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AbstractWe define the distance between two information structures as the
largest possible difference in the value across all zero-sum games. We provide
a tractable characterization of the distance. We use it to discuss the relation
between the value of information in games versus single-agent problems, the
value of additional information, informational substitutes, complements, or joint
information. The convergence to a countable information structure under the
value-based distance is equivalent to the weak convergence of belief hierarchies,
implying, among others, that for zero-sum games, the approximate knowledge is
equivalent to the common knowledge. At the same time, the space of information
structures under the value-based distance is large: there exists a sequence of
information structures, where players acquire more and more information, and
€ > 0 such that any two elements of the sequence have distance at least e.
This result answers by the negative the second (and last unsolved) of the three

problems posed by J.F. Mertens in his paper “Repeated Games”, ICM 1986.

1. INTRODUCTION

The role of information is of fundamental importance for the economic

theory. It is well known that even small differences in information may

*April 11, 2020. F. Gensbittel and J. Renault : Toulouse School of Economics, Univer-
sity Toulouse Capitole. M. Peski : Department of Economics, University of Toronto. We
are grateful to Satoru Takahashi and Siyang Xiong for comments. We are also grateful for
comments to Bart Lipman as the editor and the three anonymous referees. Our work has
benefited from the AI Interdisciplinary Institute ANITI. ANITI is funded by the French
"Investing for the Future - PIA3" program under the Grant agreement nA°ANR-19-
PI3A-0004. J. Renault and F. Gensbittel gratefully acknowledge funding from the French
National Research Agency (ANR) under the Investments for the Future (Investissements
d’Avenir) program, grant ANR-17-EURE-0010. J. Renault gratefully acknowledges fund-
ing from ANR MaSDOL. M. Peski gratefully acknowledges the financial support from
the Insight Grant of the Social Sciences and Humanities Research Council of Canada and

the hospitality of HEC Paris, where parts of this research were completed.

1

ectaart.cls ver. 2006/04/11 file: TS09042020M.tex date: April 11, 2020

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29


http://www.econometricsociety.org/

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

2

lead to significant differences in the behavior (Rubinstein (1989)). A recent
literature on the strategic (dis)-continuities has studied these differences
intensively and in full generality. A typical approach is to consider all possi-
ble information structures, modeled as elements of an appropriately defined
universal space of information structures, and study the differences in the

strategic behavior across all games.

A similar methodology has not been applied to study the relationship
between the information, and the agent’s bottom line, their payoffs. There
are perhaps few reasons for this. First, following Dekel et al. (2006), Wein-
stein and Yildiz (2007) and others, the literature has focused on the interim
rationalizability as the solution concept. Compared with the equilibrium,
this choice has several advantages: it is easier to analyze, it is more ro-
bust from the decision-theoretic perspective, it can be factorized through
the Mertens-Zamir hierarchies of beliefs (Dekel et al. (2006), Ely and Peski
(2006)), and, it does not suffer from the existence problems (unlike the equi-
librium - see Simon (2003)). However, the value of information is typically
measured in the ex ante sense, where solution concepts like the Bayesian
Nash equilibrium are more appropriate. Also, the multiplicity of solutions
necessitates that the literature takes the set-based approach. This, of course,
makes the quantitative comparison of the value of information difficult. Last
but not least, the freedom in choosing games without any restriction makes
the equilibrium payoff comparison between information structures trivial,

where almost all (see Section 7 for a detailed discussion of this point).

Despite the challenges, we find the questions concerning the strategic
value of a information as important and fascinating. How to measure the
value of information on the universal type space? How much a player can
gain (or lose) from an additional information? Which information structures
are similar, in the sense that they always lead to the same payoffs? In

order to address these questions, and given the last point in the previous
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paragraph, we must restrict the analysis to a class of games. In this paper,
we propose to focus on zero-sum games. We do so for both substantive and
pragmatic reasons. On one hand, the question of the value of information is
of special importance when the players’ interests are opposing. With zero-
sum games, the information has natural comparative statics: a player is
better off when her information improves and /or the opponent’s information
worsens (Peski (2008)). Such comparative statics are intuitive, they hold
in the single-agent decision problems (Blackwell (1953)), but they do not
hold for general games, where better information may worsen a player’s
strategic position, and players may have incentives to engage in a pre-game
communication to manipulate the available information. Second, many of
the constructions in the strategic discontinuities literature rely on special
classes of games, like coordination games, or betting games (Rubinstein
(1989), Morris (2002), Ely and Peski (2011), Chen and Xiong (2013) among
others). This begs the question whether some of the surprising phenomena,
like the difference between approximate knowledge and common knowledge,
apply in other classes of games. Our restriction allows to clarify this issue

for zero-sum games.

On the other hand, the restriction avoids all the problems mentioned
above. Finite zero-sum games have always an equilibrium on common prior
information structures (Mertens et al. (2015)) that depends only on the
distribution over hierarchies of beliefs. The equilibrium has decent decision-
theoretic foundations (Brandt (2019)), and, even if it is not unique, the ex
ante payoff always is and it is equal to the value of the zero-sum game.
Finally, as we demonstrate through numerous results and examples in the
paper and in the Online Appendix, the restriction uncovers a rich internal

structure of the universal type space.

We define the distance between two common prior information structures

as the largest possible difference in the value across all zero-sum payoff
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functions that are bounded by a constant. This has a straightforward in-
terpretation as a tight upper bound on the gain or loss from moving from
one information structure to another. Our first result provides a character-
ization of the distance in terms of total variation distance between sets of
information structures. This distance can be computed as a solution to a
convex optimization problem.

The characterization is tractable in applications. In particular,we use it
to describe the conditions under which the distance between information
structures is maximized in single-agent problems (which are a subclass of
zero-sum games). We provide bounds to measure the impact of the marginal
distribution over the state. We also use it in a series of results on the com-
parison of the value of information. A tight upper bound on the value of an
additional piece of information is defined as the distance between two type
spaces, in one of which one or two players have access to new information.
We give conditions when the value of new information is maximized in the
single-agent problems. We describe the situations when the value of one
piece of information decreases when the other piece of information becomes
available, or, in other words, when the two pieces of information are sub-
stitutes. Similarly, we show that, under some conditions, the value of one
piece of information increases when the other player receives an additional
information, or in other words, that the pieces of information for opposing
players are complements.! Finally, we show that the new information mat-
ters only if it is valuable to at least one of the players individually. The joint
information contained in the correlation between players’ signals is in itself
not valuable in the zero-sum games.

The second main result shows that the space of information structures

is large under the value-based distance: there exists an infinite sequence

'Hellwig and Veldkamp (2009) study when the information acquisition decisions are

complements or substitutes in a beauty contest game.
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of information structures v and € > 0 such that the value-based distance
between each pair of structures is at least €. In particular, it is not possible
to approximate the set of information structures with finitely many well-
chosen information structures. In the proof, we construct a Markov chain
with the first element of the chain correlated with the state of the world. We
construct an information structure u™ so that player 1 observes the first n
odd elements of the sequence and the other player observes the first n even
elements. Our construction implies that in information structure u™*!, each
player gets an extra signal. Thus, having more and more information may
lead... nowhere. This is unlike the single-player case, where more and more
signals corresponds to a martingale and the values converge uniformly over

bounded decision problems.

The Markov construction implies that all the information structures n’ >
n have the same n-th order belief hierarchies (Mertens and Zamir (1985)).
As a consequence, our distance is not robust with respect to the product
convergence of belief hierarchies. This observation may sound familiar to a
reader of the strategic (dis)continuities literature. However, we emphasize
that the proof of our result is entirely novel. All earlier constructions heavily
rely on either coordination games, or games with betting elements (Rubin-
stein (1989), Morris (2002), Ely and Peski (2011), Chen and Xiong (2013)

among others). Such constructions do not work with zero-sum games.

More importantly, there are significant differences between strategic topolo-
gies and the topology induced by the value-based distance. For instance, the
type spaces from the famous email game example of Rubinstein (1989), or
any approximate knowledge spaces, converge to the common knowledge of
the state for the value-based distance. More generally, we show that any se-
quence of countable information structures converges to a countable struc-
ture under value-based distance if and only if the associated hierarchies of

beliefs converge in the product topology. The impact of the higher-order
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6

beliefs becomes significant only for uncountable information structures.

An important contribution is that our result leads to an answer to the
last open problem posed in Mertens (1986)”. Specifically, his Problem 2 asks
about the equicontinuity of the family of value functions over information
structures across all (uniformly bounded) zero-sum games. The positive
answer would have implied the equicontinuity of the discounted and the
average value in repeated games, and it would have consequences for the
convergence in the limits theorems®. Unfortunately, our results show that

the answer to the problem is negative.

Our paper adds to the literature on the topologies of information struc-
tures. Dekel et al. (2006) (see also Morris (2002)) introduce uniform-strategic
topologies, where two types are close if, for any (not necessarily zero-sum)
game, the sets of (almost) rationalizable outcomes are (almost) equal.’
There are two key differences between that and our approach. First, the
uniform-strategic topology applies to all (including non-zero-sum) games.
Our restriction allows us to show that some of the surprising phenomena
studied in this literature, like the difference between approximate knowl-

edge and common knowledge, are not relevant for zero-sum games. Second,

2Problem 1 asked about the convergence of the value, and it was proved false in
Ziliotto (2016). Problem 3 asked about the equivalence between the existence of the
uniform value and the uniform convergence of the value functions, and it was proved to

be false by Monderer and Sorin (1993) and Lehrer and Monderer (1994).
3 Equicontinuity of value functions is used to obtain limit theorems in several works

such as Mertens and Zamir (1971), Forges (1982), Rosenberg and Sorin (2001), Rosenberg
(2000), Rosenberg and Vieille (2000), Rosenberg et al. (2004), Renault (2006), Gensbittel

and Renault (2015), Venel (2014), Renault and Venel (2017).
4Dekel et al. (2006) focus mostly on a weaker notion of strategic topology that differs

from the uniform strategic in the same way that the pointwise convergence differs from
uniform convergence. Chen et al. (2010) and Chen et al. (2016) provide a characterization
of the strategic and the uniform-strategic topologies in terms of convergences of belief

hierarchies.
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we work with ex ante information structures and the equilibrium solution
concept, whereas the uniform-strategic topology is designed to work on the
interim level, with rationalizability. The ex ante equilibrium approach is
more appropriate for value comparison and other related questions. For in-
stance, in the information design context, the quality of the information
structure is typically evaluated before players receive any information.
Finally, this paper contributes to a recent but rapidly growing field of in-
formation design (KKamenica and Gentzkow (2011), Ely (2017), Bergemann
and Morris (2015), to name a few). In that literature, an agent designs or
acquires an information that later will be used in either a single-agent deci-
sion problem or a strategic situation. In principle, the design of information
may be divorced from the game itself. For example, a bank may acquire
software to process and analyze large amounts of financial information be-
fore knowing what stock it is going to trade on, or, a spy master allocates
resources to different tasks or regions before she understands the nature
of future conflicts. The value-based distance is a tight upper bound on the
willingness to pay for a change in information structure. Our results provide
insight into a structure of the space of choices of the information designer,

including its diameter and internal complexity.

2. MODEL

A (countable) information structure is an element u € A (K x N x N) of
the space of probabilities over tuples (k,c,d), where K is a fixed finite set
with |K| > 2, and N is the set of nonnegative integers”. The interpretation is
that k is a state of nature, and ¢ and d are the signals of, respectively, player

1 (maximizer) and player 2 (minimizer). In other words, an information

3 All the results from Sections 3 and 4 extend to uncountable information structures.
As this extension requires heavier notation and technical details that would distract the

reader from the main messages of the present work, it is relegated to the Online Appendix.
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8

structure is a 2-player common prior Harsanyi type space over K with at
most countably many types. The set of information structures is denoted
by U = U (c0), and for L = 1,2, ..., U (L) denotes the subset of information
structures where each player receives a signal smaller than or equal to L —1
with probability 1. If C' and D are nonempty countable sets, we always
interpret elements v € A(K x C x D) as information structures, using
fixed enumerations of C' and D. In particular, if C' and D are finite with
cardinality at most L, we view u € A(K x C' x D) as an information
structure in U (L). For each u,v € U define the total variation norm as
=l = Sy o luk, . d) = v(k, ).

