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Abstract

We develop a random choice model in which a decision maker divides the alternatives she
faces into two groups, where one group is focal and thus she is more likely to choose alternatives
in that group relative to alternatives in the non-focal group: The Focal Luce Model (FLM).
The FLM generalizes Luce’s model and naturally captures bounded rationality models while
behaviorally distinguishing between what is focal and the magnitude of the bias due to focality.
We show how to identify utilities, focal sets, and bias terms from choice frequencies and behav-
iorally found the FLM with two weakenings of independence from irrelevant alternatives (ITA)
which account for the decision maker’s revealed focus. We introduce a new condition on focal
sets, Conditionally Decreasing, which captures an increasing difficulty of focusing on multiple
alternative and encompasses several models of limited consideration. We apply our model to
experimental data, illustrate the importance of accounting for focus in demand estimation, and

propose a simple method to identify focal sets.
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1 Introduction

Many papers in economics, marketing, and psychology find considerable evidence that focal al-
ternatives (or alternatives receiving additional attention), enjoy “excess demand.”lﬂ For example,
with many stores selling upwards of 40,000 items it is impossible for a consumer to give reasonable
attention to everything, hence capturing focus is very important. This drives brands pay for eye-

level placement on shelves or large in-store displays. From the many studies on the role of focus in
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choiceEL a few general patterns of emerge: (1) there is no clear correlation between which objects
that are focal and their consumption utility; (2) manipulating focality has a causal effect on choice;
and (3) the degree to which something is focal is directly related to its likelihood of being chosenE|

Therefore, we introduce the Focal Luce Model (FLM), a generalization of Luce’s (1959) model
(multinomial logit) that accounts for a decision maker’s focus. In particular, our model captures
the effect of focality while allowing for menu-dependent focal alternatives and menu-dependent bias
of focality. The necessity of this separation between “what is focused on” and “the magnitude of
the bias towards focal alternatives” is borne out by the third finding above: increased focality leads
to increased choice likelihood. This is also why it is essential to develop a theory of focality within
the a stochastic choice framework, as deterministic models of choice cannot capture this distinction.
Further, by utilizing a stochastic choice framework our model can easily applied to experimental
and market data.

After a brief discussion of stochastic choice and the Luce model, we formally define the FLM
in In the FLM, each menu, A, is partitioned into focal alternatives, F(A), and non-focal
alternatives, A\ F(A). The ratio of choice frequencies for alternatives within a single submenu,
say F(A), is equal to the ratio of their utilities just as in Luce’s model. However, we depart
from Luce with respect to how the decision maker chooses between alternatives in different groups.
Alternatives in F'(A) are chosen relatively more frequently than alternatives in A \ F(A) after
accounting for their utilities. In particular, Luce’s utility u(a) for alternative a is biased by 1+d(A)
when a is focal in menu A; i.e., a € F(A), hence we can behaviorally distinguish between what is
focal (F(A)) and the impact of focality (6(A)).

The FLM is a minimal departure from the Luce model/multinomial logit that is nonetheless
flexible enough to accommodate well-known behavioral phenomena such as the compromise effect,
choice overload, and status quo bias. Behaviorally, 6(A) captures the magnitude of these biases
in menu A (e.g., the extent to which a decision maker wishes to avoid extreme alternatives or the
degree of status quo bias). Since the FLM allows for violations of regularity (e.g., choice overload),
the FLM is not a special case of the random utility model. However, the decision making procedure
of the FLM is similar to that of the random utility model. Our main point of departure is that we

allow the decision maker’s utility over alternatives to exhibit a small degree of menu dependence.

ZFocality also seems to play a significant role in strategic environments. Consider a symmetric 2 X 2 coordination
game. When strategies are labelled generically, s1 and s2, players often fail to coordinate. However, as noted by
Schelling| (1960), the labelling of the strategies matters greatly. By changing the name of the game to “Meeting in
New York” and referring to strategy one “Grand Central Station,” while strategy two is some street intersection,
subjects overwhelmingly succeed in coordinating on Grand Central Station. Schelling argues that this is because the
labeling has made this strategy focal, or more prominent than the other.

3Reutskaja et al.| (2011) demonstrates both points (1) and (3) in an eye-tracking experiment. |Gossner et al.| (2019)
develops a theory in which manipulating attention towards an alternative leads to an increase in demand for that
alternative regardless of its utility value, also supporting point (1). |Armel et al.| (2008) found that manipulating the
length of time subjects could look at desirable alternatives influenced their choice frequency. Subjects were between
6 to 11% more likely to choose the alternative that was displayed for more time, providing evidence for points (2)
and (3).



In the FLM, the (random) utility of a given alternative z in menu A4 is
(1) v(z, A) = u(z) + 6(A) 1{x € F(A)} + .

In the above equation, u(x) is standard and represents the fixed utility of x. The additional
term, 6(A), is the (menu-dependent) benefit of being a focal alternativeﬁ Since §(A) impacts each
alternative in the focal set equally, it may be interpreted as a common (fixed) utility shock that
exclusively affects alternatives in F'(A), such as might occur after reading a news story that red
wine is good for your healthﬂ The decision maker then chooses the alternative with the highest
utility according to random utility v. Moreover, as we will demonstrate, the FLM parameters can
be estimated as easily as the Luce model (multinomial logit).

Our focal set is conceptually similar to the idea of a consideration set, however we do not assume
that the decision maker completely fails to notice the non-focal alternatives. In most consideration
sets models attention is binaryf|and “unattended” items can never be chosen. This is bit too strong
of an assumption when modeling choice from smaller sets and it is difficult to fit experimental and
market data with such a discrete model. In contrast, the FLM allows for different magnitudes of
“attention,” and thus distinguishes between focus and the impact of focality. This is important
when taking the model to data, such as experimental data like |Armel et al.| (2008).

In some settings we may have reason to believe we know which alternatives are focal, such
as in the two examples discussed earlier. However, in many choice settings the focal set F'(A) is
not known a priori and must be inferred from choice data. Therefore, in we show how
to identify focal sets, even when not all menus are observable. In order to identify focal sets in
the FLM, we introduce a notion revealed equally focal (in menu A). We say two alternatives are
revealed equally focal if their relative choice frequencies are the same in two different menus. With
this notion, we can then identify cases where not all alternatives are equally focal. The focal set,
F(A), must consist of those alternatives which are chosen relatively more frequently than others.
Hence, even without a specific theory of what makes something is focal, we can identify focal sets
and the impact of focus, 0(A), just from choice frequencies. This result is especially useful when
trying to distinguish between various theories of attention. We also introduce the Binary Focal
Luce Model (BFLM), which assumes that for binary menus both alternatives are equally focal.
This assumption allows for much simpler identification of focal sets; we can fully identify the focal
set of any menu if we know sufficiently many binary choice frequencies.

We provide behavioral foundations for the FLM and the BFLM in and show that, in

both models, the decision maker’s utility index, focal set, and impact of focality can be identified

4Finally, €, is independently distributed according to the standard extreme value type I distribution as in Luce
model.

% An alternative interpretation is that there are two (unobserved) types of agents, where one type maximizes over
F(A) and the other maximizes over A. In this case §(A) is related to the proportion of the population that only
considers alternatives in F'(A).

5See for instance [Masatlioglu et al.| (2011)), |Cherepanov et al| (2013), and [Lleras et al| (2017). We further discus
our relation to consideration sets in section 5.



uniquely from her choice behavior. For simplicity, we will discuss the characterization BFLM first.
The first axiom is a weakening of Luce’s independence from irrelevant alternatives (ITA) axiom
that accounts for differential focus. ITA requires that for all menus, A, and any two alternatives, a
and b, the relative probability of choosing a over b from A is independent of other alternatives in
A. Our axiom, Focal ITA, relaxes IIA to account for the decision maker’s revealed focus and hence
only requires ITA to hold between equally focal alternatives. Our second axiom, Luce’s product rule
(Luce (1959)), is a transitivity property that applies to choice from binary menus and is necessary
to construct u. Theorem 1 shows that the above two axioms are necessary and sufficient. Theorem
2 characterizes the FLM by generalizing both Focal ITA and Luce’s product rule in accordance
with our revealed equally focal relation. Lastly, we characterize Increasing BFLM, which imposes a
monotonicity property on : A D A’ implies §(A) > §(A’). This captures an increasing tendency to
ignore non-focal alternatives as the menus gets larger (consistent with choice overload or increasing
status quo bias) without restricting which alternatives are focal.

In addition to parsimony, we believe that a single focal set is quite natural. Firstly, it has
an intuitive psychological interpretation based on dual self models, instinctive and contemplative
types (Rubinstein) 2016]), or Kahneman’s model of system I and system II thinking. Secondly, in
many examples the natural division of alternatives is binary. For example, the decision maker may
focus on Pareto efficient, risk free, or unambiguous alternatives. Thirdly, the FLM with a single
focal set naturally relates to limited consideration, and thus provides a structural framework for
estimating consideration sets empirically.

In [section 5| we impose additional structure on the model parameters, F' and 4, by restricting
how focus changes across menus. Hence a third contribution of our paper is the introduction of a
new property on consideration sets that unites the models of Masatlioglu et al. (2011]), |Cherepanov
et al. (2013), and |Lleras et al.| (2017). This new property, which we call Conditionally Decreasing,
requires that if a new alternative is non-focal, then the set of focal alternatives may only shrink:
F(A) C B C Aimplies F(A) C F(B). This property captures increasing difficulty of focus as the
number of alternatives increases. We introduce a single axiom, Focal Betweenness, which jointly
characterizes conditionally decreasing F' and increasing 0, suggesting an intimate link between these
behavioral properties.

We then develop several applications of the FLM in In our first application, we
show that the FLM captures several features from choice overload and choice with a status quo.
A decision maker displays the choice overload effect (increasing status quo bias) when adding
alternatives to a menu increases her probability of “walking away” (choosing the status quo) from
the choice problem. In our example the probability of choosing the default option is U-shaped in the
menu sizem Our second application takes the FLM to experimental data on consumer choice from
Kivetz et al.| (2004), which documents more nuanced behavioral regularities associated with the

compromise effect (e.g., a shifting compromise and multiple compromises). Our third application

"The ability to capture thus U-shaped choice frequency, which is consistent with empirical findings, is something
lacking in deterministic models of limited consideration. This is because deterministic models cannot distinguish
between what is focal and the magnitude of the bias from focality.



illustrates how the FLM can be used to correct for the role of focus (or attention) when estimating
price elasticity of demandﬁ Our final results show inthat the utilities of alternatives, focal
sets, and magnitudes of the bias from focality can be identified from observed choice frequencies by
solving simple linear programming and least squares problems. Moreover, we show the consistency
of our estimators for linear utility models.

