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Program evaluation studies often adopt nonrandom sampling to improve the quality of in-
ference. Typically, participants are oversampled to get a larger number of observations than

would be obtained in a same size random sample. The rationale for treatment-based sampling
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Abstract

Nonrandom sampling schemes are often used in program evaluation settings to
improve the quality of inference. This paper considers what we call treatment-
based sampling, a type of standard stratified sampling where part of the strata
are based on treatments. This paper first establishes semiparametric efficiency
bounds for estimators of weighted average treatment effects and average treat-
ment effects on the treated. In doing so, this paper illuminates the role of infor-
mation about the aggregate shares from the original data set. This paper also
develops an optimal design of treatment-based sampling that yields the best semi-
parametric efficiency bound. Lastly, this paper finds that adapting the efficient
estimators of Hirano, Imbens, and Ridder (2003) to treatment-based sampling
does not always lead to an efficient estimator. This paper proposes different

estimators that are efficient in such a situation.
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is to reduce data collection costs and to improve the precision of the estimated treatment
effects. For example, Ashenfelter and Card (1985) analyzed data from the CETA training
program using a sample constructed by combining subsamples of program participants and a
sample of nonparticipants drawn from the CPS. Also, the studies of Lalonde (1986), Dehejia
and Wahba (1998, 1999) and Smith and Todd (2005) investigated the NSW training program
where the training group consisted of individuals eligible for the program and the compari-
son sample were drawn from the CPS and PSID surveys. Numerous studies focused on the
JTPA job training program (e.g. Heckman, Ichimura, Smith and Todd (1998), Heckman,
Ichimura and Todd (1997), Ham and Lalonde (1996)). These studies typically used data set
that oversampled program participants, where the program participants represented about
50% in the study sample in comparison to 3% in the population.

This paper proposes semiparametrically efficient inference procedures under treatment-
based sampling. The sampling scheme that this paper focuses on can be described as
follows. Let D be a random variable that takes values in D = {0,1}, where D = d
denotes participating in the d-th program. Let X = (V,W) be a vector of covariates,
where W is a discrete random variable taking values from a finite set V. Assume that
initially a random sample of size N for the discrete vector (D,W) is collected and let
Naw = SN, H{(Di,Wi) = (d,w)}, (d,w) € D x W. From each of the Ny, subsamples, a
random sample {Z;}?_, of predetermined size ng,, (d,w) € D xW, for a vector Z = (Y, V),
is collected, where Y = >, Y;1{D = d} and Y; denotes a potential outcome of a par-
ticipant in the d-th program. In this paper, we call this type of sampling, treatment-based
sampling as the strata D x W contain treatments.? When W; = 1 for all 7, so that the
strata are constructed only based on the treatments, we call this sampling pure treatment-
based sampling. (In pure treatment-based sampling, we suppress the subscript of w writing
pa instead of py., for example.) Throughout this paper, it is assumed that the aggregate
shares { Ny w/N }(aw)epxw are the only available information from the original sample of size
N, and we no longer have individual observations for (D;, W;)¥, from the original data set.
Although the observations in the combined sample {(D;, Z;)}"; are independent across dif-
ferent ¢’s, the marginals under treatment-based sampling are not identical. Hence inference
based on random sampling can be misleading.

The objects of inference here are counterfactual quantities called weighted average treat-

ment effect and average treatment effect on the treated:

B0 -]
s T B (V)

and Tatet — E D/l — %’D = 1] . (1)

2The term, "treatment-based sampling", was borrowed from an anonymous reviewer’s report when the
idea of this paper was submitted as a research proposal to the NSF.



Efficient inference procedures were suggested for these parameters by Hahn (1998) and Hi-
rano, Imbens, and Ridder (2003) (HIR, hereafter) under a random sampling scheme.

The identification of 7., under pure treatment-based sampling does not require knowl-
edge of the aggregate shares p;. However, information about the aggregate shares p,,, is
required for the identification of 7, under treatment-based sampling and that of 7,:.; un-
der treatment-based sampling with addtional strata VV. In this case, this paper assumes that
we know the aggregate shares p,,,. As Wooldridge (2001) has pointed out, this assumption
is often motivated by the sampling environment where Vg4, is very large as compared to the
size of subsamples n4,,. This method of sampling is reasonable in many situations where it
is much less costly to gather information about (D, W) than the outcome Y or covariates X.
In this case, a proper large sample theory would be one with n4,,/Na.w —p 0. At the level
of treatment-based samples, the asymptotic theory is equivalent to assuming that we know
the aggregate shares py,, = P{(D,W) = (d,w)}. When the aggregate shares are estimated
using other data sources, the inference procedure in this paper should be viewed as one
conditioned on the external information. However, when the object of interest is 7., under
pure treatment-based sampling, we do not assume that the aggregate shares p,; are known.

The sampling scheme of this paper is a kind of standard stratified (SS) sampling (Imbens
and Lancaster (1996)), and is one of various nonrandom sampling schemes studied in the
literature. Early literatures on nonrandom sampling have assumed that the conditional
probability of Z given a stratum belongs to a parametric family. (Manski and Lerman
(1977), Manski and McFadden (1981), Cosslett (1981a, 1981b), Imbens (1992), and Imbens
and Lancaster (1996).) Wooldridge (1999, 2001) studied M-estimators under nonrandom
sampling which do not rely on this assumption.

Closer to this paper, Breslow, McNeney and Wellner (2003) and Tripathi (2008) inves-
tigated the problem of efficient estimation under nonrandom sampling schemes. Tripathi
(2008) considered moment-based models under various nonrandom sampling schemes and
proved that the empirical likelihood estimators adapted to an appropriate change of mea-
sure achieve efficiency. The stratified sampling scheme studied by Tripathi (2008) is different
from this paper’s set-up because the identification of the counterfactual quantities in this
paper cannot be formulated as arising from the moment condition of his paper. Neither
does this paper’s framework fall into the framework of Brelow, McNeney and Wellner (2003)
who considered variable probability sampling which is different from the standard stratified
sampling studied here. Unlike variable probability sampling, we cannot identify the joint
distribution of observations from the standard stratified sampling without full knowledge of
Ddw Or some other data sources that ensure the identification of pg,.

In the vast literature of program evaluations, there are surprisingly few researches that



deal with inference under treatment-based sampling. Chen, Hong, and Tarozzi (2008) es-
tablished semiparametric efficiency bounds and proposed efficient estimation in a broader
context where one has outcome observations with missing values and has auxiliary data that
aid identification. The approach of Chen, Hong, and Tarozzi (2008) applies to some stratified
sampling schemes. However, their framework does not apply here because the elimination
of an observation from the treatment-based sample is based not only on W in the covariate
X but also on the treatment decision D. Hence the unconfoundedness condition assumed in
their paper fails for observations from treatment-based sampling. A paper by Heckman and
Todd (2008) offers a nice, simple idea to estimate 74, under pure treatment-based sampling
without assuming knowledge of aggregate shares. However, their paper does not focus on
efficient procedures.

This paper first establishes efficiency bounds for 7,4 and 7. under treatment-based
sampling. As byproduct, we also obtain a necessary and sufficient condition for the sampling
design under which a pure treatment-based sampling scheme offers a better semiparametric
efficiency bound than a random sampling scheme. Furthermore, we characterize optimal
treatment-based sampling that leads to a best semiparametric efficiency bound.

The result of an optimal design of treatment-based sampling is related to a recent paper
by Hahn, Hirano, and Karlan (2008) who suggested an optimal design of social experiments
that is conducive to program evaluations of improved quality. Their paper proposes a two-
stage design of social experiments in which individuals are assigned to treatment based on
their propensity scores and these propensity scores are designed to attain low asymptotic
variance of average treatment effects. However, their paper’s framework is different from this
paper as it considers observations drawn from the population by random sampling in both
stages. More importantly, unlike their paper, this paper is not concerned with a design of
treatment decision for each individual as it is assumed that the population proportions p
are already given. The primary focus of this paper is on nonrandom sampling of observations
related to treatment programs and its effect upon the inference quality of treatment effects
estimators.

The main challenge in the development of optimal inference in this situation is that it is
not clear a priori how we can obtain an efficient estimator from the computed semiparametric
efficiency bounds. Obviously the usual approach of the sample analogue principle does not
work because the observations are not from random sampling. One might think that one
can apply the efficient estimator of Hahn (1998) or Hirano, Imbens, and Ridder (2008) to
this situation of treatment-based sampling by employing appropriate change of measure as
in Tripathi (2008). However, this paper demonstrates that this approach of naive adaptation

does not work in general. Indeed, it is shown that the adapted version of the weighted average



treatment effects is inefficient. The main reason is that in this case, the knowledge of the
aggregate shares is not ancillary. This paper proposes a different estimator that achieves the
semiparametric efficiency bound in this situation. As this paper shows, it turns out that the
weighting by propensity scores in HIR should be modified to achieve efficiency.

The situation of primary relevance in practice appears to be the case where the object of
interest is 7.4; and the sampling is pure treatment-based sampling. This is the situation that
was of focus in Heckman and Todd (2008). In this situation, we do not require knowledge
of the aggregate shares, for 7, is identified without it. It is shown that in this case, the
knowledge of the aggregate shares p, is ancillary. Hence one might consider an estimator that
is obtained by adapting the estimator of HIR to the pure treatment-based sampling scheme.
It is shown that indeed such an estimator is efficient. However, this estimator requires
knowledge of the aggregate shares for its construction. This paper proposes an alternative
estimator that is efficient and does not require knowledge of the aggregate shares.

