly faster than

the optimal first-stage convergence rate a;,.

We now turn to the asymptotic distribution of é, which has phase transitions at

d=p+2=4and d=3p =06 (in our current setting) given the discussion above.

Theorem 2 (Asymptotic Distribution). There exists a positive semi-definite matriz
V' that is invertible in the (d — 1)-dimensional tangent space of S at 0y, as well

as a constant vector Ay orthogonal to 0y, such that:
(i) If d < 4 and b, ~ n=Y/5, then 0 is asymptotically normal:
nt (I—00y) (6—60) <5 N (VF Ay, V) (17)
for some constant ¢ > 0.
(ii) If 4 < d <6 and b, ~n~ 75, then
nars (log n)_% (I — 6’09(,)) (é - 90) s arg seRIB?’?o:o <G (s)+ Als — %S,VS) :

(18)

14



where G is some d-dimensional zero-mean Gaussian process.

110 >6 and b, ~ (n/log”n _,ten
(iii) If d > 6 and by ~ (n/log>n) *, th

n (logn) @ (I — 0o6y) (B~ 05) = V* A, (19)

As expected, for small d such that the n=%° convergence rate is attainable, the
influence from the first-stage nonparametric regression his asymptotically negligible,
making the TSMS estimator asymptotically equivalent to the SMS estimator. The
asymptotic normality result in (17) parallels the Horowitz (1992) result, but is stated
through projection onto the tangent space of the unit sphere at 6 (which is essentially
R?! and can be locally mapped back to the unit sphere).

For intermediate 4 < d < 6, the disturbances from the first-stage estimation of hg
kick in, leading to asymptotic randomness in the form of a Gaussian process. Such
disturbances, corresponding to the term of order a,+/d, in Lemma 2, are the joint
product of the first-stage estimation error (of order a,) and the discreteness of the
indicator function (or the order y/d,). The magnitude of randomness in the final
Gaussian process G (s) induced by this term is balanced with the asymptotic bias
Als produced by the (optimally chosen level of) kernel smoothing, both of which
survives in the final asymptotic distribution along with usual quadratic identifying
information (—%SIVS).

In the standard asymptotic theory for n~'/2-normal semiparametric estimators
(e.g. Newey and McFadden, 1994, and Chen, Linton, and Van Keilegom, 2003), this
term will generally be negligible under the standard version of stochastic equicontinu-
ity conditions. Moreover, the term P (997 ;= ggm) can usually be linearized based on
its functional derivative with respect to hg and shown (or assumed) to be n~!/2-normal
(Theorem 8.1 in Newey and McFadden, 1994, and Condition 2.6 in Chen et al., 2003)
under the assumption of a,, = o, (n‘l/ 4). In comparison, we note that in our current

1/2_normality is unattainable.

setting such n~

On the other hand, the corresponding term in the local cubic-root asymptotics
considered in Seo and Otsu (2018) is of the order v/a,d, which is larger than our
an,V/6 term. Hence, Seo and Otsu (2018) obtain convergence rates generally slower
than n~'/? due to the additional lack of smoothness with respect to the nonparamet-
ric function h. The example considered in Delsol and Van Keilegom (2020) about

missing data does not feature non-smoothness with respect to h, but the function
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h does not serve a “smoothing role” on the indicator function involving the finite-

~1/3 convergence rate. Cor-

dimensional parameter of interest, thus still achieving an n
respondingly, the asymptotic distributions obtained in their settings take the form of
argmax, G (s) — s Vs, where the Gaussian noise dominates all other errors or biases.

In summary, our setting features a pivotal interplay between the smoothing of hg
and the finite estimation error of hg, leading to a partially accelerated rate between
n~Y2 and n=/3, and an asymptotic distribution that features both the usual Gaussian
noise component and a bias component.

Finally, for d > 6, the bias actually becomes the dominant term, resulting in a
degenerate asymptotic distribution. In principle, if we further symmetrize around the
asymptotic bias, the disturbances of the induced mean-zero process would be of the
order n=3a3 ~ (nlog n)_%, or roughly the cubic-root rate. We leave the asymptotic

theory with various debiasing methods for future research.

3 TSMS in Monotone Multi-Index Models

We now turn to the more general setting of monotone index models, where the TSMS
estimator naturally arises without direct counterparts of the MS or SMS estimators.

Let (y;,X;);_, be a random sample of data with X := Supp (X;) € R/*? and
the dimension of y; unrestricted. Let hy : X — R be an unknown function that
is directly identified from data. Usually hg (z) is defined via a known functional of
the conditional distribution of y; given X; = X, e.g. ho (X) = E[y;| X; = X] — % in
the binary choice model above. Let §, € ® C R? be an unknown finite-dimensional

parameter of interest, which is related to hy via the following assumption.

Assumption 3 (Multivariate Monotonicity). For any X = (X1, ..., X,) € R/*?,
X:0p>0Vj=1,...,0 = ho(X)>0,
X:0=0Vj=1,..,J = ho(X)=0, (20)
Xi0p<0Vj=1,..,0 = ho(X)<O0.

In fact, Assumption 3 only assumes multivariate monotonicity around X6, = 0, so it

can be interpreted as a “single-crossing” condition. Again we normalize 0, € SP~1,

as 3 imposes no restriction on the scale of 6.
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Based on Assumption 3, we may define the following population and sample cri-

terion functions Q, Q,, by
Q 6,h) = E [y (h (X)) A (X ) + 7 (~h (X)) A (~X,60)] (21)
Quio.h) =123 [ (D) A (Xu ) +9 (- (K)) A (X)) @2
for any 6 € © and any fu_nction h:R? - R, where
A (X, 00) = — H 1{X;00 > 0},

while v is a smooth one-sided sign-preserving function s.t.

