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Abstract

This paper investigates the problem of testing conditional independence of Y
and Z given \g(X) for some unknown § € © C RY, for a parametric function
Ao(+). For instance, such a problem is relevant in recent literatures of heteroge-
neous treatment effects and contract theory. First, this paper finds that using
Rosenblatt transforms in a certain way, we can construct a class of tests that
are asymptotically pivotal and asymptotically unbiased against /n-converging
Pitman local alternatives. The asymptotic pivotalness is convenient especially
because the asymptotic critical values remain invariant over different estimators
of the unknown parameter 6. Even when tests are asymptotically pivotal, how-
ever, it is often the case that simulation methods to obtain asymptotic critical
values are yet unavailable or complicated, and hence this paper suggests a simple
wild bootstrap procedure. A special case of the proposed testing framework is to
test the presence of quantile treatment effects in a program evaluation data set.
Using the JTPA training data set, we investigate the validity of nonexperimen-
tal procedures for inferences about quantile treatment effects of the job training

prograrn.
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1 Introduction

Suppose that Y and Z are random variables, and let A\g(X) be a real valued function of a
random vector X indexed by a parameter § € O. For example, we may consider A\y(X) =
h(X'0) for some known function h. This paper investigates the problem of testing conditional

independence of Y and Z given \g(X) for some 0 € O :
Y L Z|X\g(X) for some 0 € O. (1)

The function Ay(-) is known up to a finite dimensional parameter 6 € ©.

The conditional independence restriction is often used as part of the identifying restric-
tion of an econometric model. In the literature of program evaluations, testing conditional
independence of the observed outcome and the treatment decision given observable covari-
ates can serve as testing lack of average or quantile treatment effects under the assumption of
unconfoundedness (e.g. Rosenbaum and Rubin (1983) and Firpo (2006)), or serve as a means
to evaluate the assumptions of nonexperimental procedures when a good quality experimen-
tal data set is available (Heckman, Ichimura, and Todd (1997)). A conditional independence
restriction is, sometimes, a direct implication of an economic theory. For example, in the
literature of insurance, the presence of positive conditional dependence between coverage and
risk is known to be a direct consequence of adverse selection under information asymmetry.
(e.g. Chiappori and Salanié¢ (2000)).

The literature of testing conditional independence for continuous variables appears rather
recent and includes relatively few researches as compared to that of other nonparametric or
semiparametric tests. Linton and Gozalo (1999) and Delgado and Gonzélez Manteiga (2001)
proposed a bootstrap-based test of conditional independence. Su and White (2003a, 2003b,
2003c) studied several methods of testing conditional independence based on comparing
conditional densities, characteristic functions, and empirical likelihoods. Angrist and Kuer-
steiner (2004) suggested asymptotically pivotal tests of conditional independence when 7 is
binary.

This paper’s framework of hypothesis testing is based on an unconditional-moment formu-
lation of the null hypothesis using test functions that run through an index space. The tests
in our framework have the usual local power properties that are shared by other empirical-
process based approaches such as Linton and Gozalo (1999), Delgado and Gonzélez Manteiga
(2001), and Angrist and Kuersteiner (2004). In contrast with Linton and Gozalo (1999) and
Delgado and Gonzdlez Manteiga (2001), our tests are asymptotically pivotal (or asymptoti-

cally distribution free).?

3 Although we can write the conditional independence restrictions as semiparametric conditional moment



Asymptotic pivotal tests have asymptotic critical values that do not change as we move
from one data generating process to another within the null hypothesis. In general, the
limiting distribution of tests based on an unconditional-moment formulation of the null
hypothesis changes as we move from one specification of A\g(X) to another, or from one
estimator of f to another. The main contribution of this paper is to propose a class of tests
that are asymptotically pivotal for a wide class of different specifications of A\y(X) and for
different estimators of 6 even with different rates of convergence.

There are two important merits of using asymptotic pivotal tests. First, when the tests are
asymptotically pivotal and asymptotic critical values can be simulated, one can compute the
asymptotic critical values once and for all, and use them for a variety of different specifications
of M\g(X) or even different tests with the same limiting distribution without having to resort
to the resampling method. For example, we can use the existing tables of asymptotic critical
values in a special case when Z is binary (see Section 6). The asymptotic pivotal tests are
convenient in particular, when the data are large and testing procedure is complicated so
that the resampling procedure is cumbersome.

Second, even when the resampling procedure is a viable option, it is still better to use
asymptotic pivotal tests in many regular cases. In some cases, the asymptotic critical values
are hard to simulate even when the test is asymptotically pivotal. Furthermore, when one is
interested in performing multiple tests that have different limiting distributions, simulations
should be performed again every time one changes the test statistic, say, from a two-sided
test to a one-sided one. Hence a bootstrap procedure may still be an attractive option in this
situation. Then, it is well-known that in many regular cases, the bootstrap method applied
to asymptotic pivotal tests shows asymptotic refinement property, and hence in this case one
does better by using an asymptotic pivotal test in place of asymptotically nonpivotal one.
This paper suggests a simple wild bootstrap procedure based on the proposal of Delgado
and Gonzélez Manteiga (2001). The proposed bootstrap procedure is simple and easy to
implement as it does not require the computation of nonparametric estimators for each
bootstrap sample.

The method we employ to obtain asymptotic pivotal tests is to apply a quantile transform
U = Fp(Mg(X)) of \g(X) and employ Rosenblatt transforms that are applied to (Y, U) and

restrictions, the procedure of Song (2007) to obtain asymptotic pivotal tests does not apply to these restric-
tions.

The property of asymptotic pivotalness is shared, in particular, by Angrist and Kuersteiner (2004) who
employed a martingale transform of Khmaladze (1993). However, they focus only on the case of Z being
equal to binary and P{Z = 1| X} is parametrically specified. Our framework does not require this restriction.

Several tests suggested by Su and White are also asymptotically pivotal, and consistent, but have different
asymptotic power properties. Their tests are asymptotically unbiased against Pitman local alternatives that
converge to the null at a rate slower than /n.



(Z,U) when both Y and Z are continuous, and applied to Y when Z is binary. Since the
quantile transform and the conditional distribution functions in the Rosenblatt transform are
unknown, we replace them by nonparametric estimators. The use of the quantile transform
renders the test invariant to the estimation error of @ in large samples, and the use of the
Rosenblatt transform makes the test asymptotically pivotal. It is worth emphasizing that the
Rosenblatt transform causes almost no additional computational cost as compared to other
existing testing procedures of conditional independence. Most conditional independence
tests involve one or two incidences of nonparametric estimation, and so does the method of
Rosenblatt transform that we propose here.

As emphasized before, one of the most distinctive aspects of this paper’s proposal is that
the asymptotic pivotalness of the test is maintained even when we allow the conditioning
variable \g(X) to depend on the unknown parameter §. This is particularly important when
the dimension of the random vector X is large relative to the sample size. In such a situation,
instead of testing

Y 1 Z|X,

it is reasonable to impose a single-index restriction upon X and test the hypothesis of the

% One can check the robustness of the result by varying the parametrization

form in (1).
used for the single-index A\g(X). It is worth noting that the single-index structure in the
conditioning variable, though it is set up as a parametric function, has a semiparametric
nature in itself. Indeed, for any strictly increasing function A(-), the null hypothesis of
Y L Z|X(X) and Y L Z]h(Ng(X)) are equivalent.

The finite sample performance of the tests proposed in the paper are compared via a
Monte Carlo simulation study. The tests we focus on are of two types: one using indicator
functions in the construction of tests as in Stute (1997) and the other using exponential func-
tions as in Bierens (1990). We investigate their performances under various data generating
processes.

As an illustration, this paper applies the proposed method of testing to the problem of
evaluating nonexperimental procedures. Since the seminal paper by LalLonde (1986), one
of the main questions addressed in the literatures of program evaluation has been whether
econometric methods applied to nonexperimental data set are reliable (see e.g. Heckman,
Ichimura, and Todd (1997, 1998), Dehejia and Wahba (1999), and Smith and Todd (2001,
2005) and references therein). To address this question in the context of LalLonde (1986),
Smith and Todd (2001, 2005), in particular, estimated treatment effects from the combined

*In general, Y L Z|X does not imply Y LZ|A\g(X). (See Phillips (1987) or Dawid (1979) for example.)
Hence the single-index restriction is an additional element that belongs to a model specification prior to the
conditional independence restriction.



data set of the control group (from the randomized-out data) and the comparison group
(from the nonexperimental data) using various econometric methods, and checked if the
estimates are close to zero as they would if the nonexperimental procedures were valid.

In a similar spirit, we employ a data set from the Job Training Partnership Act (JTPA)
training program used by Heckman, Ichimura, Smith and Todd (1998) (from here on, HIST')
and evaluate the econometric methods of quantile treatment effects, yet from the perspec-
tive of hypothesis testing rather than that of estimation. This approach using the hypothesis
testing framework seems reasonable as compared to the use of estimators when the results
depend heavily on the specifics of the estimators used. Typically the questions addressed by
hypothesis testing are simpler than estimators, and often requires less assumptions accord-
ingly.

We first test whether the outcome variable of an untreated state is conditionally inde-
pendent from the receipt of treatment given the propensity score. The test fails to reject
the null of conditional independence. Second, we consider weaker implications needed for
identification of quantile treatment effects. We also fail to reject the implications using the
JTPA data. These results appear to be consistent with one part of the mixed results from
HIST where conditional mean independence tests are performed with adjustment for estima-
tion of the propensity score. With adjustment for estimation of the propensity score, their
test fails to reject the null of conditional mean independence, while without adjustment,
their test firmly rejects the null. However, they minimize the result with adjustment for
estimation because for lower percentile values of propensity scores, the bias estimates are
significantly different from zero. Our findings suggest that empirical evidence against the
unconfoundedness assumption or its implications still appears weak in the JTPA data.

This paper is organized as follows. In the next section, we introduce the testing frame-
work formally and discuss examples. In Section 3, we provide the first result that gives an
asymptotic representation of the empirical process constituting the test statistic. Section 4
deals with the case where Z is binary. In Section 5, a bootstrap procedure is suggested and
asymptotically justified. In Section 6, we propose a variant of the Rosenblatt-transform ap-
proach that utilizes the martingale transform of Khmaladze (1993). In Section 7, we present
and discuss the results from the Monte Carlo simulation study. Section 8 is devoted to an
empirical application that investigate the validity of nonexperimental procedures using the
JTPA training data. In Section 9, we conclude. The mathematical proofs are relegated to

the appendix.



2 Testing Conditional Independence

2.1 The Null Hypothesis and the Rosenblatt transform

Suppose that we are given a random vector (Y, Z, X) distributed by P and an unknown real
valued function \g(-) on R, § € © C R%. We are interested in testing the null hypothesis
in (1). For example, we may consider A\p(X) = h(X'0) for a known function h. Hence a
special case is testing conditional independence of Y and Z given X' for some 0 € ©. We

assume the following for (Y, 7).

Assumption 1C : The random vector (Y, Z) is absolutely continuous with respect to the

Lebesgue measure on R? with a continuous joint density function.

When either Y or Z is binary, the development of this paper’s thesis becomes simpler,
as we will see in a later section. The null hypothesis in (1) requires to check the conditional
independence of Y and Z given A\g(X) for all # € O until we find one ¢ that satisfies the
conditional independence restriction. The condition (ii)(a) in the following simplifies this

problem by making it suffice to focus on a specific 6y in ©.

Assumption 2C : (i) The parameter space O is compact in R%,

(ii) There exists a parameter fy € © and B(fy,6) = {0 € © : ||0 —6|| < 6}, > 0, such that
(a) Y L Z|Xg,(X), whenever the null hypothesis of (1) holds,
(b) Xo(+), @ € B(fo,9), is uniformly bounded and for any 6,60, € B(f,,0),

| Ao, () — Ao, ()] < C]01 — 05]], for some C' > 0,

(c) for each 6 € B(fy,d), A\g(X) is absolutely continuous with respect to the Lebesgue
measure and has a uniformly bounded density, and

(d) for each § € B(0y,0), there exists a o-finite measure wy that defines the condi-
tional density function fy(y,z, x| 1, \) of (Y, Z, X) given (Ag(X), A\o(X)) = (A1, \) where
fo(y, z, 2| A1, \) is twice continuously differentiable in A; in the support of A\g(X), with
derivatives fe(j), j = 1,2, satisfying supge (g, 5 J ( o(j))“‘;'(y,z,x];\l,;\)dwg(y, z,x) < C for
some &', C > 0.