This paper proceeds as follows. Section two discusses a general method to find semi-
parametric efficiency bounds under treatment-based sampling data designs. Section three
establishes semiparametric efficiency bounds for weighted average treatment effects and aver-
age treatmented effects on the treated. Section four investigates efficient estimation. Section

five concludes and the proofs are relegated to the appendix.

2 Treatment-Based Sampling and Semiparametric Ef-

ficiency

2.1 Treatment-Based Sampling

In this section, we discuss a general method of computing semiparametric efficiency bounds
under treatment-based sampling and an optimal design of treatment-based sampling. Sup-
pose we are interested in a certain parameter ¢(P) from the distribution P of a random
vector (Z, D, W), where (D, W) is a discrete random variable taking values from a finite set
D x W, and Z = (Y, V) denotes a vector of outcome variable Y and a covariate vector V.
First, note that a likelihood for observations generated from standard stratified sampling
can be viewed as a conditional likelihood from multinomial sampling given {14 }a.we@xw)-
As pointed out by Imbens and Lancaster (1996) (see also Tripathi (2008)), (D, W) is ancil-
lary in both stratified sampling and multinomial sampling, and hence it suffices for semipara-
metric efficiency to consider only multinomial sampling with probabilities {qq.w }(d,u)eDxw-
Furthermore, {14} 4,u)epxw is a sufficient statistic for multinomial distributions, and hence

as long as semiparametric efficiency is concerned, we can assume that the marginal design



probabilities {Qd7w}(d7w)e’]_)xw in multinomial sampling are known. As it will turn out later,
however, we do not require full knowledge of {gq,. }(dw)epxw for the actual construction of
efficient estimators.

Let the observations {(Z;, D;, W;)}?_, for (Z,D,W) be generated by the multinomial
sampling scheme using known probabilities {qaw }(dw)epxw. In other words, we draw a
stratum (d, w) from D x W using the multinomial distribution with known probabilities
{440} (@wyeDxw, and then draw Z conditional on (D, W) = (d,w) until the total sample size
becomes n. Unless ¢ = paw for all (d,w) € D x W, the observations {(Z;, D;, W;)}1,
are not i.i.d. draws from P. The observations {(Z;, D;, W;)}!, are i.i.d., however, under the
probability @ with density qq. fzp,w(2|d, w), where fzp w(2|d, w) is the conditional density
of Z given (D,W) = (d,w). Therefore, the situation of treatment-based sampling is that
we have observations that are i.i.d. from the probability ) but the parameter of interest is
a functional of the probability P. The notations of expectation and variance without sub-
scripts are assumed to be the expectation and variance under P. Expectation E;,, denotes

the conditional expectation given (D, W) = (d,w).

2.2 Semiparametric Efficiency under Treatment-Based Sampling

In this section, we explain how we can compute the semiparametric efficiency bound for the
parameter 1)(P). The standard theory of efficiency in semiparametric models and methods
to compute efficiency bounds are fairly well established and exposited in the literature. (See
Newey (1990) and Bickel, Klaassen, Ritov, and Wellner (1993) for a review.) Closely related
to this paper, Bickel and Kwon (2001) showed how we can adapt the results based on i.i.d
sampling to a multinomial sampling environment. (See Example 1 there.) To save the space,
we assume basic terminologies and concepts in Bickel, Klassen, Ritov, and Wellner (1993)
and highlight how the standard method can be adapted to observations from treatment-based
sampling.

Since we know the marginal probabilities gg4,,, we consider the following form of regular

parametric submodels:

ft(zada w) = fé|D,W(Z’d7 w)qd,wa te [078)7 € > 07 (2)

where { f§| D,W('|d> w) : t € [0,¢)} denotes a regular parametric submodel passing through
fzip,w(:|d, w), the conditional density of Z given (D, W) = (d,w). Then, the parametric sub-
model {f; : t € [0,¢)} is associated with a score, s(z,d,w) = Squ(2) € L2(Q), where sq,, =
D log f2pw(ld, w)|i=o denotes the score associated with {f7,y (-|d,w) : t € [0,€)}. Let

T denote the tangent space, i.e., the closed linear span of all such scores s for all regular



parametric submodels in the form of (2).

There are two situations for the identification of 1 (P) that this paper considers. The
first situation is where we can identify v (P) only using the conditional distribution of Z
given (D, W). The second situation is where we have knowledge of the aggregate shares pg.,
which is needed to identify ¢(P). In both cases, the relevant tangent space is the same 7°
and ¢ (P) is identified from the knowledge of @ and {qq4w }(a,w)epxw.. Hence, we can write

¢(P) = ¢Q(Q)»

for some functional 1. The parameter of interest 1, (Q) is assumed to be Fréchet differen-
tiable and to have QLQ € Ly(Q) such that for all regular parametric submodels of the form
in (2),

o (Qr)

T‘&o = Eq [{/}Q(Z’ D,W)s(2,D, W)] '

When sz € T, we call it an efficient influence function and denote it by w; Then, the

semiparametric efficiency bound is given by the inverse of

Vis = Varg(Po(Z,D,W) = Y quuBau [{p;(z,D,W)Q}. (3)
(dyw)eDXW

In this paper, we find @DZ(Z , D, W) in the following way. First, note that 7 can be also
viewed as the tangent space at P with parametric submodels P, having density fé‘ paw (2ld, W)Paw-

We first find 1) p € Ly(P) such that for all regular parametric submodels with density

fé|D7W(Z|d7 w)pd,un
0P(P)
ot

for some s € 7. Then, observe that

=0 = B |$p(2, D, W)s(2,D, W), (4)

E [¢P(Z,D,W)S(Z,D,W)] ~ Eq [%(Z,D,W)S(Z,D,W)] ,

if we take 1%(27 d,w) = ¥ p(2,d, w)pgw/qaw- Hence we find an influence function 'p under
P such that w;(z, d,w) = @;(z, d, W)Paw/qa.w falls into 7. Thus, "[b;(z, d,w) constructed in

this way is an efficient influence function.

2.3 Optimal Design of Treatment-Based Sampling

The conventional wisdom tells us that when the proportion of a subsample in the population

is small, sampling relatively more from the subsample may improve the quality of inference.



However, this is not an accurate description because we need to consider also the contribution
of the noise in the subsample to the variance of the estimator. (See Hahn, Hirano, and Karlan
(2008) for a similar observation.) Based on the variance bound in (3), we can develop a theory
of an optimal design of treatment-based sampling.

Once we identify {ﬁ;(z, d, w) = 1/);(2, d, w)qaw/Paw, Wwe can design an optimal treatment-

based sampling as follows. Let

Jaw = p?i,wEd,w [QL;(Za D, W)ﬂ :

Then, we can write the variance bound as

Vrs= Y, Jdw

(dw)eDxw 14w

We can view Ji,/q4., as the contribution of the (d,w)-subsample to the variance bound.
The contribution decreases in ¢4, which naturally captures the fact that by sampling more
from the (d,w)-th subsample, we can reduce the sampling variability to the estimator that
is contributed by the subsample. Then, the natural question is concerned with the optimal
design of treatment-based sampling. We define the optimal design to be those {Qd7w}(d7w)e'DXW
such that minimize Vg under the constraint that ¢4, > 0 and Z( dw)epxw ddw = 1. It is

easy to see that the optimal design is given by

i = L 5)
U Y awensw vV Jdw

Therefore, the optimal design of treatment-based sampling suggests that we sample from the

(d, w)-subsample precisely according to the "noise" proportion of \/m in)’ (dw)epsw V Jaw-
In other words, we sample more from a subsample that induces more sampling variability to
the efficient estimator. When we have some pilot sample obtained from a two-stage sampling
scheme or other data sources that can be used to draw information about J;,,, the result
here may serve as a guidance for optimally choosing the size of the sampling fractions ¢g,,,.>

Using the optimal design of treatment-based sampling g ,, yields the minimum semipara-

3The results here are predicated on the assumption that it is equally costly to sample from the (d,w)
subsample for each (d,w) € D x W. However, sometimes, it may be less costly to sample from a specific
subsample from others. In this case, we can incorporate an appropriate differential cost consideration into
the optimal design by turning the optimization problem into one subject to certain inequality constraints.



metric efficiency bound for ¥(P) as

2

Z V Jd,w . (6)

(d,w)eDXW

The variance in (6) is the minimum variance bound over all the choices of the sampling
probabilities ¢4,,. The variance (6) can be used to compare different choices of additional
stratum variables W.

In the case of pure treatment-based sampling, we can make precise the condition for
treatment-based sampling to yield improved inference than random sampling. Let Vizs be
the variance bound under random sampling, which is equal to Vg with p; = q4. Then it is
not hard to see that Vzg > Vg if and only if

min Iy < ¢ < max i (7)
pl’J1+Jo Sq1 > pl’J1+J0 .

Therefore, it is not always true that sampling more from a subsample of low population

proportion leads to a better result. Improvement by treatment-based sampling hinges on
the noise proportion J;/(J; + Jo) as well. When p; happens to coincide with J;/(J; + Jp),
there is no way for treatment-based sampling to improve strictly upon random sampling.
While the optimal design of treatment-based sampling clarifies the role of treatment-
based sampling in improving the quality of inference, there is a caveat obvious yet worth
mentioning. The results of the optimal design are justified only for large samples, where
we can obtain a reliable estimate of J;,, for each (d,w) € D x W. When the suggested
optimal proportion of the (d,w)-subsample is too small to the extent that the asymptotic
justification of the estimate of J;,, is cast in doubt, the optimal design suggested here can

lead to a grossly suboptimal choice.