A payoff function is amap g : K x I x J — [—1, 1], where I, J are finite
nonempty sets of actions. The set of payoff functions with action sets of
cardinality < L is denoted by G(L), and let G = |J; -, G(L) be the set of
all payoff functions.

An information structure uw and a payoff function g together define a
zero-sum Bayesian game I'(u, g) played as follows: first, (k, ¢, d) is selected
according to u, player 1 learns ¢, and player 2 learns d. Next, simultaneously,
player 1 chooses i € I and player 2 chooses 7 € J, and finally the payoff
of player 1 is g(k,1,j). The zero-sum game I'(u, g) has a value (the unique
equilibrium, or the minmax, payoff of player 1), which we denote by val(u, g).

We define the value-based distance between two information structures as
the largest possible difference in the value across all payoff functions:

(1) d(u,v) = jlellg) | val(u, g) — val(v, g)|.

This has a straightforward interpretation as a tight upper bound on the
gain or loss from moving from one information structure to another. Since

all payoffs are in [—1,1], it is easy to see that d(u,v) < ||u —v| < 2.5

6The inequality is a property of zero-sum games. For every game g € G, let o be an

optimal strategy of player 1 in I'(u, g) and 7 be an optimal strategy of player 2 in I'(v, g).
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9

The distance (1) satisfies two axioms of a metric: the symmetry and the
triangular inequality. However, it is possible that d(u,v) = 0 for u # v.
For instance, if we start from an information structure u and relabel the
signals of the players, we obtain an information structure u’ that is formally
different from u but “equivalent” to u. Say that u and v are equivalent, and
write u ~ v, if for all game structures ¢ in G, val(u, g) = val(v, g). We let
U* =U / ~ be the set of equivalence classes. Thus, d is a pseudo-metric on
U and a metric on U".

For each information structure v € A (K x C x D), there is a unique
belief-preserving mapping that maps signals ¢ and d into induced Mertens-
Zamir hierarchies of beliefs ¢ € ©, and d € ©,, where O; is the universal
space of player i’s belief hierarchies over K (see Mertens et al. (2015)). The
mapping induces a consistent probability distribution @ € A(K x ©1 x Oy)
over the state and hierarchies of beliefs. Let 11y = {@ : w € U} be the space
of all such distributions. The closure of Il (in the weak topology, that is,
the topology induced by the product convergence of belief hierarchies) is
denoted as II. II is the space of consistent probability distributions induced
by generalized (measurable, possibly uncountable) information structures.
The space IT is compact under weak topology; Il is dense in II (see corollary
I11.2.3 and theorem II.3.1 in Mertens et al. (2015)). Note that for a payoff
function g and u € II, one can similarly define the value val(u, g) of the

associated Bayesian game (see Proposition II1.4.2 in Mertens et al. (2015)).

3. CHARACTERIZATION OF THE DISTANCE

We start with the notion of garbling, used by Blackwell to compare statis-
tical experiments Blackwell (1953). A garbling is a map ¢ : N — A(N). The

Using the saddle-point property of the value, the difference val(u, g) — val(v,g) is not
larger than the differences of payoffs in I'(u, g) and T'(v,g) when the players play (o, )

in both games. This difference is clearly not larger than |ju — v||.
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set of all garblings is denoted by Q@ = Q (00), and for each L = 1,2, ..., Q(L)
denotes the subset of garblings ¢ : N — A({0, ..., L — 1}). Given a garbling
¢ and an information structure u, we define the information structures q.u
and u.q so that for each k, ¢, d,

qu(k,c,d) = Zu(k, d,d)q(c|d) and u.q(k,c,d) = Zu(k‘, e, d)q(d|d).

o &

We will interpret garblings in two different ways. First, a garbling is seen
as an information loss: suppose that (k,c,d) is selected according to u, ¢
is selected according to the probability ¢(c’), and player 1 learns ¢ (and
player 2 learns d). The new information structure is exactly equal to q.u,
where the signal received by player 1 has been deteriorated through the
garbling ¢. Similarly, u.q corresponds to the dual situation where the signal
of player 2 has been deteriorated. Further, the garbling ¢ can also be seen
as a behavior strategy of a player in a Bayesian game I'(u, g): if the signal
received is ¢, play the mixed action ¢(c) (the sets of actions of g being
identified with subsets of N). The relation between the two interpretations

plays an important role in the proof of Theorem 1 below.

THEOREM 1  For each L =1,2,...,00, each u,v € U (L),

(2) sup (val(v, g) —val(u,g)) = min |q.u—v.g].
=Y q1,42€Q(L)

Hence d(u,v) = max min A — 0. min u.qy — ¢a.0|| 7.
- o) =max{ min oo vl miy o - g0}

If L < o0, the supremum in (2) is attained by some g € G (L).

We describe the idea of the proof. The starting point is to identify each
garbling with a mixed strategy in the Bayesian game I'(u, g) induced from an
information structure u. Using this identification, the expected payoff in this
game can be written as (g, qi.u.qg2) where (g,u) = >, 9(k,c,d)u(k,c,d).
Among others, each player can use the Id strategy which plays the received
signal. Using the saddle-point property, the difference in values val(v, g) —
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val(u,g) is no less than the difference between player 2’s optimal pay-
off against the strategy Id in v (i.e. inf,,(g,v.q2)) and player 1’s optimal
payoff against the Id strategy in w (i.e. sup,(g,q.u)). Since this holds
for any game g, it follows that the value-based distance is bounded be-
low by sup,inf,, 4,(g,v.g2 — q1.u). Moreover, using the monotony of the
value with respect to information, we have that val(v,g) — val(u,g) <
val(v.qa, g) — val(q1.u, g) < ||v.g2 — q1.u||. Observing that ||v.ge — ¢q1.ul| =
supg<g, v.qo — qp.u), we deduce that the value-based distance is also bounded
above by infy, 4, sup,(g, v.q2 — ¢1.u). Theorem 1 then follows from the Sion’s

Minimax Theorem. We leave the complete proof to the appendix.

The Theorem provides a characterization of the value-based distance be-
tween two information structures v and v for each player as a total variation
distance between two sets obtained as garblings of the original information
structures {¢.u : ¢ € Q} and {v.q: ¢ € Q}.

The result simplifies the problem of computing the value-based distance.
First, it reduces the dimensionality of the optimization domain from payoff
functions and strategy profiles (to compute the value) to a pair of gar-
blings. More importantly, the solution to the original problem (1) is typ-
ically a saddle point as it involves finding optimal strategies in a zero-
sum game. On the other hand, the function ||¢;.u — v.¢gz|| is convex in gar-
blings (¢1,¢2), and, if L < oo, the domains of the optimization problem
{qu:qe Q(L)},{u.q: q€ Q(L)} are convex and compact. Thus, for fi-
nite structures, the right-hand side of (2) is a convex, compact, and finitely

dimensional optimization problem.

For any w,v € U, say that player 1 prefers u to v in every game, write
u = v, if for all g € G, val(u, g)—val(v, g) > 0. By the monotony of the value
with respect to information in zero-sum games, we have q.u < u < wu.q for
each garbling q. Theorem 1 implies the following extension of Blackwell’s

theorem and the characterization from (Peski (2008)) to countable informa-
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tion structures.

COROLLARY 1 wu > v <= there exists q1, qz in Q s.t. g1.u = v.qs.

4. APPLICATIONS

The characterization from Theorem 1 is quite tractable. This section con-
tains few straightforward applications. The Online Appendix contains nu-

merous examples to illustrate the computations and the subsequent results.

4.1. The impact of the marginal over K

Among many ways that two information structures can differ, the most
obvious one is that they may have different distributions over the states k. In
order to capture the impact of such differences, the next result provides tight
bounds on the distance between two type spaces with a given distribution

overs the states:

PROPOSITION 1 For each p,q € AK, each u,v € U such that marg, u =
p,marg, v = q, we have

B D e — @l <d(uw) <2 <1 — max min (pkq;,pqu)> :
k

p ¢ €EAK k
If p = q, the upper bound is equal to 2 (1 — maxy py).

The bounds are tight. The lower bound in (3) is reached when the two
information structures do not provide any information to any of the players.
The upper bound is reached with information structures where one player
knows the state perfectly and the other player does not know anything.

When p = ¢, Proposition 1 describes the diameter of the space of in-
formation structures with the same distribution p of states. The result is

useful for, among others, information design questions, where such space is
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exactly the choice set when Nature fixes the distribution of states, and the
designer of information chooses how much information to acquire. In such a
case, the diameter has an interpretation of the (tight) upper bound on the

potential gain/loss from moving between information structures.

4.2. Single-agent problems

A natural question is what games maximize the value-based distance d.
The next result characterizes the situations, when the maximum in (1) is
attained by a special class of zero-sum games: the single-agent problems.

Formally, a payoff function g € G(L) is a single-agent (player 1) problem
if the set of actions of player 2 is a singleton, J = {x}. Let G; C G be the
set of player 1 problems. Then, for each g € G, each information structure
u, val (g, u) is the maximal expected payoff of player 1 in problem g. Let
(4) dy (u,v) := sup |val (u, g) — val (v, g)| < d (u,v).

9€G1

For any structure u € A (K x C' x D), we say that the players’ informa-

tion is conditionally independent, if, under wu, signals ¢ and d are condition-

ally independent given k.

PROPOSITION 2 Suppose that u,v € A (K x C x D) are two information
structures with conditionally independent information such that marg ., pu =

margy . pv. Then, d(u,v) = d (u,v).

Proposition 2 says that if two information structures differ only by an
information of one player, and the players information are conditionally in-
dependent in both cases, then the maximum in value-based distance (1)
is attained by a single-agent decision problem. Such problems form a rela-
tively small subclass of games and they are easier to identify. In the Online
Appendix, we apply the Proposition to compute exact distance between

information structures induced by multiple Blackwell experiments.
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The proof of the Proposition relies on the characterization from Theorem
1 and shows that the minimum in the optimization problem is attained by

the same pair of garblings as in the single-agent version of the problem.

4.3. Value of additional information: games vs. single agent

Consider two information structures u € A (K x (C'x C") x D) and v =
marg .o« p U- When moving from v to u, player 1 gains an additional signal
. Because u represents more information, u is (weakly) more valuable, and
the value of the additional information is defined as d (u, v), which is equal
to the tight upper bound on the gain from the additional signal. A corollary
to Proposition 2 shows that if the signals of the two players are independent
conditional on the state, the gain from the new information is the largest

in the single-agent problems.

COROLLARY 2 Suppose that information in u (and therefore in v) is con-

ditionally independent. Then, d (u,v) = d; (u,v).

4.4. Informational substitutes

Next, we ask two questions about the impact of a piece of information
on the value of another piece of information. In both cases, we use some
conditional independence assumptions that are weaker than in Proposition

2. Suppose that
u€ A(K x (CxCyxCy) x D) and v =margy, cxc,)xp U
u/ — marng(Cng)XD u, and U, g marngch u.

When moving from v’ to u’ or v to u, player 1 gains an additional signal c,.
The difference is that in the latter case, player 1 has more information that
comes from signal ¢;. The next result shows the impact of an additional

signal on the value of information.
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PROPOSITION 3  Suppose that, under u, c; s conditionally independent
from (c,cq,d) given k. Then, d (v, v") > d (u,v).

Given the assumptions, the marginal value of signal ¢y decreases when
signal c; is also present. In other words, the two pieces of information are

substitutes.

4.5. Informational complements

Another question is about the impact of an information of the other player

on the value of information. Suppose that

u€ A(K x(CxCy)x (D xDy)) and v =margy,cx(pxp,) U

! !
U =Margg . (cxcy)xp U and v = marg ., oy p U-

When moving from v to u’ or v to u, in both cases, player 1 gains an
additional signal ¢;. However, in the latter case, player 2 has an additional
piece of information that comes from signal d;. The next result shows the

impact of the opponent’s signal on the value of information.