For example, the parameter 6, in the above assumption can be defined as a unique

solution to the following problem

fg = argmin  sup ‘E [fyz(Z)(”Yy(Y) - E [’Yy(Y)P\@(X)])M@(X) = 5‘} } ) (2)

€O (4,2, 3)eRs



if the solution exists, where ~,(-) and 7,(-) are appropriate functions indexed by y € R and
z € R. For functions 7, (-) and 7,(-), one may take indicator functions v,(Z) = 1{Z < z} and
7,(Y) = {Y < y}. The uniform boundedness condition in (ii)(b) for A is innocuous,
because by choosing a strictly increasing function ® on [0, 1], we can redefine Ay = ® o \,.
The Lipschitz continuity in (ii)(b) can be made to hold by choosing this ¢ appropriately.
When M\g(X) = X'6 and @ is chosen to be the standard normal distribution function, the
condition (ii)(b) is satisfied. The absolute continuity condition in (c) is satisfied in particular
when Ay, (X) = h(X'0y) with a continuous function h and there exists a continuous random
variable X; whose coefficient 6} is not zero. The condition (d) does not require the random
vector X to be continuous. For example, the condition allows the o-finite measure wy to
have a marginal for X as a counting measure. Stute and Zhu (2005) use an analogous, weaker
condition.?

Briefly we write A\g(X) = A, (X) and let Fy be the distribution function of A\g(X). Also
let U £ Fy(M\o(X)). Then under Assumptions 1 and 2, we can write the null hypothesis as
(e.g. Theorem 9.2.1 in Chung (2001), p.322)

Hy : P {E(7,(Y)|U, Z) = By, (V)|U), for all y € [0,1]} =1,
for an appropriate class of functions {v,(-) : ¥ € [0,1]}. Let us define
Z = F2|U(Z|U) and Y/ = Fy|U(Y|U),

where Fy iy (-|U) and Fyy(-|U) are conditional distribution functions of ¥ and Z given U
respectively. Then (Z ,U) is distributed as the joint distribution of two independent uniform
[0,1] random variables, and so is (Y, U). The transform of (Z,U) into (Z,U) is called the
Rosenblatt transform, due to Rosenblatt (1952). Under Assumption 2, we can write the null
hypothesis equivalently as :

Hy: P {E(vy(}})w, 7) = B(y,(Y)), for all y € 0, 1]} ~1. (3)
The alternative hypothesis is given by the negation of the null:

H :P {E(vy(}})w, 7Z) = E(v,(Y)), for all y € [0, 1]} <1.

The next subsection provides examples that demonstrate the relevancy of this testing prob-

lem in empirical researches.

®See Condition A(i) of Theorem 2.1 there.



2.2 Examples
2.2.1 Heterogeneous Treatment Effects under Unconfoundedness Condition

In the literature of program evaluations, it is often of interest to see whether participating in
a certain program or treatment has an effect on an individual’s outcome. (See Rosenbaum
and Rubin (1983), HIST, Hirano, Imbens, and Ridder (2003) and references therein.) Let Y}
represent an outcome when the individual is treated and Yy an outcome when not treated,
and Z denote a binary variable representing participation in the treatment. Let X be a

vector of covariates such that conditional independence
(Yo, Y1) LZ | X (4)

holds. Then it is well-known that (Rosenbaum and Rubin (1983)) when P(X) = P (Z = 1|X)
(0,1), (Yp,Y1) L Z | P(X). Consider testing the following restriction:

Y L 7| P(X), (5)

where Y = Yy(1 — Z) + Y1 Z represents an observed outcome. Under this restriction, for any

measurable function u,

E[U(Yo) u(Y1)[P(X)]
Z = 0] = Eu(Y)|P(X),Z = 1]

);
)l = E[u(Y)[P(X)] = 0.
Hence this implies that E[u(Yy) — u(Y1)|P(X)] = 0. When the conditional independence
restriction in (5) holds, there is no evidence not only of the (local) average treatment effect,
but also of the (conditional) quantile treatment effects. Therefore, we may be interested in
testing Y L Z | P(X;0) where P(X;0) is a parametrization of P(X).

In many cases, the condition in (4) is more restrictive than is needed for identifying
treatment effects parameters at hand. For example, to identify the mean effect of treatment

on the treated or its average version, it often suffices to assume that
Yo L Z | P(X)

or that Y is conditionally mean independent of Z given P(X).(Heckman, Ichimura, and

Todd (1997)). We can test the above null hypothesis when experimental data are available.



2.2.2 Testing Identifying Assumptions for Quantile Treatment Effects

As mentioned before, when experimental data are available, we can test a variety of identi-
fying assumptions that are used to estimate a variety of quantities representing treatment
effects. Among the examples are quantile treatment effects that we focus on here (e.g.
Abadie, Angrist, and Imbens (2002) and Firpo (2007)). Let qo, and ¢1, be the 7-th quantiles
of Yy and Y;. Under the assumption that

I{Yi<q.} LZ]|Xand 1{Yo<qo} L Z|X, (6)

the quantile treatment effect A, = ¢1 — qo- is identified as ¢, and qo, are identified from
(Firpo (2007))

1-7

ml {Y <qo}| =7

Z
E|—1{Y < ¢, } :TandEl
p(X) t i)
Let F and Fj be distribution functions of Y7 and Yj. By a theorem of Rosenbaum and Rubin
(1983) and using a quantile transform Y; and Yj into Fi(Y7) and Fy(Yp), the restrictions in
(6) imply®
H{F (M) <7} L Z | P(X) and 1{Fy(Yo) <7} L Z | P(X),

if P(X) € (0,1). Using experimental data, we can test the conditional independence restric-
tions in the above.

The test can be used to test the identifying restrictions of conditional quantile treatment
effects. Let qo,(X) and ¢1,(X) be defined from the relation

7= P{Y; < qo-(X)|P(X)} and 7 = P{V; < q.(X)|P(X)}.

The conditional quantile treatment effect can be defined as A (X) = qo-(X) — ¢1-(X). Let
Fi(Y1|P(X)) and Fy(Yp|P(X)) be the conditional quantile transforms of Y7 and Yy, i.e., where
Fi(-|P(X)) and Fy(:|P(X)) are conditional distribution functions of Y; given P(X) and Yj
given P(X). Then the identifying restrictions of conditional quantile treatment effects are

given by

HAMIP(X)) <7} L Z | X and 1{F(Yo|P(X)) <7} L Z]X. (7)

®For any random vector Y, a binary variable Z and random vector X such that P(X) = P{Z =1|X} €
(0,1), it can be shown that ¥ L Z | X always implies Y L Z|P(X) following steps in the proofs of Theorems
2 and 3 in Rosenbaum and Rubin (1983).



Under these restrictions, we can identify ¢1,(X) and go,(X) from

1-Z

1_7]3()()1{3/ < qor (X)X | =7

A
B | 5 O < (X)) |X} —rand B l

The conditional independence restrictions in (7) imply the restrictions
H{RAMW|P(X)) <7} L Z | P(X) and 1{Fo(Yo|P(X)) <7} L Z [ P(X).  (8)

It is interesting to observe that the nonparametric components Fy(Yy|P(X)) and Fi (Y1 |P(X))
are identified as part of Rosenblatt transforms of (Yp, P(X)) and (Y1, P(X)). As we demon-
strate later, testing the restrictions in (8) is a special case of the testing framework that this

paper proposes.

2.2.3 Testing Identifying Assumptions for IV Quantile Treatment Effects

Conditional independence assumption is also used in the IV quantile treatment effects model
proposed by Chernozhukov and Hansen (2007). Suppose the conditional latent outcome Yy

given X = x is determined through
Yvd(x) = Q(d, z, Ud)7

where Uy follows uniform over [0, 1]. One of the main conditions used by Chernozhukov and
Hansen (2005) is that for some random vector Z, U; and Z are independent given X = x.
By Lemma 4.1 of Dawid (1979), this yields a testable implication that Y;(X) and Z are
independent given X = x. This implication is directly testable when an experimental data
set is available. Using the combined data set of randomized-out participants who applied for

the program and who did not apply for the program, we can test
Yo(X) L Z given X.

When X is a vector of large dimension relative to the size of the data set, we can employ a

single index restriction and test the null hypothesis of the form in (1).

2.2.4 Contract Theory

In the literature of contract theory, there has been an interest in testing the relevance of
asymmetric information in data. Under asymmetric information, it is known that the risk

is positively related to the coverage of the contract conditional on all publicly observed

10



variables. This fact motivated several researchers to investigate the presence of such a
relationship in various data sets.(See Cawley and Phillipson (1999), Chiappori and Salanié
(2000), Chiappori, Jullien, Salanié, and Salanié (2002) and references therein.)

In this situation, the null hypothesis is conditional independence of the risk and the
coverage, but the alternative hypothesis is restricted to positive dependence of the risk (or
probability of claims in the insurance data) and the coverage of the insurance contract
conditional on all observable variables. This paper’s framework can be used to deal with

this case of one-sided testing.

3 Asymptotic Representation of a Semiparametric Em-

pirical Process

3.1 Asymptotic Representation

The null hypothesis of (3) is a conditional moment restriction. In this paper, we take v, and

7, to be indicator functions:
7.(Z2) = {Z < z} and 7, (Y) = {Y <y}
and write the null hypothesis as

Hy : B[, (U){7.(Zi) = {7, (Y) = 9}] = 0, ¥(y, 2,u) € [0, 1]° (9)

for an appropriate class of functions 3, (-). The function 3, can be any function that makes
the null hypotheses in (1) and (9) equivalent under Assumptions 1 and 2. For example, one
can take 3, (U) = 1{U < u} as in Stute (1997) and Andrews (1997), or 3,(U) = exp(Uu) as
in Bierens (1990) and Bierens and Ploberger (1997). For a general discussion of the class of
functions for consistent tests, see Stinchcombe and White (1998). We introduce the following

assumption for f3,(-).

Assumption 3 : The function 5,(), u € [0, 1], is uniformly bounded in [0, 1] and for each
u € [0,1], ,(-) is of bounded variation.

Assumption 3 is satisfied by most functions used in the literature. In particular, the
indicator functions in Stute (1997) and the exponential functions in Bierens (1990) satisfy

the condition.

11



Corresponding to the equivalent formulation of the null hypothesis, a test statistic can

be constructed from the process:
ZB — ), (T) — ), 7= (g 2,u) € [0, 1]

Since we do not know Fy(-), Fzu(-) and Fyy(-), we need to replace them by the estimators.
Let 6 be a consistent estimator of 6. As for the data and the estimator @, we assume the

following.

Assumption 4 : (i) (Y;, Z;, X;)™, is a random sample from P.
(i) There exists an estimator 6 of 6, in Assumption 2 such that ||0 — 6o|| = op(n~/*) both

under the null hypothesis and under the alternatives.

The estimator @ in (ii) can be obtained from a sample version of the problem in (2). It is
worth noting that we do not require the moment conditions for (Y, Z, X'). This is mainly due
to the fact that the functions indexing the process v, (r) are uniformly bounded. Consistency
of 6 can be obtained using the approach of Chen, Linton, and van Keilegom (2003). In most
cases, it can be shown that 6 is \/n- or n'/3-consistent, satisfying the condition (ii).

As for the estimators of Fy(-), Fzu(-) and Fyy(-), we define

A A A A~ A ~ A

Ui S Fm@,i()\@(Xz‘)), Zi = FZ|U,i(Zi’Ui) and Y; = FY‘U,i(}/;|Ui>

where F| 5 (-) denotes the empirical distribution function of {A;(X;)}; with the omission
of the i-th data point \y(X;), i.e., F, 5,(A(Xi)) = L > i1z H{A(XG) < Ap(Xi)}, and
Fy‘U7i(y|u) and FZ|U7i(z|u) are kernel estimators of Fy |y (y|u) and Fzy(z|u). More specifically,

Z] 1];&1{1/ <y}Kh( i U)
1 En(U; = )

where Kj,(z) = K(x/h)/h, K(-) is a kernel function and h is the bandwidth parameter.” We

similarly define Fizp7;(2|u). As for the kernel and the bandwidth parameter, we assume the

FY\U,i(mu) = (10)

following.

Assumption 5 : (i) K is a symmetric kernel with compact support, twice continuously
differentiable with [ K = 1, and is nonincreasing on the positive real numbers. (ii) for an

arbitrarily small € > 0, n=Y/2Tep=2 - nl/2+ept — 0.

" Although we may use the true density function of the uniform random variate U in the denominator of
the estimator (e.g. Stute and Zhu (2005), finite sample performances seem better when we use the density
estimators.

12



Assumption 5(i) is also used by Stute and Zhu (2005). The bandwidth condition in
(ii) requires bandwidths larger than those prescribed by Stute and Zhu (2005) who requires
n~Y2h=1 4+ n'2h? — 0.8 The main reason for this larger bandwidth is due to our method
of deriving asymptotics via linearization of the indicator functions v, and ,. The feasible

version of v, (r) is given by

Let ([0, 1]*) denote the space of functions on [0,1]* that are uniformly bounded, and we
endow lo,([0, 1]*) with a uniform norm ||-||« defined by || f||oc =supyep,1)2|f(w)|. The notation
~ denotes weak-convergence in [, ([0, 1]?) in the sense of Hoffman-Jorgensen (e.g. van der
Vaart and Wellner (1996)).