3 Semiparametric Efficiency Bounds

3.1 Preliminary Discussion

We turn back to the set-up of program evaluations introduced in the beginning of this paper.

This paper assumes the unconfoundedness assumption:

(Yo, Y1) 1L D|X. (8)



Under the unconfoundedness condition, a variety of treatment effect parameters are identi-

fied. For example, consider the weighted average treatment effect:

- _ElOiY(Q) -Y(0)}] _E[g(X)V|D=1] - E[g(X)Y|D = 0] (9)
e E [9(X)] E[9(X)] '

As pointed out by HIR, the weighted average treatment effect is reduced to 7,.; when we
take g(X) = p1(X).

In treatment-based sampling, the weighted average treatment effect is not identified with-
out knowledge of the marginal probabilities pg.,, because the marginal distribution of X is
not identified from the data in this case. However, when the sampling is pure treatment-based

sampling, we can identify the average treatment effect on the treated:
Tae =EY1 =YD =1]=EEMN|X,D=1]-E[Y|X,D=0]|D=1],  (10)

without knowledge of p,. In fact, one can show that under (8), the design of pure treatment-
based sampling (i.e. the choice of ¢4) does not play a role in determining the conditional
distribution of (Y7,Y}) given X.

When the treatment-based sampling has an additional dimension for the strata, i.e.,
W, here, the knowledge of pg,, is required for identification of 74.;. This is because the
conditional distribution of X given D = 1 is not identified from the observations from

treatment-based sampling without knowledge of pg .

3.2 Efficiency Bound for Weighted Average Treatment Effect

In this section, we establish the semiparametric efficiency bound for 7,4 under treatment-
based sampling. The efficiency bound under treatment-based sampling can be different from
that of Hahn (1998) or HIR for three reasons. First, the observations are from treatment-
based sampling, not from random sampling. Second, the procedure in this paper assumes
that we know marginal probabilities py., (except for 7, under pure treatment-based sam-
pling) while Hahn (1998) or HIR do not assume it. Third, the unconfoundedness condition
(8) is imposed on the original data set, not on the observations from treatment-based sam-
pling. The unconfoundedness condition affects the semiparametric efficiency bound here,
but not in the same way when the conditions are imposed directly on the observations.

In the computation of the efficiency bound, we do not assume that the propensity scores,
either p;(X) under P or ¢;(X) under @), are known, as this is not plausible in practice.
While 7,; can be identified as T,qte with g(X) = pi(X) as noted by HIR, we need to it

separately because for T,qe, g(X) is assumed to be known, while for 74, g(X) = p1(X) is

10



not. Furthermore, in the case of pure treatment-based sampling, the identification of 7,
does not require knowledge of the aggregate shares py, in contrast to 7. Hence we present

the results for 744 in a separate subsection that follows. We introduce some notations:

B.(X) = E[YylX]
E [(Yy — 84(X))?|X] , and
E [Y1|X] — E[Yo| X].

S
slks
11—

Theorem 1 : Under (8), the semiparametric efficiency bound for T,u. under treatment-

based sampling is equal to Vig (Tware), where

- — ; @ 20121()() 2
VTS’( wate) = {E[Q(X)]}Q (d7w)€ZDXW 7 Ed,w |:g(X) p?l(X) + Cd(X):| 5
and Cy(z) = g(x){7(2) — Twate} — Bawlg(X){7(X) — Twate }] with x = (v,w). In particular,

when sampling is pure treatment-based sampling and py = qq, Vrs(Tatet) = Vrs(Tater), where

_ 2 [oi(X) | a3(X) 2
V(s = fapy ey [g(X) (i * e |+ 2 C"(X)pd(X)] |

deD

The results of Theorem 1 show that knowledge of py., is not ancillary in general. In the
special case of pure treatment-based sampling where the sampling is random sampling, i.e.,
Pa = qq, We can compare our results with that of HIR who found the variance bound to be

1 2 2

- _ o [01(X) | o3(X) 2 - . 2
Vi) = ot o000 { 20 4+ T4 P00 = 7

where py(X) = P{D = d|X}, 0%(X) = E[(Yz— 8,X))?X], and B,(X) = E[Yy|X].
Therefore, Virs(Twate) < Virr(Twate) and the equality holds if and only if

Eqlg(X){7(X) = Tuwate}] = 0 for all d € D. (11)

This result implies that knowledge of marginal probabilities p,; is not ancillary for 7,qs..
The ancillarity of the aggregate shares is not merely a matter of a theoretical concern.
The ancillarity is closely related to the question of whether the estimators of Hahn (1998)
or HIR could serve as a guidance for efficient estimators under treatment-based sampling.
The non-ancillarity of the aggregate shares in Theorem 1 suggests that the answer will be

negative because the knowledge of the aggregate shares was not assumed in Hahn (1998) or

11



HIR. This will be confirmed later when we develop efficient estimators.

3.3 Efficiency Bound for Treatment Effects on the Treated

Let us turn to 744;. The following theorem offers the semiparametric efficiency bound under

treatment-based sampling.

Theorem 2 : (i) Suppose that (8) holds and {pg.w}dwepxw are known. Then the semi-

parametric efficiency bound for T.e; under treatment-based sampling is equal to VT’S1 (Tatet)

where
2 2 2
Paw d =2 1 —dod(X)pA(X
Vrs(raa) = Y P, | & {200 + G} + 10 AE R
(dw)eDxw 1dw P D1 Do

and Ed(:v) = 7(2) — Tatet — Baw [T(X) — Tater] with © = (v, w).

(ii) Suppose that (8) holds and the sampling is pure treatment-based sampling. Then, re-
gardless of whether we know {pq}tsep or not, the semiparametric efficiency bound for T
is given by Vngs(Tatet), where

1 [f(X]1)%03(X)

Vors(Ta) = iE [02(X) + {7(X) = Tare}2|D = 1] + LBy

ID=0[. (12)

Under random sampling where pg., = Qaw, Vrs(Tatet) is smaller than the variance bound
of Hahn (1998) that does not assume knowledge of py.,. Therefore, the aggregate shares are
not ancillary in general. However, the situation becomes different when the sampling is pure
treatment-based sampling. In this case, the aggregate shares p; are ancillary. Indeed, in

pure treatment-based sampling with p; = g4, the variance bound is reduced to

Vistrac) = B [ {02100, OO0 | (100 = a2

pi po(X)p? pi

which is nothing but the variance bound of Hahn (1998) for 7. Therefore, the variance
bound in (12) can be viewed as a generalization of the variance bound of Hahn (1998) to

pure treatment-based sampling.

3.4 Optimal Design of Treatment-Based Sampling

The semiparametric efficiency bounds depend on the sampling design gg4,.,, and as discussed

before, we can develop an optimal design of treatment-based sampling. Theorems 1 and 2

12



allow us to identify J;,, in (5) in this context of estimating average treatment effects.

Corollary 1 : Suppose that we are under the conditions of Theorems 1 and 2. Then the

optimal choice of Gaw(Twate) for Twate ANA Qauw(Tatet) fOT Tarer are given by

’/J;,w \/ jd,w

Qd,w(Twate) - Z T and qd,w(Tatet) = = R
(dyw)eDxW d,w Z(d,w)EDXW A/ Jd,w

where

2 2
Trw = pd—,szdw [g(X)Qgg(())g‘i‘gi(X)} and

{E[g(X)]} d
Jow — 1. Ean [pi% o)+ 300} + 1}3—%6500(;2?)()()] |

We can apply the discussions in Section 2.3 in this situation. The optimal treatment-
based sampling for 7,4t is reduced to random sampling if J;,, is the same for all (d,w) €
D x W. Even if the marginal probability pg,, is relatively small, we do not necessarily have
to sample relatively more from the subsample (D, W) = (d,w) if the information from the
subsample is strong enough.

In the case of pure treatment-based sampling, the estimation of the optimal design does

not require knowledge of p,. Indeed, we define

X[1)*o5(X)
f(x10)?

Ji=E[0}(X) + {7(X) — Twee}’|D = 1] and Jo = E I |D=0|.

Then, Vprs(Tatet) = J1/q1 + Jo/qo- The optimal design of ¢; in Corollary 1 is given by

vl

Q1(7—atet) = \/JT+ _j
1 0

and the necessary and sufficient condition for Verg(Taer) < Vers(Tater) 1S given by as a
condition in (7) with J; and Jy replaced by J; and Jy. Note that estimation of .J; does not

require knowledge of the aggregate shares p,.
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4 Efficient Estimation of Weighted Average Treatment
Effects

4.1 Propensity Score Estimation

In this section, we focus on the propensity score. Let f(z) be the density of X with respect to
some o-finite measure, and f(v|d,w) be the conditional density function of V given (D, W) =

(d,w). By the Bayes’ rule, the propensity score is identified as

_ f(/U‘d7 w)pd,w
ZdED f(’U|d, w)pd,w ‘

pa(v, w) (13)
While we can identify f(v|d,w) nonparametrically using the (D, W) = (d,w) subsamples
in the treatment-based sample, the identification of p;(v, w) certainly requires knowledge of
Pdw-

We consider two consistent estimators of the propensity score that are based on the
identification in (13). Let X = (V},X3) € R* and Xy, = (V5, W), where V; € RM is
continuous and X, € R%2 is discrete. Let Sq,, = {1 < i < n: (D;,W;) = (d,w)}. Define

~

f(U17U2’d>w) = %ﬁ Ziegd,w Ky (Vu - U1) 1{‘/21' = U2}, where Kh(sla' : ',SLl) = K(Sl/h,' :
.81, /h)/h* and K(-) is a multivariate kernel function. Then, we define the estimator of
the propensity score py(z1,zs) as

A _ f(vh U2 |d7 w)pd,w
pd(vv w) - ~ .
ZdGD f(vh U2|da w)pd,w

(14)

Let Ly, = Z‘;—’:l{(Di, W;) = (d,w)}, and Ly, ; = Ly 4+ Lo ;. We can rewrite the estimator

as
_ Z?:l LgwiKn (Vi; —v1) 1{Va; = va}

pd(v,w) B Z?Zl Lw,iKh (Vu - ’01) 1{V2i = Uz} '

Therefore, the propensity score estimator is a weighted Nadaraya-Watson estimator. This

is intuitive because the probability under treatment-based sampling is the average of condi-
tional probabilities using different weights.