We close our paper with a discussion of related literature in The proofs are collected
in In an online appendix, we discuss the maximum likelihood estimation for the FLM

as well as an axiomatic characterization of a deterministic version of the FLM.

2 The Model

2.1 Setup

We closely follow the standard random choice setup. Let X be a finite set of alternatives and </ be
a collection of nonempty subsets of X (menus). Unless it is specifically specified, we require that
</ includes all menus with two alternatives. Let Ry (R44) denote the non-negative (positive) real

numbers and 1{-} be the indicator function.

Definition 1. A function p: X x &/ — [0, 1] is called a random choice rule if for any A € of,

Zp(a,A) =1.

acA
A random choice rule p is positive if p(a, A) > 0 for all A € o/ and a € A.

Throughout this paper we focus on positive random choice rulesﬂ For notational simplicity, we

will denote the probability ratio of a and b as r(a,b) = ]; ((Z’ZZ)) and the probability ratio of a and b in

menu A as ra(a,b) = 7; ((Z’ﬁ)). Before we introduce our axioms and representation, we first provide

a brief review of the Luce model and Luce’s main axiom, Independence of Irrelevant Alternatives

(ITA).

Definition 2. A random choice rule p satisfies Luce’s independence of irrelevant alternatives (IIA)

axiom at a,b in menu A if

T(a7 b) = TA(aa b)
Moreover, p satisfies ITA if for all A € o/ and all a,b € A, p satisfies IIA at a,b in A.

Luce (1959) proves that if a positive random choice rule satisfies ITA, then it can be represented

by the Luce model (also referred to as multinomial logit), which we now define.

8n a companion paper, [Kovach and Tserenjigmid| (2018), we use the FLM to study the implications of bounded
rationality (due to limited consideration, salience, or regret aversion) in strategic decision making. In particular, we
combine the FLM with the celebrated quantal response equilibrium of|[McKelvey and Palfrey| (1995), thereby creating
the Focal Quantal Response Equilibrium (F-QRE). The F-QRE can explain much of the observed heterogeneity in
play across different games.

91t is not difficult to extend the FLM to allow for zero probabilities. Formal discussions are available upon request.



Definition 3. A random choice rule p is a Luce Model if there exists a v : X — Ry such that
for any A € o and x € A,

u(x)
ZaeA u(a) '

Luce (1959) also introduced an axiom called Product Rule which only applies to two-alternative

(2) p(z, A) =

menus.

Definition 4 (LPR). A random choice rule p satisfies Luce’s Product Rule (LPR) if for any
a,b,ce X, r(a,c) =r(a,b) rb,c).

LPR is a weakening of ITA. Luce (1959) proves that if a positive random choice rule satisfies
LPR, then it can be represented by the Luce model on binary menus. Hence, LPR can be understood
as ITA for binary menus[/]

We also formally define regularity, a monotonicity property that is satisfied by any random

utility model.

Definition 5. A random choice rule p satisfies Regularity if for any A,B € o/ and x € B C A,
p(z, B) > p(z, A).

2.2 Model

To define our model, we define a function that specifies focal alternatives for each menu. A mapping
F o — 2X\{0} is a focus function if F(A) C Aforany A € o/. A focus function F : & — 2%\ {0}
is binary if F({a,b}) = {a, b} for any a,b € X.

Definition 6. A random choice rule p is a Focal Luce Model (FLM) if there exist a utility function
u: X — Ry, a focus function F : o/ — 2%\ {()}, and a distortion function 6:.< — R, , such
that for any A € & and a € A,

oy ul@)(1+1{a € F(A)}6(4))
(3) Pl A) = S B+ 146 € F(A)}3(A))

Moreover, a random choice rule p is a Binary Focal Luce Model (BFLM) if p is a FLM with respect

to some binary focus function.

The FLM deviates from Luce’s model in the following way. The decision maker divides A into
F(A) and A\F(A), and the choice frequencies of alternatives in F'(A) relative to alternatives in
A\F(A) are distorted by 1+ 0(A). Note that for any A, if F(A) = A, then the FLM reduces to

Luce’s model in menu A.

LPR implies strong stochastic transitivity: if r(a,b) >1 and r(b,c) > 1, then r(a, ¢) >max{r(a,b),r(b,c)}. Hence
LPR might be thought of as a stochastic counterpart to “no binary cycles” conditions which are often used in
deterministic choice. For instance, see |Ok et al.| (2014). See He and Natenzon (2018) for discussion on how the
various stochastic transitivity properties are related.



Alternatives/ Menus | {z,y} | {z,y,2} |

x 050 | 0.22
v 050 | 057
z — 0.21

Figure 1: Choice frequencies for 35mm Minolta Camera models in Simonson and Tversky, (1992)

In the BFLM, we have p(a,ab) = % and p(b,ab) = #42(1;) as in Luce’s model. Thus
in the BFLM there is no distortion due to focus in menus with two alternatives. This is intuitive
since it is easier to choose between two alternatives than from among many, hence we should not
expect focus to come into playH

Since the FLM is a model of stochastic choice, it is open to various interpretations as to the
source of randomness. We offer three. The first two are typical in the literature. Any FLM (u, F’, §)
is equivalent to the maximization of a random, menu-dependent utility v(x, A) = @(x) +06(A) 1{x €
F(A)} + €, where each ¢, is independently distributed according to the standard extreme value
type I distribution, 4(z) = log(u(x)) and §(A) = log(1 + 6(A)). Therefore we may interpret the
FLM as (i) a model of mistakes or choice tendency of an individual decision maker or as (ii) a model
of population level taste heterogeneity. In the third interpretation, the FLM may be interpreted
as a model of two types of consumers, one which chooses from F(A) and one which chooses from
A. Each type however is a Luce DM, and thus our model captures two distinct forms of individual

u(@)l{acF(A)} .
2per(a) ud) Then there is

heterogeneity. In particular, let p;(a, A) = % and po(a, A) =
S
A(A) € [0,1) such that p(a, A) = (1 — M(4)) p1(a, 4) + A\(A) p2(a, A)H

2.3 Discussion

To illustrate our approach to incorporating focus, consider the following choice frequency data on
the compromise effect from Simonson and Tversky| (1992) (Figure 1)@

In their experiment, the alternatives are 35mm Minolta Camera models, where z is of low
quality with a low price, y is of medium quality with a medium price, and z is of high quality

with a high price. The most important observation here is that the introduction of z causes a

HThere is a view that binary choices reveal the DM’s true preferences or utilities. Further, an experiment by
Mariotti and Manzini (2010|) suggests that most violations of WARP are due to menu-effects, in line with our

approach.
5(A
2By direct calculations, we find that A\(A) = s If(a))_‘g?jf(f) uf:(;) Ty
a€ aec

weight A(A) is quite natural in many instances. For example, it may become increasingly difficult to consider all
alternatives as the total number of alternatives increases and thus the DM becomes more likely to only consider
a subset of alternatives. This is captured when A(A) is increasing in set containment. When the magnitude of
the bias is large enough, alternatives in the non-focal group will be chosen with probabilities near zero, and thus
we can approximate nearly any deterministic choice function and Luce rule over consideration sets with the FLM.
Lastly, notice that a menu-independent (population) weight, A(A) = A, still results in a menu-dependent FLM

The assumption of a menu-dependent

distortion, §(A) = 1:\(;(‘1)4) Z%:;?A?(S()b)‘ Hence a fixed distribution of types throughout the population necessitates

menu-dependence of FLM parameters.
13The compromise effect was documented and confirmed in the experimental studies of |Simonson| (1989), |Simonson
and Tversky| (1992)), Herne| (1997), and |Chernev| (2004), among many others.




violation of ITA between x and y. Specifically, y is now chosen relatively more frequently than x:
T{zy,2}(¥,®) > 7(y,2). The common explanation for the compromise effect is that z and z are
both extreme alternatives, which decision makers do not like, and thus they prefer the compromise
good, y.

The FLM can naturally capture the compromise effect choice pattern shown earlier. Suppose
F({z,y}) = {z,y} and F({z,y,2}) = {y}. In words, the compromise good y is focal and extreme

goods z and y are nonfocal in {z,y, z} Then the FLM choice probabilities for z and y are

u(x)
+u(z) +ul(y) (140

u(y)(1+9)
+u(2) +u(y)(1+6)

p(z,{z,y,2}) = (@) ) and p(y,{z,y,z}) = (@)

Therefore, adding the third alternative z increases the relative probability of choosing y over x:

T(y,.%') = % < r{x,y,z}(y7x) - %

Additionally, the compromise effect example from Simonson and Tversky (1992) features a
violation of regularity, p(y, {x,y, z}) > p(y, {z,y}), and thus their data cannot be explained by any
random utility model. The FLM however can handle this, as it should be obvious that for large

values of § the FLM may violate regularity. Hence the FLM is not a special case of random utility.

3 Inferring Focal Alternatives

Before we axiomatically characterize the FLM, we discuss several ways to identify focal alternatives
from choice data. We discuss how to identify focal sets by solving linear programming problems
and also show the consistency of least squares estimators for linear utility models in

In our model, ITA can be violated because some alternatives are more focal than others. Hence,

focal alternatives can be identified from violations of ITA as formalized below.

Proposition 1. Suppose p is a FLM with (u, F,d). For any A,B € & and a,b € AN B, if
ra(a,b) > rp(a,b), then either a € F(A) or b e F(B).

In words, r4(a,b) > rg(a,b) reveals that either a is focal in A or b is focal in B. However,
it does not necessarily imply that b is nonfocal in A. Below we discuss ways to make sharper
conclusions about focal alternatives. We start with the BFLM since identifying focal alternatives
is simpler when the focus function is binary.

3.1 Focal Alternatives for Binary FLM

For the BFLM, it is enough to compare 74(a, b) with r(a,b) as formalized below.