Theorem 1 : Suppose that Assumptions 1C-2C, 3-5 hold. Then the following holds.

(i) Both under Hy and under local alternatives P, such that sup, ,eo 12 | Fzpy (2y) — 2| =
O(n~Y?*1) as n — oo for some ¢, € (0,¢/2), where ¢ is the constant in Assumption 5(ii)

and sz‘y(,z’y) is the conditional distribution function of Z; given Y; =y under P,,

SUD; e (o1 [Vn(7) = vn(r)| = 0p(1). (11)

(ii)(a) Under the null hypothesis, Uy, ~ v in 1o ([0, 1]*), where v is a Gaussian process whose

covariance kernel is given by
C(Tl; 7“2) = {/5u1 (u)ﬁm(u)du} (21 N zg — 2122) (yl Nys — 9192) .

(b) Under the alternatives, n=*/?0,,(r) ~ E [ﬁu(U) (7.(Z) = 2)(7,(Y) — y)] in 1([0,1]3).

The results of Theorem 1 lead to the asymptotic properties of tests based on the process
Vn(r). The asymptotic representation in (11) shows an interesting fact that the process
,(r) is asymptotically equivalent to its infeasible counterpart v, (r). Recall that such a phe-
nomenon is an exception rather than a norm in nonparametric tests. The local alternatives
in (i) include Pitman local alternatives that converge to the null hypothesis at the rate of
v/n. It is worth noting that the estimation error in \; does not play a role in determining

the limit behavior of the process 7,(r) even when the rate of convergence of 0 is slower

8In Stute and Zhu (2005), this is the condition corresponding to the case of X supported in a compact
set. (See Remark 2.5 there.)
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than n~'/2. In other words, the results of Theorem 1 do not change when we replace Ay by
Ao This phenomenon is discovered and analyzed by Stute and Zhu (2005) in the context
of testing single-index restrictions. See also Escanciano and Song (2007) for similar results
under series estimation. This convenient phenomenon is due to the use of the empirical
quantile transform of {\,(X;)}i;.

Based on the result in Theorem 1, we can construct a test statistic
T,=Tv, (12)

by taking an appropriate continuous functional I'. For example, in the case of two sided tests,

we may take

1/2

Tysin = sup |on(r)| or Tonim = ( / ﬁn(r)Zdr) | (13)
ref0,1)3 (0,13

The first example is of Kolmogorov-Smirnov type and the second one is of Cramér-von Mises

type. In the case of one-sided tests in which we test the null of conditional independence

against conditional positive dependence, we may take

1/2
[hon = sup (1) or Ty 0 = (/[0 s max{z?n(r),()}?dr) .

ref0,1]3

The asymptotic properties of the tests based on I't,, follow from Theorem 1. Indeed, under
the null hypothesis,
T, =10, —4 v (14)

The test is asymptotically pivotal, but in most cases other than the case of v being a standard
Brownian sheet, it is not known how to simulate the Gaussian process v. In a later section,

we suggest a bootstrap method.

4 The Case with Binary Z;

In some applications, either Y or Z is binary. We consider the case where Z is a binary
variable taking values in {0, 1}, and the variables Y and A\g(.X) are continuous. In this case,

the null hypothesis becomes (after the Rosenblatt transform of Y)

E[3,(U{Z = p(U)Hr,(Y) —y}] = 0 for all (y,u) € [0,1]? (15)
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by the binary nature of Z. Here p(U) = P{Z = 1|U}. We assume the following in place of
Assumptions 1C-2C.

Assumption 1B : The random variable Y is absolutely continuous with respect to the

Lebesgue measure on R with a continuous joint density function.

Assumption 2B : (i) The parameter space © is compact in R%.

(ii) There exists a parameter 6y € © and B(6y,0) £ {6 € © : || — 6o|| < §}, 6 > 0, such
that conditions of Assumption 2C(a)-(c) hold and (d) for each 8 € B(6y,0), there exists
a o-finite measure wy that defines the conditional density function fy(y, x|\, \) of (Y, X)
given (A\g(X), Ao(X)) = (A1, \) where fo(y, x|\, \) is twice continuously differentiable in \;
in the support of A\g(X), with the derivatives fg(j ), j = 1,2, satisfying

SUDocn0os / S (A, Ndws(y, 2) < C

for some &', C > 0.

Let p(U) be a nonparametric estimator of p(U). For example, we may define

Z?:l ZiKh(Ui —u)
Z?:l K (Ui — U)

We can alternatively use series estimation to obtain p(u). For the function p(u) and its

pu) = (16)

estimator p(u), we assume the following.

Assumption 6 : (i) For some ¢ > 0, p(u) € (¢,1 —¢) for all u € [0, 1].
(ii) As for the estimator p(U), sup,ejoqy [P(u) — p(u)| = op(1).

The conditions for the kernel and the bandwidths in (16) are subsumed in the condition
(ii) above. Lower level conditions can be found in the appendix (see Lemma B3 there.) We
suggest two step cross-validations for these bandwidths in a section devoted to simulation
studies.

We consider the following process

= #(U)}H,(Y) —y)

(an)
WU» (02

where Y; and Uj; are as defined before, and establish the asymptotic representation for this

process.
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Theorem 2 : Suppose that Assumptions 1B-2B, 3-6 hold. Then the following holds.

(i) Both under Ho and local alternatives P, such that sup,co 1) |Pu{Zi = 11Y; =y} —P{Z; =

1} = O(n~Y2*1) for some ¢, € (0,£/2), where ¢ is the constant in Assumption 5(ii),

i)—y}

(ii)(a) Under Hy, v, ~ v in l([0,1]%), where v is a Gaussian process on [0,1]* whose

!

SUD (4, 3)e[0,1]2 =op(1).

o (1 _L _ B (U Z; — p(U;) }
) = T e

covariance kernel is given by

c(ur, yis us, y2) = {/Bul (1), (U)dU} {1 Ay2 — 1112} -
(b) Under the alternatives,

B U){Z = pU)} {r,(Y) — y}
p(U) —p(U)?

n71/2ﬁn(u, y) ~ B

] in ([0, 1]%).
We can construct test statistics using appropriate functional I' : T,, = I'is,,. For example,

1/2

FKSDn = sup |Dn(u7y>| or FCMDn - (/ Vn(u7y>2d(u>y)> :
(u,y)€[0,1]2 [0,1]

When the Gaussian process 7 can be simulated, the asymptotic critical values can be read

from the distribution of I'v. However, as emphasized before, often this is not the case in

general, in particular when (3, is taken to be other than indicator functions.

5 Bootstrap Tests

The wild bootstrap method has been known to perform well in nonparametric and semipara-
metric tests. (Hérdle and Mammen (1993), Stute, Gonzélez and Presedo (1998), Whang
(2000), and Delgado and Gonzdalez Manteiga (2001).) It is also known that under certain
settings, the wild bootstrap method shows higher order improvement when the test statistic
is asymptotically pivotal (Liu (1988) and Mammen (1993)).

Let ({wip}™ )2, be anii.d. sequence of random variables that are bounded, independent
of {Y}, Z;, X;} and satisfy that E(w;;) = 0 and E(w?,) = 1. For example, one can take w;
to be a random variable with two-point distribution assigning masses (v/5 + 1)/(2v/5) and
(v/5—1)/(2v/5) to the points —(v/5 —1)/2 and (v/5+1)/2. Then, we consider the following

16



bootstrap empirical process:

sl = Y00 {120 =} {200 =} b=,

*
n,b

The bootstrap empirical process v/* , (r) is similar to those proposed by Delgado and Gonzélez

Manteiga (2001). Given a functional I', we take bootstrap test statistics Ty, = I'v} ,,
b=1,--, B. The critical values for the tests based on T}; , are approximated by ¢, » g = inf{t :
B'S {Ty, >t} > 1—a}. Hence an a-level bootstrap test is obtained by 1{T}, > can5}
where T, is as defined in (12).

When Z; is binary, we use the following bootstrap empirical process:

*
n,b?

and construct the bootstrap test statistic T;‘;b =Iv b =1,--- B, using an appro-
priate functional I'. An approximate critical value can be obtained by c¢,,p = inf{t :
B7'SE \{T;, >t} > 1 —a}, yielding an a-level bootstrap test: @ £ 1{T}, > can 5}, where
T, is as defined in Section 4. Let F r» denote the conditional distribution of the bootstrap
test statistic 7)" given the sample {S;}" ; and d be a distance metrizing weak convergence

on the real line.

Theorem 3: (i) Suppose that the conditions of Theorem 1 hold under Hy. Then under Hy,
d (F};,Fp,,) —0in P.

(ii) Suppose that the conditions of Theorem 2 hold under Hy. Then under H,
d (F;;,Fp;,) ~0inP.

The wild bootstrap procedure is easy to implement. In particular, it does not require

nonparametric estimation for each bootstrap sample.

6 The Method of Martingale Transforms

In this subsection, we develop a variant of the Rosenblatt-transformed test by applying
the method of martingale transforms. The resulting tests are still asymptotically pivotal

with different limiting distributions. More importantly, the martingale transform involved
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is extremely simple, adding no additional computational cost to the Rosenblatt-transform
based test proposed earlier. The asymptotic power properties of the martingale-transform
tests are different from the Rosenblatt-transformed test, and hence can be considered as an
alternative. Since the development of the tests along this line can be proceeded in the similar
manner as before, we summarize the results here.

First, suppose that Y and Z are continuous. Following Khmaladze (1993), we define K

as follows:?

’yy’c(f/) £ ’yy(}}) +log(1—Y Ay) and ’yZ’C(Z) 2~ (Z)+1og(l — Z A 2). (18)

Such a transform K is called a martingale transform as the empirical process indexed by the
transformed functions weakly converges to a martingale in the univariate case. Using the

martingale transform, we can reformulate the null hypothesis as follows:

The test statistic is based on the empirical version of the null hypothesis:
T 2 23 AR,

where ZAZ and }A/; are estimated Rosenblatt-transforms as before. Observe that the compu-
tation of the empirical process 727 (r) is no more complicated than the process 2, (r). The

asymptotic theory along the line of Theorem 1 tells us that!'’

M s MT 0 ([0, 1] x [0,1)%)

n

where M1 §

is a Gaussian process with covariance kernel C(ry; 7o) = { [ 8, (u)8,, (w)du} (21 A
z1)(y1 Ay1). Observe that when 3,(U) = 1{U < u}, the Gaussian process VMT is a standard
Brownian sheet. The test statistic can be constructed as TM” = T'0M" using a known

functional I'. The bootstrap procedure can be followed as analogously before by considering

9The martingale transform after the Rosenblatt-transform is a special case of a conditional martingale
transform proposed by Song (2007). Indeed, the martingale transform satisfies the properties of conditional
isometry and conditional orthogonality where the conditioning variable is U; here.

10The domain of weak convergence is not [0,1]* but [0,1] x [0,1)2. This is because when z = y = 1, the
martingale transform is not defined. The proof of this weak convergence is available upon request.
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the following bootstrap empirical process:

A

Vi (r) Zw,bﬁ (ONE(Ziyy V), b=1,--+ B,

*MT

and taking the empirical critical values of the bootstrap test statistics TMT* = Tviy”,

b=1,--- B.
When Z is binary and Y is continuous, we may consider the following equivalent formu-

lation of the null hypothesis:
Ho : E[8,(U)(Z = p(U))vy (V)] = 0, Y(y,2,u) € [0,1]

and the following martingale transformed process

using the estimator ﬁ(Ul) as before. Following the steps of the proof of Theorem 2, we can
show that
MT s pMT 0 1, (10, 1] % [0,1))

n

MT

where 7 is a Gaussian process with covariance kernel C'(ry;75) { [ B, (u ) (u)du} (y1 A

y1). It is worth noting that when 3,(U) = 1{U < u}, the Gaussian process vM7 is a

two-parameter standard Brownian sheet. The test statistic can be constructed as TMT =

I'oMT using a known functional T'. In the case of Kolmogorov-Smirnov functional

I'v = Sup(u,y)e[o,l}x[o,l)y(uv y)

and ,(U) = 1{U < u}, the asymptotic critical values are available from the simulations of

Dr. Ray Brownrigg and can be found at his website: http://www.mcs.vuw.ac.nz/ " ray /Brownian:

significance level 0.5 0.25 0.20 0.10 0.05 0.025 0.01
critical values 146 1.81 191 221 246 270 3.03

However, as mentioned before, the asymptotic critical values are not available in general
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for other choices of (3. Alternatively, one can use a bootstrap test that is obtained by using

and taking the empirical critical values of the bootstrap test statistics T, = I 7337,
b=1,-- B

7 Simulation Studies

In this section, we present and discuss the results from simulation studies. We consider
testing conditional independence of Y; and Z; given X;, where each variable is set to be real-
valued. The variable X; is drawn from the uniform distribution on [—1, 1] and the errors 7,
and ¢; are independently drawn from N(0, 1). The variable Z; is binary taking zero or one
by the following rule:

Zi=H{X;+mn, >0}

and the variable Y; is determined by

DGP1: Y;=03X;,+kZ;+¢;, or
DGP 2: Y, =sin(0.6X; + kZ;) x (g, — 0.2).