Alternatively, we can estimate the propensity score using the estimated fraction §q., =
LS L H{(Dy, Wy) = (d,w)} = ng/n in place of qq,,. Using this, we define

pa(v,w) = 2%1 [A/Ad,w,z‘Kh (Vig — 1) H{ Vg = v2}7
2 im Lw il (Vi — v1) 1{Vay = w2}

(15)

where lALd%Z- = q‘;—’wl{(Di, W;) = (d,w)} and Ew,i = ﬁl,W,i + f/gyw’i.
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4.2 Efficient Estimation of Weighted Average Treatment Effect

In this section, we search for an efficient estimator. The first idea in this pursuit will be that

we obtain by adapting the estimator of HIR to treatment-based sampling:

D wew {’;i;: 5 Diesy, IVi, w)Yi/pi(Viyw) — B2 57 o g(Vi,w)Yi/bo(Vi, w)}

D wew {21_:% 2iesy, 9Visw) + Z;)_Z% ies0. Vi, w)}

Twate = )

where pg(v,w) is estimated by (14). Observe that when pg,, = ¢4 and W is a singleton,
the estimator 7,4 is precisely reduced to the estimator of HIR except with a different
nonparametric estimator for the propensity score. Therefore, this estimator is a generalization
of the estimator of HIR to the treatment-based sampling. In Theorem 2 below, we show
that this estimator is consistent and asymptotically normal, but inefficient.

Alternatively, we suggest the following estimator:

~ ZwEVV % 1€51,w g(‘/“ w)}/;/ﬁl(‘/;’ w) ZwEW Z?)_ﬁ 1€S50,w g(‘/;v w)Y;/Z%(V;, U))
Twate = w ~ - w ~ )
ZwGW % €51 g(Vi,w)/p1(Vi, w) ZweW % €S0, g(Vi,w)/po(Vi, w)

where pg(v,w) is as in (15). The estimator 7,4 involves a further weighting of g(V;, w)
by pa(V;,w). It is worth noting that the estimator 7,4 uses the true marginal probability
¢ under ) while the estimator 7,4z uses its estimator ¢; = ng/n.

We formalize the results that have been discussed so far. We introduce the following
assumptions. Let X be the support of X and f(-) be its density with respect to a o-finite

measure.
Assumption 1 : For [a,b] C (0,1), pi(z) € [a,b] for all z in the set {z € X' : g(z) # 0}.

Assumption 2 : (i) (a) f(-) is bounded away from zero on X.

(b) f(-,x2), p1(-, 22), Bo(-,x2), B1(+,x2), and g(-, ) are Ly + 1 times continuously differen-
tiable with bounded derivatives.

(ii)(a) EY? < oo and EYZ < oo, (b) for either d = 1 or d = 0, supgcxpa(z)||z||** < oo, and
(c) |g(+)| is bounded.

(iii) paw € (0,1) and g4, € (0,1) for all (d,w) € D x W and X(gu)epxwPdw = 1 and

Y(dw)epxwldw = 1.

Assumption 3 : (i) K is zero outside an interior of a bounded set, L; +1 times continuously
differentiable with bounded derivatives, [ K(s)ds = 1, and [ s - - leLllK (s)ds = 0 for all
nonnegative integers y, - - -, 1z, such that Iy +---+1;, < Ly and [ |s} - - leLllK(s)\ds < 00
for all nonnegative integers [y, - - -, [y, such that [y +---+ 1, = L1 + 1.
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(i) \/n12h—Lilogn + n'/?h*1+1 — 0 as n — oo.

Assumption 1 is the condition of sample overlap needed for the identification of 7,4ze.
This is violated when ¢g(X) = 1 and part of X is only observed among the treated or
untreated subsamples. (See Heckman, Ichimura, and Todd (1997) for a discussion in this
regard.) Assumptions 2(b) controls the tail behavior of either p;(z) or po(z). This condition
is satisfied when X is bounded. Assumption 3(i) is a standard assumption for a higher order

kernel. The following theorem establishes the asymptotic distribution of 7,4 and Ty aze-

Theorem 3 : Suppose that the condition (8) and Assumptions 1-3 hold. Then

\/ﬁ(%wate - Twate) — d N(O, ‘/1)7 and
\/ﬁ(%wate - Twate) — d N(07 VTS(Twate))v

where

2

- @ 2 [ oa(X) - - 2
V= OO, 2 [gm {pgm +(7(X) = Tuaw) H

When the treatment-based sampling is random sampling , the asymptotic variance V' of
Twate 18 reduced to Vg which we saw that it is less than Vig(Tyate). Therefore, the re-
sult of Theorem 3 shows that even when the estimator of HIR is modified to accommodate
treatment-based sampling, the estimator is still inefficient. The main reason for the ineffi-
ciency seems to lie in the fact that the aggregate shares p,; are not ancillary. Indeed, when
the sampling is random sampling, V] is reduced to Vyir(Twate). The efficiency is achieved
by an alternative estimator 7,q.. The efficient estimator uses estimated fractions ¢q,, and
hence can also be used when only the estimated fraction ., = n4./n is available in the
data.

4.3 Efficient Estimation of Average Treatment Effect on the Treated

Let us turn to efficient estimation of 7. In this case, the identification of 7, allows us

to formulate Assumption 1 differently:
Assumption 1P : For [a,b] C (0,1), p1(z) € [a,b] for all x € X.

This assumption is weaker than Assumption 1 when g(X) = 1. We suggest the following

16



estimator:

P1w wew flﬁi €50, 251(‘/;, w)Yz‘/ﬁo(Vi, w)
Tatet - Z Y

p1 wEW Lw 1€S51,w wEW 5(())1:; 1€50,w 151(‘/;'7 w)/ﬁo(‘/;’ w) ’

where pg(x) is estimated by (15). We will show that this estimator is efficient.
We saw that in the case of pure treatment-based sampling, the knowledge of p, is ancillary.
One might consider alternatively the estimator of HIR that is adapted to pure treatment-

based sampling:
qpl_ln ZieSl Y; — % ZiGSO 131<Xi>Y;/ﬁ0(Xi)
e > ieso P1(Xi) + i > ies, D1(Xi)

The estimator reduces to that of HIR when the sampling is random sampling, i.e., p; = qq.

Tatet,p =

In a theorem below, we will show that this estimator is efficient. However, this estimator
requires knowledge of the aggregate shares p;. Instead, we suggest the following estimator

that does not require knowledge of the aggregate shares in this case.

7 1 ZY > ieso P1(Xa)Yi/Po(Xi)
atet, - i = —~ _
’ m 1€ST ZZESO P1 (Xl)/pO(Xz)

T,V (3 s i) e, K
S Yies (1A Shes Kt & Syes, Kii})

where Kj; = K, (Vi; — Vi;) 1{Va; = Va;}. The estimator 74, is in fact an estimator 7,

that is specialized to pure treatment-based sampling. Hence the estimator is also efficient.

Theorem 4 : Suppose that the condition (8) and Assumptions 1P, 2-3 hold. Then,
\/ﬁ(%atet - Tatet) —d N(07 VTS(Tatet))~
Suppose further that we are under pure treatment-based sampling. Then

\/ﬁ(%atet,p - Tatet) — d N(O, VPTS(Tatet)) (md
\/ﬁ(%atet,p - Tatet) — d N(Oa VPTS(Tatet))-

5 Conclusion

This paper has established semiparametric efficiency bounds for certain average treatment

effects parameters under treatment-based sampling. This paper has also developed an opti-
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mal design of treatment-based sampling. The theory of optimal design illuminates the role of
treatment-based sampling in improving the quality of efficient inference. Lastly, this paper
has suggested efficient estimators. This paper’s finding suggests that under treatment-based
sampling, tailoring the estimators of HIR to treatment-based sampling works only when the

aggregate shares are ancillary.

6 Appendix: Proofs

Proof of Theorem 1 : We need to find zZJBQ(z,d, w). Let @ = {fzpw(-|)a : fzpw €
Paw, (d,w) € Dx W} and fix Q € Q. Let f(z|d, w) be the conditional density of Z = (Y, V)
given (D, W) = (d,w) and let z = (y,v). We use subscripts P and @ for densities to make
it explicit under which probability they are defined when they differ. We do not use the
subscripts for the conditional densities given (D, W) = (d,w) or given (D, W, V) = (d, w,v)
because they are identical both under P and under Q).