Proposition 2. Suppose p is a BEFLM with (u, F,¢). Take any A,B € & and a,b € AN B.
i) ra(a,b) > r(a,b) if and only if a € F(A) and b ¢ F(A).

it) Suppose ra(b,c) > r(b,c) for some ¢ € A. If ra(a,b) > rp(a,b), then either a € F(A) or
a ¢ F(B).



i11) Suppose ra(b,c) > r(b,c) for some c € ANB. Ifra(a,c) <rg(a,c), then either a € F(A) or
a € F(B).

As stated in Proposition 2.i), when choice frequencies from binary menus are observed, it is
straightforward to identify focal sets. In fact, in Section 4.1 our characterization theorem for the
BFLM shows that we can completely identify everything when we observe choice probabilities from

all binary menusE However, many instances we only have limited data. To that end, Proposition

3.2 Inferring Focal Sets for General FLM

In the BFLM, a and b are always “equally focal” in {a,b} since p(a,{a,b}) = %. Hence,
ra(a,b) > r(a,b) is equivalent to a being focal and b being nonfocal in A.

However, for the general FLM, r4(a,b) > r(a,b) may not be enough to conclude that a is more
focal than b in A. For example, if ¢ and b are equally focal in A, but b is more focal than a in
{a, b}, then we can also have r4(a,b) > r(a,b). However, when r4(a,b) > rg(a,b) and a and b are
equally focal in B, we can conclude that a is more focal than b in A. Hence, we provide a definition

for revealed equally focal.

Revealed Equally Focal. For any two alternatives a,b € A, we say that a and b are revealed

equally focal in menu A, denoted by a ~4 b, if there is a menu B such that r4(a,b) = rp(a, b)E

One important feature of this definition is that it does not rely on binary menus. Thus we can

identify focality when binary menus are not observed, which is often the case with market data.

Proposition 3. Suppose p is a FLM with (u, F,0). Suppose §(A") # 6(A”) for any A, A" € o .
For any A,B € &/ and a,b€ AN B,

i) If a ~p b, then r(a,b) > rp(a,b) if and only if a € F(A) and b € F(A).

ii) Take sequences {a;}]~, and {Ai}?:_f such that a = a1,b = ap, and a; ~a, aiy1 for each i < n.
Then ra(a,b) > [107]' 74, (ai, aiy1) if and only if a € F(A) and b & F(A).

One appeal of Proposition 3 is that we can identify focal alternatives without assumptions on
F. Proposition 3.i) says that if ITA is violated between a,b at A, B in favor of a and a and b are
revealed equally focal in B, then a is focal in A and b is nonfocal in A. Proposition 3.ii) extends
the first part to a sequence of alternatives. Indeed, when there are more restrictions on F' and 4,

focal alternatives can identified by many other alternatives W&ySE

Y More specifically, when 7 contains all binary menus, u and F are uniquely identified, and for each A € o7, 5(A)
is uniquely identified when ITA is violated at A.

5By symmetry, a and b are equally focal in B as well: a ~p b.

%One interesting possibility is to assume that §(A) > §({a,b}) for any A and {a,b} C A. This assumption
is justified by increasing difficulty of focus or arguments from footnote In this case, for any A and a € A,
ra(a,b) > r(a,b) for any b € A if and only if a € F(A).



4 Behavioral Foundations

4.1 Behavioral Foundations of the Binary Focal Luce Model

Rather than make arbitrary assumptions about how focus is determined, we take the view that
changes in focus are revealed by violations of ITA. Recall the compromise effect example in Section
2.3. In this example, adding a third alternative z to {z,y} makes y a compromise alternative and
x, z extreme alternatives and hence y will be chosen more frequently relative to x. In line with this
explanation, we argue observed choice frequencies reveal that y is now focal relative to z (and z)
in menu {z,y,z}. Since both x and z are non-focal (because they are both extreme), they ought
to be “treated equally” and IIA should hold between them.

Our first axiom therefore disciplines how changes in focus change choice behavior. Since ITA
violations reveal relative focus, our axiom requires that IIA hold among alternatives that are re-
vealed equally focal. Hence our axiom places a restriction on when there may be an IIA violation.
Put another way, suppose that for some menu A, a is revealed more focal than b and ¢. Then b
and ¢ are both non-focal and hence ITA must hold between them. This is precisely the content of

our axiom, stated below.

AxioM 1 (Focal ITA). For any A € &/ and a,b,c € A,
if r4(a,b) > r(a,b) and r4(a,c) > r(a,c), then ra(b,c) =r(b,c).

In terms of the compromise effect example above, Focal ITA suggests that if the compromise
alternative, y is focal, then extreme alternatives, z and z, must be treated equally: 7, , -} (z,2) =
r(x, z).

The second axiom is LPR (which is defined in Section 2.1). We now state our first characteri-
zation theorem, the proof of which is in

Theorem 1. A positive random choice rule p satisfies [Focal ITA| and [LPR)| if and only if p is a
BFLM.

Proposition 4. Suppose there are two tuples (u, F,8) and (u', F’,8") such that p is a BFLM with
(u, F,0) as well as p is a BELM with (u',F’,8"). Then (i) F = F', (ii) there is « > 0 such that
u' = awu, and (iii) 6(A) = 0'(A) for any A € & where IIA is violated at A.

Remark. As is common in rational choice theory, we require certain assumptions on the domain
&7 to obtain the characterization result. In Theorem 1, we assume for simplicity that .o/ contains all
binary menus. However, there is no assumption on larger menus. Moreover, we do not actually need
all binary menus. For example, it is enough to assume that there is 2* € X such that {z,z*} € &

for any = # x*m Proposition 5 in Section 4.1 demonstrates that the FLM can be rejected when

"In fact, it is enough to assume that any two alternatives in a menu can be connected by a sequence of binary
menus. Formally, for any a,b € X, there is a sequence a1, ...,a, such that a1 = a,a, = b and {a;,a;+1} € &. This
assumption can be relaxed further but the uniqueness result in Theorem 1 might be weaker in this case.
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&/ contains only two menus. Theorem 3 provides a characterization theorem for the FLM without

the assumption that &/ contains all binary menus.

In the FLM, §(A) captures the magnitude of the departure from ITA, and thus tells us the extra
weight given to focal alternatives in menu A. The FLM is able to separate what is focal from how
much focus biases choice. Motivated by the literature on choice overload and limited attention,
we impose a monotonicity property on § so that the bias toward focal alternatives increases as
the number of alternatives increases. When there are many alternatives, the DM realizes that she
cannot carefully consider all alternatives and she focuses more carefully on just a few. This is

captured by increasing d, defined below.
Definition 7. We say that ¢ is increasing if 6(A) > 6(B) for any A, B € o/ with B C A.
AxioM 2 (Increasing Focal Impact). For any B C A, a,b€ A, a',b € B, if

ra(a,b) _ rp(d,b)
r(a,b) — r(a, V)’

ra(a,b) > r(a,b) and rg(a’,b") > r(a’,V'), then

Our next result shows that, when combined with [LPR] [ncreasing Focal Impact] actually implies

Focal IIA| by taking a = d/, b/ = ¢, and A = B.

Theorem 2. A positive random choice rule p is satisfies [LPR| and [Increasing Focal Impaci if and

only if p is an FLM with some (u, F,§) and § is increasing. Moreover, F is unique, u is unique up

to multiplication by a positive scalar, and §(A) is unique if there is a violation of IIA in menu A.

Note that we may reverse the inequality in [Increasing Focal Impact| to obtain a decreasing 9.

Hence by imposing equality we obtain a constant, or menu-independent, 6. Although it may be
desirable to assume a constant weight in some settings, there are many important examples that
require a menu-dependent §(A) (see footnote [12). In section 5, we show that consideration set

models, which are intimately linked with the FLM, typically lead to increasing bias.

4.2 Behavioral Foundations of the Focal Luce Model

Without the assumption of equal focus in binary menus, we need a different way to identify when
an alternative has become focal in some menu. Hence recall our definition of revealed equally focal
from section 3. Given this definition, we can modify Focal ITA and Luce’s Product Rule in the
following way. Roughly speaking, Focal ITA requires that if a is more focal than b in A as well as a
is more focal than ¢ in A, then b and ¢ are equally focal in A. Generalized Focal ITA requires that
when a and b are not equally focal in A and a and ¢ are not equally focal in A, then b and ¢ are

equally focal in A. Formally,

AxioM 3 (Generalized Focal ITA). For any A € o/ and a,b,c € A, if a 4 b and a =4 ¢, then
b~y e

11



Roughly speaking, [LPR] requires that the impact of ¢ on b times the impact of b on a is equal
to the impact of ¢ on a. Generalized Product Rule requires a similar condition to hold only when

any two of a, b, c are equally focal in some menu. Formally,

AXI0oM 4 (Generalized Product Rule). For any A, B,C € & and a,b,c € X,ifa~4b, b~p ¢, and
a ~¢ ¢, then

7”A(a> b) ’ TB(bv C) : TC’(ca CL) =1
We also need the following richness condition on p.

Definition 8 (Focal Richness). A stochastic choice function p is focally rich if for any x,y € X,
T ~4 y for someAEssz

Focal Richness requires that for any two alternatives there are at least two menus in which they
are both equally focal, i.e., they have equal probability ratios (reminiscent of ITA). It turns out that

under Focal Richness, our two axioms are necessary and sufficient for the FLM representation.

Theorem 3. Suppose a stochastic choice function p is focally rich. Then p satisfies

[Focal ITA] and |Generalized Product Ruld if and only if there exist a utility function u: X — Ry, a
focus function F', and a distortion function ¢ :9/ — Ry, such that p is a FLM with (u, F,)and
§(A") # §(A") for any A, A" € of with F(A)NF(A”) # 0 and A’ N A"\ F(A")\ F(A”) # 0.

Moreover, F' is unique, u is unique up to multiplication by a positive scalar, and 6(A) is unique if

there is a violation of IIA in menu A.

Focal Richness is required for the characterization of the FLM. However, to reject the FLM,

we only need to observe choice frequencies from two menus.

Proposition 5. Suppose p is an FLM. For any A,B € & and x,y,z,t € AN B,

T'A(-Z',y) > TA(ya Z) > T'A(Z,t) then 1 > TA(Zat)
(2,1) B '

1
/ re(z,y) = rB(Y,2) = TB(2 re(z,t)

In we show how to apply the result in Proposition 5 by using experimental data
to test the FLM.