>0, ift>0,
=0, ift<0.

v (1)

Given a first-stage estimator h of hg, we define the TSMS estimator as
0 :c arg Greré)z}z(l Qn (9, h) )

We can then extend our analysis of the asymptotic theory for the TSMS estimator in

the binary choice setting to the current multi-index setting under.
Assumption 4 (Sufficient Conditions for Point Identification).
(i) 0 is an interior point of X, and X is a convex and compact subset of R'*.

(ii) The probability density function p (X) of X; is uniformly bounded and also uni-

formly bounded away from zero on X.

(iii) The one-sided sign-preserving function v is uniformly bounded and twice differ-

entiable (except possibly at 0) with uniformly bounded derivatives.
The point identification of 6, and the consistency of # can then be established:

Lemma 4. Under Assumptions 3 and 4, 0y = argmaxgee Q (6, ho) .

Lemma 5. Under Assumptions 2, 3 and 4, 6 — HOH L5 0.

We first provide a general bound on the rate of convergence of 6 without further

assumptions on the first-stage estimator h.
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Lemma 6 (General Bound on the Rate of Convergence). Under Assumptions 3-4,

10— 60| = Oy (an).

To obtain sharper bounds on the rate of convergence, we need to analyze the term

P (ge,ﬁ — ggoﬁ) more closely.
Theorem 3. Suppose Assumptions 3-4 hold and furthermore
P (99 = Gap) = tnA (0 = 00) + v, W, (0= 00) — (0 = 60) V(0 — bo) + 0 (und + v6 + 62)

with A and V' being constant vector and matriz, W, = O, (1), and u,,v, = o(1).
Then:

N 1 2
HH—QOH :max{n 3an, Up, vn}.

Again, u,, and v, will be dependent on the specific forms of the first-stage estimator
}AL, and we are currently investigating representative special cases based on kernel

(Nadaraya-Watson) and sieve (linear series) first stages.

4 Conclusion

This paper considers the asymptotic theory of the TSMS estimator that is applica-
ble in semiparametric models that a general form of monotonicity in one or several
parametric indexes. We show that the first-stage nonparametric estimator effectively
serves as an imperfect smoothing function on a non-smooth criterion function, leading
to the pivotality of the first-stage estimation error with respect to the second-stage
convergence rate and asymptotic distribution.

The current analysis is mostly focused on a kernel first-stage regression, but it
would be interesting and informative to replicate the analysis with a sieve first stage,
say, based on the general results obtained in Belloni et al. (2015) and Chen and Christensen
(2015). Moreover, a full-fledged distribution theory and inferential procedure that
fully accommodates the dimension d, the smoothness s, and various kernel/sieve

first-stage estimators still require considerable work to be developed.
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Appendix

A Main Proofs

A.1 Lemma on Entropy Integrals

Define G := {go.n — go,.n - 0 € ©,h € H}, which is uniformly bounded since H is
uniformly bounded. We first establish the finiteness of the following uniform entropy

integral.

Lemma 7. J := sup, Iy \/logJV (6,G, Ly (Q))de < 0.

Proof. The collection of indicators for half spaces 1 {:)3’9 > 0} across 0 € S¥ ! is a
V(C-subgraph class of functions with VC dimension d + 2, so by VW Lemma 2.6.18,

{]l{xIGZO}—]l{:cIGO 20}:«96@}
is also VC-subgraph class, which thus have bounded uniform entropy integrals. More-

over, since H C C5/* ! (X), we know by VW Theorem 2.7.1 that log A (6, H, ||-]| ) <

Co~%/(4+1) and thus also have bounded uniform entropy integrals

/1 sup \/1 + log A (€,Ga, L (Q))de < 0.
0 Q
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By Kosorok (2008) Theorem 9.15, we deduce G also has uniformly bounded entropy
integral. O

Alternatively, we could follow Chen, Linton, and Van Keilegom (2003) and work
with the following bracketing integral.

Lemma 8. Jj := [, \/1 +log A (6,G, Ly (P))de < o0.

Proof. Since H C CL¥* ™1 (X)), we know by VW Theorem 2.7.1 that log A (6, H, I-l) <
Co~ (44D 5o that [y \/1 + log A (€,Gs, Loy (P))de < 0o. Moreover, for any (0, h) , (5, il) €
O x H, we have

‘(ge,h = 9oo,n) — (Qé,ﬁ - geo,ﬁ)‘
< ’ge,h - gé,h’ + ’(gé,h - geo,h) - (gé,ﬁ - geo,ﬁ)’
=|h ()| 1 {|'0] < ll2]| | — 6]} + | () = 2 ()| 2 {[a"6o] < 21 |0 — 6]}
<arn {f<o] < Jal |9 - o]} + [ ]

so that

P ((ga,h — Goo,n) — (gé,fz - 9907’3))2

<p (w2 2n i —al Ju{le] < 0 - o]} + - )
= (a2 + 200 =) P {Jo'en] < el Jo = 0]+ - 2]
<M [ 6] + =],
Hence, following the proof of Theorem 3 (with Conditions 3.2 and 3.3) in Chen, Linton, and Van Keilego

(2003), for any O, that is an e-cover of © and H, that is an e-cover of H, we deduce
that ©, x H, is a vV M'e + €2 < vV M"e bracket for (G, Ly (P)), implying that

log A7 (6,G. Ill,0) < log A" (&, x, |1[|) +log A (&, H, |]l.) < 2d(C —loge)+e T

and hence

J —/ \/1+log</V €,Go, Ly (P de</ \/2d —loge) + ¢ LdJ+1de<C/ e T de < oo,

O
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A.2 Proof of Lemma 1

Proof. Define Gi 5 := {go.ny — Goo.no : |0 — 60|l < 9}, which has an envelope Gy s:

(90,10 = Goo.10| = 1o ()] [1{z'0 > 0} — 1 {a'0y > 0}
0(x)|(]l{x9>0>x90}+]l{x90>O>x9})
ho (@) (1{z'0+2" (0—00) > 0> 20} +1{a'ty > 0> 20 +2" (0 —6)})
< |h0 (@)] (1 {260 + [[]| 10 — 6ol| > 0> '6p} + 1 {6 > 0> x’eo — [lIl 16 — 6ol })

= o @] (10> 80 > =l - o} + 1 { el ool > o ero_ o}

= tha (] (1{0 > /%0 = ~ el 10~} + 1 { kol 10— 0l > 1'% > 0]

g )
= o @] (10> 80 > = o e} + 2 { el oo > o ||9390_ o})
(1 )

< |F (<00) 5] 1{

= ‘0 + f (& () )xlﬁo} 1 {}x,«%‘ < ||x|| [|6 — 90||} for some ¢ (x) between 0 and z 6,

20| < IlI| 10 — 6ol }

< Cla'o| 1 {|2'60| < |l]| 0 — o]} since f is bounded
< C )l 16 = 6ol 1 {|2"60| < [|21] 116 — 6ol }

< C 16 — O] 1 {|a' 0| < ]| |6 — 6o} since ||z <1
< 051 {|2'00| < |lal| 5}

= G1,6

and, as X;/ || X;| is uniformly distributed on S9!,

PG} s =E [C%5%1 {\Xf90\<||XiII5H
)

Now, since Gy 5 C G, we have A (€,G1 5, Lo (P)) < A (€,G, Ly (P)) and by Lemma 7

= C?5°P ( L0
X

< C?63

1
Ji = /0 \/1 +log A (€,G1, Lo (P))de < J < 0.
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Then, by VW Theorem 2.14.1, we have

P sup |G, (9)| < Ji5/PG35 < JLCGVS = M5V3.

9€G1,5

A.3 Proof of Lemma 2

Proof. Define Go 5,0 == {90, — Go0,0 — 90,0 + Yo,ho = |60 = Ooll < 6, [[h = holl, < Kan},
which has an envelope function Gq,, given by

|90, — 980, — 90,0 T+ G60,h0|
=|h(x) = ho (2)] |1 {z'0 > 0} — 1 {a'0 > 0}]
<[h(w) = ho ()| 1{|a' 66| < [l[| 16 — 6]l }
<Ka,1{|z'6] < ||xl| 6}
::G27n75

with

X/
PG3, 5= K*aP | |70
2,n,0 Qp, HXZH 0

Since Gosn CG—G15:={9—G:9€G,§ € G5}, by Lemma 9.14 of Kosorok (2008),

G5, must also have bounded uniform entropy integrals. Hence,

< 5) < Cds.

1
Jo ::/ \/1 + log A (€,Gs, Ly (P))de < 00,
0
and by VW Theorem 2.14.1,
P sup |Gy (9)|| < Josy/PGE, 5 < J2CanV'd = Ma, V5.

gegZ,&,n

A.4 Proof of Lemma 3

We first cite the following result in Absil, Mahony, and Trumpf (2013) about the
extrinsic representation of the Riemannian (surface) gradients and Hessians on S¢~1

via standard gradients and Hessians in the ambient space R? of S%.

Lemma 9 (Riemannian (Surface) Gradient and Hessian). Let ¥ : R — R be a

differentiable function in the standard sense, and let 1 : S=! — R be the restriction
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of U on S¥1:
()= (0), voes,

Let Vg, Vg denote the standard gradient and Hessian in RY. Let V3§, V4, denotes the

Riemannian (surface) gradient and Hessian on S*'. Then, for any 0y € S,

V5 (09) = Vo (6) — (0o, Vo (60)) 0 = Vo' (60) (1s — 0ol

Vst (00) = (Ia— 006y ) Voo (60) (1 — 000y) — VoW (0o) O (Ia — 600

with V5 psi (0) , VoW (0y) written as 1 x d row vectors®, Vg, (0y) , VgV (0y) as d x d

matrices, and I; denoting the d x d identity matriz.

We also state the following elementary results on change of coordinates with respect

to an orthonormal basis in R?, which will be heavily exploited subsequently.

Definition 1 (Change of Coordinates). Let {6y, é, .., €4} be an orthonormal basis in

R?. Define Ty, to be the d x d basis transformation matrix
To, := (6o, €2, .., €q) .
so that Téox = (963:, Ent, .., é;x).
Lemma 10. (i) T, = T,". (ii) |det(Ty,)| = 1, (iti) w'Ty 00 = wy and
(1= 0005) Toyu = (I = 060;) Ty, iy, Yu € R?
where T_q = (O,ul_l)l € R? and u_y := (ug, ...,ud)/ € R4

’

Proof. (i)(ii) are elementary. (iii)(iv) follow from the observation that 7y 6y = (1,0, ..., 0)

and
(]—909(,)) Tgo - (eo,ég,..,éd> — (eo,ég,..,éd> . - (O,ég,..,éd).

