arXiv:1905.13140v1 [econ.EM] 30 May 2019

Nonparametric Sample Splitting”

YOONSEOK LEE! YULoONG WaNGH

Syracuse University Syracuse University

May 2019

Abstract

This paper develops a threshold regression model, where the threshold is de-
termined by an unknown relation between two variables. The threshold func-
tion is estimated fully nonparametrically. The observations are allowed to be
cross-sectionally dependent and the model can be applied to determine an un-
known spatial border for sample splitting over a random field. The uniform rate
of convergence and the nonstandard limiting distribution of the nonparametric
threshold estimator are derived. The root-n consistency and the asymptotic nor-
mality of the regression slope parameter estimator are also obtained. Empirical
relevance is illustrated by estimating an economic border induced by the hous-
ing price difference between Queens and Brooklyn in New York City, where the

economic border deviates substantially from the administrative one.
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1 Introduction

This paper develops a regression model whose coefficients can vary over different
regimes or subsamples (i.e., threshold regression model), where the subsample classes
are determined by some unknown relation between two variables. More precisely, we

consider a model given by
yi = By + 2] 0ol g < v (8:)] + ws

for i = 1,...,n, in which the marginal effect of ; to y; can be different as 3, or (8,-+do)
depending on whether ¢; < 7, (s;) or not. The threshold function 7,(-) is unknown
and the main parameters of interest are /3, dg, and ~,(-). The novel feature of this
model is that the sample splitting is determined by an unknown relation between two
variables ¢; and s;, and their relation is characterized by the nonparametric threshold
function v, (-).

In contrast, the classical threshold regression or structural break models assume
7o (+) to be a constant and consider the sample splitting induced by whether a scalar
running variable exceeds a certain constant threshold. Examples include, among others,
Andrews (1993), Andrews and Ploberger (1994), Bai (1997), [Bai and Perron! (1998)),
Bai, Lumsdaine, and Stock| (1998), |Qu and Perron| (2007)), Elliott and Miller| (2007)),
\Chen and Hong (2012)), [Elliott and Miiller| (2014)), Elliott, Muller, and Watson| (2015)),
and [Eo and Morley| (2015)) for structural break models; and Hansen| (2000)), |Caner and|
Hansen| (2004)), |Seo and Linton, (2007)), [Lee, Seo, and Shin (2011)), |Li and Ling (2012)),
(2012), Lee, Liao, Seo, and Shin (2018), and [Yu and Fan (2019)) for threshold

regression models[T]

This paper contributes to the literature in two folds. First, we formulate the thresh-
old by some unknown relation among variables. Existing literature on sample splitting
typically assumes 7, (-) to be a fixed constant or a linear combination of variables. In
contrast, we leave the threshold function 7, (+) to be fully nonparametric as long as it
is a smooth function. This specification can cover interesting cases that have not been
studied. For example, we can consider the case that the threshold is heterogeneous and

specific to each observation i if we see 7, (s;) = 7,,; or the case that the threshold is

ISeo and Linton| (2007), Lee, Liao, Seo, and Shin| (2018), and [Yu and Fan| (2019) allow multiple
variables to define the threshold. However, they consider the index form v, (s;) = s, 7, for some
parameter vector 7,, where Lee, Liao, Seo, and Shin| (2018) use principal components for s;.
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determined by the direction of some moment conditions 7, (s;) = E[¢;|s;]. Apparently,
when v4(s) = 7, or 7y(s) = 7,s for some parameter v, and s # 0, it reduces to the
standard threshold regression model, where the threshold is determined by the ratio
qi/s; for the latter case.

Second, we let the variables be cross-sectionally dependent, which has not been con-
sidered in the threshold model literature. More precisely, we consider strong-mixing
random fields as Bolthausen (1982). This generalization allows us to study sample
splitting over a random field. For instance, if we let (g;, s;) correspond to the the
geographical location (i.e., latitude and longitude on the map), then the threshold
1[¢; < 7 (s;)] identifies the unknown border yielding a two-dimensional sample split-
ting. In more general contexts, the model can be applied to identify social or economic
segregation over interacting agents.

The main results of this paper can be summarized as follows. First, we develop a
two-step estimator of this semiparametric model, where we estimate v, (-) using local
constant estimation. Second, under the shrinking threshold setup (e.g., [Bai| (1997),
Bai and Perron| (1998)), and Hansen (2000)) with §o = con=¢ for some ¢y # 0 and
e € (0,1/2), we show that the nonparametric estimator 7(-) is uniformly consistent
and (BT,ST)T satisfies the root-n-consistency. The uniform rate of convergence and the
pointwise limiting distribution of 7(-) are also derived. In particular, we find that 7(-) is
asymptotically unbiased even if the optimal bandwidth is used. This feature is novel in
comparison with the existing literature on kernel estimation. Since the nonparametric
function 7, (+) is in the indicator function, it causes additional technical challenges and
the proofs are nonstandard. We also develop a pointwise specification test of 7, (s) for
given s (i.e., a test for the null hypothesis Hy : v,(s) = 7,(s)). Simulation studies show
its good finite sample performance. Third, we extend the basic threshold regression
model to estimate threshold contours or sample splitting circles by combining estimates
of 74(-) over the artificially rotated coordinates. Fourth, as an empirical illustration,
we consider (g;,s;) as geographic location indices (i.e., latitude and longitude) and
examine the border between Brooklyn and Queens boroughs in New York City. In
particular, we estimate an unknown economic border that splits these two boroughs
by different levels of elasticity to the housing price. The economic border turns out to
be substantially different from the current administrative one.

The rest of the paper is organized as follows. Section [2| summarizes the model and

our estimation procedure. Section |3| derives asymptotic properties of the estimators



and develops a likelihood ratio test of the threshold function. Section[d]describes how to
extend the main model to estimate a threshold contour. Section [5|studies small sample
properties of the proposed statistics by Monte Carlo simulations. Section [0] applies the
results to the housing price data to identify unknown economic border. Section
concludes this paper with some remarks. The main proofs are in the Appendix and all
the omitted proofs are collected in the supplementary material.

We use the following notations. Let —, denote convergence in probability, —4
convergence in distribution, and = weak convergence of the underlying probability
measure as n — 00. Let || denote the biggest integer smaller than or equal to r and
1[A] the indicator function of a generic event A. Let || B|| denote the Euclidean norm

of a vector or matrix B, and C' a generic constant that may vary over different lines.

2 Nonparametric Threshold Regression

We consider a threshold regression model given by
_ T T
yi = x; Bo+x; S0l [gi < v (si)] + s (1)

for i = 1,...,n, where (y;,z],q,s)" € RYPTIFL are observed but the threshold
function v, : R — R as well as the structural parameters 6y = (34,5, )" € R* are
unknown| The parameters of interest are 6, and v, (-).

We estimate this semiparametric model in two steps. First, for given s € S, where
S is a compact subset of the support of s;, we fix v,(s) = v and obtain B(v; s) and

g(’y; s) by local least squares conditional on 7:
(B(7:5),0 (7;5)) = arg min Qs (5,9,7; ), (2)

where

Qn (8,6,7: 9) ZK(

for some kernel function K (-) and a bandwidth parameter b,. If we suppose that the

)(yz-—xm—x%l 4 <7))” (3)

2The main results of this paper can be extended to consider multi-dimensional s; using multivariate
kernels. However, we only consider the scalar case for the expositional simplicity. Furthermore, the
results are readily generalized to the case where only a subset of parameters differ between regimes.



space of v, (s) for any s is a compact set I' € Rf| then v,(s) is estimated by
7 (s) = argmin Qy, (7; 5)
vyel
for given s, where @, (7; s) is the concentrated sum of squares defined as

Qu (7:5) = Qu (B(:9). 3 (7:5) 755 (4)

Note that it is basically a constant threshold estimator in the neighborhood of the
given point s. Therefore, 7 (s) can be naturally seen as a local version of the standard
(constant) threshold regression estimator.

Second, to estimate the parametric components (5, and dp, we estimate [, and
do = Bo + 0o by

n

-~ ) 2 .
B = argmﬁm; (yi — :1:1T ) 1 [qi > (s) + An} 1[s; € S, (5)

3 = i 2T 5 1 g <A (s) — .
y = argnng(yz x 6") 1 [qi <7_; (i) — A 1s; € S] (6)

=1

for some constant A,, > 0 satisfying A,, — 0 as n — oo, which is defined later. We use
the leave-one-out estimator 7_; (s) as the first step estimation. The change size ¢ can
be estimated as 0 =0 — B

We first assume the conditions for identification. Let Q be the support of ¢;.

Assumption ID
(it) E [z;z]] > E [z2] 1[g <4]] >0 for any v €T.

(i1i) For any s € S, there exists €(s) > 0 such that £(s) < P(q < vo(si)|si =s) <
1 —e(s) and 5JE [:Ela:ﬂqz =q,s = s} do > 0 for all (¢,s) € Q x S.

(1v) q; is continuously distributed and its conditional density f(q|s) is bounded away
from zero for all (q,s) € Q@ X S.

3When v, (s) € I's C R for each s, we let I be a smallest compact set that includes UgesTs.
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Assumption ID-(i) excludes endogeneity. Assumption ID-(ii) is the rank condition
that yields the identification of the parameters 5, and dg. Assumption ID-(iii) restricts
that the threshold ~,(s) lies in the interior of the support of ¢; for any s € S and dy # 0,
which yields that the nonparametric threshold function v,(-) is identified pointwisely
under Assumption ID-(iv) [f

Theorem 1 Under Assumption ID, the threshold function v, (-) and the parameters

(Bg,60)" are uniquely identified.

We allow for cross-sectional dependence in (xZT, Qis Sis ui)T in this paper so that we
can apply the main results to the spatial (or two-dimensional) sampling splitting. More
precisely, we suppose a-mixing over a random field similarly as Bolthausen (1982) and
Jenish and Pruchal (2009). We consider the samples over a random expanding lattice
N,, C R? endowed with a metric A (i,j) = max;<,<s |is — j¢| and the corresponding
norm maxj<<s |i¢|, where i, denotes the ¢th component of . We denote |N,| as the
cardinality of IV, and ON,, = {i € N,,: there exists j € N,, with A\(i,j) = 1}. We let
|N,| = n and then the summation in can be written as ) ;. . We also define a

mixing coefficient:

a(m) =sup{|P(4;NA;) —P(A4)P(4;)|: A; € F; and A; € F; with A (4,75) > m},
(7)
where F; is the o-algebra generated by (xZT, Qi Si, ui)T
We suppose additional conditions for deriving asymptotic properties of the semi-

parametric estimators. Let f (g, s) be the joint density function of (g;, s;) and

D(g,s) = Elziw]| (@ s:) = (a,5)], (8)
Vv (q7 8) = E[xzx;ruf‘ (Qia Si) = (Q> S)] (9)

for (¢,s) € @ x S C R%

4Since the last condition in Assumption ID-(iii) does not require the strict positive definiteness of
E [xlxﬂql =q,8 = 8], g; or s; can be one of the elements of x; (e.g., threshold autoregressive model,
Tong| (1983)) or a linear combination of z;, even when xz; includes a constant term.



Assumption A

(i) The lattice N,, C R? is infinite countable; all the elements in N, are located at
distances at least \g > 1 from each other, i.e., for any i,j € N, : X(i,7) > Xo;
and lim,_,o |ON,| /n = 0.

(ii) 09 = con™ ¢ for some ¢y # 0 and € € (0,1/2); (cg,ﬁg)T belongs to some compact
subset of R?P.

(111) (xlT, i, si,ui)T is stationary and a-mizing with bounded (2 + ¢)th moments for
some ¢ > 0; the mizing coefficient a(m) defined in (1) satisfies > e_, ma(m) <
oo and Y70 mPa(m)?/ 9 < oo for some ¢ € (0,2).

(iv) 0 < E [u?|x;, q;, si] < 0o almost surely.

(v) Uniformly in (q, s), there exists some constant C' < oo such that E[||z]|* |(¢, si) =
(¢,5)] < C and Ell|lzsuill* (ai, 5:) = (,5)] < C.

(vi) vy : S — ' is a twice continuously differentiable function with bounded deriva-

tives.

(vit) D (q,s), V (q,s), and f(q,s) are bounded, continuous in q, and twice continu-

ously differentiable in s with bounded derivatives.
(viii) cg D (7o(8),8) co >0, cg V (v9(5),8) co > 0, and f (v4(s),s) > 0 for all s € S.
(iz) As n — oo, b, — 0 and n'~*b,, — oco.

(x) K (-) is uniformly bounded, continuous, symmetric around zero, and satisfies
[ K (v)dv=0, [vK (v)dv € (0,00), [ K*(v)dv € (0,00), and lim,_, [v| K (v) =
0.

Many of these conditions are similar to Assumption 1 of [Hansen| (2000). Note
that Ao in Assumption A-(i) can be any strictly positive value, but we can impose
Ao > 1 without loss of generality. It is well known that a constant change size leads
to a complicated asymptotic distribution of the threshold estimator, which depends on
nuisance parameters (e.g., (Chan (1993)). In Assumption A-(ii), we adopt the widely
used shrinking change size setup as in Bai (1997)), Bai and Perron| (1998), and [Hansen
(2000) to obtain a simpler limiting distribution. The conditions in Assumption A-

(iii) are required to establish the central limit theorem (CLT) for spatially dependent
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random field. The condition on the mixing coefficient is slightly stronger than that
of |Bolthausen| (1982). This is because we need to control for the dependence within
the local neighborhood in kernel estimation. When a(m) decays at an exponential
rate, these conditions are readily satisfied. When «a(m) decays at a polynomial rate
(ie., a(m) < Cym~* for some k > 0), we need some restrictions on k and ¢ to satisfy
these conditions, such as k > 3(2 + ¢)/p. Note that f(vy(s),s) and the marginal
density fs(s) are both strictly positive for all s € S from Assumption A-(viii). In
practice, we choose S such that their estimates are bounded away from zero in finite
samples. Assumptions A-(ix) and (x) are standard in the kernel estimation literature,
except that the magnitude of the bandwidth b, depends on not only n but also €. The
conditions in A-(x) holds for the most of the kernel functions including the Gaussian
kernel and the kernels with bounded supports.

It is important to note that we suppose 7, as a function from S to I' in Assumption
A-(vi), which is not necessarily one-to-one. For this reason, sample splitting based on
1[q; < 7, (s;)] can be different from that based on 1 [s; > ¥, (¢;)] for some function +,,.
Instead of restricting v, be one-to-one in this paper, for the identification purpose, we
presume that we know which variables should be respectively assigned as ¢; and s; from
the context. In Section [}, however, we discuss how to relax this point and to identify

a convex threshold contour as an extreme case.

3 Asymptotic Results

We first obtain the asymptotic properties of the nonparametric estimator 7 (s). The
following theorem derives the pointwise consistency and the pointwise rate of conver-

gence.

Theorem 2 For a given s € S, under Assumptions ID and A, 7 (s) —, v, (s) as

n — oo. Furthermore,
~ 1
Y (8) = (s) =0y (n1—265n)

1=2¢p2 does not diverge.

provided that n

The pointwise rate of convergence of 7 (s) depends on two parameters, € and b,.

It is decreasing in € like the parametric (constant) threshold case: a larger e reduces



the threshold effect g = con™¢ and hence decreases effective sampling information on
the threshold. Since we estimate v,(-) using the kernel estimation method, the rate of
convergence depends on the bandwidth b,, as well. As in the standard kernel estimator
case, a smaller bandwidth decreases the effective local sample size, which reduces the
precision of the estimator 7 (s). Therefore, in order to have a sufficient level of rate of
convergence, we need to choose b,, large enough when the threshold effect § is expected
to be small (i.e., when € is close to 1/2).