PROPOSITION 4 Suppose that (c,c1) and d are conditionally independent
given k. Then, d (v/,v") < d (u,v).

Given the assumptions, signal ¢; becomes more valuable when the op-
ponent also has access to additional information. Hence, the two pieces of

information are complements.

4.6. Value of joint information

Finally, we consider a situation where two players receive additional in-
formation simultaneously. Consider a distribution p € A (X x Y x Z) over

countable spaces. We say that random variables x and y are e-conditionally
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independent given z if
Do) lnlwylz) = ulelz) uylo)| < e
z T,y

Let u € A(K x (C xC}) x (D x Dy)) and v = margy, oy pu. When

moving from v to u, both players receive a piece of additional information.

PROPOSITION 5 Suppose that dy is e-conditionally independent from (k, c)
given d, and ¢y is e-conditionally independent from (k,d) given c. Then,

d(u,v) <e.

The Proposition considers a situation where the additional signal of each
player does not provide this player any significant information about the
state of the world and the original information of the other player. Such
signals would be useless in a single-decision problem. Such signals may be
useful in a strategic setting, as valuable information may be contained in
their joint distribution.” Nevertheless, Proposition 5 says that the informa-
tion that is jointly shared by the two players is not valuable in zero-sum
games.

Although very simple, Proposition 5 has powerful consequences. Below,
we use it to show that information structures with approximate knowledge
of the state have also approximate common knowledge of the state. More

generally, we use it in the proof of Theorem 3 below.

9. LARGE SPACE OF INFORMATION STRUCTURES
5.1. (U*,d) is not totally bounded

In this section, we assume without loss of generality that K = {0, 1}.

"How useful it is, it depends on the solution concept. The joint information is im-
portant for Bayesian Nash Equilibrium and Independent Interim Rationalizability - see
the leading example of Ely and Peski (2006). The joint information is not important by
assumption for the Bayes Correlated Equilibrium of Bergemann and Morris (2015) or

Interim Correlated Rationalizability of Dekel et al. (2007).
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THEOREM 2 There exists € > 0 and a sequence (u') of information struc-
tures such that d(u',uP) > e if | # p.

The Theorem says that the space of information structures is large: it
cannot be partitioned into finitely many subsets such that all structures in

a subset are arbitrarily close to each other.

The proof, with an exception of one step that we describe below, is con-
structive. For fixed large N, we construct a probability p over infinite se-
quences k, c1,dq, ca,ds, ... that starts with a state k followed by alternating
signals for each player. The sequence ¢y, dy, ca, ds, ... follows a Markov chain
on {1,..., N}, and the state k only depends on ¢;. In structure u!, player 1
observes signals (cq, ¢a, ...., ¢;), and player 2 observes (di,ds, ....,d;). Thus,

I can be understood as fragments of a larger

the sequence of structures u
information structure, where progressively more and more information is
revealed to each player. The Theorem shows that the larger structure is not
the limit of its fragments in the value-based distance. In particular, there
is no analog of the martingale convergence theorem for the value-based dis-

tance for such sequences.

This has to be contrasted with two other settings, where the limits of
information structures are well defined. First, in the single-player case, any
sequence of information structures in which the player is receiving more
and more signals converges for the distance d;. Second, the Markov prop-
erty means that (a) the state is independent from all players’ information
conditionally on ¢;, and (b) each new piece of information is independent
from the previous pieces of information conditional on the most recent in-
formation of the other player. This ensures that the [-th level hierarchy of
beliefs of any type in structure u' is preserved by all consistent types in
structures uP for p > [. Therefore, Theorem 2 exhibits a sequence of type

spaces in which belief hierarchies converge in the product topology. In par-
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ticular, it shows that the knowledge of the [-th level hierarchy of beliefs
for any arbitrarily high [ is not sufficient to play e-optimally in all finite

Zero-sum gaines.

5.2. Last open problem of Mertens

Recall that for each information structure u, @ denotes the associated con-
sistent probability distribution over belief hierarchies. Because each finite-

level hierarchy of beliefs becomes constant as we move along the sequence v/,

! converges weakly in II to the limit @' — fi.

it must be that the sequence @
The limit is the consistent probability obtained from the prior distribution
(. Theorem 2 shows that
lim sup sup |Val (i, g) — val (ul, g)‘ > e.
l g€y

In particular, the family of all functions (u +— val(u, g))4eg is not equicon-
tinuous on II equipped with the weak topology. This answers negatively
the second of the three problems posed by Mertens (1986) in his Repeated
Games survey from [CM: “This equicontinuity or Lispchitz property char-
acter is crucial in many papers...” (see also footnote 2).

The importance of the Mertens question comes from the role that it
plays in the limit theorems in the repeated games. The existence of a limit
value has attracted a lot of attention since the first results by Aumann and
Maschler (1995) and Mertens and Zamir (1971) for repeated games and by
Bewley and Kohlberg (1976) for stochastic games. Once the fact that an
appropriate family of value functions is equicontinuous is established, the
existence of the limit value is typically obtained by showing that there is
at most one accumulation point of the family (vs), for example, by showing
that any accumulation point satisfies a system of variational inequalities
admitting at most one solution (see e.g. the survey Laraki and Sorin (2015)

and footnote 3 for related works).
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5.3. Comments on the proof

Fix a < % We show that we can find even N high enough and a set

S CAl,.., N}2 with certain mixing properties:

{i: (i,5) € S}| =~ —, for each j,
, for each 7, 7',

{i: (i,). (i, j) € S} ~

{i: (i,5),(,5), (1,i) € S} ~

2 2]

3 for each 7,7, 1,

etc. The “~” means that the left-hand side is within a-related distance to the
right-hand side. Altogether, there are 8 properties of this sort (see Appendix
C.3) that essentially mean that various sections of S are “uncorrelated” with
each other.

We are unable to directly construct S with the required properties. In-
stead, we show the existence of set S using the probabilistic method of P.
Erdés (for a general overview of the method, see Alon and Spencer (2008)).
Suppose that the sets S (i) fori = 1, ..., N are chosen independently and uni-
formly from all %—element subsets of {1,..., N}. We show that if N > 108,
then the set S = {(4,j) : j € S (i)} satisfies the required properties with
positive probability, proving that a set satisfying these properties exists.
Our proof is not particularly careful about the optimal N (hence about the
largest € allowing for the conclusions of Theorem 2).

Given S, we construct the probability distribution u. First, state k is

1
N+1

chosen with equal probability, and ¢; is chosen so that is the conditional
probability of k = 1. Next, inductively, for each [ > 1, we choose
e d; uniformly from set S (¢;) = {j : (¢, j) € S} and conditionally inde-
pendently from £, ..., d;_; given ¢;, and
e ¢;41 uniformly from set S (d;) and conditionally independently from
k,...,c; given d;.

As a result, ¢, dy, ¢, da,... follows a Markov chain.
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To provide a lower bound on the distance between different information
structures, we construct a sequence of games. In game g7, player 1 is sup-
posed to reveal the first p pieces of her information; player 2 reveals the first
p — 1 pieces. The payoffs are such that it is a dominant strategy for player
1 to precisely reveal her first order belief about the state, which amounts
to truthfully reporting c¢;. Furthermore, we verify whether the sequence of
reports <61, cil, ey Cp1, cfp,l, ép> belongs to the support of the distribution
m. If
it does not, we identify the first report in the sequence that deviates from

of the Markov chain. If it does, then player 1 receives payoff € ~

the support. The responsible player is punished with payoff —5¢ (and the
opponent receives 5¢).

The payoffs and the mixing properties of matrix S ensure that players
have incentives to report their information truthfully. We check it formally,
and we show that if [ > p, then d (u!,w?) > val (u!, g?™) — val (u, g"*') >
2e.

Our argument implies that the conclusion of the Theorem is true for
e = 2.10717. However, our argument is not optimized for the largest possible

value of € and we strongly suspect that the threshold ¢ is much larger.

6. VALUE-BASED TOPOLOGY
6.1. Relation to the weak topology
The previous sections discussed the quantitative aspect of the value-based

distance. Now, we analyze its qualitative aspect: the topological information.

THEOREM 3 Let u be in U™. A sequence (u,,) in U converges to u for the
value-based distance if and only if the sequence (u,) converges weakly to u

m Ilo.

The result says that a convergence in value-based topology to a countable

structure is equivalent to the convergence in distribution of finite-order hier-
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archies of beliefs. Informally, around countable structures, the higher-order
beliefs have diminishing importance.

We describe the idea of the proof. If u is finite, we surround the hierar-
chies ¢ for ¢ € C' by sufficiently small and disjoint neighborhoods, so that all
hierarchies in the neighborhood of ¢ have similar beliefs about the state and
the opponent. We do the same for the other player. The weak convergence
ensures that the converging structures assign large probability to the neigh-
borhoods. We show that any information about a player’s hierarchy beyond
the neighborhood to which it belongs is almost conditionally independent
(in the sense of Section 4.6) from the information about the state and the
opponents’ neighborhoods. By Proposition 5, only the information about
neighborhoods matters, and the latter is similar to the information in the
limit structure u. If u is countable, we also show that it can be appropriately
approximated by finite structures.

There are two reasons why Theorem 3 is surprising: (a) it seems to have
the opposite message to the literature on strategic (dis)continuities, and (b)
it seems to contradict our discussion of Theorem 2. We deal with these two

issues in order.

6.1.1. Strategic discontinuities

For an illustration of the first issue, consider email-game information
structures u from Rubinstein (1989). Player 1 always knows the state. Player

2’s first-order belief attaches the probability of at least Hﬁ to one of the
1-p

states, where p < 1 is the initial probability of one of the states and &
is the probability of losing the message. It is well-known that, as ¢ — 0,
the Rubinstein’s type spaces converge in the weak topology to the common
knowledge of the state. Theorem 3 implies that the Rubinstein’s type spaces
also converge under the value-based distance.

We can make the last point somehow more general. An information struc-
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ture u € A (K x C x D) exhibits e-knowledge of the state if there is a
mapping k : C U D — K such that

u({u({k = k(c)}e) > 1 — g}) >1—¢ and u({u({k — k(d)}|d) > 1 5}) > 1.

In other words, the probability that any of the player player assigns at least

1 — ¢ to some state is at least 1 — ¢.

PROPOSITION 6  Suppose that u exhibits e-knowledge of the state and that
vEA(K x Ko x Kp), where Ko = Kp = K and marg, v = marg, u, and
v(k = ke =kp) = 1. (In other words, v is a common knowledge structure

with the only information about the state.) Then,

d (u,v) < 20e.

Thus, approximate knowledge structures are close to common knowledge
structures. The convergence of approximate knowledge type spaces to the
approximate common knowledge is a consequence of Theorem 3. The metric
bound stated in the Proposition requires a separate (simple) proof based on
Proposition 5.

The above results seem to go against the main message of the strategic
discontinuities literature (Rubinstein (1989), Dekel et al. (2006), Weinstein
and Yildiz (2007), Ely and Peski (2011), etc.), where the convergence of
finite-order hierarchies does not imply strategic convergence even around fi-
nite structures. There are three important ways in which our setting differs.
First, we rely on the ex ante equilibrium concept, rather than interim ra-
tionalizability. We are also interested in the payoff comparison rather than
the behavior. Second, we restrict attention to zero-sum games. Finally, we
only work with common prior type spaces.

We believe that each of these differences is important. First, if we worked
with rationalizability, an argument due to Weinstein and Yildiz (2007) ap-

plies, and, given sufficient richness assumption, it can be used to show that
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the resulting topology is strictly finer than the weak topology®. Further, the
ex ante focus and payoff comparison but without restriction to zero-sum
games lead to a topology that is significantly finer than the weak topol-
ogy (in fact, so fine that it can be useless - see Section 7 for a detailed
discussion). The role of common prior is less clear. On one hand, Lipman
(2003) imply that, at least from the interim perspective, common prior does
not generate significant restrictions on finite-order hierarchies. On the other
hand, we rely on the ex ante perspective, and common prior is definitely

important for Proposition 5, which plays an important role in the proof.