5 A Theory of Focus: Properties of ' and J

The FLM is permissive when it comes to changing focal sets across menus. Hence, an important
contribution of our paper is to show how to identify focal alternatives without assumptions on
focal sets. However, it is useful to have restrictions on F' and § to make sharper predictions out of
sample. In this section we develop a more structured theory of focus for the FLM by introducing

a novel property on F' that encompasses many models of bounded rationality.

18Pproposition 3 illustrates that Focal Richness can be relaxed in the following way: for any a,b € X, there are
sequences {a;}i—; and {4; ?;11 such that a = a1,b = an, and a; ~a, a;41 for each ¢ < n. Even under this weaker

richness condition, we obtain the same uniqueness result.
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Motivated by the idea of cognitive load, the choice overload effect, and robust evidence that
decision makers resort to simplifying heuristics in large menus (e.g., [Payne| (1976)), Payne et al.
(1993)), we propose the following monotonicity property on F: a DM can focus on relatively fewer
alternatives when choosing from larger menus. For intuition, consider how adding a new alternative
a changes focal alternatives in B. If the new alternative a is focal in B U {a}, which might occur
if a is very salient or desirable, then focus might shift with the introduction of a. However, if a
is not that salient or desirable, i.e., conditional on a not attracting focus, then F'(B U {a}) should
be no larger than F(B) as it is increasingly difficult to focus. That is, F(B U {a}) C F(B) if
a ¢ F(BU{a}). Formally,

Definition 9. A focus function F' is conditionally decreasing if for any A,B € o/, F(A)C BC A
implies F'(A) C F(B).

It turns out that our conditionally decreasing property “nests” two separate classes of consid-
eration set models. In these two models, C(A) = argmax, F(A) for some filter function F' with
F(A) C A for any A € o/. The following two properties on F' have been studied carefully in the

literature.

e Attention Filter: (see Masatlioglu et al. (2011)) F is an attention filter if, for any A and
x € F(A), F(A\ z) = F(A).

e Competition Filter: (see Cherepanov et al. (2013) and |[Lleras et al.| (2017)) F' is a compe-
tition filter if, for any A, B with B C A, F(A)N B C F(B).

It is not difficult to see that both the attention filter and the competition filter properties are
distinct yet are also conditionally decreasingr;gl Masatlioglu et al.| (2011)), |Cherepanov et al.| (2013)),
and Lleras et al. (2017)) provide many interesting choice procedures that are captured by attention
filter and competition filter: Status Quo Bias, Shortlisting/Social Preferences, Top-N choice, and

Willpower /temptation. Hence, these procedures are also covered by the conditionally decreasing

property.

e Status Quo Bias: (see Masatlioglu and Ok| (2013) and Apesteguia and Ballester| (2013))
A DM has a default (or status quo) option d € X and her choices are biased towards d and
alternatives that are obviously better than d; i.e., F(A) = AN Q(d) for some closed-valued
self-correspondence @ on X. In this setting, 6(A) also captures a menu-dependent intensity

of status quo bias.

e Top-N choice: (see|Eliaz et al.|(2011)) A DM only considers Top-N alternatives; i.e., F'(A) =
{reA:|{ye A:y = x}| < N} for some linear order = on X %]

19We also include characterizations of the Attention Filter and Competition Filter conditions for F in an online
appendix.
20A binary relation > is a linear order if it is complete, transitive, and asymmetric.
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e Shortlisting/Social Preferences: (see Manzini and Mariotti (2007))) A DM first eliminates
alternatives that are obviously dominated by a binary relation P and then she maximizes her
utility; i.e., F(A) = {x € A: By € As.t. yPx}. The binary relation P can also capture

DM’s social preferences. We include a characterization for this F' in an online appendix.

We will add an example that is not discussed in Masatlioglu et al. (2011), |Cherepanov et al.
(2013)) and |Lleras et al.| (2017)).

e Perception-Based Reference Dependence: A DM notices some alternative based on its
perceptual attractiveness, then focuses on alternatives which are sufficiently better than this
reference alternative. Formally, for a given linear perception order P on X, the reference
alternative R(A) in A is the P-maximal element of APT Then let F(A) = {z € A : v(x) >
v(R(A)) + 0(A)} for some increasing 0 : 2% — (—00,0] (i.e., §(B) < §(A) when B C A).

The above example is conditionally decreasing, yet it may violate both the attention filter and
competition filter properties.

While the above properties capture the entire content of “increasing difficulty of focus” for
deterministic choice, the FLM distinguishes what is focal from how much focus biases choice.
Therefore in addition to our restrictions on F'; a theory of focus must also restrict how ¢ changes.
Just as F' was motivated by the literature on choice overload and cognitive load, our restriction on
0 is similarly derived. Our conditionally decreasing property restricts F' when a new alternative is
non-focal, hence it stands to reason that we should similarly restrict . That is, we also impose

that 9§ is weakly increasing when a new alternative is non-focal, defined below.

Definition 10. A distortion function 0 is conditionally increasing if §(A) > 6(B) for any A, B € o
with F(A) C B C A.

We now characterize conditionally decreasing I’ and conditionally increasing . For simplicity,
we focus on the BFLM. While the above monotonicity properties on F' and § might seem behav-
iorally distinct, it turns out that they are simultaneously characterized by the following “focal

betweenness” condition.
Axiom 5 (Focal Betweenness). For any A € &7 and a,b,c € A,
if ra(a,b) > r(a,b), then ra(a,c) > 14 gy (a,c) > r(a,c).
Focal Betweenness requires the relative probability 4\ 31(a, ¢) to be between that of r4(a,c)

and r(a,c) if ITA is violated in favor of a in A.

Proposition 6. Suppose p is a BFLM with (F,0) such that F(A) # A for any |A| > 3. Then
p satisfies Focal Betweenness if and only if F is conditionally decreasing and § is conditionally

mcreasing.

21 This reference formation procedure is studied in [Kibris et al.| (2018).

14



Remark 1. Recall the interpretation of the FLM in which p(a,4) = (1 — A(A)) pi(a, 4) +

A(A) p2(a, A) where py,py follow Luce rules. Then 6(A) = 13&’21) Z%f?:sj()b)' Let A be a con-
€

stant. Then § is conditionally increasing.

Remark 2. Consider a fairly known generalization of the Luce model, called dogit, introduced by

Gaundry and Dagenais (1979)). In dogit, p(a, A) = (lzg)b:j(g()é))%bf:ilz()b)) for any A and a € A,

where 6(a) is a measure of consumer loyalty to alternative a. Let X7, X5 be a partition of X such

that 0(a) = yu(a)l{a € X;} for some v > 0. For example, X is the set of brand goods that are
market leaders or consumers are loyal to, and Xs is the set of other goods. Then we obtain an
FLM with (F,d) where FI(A) = AN Xy and §(A) = v (3 _pc 4 u(b)). Notice that F is a Competition

Filter and § is increasing.

5.1 Limits of Conditionally Decreasing F

This section illustrates that the Conditionally Decreasing property is not excessively permissive.
In particular, we provide two examples, one is based on the idea of Salience Theory (Bordalo et al.
(2013))) and another is based on reference-dependence behavior, in which Conditionally Decreasing

is violated.

Salience. Let A = {ry,r2,b1,bo,...,b,}, consist of two red alternatives and many black ones, while
B = {r1,r2,b1}, consists of the same two red alternatives and a single black one. Intuitively, in
A, the red alternatives stand out and hence the red ones are focal: F(A) = {r1,r2}. By removing
most of the black alternatives, B now consists of mostly red options, and focus shifts entirely
to black alternatives: F(B) = {b1}. Notice that F(A) C B C A but F(A) € F(B), violating
the Conditionally Decreasing property. In general, the salience model will violate Conditionally

Decreasing F, as it allows focus to change in a general, menu-dependent fashion.

General Reference Dependence. The decision maker chooses an endogenous reference alterna-
tive R(A) from the menu A, and divides A into F'(A) = {a € Ala > R(A)}, the set of alternatives
that dominate R(A) by some strict partial order >, and A\F(A), the set of alternatives that do
not dominate R(A)E Then, the utilities of dominating alternatives in F'(A) will be overweighted
by 1+ d(A) (In other words, alternatives worse than R(A) are punished by 1+ 6(A), for example

due to loss aversion). We include a characterization of this in an online appendix.

6 Applications

This section presents several applications of the FLM. For our first application we demonstrate
that the FLM can naturally accommodate choice overload and (increasing) status quo bias: the

tendency to choose a default option more when the choice set is large. Our second application takes

22Note that the key difference between this example and the Perception-Based Reference Dependence example is
how the reference R(A) is determined. In the Perception example, R(A) exhibits some systematic regularities across
menus (is determined by the maximization of a linear oder). When the reference formation process is allowed to
depend on the menu more generally, the Conditionally Decreasing property of F' need not hold.
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our model to two sets of experimental data on multi-attribute choice. We conclude our discussion
by showing that the FLM can be used to correct for the role of attention when estimating price

elasticity of demand.

6.1 Choice Overload and Status Quo Bias

There have been numerous experiments demonstrating the proclivity of decision makers to “opt
out” of making a choice as the set of options becomes large. One instance of this is known as choice
overload, a well-known behavioral phenomenon documented in both lab and field experiments. A
subject experiencing choice overload is inclined to “choose not to choose” when presented with
many alternatives. In one of the first papers on choice overload (Iyengar and Lepper, 2000),
subjects were asked to choose among a large set of nearly identical alternatives (different flavored
jams). Iyengar and Lepper found that a substantial fraction of subjects made no choice whatsoever
(walked away from the display) and that the fraction of subjects walking away increased from
26% to 40% as the number of alternatives increased from 6 to 24. A similar pattern emerges in
problems with a default or status quo alternative. For example, |Dean| (2009) finds that subjects
are significantly more likely to stick with the status quo in large choice sets. Since the subjects
in these two experiments violate regularity, their choice behavior cannot be explained any random
utility model. We now demonstrate that FLM can generate this type of behavior.