Unlike the standard kernel estimator, there appears no bias-variance trade-off in
7 (s) as we further discuss after Theorem [3| It thus seems like that we can improve the
rate of convergence by choosing a larger bandwidth b,,. However, b,, cannot be chosen

172¢p2 — 00, because n'~2b, (7 (s) — 7, (s)) is no longer O,(1)

1—25b2
n

too large to result in n
in that case. Therefore, we can use the restriction n — o for some p € (0,00) to
obtain the optimal bandwidth.

Under the choice that n'=2¢%2 — o € (0, 00), the optimal bandwidth can be chosen
such that b¥ = n~(729/2¢* for some constant 0 < ¢* < oo. This b’ provides the
fastest convergence rate. Using this optimal bandwidth, the optimal pointwise rate of

1-29/2 " However, such a bandwidth choice is

convergence of 4 (s) is then given as n~
not feasible in practice since the constant term ¢* is unknown, which also depends on
the nuisance parameter € that is not estimable. In practice, we suggest cross-validation

as we implement in Section [0 although its statistical properties need to be studied
further Pl
The next theorem derives the limiting distribution of 7 (s). We let W (-) be a

two-sided Brownian motion defined as in [Hansen, (2000):
W(r) =Wi(—r)1[r < 0]+ Wa(r)1[r > 0], (10)
where W (+) and Wy(+) are independent standard Brownian motions on [0, 00).

Theorem 3 Under Assumptions ID and A, for a given s € S, if n'=202 — o0 € (0, 00),

12, (3 (5) = 70 (5)) —a € (5) argmax (W (1) + 1 (7, 0: ) (1)

5Tf € is close to zero, the rate of convergence of 7 (s) is close to n~1/2. Such fast convergence rate

requires infinite order of smoothness in the standard kernel regressions. In contrast, we only require
the second-order differentiability in this nonparametric threshold model.



as n — 0o, where

p(r,o;s) = =y (r,0;8) + 0ty (1,05 5)

EG)Irl/(elo())
Yy (ros) = / K (t)dt,
0

E(s)|rl/(elvo(s)])
b (rois) = £(5) Fiols)] / K (t) dt,

and
KZCE)—V (70 (5) 75) Co
(3D (9 (), 8)c0)” (79 (s) . 5)

with Ky = [ K(v)*dv and 4, (s) is the first derivative of v, at s. Furthermore,

£(s) =

E [arg max,cr (W (1) + (1, 0;8))] = 0.

The drift term 1 (r, 0;s) in (11) depends on g, the limit of n'=202 = (n'=%0,)b,,
and |¥,(s)|, the steepness of v4(:) at s. Interestingly, it resembles the typical O(b,)
boundary bias of the standard local constant estimator even when s belongs to the
interior of the support of s;, which is from the inequality restriction in the indicator
function of the threshold regression.

However, having this non-zero drift term in the limiting expression does not mean
that the limiting distribution of 7 (s) itself has a non-zero mean even when we use the
optimal bandwidth b = O(n~=(1729/2) satisfying n! =22 — p € (0, 00). This is mainly
because the drift function p (r, g;s) is symmetric about zero and hence the limiting
random variable arg max,cg (W (r) + p (r, 0;5)) is mean zero. In particular, we can
show that the random variable arg max,cg (W (r) 4+ u (1, 0; s)) always has zero mean
if pu (r, 0; $) is a non-random function that is symmetric about zero and monotonically
decreasing fast enough. This result might be of independent research interest and
is summarized in Lemma in the Appendix. Figure [I] depicts the drift function
w(r, 0; s) for various kernels when |¥,(s)| =1 and o = 1.

Since the limiting distribution in depends on unknown components, like o and
Fo(s), it is hard to use this result for further inference. We instead suggest under-

smoothing for practical use. More precisely, if we suppose n'~*b? — 0 as n — oo,



Figure 1: Drift Function

L = = normal p
uniform[-1/2,1/2]
Epanechnikov
© triangular[-1,1]

-3 -2 -1 0 1 I2 3
then the limiting distribution in simplifies t(ﬂ

R, (3 () — 7o () —a & (s) arg max (W () - “"—') (12)

reR 2

as n — 0o, which appears the same as in the parametric case in (2000) except
for the scaling factor n'=2¢b,,. The distribution of arg max,cg (W (r) — |r| /2) is known

(e.g., Bhattacharya and Brockwell (1976) and Bai (1997)), which is also described in
Hansen (2000, p.581). The term £ (s) determines the scale of the distribution at given

s: it increases in the conditional variance E [u?|z;, ¢;, s;]); and decreases in the size of
the threshold constant ¢y and the density of (g;, s;) near the threshold.

Even when n'=26? — 0 as n — oo, the asymptotic distribution in still depends
on the unknown parameter € (or equivalently ¢g) in £ (s) that is not estimable. Thus,
this result cannot be directly used for inference of v, (s). Alternatively, given any

s € §, we can consider a pointwise likelihood ratio test statistic for

Ho 7o (s) =7.(s) against  Hy:g(s) 7 7. (s) (13)

SWe let o, (r,0;s) = [;° K (t)dt =1/2.
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for a fixed s € S, which is given as

The following corollary obtains the limiting null distribution of this test statistic that
is free of nuisance parameters. Using the likelihood ratio statistic inversion approach,

we can form a pointwise asymptotic confidence interval of ~, (s).

172¢p2 — 0 as n — oco. Under the same condition in Theorem

@ for any fixed s € S, the test statistic in satisfies

Corollary 1 Suppose n

LRy(5) —+a €1 (5) max (211 () — | (15)

as n — oo under the hull hypothesis , where

KaCq V(”Yo( )+ 8) o

$un ) = B0eTD (0 (9).5)

with o*(s) = E[u?]s; = s] and ky = [ K(v)*dv.

When E [u?|z;, g;, s;] = E [u?|s;], which is the case of local conditional homoskedas-
ticity, the scale parameter £, (s) is simplified as ko, and hence the limiting null dis-
tribution of LR, (s) becomes free of nuisance parameters and the same for all s € S.
Though this limiting distribution is still nonstandard, the critical values in this case can
be obtained using the same method as Hansen (2000, p.582) with the scale adjusted
by ko. More precisely, since the distribution function of ¢ = max,cg (2W (1) — |r|)
is given as P(¢ < 2) = (1 — e *?)%1 [z > 0], the distribution function of (* = ky(
is P(¢* < 2) = (1 — e #/22)21 [z > 0], where ¢* is the limiting random variable of
LR, (s) given in (15) under the local conditional homoskedasticity. By inverting it,
we can obtain the asymptotic critical values given a choice of K(-). For instance,
the asymptotic critical values for the Gaussian kernel is reported in Table [, where
Ko = (24/7)7' ~ 0.2821 in this case.
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Table 1: Simulated Critical Values of the LR Test (Gaussian Kernel)

P((* > cv) 0.800 0.850 0.900 0.925 0.950 0.975 0.990
cv 1.268 1.439 1.675 1.842 2.074 2.469 2.988

Note: (™ is the limiting distribution of LR, (s) under the local conditional homoskedasticity. The

Gaussian kernel is used.

In general, we can estimate &, (s) by

AT~ -~
£ = D V)93

where 6 is from (5) and @, and 5%(s), D (3 (s),s), and V (5 (s), s) are the standard
Nadaraya-Watson estimators. In particular, we let 5°(s) = > wy(s)a? with @; =
yi — ) B — 61 <7 (s)],

D (7 (s) Zwm (s)z;z;, and V Zw2, s)xx; U2
where
e = K= Rl =T ()t (s = 5/

2 i1 K (55— 5)/bn) 251K (g5 =7 (5)/3,, (55— 5)/b7)

for some bivariate kernel function K(-,-) and bandwidth parameters (b/,,b!).
Finally, we show the y/n-consistency of the semiparametric estimators E and 0 in

(5) and (6. For this purpose, we first obtain the uniform rate of convergence of 7 (s).

Theorem 4 Under Assumptions ID and A,

seS

R logn
sup [7 (s) =7 (s)| = Op (n126b )

1=2¢p2 does not diverge.

provided that n
Apparently, the uniform consistency of 7 (s) follows provided logn/(n'~*b,) — 0.
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Based on this uniform convergence, the following theorem derives the joint limiting

distribution ofg and 0 . We let § = (BT,yT)T and 0 = (ﬁg, 5ST)T-

Theorem 5 Suppose the conditions in Theorem |4| hold and logn/(n'~%*b,) — 0 as

n — oo. If we let A, > 0 such that A, — 0, {logn/(n'=%b,)}/A, — 0 as n — oo,

we have
NG (5* . 9;;) —a N (0, AL AT (16)
as n — oo, where
E [z 1 0 U onudf
A= [x T } and Q* = lim n " Var ijl i
0 E [zz] 1] ] e 2'71 Tl

with 17 = 1[q; > vo(s:)]1[s; € S] and 17 = 1[g; < 7,(s:)]1[s; € S].

Note that we do not use the conventional plug-in semiparametric least squares esti-
mators, argmings Y ., (yi — @] 8 — 2/ 61 [q; <7_; (s:)] )2 1[s; € S]. The reason why
we propose an alternative estimation approach here is that this conventional semipara-
metric least square estimators may not be asymptotically orthogonal to the first-step
nonparametric estimator when n'=2%b2 — p € (0,00) as n — oo, though they are
still consistent. This is because the first-step nonparametric estimator 7 (s) could have
very slow rate of convergence, and the estimation error will affect the limiting dis-
tribution of the second stage parametric estimators. The new estimation idea above,
however, only uses the observations that are not affected by the estimation error in
the first-step nonparametric estimator. This is done by choosing a large enough A,, in
and @ such that the observations are outside the uniform convergence bound of
|7 (s) — 7, (s)|- Thanks to the threshold regression structure, we then can estimate the
parameters on each side of the threshold even using these subsamples. However, we
also want A,, — 0 fast enough so that more observations are included in estimation.

The estimator (BT,S*T)T or equivalently (BT,ST)T thus satisfies the Neyman or-
thogonality condition (e.g., Assumption N(c) in |Andrews| (1994))), that is, replacing 7
by the true 7, in estimating the parametric component has an effect at most op(nfl/ 2)

in their limiting distribution. Though we lose some efficiency in finite samples, we can
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derive the asymptotic normality of (BT,ET)T that has mean zero and achieves the same
asymptotic variance as if v, (-) was known.

Using the delta method, we can readily obtain the limiting distribution of 0 =
(B3 as

N (/0\— 9()) —a N (O,A_IQA_I) as n — 0o, (17)

where 0y = (By,09) ", A =E [22/1[s; € S]], and Q = lim,, 0o n"WVar[} 1, ziu;1 [s; € S]]
with z; = [z}, 2] 1[g; <, (sZ)HT The asymptotic variance expressions in 1} and
allow for cross-sectional dependence as they have the long-run variance forms €2*
and ). They can be consistently estimated by the spatial HAC estimator of (Conley
and Molinari| (2007) using @; = {y; — 2 3 — z; 61 [ <A_; (s:)]}1[s; € S]. The terms

A* and A can be estimated by their sample analogues.

4 Threshold Contour

When we consider sample splitting over a two-dimensional space (i.e., ¢; and s; respec-
tively correspond to the latitude and longitude on the map), the threshold model

can be generalized to estimate a nonparametric contour threshold model:

where the unknown function mg : @ x S — R determines the contour on a random
field. An interesting example includes identifying an unknown closed boundary over
the map, such as a city boundary relative to some city center, and an area of a disease
outbreak or airborne pollution. In social science, it can identify a group boundary
or a region in which the agents share common demographic, political, or economic
characteristics.

To relate this generalized form to the original threshold model , we suppose
there exists a known center at (¢f,s}) such that mg(q¢f,sf) < 0. Without loss of

*
7

generality, we can normalize (¢, s;) to be (0,0) and re-center all other observations

{q, si}", accordingly. In addition, we define the radius distance /; and angle af of the
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Figure 2: Illustration of Rotation

1th observation relative to the origin as

L = \/@+ s,

a; = a;I; + (180° — a;) IL; + (180° + a;) IIL; + (360° — a;) IV,

where a; = arctan (|g;/s;|), and each of (I;, IL;, ITI;, IV;) respectively denotes the indi-
cator that the ith observation locates in the first, second, third, and forth quadrant.

We suppose that there is only one breakpoint at any angle and the threshold contour
is convex. For each fixed a® € [0°,360°), we rotate the original coordinate counterclock-
wise and implement the least squares estimation (4)) only using the observations in the
first two quadrants after rotation. Note that using the observations in the first two
quadrants ensures that the threhold mapping after rotation is a well-defined function.

In particular, the angle relative to the origin is a; — a° after rotating the coordinate
by a° degrees counterclockwise, and the new location (after the rotation) is given as
(gi (a°), s; (a®)), where

qi(a®) \ [ gicos(a®) — s;sin(a®)
si (a®) sicos (a°) + gsin (a®) )
After this rotation, we estimate the following nonparametric threshold model:
Y = 2] B+ 1] 501 [g: (a°) < 7o (i (a”))] + wi (19)

using only the observations satisfying ¢; (a°) > 0, where 7, (-) serves as the un-
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known threshold line as in the model in the a°-degree-rotated coordinate. Such
reparametrization guarantees that v, () is always positive and we estimate its value
pointwisely at 0. Figure [2|illustrates the idea of such rotation and pointwise estimation
over a bounded support so that only the red cross points are included for estimation
at different angles. Thus, the estimation and inference procedure developed before is
directly applicable, though we expect efficiency loss as we only use a subsample in
estimation at each rotated coordinate.

This rotating coordinate idea can be a quick solution when we do not know which
variables should be assigned as ¢; versus s;, in the original model . As an extreme
example, if v, is the vertical line, the original model does not work. In this case,
we can check if ~, is (near) the vertical line by investigating the estimates among
different rotations; when ~, is suspected as the vertical line or has a very steep slope,
we can switch ¢; and s; in the original model to improve the local constant fitting.
In addition, this idea can be also used as a robustness check of a threshold function
estimate. As we demonstrate in Section [6] if v, is a well-behaving function as in
Assumption A, we should have similar estimates even after rotations to some angles
when we use the entire sample for each rotation. In the robustness check, the rotation

angle has to be within +90° unless the mapping from s; to ¢; is deemed to be one-to-one.

5 Monte Carlo Experiments

We examine the small sample performance of the semiparametric threshold regression

estimator by Monte Carlo simulations. We generate n draws from
yi = X B + X 001 [gi < v (50)] + wi, (20)

where X; = (1,z;)" and x; € R. We let 8, = (By1,802) = 0o and consider three
different values of dg = (8o1,002)" = 1lia, 2to, and 3y, where 15 = (1,1)7. For the
threshold function, we let 7, (s) = sin(s)/2. We consider the cross-sectional dependence

. T
structure in (z;, ¢;, s;,u;)  as follows:

(i, 8:) " ~ iidN (0, 1) ;
il (g3, 5:) ~ wdN (0, (L + p(s? 4+ ¢?)™Y); (21)
EH(%W qi, Sz‘)}?:l ~ N(O7 2) )
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Table 2: Rej. Prob. of the LR Test with i.i.d. Data

s=20.0 s=20.5 s=1.0
n 0p2=1 2 3 4 1 2 3 4 1 2 3 4
100 0.14 0.06 0.05 0.05 0.16 0.07 0.05 0.05 0.25 0.18 0.14 0.13
200 0.08 0.03 0.02 0.02 0.08 0.04 0.02 0.02 0.15 0.10 0.06 0.06

500 0.05 0.01 0.02 0.02 0.05 0.02 0.02 0.02 0.09 0.05 0.03 0.01

Note: Entries are rejection probabilities of the LR test when data are generated from with
vo (8) = sin(s)/2. The dependence structure is given in with p = 0. The significance level is 5%
and the results are based on 1000 simulations.