6.1.2. Relation to Theorem 2

For the second issue, recall that Theorem 2 exhibits a sequence of count-
able information structures such that the hierarchies of beliefs converge in
the weak topology along the sequence, but the sequence does not converge
in the value-based distance. The limiting structure, namely the distribu-
tion of the realizations of the infinite Markov chain, is uncountable. On
the other hand, Theorem 3 says that the convergence in the weak topol-
ogy to a countable information structure is equivalent to the convergence in
the value-based distance. Together, the two results imply that although the
weak and value-based topologies are equivalent around countable structures
U*, they differ beyond U*. The impact of the higher-order beliefs becomes
significant only for uncountable information structures.

Another way to illustrate the relation between two results is to observe
that, although the two topologies coincide on U™ ~ Ily, and the latter has
a compact closure IT under the weak topology, the completion of U* with
respect to d is not compact. This should not be confusing, as the “com-
pletion” is metric specific and not a purely topological notion and different

metrics that induce the same topology can have different completions.

8We are grateful to Satoru Takahashi for clarifying this point.
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6.2. Pointwise value-based topology and completions

An alternative way to define a topology on the space of information struc-
tures would be through the convergence of values. Say that a sequence of
information structures (u,) converges to u pointwise if for all payoff func-
tions g € G, lim,,_,o val(u,, g) = val(u, g). Clearly, if (u,) converges to u for
the value-based distance, then it also converges to u pointwise.

The topology of pointwise convergence is the weakest topology that makes
the value mappings continuous. And since val(y, g) is also well defined for
in II, pointwise convergence is also well-defined on II. Moreover by Theorem
12 of Gossner and Mertens (2001), the topology of pointwise convergence
coincides with the topology of weak convergence on II. Using Theorem 3,

we obtain the following corollary:

COROLLARY 3 On the set U*, the topology induced by the value-based dis-
tance, the topology of weak convergence and the topology of pointwise con-
vergence coincide. In particular, let w in U™ and (u,) be in U*. Then (u,)
converges to u for the value-based distance if and only if for every g in G,

val(u,, g) — val(u, g).
n—oo

A standard way to define a metric compatible with the pointwise topology

is the following. Consider any sequence (g, ), that is dense in the set of payoff

KxL?

functions Uzsq[—1, 1]5%%* | in the sense” that for each g in [—1,1] and

e > 0, there exists n such that |g(k,i,j) — gn(k,i,7)| < e for all (k,i,j) €
K x L?. The particular choice of (g,), will play no role in the sequel. Define

now the distance dy, on U™ by:

o0

1
dW(“u U) = Z 2_n| Val(u7 gn) - Val(”? gn)|

n=1

9To construct such a sequence, one can for instance proceed as follows. For each
positive integer L, consider a finite grid approximating [—1,1]5*%* up to 1/L , then

define (g,,), by collecting the elements of all grids.
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By density of (g,)n, we have dy (u,u) - 0 if and only if for all g,
val(ug, g) — val(u, g). U* equipped with dy is a metric space, and we
denote by V its completion for dy,. For this distance, U™ is isometric to a
dense subset of V, so that V can be seen as the closure of «*. Using Theorem

12 of Gossner and Mertens (2001), we have the following result.

THEOREM 4 V is homeomorphic to the space 11, endowed with the weak

topology.

PROOF: Define similarly the distance dy on IL by dw (p, v) = > oo | 57| val(p, g,)—

val(v, gn)|. By construction, the map (u +— ) from U™ to Il is an isometry
for dy. So V is isometric to the completion of Il for dy . But on II, the
topology induced by dy is the weak topology, and for this topology, II is
the closure of Ily. So the completion of 11y for dy, is II. Q.E.D.

As a consequence, V is compact and does not depend on the choice of (g,).
It contains not only the information structures with countably many types,
but also the information structures with continuum of signals, obtained as
limits of sequences of information structures with countably many types.

The main interest of Theorem 4 is that we can now view Il as the set
V. We can recover exactly the space (I, weak) using values of zero-sum
Bayesian games and the completion of a metric space'’. This may be seen
as a duality result between games and information: II is defined with hierar-
chies of beliefs but no reference to games and payoffs, whereas V is defined
by values of zero-sum games, with no explicit reference to belief hierar-
chies. In particular, restricting attention to the values of zero-sum games

is still sufficient to obtain the full space II with the weak topology. Now

10We could have worked from the beginning with possibly uncountable information
structures, that is with Borel probabilities over K x [0,1] x [0, 1]. Endowing this set with
a distance dyy yields a metric space directly homeomorphic to II, with no need to go the

completion since the space would already be complete. See online material.
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the construction of V yields a new, alternative, interpretation of II, and one
might possibly hope to deduce properties of (II, weak) by transfering, via
the homeomorphism, properties first proven on V.

Finally, although dy and our value-based distance d induce the same
topology on U™, their completions differ. Theorem 2 implies that the com-
pletion W of U™ for d is not compact. The space YV also contains information
structures with continuum of signals and represents a new space of incom-
plete information structures, with strong foundations based on the suprema

of differences between values of Bayesian games.

7. PAYOFF-BASED DISTANCE

In this section, we consider a version of the distance (1) where the supre-
mum is taken over all, including non-zero-sum, games. We show that such
a payoff-based distance between information structures is, mostly, trivial.

A non-zero sum payoff function is a map g : K x I x J — [—1,1]2
where I, J are finite sets. Let Eq (u,g) C R? be the set of Bayesian Nash
Equilibrium (BNE) payoffs in game g on information structure u. Assume
that the space R® is equipped with the maximum norm |z —yl| .. =
max;_1 2 |z; — y;| and the space of compact subsets of R? with the induced

Hausdorff distance d”__. Let

max*

(5) dyzs (U,U) = sup dgax (Eq (uvg) , Eq (U7g>> :

g is a non-zero-sum payoff function

Then, clearly as in our original definition, 0 < dyzg (u,v) < 2.1
Contrary to the value in the zero-sum game, the BNE payoffs on informa-
tion structure u cannot be factorized through the distribution u € II over

the hierarchies of beliefs induced by wu. For this reason, we only restrict our

11 A related approach to closeness of information structures is taken in Kajii and Morris
(1998). They say that an information structure is close to another one if, for all bounded

games, any equilibrium of one is close to an almost equilibrium of the other.
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analysis to information structures that are non-redundant, or equivalently
information structures induced by a consistent probability with countable
support in IIy. We do so because the dependence of the BNE on the redun-
dant information is not yet well-understood'?.

Let u € A (K x C x D) be an information structure. A subset A C K X
C'x D is a proper common knowledge component if u (A) € (0,1) and for each
signal s € CU D, u(A|s) € {0,1}. An information structure is simple if it
does not have a proper common knowledge component. Each non-redundant
information structure u has a representation as a convex combination of
(non-redundant) simple information structures u = ) patq, where > p, =

1,pa > 0, and p, > 0 for at most countably many .

THEOREM 5 Suppose that u,v are non-redundant information structures.
If u and v are simple, then
0, ifu=0,
dnzs (u,v) =
2 otherwise.
More generally, suppose that u = > paue and v = Y. qav, are the de-
compositions into simple information structures. We can always choose the

decompositions so that i, = U, for each a. Then,
dnzs (u,v) = Z [P — Qal -

The distance between the two non-redundant simple information struc-
tures is binary, either 0 if the information structures are equivalent, or 2
if they are not. In particular, the distance between all simple information

structures that do not have the same hierarchies of beliefs is trivially equal

12Gee Sadzik (2008). An alternative approach would be to take an equilibrium solution
concept that can be factorized through the hierarchies of beliefs. An example is Bayes

Correlated Equilibrium from Bergemann and Morris (2015).
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to its maximum possible value 2. The distance dyzg between two non-
redundant, but not necessarily simple information structures depends on
how similar is their decomposition into the simple components. Theorem 5
implies that (5) is too fine measure of distance between information struc-
tures to be useful.

The proof in the case of two non-redundant and simple structures v and v
is straightforward. Let @ # v. First, it is well-known that there exist a finite
game g : K xIxJ — [—1,1]% in which each type of player 1 in the support of
u and v reports her hierarchy of beliefs as the unique rationalizable action.
Second, Lemma IT1.2.7 in Mertens et al. (2015) (or corollary 4.7 in Mertens
and Zamir (1985)) shows that the supports of distributions @ and o must
be disjoint (it is also a consequence of the result by Samet (1998)). Thus,
we can construct a game, in which, additionally to the first game, player 2
chooses between two actions {u,v} and it is optimal for her to match the
information structure to which player 1’s reported type belongs. Finally,
we multiply the so obtained game by ¢ > 0 and construct a new game, in
which, additionally, player 1 receives payoff 1 — ¢ if player 2 chooses u and
a payoff of —1 4 ¢ if player 2 chooses v. Hence, the payoff distance between
the two information structures is at least 2 — ¢, where ¢ is arbitrary small.

So-constructed game, has a BNE in the unique rationalizable profile.

8. CONCLUSION

In this paper, we have introduced and analyzed the value-based distance
on the space of information structures. The main advantage of the defi-
nition is that it has a simple and useful interpretation as the tight upper
bound on the loss or gain from moving between two information structures.
This allows us to directly apply it to numerous questions about the value
of information, the relation between the games and single-agent problems,

comparison of information structures, etc. Additionally, we show that the
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distance contains an interesting topological information. On one hand, the
topology induced on the countable information structures is equivalent to
the topology of weak convergence of consistent probabilities over coherent
hierarchies of beliefs. On the other hand, the set of countable information
structures is not totally bounded for the value-based distance, which solves
negatively the last open question raised in Mertens (1986), with deep im-
plications for stochastic games.

By restricting our attention to zero-sum games, we were able to re-
examine the relevance of many phenomena observed and discussed in the
strategic discontinuities literature. On one hand, the distinction between the
approximate knowledge and the approximate common knowledge is not im-
portant in situations of conflict. On the other hand, the higher order beliefs
matter on some, potentially uncountably large structures. More generally,
we believe that the discussion of the strategic phenomena on particular
classes of games can be fruitful line of future research. It is not the case
that each problem must involve coordination games. Interesting classes of

games to study could be common interest games, potential games, etc. '

APPENDIX A: PROOF OF THEOREM 1

The proof of Theorem 1 relies on two main aspects: the two interpreta-
tions of a garbling (deterioration of signals and strategy) and the minmax
theorem.

Part 1. We start with general considerations and first identify payoff
functions with particular infinite matrices. For 1 < L < oo, let G(L) be
the set of maps from K x NxN to [—1,1] such that g(k,i,5) = —1 if
i>L,j<L,g(kyij)=1ifi<L,j>L,and g(k,i,j) =0ifi > L,j > L.

Elements in G(L) correspond to payoff functions with action set N for each

13As an example of work in this direction, Kunimoto and Yamashita (2018) studies

an order on hierarchies and types induced by payoffs in supermodular games.
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player, with any strategy > L being weakly dominated. We define G =
G(00) = Uy, G(L), for each u, v in U the values val(u, g) and val(v, g) are
well defined, and d(u,v) = sup,q | val(u, g) — val(v, g)|.

For u € U and g € G, we denote by v,4(¢1,¢2) the payoff of player 1 in
the zero-sum game I'(u, g) when player 1 plays ¢; € Q and player 2 plays
¢ € Q. Extending as usual g to mixed actions, we have v, ,(q1,¢) =

> ke Wk e, d)g(k, qi(c), g2(d)). Notice that the scalar product (g,u) =

> kea 9k, e, d)u(k, ¢, d) is well defined and corresponds to the payoff v, ,(1d, Id),

where Id € Q is the strategy that plays with probability one the signal re-
ceived. A straightforward computation leads to 7, 4(q1,¢2) = (9, ¢1.u.q2).
Consequently,

al(u = max min . = min ma U.q).
val(u, g) q165q2€Q<Q7Q1 ) q269q165<ga% ¢)

And for L = 1,2,...,400 and g € G(L), the max and min can be ob-
tained by elements of Q(L). Since both players can play the Id strategy
in I'(u, g), we have for all u € U and g € G(L) that infy,cor)(g,u.q2) <
val(u, g) < sup,, cor) (9, 1-u). Notice also that for all u, vin U(L), [u—v| =
SUPgeq(r) (9, U — V).

