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Abstract

The majority of results in the literature on general equilibrium are not for
an economy (i.e. given an endowment and preferences), but rather, for a set of
economies (i.e. a set of endowments given preferences). Therefore, we argue that
the most appropriate robustness result requires perturbing economies uniformly
over the space of endowments for which the result is obtained. In this paper, we
examine the robustness of the uniqueness of Walrasian endowment economies with
Cobb-Douglas utility functions under this interpretation of robustness. Namely, we
prove that for economies described by Cobb-Douglas utilities and all endowments
in a fixed set, uniqueness of equilibrium is robust to perturbations of the utility

functions.

JEL Codes: D50, D51.

1 Introduction

There is a long literature aimed at proving various robustness results of Walrasian equi-
librium. In an endowment economy, defined by preferences and endowments, these results
establish that small perturbations to our economy in both preferences and endowments

do not produce large changes in the equilibrium prices or allocations. The spirit of such

*This paper was presented at the “IV Caress-Cowles Conference on General Equilibrium and its
Applications” (April 2008), a few days after Dave’s death. Unfortunately, Dave could not take part to
the final draft of the working paper. The rest of us thus take full responsibility for all remaining errors.
This paper is the result of a class project in the course on Advanced General Equilibrium that David held
at Penn in Spring 2006. As unique and original as his contribution to theoretical economics is, Dave’s
dedication to teaching is probably even harder to parallel. We are honored to have been his students,
and have had the opportunity to move our first steps in research inspired by his passion.



exercises is to ensure that other results we might obtain regarding Walrasian economies
are not, in general, particular to the parameters of the economy we have chosen.

However, the majority of results in the literature are not for an economy (i.e. given an
endowment and preferences), but rather, for a set of economies (i.e. a set of endowments
given preferences). Therefore, for results obtained over a set of endowments the more
appropriate robustness result would not be to look at how prices and allocations respond
to perturbations of individual economies, but rather to perturb economies uniformly over
the space of endowments for which the result is obtained. In this paper, we examine
the robustness of the uniqueness of Walrasian endowment economies with Cobb-Douglas
utility functions under the latter interpretation of robustness. Namely, we prove that
for economies described by Cobb-Douglas utilities and all endowments in a fixed set,
uniqueness of equilibrium is robust to perturbations of the utility functions.

To highlight the distinction between our work and previous work, consider Smale
(1974). Smale shows that the set of regular economies, where an economy is an endowment-
utility pair, is open and dense in the endowment-utility space. Given uniqueness of equi-
librium and regularity of the economy with Cobb-Douglas utility functions, Smale’s result
would immediately imply that given any endowment, there is an open neighborhood in
the endowment-utility space such that equilibrium is unique. However, this neighborhood
depends on the particular endowment chosen. In contrast, our result is that for a fixed
set of endowments and a uniform perturbation of the Cobb-Douglas utility functions,
equilibrium is unique for all endowments in that set. We believe that our result is more
in spirit with the robustness exercise.

In the following section we establish notation and represent some well known results
in the literature that are necessary for our proof. We then formally state our result and

proof.

2 Notation

We will work in the Walrasian endowment economy with H households and G com-
modities, with generic household h € H = {1,..., H} and commodity g € {1,...,G},
respectively. An economy is described by an endowment e_; € E_; and utility functions
u € U where E_; = {6_1 € RE&H_I) : Zh# e < r} with r € ]Rf+ the total amount of
resources of the economy and U = x,,Uj,, where U, is the set of C? differentiably strictly
increasing and differentiably strictly quasi concave functions from Rf + to R. Note that
parameters of the economy r and e_; immediately pin down e;, the endowment of house-
hold 1, which we treat as “endogenous”.

To fix notation further, we will denote the set of Cobb-Douglas utility functions (where



each good is assigned a strictly positive value) as U4 C U, with generic element denoted

u®. Formally,
a
Ut = {u e U|Vh € H,Vxp, € Xy, up (z),) = Zailogxi}
g=1

where o € A = {a e RGxH) 25:1 aj =1, Vh}. X, C RY. is household’s h consumption
space.
Endow U with the topology of C? uniform convergence on compact sets of ]Rf 4. For

the reader’s benefit, we reproduce the definition of our topology from Munkres (1975,
p.282):

Definition 1 A sequence f, : X — Y of functions converges to the function f in the
topology of compact convergence if and only if for each compact subset C C X, the sequence

fnlc converges uniformly to f|c.

e}

U is made into a metric space in the following way (cf. Allen, 1981): Let {K,} _, be

an arbitrary sequence of compact sets in R, such that U® | K,, = RS, . Then define the

metric d by
— 1
d = — mi — 1
(u, ) ; o in{([[w = vllz2,x,), 1}
for u,v € U, where || - ||2.k, is the C* uniform norm of C*(K,, R), namely:
[lu = ollo.k, = [l (ulr, = vli,) |2
= sup |u(z) = v(z)| + sup |[Du(z) — Dv(z)|| + sup ||D*u(x) — D*v(x)]|.
zeKn zeKp z€Kn