O

"Hence VoWV (6p) (6 — 6p) is a scalar as § — 6y is a column vector. To clarify, all vectors are by
default column vectors in this paper unless otherwise noted.
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Proof of Lemma 3(i)

Proof. Consider the following first-order Taylor expansion of f, s around 6y:

Ung (2) = thn g (2) = <y a %) lé <:§)—j> -t (xbf(])]
_ @r_%>vg¢<5£?>(9—90
)

1 E(x)) o /
= <y—§>¢< b )E(I—eoeo) (60 —6o)
for some € (z) that lies between 2’6 and 2'6y. Then the function space

Grs = (Um0 (2) = Yngo (2) = [[Yng (2) =Yg, (2)]] <6}

has an envelope ¥, 5 given b
1 xlﬁ ZL’,QO
|¢n,9 (Z) - wn,eo (Z)| = ‘y — 5' |(I) <E> — < bn )

2" (1= 006, (6 — 6o)|

O (70) | (1 — 006 0 (23)

= \I’n,g

J

2 (1= 000;)

<

where the function ¢, 5 in (23) is defined as

o) = g ()~ (] = o 51 o

a¥90]>>5}

(24)

given that ¢ (t) is decreasing in |¢t|. This ensures the inequality in (23) by ¢ (5(@) <

b7l
O s (I/ 90), because & () lies between 6y and 6, while

z6 € [:)3,90 — ||| 6,z 6 + ||| 5} C [:)3,6’0 — 0,2 6y + 5} :

so that & (z) € [a:/(% — 6,20y + 5}.
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Now, impose the change of coordinates to the basis {0y, €2, .., €4} as in Definition
1 with v := Téox and thus x = Ty u. Then, by Lemma 10,

52— ) ) /
Pg’i,& = 2 /‘bi,g (x 90) z ([ — 9090) rpyd
52 R [ ’_! /
B @ /gbi s \Y TGOHO) u Ty, ([ - 9090) ThyupdTy,u
4b2 /¢"5 ) 0Ty, ([ - 9098) T, u—1padu

462 //%5 uy) duy . Te ([ 0ot )Teou 1Pzdu_y

while

/¢n6 Ul du1 /¢2 ]l{|u1| < 5}du +/¢2 <‘U1‘ )]1{|U1| > 5}du1

—242 (0) /0 duy + 2 /5 @ <“le 5) du,
by ' (1-4)
=26 (0)5+2 [ 67 Q) d (b +9) with ¢ =

<262 (0) 6 + 2b, /0 T8 () dé
<C(0+by)

U1—5
by

and [u_,T, (I — 9096) TpyU—-1p.du_y € (0,00). Hence,

52
Py, < @C(Mb ),

and by VW Theorem 2.14.1, we have

) 1
P sup |Gn (wn,e - ¢n,90)‘ S J\/P\I]ig S Mlb_ (5 + bn>2 .

l6—6ol|<o

Proof of Lemma 3(ii)

Proof. First, consider the following second-order Taylor expansion of 1, 9 — 1y, 4,
,lvbn,@ (Z) - wnﬂo (Z)
1 z'6 x
= (v-3) [ (5] 0= o+ 50— whe (2] 0~ 0

n
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% (y - %) (6 — 60) (1 — 6o8) Voo ® <§b(:)> (Za— 006y (6 = 60)
1
2

- (y - %) Vo (iﬁ?) o ([d - 90‘92)) (60 — 0o)

<$be> Z—n (1 — 665 (6 — 60)

+%<y—%> (0 — 90) ([d—909 )¢ <%f)> " ([d—eoé’)(é—éo)
1
2

~5(v-3)¢ (559’)) 0 (60— 60 (L — 808y) (6 — 60)

= (- 3) Vot (52) (ta- 0l 0 - 0
.

2 b,

for some € (z) between 2’6, and z'0. Then:

P (o (2) = g, (2))

el 3o ({52 o () e

_ l / <F ('00) - %) ¢ (xbfo Z—n (1~ 06, )pxdz] (0 — 6) (25)
+ % 6 — 0y l/ (F (a'00) - %) & (%?) (74— 006) o ([d — 6o, )pxdz] (6 — 6,)

(26)

- % [/ (F (Ileo) - %) ¢ <£[Ef)> Ibfopmdz] (0 — ‘90), ([d - 90‘98) (0 — o) (27)

=:Ap1 (0 —00) + (0 — 6o) Ana (0 —0) + Ans (0 — 6o) (Id - 9092)) (6 — o) (28)

In the following we deal with A, 1, A,, 2, A, 3 separately.
First, for A, 1, we consider the bracketed term in (25) and expand F (t) around
t=20:

Ana ::/(F x’@o (9“"90) I — 6,0, pmdx

T
(F(uT9090 _= <u f 0) (1 — 608} podu

/
_ bn/<F(“1>_§>¢<E) 7, Ty, (I — 006y pacurdu_y
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Second, consider A, » corresponding t

Amg:(I—HO«%)l/( (+'60) - = (
:([—Hoeg)l xﬁo ! (

1
by
Jlso

(Pt - 1) 6 ()T ATy, (I = B08)) ped (buGy) du_ywith ¢ =

U1

b,
0)b,(1 + f b Cl) (bnglﬂ gb((l)u Teo (I 000 )pxdg“ldu , for some ¢; between 0 and

by, - //-b*l (¢ (G) A, Ty, (I— Hoel)pxdu—l
w8 [ 5 (0aG) G0 (G- [T, (1= 008)) padu
=02 [ [ £ (0aG) Go (G- [T, (1 606)) padu s

since [*, (1 (¢1)d¢ = 0 for all t € R. Moreover, noting that f’ (bnf’l) — f(0) >0

as n — 00, by the dominated convergence theorem, we have

b2 Ay = [ [ (0a) G0 (C) At T, (1= 606 paduy

and hence

O [ Goda- [ padus- T, (1 606)

— £ (0)- 1./ _@paduy - Ty, (1 - 606))
= Al

Anl = Alb2 +o0 (b2) . (29)

(26):
(x)) pmdm] I — 600,

)x pxdx] I— 90
(x

b2
+ (1 - 6ut) [ (2'00) ) (x 90) ”Zf pxdx] (1 - 606
= Apo1+ A0
where
’ ’ 1 [T 90
Ans = (I - 656 [ (F(80) - 5) 0 ( ; ) 5 pxda?] (1 - 6uty)