Table 3: Rej. Prob. of the LR Test with Cross-sectionally Correlated Data

s=20.0 s=0.5 s=1.0
n 0g2=1 2 3 4 1 2 3 4 1 2 3 4
100 0.19 0.10 0.07 0.03 0.20 0.10 0.08 0.07 0.28 0.19 0.17 0.11
200 0.10 0.04 0.03 0.03 0.12 0.07 0.04 0.04 0.21 0.11 0.08 0.04
500 0.05 0.02 0.02 0.02 0.06 0.03 0.02 0.02 0.14 0.05 0.03 0.03

Note: Entries are rejection probabilities of the LR test when data are generated from with
vo (8) = sin(s)/2. The dependence structure is given in with p =1 and m = 10. The significance

level is 5% and the results are based on 1000 simulations.

where u = (uy,...,u,)". The (i, 5)-th element of ¥ is 3;; = plf™I1[¢;; < m/n], where
;= {(si — 5;)*+(q: — q;)*}/? is the L*-distance between the ith and jth observations.
The diagonal elements of 3 are normalized as >;; = 1. This m-dependent setup follows
from the Monte Carlo experiment in |Conley and Molinari (2007) in the sense that
there are roughly at most 2m? observations that are correlated with each observation.
Within the m distance, the dependence decays at a polynomial rate as indicated by
plfs™) . The parameter p describes the strength of cross-sectional dependence in the way
that a larger p leads to stronger dependence relative to the unit standard deviation. In
particular, we consider the cases with p = 0 (i.e., i.i.d. observations), 0.5, and 1. We
consider the sample size n = 100, 200, and 500.

First, Tables [2] and [3| report the small sample rejection probabilities of the LR test
in for Hy : v,(s) = sin(s)/2 against Hy : v4(s) # sin(s)/2 at 5% nominal level
at three different locations s = 0, 0.5, and 1. In particular, Table [2| examines the
case with no cross-sectional dependence (p = 0), while Table |3| examines the case with

cross-sectional dependence whose dependence decays slowly with p = 1 and m = 10.
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Table 4: Coverage Prob. of the Plug-in Confidence Interval

Bao Bag + 020 920

n  dge=l1 2 3 4 1 2 3 4 1 2 3 4

100 0.85 0.89 091 0.87 0.87 087 0.89 0.90 0.85 087 093 091
200 0.86 090 0.93 0.93 0.89 092 094 093 0.85 090 0.93 0.92
500 0.83 092 095 0.96 0.84 090 093 094 0.78 0.88 0.93 0.95

Note: Entries are coverage probabilities of 95% confidence intervals for 5y, and do2 based on
asymptotic normality and plugging in 7 (s;) for v, (s;). Data are generated from with

vo (8) = sin(s)/2, where the dependence structure is given in with p = 0.5 and m = 3. The
results are based on 1000 simulations.

Table 5: Coverage Prob. of the Plug-in Confidence Interval (w/ LRV adj.)

Bao B + 020 d20

n  dge=l1 2 3 4 1 2 3 4 1 2 3 4

100 092 095 094 0.95 091 095 094 095 0.93 095 095 0.95
200 093 095 097 0.96 094 094 095 0.96 0.90 093 097 094
500 0.89 0.95 097 0.97 0.89 0.96 0.97 0.97 0.84 092 095 0.97

Note: Entries are coverage probabilities of 95% confidence intervals for 5y, and do2 based on
asymptotic normality, plugging in 7 (s;) for v, (s;), and a small sample adjustment of the LRV
estimator. Data are generated from with 7, (s) = sin(s)/2, where the dependence structure is
given in with p = 0.5 and m = 3. The results are based on 1000 simulations.

For the bandwidth parameter, we normalize s; and ¢; to have mean zero and unit
standard deviation and choose b, = 0.5n'/2 in the main regression. This choice is for
undersmoothing as n'=2b? = n=2¢ — 0. To estimate D (7, (s),s) and V (v, (s),s),
we use the rule-of-thumb bandwidths from the standard kernel regression satisfying
v, = O(n~'%) and b/ = O(n~'/6). All the results are based on 1000 simulations.
In general, the test for 7, performs better as (i) the sample size gets larger; (ii) the
coefficient change gets more significant; (iii) the cross-sectional dependence gets weaker;
and (iv) the target gets closer to the mid-support of s. When §y and n are large, the
LR test is conservative, which is also found in the classic threshold regression case
(Hansen (2000)).

Second, Table 4| shows the finite sample coverage properties of the 95% confidence
intervals for the parametric components By, 05a = Boa + do2, and dga. The results are

based on the same simulation design as above with p = 0.5 and m = 3. Regarding
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the tuning parameters, we use the same bandwidth choice b, = 0.5n'/? as before

-2, Unreported results suggest that

and set the truncation parameter A, = (nb,)
choice of the constant in the bandwidth matters particularly with small samples like
n = 100, but such effect quickly decays as the sample size gets larger. For the lag
number required for the HAC estimator, we use the spatial lag order of 5 following
Conley and Molinari (2007). Results with other lag choices are similar and hence
omitted. The result suggests that the asymptotic normality is better approximated
with larger samples and larger change sizes. Table [5| shows the same results with a
small sample adjustment of the LRV estimator for (2* by dividing it by the sample
truncation fraction Y ., (1[g; > 7(s:)] + g < 7(s:)])1[s; € S]/ > i, 1[s; € S]. This
ratio enlarges the LRV estimator and hence the coverage probabilities, especially when
the change size is small. It only affects the finite sample performance as it approaches

one in probability as n — oo.

6 Empirical illustration

As an illustration of the nonparametric threshold, we study the economic border be-
tween the Queens and the Brooklyn boroughs in New York City. The current admin-
istrative border is determined in 1931 using coordinates suggested by multiple federal
agencies but ignores the rapid development in the city. Some part of it now even runs
through houses, causing troubles for policy maker and local residents[| We collect the
single family house sales data in the year 2017 and examine an economic border in-
duced by a nonparametric threshold regression modelﬁ In particular, we consider the
model with the following Variablesﬂ

"Pictures of the confusing border are available at https://urbanomnibus.net/2015/01 /borderlands-
traveling-the-brooklyn-queens-divide/

8The data set (Rolling Sales Data) is available at http://www1.nyc.gov/site/finance/taxes/property-
rolling-sales-data.page.

Y“Gross Square Footage” is the total area of all the floors of a building as measured from the exte-
rior surfaces of the outside walls of the building, including the land area and space within any building
or structure on the property. (Source: |http://wwwl.nyc.gov/assets/finance/downloads/pdf/07pdf/
glossary rsf071607.pdf)
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Figure 3: Border Estimation in NYC

Queens

Queens County
~

| \Q (]

Brooklyn
Kings County

----- admin border
——estimated border

— —95% pointwise C|

y; ©  log house price (in $)
Z; ¢ constant
log of Gross Square Footage (in ft?)
dummy for built before 1945, WWII
q; © (rotated) latitude
S; ¢ (rotated) longitude

For the pair (g;, s;), we consider two cases: the original latitude-longitude on the map;
and the “rotated” latitude—longitude relative to the middle point of the administrative
border. The rotation method is described in Section [, where we choose the rotation
angle as the slope of the linear regression line approximating the administrative border.
We focus on single family houses under property tax Class 1, accounting for 57.9% of
the original sample, and drop duplicate observations. The sample size is n = 8121,
including 5966 observations in Queens and 2155 observations in Brooklyn.

Figure (3| depicts the nonparametric threshold function estimates 7 based on the
rotated coordinate, which is the “unknown” economic border that splits the Queens
and the Brooklyn boroughs in New York City based on the threshold in housing price.
The estimated border (black solid line) is found to be substantively different from

the administrative border between these two boroughs (orange dot line). Somewhat
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surprisingly, the 95% pointwise confidence interval (blue dash lines) contains the Forest
Park and the Long Island Rail Road (LIRR) route to the east of Jamaica Center
Station. As a robustness check, we also estimate the model by setting (g;, s;) as the
original (unrotated) latitude and longitude on the map. The estimated border is very
close to the depicted results/”

We choose the bandwidth b, in the main regression as cn™/?

and we obtain
the constant ¢ by the cross validation. In particular, we choose ¢ that minimizes
Sy (i — ) 1[s;i € 8], where §; = o] B_+a] 01 [gi <7 (s:)] and (Blagjiﬁ_i ()"
are obtained using the leave-one-out observations as described in Section 2] Here, S
includes the observations between 15th and 85th percentiles of the sample {s;} .
Table @ summarizes the coefficient estimates for the parametric components, B and
5. The standard errors reported in the parentheses are computed using the spatial
HAC estimator with 5 spatial lags (e.g., Conley and Molinari (2007))). The average
housing price elasticity on the southern side of the economic border is lower than that
on the northern side. The (semi-)elasticity of the Gross Square Footage and the effect
of the house age are slightly larger on the southern side. These patterns are quite
robust to whether we use the rotated coordinate or not. As a comparison, we also run
the experiment using the current administrative border as 7,(-). In particular, the last
two columns in Table [ suggest that there does not exist a significant coefficient change

if the sample splitting is based on the current existing administrative border.

7 Concluding Remarks

In this paper, we propose a general approach of sample splitting, where multiple vari-
ables can jointly determine the unknown separation boundary. We develop a semi-
parametric threshold regression model over a random field, in which the threshold is
determined by a nonparametric function between two variables. Our approach can be
easily generalized so that the sample splitting depends on more than two variables,
though such extension is subject to curse of dimensionality as usually observed in the
kernel regression literature. The main interest is in identifying the threshold function

resulting in sample splitting, and thus the model developed in this paper should be

10Gince 7, (-) is inside of the indicator function, the local constant estimator 7 (s) is not smooth
in finite samples. It is also related with the well known phenomenon that the threshold estimate is
not unique in finite samples even in the standard constant threshold model. In particular, we use the
lower bound value of the estimated set as the local constant estimate 7 (s).
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Table 6: Estimation Results

Estimated Border Estimated Border Admin Border
(rotated coordinate) (original coordinate)

I6] ) 6] 4] g )

constant 9.68 -3.24 9.91 -1.08 8.19 -2.95
(0.24)*  (0.35)* (0.01)**  (0.01)** (1.24)  (2.96)
log of Gross ft? 0.53 0.38 0.40 -0.01 0.71 0.39
(0.03)*  (0.05)* (0.05)*  (0.04) (0.17)*  (0.40)
built before 1945 -0.06 0.10 -0.07 -0.06 -0.19 0.44

(0.02)*  (0.03)** (0.01)**  (0.01)** (0.09)*  (0.26)

Note: Entries are estimates and standard errors of coefficients in the economic border example.
Columns of “Estimated Border” are based on the nonparametric threshold estimates; columns of
“Admin Border” are based on the current administrative border as the threshold function. ** and *

are significant at 1% and 5%, respectively.

distinguished from the smoothed threshold regression model or the random coefficient
regression model.

This new model has high applicability in broad areas studying sample splitting (e.g.,
segregations and group-formation) and heterogeneous effects over different subsamples.
The potential areas include economics, political science, sociology, and marketing sci-
ence, where the agent-specific heterogeneity and social segregation are important; and
regional science and urban economics, where the identification of unobserved /unknown
boundaries is of interest using satellite data.

In practice, we may need a testing procedure to check whether or not the classic
constant threshold model is sufficient to describe a sample splitting phenomenon. In a
companion project, the authors are developing a test for a constant threshold, based on
which the nonparametric threshold developed in this paper can be supported. Unlike
the existing studies that focus on testing no change (i.e., 6o = 0 in (/1)) against one
change, or testing on a fixed number of changes (e.g., |Bai and Perron| (1998)), we are
developing a test that works for a general null hypothesis of any number of changes

versus nonparametric alternatives.
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A Appendix
A.1 Proof of Theorem 1

Proof of Theorem First, any given 7,(-) = v € T, the parameters 3, and 0 are
well identified as the unique minimizer of

E [(yz — ] By — xSl [g; < 7])2}

since E [2(7)z(y)"] is positive definite under Assumptions ID-(i) and (ii), where
z(y) = [#),2]1[¢; <~]]". Second, the function v, (-) is pointwisely identified as

1 7%

the minimizer of

E [(y, — ] By — =z, 6ol g < 7(32‘)])2

S; — S}
for each s € S. This is because for any (s) # v,(s) at s; = s and given (3,,6,)",
R(BOv(SOv,y(S);S)
= E |:(yz — ] By — xS0l g < ’Y(Si)])2 8; = S]
—E [ (5 — = 8o — 001 g < p(s0)))*| s = 5]
= 60 E [ziz] (L[g: < ()] = Llai < 7o(s)])*| 50 = 5] &
= OB [ 1 [min{y(s;), vo(si)} < g < max{y(s;),7(s:)}]] s: = 5] do

max{7y(s),7o(s)} . T
_ / 00E [z | g = q.5: = 5] 6o f(qls)dq

min{y(s),7o(s)}
> C(s)P(min{y(si), vo(s:)} < @i < max{y(s;),70(si)}]si = 5)
> 0

from Assumptions ID-(i) and (iii), where C(s) = inf,cq 0y E [z | @i = q,5: = 5] 6o >
0. Note that the last probability is strictly positive because we assume f(g|s) > 0
for any (q,s) € Q x S and ~,(s) is not located on the boundary of Q as e(s) <
P (g < vo(si)]si=s) < 1 —e(s) for some e(s) > 0. The identification follows since
R(By,0,7(s); s) is continuous at y(s) = 7v,(s) from Assumption ID-(iv). B

A.2 Proof of Theorem [2

Throughout the proof, we denote K; (s) = K ((s; — s)/b,) and 1; (7) = 1[g; < v]. We
let C' € (0,00) stand for a generic constant term that may vary, which can depend
on the location s. We also let a,, = n'=2¢b,,. All the lemmas in the proof assume the
conditions in Assumptions ID and A hold. Omitted proofs for some lemmas are all
collected in the supplementary material.
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For a given s € §, we define

My (ri8) = —— 3wl 1 (7) Ki(s),

Jn (758) = 1 Z ziuil; (y) K (s) .