Suppose that for menu A,, = {ag,a1,...,an}, ap is an alternative that represents either the
outside option (not making a choice) or a status quo alternative, and aq, . .., a, are nearly identical
alternatives. For simplicity, assume that u(ag) = u(a1) = ... = u(a,). We will now calculate the
probability of choosing ag from A, as a function of n.

In Luce’s model, the probability p(ag, A,) = n%rl is always decreasing in n. In the FLM
however this probability can be U-shaped, a property that cannot occur under any deterministic
model generating choice overload. For simplicity, suppose that F(A,,) = ag and §(A,) = 0.024n? +
0.054n — 0.078. Notice that F(A,) = ag captures the idea of status quo bias. A direct calculation

of the FLM choice probability gives,

_0.024n? +0.054n +0.922

Ay -
Plao: An) = 5 024n? + 1,054 + 0.022

f(n).

It is simple to check that f(n) is decreasing when n < 6 but increasing when n > 6. Moreover,
we can match the observed frequencies exactly: f(6) = 0.26 and f(24) = 0.40. We can gener-
ate qualitatively similar behavior even when the outside option is strictly worse than all other

alternatives.

6.2 Explaining Experimental Data

To demonstrate the explanatory power of the FLM, we discuss two experimental studies by Kivetz
et al.[(2004). In the first study, the authors ask three groups (for a total 463 subjects) to choose one
of three portable PCs. The first group choose from the menu A! = {z,y, 2}, the second group from
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Alternatives/ Menus | AT | A% [ A3 |

X 0.06 | — —
y 0.50 | 0.18 | —
Z 0.44 | 0.51 | 0.24
t — 10.31]0.47
S — — 1 0.29

Table 1: Choice frequencies presented in Empirical Application I of Kivetz et al.| (2004)

| Alternatives/Menus | B! | B? |[ FLM frequencies

a 0.03 | — 0.03

0.24 | 0.09 || 0.24 0.09
0.32 | 0.26 || 0.32 0.26
0.32 | 0.42 || 0.32 0.42
0.09 | 0.13 || 0.09 0.118
— | 0.09 — 0.102

|0 |&jo|T

Table 2: Choice frequencies presented in Empirical Application II of [Kivetz et al.| (2004])

= {y, z,t}, and the third from A3 = {z,¢, s}. The data are summarized in Table 1. Alternatives
are monotonically ordered by their speed and memory, e.g., s is the fastest but lowest memory PC
while z is the slowest but highest memory PC.

Notice that Table 1 lends further support for the compromise effect. That is, the compromise
alternatives (e.g., y in A! and z in A2) are chosen relatively more frequently than extreme alterna-
tives (e.g, r and z in A' and y and ¢ in A?). However, this experiment features varying compromise
alternatives (i.e., y in A! to z in A2 to t in A3) and therefore it imposes additional challenges to
existing models that explain the compromise effect.

From these three menus, we can observe at most two violations of ITA, since A'NA? = {y, z} and
A2N A3 = {z,t}. With only two violations of ITA the FLM can perfectly replicate the frequencies
in Table 1. Surprisingly, we can replicate Table 1 by the FLM with a constant §. Suppose that

F(AY = {y}, F(A?) = {2}, and F(43) = {t} Which is consistent with the compromise eﬂ"ectF_gI
The FLM with a constant ¢ predicts that Z zAl /p Zﬁz = iﬁz piﬁg) It turns out that the
observed frequencies are consistent with th1s prediction: 3.2197 = 8% % R 8:—‘211 % = 3.2217.
In particular, when u(x) =1, u(y) = 4.64, u(z) = 7.33, u(t) = 8, and u(s) = 8.86, the FLM with a
constant weight 6 = 0.795 replicates frequencies in Table 1.

In the second study of |[Kivetz et al.| (2004)), the authors ask two groups (for a total 198 subjects)

to choose one of five portable PCs. As shown in Table 2, the first group chose from the menu

= {a,b,c,d, e}, and the second group chose from B? = {b,c,d, e, f}. As in the previous study,
alternatives are monotonically ordered by their speed and memory: a is the fastest but with the
lowest memory while f is the slowest but with the highest memory. Similar to the first study,

Table 2 is consistent with the compromise effect. Moreover, it also imposes additional challenges

2By directly comparing relative probabilities (i.e., r41(y,2) = 00454 > ra2(y,2) = 8:;? and r42(2,t) = 351 >

ra3(z,t) = 321) we can easily conclude that F(A") # z, F(A?) 3 z, and F(A®%) # z.
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to existing models since each menu has multiple compromise alternatives (e.g., b and ¢ in B' and
c and d in B?).
Since B! N B% = {b,c,d, e}, there are at most six possible violations of ITA. In this case, the

FLM cannot replicate the frequencies in Table 2 exactly, as there are 6 violations of ITA. In fact, we

can reject the FLM with just two menus. Recalling Proposition 2, in the FLM, re, (be) o 5, (ed)

7B, (b,C) B, (c,d)
re, (de) implies 1 > “&1 (1.9) et by direct calculation we see that, —2 99 ~ 1.1, and hence the
7B, (d,e) B, (d,e) B, (d,e)

data is not matched exactly by FLM@

However, the FLM can generate frequencies very similar to the observed frequencies. Consistent
with the compromise effect, suppose that F(B!) = {b,c} and F(B?) = {c,d,e} (these focal sets
can be partially identified from the data by looking at violations of ITA and their magnitudes).
Then when u(a) = 1, u(b) = 4.95, u(c) = 6.6, u(d) = 10.67, u(e) = 3, and u(f) = 5.61, the FLM
with 6(B') = £ and §(B?) = I generates frequencies in the right-hand side of Table 2. The only
difference is that in the experimental data ITA is violated at d,e (i.e., % > %), but the FLM

generated data satisfies IIA at d, e (i.e., 332 ~ 242

6.3 Estimating Price Elasticity of Demand: An example

In this section we illustrate the importance of correcting for focus (or attention) when estimating
utility parameters and elasticities, which are of great importance to the analysis of policyﬁ For
example, suppose we want to estimate price elasticity of demand. When a firm offers a discount,
demand for the good increases and this change is used to estimate elasticity. However, this discount
may also affect how the decision maker focuses on goods. In particular, a discount may affect de-
mand through two channels. First, demand increases due to the classical law of demand. Second, if
the sale good becomes more focal than other goods, then demand may increase for non-instrumental
reasons. If the effect of this change in focus is not accounted for, then the estimate of elasticity will
be biased ]

For simplicity, assume each good a = (z,p) € X C Ri . has two attributes, where x represents

the characteristics of a good and p is the price of a good. Suppose that a researcher has a logit

exp(az—pBp)
(2! pyea explaa’—Bp)
Suppose there are n goods in the market and the researcher observes choice frequencies from two

in mind and is interested in finding «, 3.

demand model p((z,p), A) =

menus A = {a; = (z1,p1),a2 = (x2,p2), .., (Tn,pn)} and B = {a} = (x1,p}), a2 = (z2,p2),...,an =
(Zn,pn)}. Here o] € B is a discounted version of aq; i.e., p1 > p}. It is reasonable to think that the
discount for good 1 changes consumers’ focus (e.g., focal sets in A and B). Below we illustrate that if
the researcher does not account for changes in focus due to the discount, she may overestimate price

elasticity of demand (or §). Intuitively, the demand for good 1 increases when price p; decreases to

24We take this as evidence in favor of the FLM for two reasons. First, the fact that it is not exact shows that the
FLM can be falsified with only two menus. Second, the difference is so small in this case as to be insignificant. A
switch by one subject (out of 100) would make the fit essentially exact.

25While the multinomial logit is used extensively in practice, it is well-known to provide “bizarre” elasticity esti-
mates (Berry| (1994) and Berry et al.| (1995])).

26Interestingly, using data on the U.S. personal computer market [Goeree| (2008) shows that estimated demand
curves are biased towards being too elastic if limited information (or attention) of consumers is ignored.
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p}. However, the demand increase is not just due to the price decrease but also because of a change
in focus. Therefore 8 will be overestimatedm To illustrate, assume that initially F'(A) = A, all
goods are equally focal, but after the price change, F'(B) = {a}}. For simplicity, let us consider the
FLM with a constant 6. Let y;* = log (TA(CLi, an)),le = log (rB(a/l, an)), and yB = log (TB(aj, an))
foranyn—1>¢>1landn—-12>j > 2.

Let us consider two simple strategies that the researcher can use to identify «, . First, the
research can simply exploit the price change, p1 — p. Notice that for a logit model with a linear
utility,

A
vt =i = (aler =) = B = pn)) — (a1 — z0) = B(pr — pa)) = Blp1 — Ph)-
Therefore, B p1 gl is a natural estimate for 5. However, if a} becomes Very salient because of
the discount (i.e., F(B) = {a}}), the above overestimates f, i.e., § = p1 p =B+ 55 p I
1

The second strategy is to run an OLS regression for the linear model y = ax — Bp+ €*°| In this

case we obtain B = B+ ¢el'q+ 67 where g and r are some functions of 2 and p (see the appendix

for details). Just as in the first strategy, the researcher obtains a biased estimate. Indeed, this bias
can be corrected by estimating the FLM as in

7 Estimation and Identifying Focal Sets

In sections [3| and we directly identified focal sets from violations of ITA and their magnitudes.
When focal sets are given it is simple to calculate the utilities of alternatives. However, large
data sets require a systematic way to identify focal sets. In this section, we show that the FLM
parameters (i.e., utilities, focal sets, and biases) can be estimated as easily as the Luce model.
Moreover, we show the consistency of our estimators for linear utility models.

Suppose we have the following data: {Al = {d),d},... ,ainl},Pl = (p,... ,pinl)}lel with
v, ... ,pﬁnl) (0,1)™ and Y " pl =1 for each [ € {1,2,...,L}. Here L is the number of menus

and pfk is the probability that alternative afc is chosen from menu A'. According to our model,

b 5(A") 1{a} € F(AD)})
LT ST exp (a(al) + 3(AT) L{al € F(AD))

For simplicity, we assume that there is an alternative ag such that af) = ag for all [ < L. This

assumption is satisfied in the two experimental studies of Kivetz et al. (2004)) and is very natural

2"We wish to remark that in principle a price change in good a might cause some other good, say a’, to become
focal. In this case there would be a change in demand for @’ without a change in its own price. This should only
further illustrate the importance of accounting for focus when estimating utility parameters.