/ T, T /
(F () - 1) ¢ (32) prduldu_ll (1— 0,6

[/f (50G1) a1 () =52 bydCrdu 1] T, (1 600;)
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= (1= 0060) Tay | [ £ (5a) G0 (C) vty dcudza | T, (1= 06
= (1= 0000) To - 1 (0) [ G0 (gl)dgl-/mzon T dGdz Ty, (1 600))
— 1 (0)- (1~ 08)) Tay < / _w 1pxdu_1> 7, (I - 6uty)

ulr=

= -V

J s @ia = [ a—=

Now for any # € S¢~! in a neighborhood of 6, define

0(0) = (0,00),) =T, (I - 60y) (6 —by)

since

(~G) e iaq = - [ Go(G)de = -1

Vo = f(0) / w_rt padu_; € RE-DX@-D) (30)
u1=0
0 o
Vﬂ71 = (31)
0 V.,
so that
V = (1= 000,) To,Va, Ty, (I = 000;)
and thus

(0 —60) V(6 —6y) =v(8) Va_,v(8) =v(0)_, Vi ,v(0)_,
> in (Vi) [0 0) | = A (Vi) 10 0))°

since V,,_, is positive definite and thus Ay, (Vu 1) > (. Furthermore, notice that

o (9)II"

(0= 00) (1 — 0065 To, Ty, (I = 006;) (0 — o)
(60— 60) (1 —606,) I (1 — 606y ) (6 — 6o)
|2~ 080) 0~ o) = (2 - i) o]

= (1= 0,0) (1+06,0)

= o — eol* (1= 0 — o]

ZHQ 90”2 for |6 — 6] <1
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and hence, in a neighborhood of 6y,we have
3

(6= 60) V(0= 00) > Ain (Vs ) 10 = 6ol* = C110 — 65* (32)
Now, we turn to 4,5 and write 6 := [0 — o |, then
Ansal < (1 0065) [ |F ('80) — 5 ‘¢, (é‘b(z:)) g (be0> .i_fpmdx (1 of})
< (1-0t)) [ |F (c00) — 2[5 (00) 6 ;nx’eo\ e (1~ )
< (1-0081) [ |F (v'00) —% oy (o 90)% “Zf padz (I — 006,

where

1{M>x/§}

bn

o (e}

y ]x’eoy )
()
guarantees that ‘(ﬁ (1) ‘ < qbn 5 (x 90) for any

20—08 £60y+0
t
[

t|) <1 and ¢" (|t|) is decreasing in |t| for [t| > /3. Hence,

since ¢"
v (€ (z) ‘x’@ — x’@o‘ N x’@o‘
-+ (5 =

(
‘b(fén)) <z>(‘”bf°) - - §¢n,5(x90)‘ .

since € (z) lies between ¢ () and z'6y, while ¢ (z) € [a:’@o — 6,20y + 5} . Then,

5xx

Auszl < ( /}F (2'00) - e (1~ 60}

3|6 (60) -

(5x:c

= /f ) |us | ’gbn(; (1’ 6’0)’ b —pgdz ([ 600 )

b(i’ ([ 90 / |:/f u1 ‘Ul‘ ¢n5(u1) dU1:| T@OU 1U T@ pmdu 1 (I 909 )

where
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uldul

54++/3by,
_9 / F (@) undug + 2 / £ (@)
+xfbn

" u1—5
“(15)
<M (53 201 [ 6 (@] G+ 01 s 9

=M (6 + \/gbn)z + 2Mb? /; ‘Cb” (Cl)’ GrdCy + 20,6 /\Z ’Cb” (Cl)‘ ¢
M (B2 +6%)

and hence
)

b3

Combining A, 5 and A, 22 we have

[Anaal < M (b 40%) = M'b, "5 (14b,%6572).

Anz=—Ay+0(1)+ 0 (b'5 (1+,%57?)) (33)

We will show that O (b1 (14 b,2572)) is irrelevant later.
Lastly, consider A, 5 corresponding to (27):

=3 ()=o) 5t
5= 3)e ()
G <x’eo> D) | (52) - o (52)| Spate

= Ap31+ Anso

For A, 31, we have
_1 / 1 l’leo i 90
Anaa _§/<F (00) - §> ¢< b ) b, Dol
L (1) e

:é/f bngl bngl¢ (Cl)prbndeu—l

so that )
b2 A, 31 — §f (0)/C12¢ (C1) d¢ leopxdu—l = A

For A, 39, writing 0 = [|§ — 6|, we have
 (E()

32

’17/9 — :5/90’ ’17/90’
by, by,

|Anzal < %/‘F (Ileo) -3 Pedx

>




< g /| (00) = 5[ T (00) [0

,(MO]—(S) {x'90]—5 }
o T— 1 . > 1

¢ (t)‘ is increasing in |¢| for 0 < [t| < 1 and then

with

a;’e()] )

JM (a:leo) c=e71 {T < 1} +

since ‘qb’ (t)‘ < ¢ (1) =e 2 and
decreasing in |t| for |t| > 1. Then,

.
Ansal < 535 [ 1 (@) 10,5 (wn) durpuduy

0
< ﬁM/]l {|uy| < b + 0} ulduypedu_;

) , -0
+ ﬁM/gb <u1 ) 1{|uy| > b, + 0} u%dulpxdu_l

bn
= %M//Obn+5 u%dulpxdu_l + %M//;_é (25/ <U1b: 5)

< %M(bn —|—5)3/pxdu_1 + %biM//lbnl(l—é) " (Cl)’ (bnCy + 6)2 dCupadu_
= M (b +8)° + M [ [ ] ()] (8263 + 20006 + 07) dapadu -y

<M [(by +0)* +6 (b + 0)?]