The DGP 1 represents a linear specification with additive errors and DGP 2 represents a
nonlinear specification with multiplicative errors. Note that x = 0 corresponds to the null
hypothesis of conditional independence between Y and Z given X.

Under these specifications, we consider the following two kinds of null hypotheses:

Null Hypothesis 1: Y 1L Z| X and
Null Hypothesis 2:  1{Y <7} L Z | X,

where Y denotes the Rosenblatt transform of Y with respect to U, the quantile transform
of X. As we shall see in the next section, Null Hypothesis 2 can be viewed as an identifying
assumption for quantile treatment effects in program evaluations.

We consider two cases of 3,(U) = exp(Uu) and §,(U) = 1{U < u}. Nonparametric esti-
mations are done using kernel estimation using the kernel K (u) = (15/16)(1—u?)*1{|u| < 1}.
The number of Monte Carlo iterations and the number of bootstrap Monte Carlo iter-
ations are set to be 1000. The sample sizes are 100, 200, and 500. As for taking the
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Kolmogorov-Smirnov functional, we use the product of two sets of ten equally spaced grid
points, {0,0.1,0.2, - - -,0.9}2. The nominal size is set to be 0.05.
In choosing bandwidths, we perform cross-validations in two steps. We consider the

following cross-validation criterion for the bandwidth of p :
CVz(h) = {Z; — pna(U)}?
i=1
where pp, ;(u) is a leave-one-out kernel estimator of p(u) with bandwidth h. We choose h*
such that minimizes C'Vz(h) and define ﬁz(Uz) = ﬁhZ(UZ) As for the bandwidth for Y;, we

consider the following two cross-validation criteria:

and

n 17— pi(UN2LY < o) — Fygan(y]U))2
(CV-KS) CVfS(h) — Ssup,cn Z{ pi(Us)} { {A > ZJQ} _ Y|U, ,h(y| )}
i=1 pi(Ui) _pi(Ui)

S 42— 30DV < ) = P 01001
im1 pi(Us) = p3(Us)

(CV-CM) CVEM(h) = / dy,

where Fy|U7i’h(y|Uz-) is the estimator defined in (10) at the bandwidth h. Note that the
weighting reflects our normalization of the process to obtain asymptotically pivotal tests.
Then we choose h* that minimizes CViE%(h) or CVEM (h). As in Stute and Zhu (2005), we
choose hy = h* x n'/°=2/9 as the bandwidth for FY\U,i,h(?JWz‘) to fulfill the undersmoothing.
As the wild bootstrap method does not require nonparametric estimation for each set of
bootstrap samples, it suffices that we perform the cross-validations once and for all for the

original data set.
[INCLUDE TABLES 1-4 HERE]

Tables 1 and 2 contain the empirical size and power of the tests using 3,(U) = exp(Uu)
and 3,(U) = 1{U < u} under DGP 1 and DGP 2. Both tests show good size and power
properties. The empirical powers increase conspicuously as the sample size increases. Tables
3 and 4 present the results from Null Hypothesis 2 under DGP 1 and DGP 2. Comparing
the results from CV-KS and those from CV-CM, it appears that both methods of cross-
validation performs well in terms of size and power. Overall, the proposed methods of test

and cross-validation appears to work well.
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8 An Empirical Application : Evaluating the Evaluator
using the JTPA Training Data

In the literature of program evaluations, the availability of experimental data has proved
to be crucial in providing answers to questions that are often impossible to address using
only nonexperimental data. Since the seminal paper by Lal.onde (1986), such experimental
data have been often used to evaluate the existing econometric methods that are applied
to nonexperimental data. See e.g. Dehejia and Wahba (1999) and Smith and Todd (2002,
2005). In particular, Heckman, Ichimura, and Todd (1997) and HIST performed an extensive
analysis of econometric models using the JTPA training data set.!* In the empirical study
we use the same data set and propensity scores from the JTPA training program as used
by HIST and test certain implications from the identifying assumptions for nonexperimental
procedures.

In this section, we assume the set-up of Section 2.2.1. The first test we focus on is the
following null hypothesis:

HS: Yy L Z | P(X).

This is one implication from the unconfoundedness condition in (4). In a similar vein, HIST
performed testing conditional mean independence of Y, and Z given P(X).

The second test we focus on is an identifying assumption for quantile treatment effects:
HENT 14, < g0 (U)} L Z|U,

where U = Fp(X) the quantile transform of P(X), with Fp(x) = P{P(X) < P(x)}.

Let P(X) be an estimator of P(X) after a certain parametric specification of P(X). This
estimator P(X) corresponds to A;(X) in our notations in the previous sections. We take the
empirical quantile transform of P(X;) to obtain U; = L D i ki 1{P(X;) < P(X;)}. Using
this U;, we obtain the estimator Y; of the Rosenblatt-transformed outcomes Y; and the
conditional distribution function p(U;) of p(U;) = P{Z = 1|U;}. We take the test statistic
to be T, = I't,, where ,, is the process defined in (17) and I is the Kolmogorov-Smirnov
functional.

We use the same data set used for Tables VIA and VIB in HIST. In particular, we employ
the same estimates for the propensity score as obtained by HIST. Unlike their conditional
mean independence tests, the tests constructed along the formulation of unconditional mo-
ment restrictions are not in general asymptotically invariant to the estimation error from

the propensity scores. So the adjustment for estimation error of propensity score in this

HSee Orr, et. al. (1995) for the description of the data.
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case is not merely a matter of second order correction as is the case in HIST, but a matter
of first order asymptotics. However, the tests proposed by this paper are designed to be
asymptotically pivotal regardless of the estimation error in the propensity score estimation
as long as the estimation error is stochastically bounded. Hence the testing procedures in

this paper are asymptotically valid regardless of the estimation of the propensity score.
[INCLUDE TABLES 5-8 HERE]

The results from testing Null Hypothesis 1 are given in Tables 5-6 which contain p-values
from both the tests using 3,(U) = exp(Uu) and §,(U) = 1{U < wu}. In both the cases
of testing for each quarter or testing jointly, the tests do not reject the null hypothesis
of conditional independence restriction at the significance level 5% for most quantiles and
quarters. Tables 7-8 contain results from testing Null Hypothesis 2.1 Across different
quantiles 7, the test does not reject the null of conditional independence either, except for a
few quarter-quantile pairs at quantiles around 0.6-0.7 in the case of 3,(U) = 1{U < u}.

Our findings appear to contradict one conclusion from HIST that the underlying assump-
tions of matching estimator, that is the assumption of unconfoundedness, do not seem to be
supported by the JTPA data. HIST obtained mixed results from testing conditional mean in-
dependence depending on the use of adjustment for estimation error in the propensity score,
and looked for evidence alternatively from pointwise bias estimates. They concluded that
the JTPA data did not support the assumption of conditional mean independence because
the bias estimates at various values for the propensity score were found to be significantly
different from zero at low values of the propensity score.

To look closely into this apparent conflict, note that the bias considered by HIST is
defined as

B(p) = EYo|P(X) =p, Z = 1] = E[Yo|P(X) = p, Z = 0].

Under HS!, B(p) = 0 for all values of p. But HIST find that for low values of p, estimates of
B (p) are significantly different from zero, and conclude that the data do not support HSX.
We can translate this conflict into that of testing conditional independence. The argument

of HIST is analogous to testing the null hypothesis
Hyo™ Yy L Z |P(X)=p

individually for each p and reject the stronger hypothesis, HS”, based on the rejection of
H(f gi”t at certain values of p. However, in general, when we reject the null hypothesis point-

wise, this does not support the rejection of the joint hypothesis by itself. In order to reject a

12Here we report only the results with CV-KS. We have obtained similar results using CV-CM.
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stronger null hypothesis, we need stronger evidence.!® In our context, since HS’ is stronger
than H[f I‘,’mt, in order to reject HS!, we need evidence that is stronger than is just enough

to reject H(f ]‘jmt. Our findings suggest that such strong enough evidence against HS is not

yet discovered.!4

9 Conclusion

A class of asymptotically pivotal tests of conditional independence have been proposed and
investigated. This paper demonstrate that one can obtain asymptotically pivotal tests by
using the Rosenblatt-transform in an appropriate manner. As it is often difficult to com-
pute asymptotic critical values even when the tests are asymptotically pivotal, we propose
bootstrap tests. The finite sample performances of the tests are affirmed by Monte Carlo
simulation studies. In an empirical application, using the JTPA training data set and the
propensity score specifications of HIST we test identifying assumptions for quantile treatment

effects. From our testing results, we find no evidence against such identifying assumptions.

10 Appendix: Mathematical Proofs

10.1 Main Results

In this section, we present the proofs of the main results. Throughout the proofs, the notation C' denotes a
positive absolute constant that may assume different values in different contexts. For a class F of measurable
functions, N(e, F, L,(Q)) and Npj(e, F, L(Q)) denote the covering and bracketing numbers of F with respect
to the L,(Q)-norm. (See van der Vaart and Wellner (1996) for their definitions.) Similarly we define
N(e, F,|| - |loo) and Np(e, F, || - ||c) to be the covering and bracketing numbers with respect to || - ||o. We
present two preliminary lemmas which are useful for many purposes.

Lemma A1l : Let A, be a sequence of classes of measurable functions such that for each A € A, A\(X) is
absolutely continuous with respect to the Lebesgue measure and has a uniformly bounded density. Let T be a
class of uniformly bounded functions of bounded variation. Then for the class G, = {ToX: (1,A) € T xA,} of

measurable functions, it is satisfied that for any r > 1, and any probability measure Q,
log N[j(Cae, Gn, Lr(Q)) < log N(", An, || - [|o) + C1 /e,

where Cy and Cy are positive constants depending only on r.

13This ssue is closely related to the classical issue of multiple tests. In the context of multiple hypothesis
testing, the p-values from the individual tests should be properly adjusted. See Lehman and Romano (2005)
and references therein.

14Tn terms of bias estimates, to compare the bias estimate and the result of conditional mean independence,
one must view B(p) as a bias function of p and consider a confidence band for its nonparametric estimator
uniformly over p, instead of pointwise confidence intervals.
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Proof of Lemma A1 : Let F) be the distribution function of A(X). Then, observe that for any A;, A € A,

sup, |y, (M1(z)) = Fx,(A2(2))] < sup, [F, (M(2) + Aso) = Fi, (M(7) — Axo)|

< CAy, where A = [|A1 — Aa|oo
because the density of A(X) is uniformly bounded. From now on, we identify A(x) with its quantile transform
F\(A(z)) without loss of generality so that A(X) is uniformly distributed on [0, 1]. Since a function of bounded
variation can be written as the difference of two monotone functions, we lose no generality by assuming that
each 7 € 7 is decreasing. Hence by the result of Birman and Solomjak (1967) (see also van der Vaart (1996)
for a more general result), for any r > 1

log Njj(e, 7, L (Q)) <

Cs
?’ (19)

for any probability measure ) and for a constant Cy > 0. Here the constant Cs does not depend on Q.
We choose {A1,---,An,} such that for any A € A,, there exists j € {1,---, N1} with [[A; = A <
€" /2. Take a positive integer M, < 2/e" + 1 and choose a set {c1, - -, car. } such that ¢; = 0 and

Cmtl=Cm+e /2, m=1,--- M. —1

so that 0 =¢; < ¢y <--- <¢cp < 1. Define S\J(x) as follows.

Aj(x) = ¢ when \j(x) € [cm, Cmy1), for some m € {1,2,---, M, — 1}.

For each j; € {1, -+, N1}, let @, be the distribution of 5\]-1( ) under Q. Then we choose {(7x, Ax)}x NQ(jl) such
that for any 7 € 7, there exists (7;,,4},), j2 € {1,- Ng(jl)} such that [T(A) — 75, (V)] < AD()\) with
J A5, (N)"Qj, (dX) < e”. Now, take any g € 7 such that g = TO/\ and choose \j;, such that ||\;, — || <&"/2
and, (7j,,4;,) such that [7(A) — 7,,(N)] < Ay, (A) with [A;,(A\)"Qj, (dN) < &". We fix these ji and j2. We
extend the definition of A;, with its domain now equal to R by setting Aj,(A) = 0 for all A € R\[0,1].