Part 2. We now prove Theorem 1. Fix u, vin U(L), with L = 1,2, ..., +00.
For g € G(L), we have infy, 4,cor)(9,v.¢2 — q1.u) < val(v, g) —val(u, g), so

(6) sup (val(v,g) —val(u,g)) > sup  inf (g,v.q2 — q1.u).
geG(L) geG(L) 1,42€Q(L)

For g € G, ¢1,¢2 € Q (L), by monotony of the value with respect to in-
formation, we have val(v.qs,g) > val(v, g) and val(u, g) > val(q.u, g). So

val(v, g) — val(u, g) < d(q1.u,v.q2) < ||g1.u — v.q2||. Hence

(7)

sup (val(v, g) — val(u,g)) <  inf " |lg1-u—v.qo]| = inf  sup {(g,v.qa—q1.u).

9eG q1,92€Q 71,q2€Q(L) geG(L)
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We are now going to show that

(8) g:gg ) qhqigfg(m@, V.ga — quu) = ql,(ffeiS(L) 9233 )<97 V.ga — quu).
Together with inequalities 6 and 7, it will give sup, ¢ (val(v, g) — val(u, g)) =
SUDecry (val(v, g) — val(u, 9)) = ming, geor) 1.4 — v.s])

To prove 8, we will apply a variant of Sion’s theorem (see e.g., Mertens
et al. (2015) Proposition 1.1.3) to the zero-sum game with strategy spaces
G(L) for the maximizer, Q(L)? for the minimizer, and payoff h(g, (¢1, ¢2)) =
(9,v.92 — q1.u). The strategy sets G(L) and Q(L)* are convex, and h is
bilinear.

Case 1: L < +00. Then A({0, ..., L — 1}) is compact, and Q (L) is com-
pact for the product topology. Moreover, h is continuous, so by Sion’s the-
orem, 8 holds. And sup,cq(;) (val(v, g) — val(u, g)) is achieved, since G(L)
is compact.

Case 2: L = +00. We are going to modify the topology on Q in order to
have Q (L)* compact and h Ls.c. in (g1, ¢2). The idea is to identify 0 and 400
in N. Formally given ¢ € A(N) and a sequence (g,),, of probabilities over N,
we define: (g,), converges to ¢ if and only if: Ve > 1, lim,, . gn(c) = q(c).
It implies lim sup,, ¢,(0) < ¢(0).

A(N) is now compact, and we endow Q with the product topology, so
that Q(L)? is itself compact. Fix g € G. We finally show that (g, q.u) is
u.s.c. in ¢ € Q and (g,v.q) is L.s.c. in ¢ € Q. For this, we take advantage of
the particular structure of G: there exists L’ such that g € G(L').

For each ¢ in A(N), we have for each k in K and d in N

gk, q,d) = Y glc)g(k,c,d)

ceN

= k0d+z (k,c.d) — g(k,0,d))q(c) + Y (g(k,c,d) —

c>L/

And for each ¢ > L', we have g(k,c,d) — g(k,0,d) < 0. If (¢,)n con-
verges to ¢ for our new topology, lim, Zf:ll(g(k,c, d) — g(k,0,d))gn(c) =
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ZLLl(g(k, c,d)—g(k,0,d))q(c) and by Fatou’s lemma lim sup,, » .- (g(k, ¢, d)—

c=1

1

9(k,0,d))gn(c) < 3o (g(k, ¢, d)—g(k,0,d))g(c). As a consequence limsup,, g(k, ¢n, d) <2

g(k,q,d). This is true for each k and d, and we easily obtain that (g, q.u) =
Y ke Wk c,d)g(k,q(c),d) is us.c.in g € Q.

Similarly, for each ¢ € A(N), k € K, and ¢ € N, we can write g(k,c,q) =
g(k, ¢,0)+ 305 (g(k, ¢, d)—g(k, ¢,0)q()+ 3 s 1 (9(k, ¢, d) — gk, ¢, 0))q(c),
with g(k,c,d) — g(k,c,0) > 0 for d > L', and show that (g,v.q) is L.s.c. in
q € 0.

APPENDIX B: PROOFS OF SECTION 4
B.1. Proof of Proposition 1

We prove the lower bound of (3). Let g (k) = 1,54, — Lp,<q.- Then,

d (u,v) > val (u, g) — val (v, g) = Z (pk —qx) g (k) = Z Dk — il -
keK keK

Let us prove the upper bound of (3). Define @ and v in A(K x K¢ x Kp)
with K = K¢ = Kp such that u(k,c,d) = pg Le—y Ly—g, for some fixed
ko € K (complete information for player 1, trivial information for player
2, and the same prior about k as u) and v(k,c,d) = qg Loy, 14—y for all
(k,c,d) (trivial information for player 1, complete information for player 2,
and the same beliefs about k as v). Since the value of a zero-sum game is
weakly increasing with player 1’s information and weakly decreasing with

player 2’s information, we have

sup(val(u, g)—val(v, g)) < sup(val(@, g)—val(v,¢)) = min _||a.qa—q1.v||,
geg geg 71€9,q2€Q

where, according to Theorem 1, the minimum in the last expression is at-
tained for garblings with values in AK. Since player 2 has a unique signal

in w, only ¢2(.|ky) € AK matters. We denote it by ¢’ = g2 (.|ko). Similarly,
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we define p’ = ¢1(.|ko) € A(K). Then,

l2.g2 — qroll = D [k Lemk @) — G o=k 2|
(k,c,d)eK3
= > Ipedh — @il + (1 = qi) + ae(1 — p})
keK

=24 |prdy — alhl — Prai, — qrpi, = 2 <1 — " min (prgy. g

keK keK

A similar inequality holds by inverting the roles of u and v, and the upper

bound follows from the fact that one can choose arbitrary p’, ¢'.

If p = ¢, then ZkeK min (pk(blm qkp;c) = ZkeK Pk min (q;wp;k) < ZkeK pkp;c <

maxXyex Pr, Where the latter is attained by pj = ¢, = Ly—p+) for some

k* € K such that py« = maxygey pg.

B.2. Proof of Proposition 2

Let us start with general properties of d;. Let us define the set of single-
agent information structures as Uy = A(K x N) using the same convention
that countable sets are identified with subsets of N. Note that given u €
A(K x C x D), margg,ou € Uy. Let G = {¢ : K x I — R |I finite }
be the set of single-agent decision problems, and define for u',v" € Uy,
di (v, v") = supgeg, | val(v', ¢') — val(u', ¢')|. It is easily seen that for any

u,v € A(K x C x D),
9)  diuv) = i (w, o) = max{min o' = g, min g’ |}

where v’ = margy o u, v = margy, v, qu'(k,c) = > o' (k, s)q(s)(c)
and where the last equality can be obtained by mimicking (and simplifying)

the arguments of the proof of Theorem 1.

We now prove Proposition 2. Using the assumptions, we have u(k) = v(k),

u(c,dlk) = u(clk)u(dlk), and v (c,d|k) = v (d|k)v (d|k) = u(d|k)v (k).
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For any pair of garblings ¢, ¢o

lugo — vl =)

k,c,d

Y ulke,B) g (dp) =Y v(kad)g(ca)

B a

B

— Zu (k) Z lu (d|k)T (k,c) + A (k,d) u(c|k)],

«

where A (k, d) = u (d|k)=3_5 u (Bk) g2 (d|F), and T' (K, ¢) = 3, v (alk) qu (cler) =
u (c|k). Because |z + y| > |z| + sgn(x)y for each z,y € R, we have

> lu(dk)T (k,c) + A (k,d)u(clk)]

> u(dk) [T (ko) +sgn (L (k) ulclk) Y Ak, d) =) uldk)|L (k,c)|.
d d d
where the last equality comes from the fact that >, A (k,d) = 0. Thus, we
obtain
gz = quvll =Y~ w (k) fu (dk) T (k,0)]
k,c,d
=Y u (k) |u(dk)ulclk) =Y uldlk)v(alk)q ()| = Ju— a0l
k,c,d «a
We deduce that ming, 4, ||u.g2 — ¢1.v|| = ming, ||u — ¢;.v|| . Inverting the
roles of the players, we also have ming, 4, [|[v.¢2 — ¢1.y|| = ming, ||[v — ¢1.u]|.

We conclude that

d(u,v) = max{min ||u.qgz — ¢;.v|| ; min |[v.q2 — ¢1.y|}
q1,92 41,92

= max{n;in |lu — q1.v]] ;H;}Il lv — qr.ull} = di(u,v),
1

where the last equality follows from (9) together with the fact that marg, ., u =

margy . p v.
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B.3. Proof of Proposition 3

Because u = v,

d(u,v) = (glelré;nem lu.ga — q1.v]| < gnenéql Cﬁnil(%xc |u.g2 — q1.v]|

where in the right-hand side of the inequality, we use a restricted set of
player 1’s garblings. Precisely, for every garbling ¢; : C' — A (C x Cy), we
associate the garbling ¢; defined by ¢i(c, ], chle,c1) = ey (c))a(c, &le).

Further, for any such ¢; and an arbitrary garbling g2, we have

lugo —drvll =

k,c,c1,c2,d

= Z (k,c1) Zu ¢, co, Bk, c1) g2 (d|B) — Zu a,dlk,c1) ¢ (¢, col)|.

k,c,c1,c2,d

ZU(kAC;CbC% B) a2 (d|B) — ZU (K, v, c1,d) q1 (¢, co|)

Because of the conditional independence assumption, the above is equal to

= Z (Zu<k701)> ZU(C,CQ,B|k)q2(d|5)—Zu(a,d|k3)q1 (6702|a)

k,c,ca,d c1 B o
= Y uthee A ed) -3 ulkad o) = va - g,
k,c,ca,d | B e’

Hence d (u,v) < ming, ming.coa@xey) |'.¢2 — qi.v'|| = d (v, 0').

B.4. Proof of Proposition /

We have d (v/,0") = dy (v/,v") = d; (u,v) < d(u,v). The first equality
comes from Proposition 2, the second from the fact that v and «’ (resp. v
and v') induce the same distribution on player 1 first order beliefs, and the

inequality from the definition of the two distances.

B.5. Proof of Proposition 5

It is enough to show that if ¢; is e-conditionally independent from (k, d)

given ¢, then sup, g val (u,g) — val (v, g) <e.
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For this, let g2 : D x D1 — D be defined as ¢o (d,d;) (d') = Lg—q4. Let
q1 : C — C x C} be defined as q; (¢, ¢1]c) = u(c1|c). Then,

lug —qoll = S Ju ke er,d) — u (e, d)u(erlc)]

k,c,c1,d
= Zu(c) Z |u(k,cq,d|c) —u(k,dlc)u(clc)] <e.
c k,c1,d

The claim follows from Theorem 1.

APPENDIX C: PROOF OF THEOREM 2

N is a very large even integer to be fixed later, and we write A =C = D =
{1,..., N}, with the idea of using C while speaking of the actions or signals
of player 1 and using D while speaking of the actions and signals of player
1

> and o = ==

2. We fix € and «, to be used later, such that 0 < ¢ < m 55 -

We will consider a Markov chain with law v on A, satisfying the following:
e the law of the first state of the Markov chain is uniform on A,

e given the current state, the law of the next state is uniform on a subset

of size N/2,
e and few more conditions, to be defined later.

A sequence (ay,...,q;) of length [ > 1 is said to be nice if it is in the
support of the Markov chain: v(ay,...,q;) > 0. For instance, any sequence

of length 1 is nice, and N?/2 sequences of length 2 are nice.