"

=M" (b, + )’

u%dulpmdu_l

Combing A, 3, and A, 32 we have
Ang = Anz1 + Anga = A} + 0 (82) + O ((by +0)*) . (34)
Plugging the results in (29)(33)(34) about A, 1, A2, A, 3 into (28), we deduce,
with § := ||0 — 0o,
P (b (2) = gy (2)) = An (0 = 0p) + (6= 60) An (6 — 60) + Ans (0 — 0) (Ia— 606y ) (6 — 6o)
= b2 AL (6 — 0p) + 0 (302)
— (0= 60) V(0 — o) +0(6%) + 0 (b,"0° (1+,%57?))

+ Asb28% + 0 (020) + O (82 (b + 0)°) (35)
= —(0—00) V(0 — 0p) + b2 A1 (0 — ) + 0 (62) + 0 (b26) + O (b,"6° (1 + b,
0
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A.5 Proof of Theorem 1

Proof. For consistency, we observe that

sup sup [Pnggn — Pgon| = 0, (1).
0O heH

since G is Gilvenko-Cantelli given Lemma 7. Moreover,

sup  sup |Pgon— Pgon,| < P(lh—ho|) <e—0 asd—0.
0€0 ||h—hol| o <€

As HiL — hOH =0, (1) and h € H with probability approaching 1 by Assumption 2,
we conclude by Theorem 1 of Delsol and Van Keilegom (2020, DvK thereafter) that
16— 60| =0, (1).

For the rate of convergence, we apply Theorem 2 of DvK by verifying their Con-
ditions B1-B4.

B1 directly follows from the consistency of 6 and the assumption thatHfAL — hOH =
Op (an)-

For their Condition B2, observe that

G (90,0 — 900,0) = G (90,10 — 980,00) + G (90,0 — G0, — Go.h0 + 980,h0)
and thus, by (1)and (2),

3
P sup Gy (90,0 — 9o0,0)| < M162 + Moa, V3.
10—00|<0,|[h—hol| . <Kan

so that @, (§) = 8% + a,V/d in the notation of DvK.
By Lemma (3)(i), for any M < oo, we have

P (G (¥no — Yug) > Mb," (b + (10 — 602 1|6 — 6o
<p( s (Gl )| > M k10— D) 10— )
1000 [|<6,[|h—holl oo <K an
< P supyg_gy|1<s,h—holl . <Kan ‘(Gin (Vno — Un,g,)|
M, (b, + 16— 60]) 116 — 6ol
Mg (b + 10— 66D 10— 6ol _ My
T M (bt 10— Gol)? 16— 6ol M
Hence, combining with (3)(ii), we have

1
P (ge,fz - g@o,il) = %Gn (wnﬂ - ¢n,90) + P (¢n,9 - wn,eo) )

by Markov Inequality,

—0 as M — oo.
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\/— byt (b 4116 — 90||)2 10 — 6ol — C 1|0 — Ool|* + Myb2 110 — o]l
+ Msby, " (16— 6oll” (1 + 6% 16 — 60ll ) (36)
with R, = O, (1).
Letting Hé — HOH =0, (9,), we seek to find the smallest d,, that verifies Condition
B3 and B4 in DvK®. First, we set the bandwidth b, to be such that
1 1
=0 Sb,=n"5,
vnb,, " "

which exactly corresponds to the optimal choice of bandwidth in Horowitz (1992).

This ensures that the second and the third terms in (36) are of the same order of

magnitude
1

\/7 n
provided that 6, = o (b,). Setting &, ~ n~2> = 0 (b,), we see that

=

G (8 + )% ~ 126

B~ b (0 4+ b)E R = O (8,),
\/_
and moreover b, 163 (1 + b,25,,%) = 0(1) §2. Hence, Condition B3 of DvK is verified.
Lastly, for Condition B4, we see that

1 _1 -3 1 3
0 (00 = (5n anfa) = (00F + andi? ) ~ b+ aun?,

1
which is O (y/n) provided that a, = O (n_l/lo). Since a,, = (nbz/log n) * 4+ b2 for

the Nadaraya-Watson estimator, with b, ~ n~5 we have

an:n_% %\/logn—Op(n_l_lo) & d< 4

Hence, for d < 4, the impact of the first-stage estimation through a,, is negligible
with b, ~ n~ 5, and thus
|6 =60]} = 0 (n77).

For d > 4, the n~?/°-rate is unattainable due to the higher dimensionality (d) of

the first-stage kernel regression. Optimally, we set b,, so as to minimize

max {n_% (nbi/logn) , V2, (nby, )_%} (37)

_12
2°3

65 — 1

»~ in DvK’s notation.
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12
which is solved by setting b2 ~ n~3 (nbﬁ/ log n) *? (up to the logn factor) with

2
b, ~ n TG

giving an optimal rate of convergence at

Wl

5, = n~ (logn)3

. ~1/2
provided that the first-stage estimator h is still consistent with a,, = (nbfl /log n) / —

0, or

Jun

__2 —
b, ~n~ @6 >>n"d,

which is possible if d < 6.
For d > 6, b2 becomes the dominant term in (37), which should be minimized

~1/2
subject to the constraint a, = (nbz /log n) / — 0. This can be roughly achieved

1
by setting, say, b, ~ (n_l log? n) *, in which case a, = 1/logn — 0 and

Hé — HOH =0, (bi) =n i (logn)%

A.6 Proof of Theorem (2)(i)
Proof. For d < 4, define M, (0) := P,,g,;, and M (0) := — (6 — bo) V (6 — o) so that

5,1 (ML (6,) =M (8,)) — (M, (60) — M (6)))]

1 1

= 5o (98,5 = 90,8) + 5~ [P (95, = 9005) —M)

::Bn,l + Bn,2
for any 6, s.t. Hé - HOH =0, (0,) = ( _2/5). With the optimal choice of band-
width b /%, we know a, = n~2t1,/logn = o (n_l_lo) and thus by Lemma 1 and 2,
we have