Consider

lg(x) = (7, 0 Aj,)(@)] o N ) (@) + (T o Aj ) (@) — (7, 0 Ajy ) (@) (20)
o X)) (@) + (A, 0 Aj, ) ().

INIA
¥ 3
o O
> >
S~—
—
&
|
—~

The range of \;, is finite and [[A — Ajlleo < [[IA = Ajilloo + 1My = Ajylloo < €7/2 4+ €7/2 = £". Hence
(T o \)(x) — (T 0 \j,)(z)] is bounded by 7()\; ( ) —€") = 7(Aj, (x) + "), or by

Tj2 (>‘j1 (x) - €r> — T2 ()‘h (i[,’) + ET) + Aj? (5‘j1 (x) - 8r) + Aj2 (5‘]'1 (.’13) + Er).

We analyze the difference 7, (\;j, (z) —€") =7, (\j, (z) +&") which is written as A; (z) 4+ Az (x) 4+ Az (x) + Ay (2)

where
(z) (Aji (2) = ") =75 (Njy (2) —€7/2),
AQ(x) = 7-]'2(5‘]1($> T/2> T]z( 1($>)
(@) = 7Nu(@) = 75N (2) +€7/2) and
(z) Mg (@) +€7/2) = 75 (Nju (@) +€7).
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We write Ay (z) as

Y {mm2) =T (i2)} X Hem < () < e}

m=1

where 7Y (j2) = 7j, (cm —€") and 7L (j2) = 7, (¢ — €7 /2). Since 7, is decreasing, we have 7L (j2) < 7Y (j2),
and since ¢;,+1 = ¢ + €7 /2, we have

T'r[{H-l (]2) = sz(cm+1 - 674) - sz( T/2) =T (.72) = la s '7M8 -1
Hence, we conclude
i o1(i2) <o <7 (G2) = T (2) < 7o (G2) = Tho1(G2) < - < 77 ()

Suppose that 7% (j2) = 74, _; (j2). Then A; (x) = 0 and hence the L, (Q)-norm of A, is trivially zero. Suppose
that 78 (j2) > 7§, _1(j2). Note that since 7 is uniformly bounded, we have 7¥ (j2) — 74, _; (j2) < C < oo for
an absolute constant C' > 0. Define

& Th2) — Ta)
2
Rivu(@) 2 D oo 1 {em < Ay, (2) < e}
1

m=1 _TM 71(32)

Let pm(j2) = P{cm < A\jy(2) < ¢myr}- Since Ay, j,(z) < 1, we have A% . (z) < A, 4, (2) so that

J1,J2

~ T (]2) .
EAT1 2 X pm(j2) = €"/2,
i Zzl f - 7'M _1(j2)

— 1}. Thus we conclude that the L,(Q)-norm of A; is bounded
by Ce. We can deal with the functlons A ( ), 5 =2,3,4, precisely in the same manner.
)

()] by

because py,(j2) = €"/2 for m € {1, -
From (20), we can bound |g(z) — (75, 0 A,

Ar(@) + Az(x) + As(2) + Aa(@) + (B, 0 Ajy) (@) + Ag (Agy (2) = €7) + A (N (2) +7) - (21)
A% . (z), say.

J1,J2

Now, let us compute [E{A} , (X )}V, The L, (Q) -norm of the first four functions is bounded by Ce as we
proved before. By the choice of Aj,, E[AT (A A\, (X)) = [Aj(A\)"Qj,(d)) < &". Let us turn to the last two
terms in (21). Note that

M.—1 M.—1

E|A, (0, (X) -] = Z A" (e — €")pm () Z AT e /2
= ZAD cm)e” /2 < BIAT, (A, (X))] < &

The third equality is due to our setting Aj,(c) = 0 for ¢ € R\[0,1]. Similarly, E[A]] (A, (X) =€) < &
Combining these results, E[{A} . (X)}"] < Ce", for some constant C7 > 0, yielding the result that

log Njj(C1g,Gn, Li(Q)) < log N (", An, || - [loc) + Ca/e.
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Let F,x(A) = £ 37  1{A\(X;) <A}, X € A,,. Then Lemma Al immediately yields a bracketing en-
tropy bound for a class of functions in which S, (F,, x(A(-))) realizes. In the case of an indicator function
B,(@) = 1{u < a}, we cannot apply the framework of Chen, Linton and van Keilegom (2003) because the
nonparametric function Fj, A()) is a step function and hence L, uniform continuity with respect to the sup

norm fails.

Corollary A1 : Let A, be a class of functions as in Lemma Al and let {B,,(-) }uejo,1) be a class of functions
satisfying Assumption 3. Then, there exists a class of functions G, such that

P{B, (Fux(A(+)) € Gy, forall (A\,u) € A, x[0,1]} =1

and for any r > 1, and any probability measure Q, log Nj(Cae,Gn, L (Q)) < log N(", Ap, || - |lo) +
Cy /e, where Cy and Cs are positive constants depending only on r.

The following lemma is useful to establish the bracketing entropy bound of a function space in which
conditional distribution function estimators realize in. See the proof of Lemma A3. Note that the framework
of Andrews (1994) does not directly apply when the realized functions are discontinuous. The lemma can
be used conveniently in particular when the conditional distribution function estimators contain unknown

finite dimensional or infinite dimensional parameters in the conditioning variable.

Lemma A2 : We introduce three classes of functions. First, let F,, be a sequence of classes of uniformly
bounded functions ¢(-,-) : R x S — [0, 1], such that for each v € S, ¢(-,v) is monotone, and for each € > 0,

SUD(y, ) eR x5SWPpe(0,e] B(Y, v +1) — Gy, v — )| < Mne (22)

for some sequence M,, > 1, where S is a totally bounded subset of the real line. Second, let G be a class of
measurable functions G : R4 — 8. Lastly let J9 = {¢(-,G(")) : (¢,G) € F, x G}.
Then for any probability measure P and for any p > 1,

log Ny (e, T/, Ly(P)) < CM/ =1 e/~ — Clog(e) + log Ny (Ce /M, G, Ly(P))
for some C > 0.

Proof of Lemma A2 : Fix ¢ > 0 and let N.(v) = N(e, Fn(v), Lp(Qv)), where F,,(v) = {¢(-,v) : ¢ € F,}
and ), denotes the conditional measure of ¥ given V' = v. Take a partition S = Ui;lB (b)) where B(by)
is a set contained in an e-interval centered at b and J. < Ce~%X. For each by, take {(fk’j7Ak’j)}§V:s§bk)
such that for any f € F,(bx), there exists j € {1,---, Nc.(by)} such that |f(y) — fi,;(v)] < Ag;(y) and
[ 1Ak (y)[PP(dy) < P. Given ¢ € Fy, we let fi(y,v) = Y01 " fri(y,bx)1 {v € Bc(by)} where fy, ;(y,bz) is
such that |¢(y, bx) — fr,;(y)| < Ar;(y) and [ |Ag ;(y)|[PP(dy) < eP. By the result of Birman and Solomjak
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(1967), the smallest number of such j’s are bounded by exp(C/e)/e. Then

6y v) = F(4.)

— Jri(y,0r)} 1{v € Bs(bk)}‘ (23)

IN

¢y, br)} 1{v € B: (bk)}‘

br) = frj(y,br)} 1{v € Ba(bk)}‘ :

The last term is bounded by Zi;_ll Ay, (y,br)1 {v € Be(by)} . Since

{o(y,v) — oy, br)} 1{v € Be(br)} < CMyel{v € Be(br)}
we can bound the second to the last term in (23) by CM,e. Hence, |¢(y,v) — f;(y,v)| < A;(y) where

Jo—1
Aj(y) = Z A j(y, bk)1{v € Be(br)} + CMye.
k=1

Take ¢ = (1 — 1/p)~!. By Holder inequality,

P Jo—1 LZC I |
(ZA’” )1{v € B (bx) ) {ZA;” y,bk}{z 1{U€Bs(bk)}} = > AL (y:bi)
k=1 k=1
Now, note that fA?(y)P(dy, dv) is bounded by
Jo—1
C Z / AL (y, b)) P(dy) + CMEe? < CJ.e” + CMPBeP < CeP™ + CMPe? < CMPeP™,

yielding the inequality: log Njj(CM,e p=0/p F, L,(P)) < C/e — Clog(e).

Now, take (Gk,Ak) !, such that for any G € G, there exists (G;,A;) such that |G — G| < A,
and EpA?(X) < €P. For each j € {1,---, N1}, let Q; be the distribution of (Y,G,;(X)) under P. Take
((ﬁk,Ak)NQ 7 such that for any ¢ € J,, there exists (¢, Ar) such that |¢(y,v) — ¢p.(y,v)| < Ag(y,v) and
fA y,v)Q;(dy, dv) < eP. Now,

[6(y, G(2)) = ¢4 (y, G;(2))]

IN

[6(y, G(2)) — ¢(y, G (@))| + 6y, G;(x)) — ¢, (y, G ()]

MnAj (CL’) + Ak (y, Gj ($>) = Aj,k(ya .’E), say.

A

Since EAQk(Y, X) < C(M, + C)PeP < CMPeP, we conclude that

log N[] (CMnf‘?, jng’ Lp(P))

IN

C'log Nyj(g, Fr, Lp(P)) + Clog Nyj(g,G, Ly(P))
C (M, /e)?/ =V + Clog(M,/e) + Clog Ny(e,G, L,(P)).

IN

By redefining ¢/ = C'M,,&, we obtain the wanted result. m
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Proof of Theorem 1 : Let G,, be a class of functions such that
P{B,(Fn0:(X(-))) € Gy for all (u,0) €[0,1] x B(#y,d)} =1

and satisfies that logNjj(g,Gn, || - [|») < C/e and let A, £ {\g : 0 € B(6y, Cn~'/*)}. The existence of such
Gy, is guaranteed by Corollary Al above, combined with the fact that log N(g, Ay, || - ||») < Cloge. This
inequality follows from the assumption that Ay is Lipschitz continuous in # and © is compact in R (c.f.
Assumption 2(i), (ii)(b)). Since - Z?:L#i Ku(U; — U;) > n, for a small n € (0,1), with probability
approaching one (Lemma B3), we confine our attention to such an event.

(1) Let € be the constant in Assumption 5(ii) and &1 the constant in the condition for local alternatives. Choose
8, = n~%/2. Then, observe that n14,, — 0, (n~Y/2+e/2p=1 £ n/2p2)5 1 — 0 and /n(n~ Y2k~ + h?)25, 1 =
(n=1/24e/2p=2 4 p1/24e/2p4) 0. Let 7, 5, (v) = ®((2 — v)/8,,) and V.5, (v) = —0¢((z —v)/0,) /0, Where @
and ¢ are a standard normal distribution function and its density function. Likewise we define v, 5 (-) and
Yy.5, (). The op(1) terms in the following are uniform over (r, 8) € [0, 12 x G,. Let 'yign (Z;) = Vebn (Z:) —
o, (2) and vy 5 (Vi) = 7.5, (Y2) — s, (), where pis (2) = Ely. 5, (Z:)] and s, (y) = Ely, 5, (¥:)]. Similarly
define vy (70) =72 5. (Z) — s, () and vy (V) =1, 5. (V) — 115, (0)
We write \/—ZZ L BXD)vE(Z; My (V;) as

fzﬂ ) {7 @ (00) = ks, (Zirs, (V) ) + ZB s Lo, (T (24)

By Lemma A3 below, the first sum is asymptotically equivalent to
Z{ Us) Bz g Zis V3) = B [Bu(U) A yn (26, V)] } + VAE [8,(U) Ay (2, Y]

where A, .(Zi,Yi) = v+ (Z; oltn (Vi) — vk 5. (Zi)’y;(;n (Y;). We can easily show that the first sum is 0p(1) by
using the usual stochastic equicontinuity arguments. The last term is 0 under the null hypothesis and o(1)
under the local alternatives. Therefore, it suffices to establish the asymptotic representation in the theorem
for the last sum in (24). The asymptotic representation follows immediately once we show the following three
claims.

Claim 1 : o= 377, B(Xi) {76, (YD) = vy, (Vi) s, (2) = =7 S0y BuUi)vys, (YVi)s, (2) + o (1).

Claim 2 :
T2 Y A, (20 0, ()~ 25, (T} = 0p(1), and
=1
e 3 B (B, (F) =y, ()} = 0n(1)

&
Il
—

Claim 3 : —= 371, By, (Un0.i)72s, (Zi) Yy, (Vi) = 7 S0t BuUi)vis, (Zi)vys, (Vi) + 0p(1).
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Similarly as in the proof of Claim 1, we can show that

\/—Zﬁ HVe5.(Zi) = V25, (Zi)Yuis, (y) = \/—Zﬁ s, (Zi)us, (y) + op(1).