The rest of the proof is split in 3 parts: we first define the information
structures (u');>; and some payoff structures (¢g?),>1. Then we define two
conditions UI1 and UI2 on the information structures and show that they
imply the conclusions of Theorem 2. Finally, we show, via the probabilistic

method, the existence of a Markov chain v satisfying all our conditions.
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C.1. Information and payoff structures (u');>1 and (g');>1

For [ > 1, define the information structure u! € A(K x C! x D') so that
for each state k in K, signal ¢ = (cy,...,¢) in C! of player 1 and signal

d = (dy,...,d;) in D! for player 2,

C C
u'(k,c,d) = v(cy,dy, ca,da, ..., cr, dy) (Nj_llkzl + (1 - Nj—l) 1k:0> -

The following interpretation of u! holds: first select (a1, as, ..., as) = (c1,dy, ..., c1, dy)
in A% according to the Markov chain v (i.e., uniformly among the nice se-
quences of length 2[), then tell (¢, ca, ..., ) (the elements of the sequence

with odd indices) to player 1 and (di,ds,...,d;) (the elements of the se-
quence with even indices) to player 2. Finally, choose the state k = 1 with
probability ¢, /(N + 1) and state & = 0 with the complement probability
1—c/(N+1).

Notice that the definition is not symmetric among players: the first signal
c; of player 1 is uniformly distributed and plays a particular role. The
marginal of ! on K is uniform, and the marginal of u'** over (K x C! x V)

is equal to u'.

Consider a sequence (aq,...,q;) of elements of A that is not nice (i.e.,
such that v(ay,...,a;) = 0). We say that the sequence is not nice because of
player 1 if min{t € {1,...,1},v(ay,...,a;) = 0} is odd and not nice because of
player 2 if min{t € {1,...,1},v(ay, ...,a;) = 0} is even. A sequence (ay, ..., a;)
is now nice, or not nice because of player 1, or not nice because of player 2.

A sequence of length 2 is either nice, or not nice because of player 2.

For p > 1, define the payoff structure ¢g? : K x C? x DP~1 — [—1,1] such
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that for all k in K, ¢ = (c},...,c)) in C?, d' = (d}, ...,d, ) in D~ :

e Op “ey p—l

N+2

c 2
g'(k.c.d) = go(k,c})+h"(c,d), where go(k,c}) = — (k “ N+ 1) MG

e if (d),dy, ..., c,) is nice,

pP(d,d) = 5¢ if (c},dj,...,c,) is not nice because of player 2,

—5¢ if (c},d},...,c,) is not nice because of player 1.
One can check that |g?| < 5/6 + 5e < 8/9. Regarding the gy part of the
payoff, consider a decision problem for player 1 where ¢; is selected uniformly
in A and the state is selected to be k = 1 with probability ¢; /(N + 1) and
k = 0 with probability 1 — ¢; /(N + 1). Player 1 observes ¢; but not k, and

o1

she chooses ¢} in A and receives payoff go(k, ¢}). We have 75g0(1, ¢})+(1—

¥i1)90(0,¢7) = W(c’l(%l — )+ (N+1)((N+2)/6—c1)). To maximize
this expected payoff, it is well known that player 1 should play her belief on
k, i.e. i = c¢1. Moreover, if player 1 chooses ¢| # ¢, her expected loss from

> 10e. And the constant =22 has

not having chosen c; is at least SN

e
been chosen such that the value of this decision problem is 0.

Consider now [ > 1 and p > 1. By definition, the Bayesian game I'(u!, g?)
is played as follows: first, (cy,dq, ..., ¢, d;) is selected according to the law v
of the Markov chain, player 1 learns (cy, ..., ¢), player 2 learns (dy, ..., d;),
and the state is k£ = 1 with probability ¢;/(N + 1) and k£ = 0 otherwise.
Then, simultaneously player 1 chooses ¢ in CP and player 2 chooses d' in
DP~1 and finally, the payoff to player 1 is g?(k,c,d'). Notice that by the
previous paragraph about gg, it is always strictly dominant for player 1 to
report correctly her first signal, i.e. to choose ¢| = ¢;. We will show in the
next section that if / > p and player 1 simply plays the sequence of signals
she received, player 2 cannot do better than also truthfully reporting his
own signals, leading to a value not lower than the payoff for nice sequences,
which is . On the contrary, in the game I'(u!, g'™'), player 1 has to report

not only the [ signals she has received but also an extra-signal ¢;,, that she
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has to guess. In this game, we will prove that if player 2 truthfully reports his
own signals, player 1 will incur the payoff —5¢ with a probability of at least
(approximately) 1/2, and this will result in a low value. These intuitions

will prove correct in the next section, under some conditions U/1 and UI2.

C.2. Conditions Ul and values

To prove that the intuitions of the previous paragraph are correct, we
need to ensure that players have incentives to report their true signals, so

we need additional assumptions on the Markov chain.

Notations and definition: Let [ > 1, m > 0, ¢ = (cy,...,¢) in C' and
d=(dy,...,dy) in D™. We write
a®(c,d) = (c1,dy,....,cq,d,) € AM for each ¢ < min{l,m},

e, d) = (c1,dy, ..., Cq,dy, Cqr1) € A2 for each ¢ < min{l — 1, m}.

For r < min{2l,2m + 1}, we say that ¢ and d are nice at level r, and we
write ¢ —,. d, if a"(c, d) is nice.

In the next definition, we consider an information structure u’ € A(K x
C' x D') and denote by ¢ and d the respective random variables of the

signals of player 1 and 2.

DEFINITION 1 We say that the conditions U1 are satisfied if for alll > 1,
all ¢ = (c1, ..., ) in C' and ¢ = (¢}, ...,¢},;) in C™*Y such that ¢; = ¢}, we

have
(10) ! (c/ —og d|E=cd —y cZ) €[1/2—a,1/2+q]
and for all m € {1,...,1l} such that ¢,, # ¢, forr =2m —2,2m — 1,
(1) (c/ —d|é=cd—, CZ) €1/2—a,1/2+q].
We say that the conditions UI2 are satisfied if for all 1 < p < [, for all

d € D, for all ' € DP~L, for all m € {1,...,p — 1} such that d,, # d.,,, for

ectaart.cls ver. 2006/04/11 file: TS09042020M.tex date: April 11, 2020

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

40

r=2m-—1,2m
(12) o (5 e d|d=d,E—, d/) e1/2 —a,1/2 +al.

To understand the conditions UI1, consider the Bayesian game I'(u!, g'*1),
and assume that player 2 truthfully reports his sequence of signals and
that player 1 has received the signals (ci,...,¢;) in C'. (10) states that if
the sequence of reported signals (c’l,czl,...,cg,a?l) is nice at level 2[, then
whatever the last reported signal ¢, is, the conditional probability that
(¢, dy, .y €}y dy, ¢, y) is still nice is in [1/2—a, 1/2+al, (ie., close to 1/2). Re-
garding (11), first notice that if ¢ = ¢, then by construction (¢, ds, ..., , dy)
is nice and o' <c’ —rt1 0” c=c,cd —, d) = ! <C\—/T+1 (ﬂ 6:c> =1 for
each r =1,...,2] — 1. Assume now that for some m = 1, ..., [, player 1 mis-
reports her m'"-signal (i.e., reports ¢, # ¢,,). (11) requires that given that
the reported signals were nice so far (at level 2m — 2), the conditional prob-
ability that the reported signals are not nice at level 2m — 1 (integrating

¢ ) is close to 1/2, and moreover, if the reported signals are nice at this

level 2m — 1, adding the next signal d,, of player 2 has a probability close to
1/2 of keeping the reported sequence nice. Conditions UI2 have a similar
interpretation, considering the Bayesian games I'(u', g?) for p < [, assuming
that player 1 truthfully reports her signals and that player 2 plays d’ after

having received the signals d.

PROPOSITION 7 Conditions UI1 and UI2 imply
(13)  VIi>1,Vpe{l, .. 1}, val(u,g?)>e.
(14) VIi>1, val(ul,¢g) < —e.

As a consequence of this proposition, under the existence of a Markov

chain satisfying conditions U1 and U2, we obtain Theorem 2:

If I >p, then d(u',uf) > val(u', g?*!) — val(uP, g"™') > 2¢.
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Proof of proposition 7. We assume that UI1 and U2 hold. We fix [ >
1, work on the probability space K x C!' x D! equipped with the probability
u!, and denote by ¢ and d the random variables of the signals received by

the players.

1) We first prove (13). Consider the game I'(u!, g?) with p € {1,...,1}. We
assume that player 1 chooses the truthful strategy. Fix d = (dy,...,d;) in
D' and d' = (dy,...,d, ;) in D", and assume that player 2 has received

the signal d and chooses to report d’. Define the non-increasing sequence of

events: A, = {¢ —, d'}. We will prove by backward induction that

(15)  Vn=1,....,p, B[P d)|d=d, Ay > e.

If n = p, WP(¢,d) = ¢ on the event Ay, ;, implying the result. As-
sume now that for some n such that 1 < n < p, we have E[h?(¢ d')|d =
d, Agny1] > €. Since we have a non-increasing sequence of events, 1 4, |, =
Lapnss T Lag, 4 Lag, + 1a,, Lag, , ,so by definition of the payoffs, h?(¢,d') 14,, , =
hp<é, d’) 1A2n+1 +be 1A2n71 ILAS” —be 114271 1A5n+1 .

First assume that d’, = d,,. By construction of the Markov chain, u!( Ay, 1| As,_1, d=
d) = 1, implying that u!(AS, A9, 1,d = d) = u}(A,|As,1,d = d) = 0.
As a consequence,
E[RP(&,d)|d = d, Agn1] = E[RP(E,d) Na,,,, |d=d, Ay, 1]

= E[E[R(E,d)|d = d, Asni1] Lay,,, |d = d, Agy 1] > €.

Assume now that d, # d,,. Assumption UI2 implies that

U(AS |Agpq,d=d) > 1/2—a,
u'(Agn NVAS, | [Agn_1,d =d) < (1/2+ ),
UZ(A2n+1|A2n_1, CZ = d) Z (1/2 — 01)2.
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It follows that
E[hP (¢, d'|d) = d, Agn_1]
=E[E[h" (¢, d')|d = d, Asp1] La, ., |d = d, Ay ]
+ 5eul (AS, | Agn 1, d = d) — 5eul (Ag, N AS, 1| Agy 1, d = d)

25(%1 —a+a?®)+ 55(% —a) — 55(% +a+a?) = s(g —1la —4a?) > ¢,
and (15) follows by backward induction.

Since A; is an event that holds almost surely, we deduce that E[h?(&, d')|d =
d] > €. Hence the truthful strategy of player 1 guarantees the payoff ¢ in
L(ul, gP).

2) We now prove (14). Consider the game T'(u!, g'*!). We assume that
player 2 chooses the truthful strategy. Fix ¢ = (cy,...,¢) in C! and ¢ =
(¢},...,c,_,) in C*"! and assume that player 1 has received the signal ¢ and
chooses to report ¢. We will show that the expected payoff of player 1 is
not larger than —e, and assume w.l.o.g. that ¢, = ¢;. Consider the non-
increasing sequence of events B, = {¢/ —, d }. We will prove by backward
induction that Vn = 1,...,1, E[R*Y(¢,d)|é = ¢, By,) < —¢.