1 1 1 _1
P sup Gnlgs i+ — 9y : ( + a, n) = ( _§5n+n_§an5n2)
i 15 s S (s
1 1 2 -3
=0(d,) +o0 (n_ﬁn_l_o (n_g) 2) 6, =0(d,) +0(1)0, =0(d,)

Hence,



Now, recall that

B, o= i {P (Qén,ﬁ - geo,ﬁ) (9)}
_ ﬁ@; (Yo, — ¥mo) + 51 [P (Y0, = ¥nao) —M(9)]

=:Bpo1+ Bpoao

First, we analyze B, 2 1:

Bn,Z,l - ﬁ(@ (’an On wneo)
= TZ( nGn ¢n90( ) P(wn,én_¢n,9o))
_ 1y Xibh I —000y) — Ana| (I —000,) (0, —60) + R
—72l<y——> O e e
= Z,, (T = 0085 (0 — 00) + Ruvp
with
7, = ni; [(y - %) ¢ <Xb90> )b(— (1 - 608) —Am]
_ %; [(y _%>¢<*X1;50> 2(7([—9090) _Am]
and
~ C1 &1 1 N (E(X)\ XX, , ~
Rugi= (02~ 0) -3 [5 (- 2) (10— eut) o ( 2 >>. 25 (1,- 0 _AW] (6. — )
- E (y—%)¢<5(bi)> f—:eo—An,3] (8= 00) (10— 0080 (B — 00)
Now, since E[Z,] = 0 and

- = / ¢* (Ib9°> (1~ 9090) v’ (1= 008y) poda

- n(ﬁwﬁ /¢2 (C1) (I N 6096) T"Oﬂ—lﬂl—lTéo (I - ‘909(/)) P2 dCidu_y

- M / 0% () (1 = 008y) Toyurt Ty, (I — 0o6y) padCidu_y
—0(1)

37



so Z, = O, (1). Furthermore, the Lindberg condition can be verified as

e T (52) ()55 (1) 1 (st (52) (- ) o>

1 / / / 1
= nb, o2 /¢2 Cl [ — 0oy )T(’Ou 1 Th, (I - 9090) ' {nénbn¢(gl) > €}pde1du_1

= [¢*(G) (1 = 006 Toyia T4, (1= 600) - 1486 (G1) = €} paduduy

— 0

for every € > 0 as n — oo. Hence, by the triangular-array CLT, we have
Zy -5 N(0,%), (38)
where

= (I - 909)%0[21[ -

Vi Ty, (1 = 6oy (39)

ﬂ_lﬂl_lpxdu_ll Telo (I — 90‘98) .

- (1=08) Ty

Similarly, we can deduce

Hence

|l = O (—1 )Hé o = o, (5 [~ 0]
n,0l| — Up n —Voll = 0Op\ < (|Un — Vo .
\/mo2b3 n
Busa = 2, (0n—00) + 0 (500 = ).

Now, by (35) and the observation that A; = A, (I — 906’6),

P (0, (2) = Yngo (2)) = WAL (1= 00605 (B — 60) — (8 — 60) V(B — 00) + 0 (828 — )

and hence

Broo = i [P (¢n,én — n 90) —M (9)} = z {biAl (é" - 90) +o (bi)}
= Ay (1= 6065) (62— 00) + o (|0
Combining B, 1, By 21 and B,, 22 we have

6, (M (6a) =M (6,)) — (M, (65) — M (60))
= 0y 00) + 21 (B = 00) + 0y (5 [0 — ) + 42 (32— 00) + 0 ([ — 00
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= (Z+ A0) (1= 0085) (6~ 60) + 0y (B = 80 + 5 [ 60| + 5.)
= (Z,+ A) T Ty, (1= 08)) (60— 6) + 0, (Hen — 6 + 5i I, — a0 + 5n>

All conditions in VW Theorem 3.2.16 are now satisfied with V,_, € R(d-1)x(d-1)
being nonsingular and invertible, where V,_, is defined in (30) with the projection
onto the tangent space of S¥! via (I — 9096) and the change of coordinates via T(;O.
Specifically, noting that

5 = (I - 0u)) Tgoﬁvﬂjg’o (1 - 000) = Tgoﬁvﬂln’o

V = (1= 66q) To, Ve, Ty, (T = 008) = Ty, Ve, Ty,

and writing Az_, = (O,Aufl) = f(0) - [, _oU_1p.du_; so that

Al = T90A571
we have
1 0O O / 1 / 1
VISVt = —— T, T — — ~ Tyt T - —  yt
2,/7f (0) 90(0 v;a) o T 2ymf(0) " T T 2 /mf(0)
and

0
V+A1 - Tgo ( _ ) - T(;OV{ Ag 1

Hence, by VW Theorem 3.2.16, we have

0, Ty (1= 0065) (0= 60) = Vit (Ty, Zn + Az ) + 0, (1)
RN 0 0 0
VitA,, )T\ 0 A2Vt

To, V- 1T9'0> .

and

0,1 (1= 0005) (0= 05) 5 N (Tgovg Aq ﬁ
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A.7 Proof of Theorem 2(ii)

Proof. For 4 < d < 6, we set b, ~ n" 7% so that Oy, = n" T (logn)% and a, =
__6-d_ .
n 2@+6) y/logn. In particular,

Op ~ (nQbZ/logn)_g ~ n_%aé. (40)

Now, consider the scaled process indexed by any s in the tangent space of S™! at 6:

ﬁ(}" (990+35n,ﬁ - g"o’ﬁ)