Lemma A.1

sup || My, (v;8) — M (v;8)|| =5 0
vyel

supHn 1/2b 1/2J (v; s H —p 0

vyer
/ D(g,s)f (a,5) dg

I (v;8) = J (73 5)

a mean-zero Gaussian process indexed by .

as n — oo, where

and

Proof of Lemma For expositional simplicity, we only present the case of scalar
x;. We first prove the pointwise convergence of M, (v; s). By stationarity, Assumptions

A-(vii), (x), and Taylor expansion, we have

B, o)) = - [ [ Bt <k (”,; 3)f<q,v>dqdv (A1)

_ / D(q, 5+ bat) g < ALK (¢) f (g, 5 + but) dgdt

= /7 D(q,s)f (¢.s)dg+ O (b}),

where D(q, s) is defined in (8). For the variance, we have

Var M, (v;s)] = n262 <Z {a: 1, ( —E [a:f

1; (7) Ki (s)] }) (A.2)

_ %E {221 (3) Ki (5) — B[22 (7) K ()]}

+
n2bh2 £—
1<)

= O(L) +O<l+b,§> — 0,
nb, n
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where the order of the first term is from the standard kernel estimation result. For the
second term, we use Assumptions A-(v), (vii), (x), and Lemma 1 of Bolthausen, (1982)
to obtain that

LS Cow [a1, (3) K (5) 21, () K (5)] (A3)

i<j o [;Eflz () K (Sib; 5) L2515 () K (Sjb; S)H

1 n
o
= B |Cov [ () K (8), 431, () K (1)] + 0 ()]

IN

i<j
i<j

3 n

< CBY " ma(m)? O (B [0, () K (8)24)) 7 4 0 (nb)

= 0 (bfb + nbfl)

for some finite ¢ > 0, where « (m) is the mixing coefficient defined in and the first
equality is by the change of variables t; = (s; —s) /b, in the covariance operator. Hence,
the pointwise convergence is established. For given s, the uniform tightness of M, (7; s)
in v follows similarly as (and even simpler than) that of J,, (7; s) below, and the uniform
convergence follows from standard argument. For J,, (v; s), since E [u;z;|q;, s;] = 0, the
proof for sup,cp |(nb,) 2 J, (7, ) | % 0 is identical as M, (7;s) and hence omitted.
Next, we derive the weak convergence of J, (7;s). For any fixed s and ~, the
Theorem of Bolthausen| (1982) implies that J, (v;s) = J (7;s) under Assumption A-
(iii). Because + is in the indicator function, such pointwise convergence in 7y can be
generalized into any finite collection of v to yield the finite dimensional convergence in
distribution. By theorem 15.5 of Billingsley| (1968), it remains to show that, for each
positive 7(s) and £(s) at given s, there exist @ > 0 such that if n is large enough,

P ( sup | Jn (v38) = Ju (y138)| > 77(8)) < e(s)w
Y€1 +w]

for any 7. To this end, we consider a fine enough grid over [v;,v; + @] such that v, =
Y1+(g—1)w/gforg =1,...,g+1, where nb,w/2 < g < nb,w and max;<,<g (fyg Yo 1) g
w/g. Wedefine h;,(s) = z;u; K (s) 1 [’yg <q < ’ygﬂ} and H,,(s) = n~'b,* Z |hig(s)

for 1 < g <g. Then for any v € [”yg,’ygﬂ},

[ Jn (738) = Ju (7508)| < V/nbaHig(s)
< Vnby |Hyg(s) — E[Hyg(s)]| + v/nbeE [H
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and hence

sup ‘Jn (Py; S) _Jn (7155)’

YE[Y1,71+w]

max | J, (7,;8) — Jn(%;S)I

2<g<g+1

+ max by, |Hpg(s) ]—1— max \/nb E[H

= (o) 4 W)+ ()

IN

In what follows, we simply denote h;(s) = z;u; K; (s)1 [’yg <q < fyk] for any given
1 < g <k <7gand for fixed s. First, for ¥;(s), we have

E [\Jn (Vg5 8) = In (V4 8)!4}

= s LG+ gbz > B[R] + 2162 DB [1()hy(s)]
=1 i#] 1#£j
by S0 B he((s)] + i S B [R(5)y(5)ha(s)]
it jEkAL itk

= \1111 (S) -+ \Iflg(S) + ‘1113(8) —+ @14(5) + \1’15<S),

where each term’s bound is obtained as follows. For Wy;(s), a straightforward cal-
culation and Assumptions A-(v) and (x) yield ¥y;(s) < Ci(s)n7'b, ! + O(b,/n) =
O(n~1b, 1) for some constant 0 < C(s) < oo. For Wyy(s), similarly as (A.3),

Uin(s) € o 3 (B[R()] B [1(s)] +|Cov (120, 12(5)] ) (A4)

o<y

< 2 (E [ﬁ?D + 4 {Cb2 Z ma ( <p/ (2+¢) (E [%;Hz@})w(zw) L0 (nbi)}

for some ¢ > 0 that depends on s, where we let hi =z K (t;) 1 [vg <q < vk} from
the change of variables t; = (s; — s)/b,. Then, by the stationarity, Cauchy-Schwarz
inequality, and Lemma 1 of |Bolthausen| (1982), we have

Wis(5) < C' (v —7,)" + O™ + O(B2).

for some constant 0 < C” < co. Using the same argument as the second component in
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(A.4), we can also show that Wy3(s) = O(n™') + O(b?). For Wi4(s), by stationarity,

n

Y Eha(s)hi(s)hs(s)hu(s)]

I<i<j<k

4ln
Wiy(s) < 2

Z Z |Cov [hi(s), his1(8)Pitjr1(5)hisjrna(s)]] (A.5)

<
n i=1 ]k<z
— Z D 1Cov [ha(s)his1(s), hitjer(s)hiyjnia(s)]
noj=14k<j
an Z Z |Cov [hi(s), his1(8)hitjt1(8), hisvjrria(s)]]
" k=14;<k

similarly as Billingsley! (1968)), p.173. By Assumptions A-(v), (vii), (x), and Lemma 1
of Bolthausen| (1982),

(), hit1(8)Pijr1(8)higjrnsi(s)]]
/(2+¢)

IN

]Cov [h1
Ca (i)7

( [h 2+<p] ) 1/(2+¢) (E [(hi+1 (5>hi+j+1 (5>hi+j+k+1 (S)>2+@} ) 1/(24)
_ (®)¢/(2+s0

< (b {E [i2] + 0 (22))) Ve (bg {]E [(%MEHHEHMH)W} +0 (1) })

_ Ob4/ 2+4¢) () /(2+p)

y { <]E [ﬁfﬂ"} ) 1/(24) (E |:<Ei+1ﬁz‘+j+1%i+j+k+1>2+Lp:| ) 1/(24) o (bfl) } |

where the first equality is by the change of variables t; = (s; — s)/b,. It follows that
the first term in (A.5) satisfies

1/(24%)

Z > 1C0u [l (s), hisa($)hi s ()hisjinan (5)]]

nz 1 5,k<i

4! Z 20, (3) 1+

b T 2-(4/(219)
. 1/(2+¢) -~ - 2401\ V/(2He)
X { (E [h?“"D (IE {(hiﬂhiﬂ“hiﬂ%ﬂ) } ) +0 (1)

] p (@)
- 0 (W) +0 [~ (A.6)
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by Assumption A-(iii). However, we select ¢ small enough such that
2¢ < 1 ’
24+¢ 7 1—2¢

which holds for ¢ € (0,2) in Assumption A-(iii). Then (A.6)) becomes o(1) because
nbis@/(?w) _ (n1726b22<p/(2+w))(1—26))1/(1726)

(A7)

— 0o by Assumption A-(ix). Using the same
argument, we can also verify that the rest of terms in (A.5) are all o(1) and hence
Ui4(s) = o(1). For Wy5(s), we can similarly show that it is o(1) as well because

< Z Z ‘COU ,hivi(s )hz‘+j+1(3)] ‘

”zlj<z

Z > |Cov [B3(s)hisa (), iy (5)] |

nog=1 i<j

Uy5(s

By combining these results for ¥y;(s) to ¥i5(s), we thus have

E[|7. (1) = Jn s 9)|'] < Cu(s) (= ,)°

for some constant 0 < C}(s) < oo given s, and Theorem 12.2 of Billingsley (1968)
yields

P (max |0 (74 8) = T (715 8)| > 77(3)) < Crls) (A.8)

1<g<g - W’
which bounds ¥ (s).
To bound Wy(s), the standard result of kernel estimation yields that E[h%] <
Cs(s)b, by Assumption A-(x) for some constant 0 < Cy(s) < oo given s. Then by
Lemma 1 of Bolthausen| (1982)), we have

B | (Vb (o) - Bl o) | = S-ver iws)\]

b_E (12 (s +—Z\Cov |hig(s)] 1hjg(s)])]

Cy(s)w/g

IN

IN

and hence by Markov’s inequality,

P (s b | (s) — B [Huy ()] > 0(s) ) < 402, (4.9)

1<g<g

Finally, to bound W3(s), note that

bl [Hog(5)] = /nbaCs(s) /G < 2C5(s)/v/nbn (A.10)

for some constant 0 < C3(s) < oo given s, where w/g < 2/nb,,. So tightness is proved
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by combining (A.8), (A.9), and (A.10)), and hence the weak convergence follows from
Theorem 15.5 of Billingsley| (1968).

Lemma A.2 Uniformly over s € S,
1 n
)= Y ] {1 (v (s1) = Li (3 ()} Ki (5) = O (bn) - (A.11)
" =1
Lemma A.3 For a given s € S, 7(s) = Yo(s) as n — oo.

Proof of LemmalA.3 For given s € S, we let 5;(s) = Ki(s)2y;, Ti(s) = Ki(s)"?a,

Ui(s) = Ki(s)" s, xz(% s) = Ki(s)?2:1; (7), and Ti(7(s:); 5) = Ki(s)'2aiLi (vo(s:);
we denote y(s), X(s) U(s), X(v;s), and X (7,(s;); s) as their corresponding matrices

~

of n-stacks. Then (9(% s)=(B(y;s)" ,5(7; s)") " in (2) is given as
0(vi8) = (Z(3:5) Z(7:9)) " Z(3:9) T5(s), (A.12)
WhergZ(v; s) = [X(s), X (7: 5)]. Therefore, since y(s) = X(5)Bo+X (vo(s:): )80+ (s)
and X (s) lies in the space spanned by Z(v;s), we have
Qn(y5) —(s) (s) = Gls)" (In = Py(r:9)) Gls) — ls) ()
= () Pyl 9)ils) + 267 X(a(s1): )T (Fu = Polo:5)) o)
+80 X (Yo(5:)58) " (Ln = Pz (73 5)) X (0 (s1); 8)do,

where Py(v;s) = Z(v; ) Z(y;8) T Z(7;8)) Z(v;s)T and I, is the identity matrix of
rank n. Note that P5(v; s) is the same as the projection onto [X( ) — X (v: 8), X (v; s)],
where X (v;5)T(X(s)—X(7;5)) = 0. Furthermore, for > Yo(si), Ti(vo(si); s) T (7(s)—
Zi(7:)) = 0 and hence X (vo(s:); 5)" X (7 5) = X (0(s:); ) "X (70(s4); ). Since

Ma(vis) = = Zw v;8)Z;(7v;s)" and
Jn(vis) = —== D _@i(vis)u(s),
(75 8) \/n—mg;x (s 8)ui(s)

Lemma yields that

C Ze)Tils) = 1K), Xr) ()] = O, ((nb))
Z(y;9) X (volsi)i5) = [X(s)'X
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for given s. It follows that

% (Qn (7 5) —u(s) "u(s)) (A.13)
= 0,(£) + 0 (13 ) + 2T Kl 9) (1= Polo3s) Kool

= nibnco X(yo(si);s)" (I = Pz(v;9)) X (7o(s:); 8)co + 0p(1)

for a,, = n'=2%,, — oo as n — 0o. Moreover, we have

My (vo(si);s) = b sz (vo(s4); 8)Ti (Vo (s4); S)T (A.14)

= M(’Yo() s) + AM,, (s)
= M, (7o(s);s) + Op (bn)

from Lemma [A.2] where AM,, (s) is defined in (A.11)). It follows that

AR Cs)i)T (1= Py(039) Xy (s0): ey (A.15)

—p Co M (7(5); 8)co — cg M(70(s); 8) "M (7:8) ™ M (7(s); 8)eo = Y (3 8) < 00

uniformly over v € T' N [y4(s),00), from Lemma and Assumptions ID-(ii) and
A-(viii), as b, — 0 as n — oco. However,

dY (y;5)/dy = cg M(7o(5); 8) " M (7 8) " D (v, ) f (v, 8) M (7; 8) " M (7(s); s)co > 0

and
dY (yo(s); 8)/dry = g D(vp(5), 8) f (70(s), 8)co > 0

from Assumption A-(viii), which implies that Y(v;s) is continuous, non-decreasing,
and uniquely minimized at 7,(s) given s € S.

We can symmetrically show that the probability limit of for v € T'N
(—00,7,(s)] is continuous, non-increasing, and uniquely minimized at v,(s) as well.
Therefore, given s € S, uniformly over I, the probability limit of a,;* (Q, (v;s) — u(s) "u(s))
in is continuous and uniquely minimized at v,(s). Since 7(s) is the minimizer of

a,? (Qn (v;s) —u(s)"u(s)), the pointwise consistency follows as the proof of Lemma
A.5 of Hansen| (2000). W

We let ¢,,, = where a,, = n'7?%,, and ¢ is given in Assumption A-(ii). For a

'rL 7
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given s € §, we define
Ty (s s)
Tn(, )
Ln (7; 5)

Ly (73 5)

nibn D () [ () = 1 (0 (D] K (9),
%nznmmi(y(s)) Li (7o ()| K (),
w% D eq i {14 (v(5)) = Li (3 ()} K (5)

3l {12 5)) = s (1)) K )

Lemma A.4 For a given s € S, for any n(s) > 0 and €(s) > 0, there exist constants

0< CT(S)v CT(S)a5(3>a
“(,
(8)P1n <I(

P (
(8)p1n<lv

]P) (
(8)p1n<lv

]P (
T()é1n<ly

if n' 722 — p < 00,

For a given s € S, we

Lemma A.5 For a given s € S, ne(g

Proof of Theorem
s e S, we let

(v(s); 8)

for any (-), where @, (8,

7(s) such that v (s) € [, (s)

7(s) < oo such that for all n,

in Ty (s s) (s e
s) fms 1< 1 (5) =70 ()] Cr(1 = n( ))) < e(s), (A.16)
Su T (’7) ) .
S o oy e 5] Cr(l+n(s) | < e(s). (A17)
su Ln (73 5) . )
(S)p%(s J1<C(s) Van 17 (8) =70 (8)] >n(s) | < els),  (A18)
su L (735) . )
M e VG — )] O] s ) (A9)
let 6(3(s)) = (B(3(s))".0(3(s)) )T amd b = (855"

(Y(s)) = bo) = 0p(1).