Let us see how the three claims lead to the wanted result of the theorem. First, write

= B, (2, (7) = = Y AL, 20) {30, (F) = 75, (T}
1

By applying Claim 2 and (25), we reduce the above sums to

\/—Zﬁ D726, (Zi)vys, (Vi) +op(1).

The proof is complete by Claim 3 and the fact that

as can be shown using arguments similar to the proof of Lemma A3 below.

+— Zﬁ(Xz') {’Yz 5, (Z) =Yy 5. (Z)} Vs, (Vi) + — ZB(XOVZL&”(Z)’Y;&”(&)-

(25)

Proof of Claim 1: Let 77 ; denote the second order derivative of 7, 5 . Take M to be a positive integer

greater than 1/(2¢) — 1 where ¢ is the constant in Assumption 5(ii). By Taylor expansion,

2= 3 X5, ()1, (V) = 7y, (T}
n M-—1 n
- %mem (O, (T (= Fif+ Y =L 800w, (23, %) {7 -
3 o O, (s () (i - )"

where Y;* lies on the line segment between Y; and Y;. Note that maX1§¢gn{Zi — Z;}™ = Op(n~™/?h~"™ +

h®™) by Lemma B3 below. We analyze the second sum. Let Fy, be the class of functions that contain

Fy|U( |F, 5.4(-)) with probability one and have uniform distance from Fy7(-|Fo(-)) bounded by Cn~'* By

Lemmas Al and A2 above, we can take such classes to satisfy
log Ny(e, Fyn, Ly(P)) < C(h —2g=1yp/(p=1),

As for the second sum in (26), we consider the following process

i (o @ {B v x) -5} -
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indexed by (3, Fy') € G, X Fy., and (y, z,u) € [0,1]>. By Lemma B1 below, the above sum is equal to
~ ~ ym—1 ~ ~
7 ZE { L G A x) -1 {05 - T} |Ui] _For().
Yy=r;

Using Fubini Theorem, we can check that the leading sum above is a mean zero process. Note that
SUP gy ¢ 7y, SUP(y.0) [FY (4, @) — Fyu(y|Fo(z))| = Op(n=1/*) by the construction of Fy,,. Hence the second
sum in (26) is 0p(1). The third sum in (26) is readily shown to be Op (6, MFTVn1/2{n=1/2p= 1L 21 M) = 5 (1)
by the choice of §,, and M.

Now, we turn to the first sum in (26). By Lemma B1, the sum is asymptotically equivalent to

~ immm [, (s, (5 {3, (T~ i} 102

7

The proof is complete by noting that
< ; = L5 (T Y; < g} — 3¢ dy
B s, (2175, ) {10 < T} =V} 0] =5, 2) [0, @) {1055 < 0}~ )} a,

where by integration by parts, the last term is equal to —ps (2) {'yy 5 (f/) (y)} . The equality uses the
fact that Y; is independent of U;.

Proof of Claim 2 : We deal with only the first statement. Note that

W25, Z0) {15, (7 = 7,5,

“<z

)} (27)

SI

"<>

725020 {1y,

L
i D) =Y. ()}

sl

BX) {728, (Z6) = 2.8, (Z0) } {105, (00 = 7,5, (F) }

HM:

f
The first sum is equal to (by expanding the terms and following the same steps in the proof of Claim 1)

Zﬁ e, Zi) s, (V) {¥i = ¥} + 0p ().

By Lemma B1 and the stochastic equicontinuity arguments as in the proof of Claim 1, the sum above is

asymptotically equivalent to

n

%ZE [Cn(SiQT){l{y/ SYi}*Yi} ‘Ui:|y’:Y117 -

=1
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where ¢, (Si;) = 8, (Ui)7v. s, (ZZ)'y; 5 (Y;). Now, write E {cn(Si; T) {1{y’ <Y} - ffl} |UZ] as
Jr¥n y/

BuUsits, (2B [y, (V) {1y < ¥} =V} |U3] (29)
B, (VB (B .5, (201U V] = s, (20}, (00 {1 <V} =T} U]

Because Y; is independent of U;, the expectation in the first term is written as

1 1 5
[ A= [ (wudu =~ {5, (5) = 5, ()
Y; 0

i

We turn to the last term in (29). Let ps (Ui, zly) = E ['yz,gn (Z)|Us,Y; = y} and write

B {15, (Us.2ly) — b5, (0, (T) {1y < Vi} - Vif 3]

Yy =1ri

1 Y/0n ~
_ jﬁ J/ , {15, (Ui, 2ly) = 15, ()} @) {10V <y + 605} = (v + 0u) } S (2,5 + 6,503 d2dy

1 o]
[ s, @izl = s, G { U <y +6,5) = G-+ 8,00 1V )z + Op (™25,

where f(Z,7|U;) denotes the conditional density of (Z;,Y;) given U;. The last equality can be seen to follow
easily by the continuity of the joint distribution of ¥; and Z; (see Assumption 1). The term Op(n~1/2t<14,)
is due to the chosen local alternatives. Note that f(z,y|U;) = f(Z]y, U;) so that the above is equal to

!
—o0o y=>ri

[ B [, 0 ol) = s, 1 {1 < Vit 00— it 80} 0T =]

= [ {5 = @00 s, (U 2l) — s, ()

— 00
Hence

1

n y'=Y;

ZE [{ﬂa (Us, z|y) — M&n('z)}')’;,én(?i) {1{7/ <Y} - } |U} -
i=1
—-f”fEXHqu%w (y+ 0u) } {15, (Uss 2ly) = 115, (2)}dg + Op(n'3,).

Note that leading sum is mean zero, and under the null and local alternatives it is op(1). Therefore, the first

sum in (27) becomes —= 3", 8, (Ui, () {yy,én (V) = s, (y)} +op(1).
Let us turn to the second term in (27). Expanding the term similarly as before, we observe that the

term is asymptotically equivalent to
\/—Zﬂ i)es, ( Z)’Yy, n(?){ZAi*Zi} {Yfz*ffz} Lis, (1)

By Lemma B3 below and Assumption 5(ii), we find that Sup1§i§n|2i — ZZ| = 0p(n_1/4) and suplgignﬁfi —
Y;| = op(n~'/*). Hence the above sum is equal to op(1).
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Proof of Claim 3 : Let G, be the class G, in Corollary Al with 3, (u1) = w1 with A, as defined at
the beginning of the proof of this theorem. Let G, = {G € G, : ||G — Fy 0 Xol|oo < Cen} where ¢, is a
decreasing sequence €, = o(n~/*). Without loss of generality, we assume that (3, (-) is increasing. Define
duc(z) = B,(G(X;)) — B,(Go(X;)) where G(-) € G,. We consider the following:

duc(Xi)V2s,(Zi)Virs, (Vi) (30)

—

du,G<Xi>vi,5n (3.5, (Vi) = Bldu 6(Xi)rEs, (Zi)rys, (Vi)
+\/EE[du,G(Xi)%l,5n (Zi)%ﬁn (Y3)].

Note that E[d, ;(X;)] < E[{8,(Ui + Cen) — B, (Ui — Ce,)}?] = o(1). By Lemma Al and checking the
bracketing entropy for the class

{duc ()26, (Hvys, () = 15, (W)} : (Go1) € G x [0,1]%},

we can show that the first process is stochastically equicontinuous in (G,r) € G/, x [0,1]* and hence it is

op(1). The last term in (30) is equal to

VIE[{B,(Un.0.:) = B (U)YEWLs, (Zi)Virs, Vi) Ui Uil | (Yies Xies Zi)Rey eots = (Uks Thos 20 Rt i)

where (yg, 2k, zk)zzl’k# constitute the function G. Hence the above is bounded by

VIE [{8,(Us + Cen) = B,(Us = Cen) ElvLs, (Zi)ris, (V) Un i, U] (31)
Under the null hypothesis or the local alternatives in the theorem,
[Elvds, (Zys, (V) Usi, Ul
B, (2055, (VlUo.0, Uil = Bl (203, (FOIUI| + o(n™/4).

By applying Assumption 2 (ii)(d) to Lemma A2(ii) of Song (2006), we deduce that the leading term is
o(n='/*). Hence the last term in (30) is o(1).

(ii) Since the products of the indicator functions constitute P-Donsker classes, the weak convergence result

immediately follows. The local shift result follows from the uniform law of large numbers. m

"'<r

Lemma A3 : <= Y0, B(X:) {75 (Z)vi (Vi) = vhs, (Zidvs, (0} = 5 S0y Bu(U) Ayl Zi Vi) +

(Y;
op(1) uniformly over (3,7) € G, x (0,1]* x [0, 1].

Proof of Lemma A3 : Letn, = n~1/2h=14h2. For some sufficiently large M > 0, let 1,, = 1{max1§i§n|}7z~f
Vil < Mn, maxi<i<n|Z; — Z;| < Mn,}. Then, since by Lemma B3 ﬁ’y|U(-|~) converges uniformly to
Fyy(-|) at the rate of Op(n,,), we obtain P {1, = 1} < ¢ by choosing arbitrarily large M. Hence it suffices
to consider only the event 1,, = 1 which we assume throughout the proof. First we show that

Z DV @G (0) = ks, Giyrs, (V0 } = Z (X0)Asn(Zis Vi) +op(1), (32)
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uniformly over (8,7) € G,, x [0,1]3. We write

% > 80X {rE (Zayr () = vEs, (20775, (V) = Deyn(ZisT0) }

i=1

= LS00 {7 - 00} 220 — = 37800 {5, (50) = s, ()} 24, (20
\/772:1 i y\=-e y\-e z 7 \/ﬁi:1 i y, 6, \Li y,6 (L 2o, (Zi
+Lnl_1/3<Xz>{ (%) MZ)}W%—%;mxz){m@) Ve5.(Z0) } 16, (V)

We focus only on the first difference of two sums which we write
- . 1 <& . - .
Z 1L 2 :

where 1, 5. () = 7,(1) = 7.5, (). Write <= S0, 80X0) {n, 5, (%) = 0,5, (V) } 12 (Z1) as

Observe that for any w,y € [0, 1], we can write |77y,6n (u) = 1ny5, (W) 1{jlu—y| <n,} as

‘1—@(9(;LU> +(I)(y6n )’1{y<u<y+nn}
) e ()

< {@(%) ( U)}l{y<u<y+nn}
+{¢)<y5_nm)_¢<y6n )}1{11 My <u<y}.

The inequality can be checked by drawing the graph of n, 5 (u). Taking integral and applying change of
variables, the first term becomes

H{y—mn, <u<y}

o [ Onm {o (14 22) 000} du =0 (6, {0xp(0) ~ expl~ (/5. < O 5

We deal with the second term similarly to deduce that these last two terms are bounded by Cg=1 {|u — y| <7, } . Therefore

%iﬁ(x){nya (V) = 0y, (F) o2 (1 { ¥ =yl <, }
< F {%i(l{ﬁ‘y\ <”n}‘El{ﬁ—y)<"n})}+C”§2 " op(1)
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Now note that 1{u >y +n,}|n,s,(u) —n,s. (u)] is bounded by

—Uu — U
Hu>y+n,} |y, 1w —n,s5, (w—mn,)| Sl{U>y+nn}{¢(y5 +Z—”> —<I><y5 )}

Reasoning similarly with 1{u <y —n,} |77y76n (u) —ny s, (v)|, we deduce that

(34)

Zﬁ )y, (V) = 5, (V) f 2 (2001 {|fc- —yl>n,}

< IZ {Y>y+nn}’nya (Yi = 11,) = 1y 5, ( Ti {Y<y nn})nyg —1y5, (Vi + 1)

Write the first sum as

—E[U{Ti >yt [nys, (V5 = 0,) =y, (7))

)

%i@{y >y+nn})ny5n — 1) = Ny5, (Vi) —

)

Since 1,,/d, — 0, we can show that the first term is op(1) using the usual arguments of stochastic equicon-

+/nE [1 {ffi >y + nn} ‘ny,an (Y = n,) = ny5,(Y5)

tinuity. The second sum is equal to
> y=Yi m\ o (yv—Y
NG 1{K>y+nn}{¢< 5 +5n> <1>< 5 )}
1 — — (1_y)/5n
Jn {@(y “+”—”>—¢><y “)}du:an\/ﬁ/ {@(—u+"—">—q>(—u)}du
y+n,, 6n 577, 577, Nn/0n 6n

= O (Vs {exp(0) — exp(—12/82)}) = O <\/ﬁ (g—) an> e (@U —o(1).

n

The last equality is due to the fact that \/n(n"1/2h~1 4+ h2)25, 1 — 0. Similarly, we can show that the second
term in (34) is op(1). Hence we conclude that the first sum in (33) is op(1). We turn to the second sum
there. First, write the sum as

> imxi) {70800 =75, (F) } {25, (Z) = . 5, (Z0)} (35)
b 3 8060) {1, (5 = 74,5, ()} 1.5, (20

Similarly as before, we can show that the first sum is op(1). Take a sequence 7,, such that 7,,/d,, — co and

1{u§y}{l—<1><y(;u>}—1{u>y}<1>(y(;lu)
- 1{y7)n<u§y}{1<1><y6nu>}1{u>y+ﬁn}@(y6nu)
+1{USy—f7n}{1—<1><y(;u>}—1{y+fln2u>y}‘1><y(;u>-

35

7, — 0. Then write

77y,5n (U)




From this we deduce that

0, 0 < 1= <u <yt md 24 100>y 40 (< 2) + 1<y -n {1-o(2) ]

Hence the La-norm of 7, 5 (u) with respect the uniform distribution [0, 1] vanishes as n goes to infinity.
Using this fact and following the steps of the proof of Claim 2, we can show that the second sum in (35) is
Op(l).