1
B W(Gn (g€0+36n,ﬁ ~ Yoo, — G+sdn.ho + ggo’ho)

1 1
+ WG" (960-+55,0 = Goo.h0) + 53 (o5 = o0 (41)
- Dn,l + Dn,2 + Dn,3

For D,, 1, we verify VW Condition 2.11.21 to apply their Theorem 2.11.23. Define

Vs =126, (990+35n,ﬁ = 9o, — 900+56n,ho T geo,ho)
Go i= {%78 50y =0, s€ ]Rd}
Similarly to the proof of Lemma 2, we can show that G, , has an envelope function
Gon () = Kn38,%a,1 {|a 00| < ||z 6,
with, by (40),
PG2, < Cn~'67%a25, = C <n—%a§5;1)3 —0(1). (42)
Furthermore, since \/nd,, — oo,
P[G3,1{Gan > eyn}| < P [Kn7'6, 21 {|2'00| < ||z 6,} 1 {n"'5,"a2 > ev/n}]
< Cnapo 1 {n"a2s, 0,1 > ev/n} < C'1{C" > ey/né, }
—0 asn— oo forevery e >0 (43)
In addition, for any s, t,

h/n,s - ’Yn,t| = n_%(sf ‘990+s5n,h — 900-+t8n,h — Jbo+s6n,ho T 990“5”’%‘
= 50,7 [h (2) = ho ()] - 1 {& (B + 58,) > 0} ~ 1 {a’ (6 +15,) > 0}

< %5n ’:)3/ (s — t)}})

! 1 !
< Kn_%égzan . (]l {‘l’ 0o + §5nCE (s+1)
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and thus, for any ¢, — 0, we have

sup P (Vns — fym)z < Kn'a25t Obpe, = C'e, — 0. (44)

ls—tll<en

VW Condition 2.11.21 is thus verified by (42)(43) and (44). Lastly, since

__4da
\/log'/m (E HG2,n||L2(p) s g2,n,L2 (P)) < M (E HGZ"”Lg(P)) [d]+1

d

1 IR < CeTim

= — € ld+t < (e ld+1,
n=t0-%a2 o,

and thus

_d

/0 \/10ng (e HGMHLZ(P) ,Gon, Lo (P))de < T 0.
By VW Theorem 2.11.23, the sequence
{Gn%,s : 3'90 =0, s€ Rd}
is asymptotically tight in [*° (Rd N Hol) and converges in distribution to a Gaussian
process GG with the covariance function
H(s,t) = nh_{glo (PYn,sVnt — PYn,s Pyn,t) -

Next, we show that D, 5 is asymptotically negligible, since by Lemma (1)

1 1 3 [6,,
Dn,z = mGn (990+s5n,h0 - geo,ho) = Op <m5ﬁ> = Op ( g) = 0p (1)

Finally, for D,, 3 we show that, based on Lemma (3),

Dn,3 = %P (geo+sén,fz - 9907;1)

1 1
== WGH (¢n,90+s5n — ¢n,90) + 5_2P (wn,eo—l—sén — ¢n,90)

n

_ ﬁop (b;%5n> + 5% (=s'Vs- 824826, - Aps + 0 (62) + 0 (123,))

n

/ / 1
= —sVs+ Als + Op (m) “+o0 (bié;l) -+ 0(1)
= —sVs+ Als+o,(1)

_1
2

W=

since (nb,) 2 =n" AT = o (0n) =0 (n_d%6 (logn)

).
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Combining D,, 1, D,, » and D,, 3, we conclude that

]_ d / !
> Gn (990+56n,ﬁ — geoﬁ) — G (s)+A;s—5sVs

Vnd;

and thus by the argmax continuous mapping theorem (VW Theorem 3.2.2), we have

5.1 (I — 90«98) (é — 90) s arg max G (s)+ Ays—sVs.

s:58"00=0

A.8 Proof of Theorem 2(iii)
Proof. For d > 6 with b,, ~ n_ﬁ, we note that

b0 = [0 = 0] = O, (™75 (logm)¥) = O (12)

n
and moreover

_1 1 2
6p ~ b2 >> (nb,) "%, 0, ~ b2 >>n"3a;.

The rest of the proof can be obtained by an easy adaption of the proof for Theorem
2(ii) above. Specifically, we observe that for D, ;, the inequality (42) becomes

2

3
PGE, < Cn~16;%a26, = C (n—%a%;l) —o(1).
Hence,

5,1 (I — 9096) (é — 90) %5 arg max Als—sVs= Ay

s:58"00=0

A.9 Proof of Lemma 6

Proof. The proofs of Lemma 1 and Lemma 2 are essentially unchanged. For the term

P (gg,;} - ggoﬁ), we note that

P (ge,f} - 990,3) =P (Qe,f} ~ Yoo, ~ Go.ho + geo,ho) + P (90,00 — 90,n0)

where

P ‘gé),ﬁ ~ 90,5 — 90,ho + G6o,ho

J

< Ply (h(X)) =7 (ho (X))| [Tt {x50 >0} - TT1{x;0 > 0}
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< MP|h(X) = ho (X)| [1{ X0 > 0} = 1{X]x,00 > 0}
for some j (X)) with probability 1 for  sufficiently close to 6

< Cay ||60 — 00|

and

P (g1 — Ganna) = — (6= 60) V (6= 60) + 0 (1160 — 6|

Hence,
P (995 = Goo) = — (0= 00) V(6 — ) + O (an6) + 0 (]|6 — bo]*) -
Combining this with Lemma 1 and Lemma 2, we conclude that Conditions B1-B4
in DvK can be verified with the smallest d,, such that

2
an, an} = a,.

Ll

-1 =
6n:max{n NN

]
A.10 Proof of Theorem 3
Proof. Following the proof of Lemma 6, we see now
P (995 = Goo) = — (0= 00) V(0 = 0p) + O (t, + ) 6 + 0 (5?)
so that
1 2 1 2
0, = max {n_l, n-3an, U, Un} = max {n‘%%, Up, Un} )
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