We write the density fo(y, v, d, w) of (Y, V, D, W) under Q as fy p(y|x)f(v|d, w)q4, where
fa,p(y|x) is the conditional density of Yy; given X; = = under P. The second equality follows
by the unconfoundedness condition. Hence the score s(y,v,d,w) is written as sq(y|z) +
s(v|d, w), where [ sq(y|x)fapr(ylz)dy = 0 and [ s(v|d,w)f(v|d,w)dz = 0. The closed linear
span of such scores constitutes the tangent space 7.

Take a regular parametric submodel f(y,v,d,w) = f'(y,v|d,w)qa. and let P; be the
parametric submodel with density f*(y,v|d,w)pg.,. We need to find ¢p. The weighted

average treatment effect under P, is written as

> awensw | 90, w) { [ yfro(ylo, w)dy — [ yfo(ylv, w)dy} pafi(vld, w)dv
Z(d,w)erW Pd,w f g(v,w) fi(v|d,w)dv :

Twate (t) =

The first order derivative of 7,4 (t) with respect to t at t = 0 is equal to

1
B B ) E X si(YIOLX] - B [Yso(Y]X) X))
1
_E[g(X)]E[SW‘Da W)g(XN{7(X) = Twate}]-

Let

wp(y,v,d,w) — X)]g<v’w) (d(y_ﬁl(v7w)) . (l—d)(y—ﬂo(v,w))> (16)

pl(’U,w) pO(U’w)

18



We can write

wate t y y
Oreatell) il (., D, W)s(Y, V. D W) = B [ihg(y, V. D.W)s(v, V. DW)] (1)
where 77ZJQ y,v,d,w) = {ﬁp(y, v, d, W)Pd.w/qdw- Now, observe that 1le belongs to the tangent

(
space 7. (
by its Ly(Q)-norm. m

This follows from the unconfounded condition.) Hence the variance bound is given

Proof of Theorem 2 : The tangent space in the proof of Theorem 1 remains the same.
The only needed change from Theorem 1 for this case is the computation of the influence
function because now g(x) = pi(x) is not assumed to be known. Let P, be the submodel as

in the proof of Theorem 1. The weighted average treatment effect under P, is written as

raa® = 3 [ [y htolo.1w) = flolo.0.w)}dyfi o]t w)pand

wew

where pyj1 = p1,w/{Bwewp1,w}- The first order derivative of 7,.¢(t) with respect to ¢ is equal

to

E [s(V|D,W){1(X) — Tatet }| D = 1]
+E[E[Ys1(Y|X)|X,D=1-E[Ys(Y|X)|X,D=0]|D=1].

Therefore, we take

by, v.d,w) = - {d<y B, w) — T, w)) —

41

pi(v, w)(1 = d)(y — Bo(v, w)) }
pO(U7w) '

As shown in the proof of Theorem 1, this yields the semiparametric efficiency bound for 7.

Let us turn to the situation with pure treatment-based sampling. The tangent space is
the closed linear span of scores of the form sq(y|x) + s(v|d), where [ sq(y|z) fap(y|z)dy =0
and [ s(v|d)f(v|d)dx = 0. Write

Fater(t) = / / y (il 1) — iyl 0)} dy (] 1)d.

The first order derivative of 74 (t) with respect to t is equal to

E [s(X|DH{7(X) — Tatet }|D = 1]
+E[{E[Ys (Y|X)|X,D = 1] - E[YVso(Y|X)|X,D = 0]}[D = 1].
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Therefore, we take

- _ Jdly = Bi(x) —{7(z) = Tater})  pr(x)(1 — d)(y — Bo())
wP(yv Z, d) - { D1 po(a?)pl }

because E [7(X) — Taet|D = 1] = 0. Let &Q(y, z,d) = p(y, 2, d)pa/qa. Now

S wB [l X, DD =d| = TB[¥~5(X) ~ {7(X) ~ rae}?ID = 1]

deD T
iE {p?)pl (X)2
qo0 po(X )220%

By Bayes’ rule, pop1(X)/(p1po(X)) = f(X]|1)/f(X]0), and hence plugging in this, we obtain

the wanted result. m

(Yo — Bo(X)ID = o} |

Lemma A1 : Suppose that S; is a random variable such that E[S?] < co and E[S;|Vy; =
-, Xo; = x9] is Ly + 1 times continuously differentiable with bounded derivatives.
(i) Suppose that the assumptions of Theorem 3 hold. Then, for d =0, 1,

% Z Si (pa(Vi,w) — pa(Vi, w))

1 Z Eo[S:i|Vi, Wi = w) T
on Eq[Luw| Vi, W; = w]

1 Z EQ [S; |sz W; = w]pd(v;aw)jwl
wz|v;7Wz - w]

+ op(n_1/2),

where Juwi = Lawi — BEq [Lawi|Vi, Wi = w] and T = J1w,i + Jo,w,i-

(ii) Suppose that the assumptions of Theorem 4 hold. Then,

—ZS (Viyw) = 1 (Visw))

gl,w - QLw Qo,w — qo,w _
— B [po(Vi w)pa(Vi, w)S] ( - ) t oy (%)
QI,w q(),u)

Proof of Lemma A1l : (i) Observe that by Bayes’ rule,
fVill,w) = q1w(Vi) fo(Vi) /a1 = a1(Vi, w)qw (Vi) fo (Vi) / a1,

where ¢1,,(V;) = Eo[L{(D;, Wi) = (d.w)}|Vi], ¢u(V) = Eq[1{W; = w}[Vi] and fo(-) is the
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density of V; under (). Hence

f(Vi|17 w)pl,w

Vi, 18
V) = R wp + V0, wp0m (18)
(1 (Vi, w)/q1,0)P1,0 _ Eq[L1w:|Vi, W; = w]
Zdep(qd(mv w)/Qd,w)pd,w EQ [Lw,il‘/;v VVZ = U)]
Let Kj; = Kj, (Vi; — Vi) 1{Va; = Va;} for brevity. Observe that
1 & R
2 DS ew) = V) (19)

n Lwi K
{EQ[Ll,w,i‘Vi,Wi =] — 2 j1gzi 1w K }

Z EQ w z|‘/za Wz - w] Z?:l,j;ﬁi Kji

+_ZS' > i1 Lw i K g b K o (n 1),
n- 1 EQ wz|‘/;7m—w]2] lg;ézK Z] 1];£ZL K P

We write the last sum as

Sip1 Vmw) Z] 1#1[’ K —1/2
- E [Lw,zﬂ/;,m:w] - n +o (n )
Z EQ w 7,|V;> Wz - ] { @ Zj:l,j;éi Kji :

using (18). By Lemma B1 below, the last two terms in (19) are asymptotically equivalent
to (up to o0,(n"1/2))

_l zn: EQ[SJV;, W; = w]jl,w,i n l zn: EQ[SiH/;; W; = w]pl(v;;w)jw,i
n n

EQ[Lw,iH/;a W; = w] EQ[Lw,z'Wi, W; = w]

i=1 1=1

using the definitions of Ji ,,,; and J, .

(ii) First, we write p(X;) — p(X;) as

—_

> i1 {Ll,w,j - Lqu‘} Kji . z”: P 1
0 1w, i 7 - =
> i1 L i K T e LKy S L K

Z?:l LO,w,jKji Z?:l {lewvj - L17w7j} KJZ

> iy L i Ki L
+Z?:1 Ly Kji 251 {Lo,w,j - Lo,w,j} Kji 4 o(n1)
n o O N .
> i1 L i K D i1 Luw i K '
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Therefore, we can write p(X;) — p(X;) as

(Vi w) Z?Zl {ﬁo,w,j - Lo,w,j} K
> i1 L Kji
Vi, w {L wj — L1w }Kz
T e bR

2 L

As for the last term, we can write %22:1 {f/l,w,j — Ll,w,j} K;/ Z?Zl L, ;Kj as

(plw p1w> 2 Hg:‘;) JzK(jl,w)}Kﬁ

q1,w 1w

Piw  Prw Q1(V;,w) ~1/2
+ 0,(Nn
q1,w > @1 (Vi, w)p1w/ @10 + 90(Vi, W)Po,w/ 90,0 »l )

(i
_ <Q1w )ql(m,w) @1 (Vi, w)P1w/ Q1 t oy (n 12
(e

P1w/@w + 90 (Vi, w)Pow/qow
s > 1(Vi,w) + 0,(n™'2) (by (18).)

Dealing with Z?:l {ZALO,w,j - L07wﬁj} K;i/ Z?:l L, ;Kj; similarly, we conclude that

A ~ (j,w_q,w Cj,w_q,w _
BX) = BX) = po(Vi w)pn (Vi) ( i i ot ) T o).