The consistency is proved in Lemma above. For given

Qu(B(A ()0 (A ()),7(s); 9)
> 5(3(s)) 1i<v<s>>}2z<i (s)

yi— ] BA(s) =2l
i=1

(A.20)

9,7;s) is the sum of squared errors function in . Consider

+7(8)17 (5) + C(5)] for some 0 < 7(s),C(s) < o0
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that are chosen in Lemma [Adl We let A;(y;s) = 1;(7(s)) — 1 (79 (5)); G(F(s))
and cy; be the jth element of ¢(7(s)) € R? and ¢y € RP, respectively. Then, since
= Bo i + 0g xiLi (79 (i) + i,

Qr(v(s);5) — Qn(v0(s); s)

-2y ( =3 () 2 (0 () (37 () @) Ailr: 9) K (5)
MG 3 {FEOT ) - 0707} s

~2%" 60w, —zﬁ;(ﬁ ) v Ny (7; 8) K (3)

=23 (A6~ 50) T3 G160 8 0K )

—2?3 zia 00 {1 (7 (50)) = 1 (70 ()} A(7; ) K (5) (A.21)

—2250:1:@ (3 () = 80 ) 115 (0 (52)) = Li (30 (D)} Ai(ri 9) K (5)  (A.22)

—22 (B ()~ 80) 2aT8 3 () L (g (5)) sl )i (5). (A.23)

where the absolute values of the last two summations (A.22) and (A.23) are bounded
by

ZéTxx ( )—50>|A(v s)| K;(s) and

S (56 (6) = 60) T8 G (6 1A 8) K (5),

i=1
respectively, since |1; (7, (s))] < 1 and [1; (7 (8:)) — 1 (79 (8))| < 1. Moreover, for the
term in (A.21)), we have

> 0wl 00 {1 (0 () — i G (D)} Al K ()

IN

LS 6T 1 G (50) ~ 1 G (DI 3 (5) = €9
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for some C*(s) = O,(1) as in (A.14). It follows that

Qa1(5):5) — Qalofs)i)
2.(7(5) = 70(s) 20
T, (7;5) e (s) — enll IE(A (s ‘ Tn%s)
— Ln (7 5) —2max |¢;(7(s)) — ¢ Ln (3;)
F TG ) S0 ) el e )
“2[[n B ) - 80 196 ]
9 C*(s)by,
IOEERD
- G _Tulns)
2ol |63 (5) - all
-2 w6 3 (1) - o) I () = 2
Ty (75 s) 2Ly (73 5) 2C*(s)bn

— 7(5) — 70(3) B \/a_n(”y(s) —’)/0<8)) - ’}/(8) _70(S> +0p<1)7

where the last line follows from Lemma Then given Lemma [A.4 and the Markov’s
inequality, there exist 0 < C'(s), C(s),7(s),n(s),e(s) < oo such that

T .
P ( inf (7:5) < (1—=mn(s)) C’(s)) < ﬁ,
7(5)61<I(5)—70()|<C(s) |7 (8) = 70 (3)] 3
2L :
P sup n (7:9) >n(s) | < @
()61 <1(5) -0 ()| <C(s) Van |7 (8) = 70 ()] 3
In addition, for v (s) € [y (s) + 7(8)1n, Vo (5) + C(s)], since
sup C(s)bn < (_J (5)n = nbn—c_ (5) < 00
7(8)b1,,<|7(5) =70 (s)|<C(s) Y(s) = v(s)  T(8)P1n 7(s)
provided n'=%b? — ¢ < 0o, we also have
2C*(s)b,
H(s)orn<hr(o)—10()<T(s) [7(8) = Yo(5)] 3

by choosing 7(s) large enough. Thus for any e(s) > 0 and 7(s) > 0, we have

PG00~ Qi > a(s)) 2 1 (o)
(8) 17 <I(

5)=70(8)|<C(s)
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which yields P (Q:(v(s);s) — Qi (7o(s);s) >0) — 1 as n — oo. We can similarly
show the same result when v (s) € [y, (s) — C(s),7o (s) — T(s)¢y,,|. Therefore, with
probability approaching to one, it should hold that |y (s) — v, (s)| < r(s)¢y, since
Q:(V(s);s) — Qf(7(s);s) <0 for any s € S by construction. H

n

A.3 Proof of Theorem [3] and Corollary

For a given s € S, we let v,, (s) = v, (s) +7/a, with some |r| < oo, where a,, = n'=2b,
and € is given in Assumption A-(ii). We define

n

A (rs) = D (00m) [ (37, () = L (70 ()] K (),

=1

B, (r,s) = Zfﬂwiui{li (Vn (5)) = Li (70 (8))} K () -

Lemma A.6 Ifn' b — p < oo,

A5 (ro) = [rl g D (7 (5) , 8) cof (79 (5) . 5)

and

By (r.s) = W (r) \/a§ V (10 (5) . 8) cof (70 () . 8) s
asn — 0o, where ky = [ K(v)*dv and W (r) is the two-sided Brownian Motion defined

Proof of Lemma Let Ai(7,;8) = 1 (7, (8)) — 1; (74 (s)). First, for A% (r,s),
consider the case with 7 > 0. Note that dy = con™ = cy(a,/ (nb,))"2. By change of
variables and Taylor expansion, Assumptions A-(v), (viii), and (x) imply that

E[A (r,s)] = a_”ZE[(chi)mi(%;s)m(s)] (A.25)

Yo(s)+7/an )
= ay // E [(Cgﬂfl) g, s+ bnt} K (t) f (q, 8+ but) dqdt
Yo(s)

= rcg D (79 (5),8) cof (75 (s),5) + O (i +bi) ’

n
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where the third equality holds under Assumption A-(vi). Next, we have

2 n
Var A (r,s)] = nCQLZQ Var Z (chi)2 Ai(7,;9) K () (A.26)
n i=1
a2 2
— n—b%\/ar [(CJ%) Ai(7,;8)K; (s)]
2a721 . C T 2A K T 2A K
+ S Cou [(e )" Dy, 9)K: (5) (e 2)” Ay (3595 (5)

noi<g

= Wy(r,s) + Was(r,s).
Similarly as (A.25), Taylor expansion and Assumptions A-(vii), (viii), and (x) lead to

Qn

Ualrs) = 2 (4 [() 80 0K7 )]

nb,

1 (Z_:]E [(chi)g Ai(vn; 8) K (‘9)] ) 2

1
= 0 (n_26 + —)
n

since {Ai(7,;8)}° = Ai(v,;s) for r > 0. Furthermore, by change of variables t; =
(si — s)/by, in the covariance operator and Lemma 1 of Bolthausen| (1982),

Upo(r,s) < QT;LEL ZCOU [(chi)zAi(yn; S)K (t;), (chjy Aj(vp;8) K (tj)]

1<j
52 & 2T\ 2/249)
< 25 ) (2| () Aok )] )
n
m=1

_ O(ai—2/(2+@)n—l) _ O(n_ZE),

where the last line follows from the conditions that ¢ € (0,2) in Assumption A-(iii)
and n'72b? — p < oo. Hence, the pointwise convergence of A* (r, s) is obtained. Since
reg D (7o (8),8) cof (7o (8), 8) is strictly increasing and continuous in 7, the convergence
holds uniformly on any compact set. Symmetrically, we can show that E [A} (r,s)] =
—rcg D (79 (8),8) cof (79 (5),8) + O (a;' + b2) when r < 0. The uniform convergence
also holds in this case using the same argument as above, which completes the proof
for A} (r,s).

For B! (r,s), Assumption ID-(i) leads to E[B} (r,s)] = 0. Then, similarly as for
A (r,s), for any i # j, we have

Cov [cg ziwiNi(7,; 8) K; (8), ¢ 2w A (7,5 8) K (s)] < Cblayt (A.27)

for some positive constant C' < 0o, by the change of variables in the covariance operator
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and Lemma 1 of Bolthausen (1982). It follows that, similarly as (A.25),

Var|B; (r,s)] = Z—nVar [co ziuiNi(7,; 8) K (s)] + O (b)

n

= [rlcg V(70 (s),8) cof (Y0(s), 8) w2 + 0 (1),

where k2 = [ K(v)?dv. Then by the CLT for stationary and mixing random field (e.g.
Bolthausen ((1982); |Jenish and Pruchal (2009))), we have

By (r.s) = W (1) \/a§ V (10 (5) . 8) cof (70 () . 8) s

as n — oo, where W (r) is the two-sided Brownian Motion defined in ((10). This
pointwise convergence in r can be extended to any finite-dimensional convergence in r
by the fact that for any ry < 7o, Cov B} (r1,s), Bk (re,s)] = Var B} (r1,s)] + o(1),
which is because (1; (v + 7r2/an) — 1i (vo + 71/an)) L; (v + r1/a,) = 0 and (A.27).
The tightness follows from a similar argument as J,,(7; s) in Lemmal[A.1|and the desired
result follows by Theorem 15.5 in Billingsley| (1968). W

For a given s € S, we let 9(70( )/)\ = (E( (s))" ;5\(70( N7, Recall that 6, =
(Bg,60)" and 8(F(s)) = (B(F ()" ,0 (A (s)) )T

Lemma A.7 For a given s € S, v/nb, (6 (3 (s)) — 6o) = O,(1), if n' 22 — p < 00 as

n — 0OQ.

Proof of Theorem From Theorem [2| we define a random variable r*(s) such that

r1(5) = 003 5) = 70 (50 = g { 00061 0) = @ (3009 + i) |

n

where Q% (7(s); s) is defined in (A.20). We let A;(s) = 1; (v, (s) + (r/an)) — 1; (74 ())-
We then have

AQ> (15 s) (A.28)
= Qn(1(s);s) —@Q

- -2 (G0 )2|Az~<s>lm<s>
+22 (yl T —S(W(S)f 71 (7o (5))) (

—An(r,s)+23n( r;8).

3 *
VR
)
()
©
+
o

S
w
~~
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For A, (r;s), Lemmas and yield
A, (r;s) (A.29)

n

= > ((50 + Y2012 C5(s) + 0,(n20,172) xz’)z |Ai(s)| K (s)

i=

= AL () + g er Z = Cs(s)) " wia] (0~ Cs(s)) |Ai(s)| Ki (5) + 0, (a;")
= A% (r,s) + Op(a;")
for some p x 1 vector Cs(s) = , since Z n~2Cy (s)zx] Cs(s) |Ai(s)] K; (s) =

O,(1) from Lemmaand ap = nl 2Eb — 00. Note that 5( (8))—d0 = O,((nb,)~Y/?)
from Lemma . Similarly, for B, (r;s), since y; = By x; + 0 21 Z( o)) + u;, we
have for some p x 1 vector Cz(s) = O,(1),

By (r;s) (A.30)

n

— Z (ui+60Txi{1i (70 (8:)) — Li (o ()} — ( 3 (s)) —50>Txi
- (8\ (7 (s)) — 50)T z;1; (g (s))) S(’yo () 2 0:(8)K; (s)

n

= Z (i + 89 2i {Li (0 (s3) = Li (o ()} — 20,1205 (s)

— V220 ()21 (0(5))) (80 + 0 20,2 Ci(s)) - i) K () + 0p(1)
= B (r,s)
+ \/nllTb Z wz; (nCs(s)) Ai(s)K; (s)
+ Z Sq il 60 (Au(s) {Li (70 (5:)) — Li (70 ())}) K (s) (A.31)

nl 2D, Z 8oz (n~Cs(s)) (Ai(s) {1s (o (51)) — Li (70 (5))}) K (s)

r = Zaom 0 Ci(s)) Ails) K (s)
t 266 Z n~Cy(s))  z] (n7Cs(s)) Ai(s)K; (s)
nl o 25% 5()) {4(5) i (v0(3))} K (5)
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*m—;m.z@‘e%) zia] (07 Co(s)) {Di(5)L: (0(5))} K (5)

+0p< (nl—Zebn) *1/2>7

where all the terms are O, ((n'~% )_1/2) = Op(aﬁl/ ) except for the first term B} (r, s)
and the third term in the line of (A.31)) that we denote B4(r, s). In Lemmal[A.§| below,
we show that, if n'=2%2 — o € (0, 00),

Bia(r:5) = IS D (o (8)5)cof (0 (5) ) = K 1. 05)}
+0cg D (70 (5),5) cof (70 (5),8) [F0(s)| Ki (1, 03 5)
asn — oo, where 7 (+) is the first derivatives of 7, () and K; (r, 0; s) = folr‘/(m(’(s)‘) K (t)dt
o %‘ron? 7If('amma [A.6] it follows that
AQ;(r;s) = —Ay(r,s)+2B4(r,s) + 2B, (r, )
= —|rlcgD(v0(s):8) cof (10 (s) . 5)

+rleg D (0 (s),8) cof (0 (s),8) {1 = 2/Co (7, 03 5)}

+20¢9 D (79 () 8) cof (70 (5),8) [0(8)| Ku (7, 03 5)

F2W (1) [TV (0 (5) ) cof (0 (5, 8) iz + Oplay ™/ +by),

= —2[r[lp(s)t, (r,0:5) + 200p(s), (7, 05 5)
12 (r) /Oy (s) + Op(a;'/? +b,,),

where

Ip(s) = gD (7(5),8)cof (10 (
(S) = CE)FV (Vo (S) ) S) cof (70 (S) J S) K2,
( 75) - ’C(](T?Q;S)’
Vo (ri0i8) = [9o(8)[ K (r;058)
However, if we let £(s) = £1/(s) /0% (s) and r = £(s)v, we have

arg max <2W (r) VO (s) = 2|r| €p(s)1, (1, 0: 8) + 200p(s)y (, 0; S))

reR

= el armax (W (E(0) v/ () — 605 ()T (€, 055) + ofs)T (v, :9))
= amax (W0) {00 - 20 (€09 + 0y T €l i)

= efs)argmax (W (v) = ] B, (6w, 035) + 0€(5)0s (€, 055) )

veR

Va)
~—~

Va)
~—
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similar to the proof of Theorem 1 in Hansen| (2000). By Theorem 2.7 of Kim and
Pollard| (1990), it follows that (rewriting v as )

'y (7 (5) =70 (8)) =a £ (s) argmax (W (r) = [r ¢y (r, 59) + 0v2 (7, 0;5))

as n — 00, where

- E(s)|rl/(elvo(s)])
bi(ras) = I (E6)res) = / K (t) dt,

- E(s)Irl/(elvo(s
by 0i5) = E(5)Da ()7, 035) = £(5) [F0(5)] / K (t)dt.
Note that when o = 0, we let ¢, (r,0;s) = [7° K (t)dt = 1/2. Finally, letting

M(% 0; S) == ‘7"\7?1 (Ta 0; 3) +Q¢2 <T7 0; S)? <A32>
E [arg max,cg (W (r) + 1 (1, 0; s))] = 0 follows from Lemmas and below.

Lemma A.8 For a given s € S, let r be the same term used in Lemma [A.0,
n'=2p2 — o € (0,00),

n

Big(rs) = (g2:) {Li (v () + 7/an) = Li (7 ()} {1 (0 (5)) = 1i (70 (5))} K (5)

=1

1
S Dy (5): ) (0 (9).9) { 5 = Ka i)}
+0cg D (70 (s),8) cof (70 (5),8) [F0(s)| Ki (1, 03 5)
as n — 00, where 7, (+) is the first derivatives of v,(-) and
Irl/(elFo(s))
K, (r, 0:5) = / VK (t) dt
0
for j=0,1.

Lemma A.9 Let 7 = argmax,cg (W(r) + u(r)), where W(r) is a two-sided Brow-
nian motion in (10) and p(r) is a continuous drift function satisfying: p(0) = 0,
u(=r) = p(r), wu(r) is monotonically decreasing on R\[—r,r] for some r > 0, and
o0 ||~ (/2H) (1) = —00 for some e > 0. Then, E[r] = 0.

Lemma A.10 For given (g, s), p(r, 0;s) in satisfies conditions in Lemmal[A.9

Proof of Corollary From (A.13]) and (A.15]), we have

—Qn( )8 ZuQK + 0p(1) =, E [u?]s; = s] fi (s),
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where f; (s) is the marginal density of s;. In addition, from Theorem [3| and the proof
of Lemma [A.7] we have

Qn (Y0 (s),8) = Qn(V(s),5) = @y, (70 (s),8) = @, (V(s),5) + 0p(1)

since /9\(/7\ (s)) — /9\(% (s)) = 0,((nb,)~*?). Similar to Theorem 2 of Hansen| (2000),
the rest of the proof follows from the change of variables and the continuous mapping
theorem because (nb,)™! Zi:l K;(s) —p fs(s) by the standard result of the kernel
density estimator.

A.4 Proof of Theorem 4]
We let ¢y, = logn/a,, where a, = n'=2%, and € is given in Assumption A-(ii).

Lemma A.11 For a given s € S, let v(s) = vy(s) + r(8)py, for some continuously
differentiable r(s) satisfying 0 < r = infses7(s) < sup,es7(s) =7 < oco. Then there
exist constants 0 < Cp, CF < 0o such that for any n > 0,

Cr logn 1/2
P sup|T, (v;s) —E[T, (v;9)]| >n) < — il B

s€S n
Cr s logn\
2n nbn

IA

P (sup|T. (335) - [T ()] | > 0)

sES

if n s large enough.

Lemma A.12 For a given s € S, let y(s) = vy(s) 4+ 1(8)y,,, where r(s) is defined in
Lemma[A.11. Then there exists a constant 0 < Cp,, Cp < oo such that for any n > 0,

C
P (Sup L (7; 8) || > 77) < =L ¢y, logn)'?,
sSeS n

IN

_ -
P (sgg | L (v:8)]| > 77) TL (6o, log )"/

if n s large enough.