Now, for the completion of the proof, it suffices to show that

T D100 B0} Dyl = o).

The proof can be proceeded exactly in the same manner as in the proof of Claim 3. We omit the details. m

Proof of Theorem 2 : (i) Let G/, be as in the proof of Lemma A2 and let e(p; z) = (2 — p)/+/p — p*. For
a fixed sequence Dy, ; = {(2k, uk) tj—y ji» define

Z?:l,j;éi 2 Kn(uj — )

Pn( 2 Z;‘lzl,j;éi Knp(uj —u)

Let Dy, be the set of sequences {(2zk, uk)}j_q ;€ {0, 13771 x [0,1]"~! such that

1

inf — Kp(u; —
o 2 Kalwy —u) >
J=Lj#i

for a small 5 € (0,1) and ||y (+; { (zk, ur) iz 1 520) —P()|[oc < €n for a sequence e, decreasing at a slower rate
than the convergence rate of p. Let P,, = {pn(-; D) : Dy, € Dy} and PY = {p,(G(-); Dy) : (Dp, G) € Dy, x
G.,}. Since by Lemma B3, j(-) converges uniformly to p(-) at the rate of op(n~/4) and - Z?:I,j;éi Kn(U; -
u) is uniformly consistent for f(u) = 1, the probability P {p € P¢} is bounded by

A 1\ ;
P{pE”Pg}—i—P n—h‘;#Kh(Uj—u)<n — lasn— oo
J=1,j#i

Let us compute the bracketing entropies of P,, and PY. Since [p, (v — ¢) — p(u + ¢)| < Ch~2¢, Lemma A2
and Lemma Al above gives

log N[](E,'PH,LP(P)) < *CIOg(h) - CIOg(E)'
log Nyy(e, Py, Ly(P)) < log Ny((h%e)", A, || - |loo) + C1h ™2 /e
Now, consider for (3,5) € G, x PY,
> BX)e(X0); 20 {y.6, (V) — 15, ()} (36)

>

e
o

©
Il
—

BXe(B(Xe); Zi) {75, (V) = 1.5, (V) } + % D BX)elP(X0): Z0) {75,
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Similarly as in the proof of Claim 2, the leading sum in the second line is equal to

_% Zﬂu(Ui)E e(p(Ui); Z:)|Us] {7%5”( i) — s, (y)} +op(1) = op(1)

leaving us to deal with the last sum in (36). Using similar arguments in the proof of Claim 3 along with the
fact that e(p; z) is infinitely differentiable in p on (g,1 — &) with uniformly bounded derivatives, we can show
that

T D BUGEO(e(BGX)):20) = elplU): 200} {15,(F) v} = 00(1),
i=1
where p € P,. The proof is complete.

(ii) The proof is similar to that of Theorem 1(ii) and is omitted. m

Proof of Theorem 3 : We consider only the case of

Z; — p(U;)

‘*r:an J; Vi) —y .
i) = e Senat(0) =L (3,7 o)

The other case can be dealt with similarly given the result of Theorem 1. Following the proof of Theorem

2, we can show that

L 3 W 7. Zi —p(Ui) Sy

1 o N Zi —pUs) A o
—\m;u%@)wmw@VMM)ﬂ+ﬂD

in probability. The weak convergence of the above process follows by the almost sure conditional multiplier
central limit theorem of Ledoux and Talagrand (1988) (e.g. see Theorem 2.9.7 of van der Vaart and Wellner
(1996), p.183) and it is easy to see that the covariance function of the above is equal to that of

1< Z; — p(U;) -
T ;ﬁu(Ui) oA Iip(UiV {vy(Yi) - y}

under the null hypothesis, because w; is centered, i.i.d., bounded, independent of (X;,Y;, Z;)*_; and Ew? = 1.
|

10.2 Uniform Asymptotic Representation of a Semiparametric Em-
pirical Process

Let ¥,, and ®,, be classes of functions ¥ : R% — R and ¢ : R x R4 — R that satisfy Assumptions B1

and B2 below. Then we introduce a kernel estimator of g, (u,w) = E [p(W,w)|U = u] as follows:

ﬁ Z?zl,j#i oWy, w)Kp (Un,g,j — u)
ﬁ Z;’l:Lj;éi Ky (Unyg,j —u)

G0, (U, w) = (38)

Let us define a shrinking neighborhood of 6y : ©, = {6 € © : ||# — 6y|| < Cn~'/*} for a fixed constant C.
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Assumption B1 : The functions g, ¢(u,w) are twice continuously differentiable in u with the derivatives

gf{ié(u,w) and gsz(u,w) satisfying E[supyca, 9€@|gfol,)9(Ui,Wi)|2+5] and E[sup,ca, 9€@|g;2,39(Ui7Wi)|2+5} <

oo for some § > 0.

Assumption B2 : For classes ®,, and U, there exist bp,by € [0,2) and sequences b, and d,, such that

by Vbe € [ 1+p5,1+25)f0rsome5>0 p > 2, and

log Njj(g, @n, [| - [Ip) < bne™ ", log Njj (e, W, || - [[p) < dye= "

and envelopes @ and 1 for ®,, and ¥,, satisfy that E[sup,criw |(W,w)|P|X] < oo, E[sup,,craw |@(w, W)|P|X] <
00, and E[[¢(S)[?| X] < oo, a.s., for some & > 0.

Assumption B3 : (i) As for the kernel K, suppose that Assumption 5(i) holds. (ii) For § in Assumption
B2 and for arbitrarily small € > 0, h — 0,

n TV +5+%(bn \% dn)% — 0,and n~ V2Rt S 0.

We establish that under these conditions, the processes A, (6, ¢, ) and A, (0, ¢, 1), (0,¢,1) € O, x
®,, X U, defined by

A0, 0,0) = \/—Zdl i) 190,0,i(Un,0,i, Wi) — g, (Ui, W;) }

are asymptotically equivalent uniformly over (0, ,v) € 6,, x ®,, x ¥,,. Similar results in the case of series

estimation can be found in Lemma 1U of Escanciano and Song (2007) and Lemma 1U of Song (2007). A

related, nonuniform result was also obtained by Stute and Zhu (2005) (SZ hereafter).?

Lemma B1 : Suppose that Assumption 5 holds for the kernel and the bandwidth and Assumptions B1-B2
hold. Then

swwp  |BaOp) - \/—wa Wi U)| = op(1),

(0,0,9)EOL XDy X W,y

where by, (w,u) = E [{(S;){p(w, W;) — go(Us, Wi) }U; = u].
Proof of Lemma B1 : Define
P¢,9 z(u w Z Kh n,0,5 — )W(ijw)
J 1,j#1
and write §y.9,i(Un,0,i, Wi) — go(Us, W;) as
P, (Uno.is W)/ fo.i(Uno.i) = pp(Us, Wi) [ fo(U3)
— |:[A)@,9’i(Un,0,i7W) gL,D(Uqu)sz( n@z):| {1+6n9z}/f0< n97,)

= [P0V W) = 9o (Ui, W foi(Un0.)| {1+ 00}

15Note that we do not need the condition n'/2h? — oo used by SZ. This condition was used to prove
Lemma 4.3 there. The formulation of our lemma is different and does not require a counterpart of Lemma
4.3.
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where 4, 0 =0npi+ 5n 0.i(1 —0np) "t and 6,0, = fo(U;) — ]Ee,i(Umg,i) and fo and fy are the density of a

uniform random variate. Let A,, =maxi<;<nSupgeo,, |fo(U;) — feﬁi(Un’g’i)L Since fo(u) = 1, we have
A, = maxi<i<nSuPpeo, | fo(Uno,i) — fo.i(Unoi)| < Max1 <;<nSUPpee, SUPyc(o,1] [fo(u) — fo.i(w)| = op(1)

by Lemma B3 below, so that max;<;<,Supsco, Sn@i <A, +A%2/(1—-A,) = op(1). Hence it suffices to

show that

\r Z¢ ) [0, Un0.6s W) = 9o Ui, W) foi(Una.)]
- — LU 1).
= ;bw,(,a(w“vl) +or(1)
Since fo(+) = 1, we can write ﬁ%e’i(Un,gﬂv, W;) — g, (Ui, W; )fg i(Unpi) as

P,0.i(Un.0.is Wi) — 9o (Ui, Wi) + g, (Ui, Wi) [fo(U) fo.i(Un.4)] -

As for the first difference, observe that
Zw ptpel nez;Wi)_g@(Ui,Wi)]

= Z Z Wi, Wi)Kp(Un,g,j — Uno,i) — 9o (Ui, Wi)]
TL - 1 \/_ i=1 j=1 ]#7,

= Z Z {‘)0 WjaW) g«p(UuW)}Kh( n,0,5 — Un,@,i)
TL—l \/_’L 1 5=1,5%#1

Zw 095U W) [ £o(U) = foiUno)]
Therefore, \/— S w(Ss) [pvJ 0.i(Un.0.i, Wi) — 9o (Ui, Wi )f0.i(Un.o l)} is equal to
Z Z Ago z]Kh(Un,G,j - Un,e,i) + OP(l)-
TL -1 \/_ i=1 j=1,j#1
where Ay ;; = o(W;, W;) — g,(Us;, W;). Now, write the double sum as
n_l \/_Z Z w 801] {Kh( n,0,j — Un,@,i)_Kh(Uj —Ul)}

i= 1] 1]751

Z Z Si)Ay ijKn(Uj — U;) = A1y + Azy, say.

i=1 j=1,j#1

n—l\/_
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Let us consider Ay, first. Following the steps in the proof of Lemma 4.7 in SZ, we can write it as

Y S wsdes (L) VAU~ Uy~ U - )

i=1 j=1,j#i

\/—hzz Z »(S Asz,(
i=1 j=1,j#i
= Bln+B2na say.

i h Ui > {Us; —U; — (Ui — Ui)} +0p(1)

Due to Lemma The derivation requires the counterparts of Lemmas 4.1 and 4.2 in SZ which are proved in
Lemmas B3 and B4 below. The term B, corresponds to (4.13) in SZ and can be shown to be op(1) in a
similar manner as there, leaving us to deal with By,,.

We turn to By, which we write as

n—l\/_z Z an (S, Si;m) +op(1)

i=1 j=1,j7#i

where gu(Sj, S5 ) = ¥(S) Az K (U52) {GL(U)) = Uy = Ga(U) + Ui}, with 7 = (4,,G1,Ga) €
U, x ®, x G, X Gy and G, is the class G, in Corollary Al with B.,(u1) = uy such that for all G € G,
Supyep,1) |G (v) —u| < Cn~1/%+¢ and A,, being a singleton of Fyy o \g. Observe that by the uniform central
limit theorem, F), j(u), Fy, ;(u) € G, with probability approaching one. The leading sum in the preceding
display is a U-process with a kernel depending on n. Let

Gn(Sj,85m) = Elqn(S), Si;7)|S;] + Elgn (S, Si; m)1Si] — 2E [, (S}, Si; )] and
un (S5, 8um) = qn(S;,5857T) —n

and write the above double sum as

CEEYW gﬂz Gn (S, Si3 ) + n—l\/_z Z wn (S5, i ). (39)

i=1 j=1,j%#1

First note that E [g,, (S}, Si; 7)|S;] = 0 because E [A, ;;|S;, U;] = 0. Hence the first double sum above becomes

% Z E [¢.(S;, Si;m)|S;],

j=1.j#i

which is equal to(after change of variables)

1
= Z /bWWJ,U +hv)hK’(){G1( ) = U, — Ga(U, + ho) + Uy + ho} do.
Jj=1#1

The sum above is a mean zero process with its variance bounded by C' (h_ln_l/ 2+€)2 — 0. The convergence
uniform over (¢, ¢, G1,Gs) € U,, x ®,, X G,, X G,, can be obtained using the usual stochastic equicontinuity
arguments. Later we show that the second sum in (39) vanishes in probability. Thus we conclude that
A1n = Op(l).