We will denote the set of parameters as © = F_; x U and the set of endogenous
variables as = = X x A x A x E; where A is the unit simplex {p|p? > 0, ngg =1},
A =RY, and E; = {e1]0 < ef < r9,Vg}. Also, we will denote by 7 : © x Z — O the

natural projection of © x = onto O.
Definition 2 (p*,z*, \*,e1) € Z is an equilibrium if

Ty € argmaxy, g, (p*) Un (1) , Vh
¥, ¢l —af = 0,
T =Y hz1 €h = €1

where By, (p*) = {xn € Xulp* (en — 21) = 0}



Equations characterizing equilibrium will be written as ®(6,£) = 0 where § € © and
ekl

Before the statement of our theorem, we make note of a few well known results nec-
essary for our proof. In Lemmas 1 and 2 we restate the uniqueness and regularity results
with Cobb-Douglas utility functions, proofs of which appear in the Appendix. Proof of
Theorem 1 can be found in Balasko (1975).

Lemma 1 (Uniqueness) Suppose that u € U and e_, € E_y, then the equilibrium is

unique.
Lemma 2 (Regularity) Suppose that u € U% and e_; € E_y, then
det De®(e_q,€) # 0.

Theorem 1 (Balasko, 1975) For all u € U, there exists an open set, V around the
Pareto set such that for all ey € V, |7~ (e_1)| = 1 and endowments on the Pareto set

are reqular.

3 The Problem

Given these well established results, we introduce one final piece of notation before the

formal statement of our theorem. Define:
E(0,u) ={z € X[\ Elun(zn) > un(61c)}

where 14 is a 1 X G vector of ones. This set represents the intersection of upper contour
sets in the Edgeworth box of each individual receiving ¢ units of each good. The necessity

of the use of this restriction will be made clear in the proof.

Theorem 2 Yu® € U4, V5§ > 0 there exists a neighborhood of u®, N (u®) C U, such that
Ve, € B, u€ N u®) = |rt(e_y,u) =1.

The proof can be easily understood graphically using a 2 x 2 Edgeworth box and we
include such a representation in the proof.
Proof. The proof is by contraposition. Suppose that the statement of the theorem is
false. Then, there exists some o € A, § > 0 and a sequence {u"},eny C U such that
u” — u® and a corresponding sequence of endowments, {¢”,},en — €1 € E_i(u,§) such
that Vv € N, |71 (é’il,u”)‘ > 1.

Let 2V be an associated sequence of equilibrium allocations for (€”,u”). By Balasko’s
theorem, we know that: Vv, Je”, € E_; such that ¢/, = "2, + (1 —n")é”,, where

4



Figure 1: Graphical Representation of the Proof.
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n” € [0,1), such that & € 7=*(e¥,u”) so that #” is an equilibrium allocation given e” and
e”, is a critical value, so that det (D§<I> (§”, e, u”)) = 0. This follows from the fact that
we have uniqueness and regularity around the Pareto set and multiplicity at €”;. Thus,
there must be a critical value between, as Balasko (1975) shows that path connected
regular values have the same number of equilibria.

Continuity of D?u implies that D¢® is continuous in u (and it is continuous in its
other arguments as well).

Because det(De®(67,£7)) = 0 for all v, the continuity in 6, and continuity of the
determinant it must be that det(D¢®(6,¢)) = 0 where (6”,£”) — (6,€). To conclude
the proof we must establish that 2 — z € E(§,u®), so that we may conclude that there
exists a critical value e_; € F_;. This follows from the upper hemi-continuity of the upper
contour set in u (see Lemma 3 in the Appendix). This contradicts Lemma 2, completing
the proof.

The idea of the proof is illustrated in Figure 1.! Note first that the lens is fixed
by our selection of u®*. Our sequence €” must lie in the lens by assumption. Balasko

guarantees that there exists a corresponding sequence of critical points e” that are convex

'In the graph L0 (5,5) represents household A’s indifference curve through consumption bundle (6,0)
given Cobb-Douglas utility functions described by u®. The contract curve is for those preferences u”
in the sequence used to construct the contradiction. Other notation in the graph is as described in the

proof.



combinations of our endowment sequence and associated equilibrium allocations. For
the proof to work, we need the critical points, €’ to converge to a point in our lens to
arrive at a contradiction. We use the lens to guarantee that our sequence of critical
points is converging in the interior of the Edgeworth box. This is resolved by the upper

hemi-continuity of the upper contour sets. m

This statement, in contrast to previous results, establishes robustness of the uniqueness
of equilibrium across endowments to uniform perturbations of the utility functions. Given
that results are often established over a fixed set of endowments, we believe that ours is
the appropriate robustness exercise rather than one established point by point in the
parameter space. In addition, notice that for any set of endowments whose closure is in
the interior of the Edgeworth Box, we can find a sufficiently small § > 0 so that our lens,
E(5,u®), strictly contains that set of endowments.