28Tt may be reasonable to think that consumers’ focus may not change when p; — pj < A for some A > 0. Then
the magnitude of the bias is 0 when p1 — p} < A and is decreasing in p1 — p} when p; — pj > A.

PHerey = (yt — i, ..., ui —yit yP =B, B —yB) e =(t1— Ty Tl — T, B — T, o1 — Tn),
and p = (P1 = Pn, -y Pn—1 = PnyP1 = Py s Pn—1 — Pn)-

39Notice that we obtain the FLM by setting u(z) = exp(@(z)) and §(A4) = exp(d(A)) — 1.
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when ag is the outside option (or walking away). The assumption also becomes redundant for linear

utility models and can be relaxed easily. Under this assumption, we have
log(pt/ph) = w(at) — u(ao) + 6(A") (1{a} € F(A)} — 1{ag € F(A")}).

Let y} = log(%), v(al) = a(al) — a(ag), d = |1{al € F(A)} — 1{ay € F(A)}|, and &, =

§(A" sign(3 — 1{ao EF(AZ)}). Then, § = —6(A') and d} = 1 iff a! ¢ F(A!) when ag € F(A"), but
§' = 6(AY) and d} = 1 iff ol € F(A") when ag ¢ F(A).

Now notice that we have arrived at the following simple linear programming problem: for given

{(Wh, ... yb,) ey, we need to find

{(v(ah),...,v(ah,)), 8, (dY, ...l )My € HRm +1 % {0,1}™ such that
=1

for any [,I' < L, t < my, and t’ < my,
yt = v(d)) + & d. and v(a!) = v(al)) whenever a = al, (LPP).

As demonstrated in section [6.2] if the observed menus do not intersect or only have a few intersec-
tions, then the FLM can perfectly fit the observed frequenmes@ If there are many violations of
ITA (as in Table 2), then the data rejects the FLM. In this case, we look for the best fitting FLM

by solving the following least squares problem.

2
) min YL, S (yi ~ofad) — 4, dé) (LSP)

(5) subject to {(v(all),...,v(aﬁnl)),dl,(dl,... }l 1 € Hl L R™ 1y {0, 1}m

(6) and v(al) = v(al)) whenever a} = al,.

s Ymy

When attributes of alternatives are observed and a linear utility model is assumed, we can
run a linear minimization problem that is very similar to OLS. For example, suppose that aé =
(allvt, ...,al;) € R™for each [, t. Let 2} = al—ag and v(a}) = Y11 o $it For linear utility models,
constraint (6) is immediately satisfied. Therefore, we obtain the following linear minimization

problem.

2
min Zlel > (yi — Vi i, — o df > (LMP)
subject to  (ai,...,an) € R™, (61,...,6,) € RE (d),...,d!, ) € {0,1}™.

With linear utility we do not need the observed menus to intersect to estimate parameters or reject

31In the online appendix, the maximum likelihood estimation is also considered. If there are different FLM param-
eters that can fit observed frequencies, then one can pick parameters that can maximize the likelihood function for
FLM.
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the FLM. Moreover, LMP provides consistent estimates for «, (&;), (d%). More formally,

Proposition 7. Let (&, (6;), (dL)) be the solution to the LMP. Suppose that § # 0 for each 1. Then
(6, (&), (dV)) =F (v, (8;), (dh)) as the number of observations for each menu converges to inﬁm’ty

The assumption § # 0 means that there is at least one violation of IIA in A’. The proof of
Proposition 7 is in the online appendix. We conclude this section with two remarks.

1. Once we obtain {Sl, (aﬁl, o ,cffﬂl)}lL:l from the data, we can identify focal sets. In particular,
if & > 0, then ag & F(A!) and a} € F(A") whenever d\ = 1. If §; < 0, then ag € F(A!) and
al € F(A') whenever d} = 1. Lastly, if §; = 0, then F(A!) = A,

2. We can test the nested logit version of the FLM (or the FLM with menu—independent
categorization) by (4)-(6) with the following additional constraint: if al = a¥ and al = ak’, then
d! = d whenever dh = dt,

8 Related Literature

As we have demonstrated in the previous sections, the FLM can be consistent with the compromise
effect, choice overload, and status quo biasﬂ In addition, the FLM is also able to capture more
nuanced behavioral regularities associated with these phenomena, such as increasing status quo
bias and a shifting, multiple compromises. However, the main focus of the paper is to provide
a simple axiomatic model that behaviorally distinguishes focal alternatives from the bias towards
these alternatives in a way that is easily applicable to data. We will therefore restrict our attention
to the axiomatic literature that is directly related to Luce’s model and consideration set models.

The benchmark economic model of rational behavior for random choice is the random utility
model (Falmagne (1978), McFadden and Richter| (1990), and Barbera and Pattanaik (1986)). In the
random utility model, the utility of a given alternative x is u(x)+e€,, where u(x) is the deterministic
part and €, is the random part, and a decision maker chooses the alternative with the highest utility.

Random utility models always satisfy regularity while the FLM allows for its violation (e.g.,
choice overload). Therefore, the FLM is not a special case of the random utility model. However,
when the magnitude of the bias is small enough, the FLM is a special case of the random utility
model. Moreover, the FLM generalizes the nested logit with two nests, which is a random utility
model under parametric assumptions.

Two important generalizations of the Luce model are the Elimination-By-Aspects model of
Tversky| (1972) and the Attribute Rule of |Gul et al.| (2014). Both models feature a procedure akin

32Suppose we observe ckl € {0,1} for each I < L, k < N' such that > 7" c* ot = = 1. Here ckl = 1 means that
consumer k (or a consumer visits the menu the k-th time) chooses a} from menu A = {ab,ai,.. aml} Here, N'
l
POTA Ckl

is the number of observations from menu A'. Therefore, p! = . Proposition 7 requires N' to become large
enough for each .

33Some recent bounded rationality models (of deterministic or random choice) can explain all or subsets of these
behavioral phenomena. For example, see |[Bordalo et al.| (2013), De Clippel and Eliaz| (2012)), [Echenique et al.| (2018)),
Frick (2016]), [Fudenberg et al.| (2015), Masatlioglu et al.| (2012, Natenzon| (2019)), Ok et al.| (2014), and Tserenjigmid

(2019).

N
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to sequential Luce rules and deal with the duplicates problem. Further, objective attributes play a
key role in the choice procedure. Both models are special cases of random utility and thus cannot
explain much of the literature on choice overload or the compromise effect like the FLM. Further,
the FLM is motivated by menu-effects, rather than how similar alternatives influence choice.

Our model can be interpreted as a stochastic version of consideration set models such as|Manzini
and Mariotti (2007) and Masatlioglu et al.| (2012). However, the new property of Conditionally
Decreasing that we introduce is more general than what is used in those papers. Further, in these
papers and other deterministic choice models of limited consideration the agent must choose from
the consideration set. In contrast, we identify both the focal set and the magnitude of the bias, F’
and 6.

Among the stochastic models of consideration sets, such as Manzini and Mariotti (2014), the
main difference between existing models and ours is the source of randomness. In our model, the
main source of randomness is utility shocks and the consideration set for a given menu is ﬁxedF’_I]
In Manzini and Mariotti (2014) tastes are fixed and thus the source of randomness is random
attention. In particular, every possible subset is the consideration set with positive probability.
Brady and Rehbeck (2016)), |Aguiar| (2017), [Zhang| (2016), [Kovach| (2016), and |Kovach and Ulkii
(2018)) provide generalizations of (or closely related models to) Manzini and Mariotti (2014) in
which the probability that a given alternative is in the consideration set is menu-dependent. The
primary distinction between those models and ours is that we identify a single focal set, while they
provide a distribution over possible consideration sets in which each possible subset has positive
probability.

Echenique et al.| (2018)) provides a generalization of Luce’s model, called the Perception-
Adjusted Luce Model (PALM), in which a decision maker looks at alternatives according to an
exogenous order, and chooses each alternative with the Luce probability. Therefore, similar to
Manzini and Mariotti (2014), the decision maker may consider a subset of the original menu, but
the subset is random.

Marley| (1991) proposes a stochastic choice model that has a nontrivial intersection with the
FLM. He introduces the following stochastic choice model that captures a decision-making proce-

dure which involves a sequence of binary comparisons:

p(z, A) = HyeA\{x}(ﬁ(x,y))e(lA 1

>zeA HteA\{z} (m(z, 1))

Ravid and Steverson (2018) provide an elegant axiomatic characterization for the case 6§ = 1.

Suppose § = 1 and X;, Xy is a partition of X and w(z,y) = % and 7(x,z) = m for

u(y
any z,y € X; and z € X;. Then we obtain a FLM with (u, F,¢§) such that F(A) = AN X,

1L ; Ma)
and §(A4) = I—[bi:r:ij;;)‘(b) — 1 when [[,cnx, Aa) > HbeAﬂX]- A(b). Note that when A > 1, F

34There is an interpretation in which our DM has stochastic consideration, but there are only two possible realiza-
tions, A or F(A).
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is conditionally decreasing and ¢ is conditionally increasing (otherwise they are not conditionally

monotonic).
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A  Proofs

A.1 Proof of Proposition 1

ralab) _ 148(A)1{a€F(A)} ,1+8(B)1{acF(B) 1+6(A)1{acF(A
Take any A, B and a,b € ANB. Then TA(ab) = 1+6EA ILl{{beF }/1+6 ﬂfi{beF(( )% >1 HW >
iig((B))EZE;((B))]% By way of contradiction, suppose that a ¢ F(A) and b ¢ F(B). Then % > 1

iff m > 1+ 6(B)1{a € F(B)}, a contradiction.
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A.2 Proof of Proposition 2

Take any A, B and a,b € AN B.

Proposition 2.i). "4t — IHAALEERAL > 1iff 6(A)1{a € F(A)} > 0 and 6(A)1{b € F(A)} =

0;ie,a€ F(A) and b & F(A).

Proposition 2.ii). By i), r4(b,c¢) > r(b,c) implies that b € F(A). Then r4(a,b) > rg(a,b) iff

1+3(A)1{ae F(A)} _ 1+(B)1{ac F(B)}
1+ 0(A) = 1+0B)l{be F(B)}

By way of contradiction, suppose a ¢ F(A) and a € F(B). Then ra(a,b) > rg(a,b) iff ﬁ(ﬂ >

1+6(B) -
TR BB & contradiction.