Now let us turn to As,, for which we let ¢; (S}, Si;m) = ¥(S;)Ay.ij+ K ( ) and consider the following

©ij R
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Hoeffding decomposition:

nol s j=1.#i
- 5y / b (W, Uy — /WK () ! = 5™ by (00,1
"t TS

We are left with the last sum in (39) which is a degenerate U-process. Let us define 7, = {qn(-,-;7) :
m eIl }, I, = 0, x &, x [0,1]. Using the bracketing entropy bound for 7, in Lemma B2 below, we can
apply Theorem 1 (i) in Turki-Moalla (1998), p. 878, to obtain °

1 n n L1 el .
sup —— E E Un (S5,9:;7))|| = 04.5(n" PwVie 2(b, Vdy)2) = 0451
TED, X BXA (TL — l)ﬁ ~ o~ n( R )) as( ( n n) ) a s( )

by Assumption B2. m

Lemma B2 : For the class 7, defined in the proof of Lemma B1, the following holds:
log Ny(e. o || 1) < Ce=Cr¥) (b, v d),

where C is a constant.

Proof of Lemma B2 : Define xp(u1,u2) = Kp, (u; — ug) and write
In = {w(')”h(‘, ) {e() - gap(')} {G1(") = G2()} : (¥, 9,G1,G2) € U, x Py, X Gn X Gn}
We can take its envelope as J,,(S;, S;) = 2¢)(S:)kn (Ui, U;)@(+). From tedious calculations,

logN[](8,jn; Il 1lp)

IN

log Ny (C/ 1 allaps o || llzp) + 108 Ny (C/[ Tull2p: B || 1)
= —(by Vbae
Clbn v d) L/ Tullzp "7V

IN

Since ||kn|2p is & constant uniformly over h > 0 by assumptions, we obtain the wanted result. m

Lemma B3 : Let Sy be the support of W and suppose that &/, = {¢(-,w); (¢, w) € ®,, x Sy} satisfies
the same bracketing entropy condition as that for ®,, in Assumption B2. Then

MAX1<i<nSUP (g g)ed, x 0 SUP(u,w)e[0,1]xRw |F.0.i (W) = go(w, w)| = Op(n~*h7'b}/%) + Op(h ).

Proof of Lemma B3 : Let p, 4 ;(u) be as defined in the proof of Lemma B1. Note that it suffices to show
that

maX1 <i<nSUP(y,0)e®, x0, 5 UPue0,1] |p¢,9,i(u7w) — 9o (u, w)‘ =op(1)

because by putting ¢ = 1, the above implies the uniform consistency of the density estimator fg,i(u), SO

that the above leads to the wanted result of the lemma. (Recall the arguments in the beginning of the proof

6Tn Theorem 1(i) in Turki-Moalla (1998), we take A = m — 6 for § in Assumption B2 and apply
Lemma B2.

41



of Lemma B1.) Let G, be the class G, in Corollary Al with Bu,(u1) = up and A,y = {Xg : 0 € ©,}. Let
0, (") = @(W;i,w). For each G € G,,, write

Pp0,i(1w) = gp(u) = % Z {En (G(X3) — ) (Wi, w) = E[Kp (G(Xi) = u) p(Wi, w)]}

+2 S B (G(X0) — w) p(Wh,w)] — g (s w))
i=1

= Vu(G,u) + B,(G,u) say.

We consider V, first. Note that K (u) is absolutely integrable and has Fourier transform K (r) = (27) [ ™K (u)du
that satisfies [ |K(r)|dr < oo. Let us consider the variance part first. Following Parzen (1962), we can

bound maxi<i<nSUP(p,0)€®, xO0,,SUP(u,w)€[0,1] x RIW }ﬁtpﬂ,i(u) - ng(“)| by

i 1 G iraix. i G(X .
sup sup [ e/t |2 S {1 w) — Blem O MW w) ) R (40)
Geg,, uelD,1] n j=1

< [
Gegn
We define ¥,,(r) = E [squegn %Z?Zl {e=rCED o(W;, w) — E[e*”G(XJ‘)@(Wi,w)]}H . Then the Ly norm

of the last term in (40) is bounded by h=! [ W, (r)| K (r)|dr. Later we will establish that

Z {e*”G(XJ‘)go(Wi,w) _ E[efirG(Xj)(p(Wi,'w)]} K(hr)dr.

j=1

S

sup U, (r) = O(nfl/Qb}/Q), (41)
re[—m,n]
from which we deduce that
max1<i<nSUP(y,0)ed, x0, 5UPuc[0,1] }ﬁw,e,i(u) - g¢(u)} = Op(n_lﬂh_lb}zﬂ)- (42)

For the bias part B, we use Corollary Al and follow the steps in (A.17) and (A.18) in Andrews (1995),
p-591, to show that

SUPGeg,, SUPue(0,1] ‘Bn(Gvu” = Op(h_z).

We turn to the statement in (41). Define V,, = {exp(—irG(-))p(-) : (r,G,p) € [0,1] x G x B % Sw).
Note that [e=7G(®) — e=ir2G@)| < [p) — 7y and

| exp[—irG1(z)] — exp[—irGa(x)]| < |G1(z) — Ga(z)|.

By Theorem 2.7.11. of Van der Vaart and Wellner (1996), p.164, and by applying Corollary Al above,

log Ny (C,Visl|- 1) < 10g N(E, G- lap) + 08 N (e, B )
< 1OgN(5aAnaH'H2p)+10gN(€’q>n’H'H2P>+C/8
< —Clog(e) + bpe " + CJe.

We obtain (41) by using Assumption B2 and the maximal inequality (Pollard (1989)). m
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Lemma B4 : (i) max;<;<,Supp.gco, |Usi — Ui| = op(n™1/*).
(ii) supg.oce, SUPs |Fro,i(Ao(z)) — Fo(Ao(x)) — {Fni(Ao(z)) — Fo(Ao(z))} = op (n=3/4).

Proof of Lemma B4 : (i) Let A, =suppco, || o — Ao||oo- Note that

[Fo(Xo(X:)) — Ui

IN

[E[1{Ao(X;) < A(Xi)} — T{Ao(X;) < Ao(Xi)}Xi]|
[E[1{Ao(Xi) — 24, < Ao(X;j) < Xo(Xi) +24,} | Xi]| < CA,

IN

because the density of Ag(X;) is uniformly bounded. Since A,, = op(n~'%), we obtain the wanted result.
(ii) The LHS term is bounded by

1O .
SUPg.gco, SUPXesSUPye[—5,,5,] EZ o( X5 v) — EAg(Xj; A, 0)]
j=1

where Ag(X;; A, v) = 1{X(X;) < A+v} — 1{A(X;) < A}. Observe that for each (61, A1,v1) € O, x S x
[_57“571];

_ _ 1/2
{E [supezeen:\\91—92||<asupx265:\x1—x2\<5supme[—an,5n]:|m—v2\<5 | Ag, (X3 A1, v1) — Do, (X3 Az, 02))| ] }

< [2E[1{A +v1—26 < Xo(X;) < As + 0 +201]}% < €62,
Therefore, for H = {A9(~; Av):(0,00) €0, xS x [—5n,5n]} , where 6,, = o(n=1/%),

IOgN[](gvH’ H ) H2> < 10gN[](05279n X S x [_5n;5n]v || ’ ||(1))
10gN(C€2,@n, || ’ ||) +1OgN(C€2,S, | ’ D +lOgN(C€2, [*57“(5”], | ’ D < CIOgE'

A

where |[(61, A1, v1) — (02, A2, v2) || (1) = [|01 — 02|+ A1 — A2| +|v1 —v2|. Hence H is of polynomial discrimination
(Pollard (1984)) and hence P-Donsker. This implies that

1« -
SUPg:0co, SUPRcSSUPve[—6,,8,] EZ A(?X ) EA9<XJ§)HU)]

: ) =or (1)

_ 1/2
{E {Sup(o,f\,v)e@n xSx [75n,5n]A§1 (X5 A1 ”1)} }

= Op (n_1/2
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Table 1: Empirical Size and Power of Tests using Simulated Data and CV-KS

Exp Ind.
DGP k || m=100 n =300 | n=100 n =300
DGP1 0 0.062 0.049 0.060 0.048
0.5 0.432 0.885 0.395 0.875
DGP2 0 0.082 0.056 0.084 0.052
0.5 0.339 0.874 0.344 0.786

Table 2: Empirical Size and Power of Tests using Simulated Data and CV-CM

Exp Ind.
DGP k || m=100 n =300 | n=100 n =300
DGP1 0 0.057 0.057 0.057 0.062
0.5 0.430 0.881 0.405 0.894
DGP2 0 0.079 0.047 0.072 0.038
0.5 0.328 0.862 0.300 0.766
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Table 3: Empirical Size and Power of Tests from Simulated Data for Quantile Treatment
Effects via CV-KS

Exp Ind
DGP Kk | quantile || n =100 n =300 | n =100 n = 300

0.2 0.080 0.063 0.087 0.051

0 0.5 0.093 0.068 0.084 0.063

DGP 1 0.8 0.083 0.069 0.077 0.071
0.2 0.297 0.700 0.366 0.730

0.5 0.5 0.422 0.832 0.431 0.833

0.8 0.383 0.745 0.353 0.725

0.2 0.090 0.059 0.080 0.058

0 0.5 0.088 0.057 0.088 0.063

DGP 2 0.8 0.088 0.069 0.089 0.070
0.2 0.509 0.936 0.416 0.872

0.5 0.5 0.234 0.408 0.306 0.572

0.8 0.187 0.405 0.141 0.374

Table 4: Empirical Size and Power of Tests from Simulated Data for Quantile Treatment
Effects via CV-CM

Exp Ind
DGP Kk | quantile || n =100 n =300 | n =100 n = 300

0.2 0.081 0.049 0.080 0.052

0 0.5 0.088 0.055 0.910 0.046

DGP 1 0.8 0.074 0.057 0.086 0.054
0.2 0.282 0.698 0.359 0.742

0.5 0.5 0.405 0.816 0.403 0.842

0.8 0.349 0.746 0.320 0.735

0.2 0.078 0.067 0.073 0.068

0 0.5 0.079 0.062 0.064 0.064

DGP 2 0.8 0.067 0.076 0.085 0.055
0.2 0.527 0.959 0.388 0.908

0.5 0.5 0.214 0.455 0.294 0.623

0.8 0.145 0.388 0.109 0.349
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Table 5: The p-values from Testing Yy L Z |p(X) using the JTPA data via CV-KS

Quarters || Exp  Ind

0.843 0.129
0.657 0.402
0.480 0.536
0.931 0.524
0.750 0.128
0.712 0.162

S Ot s W N

Joint 0.903 0.338

Table 6: The p-values from Testing Yy L Z |p(X) using the JTPA data via CV-CM

Quarters || Exp  Ind

0.877 0.099
0.596 0.262
0.567 0.187
0.976 0.340
0.480 0.230
0.723 0.242

S T e W NN =

Joint 0.778 0.262
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Table 7 : The p-values from Testing 1{Yy < qo,(X)} L Z | p(X) using the JTPA data with
B,(U) = exp(Uu) and CV-KS

Quarters\Quantiles | 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.764 0.634 0.318 0.480 0.779 0.461 0.526 0.922 0.171
0.680 0.589 0.890 0.837 0.564 0.118 0.106 0.950 0.962
0.715 0.733 0.518 0.858 0.886 0.205 0.152 0.109 0.213
0.744 0.726 0.392 0.427 0.782 0.594 0.403 0.670 0.683
0.753 0.740 0.708 0.395 0.709 0.521 0.504 0.832 0.663
0.685 0.733 0.930 0.312 0.385 0.744 0.531 0.248 0.073

S Ot s W NN

Table 8 : The p-values from Testing 1{Yy < o, (X)} L Z | p(X) using the JTPA data with
3,(U) = 1{U < u} and CV-KS.

Quarters\Quantiles | 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.986 0.345 0.111 0.111 0.099 0.034 0.127 0.687 0.509
0975 0.316 0.675 0.226 0.195 0.015 0.099 0.755 0.926
0.991 0.986 0.745 0.338 0.441 0.158 0.109 0.126 0.365
0.995 0.981 0.709 0.794 0.412 0.228 0.170 0.5390 0.445
0.995 0.995 0.644 0.351 0.296 0.027 0.293 0.230 0.562
0.969 0.987 0.667 0.533 0.344 0.033 0.022 0.087 0.060

S Ot s W N
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