Therefore, we write the difference in (ii) as

A

Eq [po(Vi, w)pr (Vi, w)S)] (@h,wa— Dw C]o,wqo— C_Zo,w> n Op(n_1/2),

Lemma A2 : (i) Suppose that the assumptions of Theorem 3 hold, and let 4,,; = Ys —
B4(Vi, w). Then,

q1w
o 12 Llwzglwz Zg VuUJLszSsz
e p(Viw) po(Vi, w)

Z (Vi )7 (Vi 1) L + 0p(n” /).
=1

Z ‘/jww pOw Z g ‘/7,7w
b V;,w o™ Lo %,w
9(Vi,
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(ii) Suppose that the assumptions of Theorem 4 hold, and let €4.,; = Y4 — 54(Vi, w). Then,

Prw Z g(Vi,w)Y;  pow Z g(Vi,w)Y;
Maw ‘/;,'U)
1€S51,w 1€50,w

nOw

_ _Zg Llwzglwz__zg V;awLOwZEOwZ
b1 m;w V;,U})

+ Z {o(Vi,w)7(Viow) = By [g(Vi, w)7 (Vi w)]} Ly
1S Vi) (Vi w) — B [o(Vi (V)] Ly
+E1,w [Q(Vz, U))T(‘/Z', ’LU)] D1w —+ EO,w [g(‘/;, w)*r(‘/;’ w)] Po.w + 0p(n_1/2),

Proof of Lemma A2 : (i) We first write

Plw g(Vi,w)Yi  pow g(Vi,w)Y;
2 ) 2 i)
1€51,w 1€S50,w

q1,wM qo,wM

— _Zg ‘/Zaw YLlwz __Zg V;,U) YLO'wz

= Ay, + As,, say.
1 (Vi w) Do (Vi w) tn 7 Az, SaY

=1 =1

We first write A;,, = % S g(Visw)YiLy i /01 (Visw) + Ay, where

~ 1T'L 1 1
An:_ ‘/7,7wY;sz ~ - .
o= ik (s = )

The term on the right-hand side is equal to

g VzaU)YLIwz N ~1/2
— 1(Vi,w) — pi1(Vi, w)) 4+ op(n , 20
;pl‘é,w) (p1(Vi, w) = p1(Vi, w)) + op(n~/7) (20)
by the fact that sup,cx |p1(7) — pi(2)| = O,(n~V2h~11/2\/logn + h1+1) = o,(n~1/%). The
uniform convergence is due to Theorem 4 of Hansen (2008) and the last convergence rate is
due to Assumption 2(ii). We plug S; = g(V;, w)Y; L1 4.:/p}(Vi,w) in Lemma A1(i) to obtain
that the leading sum in (20) is asymptotically equivalent to (up to o,(n"/2))

__Z g(‘/zaw)EQ[YLlwzn/;vVVz - w]jlwz
n P (Vi, w)EqQ[Luy s Vi, Wi = w]

_|__Z g(‘/Z,UJ)EQ[YLlw'L’V;aW ]jw,i
n p1(Vi, w)EqQ[ Ly Vi, Wi = w]

(21)
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Using the fact that

EQ le,w,z‘Wi, W, = w}

EQ[Lw,ilviy W, = w] = ﬁl(via w)pl(‘/ivw)7 (22)

we write the difference in (21) as

" ; p1(Vi, w) Tiwi T n ;g(V,, w)B1(Vi, w) Jo,uw,i-

Therefore, we conclude that

Aln _ _l i g(VL w)ﬁl(‘/la w)pO(V;a w) jl,w,i

pl(‘/;'?w)

=1

1 n
+ﬁ ZQ(VQ, w) B, (Vi, w) Jowi + Op(n_l/Q)'

i=1

On the other hand, A,, = % Yo g(Vi,w)Y;Lo i /po(Vi,w) + Ay, where

~ 1 n 1 1
A n — — V;,U) KL w,i ~ - .
’ ”;g< WYiLosw, (pO(V;ﬂW po(Vi,w))

Similarly as before, we write

- 1 <&
Ay, = E;Q(Vz‘yw)ﬁo(%aw)jl,w,i

\70,10,1' + Op (n_1/2) :

_l - g(w7w)ﬁo(%,w)p1(v;,w)
"121 po(Vi, w)

Combining the two results and using the fact that 7(X) = 8,(X) — 5,(X), we conclude

- - ﬁl(Vivw) B T(%’w)pl(W7w) ]

( (Vi) R

- W (T(‘/iaw)po(vhw) +60(‘/i7w>
po(Vi, w)

> Jow,i + 0p<n71/2)'
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Plugging in this result and rearranging terms, we write

P1w Z ngw _ Pow Z gV;,w
el W,w v Vuw

q1,wM QO wll

. Zg V;valwzglwz_ Zg‘/;awLsz€0wz
B b1 ‘/Z7w ‘/’Uw)

=1

+— Zg ‘/;7w (V;?w)Ll’w’l—i_ Zg i, W (‘/zaw)Lsz

=1 i=1
1 n ﬁl(‘/z;'LU) — T(‘/i,w)pl(‘/i,w> B
—|—ﬁ ;g(vhw) ( (Voo w) ) (Bo[L1wil Vi, Wi = w))

> (T S AR (g g Wi = 0]} + 0y,

As for the last two terms, observe that

o= {M_T(m,w)}EQ[LLw,im,Wi:w]

pl(‘/;aw)
Bo(Vi, w) }
— P (Vi w) Bl Lol Vi, Wi = w
{0 4 0) ) BolLowd |
{Bl(‘/ww) _ T(‘/;,W)} q1(‘/:i>w)pl,w
pl(‘/iaw) Q1w
BO(‘/iaw) } QO(V;aw)pOw
PR (v, w) b e TP
{pO(‘/zaw) ( ) qo,w
However, by Bayes’ rule,
pl,wa(v;?w) _ pl,le(‘/iaw)fQ(V;?w) _ pl,wf(‘/i‘lvw) — pl(%aw)fP(W7w) (23)
q1,w ql,wa(‘/iaw) fQ(M?w) fQ(‘/hw>

Using this result and the definition of 7(V;, w), we can show that H,, = 0. Hence we obtain

the wanted result.
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(ii) We write

_Z (V;,’LU YLlwz __Zg ‘/Hw YLsz
n

pl(‘/’ww pO ‘/;,'LU)

=1 =1

— _Z (V;’wYLlwz_ Zg ‘/zwaLsz
n

i=1 pl(‘/;7w i—1 pO V;,U)
V;, Y L w,b - L wz ‘/17 Y L w,e - L w,e
+ZQ w{1 L _Zg w{o 0,,}.
pl ‘/17w) pO(‘/mw)
We write the first difference as
Z g ‘/Z,'LU YLlwz o 1 Xn: g(‘/;vw)Y;LO,w,i
i:l pl ‘/;,U) n i=1 ﬁO(‘/;aw)
g V;,U) YLlwz g V;aw YLsz —1/2
- . B; ,
Z p1 (Vi,w) Z po (Vi, w) +Op(n )

=1 =1

where A; = p1(X;) — p1(X;) and B; = po(X;) — po(X;). Then, by applying Lemma A1(ii), we

have

%

Zg M,U)YLle Zg V;?wYLsz

pl V;,U) pO ‘/;711))

=1 =1

Ll,w,iPO(%aw) i LO,w,ipl(‘/ia w) H (Ql,w - Q1,w)

pl(‘/iaw) pO(V;aw) q1,w

= Eq [Q(W,w)Yi{

L w, i 2 L w,i ‘/;7 ] w w _
“Eo {g(‘/},w)Yi{ 1w,iPo(Vi, w) il D w)H (QO, 4o, )—i—op(n 1/2>‘

pl(‘/;aw) pO(‘/;vw)

qo,w

On the other hand, as for the last difference in (24),

g V;:w Y{Llwz Llwz g ‘/;7w Y{Lsz LO,w,i} —1/2
Z p1(Vi, w) Z po(Vi, w) om0

‘/7,7wa w,t A'w_ w V;,U)Y;L w,i ] w w
_ —EQ{ g(Vi, w)YiLy, } (ql,q a, )+EQ{ 9(Vi, w)Y; Lo, ] <qo, o, >+Op(n
1

pl(‘/iaw) ;W pO(‘/;)w) q0,w
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Combining these results, we conclude that

_Zg ‘/17wYL1w'L__Zg V;awYLOwl (25)

D1 V;?w pO V;,w)

=1 =1

= Zg‘/;?wYLlwz__Zg V;awYLsz

i:1 b1 V;?w i—1 pO ‘/sz

L w,t ‘/i, il w = w
+Eq [Q(Vé,w)Yi {_Ll,w,i 4 MH (u)

po(‘@ w) 1w

lepg(vi,w) H ((j()w - QOw) _1/2
-E Vi,w)Y;  ——————— — Lo ——— ) +0,(n /2y,
Q |:g( ) { pl(‘/;’ w) 0,w, q07w p( )

The last difference is written as

Eq [9(Vi, w) {—{Y1i — Yo} L1wi}] (M)

q1,w

LOwipl(Vz',’w) }} <Qlw—Q1w)
+E { Vi,in{”——Lm e e
2 |9V ) po(Vi, w) . Q1w

—Eq [g(Vi, w){¥i; = Yo,} Lo, (%wqﬂ)
0,w

Ly wipo(‘/hw) }} (Cjﬂw - qu)
—f-E Vi,w Yz L wi — : : .
N |:g( ) ' { o pl(‘/;aw) qo,w

Observe that

EQ [Q(Vz‘7w)yo,z‘ {—Ll,w,z' + Lo,w,z‘p1(Vi7w)/po(Vi; w }] = 0 and
Eq [9(Vi,w)Y1i {Low,: — L1wipo(Vi,w)/p1(Vi,w)}] = 0.

~—

Also note that

Eq [g(Vi,w){—{Yu — Yo} Liwi}] = —E[g(Vi,w)r(Vi,w)p:(Vi,w)] and
—Eq [9(Vi, w){Y1i = Yo} Lowi] = —E[g(Vi,w)r(Vi,w)po(Vi, w)].