Proposition 2.iii). By i), ra(b,c) > r(b, c) implies that ¢ € F'(A). Then r4(a,c) < rp(a,c) iff

1+ 6(B)1{a € F(B)}

L+ S € FA)} < S m )

By way of contradiction, suppose a € F(A) and a € F(B). Then ra(a,c) <rp(a,c) iff 1 +0(A) <

m, a contradiction.

A.3 Proof of Proposition 3

Take any A, B and a,b € AN B.

Proposition 3.i). Suppose 74(a,b) > rg(a,b) and a ~p b. By the definition, a ~p b implies that
there is C' € & such that rg(a,b) = r¢(a,b). Equivalently, iig%g%ﬂgg?ég% = ﬁg((g))ﬂ‘;g?((g))i If
0 a 6(C)1{a C . .
ié((g))ﬂbgg((g))]% = ﬁa&cﬁ}bgﬁcﬁ > 1, then we need to have 14+§(B) = 1+6(C), which contradicts
the assumption on §. Similarly, we cannot have iig((?)ﬁzgli((g))i = iig((g))ﬁzgfi((g))]% < 1. Hence,
1+6(B)1{acF(B)} _ 1+8(C)1{acF(C)} _ . . ralab)  1+8(A)1{acF(A)} .
T16(B)L{beF(B)Y — T1+3(C)L{beF(C)} — L ie., a,b € F(B). Then rg(a,b) = TR(A)I{eF( A} ~ 1 iff

§(A)1{ae F(A)} >0and 6(A)1{b € F(A)} =0;ie,ac F(A)and b ¢ F(A).

Proposition 3.ii). Suppose there are sequences {a;}! ; and {Ai}?:_f such that a = a1,b = a,, and
a; ~4, a;+1 for each ¢ < n. By the proof of Proposition 3.i), a; ~4, a;+1 implies a;,a;+1 € F(A4;).

Hence, [[7] ra,(ai,air1) = [[7<] ué?ﬁ) = Z((Zi)) = %. Therefore, r4(a,b) > 17} ra,(ai, air1)

iff TSR > 1iff 6(A)1{a € F(A)} > 0 and §(A)1{b € F(A)} = 0; i, a € F(A4) and

b F(A).

A.4 Proof of Theorem 1

Since the necessity part is straightforward, we only prove the sufficiency part of Theorem 1. We

prove by three steps.

Step 1. Let us fix a some alternative a* € X. We then construct u : X — R in the following way:
u(a) = r(a,a*) for any a € X. Note that for any a,b € X \ a*, r(a,b) = % since Luce’s Product
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Rule implies that r(a,b) = r(a,a*)-r(a*,b) = u(a,)~ﬁ. Since Z((Z’ZZ)) = % and p(a, ab)+p(b, ab) =

u(a)
u(a)+u(b)

1, we have p(a, ab) =

Step 2. Take any A € &7 with |A| > 3. We shall derive the BFLM representation for A.

Fact 1. For any a,a’,b,V/ € A, if ry(a’,;a) =r(d’,;a) and r4o(V/,b) = r(V',b), then r4(a,b) > r(a,b)
iff ra(a’,b") > r(d,b).

Proof of Fact 1: Suppose r4(a’,a) =r(a’,a) and r4(b',b) = r(b',b). By Luce’s Product Rule,
ra(a, b)) =ra(d,a) -ra(a,b) -ra(b,t’) >r(d, a) r(a,b) r(bbt)=r(a ) iff ra(a,b) > r(a,b).

Fact 2. For any A € & and a,b € A, if r4(a,b) > r(a,b), then either r4(a,c) = r(a,c) or
ra(b,c) =r(b,c) for any c € A.

Proof of Fact 2: By way of contradiction, assume 74 (a, ¢) # r(a, c) and r4(b, ¢) # r(b, ¢). Consider

three cases.

Case 1. r4(a,c) > r(a,c). By Focal ITA, r4(a,b) > r(a,b) and ra(a,c) > r(a,c) imply ra(b,c) =

r(b, c), a contradiction.

Case 2. r4(c,a) > r(c,a) and ra(c,b) > r(c,b). By Focal 1TIA, r4(c,a) > r(c,a) and r4(c,b) >
r(c,b) imply 74(a,b) = r(a,b), a contradiction.

Case 3. r4(c,a) > r(c,a) and ra(b,c) > r(b,¢). Then ra(a,b) > r(a,b), ra(b,c) > r(b,c), and
ra(e,a) > r(a,c) imply 1 =ra(a,b) - ra(b,c) -ra(c,a) > r(a,b)-r(b,c)-r(c, a), a contradiction to
Luce’s Product Rule.

Fact 3. There is F(A) C A such that for any a,a’ € F(A) and b,b' € N(A) = A\ F(A),
ra(a,a’) =r(a,a’), ra(b,b') =r(b,b), and ra(a,b) > r(a,b).

Proof of Fact 3: When IIA is not violated in A, we set F(A) = A. Since IIA is satisfied and
ra(a,d) = r(a,d) = 5((5,)), we also have p(a, A) = % by Step 1. Suppose now there is
a,b such that r4(a,b) > r(a,b). By Fact 2, ra(a,c) = r(a,c) or r4(b,c) = r(b,c) for any ¢ € A.
Let F(A) = {c € A: ra(a,c) = r(a,c¢)} and N(A) = {c € A : ra(b,c) = r(b,c)}. Note that

N(A) = A\ F(A). Moreover, by Fact 1, ra(a’,b') > r(a’,b’) for any o’ € F(A) and b’ € N(A).

Step 3. Suppose that |F(A)|,|N(A)| > 1. Let F(A) ={a1,...,a,} and N(A) = {b1,...,bn}.

By the construction of u, 74(a;,a1) = r(ai,a1) = 4% Therefore, p(a;, A) = Z((Z;)) x p(ay, A).

u(a1)
Similarly, p(b;, A) = ZEZS x p(b1, A). Then we have

O 1= Y s )+ Yl ) = D g gy ZELEDD ),
=1

Jj=1
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. . ra(a1,b1) _ ralas,bj) - ra(ai,b1) _ ralai,a;) _ r(ai,a;) _
Note that for any ¢ < n and j < m, ;"4(11117511) B f(ai,bjj) sinee Tj:x(ai,bjl') o Ti(bi,bj) B T(bibj) B
:((217’5;)) by Step 1. Therefore, let 1+ §(A) = Tﬁgill’)?l)). Finally, we have
p(b1, A p(bi, A
p(br, 4) = ( 11 ) - > u(aq) . >m1“(bj) » by (7),
W 'p(a17A) + J;(T) p(bl)A)
_ u(by)
o n u(b a1, A m
( Zl—l U(CLZ)) ugallg ZEIJLA? + Z]—l u(bj)
u(bl)

u(ar) (1+5(A))
(3 ulan) - (146(A4)) +357 u(by)|

Uniqueness (Proposition 4). Since the BFLM coincides with Luce’s model on binary menus,

Since 1 =377 p(a;, A) + 327, p(bj, A), we also have p(a1, A) =

the uniqueness of u is straightforward. The uniqueness of F' follows form Proposition 1. Lastly,

r;;(flal;l;) =1+ 6(A) since for any A and a,b € A with r4(a,b) > r(a,b), 5(A) is unique when IIA is

violated in A.

A.5 Proof of Theorem 2

We only prove the sufficiency part of Theorem 2. We first prove that [Increasing Focal Impact| and
Luce’s Product Rule implies Focal ITA. Take any A € &/ and a, b, c € A such that r4(a,b) > r(a,b)
and ra(a,c) > r(a,c). By [Increasing Focal Impact] TQ%’;) = Tf(fz“(s) By Luce’s Product Rule,
r(be) = fa = e = ralvie).

Since Focal ITA and Luce’s Product Rule are satisfied, by Theorem 1, p is a BFLM with some
(u, F,9). Take two menus A, B € o such that ITA is violated at each of them and B C A. There
are a,b € A and @',V € B such that ra(a,b) > r(a,b) and rp(a’,b) > r(a/,'). Then by [ncreasing]
Focal Impact], we have 1+ §(A) = TQ%I;) > Tf(gf:g,’;) =1+ 46(B).
The uniqueness part of Theorem 2 is implied by Proposition 4.

A.6 Proof of Theorem [3

Sufficiency. Suppose p satisfies Generalized Focal IIA and Generalized Product Rule and it is
focally rich. By Focal Richness, there is * € X such that for any y € X, there is A such that
x* ~4 y. For each y, let us fix a menu A(y) such that z* ~ 4., y. Then let u(y) = r4(y)(y, z*) for
each y € X.

Step 1. For any A € o/ and a,b € A with a ~4 b, r4(a,b) = ula),

u(b)
By|Generalized Product Rulela ~4 b, b ~ 43y %, and 2 ~ 4(q) @ imply 74(a, b)r 4) (b, *)7 4 () (2%, @) =
1. Hence, by the definition of u, r4(a,b) = % = %.

Step 2. Take any A € o/. By |Generalized Focal IIA] there is a partition A, Ao of A such that for
any a,b € A;, a ~4 b.
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When A; = () for some j € {1,2}, then we obtain a ~4 b for any a,b. By Step 1, ra(a,b) = u(a)

u(b)
for any a,b € A. Therefore, p(a, A) = %. In this case, let F(A) = A.
€

Step 3: Suppose that |A;|,|A2| > 1. Let Ay = {a1,...,a,} and A = {b1,...,bn}.

By Step 1, r4(a;,a1) = (( )) for any a; € A;. Therefore, p(a;, A) =

p(bj, A) = é ; x p(b1, A) for any b; € Ay. Then we have

u(a;)
u(az)

x p(ay, A). Similarly,

(8) 1_Zp ai, A Z (b, A) = M.p(al,A)JrM.p(bhA)_

st u(ar) u(by)
(ar,b1) _ ralaiby) (arbr) _ ralove) _ 5t _ s
. . ralai,b1) _ raA(aq,Y; ralai1,01) _ ra(ai,a;) _ u(a;) _ u(by
Note that for any ¢ < nand j < m, =45 = =505 since ralaih;) = raib) — w0 = )

u(by) u(by) u(by) u(by)

by Step 1. Without loss of generality, let r4(a1,b1) > Z((b )) Then let 1+§(A) = ralai,b1) Finally,

u(ay)
u(by)

we have
p(b1, A p(b1, A
p(bl’A) - ( 11 ) - > u(aq) ( : Z>7'n—1 u(b;) » by (8)’
(al) p(ala A) + ]'l:(bl) p(bl’A)

B u(bl)

- n u(b p(ai,A
(ZiZl u(az)) ’ ugallg p(bi A; + E] 1 u( )

u(bl) ey

= — — , by the definition of d(A).