Only the uniqueness and regularity of Cobb-Douglas utility functions were necessary
for our proof. Therefore, so long as we can find some lens on which a set of utility function
exhibits uniqueness and regularity, we would be able to obtain the same robustness result

for the set of endowments in that lens.

4 Appendix

Proof of Lemma 1. Equilibrium is described by the following system of equations:

4 P, Vh, g
h
g _ g _
@(975) — ngg(xh_eh)’h_ 17"'7H :0
Youlag —el),g=1,..,G—1
r9—=>%,e,9=1,..,G

We follow the proof strategy by Gale (1960). First, we can reduce the extended form
equations to yield that any equilibrium price vector must satisfy p(I,x, — AE") = 0
where A is a G x H matrix with elements Ay, = «oj and E is a G x H matrix with
normalized endowment elements E,, = e /r9 = ¢é]. Let I' = AE’ with generic element
Yij =D g o ég.Q First, note that equilibrium prices are strictly positive due to uy, strictly
increasing.

To show uniqueness, consider two equilibrium price vectors p and p’. Let ( = min, p?/p’9,

w.l.o.g. let ¢ = p'/p’t. By positive prices, ¢ > 0 and p? —(p'9 > 0. Define p” = p—(p’ >0

g
2First order conditions on z yield i—g — App? = 0. Summing over g and letting w;, = Zg plel =1/

g
we get that % = zj. Summing over h and applying the market clearing condition (where we have
normalized resources to 1), we obtain p? = 3", afwy,, which can be expressed as above as p(Iyx,—AE") =
0.



so that I'p” = p”. However, p”' = 0 by construction. Therefore, p” = 0 so p = (p’, which
is possible in the simplex only if ( = 1.1

Proof of Lemma 2. It is enough to show that for any u® € U4, De®(e_1,€)- A =0
implies that A& = 0 (where A = (Ax, Ap, A\, Aey) denotes the vector of variations of
the endogenous variables). For convenience, we renormalize the price vector taking good

G as the numeraire (i.e. p© = 1), so that Ap € R“~!, and we obtain:

—%Axg AP — pIAN, YhVg£G (1)
_@Tfpmg ~ A, Vho(2)
De®(e-1,6) - AL = | S°C ponag — 9 Apsaf, Yho (3)
Yooy A, Vg  (4)
Aéf, Vg (5)

Clearly, if the De®(e_q,€) - A{ = 0, then Ae; = 0 from (5). Looking at (2) and

combining it with (1) for each h, and the equilibrium relation p? = o /(A\yz7) we obtain

v Ay = p? Aaf, — Ap?a

G
where 7 = /\jélm?)Q > 0. Then, summing over the the first G — 1 goods and using (3) we
arrive to . -
AzS S AIpt =Y (pAxd — ApPad) = Az
g=1 g=1

Given that v and p are strictly positive, this implies that Az§ = 0 for all h. By (2),
AX = 0. From (1) this implies that for any g, Az] and ApY have the opposite sign for all
h, so that for any g, Azj and Azj, have the same sign for all h, h'. However, given (4),
this is possible only when Ap? = Az{ = 0, concluding the proof.ll

Lemma 3 (UHC of Upper Contour Sets) Vh € H ,Vx;, € X, define B, : U = E
such that Yu € U, By (u) = X, (u,z,) N E. The correspondence By, is upper hemi-

continuous.

Proof: We need to show:

V{uy} : uy — up,V{z;} C Xj, such that
Vv e Nyxy € By, (u”):

z; — T € By, (u) .



Since {z}} C E, which is compact, x; — 7 for some z;, € E. By contradiction,
suppose that Zj, ¢ By (uy,). This means 7, ¢ X, (u, 21,), that is uy, (x,) — up (7) = € > 0.
Then we have:

e=uyp () — up (Tp)
=up (z) =y (2n) +ujy (2) — wn (Zh)
< up (xn) =y (zn) + upy () — wp (Zn)
<lup (zn) — uy, (2n)| + | (z7) — wn (Zn))|

where the first inequality derives from the fact that by definition, Vv € N,uj} (z}) >
uy (z5). The third inequality is for the triangular inequality, and the last one is implied
by:

Convergence uy — wup, and continuity of u,. Convergence of uj — w;, implies that Ve,
AN : Vv > N,d (u},up) < €/3 which in our case implies that Vv > N :

e/3> supay ex, [up (x3,) — un (x3,)| 2 |uj (xn) — un (24)| and
£/3> supa ex, [up (x,) — un (2))] 2 |uy (z;) — un ()]
Continuity of u;, implies that Ve/3,IN:Vv > N, |uy, (2}) — up (Z1)| < /3.1
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