Hence, the difference of the last two terms in (25) is equal to

n

1
—E1u [9(Vi, w)T(V;, w)] n Z (L1wi — Prw) — Eow [9(Vi, w)T(Vi, w)]

=1

n

Z Lsz pOw .
=1

Applying the result of (i) to the first difference of (25), we conclude that the difference in

SI'—‘
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(i) is equal to

g i, W Llwzglwz 9 i, W LszEsz
—Z AT ——Z (V)

where

+ 1w+ o0,(n

—1/2)

I

1 ¢ 1 ¢
Pow = = ;gm, )T (Vi w) Ly + — ;gm, w)7 (Vi w) Lo,

n

B [o(Viw)r (Vo w)] 3 (Frs — i)

=1
n

1
_E w V;; ‘/ia - L w, w) -
o oV )7 (V5 0)] 37 (B = o)
The wanted result follows by rearranging the terms. m
Proof of Theorem 3 : Note that
N 1 g ‘/Z7w pOw g ‘/;7 w Z
Twate — Twate — Z Z - Z
Eg(Xz> weW qlw €51 0 M?w QOwn €S0 ‘/law
+Rn — Twate + Op(n 1/2)7
where
1
R, = { T }
ZwEWn = 1g(waw){L1wz+L0wz
(3§ B 57 SR P 57 ST
wew 1wl 1€51 1 VZ’ w q0w €50, Vi, )
We can write
1
Rn = T AT v\ g V;aw Lw szate + Twate + o ( _1/2)
TP p
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Applying Lemma A2(i) to the first sum in (26), we obtain that

! g ‘/“w pr g ‘/:L’w
E[g(X))] _'_Rn — Twate
E[g(XZ)] ’LUXE;V q1,wM ; V;,U} q0 wT e%: ‘/ij
Llwislwi LOwiEOwi}
‘/:ww — 2 — At L)
XZ 'L%V zzlg {pl(Viaw) po(‘/;',w)
Z Zg V;,U) V;?w) Twate>Lw7i -+ 0,,(7171/2).
wGW i=1

By applying the Central Limit Theorem, we obtain the asymptotic distribution of 7,4-

As for T4, Observe that

%wate — Twate (27)
1 § : P1w 2 : g V;? U) pO w 2 : g V;? w I
= Rn - lTwate-
Eg<XZ) 1w ‘/;;w nO’w ‘/;;w + Twat
wew 1€851, 1€,

where Edg(Xi) =5 Pdw 5™ 90e) and 74 = E [9(X:)B4(Xi)] /Eg(X),

wWEW ng 1€54,w pa(Vi,w)

R,

{Elgl(xi) B Eg(le.) } m1Eg(X;)

- : - ! T N 1o (n 12
{Eogw Eg<xi>} oBg(X:) +op(n )

_Elg(Xi)Tl - EOQ(XZ‘)TO
Eg(X;)

+ Twate + op(n_1/2).

Observe that

- Elg(Xi)Tl - E09<Xi>TO

28
Eg(Xi) ( )
B 1 PLw g(Vi,w)T1  pow g(Vi,w)To
B E[g(Xl)] Z 1w Z ‘/ij 7/LO’LU Z ‘/;,U)
weWw ZES ESO

By replacing Y;1{(D;, W;) = (1,w)} by 71 1{(D;, W;) = (1,w)} and Y;1{(D;, W;) = (0,w)}
by 7o1{(D;,W;) = (0,w)} in Lemma A2(ii) and noting that 7,u = 71 — 7o, we find that
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the last term in (28) is equal to

7—wa e
d Z Z{g V;)w El,w [9<V;7w)]}L1,w,i
Twa e _
d Z Z {g V:n w El,w [g(V;, w)]} LO,w,i — Twate + Op(n 1/2)-

Therefore, by applying Lemma A2(ii) to the leading term of (27), we conclude that 7,4 —

Twate 18 asymptotically equivalent to (up to Op(n71/2))

g Llwzglwz 1 & g(‘/;aw)LO,w,iEO,w,i
es Z{ D R RREPIES e

=1

+Eg(XZ) wezw n 121 (G (Vi w) L + Co(Vi ) Loaws) -

The wanted result follows from the Central Limit Theorem.

Proof of Theorem 4 : We first consider 7. Let Eq [8,(X;)] = E[B(X;)|D; = 1] . Note

that
D1w Pow p1 (Vi,w)Y; _
Tatet — Tatet = — Z Z Y, — Z Vz,w + Ry, — Tatet,
lGS]_w ES
where
D 1 1 Po,w ﬁl(‘/mw)y;
R,=<{ — — i — o Z Z S '
b1 ZwEW no,w iESo’wpl( Z?w)/p()( l7w) weW no,w €S0, pU( z;w)
We write
= Po,w p _
Fn = — Z ; Z : E1 [Bo(X:)] — p1iE1 [B1(X0)] p + Tater + 0p(n?).
P wew OleS
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Using this and defining £4; = Y4 —

Tatet — Tatet —

We consider D,, first.

~>

wEW

3

wGW

= Dln + Dgn =+ Op(TL

Apply Lemma A1(i) to write Dy, as (up to o,(n

wEW

=)

Defining Ay i = By(Vi,w) —

sh

wGW

Po,w
qo,wh

1 P1w Z B, — Po,w p1(Vi, w)Eo, (29)
p1 wew Mw i€S1 w0 ’ 0,w 1€80,w pO(V;’ w)
1 Po,w 50‘{]?1(‘/;711)) _Z?l(%aw)}

D1 WEW 0,w icS. pO(‘/;vw) pO(V;aw)

_pl(Vi,w) on(n~1/2
pom,w)) Fo(n )

* S e

zGS

(B

- pOw
Ak

B, — C,, — D,, + op(n~ /2 say.

Write it as

g €0,i

1€50,w

§ €0i

1€50,w

()

(pl(‘/i’ w){po(‘/;7 'LU) — ﬁO(Vw w)}>
p3(Vi, w)

Po,w
qo,wn

+ Op(n_l/Q)
172, say.

—1/2))
ZEQ 601L0w®|v;7W _w]jlwz
Po(Viy ) Eq (L Ve, W, = u]

Z EQ 50 ZLszH/;7W ]pl(‘/;aw)jw,i
pO(V;aw)EQ[ w,1|‘/iaVVi :w] '

i=1

wGW

)| D; = 1], we write the last difference as

E[84(X
ZAszjlwz} - — Z {lZpl(Vi,w)Ao,w,ijw,i}7
1 wew n =1

=1

because similarly as in (22),

Eq [E0iLowi|Vi, Wi = w|p1(Vi, w)

EQ [éo,iLO,w,i“/i; W, = w]

- V;’ A w,i d
Eq [Luw,:|Vi, Wi = w] po(Vi, w)Ag i an

b1 (V}, w)AO,w,i-

po(Vi,w)EQ [Lw,z‘ﬂ/;‘, W; = w]
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Applying Lemma A1(i), we write Dy, as (up to o,(n=%/2))

Z ZM Vz,w EQ 502L0wz|‘/17m—w]j
T 0,w,i
Svre roViw)Eg [Lu|Vi, Wi = w]
_Z Zpl ‘/jwwEQ 501L0wz|‘/;>w_w}j A

Loew Wiz PO (Vi, w)Eq [Lu | Vi, Wi = w]

i=1 Y41

_ P1(Vi, w) Ag i 1 1<
-, ;\){ Z pO V w \70,111,2'} +— Z {Ezpl(‘/;aw)AO,w,ijw,i} .

wew i=1

Therefore, Dy,, + Ds, is equal to

= Z { ZAszjlwz} — i Z {%ipl(vmw)AO,w,ijw,i}

wGW =1 P weW =1
‘[L?w A wZ
dy iy nli e, |
weW i=1 pO l?w
1 1 12
+— Z - Zpl(‘/la w)AO,w,ijw,i + Op(n )
Prioy (M ia

- Z { ZAszjlwz}__Z { Zpl ‘/wonwz%,w’i}—FOp(nl/z).

wEW i=1 D1 weW i=1 Do ‘/7,7 w

As for the last two terms, note that from (23),

pl(%vw)
Eq |L1,w,i|Vi, Wi = w| — Eq |Low,i|Vi, Wi =
L1 |- BB (Lol Vi Wi = u]
,W w -‘/VZ.? ‘/7/7
Q1w (Zo,w pO(V;aw>
fP(‘/Z?w) fP(‘/hw) fp(‘/;vw)
Vo) o)~ ToWow) T
Therefore,
Dn - D1n+D2n
1 n
Ly {-on7w,iL1,w,i}
n <
wew i=1
‘/7,7 A ’UJZ —
——z{ T R
weW = ro(Vi,w)
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Now, we turn to C,, (in (29)) which we write as

15(‘/;67”) ﬁl(\@,w) —1/2
_Z ngL‘)wz{ﬁ m,w)‘ﬁo(v;,w)}“”(" ®)

wEW 1=1
o ]5 ( i, W ){pO(‘/Zaw) ]50(‘/1711])}
- Z 2501[/01112
wGW i=1 p()(‘/uw)
V;,U) — D ‘/iaw D V:iaw —
. Z ZEOzLsz{ ( ) Zoév ’U)) )}pO( )} +0p(n 1/2)
weW =1 Po\Vi,
1 1 . ~ D ‘/iaw — D ‘/;,U} —
_ Z _250,iL0,w,i{pO( 2) po( >}} —|—op(n 1/2>‘
b 2 AT

As for the last term, we apply Lemma A1(ii) to write it as

— Z E [p1(Vi, w) Ao,w,i] (qow 0w e qu) + 0,(n71?).

b1 weW qO,w q1,w

Now, let us turn to B, (in (29)) which we write as

Z{ Zgllewz_ Zpl ‘/zngozLsz}_i_En,
=1

oW - i—1 Po ‘/l7w
where
1 1=, & 1 < Pl(‘/z‘,w)goi(fzom—[zom)
EnE_ - EiL,w,i_L,w,i__ ’ — — .
PRDRICENEIRSS

Now, we focus on E,. Observe that

1 = ~ - q1,w q W —
E;El,i(Ll,w,i_Ll,w,i) = —ZefuLlwz(;)—l- ( 1/2)

q

= E[pl(‘/iaw)Al,wz <Q1w Q1w> +0p 1/2 .