Ifn =1, wehave lp, = 1p, , +1p, 15

20+17

UI1 implies that |u'(By1]é = ¢, By) — 4| < a, and it follows that

E[hl+l(c/, dN)‘é =C, Bgl] = €’LLZ(BQH_1|5 = C, Bgl) — be ’LLZ<B§H_1|U = 11, BQl)

Assume now that for some n = 1,...,l — 1, we have E[p/t!(¢,d)|¢ =
¢, Bonia] < —e. We have 1p,, = 1g,,,, + 1, L . + 1, 15 and

2n+1
by definition of h!*!,

(2:n+27
hl+1 (0/7 (Z) ﬂan = hl+1<c” CZ) 132n+2 —He ]132n 13§n+1 +5e ]1327L+1 ]135n+2 .
First, assume that ¢, = ¢,41, then u'(Bayi2| B2y, ¢ = ¢) = 1. Then
E[R (¢, d)|é = ¢, Ban] = E[RTH,d) 1p,,,, ¢ = ¢, B,

= E[E[hl+1 (C,, Cz)|6 =C, Bgn+2] ]].B2n+2 |6 = C, Bgn] S —E.
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Assume on the contrary that ¢}, # ¢,41. Assumption UIl implies that
u'(Bspia|Bons € =¢) > 1/2—a,
ul(32n+1mBgn+2|B2n76: C) < (1/2+()1)2,
ul(Bgn+2|Bgn, c= C) Z (1/2 — Oé)z.
It follows that

E[R" (¢, d)|é = ¢, Ban) = E[E[WF(c,d)|¢ = ¢, Bonsa] 1p,,,, |¢ = ¢, Bay]

—5eu!(Bs,,1|Ban, & = ¢) + 5 u' (Bany1 N B,y 9| Ban, & = c)

1

1 1
S—5(——a+a2)—55(——a)+58(1+a—|—o¢2)g—e.

4 2
By induction, we obtain E[" (¢, d)|é = ¢, By] < —¢. Since B, holds almost
surely here, we get E[A"(¢,d)|é = ¢] < —e, showing that the truthful
strategy of player 2 guarantees that the payoff of the maximizer is less or

equal to —e, which concludes the proof.

C.3. Ezistence of an appropriate Markov chain

Here we conclude the proof of Theorem 2 by showing the existence of an
even integer N and a Markov chain with law v on A = {1, ..., N} satisfying
our conditions

1) the law of the first state of the Markov chain is uniform on A,

2) for each a in A, there are exactly N/2 elements b in A such that
v(bla) = 2/N and

3) UI1 and UI2.

Denoting by P = (P, p)(ap)ca2 the transition matrix of the Markov chain,
we have to prove the existence of P satisfying 2) and 3). The proof is
nonconstructive and uses the following probabilistic method, where we select
independently for each a in A, the set {b € A, P,;, > 0} uniformly among the
subsets of A with cardinal N/2. We will show that when N goes to infinity,
the probability of selecting an appropriate transition matrix become strictly

positive and, in fact, converges to 1.
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Formally, denote by S4 the collection of all subsets S C A with cardi-
nality |S| = 1N. We consider a collection (S,),., of i.i.d. random variables
uniform distributed over S defined on a probability space (Qx, Fn,Py).
For all a, b in A, let X, = ljes, and P, = %Xa’b. By construction,
P is a transition matrix satisfying 2). Theorem 2 will now follow from the

following proposition.

PROPOSITION 8

Py ( P induces a Markov chain satisfying UI1 and UI2 ) — 1.

N—oo

In particular, this probability is strictly positive for all sufficiently large N.

The rest of this section is devoted to the proof of proposition 8. We start
with probability bounds based on Hoeffding’s inequality.

LEMMA 1 For any a # b, each v >0
1 1
Py (‘|Sa NSy — ZN‘ > VN) < 564]\76_272]\[.

ProOOF: Consider a family of i.i.d. Bernoulli variables ()A(Ji’j)i:a,b,jeA of
parameter % defined on a space (2, F,P). For i = a,b, define the events
L; = {2 ien X, = 2} and the set-valued variables Si={jeA|X;; =1}
It is straightforward to check that the conditional law of (S,,S,) given
L, N L, under P is the same as the law of (Sa, Sp) under Py. Tt follows that

1 ~ ~ 1 ~ ~
Py (‘|Saﬂ5b‘—ZN‘ Z’YN) —P(“Saﬁsbl—zN‘ Z’yN’LaﬂLb)

P <‘|§ NS — }lN’ > 7N>

P (Ea N Zb>

Using Hoeffding inequality, we have

-~
> Xaj Koy — Nz 7N> < 2e” 7N,

JEA

~ 1
P(‘|Saﬂ5b|—ZN‘27N) :IP’<
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On the other hand, using Stirling approximation'*, we have 1
2 N\ 2 2
~ o~ 1 N! AREY\ 4
IP’(LaﬂL): — | > — ] =—
’ (2N (ﬂ|)2> = ( N2 ) Ne? 3
5!

4

We deduce that Py (]|S, N S| — IN| > yN) < LetNe 27N, Q.E.D.
5
LEMMA 2 For each a # b, for any subset S C A and any v > ﬁ, 6

7

1
> XiaXip = 7181| 2 7N> < 253",

i€S

> Xiw 5 19]

i€S

.

PROOF: For the first inequality, notice that X, , are i.i.d. Bernoulli random

> 7N> < 26_2N72, and Py (

9

10
variables with parameter % The Hoeffding inequality implies that

Py ( > Xia— % S|

11

_9,2N2 12
> ’YN> < 2e7PTIST < 207N
13

icS
Q.E.D. 14
15
For the second inequality, let Z; = X ;X ;. Notice that all variables Z; are
N_ 16
i.i.d. Bernoulli random variables with parameter p = % <]f,_11> = % — Wl—zx'

The Hoeffding inequality implies that v

1
M(Zzi—ﬂsr zwv) < m(

2 18
> %7N> < 2e7 T < 97N,

ZZi—p|S|

19

where zvevz used that |S|[p — 1| < 25 < gj\? for the first inequality. 20
For each a # b and ¢ # d, each v > 0, define 21
22

Yo=23 "4 Xia V=23 icaXei =N, 23
Yoo =4 c4 XiaXip: Yi=4% 04 XiaXei, Vel =43 ) XeiXai, o

Yac’b =38 ZieA Xi,aXLch,ia Yac’d =8 ZiEA Xi,aniXdJa Yvac;bd =16 ZieA Xi,aXi,ch,ngg~

LEMMA 3 For each a # b and ¢ # d, each v > 64/N, each of the variables 26
ZAS {}617}/07}CLb7}/Qda3{573156’)i?d7}i£f}W 27
28

Py (|Z = N| > 7N) < e'Ne 56",

1 1
14We have n"tze ™ < n! < en™tze~" for each n.

29
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PROOF: In case Z =Y, or Y,, the bound follows from Lemma 2 (for
S = A). If case Z = Y°, the bound is trivially satisfied. If Z = Y4, the
bound follows from Lemma 1.

In case Z = Yaf’bd, notice that Ya%d =16 szs Z; where Z; = X, X, ;. All
1€SNSy
variables Z; are i.i.d. Bernouilli random variables with parameter p = l —

1 N icq A€ independent of S.N.Sq. Enlarging the probabil-

1ty space, we can construct a new collection of i.i.d. Bernoulli random vari-

ables Z! such that Z! = Z; for all i # ¢, d and such that {(Z]);ca, S. N Sy} are

all independent. Then, |V b —16 > Z!| <32, and, because QVN > 32,

a
1€S.NSy

we have

Py (‘Y:,’bd_N’ ZVN> SPN<

1
Z Z’——N‘_32 N).

1€S.NSy

Define the events

1 N|_ 1
= —_ _ > -
A {‘4 5.1 Sal = 75| 2 1607]\7} {

Then, the probability can be further bounded by

> Z’——|S N Syl

1€S.NSy

N2

<Py (A) +Py(B) < %64N62N(41M)2 426 38 (E) < AN 3o

where the first bound comes from Lemma 1 and the second from the second
bound in Lemma 2.
The remaining bounds have proofs similar to (and simpler than) the case

Z = Yac’bd. We omit the details in the interest of space. Q.E.D.

Finally, we describe an event E that collects these bounds. Recall that
a = 1/25, and define for each a # b and ¢ # d,

Y Yacb
: <2a,N Ve -1 <2a, N

Ea,b,c,d = { {;b
Yo 1] <2 N
= — «
Ye -

-1

Yc,d
N -1 <2 N
v =2 0d
Finally, let £ = m Ea,b,c,d'
a,b,c,d:a#b and c#£d

Yc,d
Ya 1' < 204} .
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LEMMA 4 We have

PN(E) >1— 7@%\[%‘% — 1.

n—o0

PROOF: Take v = 2. = 2% and let

Fa,b,c,d: ﬂ {|Z—N| S/yN}
LYo Yo VoY VAN )
It is easy to see that F,;.q C E,pcq. The probability that F, ;. 4 holds can

be bounded from Lemma 3 (as soon as N > %4 — 1664), as
___ N
Py (Fa,b,c,d) >1- 7€4Ne 32.(260)2

The result follows since there are fewer than N* ways of choosing (a, b, ¢, d).

Q.E.D.

Computations using the bound of lemma 4 show that N = 52.10° is
enough to have the existence of an appropriate Markov chain. So one can
take ¢ = 3.107'7 in the statement of Theorem 2. We conclude the proof of
proposition 8 by showing that event E implies conditions U/I1 and UI2.

LEMMA 5 If event E holds, then the conditions UI1,UI2 are satisfied.

PrROOF: We fix the law v of the Markov chain on A and assume that it has
been induced, as explained at the beginning of section C.3, by a transition
matrix P satisfying E. For [ > 1, we forget about the state in K and still
denote by u! the marginal of u! over C' x D'. If ¢ = (cy,...,¢;) € C' and
d=(dy,...,d)) € D', we have u!(c,d) = v(ci,dy, ..., c;, dy).

Let us begin with condition UI2, which we recall here: for all 1 < p <,
for all d € D!, for all & € DP~!, for all m € {1,...,p—1} such that d,, # d.,,,

for r =2m — 1, 2m,

u! (5 —dld=d,¢—, d’) €l/2—a,1/2+al,(12)
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where (¢,d) is a random variable selected according to u!. The quantity 1
! (é —ri1 d’]cz =d, ¢ —, d’) is thus the conditional probability of the event 2
(¢ and d' are nice at level r 4 1) given that they are nice at level r and that 3
the signal received by player 2 is d. We divide the problem into different 4
cases. 5
Case m > 1 and r = 2m — 1. The events {¢ —oq,, d'} and {¢ —o,, 1 d'} 6
can be decomposed as follows: 7
8

(G d} = {E—omoad}n{Xe o =1}, ?

(6o d} = {6 —amad} N { Xy o =130 {Xe 0 =1}, )

N N 12

So u! (5 o d|d = d, <o d') _ 4l (Xgm,d% —1|d=d, & —sm_1 d'), and 3
the Markov property gives "
ol (e —om d|d=d,é <om1 d’) — (X%d;n =Xy o =1,Xa 1on =1, Xe 0 :E

Yoicr Xidy, XatiXdp i Xidn

17
ZieU Xd/ de 1,2 X dm
18
dy—1,d1, 1 dpy—1 19
This is equal to 1% if d | # dy_1,and to ;Tjnd’f ifd, | =dpn1. 2
dm
In both cases, F implies (12). 21
Case r = 2m. 22
We have u! (5 ot d|d = d, & <o, d') _ 4l (Xd;n oy =1d=d,¢ —om d'), 23
and by the Markov property 2
25
~ 26
u! (5 Comir dd = d, & —om d’>

27
- (de,chrl ]"de,éerl 1 Xcm+17 m+1 - ]') 28

d,d

Xa i Xa, iXi DA
Z’LEU d dnu 'Ladm+1 — dm+1 E [1/2 o O{, 1/2 _|_ Oé] 59

ZiGU de»'LXZ7dm+1 2 Ydm+1
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Casem=1,r=1.

u! (5 —od|d=d,é— d’)
= u (6 2 d/’d: d) = (X517d3 = 1X54, = 1) )
2 icu Xia Xidy _ 1Y q

Yo Xoaw 2 Va
The proof of condition UI1 being similar, it is omitted here. Q.E.D.

€[1/2—a,1/2+aql.