Lemma A.13 For anyn > 0 and € > 0, there exist constants 0 < C,7, Cr, C7 < o0
such that

P i, | SWes T, (s 8)
Than <supycslv(s)—0(5)|<C SUDes [ (8) — Yo (5)]

<Cr(l—=n)] < & (A33)

T, (7
P sup Waes Tn (35) g 4y) < & (A34)
Thon <SUP,cs|v(s)—7vo(s)|<C SUPses h/ (8) — 7o (S)|

P sup SUP,es || Ln (7; 9|
Thon <sup,es|v(s)—70(s)|<C V Qn SUPges h/ (8) — %o (8)‘
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su L, (7;s
P sup Pecs | Ln (:5)] >n| <e,
P <supaesh(s)—o(s)|<C VI SWPses [7(8) =70 ()]

if n'7202 — o < 0.

(A.36)

Lemma A.14 nsup,.s H@(a(s)) — 0| = 0,(1).

Proof of Theorem |4 Since sup,.s (Q}(V(s);s) — @} (70(s);s)) <0 by construction,
where Q% (7(s); s) is defined in (A.20)), it suffices to show that as n — oo,

P (sup Q1 (6)8) = Q391 9)} > 0) =+ 1

for any «y (s) such that sup,cs |7 (s) — 7 (8)| > T¢b,,, where 7 is chosen in Lemma [A.13]
To this end, consider v such that Fe,, < sup,cs|v(s) — 7 (s)] < C for some
0 <7,C < oco. Then, using (A.24) and Lemma [A.14] we have

Q5 (v(5);8) — Qn(79(5); 8)
p SUDges |V(8) — Yo(5)]
T (7; 8) 5 2Ly, (v; 5) 2C"(s)by

SUDees [7(5) = 70(8)| " v/@nsub,es [7(s) = %0(s)]  subses [7(5) = 70(s)]

for some C*(s) = Op,(1). Furthermore, Lemma gives that sup,.s C*(s) is also
O,(1), and hence

+ 0p(1)

supges C*(s)bn _ SUPses C*(s)by,

sup

T, <l (5)—0(s)| < SWPses [7(8) = Yo(8)] T)oy,
sup,es C*(s) [ anby,
B T (log n)
= Op(1>

given a,b, — 0 < 0o. Thus, we have

2 C*(s)b,
P sup SUPges (S) > 77(3> S
Fpon, <|7(s)—7(s)|<C SUPses 17 (5) = 70 (3)]

Wl ™

when n is sufficiently large. Therefore, Lemma yields that, for ¢ > 0 and > 0,

P ( inf sup { @, (7(s); 8) — Q. (7o(s);8)} > n) >1—c¢,

Ty <sUPses|7(s)—70(5)|<C s€S

which completes the proof by the same argument as Theorem 2 W
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A.5 Proof of Theorem [5

Proof of Theorem |5 We simply denote the leave-one-out estimator 7_, (s;) as 7 (s;)
in this proof. We let 1s = 1[s; € S| and consider a sequence A,, > 0 such that A,, — 0
as n — 0o. Then,

Vn (B - Bo) = (% szﬂfjl (@i > 7 (si) + Ay 15)
X {% Zm,uzl (i > 7o (8:) + An] 1s
+% leul {1 [ql > /")\/(SZ) + An] -1 [qz > Yo (81) + An]} 15}

1 < R
+% ;ﬁﬂj%l (@ <70 ()] L]ai > 7 (si) + Ay 15}

=1
Er00 {Zn01 + Znoz + Enos} (A.37)

and

\/5(3\*—52")) = (%ixixz—'rl[%<'/7\(5i)_An]15>_

X {% ;Iz“zl [gi <70 (si) — Au]1s
+% ;x@u@ {1]g; <7 (s5) — An] — 1[qi < vy (85) — Au]} 13}

1 — T R
— . 00l [q; < N 1 [a: VAL
+\/ﬁ ;xzxz 0 [qZ =~ Yo (31)} [Qz <7 (Sz) n] s}

=1

En01Zn1 + Ent2 + Szt (A.38)

where Z,02, Zn03, Zni12, and =13 are all 0,(1) from Lemma below. Therefore,

—1 = - -1 —
7 _pr) — [ =noo=nol _ [ =noo HO =n01
\/ﬁ <0 00) < E;Lll()Enll ) + Op (1) < 0 =n10 > ( Znll ) + Op (1)
and the desired result follows since
Enoo —p E [z 1[g; > 7, ()] 1s] (A.39)

Eni0 —p E [%%Tl [qi < 7o (8:)] 15} ; (A.40)
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and

- x,u,l i 0 1
Z ( xiu;l BZ z %g H 15 )]) (A.41)

1=1

= 1
( —not ) —a N (0, lim —Var
—nll n—oo N,
as n — 00.
First, by Assumptions A-(v) and (ix), (A.39) can be readily verified since we have

l & .
- Z%%Tl [qi > 7 (si) + Ap] 1g
i1

1 n

i=1

1 & N
+ﬁ 237193: {1g >7(s:) + An] = L[g > 70 (5:) + A} 1s
=1

1 n
= E szx;rl [Qi > Yo (S,) + An] 1s+ Op <¢2n)
i=1

with A, — 0 as n — oo. More precisely, given Theorem [4] we consider 7 (s) in a
neighborhood of 7, (s) with distance at most 7¢,,, for some large enough constant 7. We
define a non-random function 3 (s) = 7, (s) + Ty, and A; (s;) = 1[g; > 7 (s;) + Ap] —
Lgi > 7o (si) + An]. Then, on the event B} = {sup,cs |7 (s) = 70 ()] < T, },

E |z:a] A (si) 13] < JE[a;ixj&i (51)14 (A.42)

a(”)‘FAn
= // D (q,v) f (q,v) dqdv
S Jyo(v)+An

- / (D (30 (0) ) £ (0 (0),0) (7 (1) — 70 (v)) + 0p (690)} d

< msgn/n £ (o (), v) do
- ¢2n _OP()

from Theorem [4] Assumptions A-(v), (vii), and (ix). can be verified symmetri-
cally. Using a similar argument, since [E [z;u;1 [g; > 7, (8:)] 1s] = E [2u:1 [g; < 70 (8:)] 1s] =
0 from Assumption ID-(i), asymptotic normality in follows by the Theorem of
Bolthausen| (1982) under Assumption A-(iii), which completes the proof. B

Lemma A.15 When ¢y, — 0 as n — oo, if we let A, > 0 such that A, — 0 and
Gon/An — 0 as n — o0, then it holds that =02, Zn03, Zni12, and Z,13 in and

are all oy(1).
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Supplement to “Nonparametric Sample Splitting”
By YOONSEOK LEE AND YULONG WANG

This supplementary material contains omitted proofs of some lemmas.

Proof of Lemma We first show the pointwise convergence. For expositional
simplicity, we only present the case of scalar x;. Similarly as (A.1]), we have

E [AM, (s)]
- / / D(g, 5+ bat) F(g, 5+ bat) {Llg < 7o (5 + but)] — Llg < 70 ()]} K (£)dgdt,

which is non-zero only when (i) v, (s) < ¢ < 7o (s + but) if 74 (s) < 7o (s + but); or (ii)
Yo (8 4+ but) < q < vy (8)if v (8) > 7 (s + but). We suppose 7, (+) is increasing around
s. Then, for the case (i), since 0 < 7y, (s + but) — 7, (s), it restricts ¢t > 0. For the case
(ii), however, it restricts ¢ < 0. Therefore, if we let m(q,s) = D(q, s)f(q,s) < oo, by
Taylor expansion,

)

E[AM, (s
00 rYo(s+bnt) 0 Yo(s)
= / / m(q, s + bnt) K (t)dqdt + / / m(q, s + bpt) K (t)dqdt
0 Yo(s) —00 Jyo(s+bnt)
0

= o (s) 5o ()b [ R =m0 (5), )50 )b [ e (B0 (1)
= m(% (8) ) S);VO (8) b, + O (bi) ’

where [[%tK(t)dt = — f?oo tK(t)dt and 4, (s) = dvy, (s) /ds > 0 in this case.

Symmetrically, we can also derive E[AM, (s)] = —m(7,(s),5)% (5) b + O (b?)
when v, () is decreasing around s. Therefore, E [AM,, (s)] = m(y,(s),$) |V (8)] b =
O (by,) because m(7y,(s),$) Yo (s)] < oo from Assumptions A-(vi) and (vii). The de-
sired result follows since Var [AM,, (s)] < 2Var [M,, (7, (s:) ; s)]+2Var [M, (v, (s);s)] =
o (1) from (A.2).

Given the pointwise rate, it suffices to show AM, (s) is uniformly tight. This is
implied by the tightness of M, (s) in Lemma since v4(+) is continuous. The proof
is complete. W

Proof of Lemma |[A.4] We first show (A.16). We consider the case with y(s) > 7,(s),
and the other direction can be shown symmetrically. In this case, since T, (v;s) =

Co (My (7(8): 8) =My (v0(5); 5))co where R [T, (; 5)] /07(s) = ¢g D(y(s), s)eof (v(s), s

1



is continuous at ,(s) and ¢ D(7,(s), s)cof (7o(8), ) > 0 from Assumptions A-(vii) and
(viii), there exists a sufficiently small C(s) > 0 such that

p(s) = inf _¢g D(y(s), s)cof (7(s),5) > 0.
(9 =70(3)|<T()

By Taylor expansion, we have

E[T, (v:5)] = //( (c]2) yq,s+bt} Fla, s+ bab) K (£) dqdt

— ()} {co D(v, s)cof (v,8) + Ca(s)b }

for some C (s) < oo, which yields

E[T, (7:5)] = {7(s) =70 (5)} (p(s) + Ca(s)b7), (B.1)
since E [T, (70;3)2] = 0. Furthermore, if we let Ai(7y;s) = Li(v(s)) — 1 (74 (s)) and
Zni(s) = (cgxi)” Di(v;8)K; (s) — E[(cg 2:)” Ai(y; 8)K; (s)], using a similar argument
as , we have

E [(Tn (v 8) = E [T (%; S)])z] (B.2)
- n262 ZE 2b2 ZCOU nal n.g (5)]
n o1 i#]
02(3)

S22 () = 70 (9))

for some Cy(s) € (0, 00) since ¢ € (0,2) in Assumption A-(iii).

We suppose n is large enough so that 7(s)¢,,, < C(s). Similarly as Lemma A.7 in
Hansen| (2000), we set y, for g = 1,2, ..., g+ 1 such that, for any s € S, v, (s) = 7 () +
29717(s)¢,,,, where g is the integer satisfying v, (s) — 7o (s) = 297'F ( )gbln < C(s) and
Va1 (8) — 70 () = 299y, > C(s). Then Markov’s inequality and B.2) yield that for
any fixed n(s) > 0,

- CTa(gis) 1
1<¢<g | & [Tn (P)/g; S)]

T (vg:8) =B [T0 (359)]
< P(f??é E [T, (7,;5)] >"<5)>
| LE| (@ (9) ~E [T (3:9)])°]
: 772(5); [E [T (7,3 9)][°
< 1 Eg: Ca()7(5) P, (nb) "

= F(8)01a(Lp(s) + Cr(s)b2) |



IN
—_
(]

S
=
£}
S
I

<

< e(s)
for any e(s) > 0. From eq. (33) of [Hansen| (2000), for any ~ (s) such that 7(s)¢,, <
v (s) — 7 (s) < C(s), there exists some g satisfying v, (s) — 7o (s) < 7 (s) — 7 (s) <
V41 () = 7o (s), and then
s L Tlys) | E[T ()]
V()= v ) T E[T(v58)] 941 (5) =70 (5)]

— max T (74:8) _ E [T (74:5)]
Z%‘@ﬂﬂﬂm@}qhmmw%@{

Hence, we can find Cp(s) < oo such that

in T (v:5) s) (1 —n(s
g (r<s>¢1n<|v(s>f%<s><c ) |7 (8) =70 (8)] < Fr(s)1 =l ))>

To(gis) BT (3:9)] (1 — (s
- P(xam(vg;s)] i@ =0 o] < T )))

T.(vgs) E [T (vy:5)] (1 — (s )
9|E [Tn (’79;3)} 1'} ’/Vg—i-l (3) — 7o <S)| - CT( >(1 77( ))

where the last line follows from (B.1]) and (B.3). The proof for (A.17)) is similar to that
for (A.16)) and hence omitted.
For (A.18), E[L, (v;s)] = 0 and we have

E [|Ln (v 8)|"] < 61,C5(s) (B.4)
for some C3(s) € (0, 00) similarly as (B.2). By defining v, in the same way as above,



the Markov’s inequality and (B.4]) get us that for any fixed n(s) > 0,

max ‘L" (79;8” . )
g ( NACHOEEAO) R (B-5)

& E[L(,9)°]
= P(8) 2 an |, (8) — 0 (5))]
1
(

= $1,C3(5)
<
G ; an |7 () = 70 (5)]
03(8) > 1
) 2 BT

g=1

2

This probability is arbitrarily close to zero if 7(s) is chosen large enough. It is worth
to note that provides the maximal (or sharp) rate of ¢, as a,' because we
need ¢1n/an|’yg (s) — 7 (3)|2 = O(¢y,0n) = O(1) but ¢y, — 0 as n — oo. This
¢1,a, = O(1) condition also satisfies (B.3).

Finally, for a given g, we define ' (s) as the collection of v (s) satisfying 7(s)29 1 ¢,,, <
v (8) — 7o (8) < T(8)29¢,,, for each s € S. Then,

- ‘Ln (7; 3)| s
. F<s>¢1n<|v(s)—p%<s>\<6<s> Van |7 (s) =70 (s)] ~ )> (o)
. max  su |Ln (7? 5)| s
= Pl s o) ) >>

o B (9)] . )
= P S Vo G (9 - ")

Cy(s)
n? (s)7(s)

for some Cy(s) € (0,00). Combining (B.5)) and (B.6), we thus have
[Ln (74:5))]
P sup 9 >1n(s
<( OIS

7(8) 1 <|V(8)—70(5)|<C(s) V an ("7 (S) — Yo

x| En (0639))

< QP)<1Sg§gxﬂi;(yg(s)——70(8)) >-n(s)>

| Ln (75 5)]
2 (1%5‘597233?3) Van (7 (3) =0 () " (‘”)
(s)
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for any e(s) > 0 if we pick 7(s) sufficiently large. The proof for (A.19) is similar to
that for (A.18) and hence omitted. W

Proof of Lemma Using the same notations in Lemma [A.3] (A.12)) yields

n (8(3(s)) — 6o) (B.7)

_ {nb () s>T2'<a<s>;s>}
- {:b;%@);sms)— -
= 0,,(5) {Oa2(s) — Oas(s)}.

For the denominator © 41(s), we have

nb,) Y0 wiw) Ki(s) M, (Y(s);s
Oai(s) = < (nbo) ZZ(IS>;S) (s) M, 8\( . ) ) (B.8)

M, (5

oo (a0 Mt
P\ M (v0(s);s) M (v(s);s) )
where M, (7(s);s) —p M (7,(s);s) < oo from Lemma and the pointwise con-
sistency of J(s) in Lemma |A.3] In addition, (nb,)™! Zi—l zix] Ki (s) —, M(s) =
J22. D(q,5)f (¢,5) dg < oo from the standard kernel estimation result. Note that the
probability limit is positive definite since both M (s) and M (v,(s); s) are positive def-

inite and
oo

M(s) = M (79(s); ) = ( )D(q, s)f (¢,8)dg >0
Yols
for any v,(s) € I' from Assumption A-(viii).