(Zz 1 “(ai)) (1 + 5(A)) + Zj:l u(b;)

u(ar) (146(4))
(o uan) - (1+6(4)) + 30 u(by)”

Since 1 = 377, p(a;, A) + 3772, p(bj, A), we also have p(a1, A) =

In this case, let F(A) = {a1,...,a,}.

Step 4. 6(A) # §(B) for any A, B € o with F(A)NF(B)# () and ANB\ F(A)\ F(B) # 0.

S
Let ¥ € F(A)N F(B) and y € AN B\ F(A)\ F(B). Then ra(z,y) = “5(1 + §(A)) and
rp(z,y) = ugyg(lnﬂ;( )). By way of contradiction, suppose 6(A) = 6(B). Then ra(x,y) = rp(z,y);

i.e., z ~4 y. However, by Step 1, 74(a,b) = % “%a)) (1+8(A)), which contradicts §(A) > 0.

Necessity. Suppose p is an FLM with (F,0) such that §(A) # 6(B) for any A, B € & with
F(A)NF(B) #0 and ANB\ F(A)\ F(B) # 0. Let us first prove the following useful fact.

Fact 4. a ~4 b if and only if either a,b € F(A) or a,b & F(A).

Proof of Fact 4. First, suppose a,b € F(A) or a,b ¢ F(A). By way of contradiction, suppose

a ¢4 b. In either case we have r4(a,b) = Z((Z; By the definition of ~ 4, a %4 b implies r4(a,b) =

Z((Z)) # rp(a,b) for any B # A with a,b € B. In other words, for any B # A with a,b € B, either
a€ F(B)and b¢ F(B) or a ¢ F(B) and b € F(B). By Focal Richness, there are B,C' # A such

that rp(a,b) = rc(a,b). Hence, §(B) = §(C'), which contradicts the original hypothesis.

35Note that we are back to Step 2 if r4 (a1,b1) = %
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Second, suppose a ~4 b. By way of contradiction, suppose either a € F(A) and b ¢ F(A)
ora & F(A) and b € F(A). Without loss of generality, suppose a € F(A) and b ¢ F(A). By
the definition of ~4, a ~4 b implies r4(a,b) = (( ))( + 6(A)) = rp(a,b) for some B # A with

a,b € B. Since rp(a,b) > ((';;, we have r4(a,b) = ((3( +0(A)) = rp(a,b) = ((;( + 4(B)).

Hence, §(B) = 6(C), which contradicts the original hypothesis.

Generalized Focal ITA. Take any A € o and x,y,z with x b g yand y #4 2. By Fact 4, x /L4 y
implies either z € F(A) and y ¢ F(A) or x ¢ F(A) and y € F(A). Similarly, y 744 z implies either
y € F(A) and z ¢ F(A) or y ¢ F(A) and z € F(A). By combining these two conditions, we can
show that either z,z € F(A) or z,z ¢ F(A). By Fact 4, z ~4 2.

Generalized Product Rule. Take any A, B,C € & and z,y,z € X such that x ~4, y ~p 2, and

z ~c . By Fact 4, we have either z,y € F(A) or x,y & F(A), either y,z € F(B) or y,z ¢ F(B),

and either z,xz € F(C) or z,x ¢ F(C), respectively. In other words, we have r4(z,y) = %,

rp(y,2) = 44, and ro(z,2) = 43 Hence, ra(w,y) rp(y, 2) ro(z,2) = 1.

A.7 Proof of Proposition 5

By way of contradiction, suppose “A&Y) - ra2) o ralzb o 3 By proposition 1, :}‘;Eig; > 1

B (x,y) TB(yvz) TB(th)

implies either x € F(A) or y € F(B), % > 1 implies either y € F(A) or z € F(B), and
:ggz g > 1 implies either z € F(A) or t € F(B). Hence, it is enough to consider the following five

cases.

Case 1. z,y,z € F(A). In this case,

146(B)1{z€F(B

r 1+6(B)1{yeF (B r 2 1+6(B)1{zeF(B
| £5(B) > ralea) _ LOBILERB)L | ralus) _ LA(BIHzeR(D) La(m)t (s

= TB (z,y) — 14+6(B)1{z€F(B)} re(y,z) ~ 1+6(B)1{yeF(B)
{14+46(B),1, 1+5(B } we obtain a contradiction.

{ > 1. Since

)}
N

Case 2. z,y € F(A) and z ¢ F(A). Note that z ¢ F(A) implies t € F(B). Then
ralry) _ 146(BIL{yEF(B)} _ ralyz) _ LLo(B)L=EF(B)) _ ra(zd) _
L+0(B) 2 [y = Ther®)) > mus = & T A T5miyerd) > men —

1+6(B ra(z, 1+46(B)1 F(B
TSI {EEF AT} 1+6(B)1L{(ze)F(B)} > 1. Note that AE Z§ = 1+6EB;1}Z§FEB§ > 1 implies y € F(B)

and x ¢ F(B). Moreover, 1 + §(B) > % = (1+ 5(A))1+5(Ei£l§(zgf(]3)} > 1 implies that

cither z € F(B) and §(B) > 6(A) or z ¢ F(B) and 6(B) < §(A). Finally, 1 4+ §(B) > &l —

'I‘B(Z,t)
) . . ..
1+6(A)I&t€F(A)} : 1+5($ﬁ{£)1;(3)} > 1 implies z ¢ F(B) and t € F(A). Combining the last two

ra(y,z) _ 14+6(A) ra(zt) _ 140(B) o
Tg(y’z) = T56(B) r;(z,t) = o) > 1 a contradiction.

Case 3. z,z € F(A) and y ¢ F(A). Note that y ¢ F'(A) implies z € F'(B). Then

implications, we have >

I,‘;Eﬁ Z; <1+5(A))ii§§§§ﬁ§§§§33{ > :;‘((Zz% = 7B iiggiﬁjgﬁgﬁ iﬁﬁig = 1+5(jﬁ5{(t§F(A)}‘
%{&%F(B)} > 1. Note that :Agig = (1+;(A)) }igg%ﬁ;g?ggﬁ > 1 implies y ¢ F(B), z € F(B),
and 0(B) > §(A). Then, we have igg)) > :222 g = 1+5(jﬂ5{2’2)F(A)} - 1+5(§)J:16{Zef(3)} > 1, which
implies t € F(B) and ¢t ¢ F(A). Finally, we obtain :ggg% = 1+5(§)ﬁ§:’2ﬂ3)} > :ggzg =1+4(A),

a contradiction.
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Case 4. = € F(A) and y,z ¢ F(A). Note that y,z ¢ F(A) implies z,t € F(B). Then, we have
IQE?Q = TS Ao
Case 5. z ¢ F(A). Note that = ¢ F(A) implies y € F(B). Moreover, by Proposition 1,
FaeD) = TG ratys) > Limplies 2 € F(B). Similarly, [ = PG T A0 > 1 implies

ra(y,z) _ 1+6(A)1{ycF(A ra(z,t) _ 14+6(A)1{zeF (A
te F(ﬁg('A)z?enl;(zve have 1+ 6(A) > rﬁgizg = 1+6EA§ILEZEFEA;{ > 7«2@5 = 1+6EA))11EteF((A))§ > 1.
S

Wtep'm))}} e {1+0(4),1, ﬁm)}, we obtain a contradiction.

7 > 1, a contradiction.

Since

A.8 Proof of Proposition 6

Suppose p is a BFLM with (F,d) and satisfies Focal Betweenness. Take any A and a,b € A

with a € F(A) and b € F(A). Since r4(a,b) > r(a,b), by Focal Betweenness, we have r4(a,c) >
ra\(py(a,c) > r(a,c) for any c € A\{b}. Equivalently, 1+5(Al)—;i(cé)F(A)} > iig%i&g%ﬁig?ﬁ&gﬁ > 1.

. . . : 1+0(A\{b})1{ac F(A\{b})}
First, it must be a € F(A\ {b}), otherwise we will have (A [chi{ce P < | for any

1+5(A 1+5(A\{b
c € F(A\{b}). Therefore, 1+5(A)1{((:€)F(A)} > 1+6(A\{c})(1{>éF}()A\{b})} > 1. Second, for any ¢ € F'(A),
we will have ¢ € FI(A\ {b}). Otherwise, we will have 1 = 1+6(jﬁi(£)F(A)} < 1+6(A\%j}(§(1’?>g£()14\{b})}.

Hence, F(A) C F(A\ {b}) for any b ¢ F(A), consequently F is conditionally decreasing. Take any
c € A\ {b} such that ¢ € F(A\ {b}). By the previous argument, it must be that ¢ ¢ F(A). Then
we will obtain §(A) > (A \ {b}) for any b & F(A), consequently ¢ is conditionally increasing.

A.9 Supplement to Section 6.3

Let us derive the OLS estimate B of 8 that we have mentioned in Section 6.3. To obtain B we run

the following OLS regression:

min Z (yll -« (l‘z - xn) + Bpi)zv

@,
i<n, le{A,B}

where ]5‘14 = p1 — Pn, PP = p} — pu, and for each 2 < j < n, }52. = pj — pn- Then this regression

returns T T T BT

popprt @ -p (@) (@ —z)rp-prre

etz pTp — (a7p)? alzpTp — (aTp)? -
wherey = ax—fpte,and x = (£1—Tp, .., T 1—Tn, T1—Tpy oy Ty 1—Tp), P = (13‘14, e ,137‘3_1,13{3, -
. T, B, T
and y = (yi4 — y;;‘, . ,y{j_l — yfl‘,le —yB yf_l —yB). Note that the bias § (mlmTip)Ti)_p(mglp; ad
is equal to plfp, when n = 2.
1
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