APPENDIX D: PROOFS OF THEOREM 3
D.1. Theorem 3: the weak topology is contained in the value-based topology

Assume that u, € A(K xC, x D,) and v € A(K x C x D) are in-
formation structures such that d (u,,u) — 0. Then, for all games g in G,
| val(u,, g) — val(a, g)| = |val(un,g) — val(u, g)| — 0. By Theorem 12 in
Gossner and Mertens (2001), the functions (val(., g)), span the topology on

I1. So (1), converges weakly to .

D.2. Theorem 3: the value-based topology is contained in the weak topology

Assume that u, € A (K x C, x D,,) and u € A (K x C x D) are infor-
mation structures such that u, converges to u in the weak topology. We will
prove that

(16)  limsupsup (val (u,,g) — val (u, g)) <O0.

n—oo geg

Because we can switch the roles of players, this will suffice to establish that
d (up,u) — 0.

Partitions of unity. We can without loss of generality assume that w is
non-redundant and all signals ¢ and d have positive probability. We can
associate signals ¢ € ¢ C N and d € D C N with the corresponding
hierarchies of beliefs in ©; and O,. In other words, we identify C' C 6,

as the (countable) support of & and D C O, as the smallest countable
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set such that for each ¢ € C, ¢; (K x D|c) = 1 (i.e., D is the union of
countable supports of all beliefs of hierarchies in C'). For each ¢ € C and
d € D, we denote the corresponding hierarchies under u as ¢ and d. Also,
let C" =CnNA{0,...,m} and D™ = DNA{0,...,m}.

Because O, is Polish, for each m € N and each d € D™, we can find
continuous functions £[' : O3 — [0,1] for m € N,d € {0,...,m} such that
KT (ci) = 1foreachd € D™, k) = 0ifd ¢ D, and >} k' (62) =1
for each 0y € ©y. In other words, for each m, {x7'},_,,, is a continuous
partition of unity on space O, with the property that for each d € D™, k]
peaks at hierarchy d. Notice that for each ¢ € C, each d € DP, we have
Eg, @ [Liry (5] > w(k,d|c) , and

DY By (b)) = u(k,dle)| = u(D\ D?[c).

keK d=0

Because all hierarchies ¢, ¢ € C' are distinct, for each m, there exists p™ < oo

and g™ € (O, %) such that for any ¢, ¢ € C™ such that ¢ # ¢,

pm
>N ’]Em(e)[]l{k} K | = Eg @[Ty sy 1) > 2™
ke K d=0

pm
Let hl' () = ZZ‘Em(el)[ﬂ{k} k| = Eoo Loy w5 ]|
k d=0

Then, A" is a continuous function such that A" (¢) = 0 and such that if
R (01) < €™ for some ¢ € C™, then bl (0;) > €™ for any ¢ € C"™ such that

c # c. For 0 < ¢ <m+ 1, define continuous functions

1
ko' (01) = max (1 - g—mh;” (01) ,0) for c € Cp,

m

k' =0if ¢ ¢ C, and k., (61) zl—chm(Gl).

c=0
Then, for each m, 74 k™ = 1, and 7 (6;) € [0, 1] for each ¢ = 0, ..., m+1,
which implies that {£{"} .., is a continuous partition of unity on space

©, such that for each ¢ € C™, k*(¢) = 1.

C
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Conditional independence. For each information structure v € A (K x C' x D’),

define an information structure K™v € A (K x C" x{0,....m+ 1} x D" x {0, ...,

so that K™ (k,c’,é,d’,ci) =v(k,d,d) KT (&) szm (J’) . Let 6Mv = 2™ +
K™ (¢=m+1). We are going to show that, under K™wv, signal ¢ is
0™v-conditionally independent from (k:,ci) given ¢. Notice first that, if
K™y (k,d’,ci, c’,é) > 0 for some ¢ € C™, then AL (&) < ™. It follows

that

ZZ ‘Km (k: d|e, c> - (é)[ﬂ{k} Iig*]‘

k  d=0
:sz‘Kmu(k;,d\c’)—E o)Ly
k d=o
_ZZ‘E%(C ]l{k}’f }—E ()[]l{k}fi }‘Ih?’((?')<8m
k d=o

On the other hand,

Z pzm: ’Kmv (k:, cZ|é> — Edn(é) [Tk Iig*]

k d=o0
722 Kmv Z K™o(d, oK™ (k dle, C) —E,, () L[] ]
ko d=0 CEC’
< Z KKEUC ¢) ZZ‘Km (k d|c C) — 1(5)[]1{k}[/i§m]‘ = h (
cdeC’
m+1
I 35 ST S S () IS

kd

<25mZKm )+ K™ (¢ =m+1) < 6.

Define the information structure L™v = marg, 1

----------

because d (K™v,v) = 0, the proof of Proposition 5 1mp11es that
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sup,cg (val (v, g) — val (L™, g)) < 6™v.
Proof of claim (16). Observe that for each k, ¢, d,

(L™uy) (k: ¢, d) ~E,, (mgl (64) g, (o) [Lay ﬁ§”]> .

Because all the functions in the brackets above are continuous, the weak
convergence U, — U implies that (L™u,) (k:,é, ci) — (L™Mu) (k:,é, ci) for
each k, ¢, d. Because the information structures L™u,, and L™u are described
on the same and finite spaces of signals, the pointwise convergence implies
d (L™uy,, L") < ||L™u, — L™u|| — 0 as n — oco. Moreover, if ¢ € C™ and
d € D", the definitions imply that (L™u) (k, ¢, cZ) > (k:, ¢, ci) . Thus,

d (L™u,u) < [|[L™u —ul <2 (u(C\C™) +u (D\D"")) — 0.

n—oo

It follows that d™u,, = (K™u,) (¢ =m+1) — (L™u) (¢ =m + 1), and

n—oo
(L™u) (¢ =m+1) = 1—(L™u)(C"xD"") < 1—u(C™x D" ) < u (C\C™)+u (D\D"") .
Together, we obtain for each m,n

sup (val (uy,, g) — val (u, g)) < sup (val (uy,, g) — val (L"u, g))
g€y 9€g

11

12

13

14

15

16

17

18

19

+ sup (val (L™uy, g) — val (L™u)) + sup (val (L™u) — val (u, ¢h)

[SY =Y
<6™up + || L™u, — L™u|| 4+ (u (C\C™) +u (D\D"")).
Hence, lim sup sup (val (v, g) — val (L™v, g)) < 3 (u(C\C™) + u (D\D"")).
n—oo geg

When m — oo, the right hand side converges to 0 as well.

APPENDIX E: PROOF OF PROPOSITION 6

Letu' € A (K x (K¢ x C) x (Kp x D)) be defined so that u = marg . ...p v’
and v'({kc =k (¢) ,kp = k(d)}) = 1. Because «’ does not have any new in-

formation, we verify (for instance using Proposition 5) that d (u,u’) = 0.
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We are going to show that C' is 16e-conditionally independent from K x Kp

given K. Notice that because u exhibits e-knowledge,

u/{kc#kor kp#k}gul{kc%k}—i‘u/{kp#k}
< 2e + 2e = 4e.

Thus,

Z u' (ko) Z [u' (k,kp, c|lke) —u' (k, kplke) ' (clke)|

k.kc,kp
= Y ' (k ke kp) Y| (clk ke kp) = Y (ck ke, Kp) ! (K, Kp|ke)
kkc,kp c K'kp’

' (clk, ko k) = D (elk ke =k Ep)u' (K, Kplke = k)
K kp’

<>l (k k)

+2u' {k¢ # k or kp # k}

u' (clk, k, k) —u' (c|k, k, k)

o (k,k, k)
u! (]{ZC = k’)

+Zu k,k, k) Z > W (ck ke =k, kp)u (K Kplke = k)|

¢ k+#k, or kly#k

+2u' {kc # k or kp # k}

<Zu (k, k, k) ‘1— ((:M]j>‘+3 {k¢ # korkp #k}

§Z|u (ko = k) — o' (k, k, k)| + 30 {ke # k or kp # k}

§4ul{kc 7é k or k)D 7é k)} S 16¢.

Because an analogous result applies to the information of the other player,

Proposition 5 shows that
d (v',v") < 16¢,
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where v = marg, .« Because
d (val) < Z |U (k7 kCa kD) — (ka kC» kD)|
kkoikp

S2U’{]€C 7&/{3 or ]{ZD 7&]{7} :2u/{kc 7&/{3 or ]{ZD 7&]{7} 346,
the triangle inequality implies that
d (u,v) < d(u,u) +d (', v") +d(v,0") < 20e.

APPENDIX F: PROOF OF THEOREM 5

Suppose that v and v are two simple, and non-redundant information
structures. Let w and v be the associated probability distributions over be-
lief hierarchies of player 1. It is easy to show that if two non-redundant
information structures induce the same distributions over hierarchies of be-
liefs u = v, then they are equivalent from any strategic point of view, and,
in particular, they induce the same set of ex ante BNE payoffs. Hence, we
assume that @ # 0.

Let H, = suppu and H, = supp?. Lemma II1.2.7 in Mertens et al. (2015)
implies that the sets H, and H, are disjoint.

It is well known that there exists a non-zero sum payoff function ¢ :
K x (I x Iy) x J = [~1,1]* such that I, = H, U H, and such that the
set of rationalizable actions for player 1 of type ¢ € C' with hierarchy h (c)
is contained in the set I x {h(c)}. In particular, in a Bayesian Nash equi-
librium, each type of player 1 will report its hierarchy. Construct game

g K x (I x Iy) x (J x {u,v}) = [~1,1]° with payoffs

gg ) (k727207]7]0> :g§ ) (kvllal(]uj)?

5, if jo=wand iy € H,

gél) (k72720>]7]0> - agg)) (k?,l,lo,]) +4q -1 if jO = u and 'iO ¢ Hu7

O, lf jo = .
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Then, the rationalizable actions of player 2 in game ¢ are contained in
J x {u} for any type in type space u and in J x {v} for any type in type

space v.

Finally, for any ¢ € (0, 1) ,construct a game ¢° : K x(I x Iy)x(J x {u,v}) —

[—1, 1] with payoffs

e S (0) S L if jo = u,
g1 (kazazoa.]a]()) = &0 (k,'l,lo,j,jo) + (1 _8) )
_17 ifj():’U,

Then, the Bayesian Nash equilibrium payoff of player belongs to [1 — ¢, 1]
on the structure v and [—1, —1 + £] on the structure v. It follows that the
payoff distance between the two type spaces is at least 2 — 2¢, for arbitrary
e > 0.

Next, suppose that u and v are two non-redundant information structures
with the decomposition u = > pau, and v = Y qav, and such that
Uy = U, for each a. Let g be a non-zero sum payoff function. Let o, be an
equilibrium on u, with payoffs g, = ¢ (¢,) € R?. Let s, be the associated
equilibrium on v, (that can be obtained by mapping the hierarchies of beliefs

through an appropriate bijection) with the same payoffs g,. The distance

between payoffs is bounded my

HZpag (0a) = ¢ag (Sa)

= HZ (Pa = da) 9a

max max

S Z |pa - Qa| ||ga||max S Z |pa - QOc| )

where the last inequality comes from the fact that payoffs are bounded.
On the other hand, let A = {a : py, > ¢.}. Using a similar construction as

above, we can construct a game ¢(!) such that player 2’s actions have a form

J x {ua,up}, and his rationalizable actions are contained in set J x {u,}

for any type in type space u,, @ € A and in J X {ug} otherwise. Further, we
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(e)

construct a game ¢(®) as above. Then, any player 1’s equilibrium 91 o Dayoff
is at least 1 — ¢ for any type in type space u,,a € A, and —1 + ¢ for any
type in type space u, for a ¢ A. Denoting the equilibrium payoff of player

2 as g5, the payoff distance in game ¢° is at least

max Z (Pa — 4a) 91,0| » Z (Pa = Ga) 20| | = Z (Pa — o) 91,0

« « e}

> Z(pa_qa)_Z(pa_Qa) (1_5)2<1_€)Z’pa_ql)é"

acA ag¢A

Because the ¢ > 0 is arbitrary, the two above inequalities show that the

payoff distance is equal to > [pa — Gal-
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