For the numerator part © 45(s), we have © 45(s) = O (aﬁl/Q) = 0,(1) because

26T = (7 R T ) —o,0) m)

nb, Jn (7(5); 5)
from from Lemma [A.1] and the pointwise consistency of J(s ) in Lemma - Note
that the standard kernel estimation result gives (nb, )"/ QZ i K = 0,(1).

Moreover, we have

(nby)~ Z, Tzl {1, (3(s)) — 1; (70 (s0)} K () )
Oaals) = L B.10
b ( ZZ 160 Li Tl V() {1: (V(s)) — Li (7o (80))} Ki () ( )



and
S el {1 3(5) ~ L () K () B.11)

[[col [[Mn (V(s); 8) — My (vo(si); 8|
l[eoll {I1Mn (V(s); 8) — My (9(8); )l + Op(bn) }
= op(1),

where the second inequality is from (A.14)) and the last equality is because M, (7;s) =,
M (v; s) is continuous in v and J(s) =, vo(s) in Lemma [A.3] Since

IA A

Y el LEE) L EE) - Lo ) K (B2

< Mol 1M (Y(5); 8) = M (v9(s:); 8)I| = 0p(1)

from (B.11)), we have © 43(s) = 0,(1) as well, which completes the proof. B

Proof of Lemma [A.7] Using the same notations in Lemma [A.3] we write
Vb, (83 (5)) = o)
1= N -1
- {4 2GR 2G|

1 =~
{269 -
= 051(5) {On2(s) — Ops(s)}
similarly as . For the denominator, since ©p;(s) = ©4;1(s) in (B.7), then ©5](s) =
O,(1) from (B.8]). For the numerator, we first have ©ps(s) = O,(1) from (B.9). For

Ops(s), similarly as (B.10)),

B an Zn: n=8 zir; {1 (7(s)) — 1 (7o (50))} K (s)
Onsls) = N e T T a ~ .
an Zi:l n= 9y zix; L; (7(8)) {1 (F(s)) — Li (o (8:)) } K ()

1
v/nb,

2G5 (ZG(6)53) = Zluls ) oo}



However, since 7(s) = 7,(s) + 7(s)¢;,, for some 7(s) < oo from Theorem [2] similarly

as , we have
E |3 najai] {Li(3() — L (3 ()} K <s>]

IA
S
3

(s)+7(s)b1n
// o E [z2] |q, 5+ bat] K (t) f (g, 5+ but) dgdt
Yo(s+bnt)

IN

Yo(s)+r(s)d1n,
an // o E [z2] |q, 5+ bat] K (t) f (g, 5+ but) dgdt
Yo(s)

Yo(s+bnt)
+ay, // o E [z} |q,5 4 bat] K (t) f (g, s + byt) dgdt
Yo(s)
= an®y, |7(5)] }CO D (7 (s | ) f (70 (s),8) + O(anby,)
= 0(1)

172eb2

as ap¢y, =1 and a,b, =n - — 0 < 0o. We also have

Var

Z n= 0 zix {1:(3(s)) = 1i (70 (s:))} K (8)] = O0(n™™) = o(1),

similarly as (A.26). Therefore, from the same reason as (B.12), we have ©Op3(s) =
O (anl/z) = 0,(1), which completes the proof. B

Proof of Lemma First consider the case with » > 0. In this case, we have

{1g <7y (s) +7/an] — Lg <74 (8)]} {1]g < 7o (s + but)] — L[g < 0 (s)]}
= 1[7(s) <q <7 (s+bat) <7y (s) +7/an]
+1[79 () <q <79 (8) +7/an <7y (s+but)].

Therefore, if we denote g(q, s) = ¢J D(q, s)cof (g, s),
E [Bla(r,s)
= o [[ s+ b {1la < 70 6) + o] = Ug < ()]}
x {1[qg < 7o (s +bat)] — 1[g < v (8)]} K (t) f (g, 5 + but) dqdt

o(s+bnt)
= / / 9(q, s + byt) K (t) dqdt
Ti(r;s) ’70

o(s)+r/an
+ay, / / 9(q, s + but) K (t) dqdt
Ta(r;s) 7 vo(s)
Bp3i(r, ) + Buaa(r, 5),



where

Ti(r;s) = {70 (s) <70 (s +bat)} N {70 (8 +bal) <70 (s) +7/an},
Ta(r;s) = {70(s) <70 (s +0ut)} N {yg(s) +7/an <7 (s +bat)}-

Note that 7, (s) < 7, (8) + r/a, always holds for » > 0. However, similarly as in the
proof of Lemma [A.2] when 7,(-) is increasing around s, 7, (s) < 7, (s + b,t) restricts
that ¢ > 0. Furthermore, 7, (s + b,t) < 7, (s) + r/a, implies that t < 7/ (an,b,,($)),
where 0 < 7/ (anbny,(s)) < oo. Therefore, Ti(r;s) = {t:t >0 and t < r/ (a,b,o(s))}.
Similarly, since v, (s)47/a, < 7o (s + byt) implies t > 7/ (anbnyo($)), we have To(r; s) =
{t:t>0and t >r/(a,b,¥,(s))}. It follows that, by Taylor expansion,

[(anbao())  [r0(s+bat)
Buai(r,s) = a, / / g(q, s + but) K (t) dqdt
0 Yo(8)

/(anbniqo(s))
= a,bng(7o(9), s)"yo(s)/o tK (t)dt + anb,0 (by)
= 09(70(5), $)Vo(8)K1 (r,0:8) + O (by)

as apb, = n'7*b: — o € (0,00), and

o0 Yo(s)+7/an
Buza(r,s) = ay / / g(q, s + but) K (t) dqdt
r/anbno(s) Y v0(s)

= rg(r0(s). ) / K (t)dt + O (by)

T/(anbn'.Yo (5))

1

= 1g(v,(s), s) {5 — Ko (1, 0; s)} + O (by)

as [IKCo (1, 0;8)] < 1/2 and |y (1, 0;5)| < 1/2.
When 7, (-) is decreasing around s, —oo < 7/ (a,b,,(s)) < 0 and we can also derive

0 Yo(s+bnt)
Bn31 (T‘, S) = an/ / g(Q7 s+ bnt)K <t> dth
7/(anbno(s)) Jvo(s)

= —09(70(s), 8)F0(s)K1 (1, 055) + O (bn) ,

r/(anbn¥o(s))  pyo(s)+r/an
Bn32(ra S) = an/ / g(Qv s+ bnt)K (t) dth
Y

- o(s)
= 19(70(8),5) {(1/2) = Ko (1, 0;8)} + O (bn) ,
because, when 44(s) < 0, we have fro/(anbn%(s)) tK (t)dt = — Or/(a"b"(f%(s))) tK (t)dt

and [T By de = [ K () dtwith 4(s) < 0. Tt follows that, by



combining these results, we have

154090 = 30099 { = Ko (. 216) [+ 29000061, 8) Bolo) K (. 5)+0 ().

Furthermore, since |B4(r,s)| < Zé_l((ﬂxi)z |1 (7o (8) +7/an) — 1; (77 (9))] K (s),

we have Var [B}5(r, s)] = O(n=%) = o(1) from (A.26) in Lemma[A.6] which completes
the proof. B

Proof of Lemma [A.9| Define W,(r) = W(r) + p(r), 7t = arg max,eg+ W,(r), and
7~ = argmax,cg- W, (7). The process W,,(-) is a Gaussian process, and hence Lemma
2.6 of [Kim and Pollard| (1990) implies that 7+ and 7~ are unique almost surely. Recall
that we define W(r) = Wy(—r)1r < 0] + Wy(r)1[r > 0], where W;(-) and Wy(-) are

two independent standard Wiener processes defined on R*. We claim that
E[r*] = —E[r7] < oo, (B.13)

which gives the desired result.

The equality in follows directly from the symmetry (i.e., P(W,(r7) >
W,(77)) = 1/2) and the fact that W; is independent of W,. Now, we focus on r > 0
and show that E[77] < co. First, for any r > 0,

W\z/(;) > _u\(/;)) P <_&\/;)> |

where ®(-) denotes the standard normal distribution function. Since the sample path

(7,0 2 0) = P(Wa(r) = —n(r) =

of W,(+) is continuous, for some r > 0, we then have
Ejrt] = / (1-P(r <r)dr
0
= /IP(T+ >r)dr—|—/ IP(7'+ >7")d7"
0 r

< Cl+/ P(Wu(r") >0 and 7% > r) dr

< Cl+/OOIP(WM(r) > 0)dr

Car[(o()e

for some C} < oo, where the first inequality is because W, (7") = max,ecg+ W, (1) > 0
given W,(0) = 0, and the second inequality is because P (W, (r) > 0) is monotoni-
cally decreasing to zero on R™. The second term in can be shown bounded as
follows. Using change of variables ¢t = r¢, integral by parts, and the condition that



lim, a0 7~ ((/2+9) (1) = —00 for some € > 0 in turn, we have

/roo <1—<1>(_/~$;))>dr < CQ/TOO(l_@(Ts))dT

= /OO (1 —®(t))dt"e

£1/<~:

= Oy +Cg/ tYep(t)dt < oo
£1/&:

for some Cy, C3 < oo if 1 is large enough, where ¢(-) denotes the standard normal den-
sity function and we use lim;_,o, /¢ (1 — ® (t)) = 0. The same result can be obtained
for r < 0 symmetrically, which completes the proof. l

Proof of Lemma [A.10| For given (g, s), we simply let u(r) = u(r, 0;s). Then, for
the kernel functions satisfying Assumption A-(x), it is readily verified that u(0) = 0,
w(r) is continuous in 7, and p(r) is symmetric about zero. To check other conditions,
for r > 0, we first write

rCh rCy
p(r) = —r/ K(t)dt + C'g/ tK(t)dt,
0 0

where C and Cy are some positive constants depending on (g, |¥,(s)|,&(s)). We con-
sider the two possible cases.

First, if K(-) has a bounded support, say [—r,r], then p(r) = —rCs + Cy for r > r
and some 0 < C3,Cy < oo. Thus, p(r) is monotonically decreasing on R\[—r,r] and
lim, oo 7~ (/249 (1) = —o0 for any ¢ > 0.

Second, if K(-) has an unbounded support, we have

op(r
87"

by the Leibniz integral rule. However, for » > r for some large enough r, it is strictly
negative because fOTcl K(t)dt > 0 and lim, ,o, 7K (r) = 0. This proves pu(r) is mono-

/ K dt—?“Cl (017“)—{—7“0 CQ (Cl’l“)

tonically decreasing on R\[—r,7]. In addition, limr%oo r~ (/2% y(r) = —oo for any
e > 0 because forcl tydt < [ K(t)dt < oo, frcl t)dt < [[CtK(t)dt < oo. The
r < 0 case follows symmetrlcally usmg the identical argument. |

Proof of Lemma We only present the argument for T;, (7; s) as the proof for
T, (v;s) is identical. Let 7, be some large truncation parameter to be chosen later,
satisfying 7, — 0o as n — oo. Define 1, = 1[(¢] xl) < T, and

n

T708) = o 3 () [0:9)| K (9) Lo,

i=1

10



where A;(v;8) = 1; (v(s)) — 1; (74 (s)). The triangular inequality gives that, for any
U
P (suplf, (255) - BT, (9] > 1) (B.15)

seS

< P (sup T3 (s 8) = Ta(ys )| > n/3)

seS

+P(supm[ (5 5)] - E[Tn(V;S)H>?7/3>

seS
+ (sup 77 (335) = EIT7 ()] > /3)
EIS
= PT1n+PT2n+PT3n-

For the first one, since r(s) > 0 for all s, v (s) > 7, (s) and

E [supI77 (3:5) ~ T |
sES

1 el B
a2 (o) 1 {i&ﬁ%(s) < s < supo(s) + wzn] Ki(s)(1-1,,)

| |

Lo [(efn)" 1 [m0006) < 0 < sup0ls) 470, K (9) (1= 1)

IA

E

|

IN

SUPses Yo(S)+Tdan 4
_ / / E [(c]2)" la.s +but| F(g.5 -+ but) K (1) dadr

nfsesvo(s)

S Ol ¢2n Th

for some C} € (0,00), where we use the fact that

/ a] fa(a)da < / (af* Fa(a)da < 7-'E[A?)
la|>7n la|>7n

for a generic random variable A. Hence, Markov’s inequality yields that Pry, <

Coon/ (NT4)-
Next, to bound Pr»,, note that

E [T, (vis)] — E [Ty (s )]
b,'E H(com 1[70(s) < @i < ()] Ki (s) (1 - 1r,)

|

// |q, s+0b t] flg, s+ bpt) K (t) dqdt
'Yo
< 02¢2n n

IN

for some Cy € (0,00). By Assumptions A-(v), (vii), and (viii), the above bound is

11



uniform in s. Hence Markov’s inequality yields that Pro, < Ca¢,,/(n7,) as well.

Now we bound Prs, and then specify the choice of 7,. Since § is compact, we
can find m,, intervals centered at s1, ..., s,,, with length C's/m,, that cover S for some
Cs € (0,00). We denote these intervals as 7, for k = 1,...,m, and choose m,, later.
The triangular inequality yields

sup [T, (v;8) = E[T (v;8)]| < 17, + 15, + T3

3no
seS
where
T* = TT . _TT .
tn 1%22%71 ssélek | n (7? S) n (77 Sk)|
T = g swp [EIT Ons)] = BT Ol
Iy, = | nax Ty (v s1) —E[T,; (v;se)]] -

We first bound T73,. Let
Z7(s) = (nby) ™ {(c 2:)*Ai(y: 8) K (s) L, — Bl(cg 2:)°Ag(v; ) K (s) 1,] }

and

Un(s) =T, (v;s) —E[T; (v;5)] = Z Zpi(5).

Note that sup,cg | (ch,-)QAi(y; s)K; (s)1;,| is bounded by Csr, for some constant
C3 € (0,00) and hence ‘Z;z(s)| < 2057, /(nby,) for all i = 1,...,n. Define A\, =
(nbylogn)'/?/7,. Then A, |Z7.(s)| < 2Cs(logn/(nb,))"? < 1/2 for all i = 1,...,n
when n is sufficiently large. Using the inequality exp(v) < 1+ v+ v? for |v| < 1/2, we
have exp(A, |27 ;(5)|) < 1+ Ao | Z7 ()| + A2 |Zg7i(3)|2. Hence

Elexp(\, [Z75(s)])] < 1+ ME [(Z75(9)*] < exp (\E [(Z7:(5))°]) (B.16)

since E [Z7,(s)] =0 and 14 v < exp(v) for v > 0. Using the fact that P(X > ¢) <
Elexp(Xa)]/exp(ac) for any random variable X and nonrandom constants a and ¢, we

12



have that
P (Ua(s)] > éi’n,)
= P (6. Vals) > 1) + P (=05, Unls) > m,)
E[exp (Mon,? D" Z0:(9))| +E [exp (~Moa Y Z1.09))]
exp(An7,,)

< sexp(chm) e (Azqs;; T [(Zaz-(s»?]) oy (BT9)

=1

< 2exp(—A.7m,)exp ()\iCﬂ'i/ (nbn))

for some sequence 7,, — 0 as n — oo, where the last inequality is from

E[(Z;,(s))2] < (1) 2B (] 20)" Aily: 9)°K2 () 1, | < Carl(n?h,) " 0, (1 + 0(1)

for some Cy € (0,00). However, this bound is independent of s given Assumptions
A-(v) and (x), and hence it is also the uniform bound, i.e.,

supP (|Un(s)] > 63/7m,) < 2exp (<A, + XCar2/ (nby)) . (BAT)

SES

Now given 7,, we need to choose 1, — 0 as fast as possible, and at the same
time we let \,n, — oo at a rate that ensures is summable and \,n, >
A272 [ (nby,). This is done by choosing A, = (nb, logn)'/?/7, and n, = C*X;'logn =
C*7,((logn)/ (nb,))*/? for some finite constant C*. This choice yields

—Aal,, + A2Cy72 nb, = —C*logn + Cylogn = —(C* — Cy) log n.