Also,

Zpl (Vi,w)&o; Lsz Low,)
po(Vi, w)

= E[pl(‘/:iaw)AO,w,i] <q0,wqﬂ> +0p(n_1/2),
0,w
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Therefore, we write FE,, as

- Z E [p1(Vi, w) A ] <M>__ Z E [p1(Vi, w) Ao ] (M) +0p(n_1/2),

P1 e Tw P1 e 0.w

Now, let us collect all the results for B,,, C,,, and D,, and plug these into (29) to deduce
that

Tatet — Tatet

= Z{lzn:gll/l L Zpl ‘/zawSO'LLsz}
n ad1,w,i

Lwew i=1 i=1 po(Vi; w)
q w qA ;W qdo,w q ;W
+— Z E [p1(Vi, w) Ay, (;) - Z E [p1(Vi, w)Ag ] (u)
P15 1w P15 do,w
- Z E pl ‘/z;U))Asz] <QO,w — qo,w B Q1w — q1,w)
Pr = q0,w @10
(Vi, w)Ag i -
Ly { onw,Llw,} Ly { P L} + oyl
wEW P weW =1 pO v 'LU

By rearranging terms and after some algebra, we rewrite

Tatet — Tatet

E—— _ | o p1(Vi, w) (Yoi — Bo(Xi)) Low,i
o Z{ ZYh B1(X3)) L, Z oo (Vi) }

wGW i=1

+ Z Z ‘/;7 UJ — Tatet — Ed,w [T(‘/;;, U)) - Tatet])Ll,w,i + Op(n_1/2)~
EW =1

Hence the wanted result follows by the Central Limit Theorem.

(ii) The case of Tutet, is a special case of T4 with W; = 1 for all ¢ = 1,- - -, n. Hence we

focus on T4ter . We write it as

N 1 P pl —1/2
Tatet,p — Tatet = — § —— ] Rn_Tae AW / >
tet,p tet pl{qlnz Z tet + Op( )

n
ics do™ =3,
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where Lg; =Y ,cp H{Di = d}pa/qa

and

1

R, = TR
{%Zz 1p1(X

) {L1;+ LO,i}

1
41

}plTatet + Op( 1/2)

T ate _
) {pl——zpl {L11+Loz}} pttﬂp(n 12).
1

Hence we can write Tatetp — Tatet 85

1 P1 pl
sy mso

€S 1€S
p
= { ! Z{Y Tatetpl
’LGS
where
F, = {p1
P1gon ;:0
P1T atet
G, = {m
" p1{ qn ZEZS

T(l € - A~ -
} — _atet Zpl(Xi) {L1,;+ Lo} + op(n 1/2)
=1

np1 <=

Zpl

ZES

Y; _
{ XZ) +7_atet}} +Fn+Gn+0p(n 1/2)7

Y;
Z)} { + Tatet} and

po(Xi)

QOTL

By applying Lemma A1(i), we write F,, as

) -+ Tatet) LO z‘X]

po Zpl

1§ Balli/n(X

_ Ji
pin & Eq [Li] X)) 1
L . Eq [(Yi/po(Xi) + Tatet) Lo,i| Xi] p1(X;)
+pm 2 Eq (LX)
= —— Z (Bo(Xi) + TaterPo(Xs)) po(Xi) T1i
pn <
— Z 60 + TatetPO(Xi)) pl(X’L)*jo,l + Op(n
pln
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T + 0p(n7?)
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Again by applying Lemma A1(i), we write G,, as

 Tate Tatet o
et ZM )T+ ) tnt ZP1(XZ')2\7¢
— 1

=1

jl K + OP( _1/2)'

Collecting these results, we write

. 11 Y
Tatet,p — Tatetp — {E Z Ll,i{ifi - Tatetpl } - Z LO zpl {p (X) + Tatet}}

_m Z (Bo(Xi) + Tatetpo(X:)) po(X:) T,i

1 n
Pm Z (Bo(Xi) + Taterpo(Xi)) p1(Xi) Josi
i=1
Ta € Ta €
ptntzpl Xi) T+ ttzpl joz
! =1

p
pmz i ao,——zpl

jlz + Op( _1/2)'

By rearranging the terms and going through some algebra, we obtain that

po(X )

; _ L IS oy 1 {Y; = By(Xi) 1 (X0)
Tatet,p — Tatet — o {n Z Ly {Y: — 5,(X0)} Z Lo, { }}
pl n Z Ll K {T T(ltet} .

The last eqaulity follows because po(X;)q1(Xi)p1/q1 = p1(Xi)q0(Xi)po/qo (e.g. see (30)). The
wanted result follows by the Central Limit Theorem. m

The following lemma is used to prove Theorem 4 and useful for other purposes. Hence
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we make the notations and assumptions self-contained here. Let (Z;, H;, X;)I; be an i.i.d.
sample from P. Let X; = (X4, Xo;) € R *2 where X;; is continuous and Xy, is discrete,
and let Kﬂ = Kh (le — Xll) 1{X2j = X2i}7 Kh() = K(/h)/hLl Let X be the Support of

X; and f(-) be its density with respect to a o-finite measure.

Assumption B1 : (i)(a) For some s > 2 and ¢ > L, sup.exE|[||Z]||°|X; = 2] < o0,
supaexl 7B | Z] |1 X; = 2] < o0 and B{||H[]2) < oo.

(ii)(a) 0 < € <inf,ex f(x) for some ¢ > 0, and

(b) f(-,z2), E[Z;| X1; = -, Xo; = x9] and E[H;| Xy; = -, Xo; = x2] are Ly +1 times continuously

differentiable with bounded derivatives.
Assumption B2 : For the kernel K and the bandwidth h, Assumption 2 holds.

Lemma B1 : Suppose that Assumptions B1-B2 hold. Then we have the following:

Ly D Ll | 1 ¢

=1, 1470

Proof of Lemma B1 : The proof proceeds similarly as the proof of Lemma Al of Song
(2009). We briefly sketch the steps here. We confine ourselves to the case where X contains
a vector X; of continuous variables. The proof for the case with X discrete is much simpler
and omitted. First, let f(:z:) = %22;1 Ky (Xy; — 21)1{ X5 = x5} and note that

sup |f(z) — f(z)] = O,(v/n—th=Lilogn + A7) and
TeEX
max Xy 2K /G = BIZIX | = Op(Vnthtlogn + k™)

by Theorem 4 of Hansen (2008). By Assumption B2(ii), the last convergence rates are
0,(n~'/4). Hence from the argument of the proof of Lemma A1 of Song (2009), it suffices to
show that

1 < H [EZ|X] & 1 < }
— Kiy— —— Z.K

_ % > BIH|X{BIZIX] - Z} + o0,(1)

because the right-hand side is O,(1) and the density of X; is bounded above zero. Write the
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left-hand side as

(n—1 \/_Z Z an (9, )

i=1 j=1,5#1

Where qh(Si7 S]) = Hz {E[ZZ|XZ] — ZJ} Kh(le — Xli)l{XZj = XQZ}/f<X1),

and S; = (X;, Z;, H;). Note that by Assumption B1(i), we write E [¢,(S5;, 5;)|S: = 5], § =

E (S, 95)1X; HS = 5] (31)
= /{E Z |X —E [ZJ|X] = (Il,l’g)]} Kh(l’l — fl)l{l’Q = jfg}dF(Il,ZEQ)

- 7_7/ {ElZ|X; =% —E|[Z;|X; = (Z1 + hv, T2)]} K(v)dv + Op(hLH'l) - Op(hLH'l),

due to the higher order property of the kernel. The O,(hf**1) terms are uniform over 5 in

the support of S;. Therefore,

(n—1 \/_Z Z G \/—ZEQh (S5, S)IS;] + 70 + O, (v/nhMH1),

i=1 j=1,j7#1

where r, = \/Lﬁ Sor{an(Si, S;) — E[qn(S:, S5)|S;]}. Observe that

'E (lan(Si, S)I7) = n'E[HABIZ]|X)) — Z;} Kn(X1; — X1)1{Xo; = Xai}/ f7(X))]
= O(n'h ™) =o0(1)

by change of variables and by Assumption 3(ii). Therefore, by Lemma 3.1 of Powell, Stock,
and Stoker (1989), r,, = 0,(1). Note that

E [gn(Si, S;)|S; = 5] = E[E [qn(Si, 55)|Xi, S5] [S; = 3]
_ /f%m) (E[Z|X: = (21,25)] — 0} Kn(Z1 — 21)1{Ts = 22} dF (21, 22, 1)
- Z /n{E (Z:| X = %) — 0} Kp (21 — 1) 1{Z2 = 22 }dF (1|21, x2)dx; + O (hLlH)

= E[H,|X; = 2] {E[Z;|X; = 7] — 0} + O, ("),

where the O,(h**™!) term is uniform over 5. The wanted result follows from this. m
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