Therefore, by substituting this into (B.17]), we have

1<k<

1/2 g Mn__
< mniggp(\v<>r>¢2nnn) et

P (25> o) = (| max 00> o, )

Now, we can choose C* sufficiently large so that Zoo_l <T§n > <z§2n 77n> is summable,

from which we have

% 1/2 log n 1/2
T3n = O ( 2n nn) - ¢2n

by the Borel-Cantelli lemma.

13



Next, we consider 77 . Note that

T7 (i) = T (i) = e S () i) (K3 (9) = Ki(s) L, (B9

+an” Z (C(—JrQ?i)2 (Al(% S) — Az(’% 5k>) K; (5k> 1, .

For the first item in (B.18]), using a similar derivation as Lemma yields that if n is
sufficiently large,

n

nibn Z (cg ) Ai(yis) (K (s) — K (s1)) 1o, ]
< by ' TRE (| 8) (K (8) — K (se)]
< CsCsTpty,/ (Mmnby) .

for some constant C5 < oo. For the second item in (B.18]), without loss of generality,
consider that v(s) < y(sg) and v,(s) < vo(sk). Then by choosing the covering interval
length C's/m,, smaller than ¢,,,, we have

1 n
E [sup |—— > (cgu:)” (Ai(3;5) — Ailys 1)) Ki (1) 1m]
seTy | Mbn 35
1 n
< 2Cg1y, <sup K(s)) E |sup |- Z 1 (7o(s) < @i <7vp(sk))
sES seT | TV i—1
1 n
+ sup |— 1 s) < q; < (s
sup n; (v(s) <@ <( k))]
<

Ce1, P (inf Yo(s) < ¢; < sup 70(3)> + Ce1, P (inf ~v(s) < ¢; < sup 7(3))
s€Zy, s€Ly,

sELy, sELy,

S CGCSTn/mn7

where the last line follows from Taylor expansion and Assumption A-(vi). This bound

does not depend on k and hence T3, = O,(7,/m,,). Similarly for T3 , Taylor expansion

yields that .
[T (v;9)] = E[T; (v;s)]l < b T [Ai(y; 8) Ko (5) — A, 5) K (s1)]

by Tl [Ai(7; 5) (K (5) — K (s))]

T [ () (Bal59) = Aulssi)) K ()

C7Tn/mn

[VANVAN

IN

for some C7 < oo, where the last line follows by choosing the covering interval length

14



Cs/m,, smaller than ¢,,,. This bound is also uniform in k and hence T3, = O(7,,/m,,) as
well. Therefore, by choosing m,, = [(¢s, (logn)/nb,)*/?/7,]~*, we have that T}, and T},
are both the order of (¢,, (logn)/nb,)/2. Tt follows that Prz, < n~'C(¢y,(logn)/nb,)"/?
for some C' € (0, 00) by Markov’s inequality.

Finally, if we choose 7, such that 7, = O(¢5.>((logn) /nb,,)~"/?), we have both Py,
and Pro, are also bounded by 77'C/(¢s, (logn)/nb,)"/2. A possible choice of T, is n¢
or larger. This completes the proof. B

Proof of Lemma Since the proof is similar as that in Lemma [A.T1] we only
highlight the different part. We only present the argument for L, (7;s) as the proof
for L, (v;s) is identical. We now define 1,, = 1| ‘chiui| < T,) for some truncation
parameter satisfying 7,, — oo as n — oo, which can be different from the one chosen
in Lemma [A.11] above. We let

LT (7v;8) co i N (7y; 8) Ky (s) 14,

T

P (suplL, (i) > )
SES

< P (sup Ly, (v38) = La(7; 8)| > 77/2) +P <Sug L7, (i s)| > 77/2>
sE

seS

= Prin + Pron,

and write

where E[L7 (v, s)] = 0.
To bound Pr4,, similarly as Pr;, in the proof of Lemma note that

E [Sup |LT (73 8) — L (7; S)I]

seS

IN

I & ‘
iui| 1 |inf < ¢ < + Ty, | K; 1-1,,
m;‘%“’ [ifés%(s) i < SUD o(s) mg} () ( )]

L [SPaes To() 4T, ,
< (nb,)" _1/ E [(chluz) g, s —l—tbn} f(g, s+ tb,) K (t) dqdt

infsesvo(s)

< Cidy, (nbn)1/2 7';1

for some C € (0,00) and hence Pry, < n 'Ci¢,, (nbn)l/2 71 by Markov’s inequality.
To bound Prs,, similarly as Prs, in the proof of Lemma we write

sup [Ly, (v 8)| < Ly, + L5,

seS

15



where

L = max sup|L; (yis) = L (7 sl
Lo = | max |Ly(visi)l
and {Zy };., denote m,, intervals centered at sy, ..., S, with length C's/m,, that cover

S for some Cg € (0,00). (The choices of m,, and Cg can be different from the ones
in Lemma above.) The bound of L, can be obtained similarly as 75, above
by letting Z7 ;(s) = (nby) " * ¢l i Ai(y; 8)K; (s) 1., In particular, with 127 (s)| <
Coty/(nby)Y2 for alli =1,...,n and L7 (v;s) = Zé_l Zy (), we have

supP (|17 (7:5)| > 045, ) < 2exp(— A, + A272C5) (B.19)

seS
for some C3 € (0,00). By choosing A\, = (logn)/?/7, and n, = C*7,(logn)/? for
some finite constant C*, we get

—Antly, + Aa72Cy = —(C* — C3) log .
Substituting this into (B.19]) gives us
My

- 1/2
sup P (ILn (73 8)| > an %) <2 g

and hence by choosing C* sufficiently large

Ly, = 0us(030,) = Ous. (63, 10gm) %)

*

by the Borel-Cantelli lemma. Regarding L},, we choose m,, = [(¢,, logn)*/?/7,]~ and
use the same argument as bounding 77, above to get

E[L1,] = O (62 logm)"?)

Therefore, by combining L3, and L3 and using Markov’s inequality, we have P, <
07 1C (¢, logn)'/? for some C € (0, 00).

Finally, if we choose 7, such that 7, = O(¢s.>((logn)/ (nb,))~"/2), we have Py, <
n1C (¢, logn)'/? as well. A possible choice of 7, is n¢ or larger. This completes the
proof. W

Proof of Lemma We first show (A.33). Consider the case with 7 (s) —
Yo (8) € [r(s)Pgn, C(s)], where 0 < r = infeesr(s) < sup,esr(s) = 7 < oo and
C= sup,es C(s) < 0o; the other direction can be shown symmetrically. Let

lh(s) = inf ¢y D(y(s),8)cof (7(s),8) >0 and £=infl,(s) >0
[v()=70(s)[<C(s) sES

16



from Assumptions A-(vii) and (viii). Then, from (B.1]), we get

sUpE [T, (7;8)] 2 sup (7 (s) = %0 (s)) (L + Ci(s)by) (B.20)
> Esgg (7 (s) =70 (8)) = LTy,

because 0 < C4(s) < oo forall s € S from Assumptions A-(vii) and (viii). Furthermore,
Lemma implies that

(B.21)

logn 1/2
nb,

P (supl7, (355) = EIT, (i3] > 1) < Car? (0

seS
for some Cy € (0, 00).
We now set v, for g = 1,...,g + 1 such that, for any s € S, 7,(s) = 7y (s) +
2971r(s)dy, where g is the integer satisfying v, (s) — v, (5) = 2971r(s)¢,, < C and

Ygr1 (8) = 70 (8) = 29r(8) g, > C. Then, 1) and |D yield that for any fixed

n >0,

SUPges Tn (V43 5)

—1
suPses E [Th (74:8)]

P | max
1<g<g

> n) (B.22)

max ‘Supses T (1435) = 5WPses B [T (753 9)] | > 1)
1<g<g supes E [Th (74 5)]|

B[ oy SWPses T (v438) —E[Tn (743 8)]] >

1<9<g supes E [Th (745 5)]|

2:1? (Sup T (vg38) —E [T (vg:8)]| > m

A
=

A

A

sES SES

SupE [T, (7, 5)] D

Zg: Ci (¢, (log ) /nby)"*
9:1 297177£F¢27L
C] = 1 1

< AN &
= 7757 o 2g71 ne

A

< ¢

for any € > 0. Then from eq. (33) of Hansen| (2000), for any = (s) such that 7¢,, <
sup,es (7 (s) — 7 (s)) < C, there exists some g such that v, (s) — v, (s) < v(s) —

17



Yo (8) < Ygu1(8) =70 (s). This implies that

SUPses Tn (73 5)
SuPyes [7(s) = 70 ()]
suPyes T (V45 9) L SuPesE [T (745 9)]
SUpges E [Tn (795 8)} SUPges ‘79+1 (5) =70 (5)|

_ <1+ < SUPges In ('Yg?S))] B 1)) " SUp,cs E [Tn ('yg;s)] |

sUP,es B [Th (V455 SUDges [ Vg1 (5) = 70 (5)

and for any n > 0,
P inf SUPacs Tn (73 5) <C(1—-n)
Toun <UD (5)=70(5)|<C SUPses |7 (8) — 7o ()]

_ | max SUPges Tn (/79; S) . SUPses E [T” (79; S)}
1<9<g sup s E [Tn (”Yg; 5)] SUPses ’”Yg+1 (s) =7 (3)|

<C(1- 77))

VAN

=
VR

—_

< €

where the last line follow from (B.20]) and (B.22]). The proof for ({A.34) is similar to
that for (A.33) and hence omitted.

For (A.18]), Lemma yields that, for a large enough n,
P (sup L (r59)] > 1) < 7 Cal? Qogn) (B.23)
seS

for some Cy € (0,00) similarly as above. Using a similar approach as (B.22)), for any
fixed n > 0,

SUDges |L" (79; ‘9)|
P | max > B.24
<1<g<g /0y SUP s (’Yg (8) =70 (5)> ! ( )

> SUPses |Ln (74: 8
;P (x/@ SUD,cs ‘(vg ((S)g— ?Y‘o ()~ 77)
i Cs (¢, log n)l/z

= a2 [Ty

Cogn 1

npr 4= 2971

IN

IN

<

from and (B.23). This probability is arbitrarily close to 0 if 7 is large enough.
Following a similar discussion after , this result also provides the maximal (or
sharp) rate of ¢, as logn/a, because we need (logn/a,)/d,, = O(1) but ¢,, — 0 as
logn/a, — 0 with n — oo.
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Finally, for a given g, we define T, as the collection of 7 (s) satisfying 729 ¢, <
Y (8) — Yo (8) < T29¢,, for all s € S. By a similar argument as (B.24)), we have

SUPses | Ln (75 )] Cs
(1%192?97821% V@ SUPges (7 (8) — 70 (8)) T ( )

nr
for some constant C5 < oo. Combining (B.24)) and (B.25)), we thus have

su Ly (v,;s
P sup Pses ‘ (79 )} >
Fosn<sup,csli(s) -0 <0 Vn SWPses (7 (5) =70 (5))

< 2P (max SUPes | Ln (74i8)| a0 > n)
S

1<9<7 /iy, SUP,es (74 (5) — Yo

L (73
+2P (max sup SUPses | Ln (7 5)] ) > 77)
s

1§9§§76Fg VA SUPges ('7 (S) — Y0
< ¢

for any € > 0 if 7 is sufficiently large. The proof for ({A.36) is similar to that for (A.35))
and hence omitted. W

Proof of Lemma For a given ~, since all the convergence results in Lemma
hold uniformly by Lemma [A.1] we only need to show sup,cs [(s) — vo(s)| = 0.
To this end, denote I' and I as the upper and lower bounds of I, respectively, and let
dr =T —T. Since S is compact, it can be covered by the union of a finite number of
intervals {Z}7*, with length dr/m and center points {s;};";. On the event E that
~(s) is continuous with probability approaching to one, we can choose a large m such
that sup,cz, [7(s) —7(sx)] < n for any n and all k. Such a choice is also valid for
Yo(+) since it is also continuous by Assumption A-(vi). Then on the event E}

, using
triangular inequality and Lemma for any 7 > 0 and any £ > 0, there is a large

enough m such that

P (sup 39 - 39 > 1)

seS

IN

P (s sup 5(6) = 300001 > 1/3) + P (. sup ) = )] > /3

1<k<m seT, 1<k<m seT,

P <m>§n () = 7o(s0)] > n/3>

2(1—P(E)) + Y P (F(st) = volse)| > 0/3)

k=1

IN

IN

€,
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where the last line follows from that P(E’) > 1 — ¢ for any €. This is because 7(-)
is a step function taking values in {g;}?; N T" and hence is piecewise continuous with
countable jump points. W

Proof of Lemma We prove Z,02 = 0,(1) and Z,,03 = 0,(1). The results for
Zn12 and =,13 can be shown symmetrically. As in the proof of Theorem [5, we denote
the leave-one-out estimator 7_; (s;) as 7 (s;) in this proof. For expositional simplicity,
we only present the case of scalar x;.

First, for any continuous function v (+) : § — I', we define

1 n
Gn(7) = Jn > miuwid g > y(s:) + An) 1.
=1

For any fixed 7(-), G, () converges to a Gaussian random variable by the random field
CLT, where E [z;u;1 [g; > 7(s:) + Ay] 1] = 0 and E [22u?1 [¢; > v(s;) + A,] 1s] < o0
from Assumptions ID-(i) and A-(v). Moreover, the convergence holds for any finite
collection of v () and the process G, () is uniformly tight by a similar argument as
Lemma Therefore, we have G,,(7) = G(v) as n — oo, where G(7v) is a Gaussian
process with almost surely continuous paths (cf. Lemma A.4 in Hansen| (2000))). It
follows that, for any v(s) such that sup,cg|v(s) —7o(s)| < Ty, for some 7 > 0, we
have
Gn(7) = Ga(70) = 0

as Gn(7) — Gon(vy) = G(7) — G(v,). We now denote T',, as the set of continuous
functions {7v(:) : sup,es |7(s) —7o(8)| < Ty, }. If we choose T large enough so that

)
P (|Zno2| > 1)
= P(|Gn(¥) — Gu(v0)l > 1)
P (|Gn(:>\/) - Gn(70)| > and :}\/ € fn) +P (|Gn(:>\/) - Gn(,}/o)l > and :}/\ € ffz)
< P ( sup 1Gn(y) = G (70)| > 77) +P(F €Th)
S g,

which gives the desired result.
Second, we consider A,, > 0. On the event E that sup,cs|7(s) — 7o(s)| < b5, we
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have

Bl = —= D [lefdo| Lo < 20(s0] Ll > 3(s) + Aul 1]
< OB [Lg < 0(s)) 1l > A(s) + A 1]
< PCE [ g < ()] Tlas > 7o(si) — oy + A 1]

1/2_60// f(q, s)dqds
Z(g;s)

for some constant 0 < C' < oo, where Z(q; s) = {q : ¢ < v,(s) and ¢ > v,(8)—bq, +Ar }
However, since we set A, > 0 such that ¢,, /A, — 0, then A,, — ¢,,, > 0 holds with
a sufficiently large n. Therefore, Z(q; s) becomes empty for all s when n is sufficiently
large. The desired result follows from Markov’s inequality and the fact that P (E}) >
l—¢cforany e >0. 1
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