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Wkh Pd{lpxp H!flhqw Htxloleulxp Sd|r> lq wkh
Uhshdwhg Sulvrqhuv* Glohppdú

Jhrujh M1 Pdlodwk_

Xqlyhuvlw| ri Shqqv|oydqld
Lfklur Redud

Xqlyhuvlw| ri Shqqv|oydqld

Wdgdvkl Vhnljxfklh

Nreh Xqlyhuvlw|

Qryhpehu 49/ 5333

Devwudfw

Zh ghvfuleh wkh pd{lpxp h!flhqw vxejdph shuihfw htxloleulxp sd|r>
iru d sod|hu lq wkh uhshdwhg Sulvrqhuv* Glohppd/ dv d ixqfwlrq ri wkh glvfrxqw
idfwru1 Iru glvfrxqw idfwruv deryh d fulwlfdo ohyho/ hyhu| h!flhqw/ ihdvleoh/ lq0
glylgxdoo| udwlrqdo sd|r> sur?oh fdq eh vxvwdlqhg1 Iru dq rshq dqg ghqvh
vxevhw ri glvfrxqw idfwruv ehorz wkh fulwlfdo ydoxh/ wkh pd{lpxp h!flhqw
sd|r> lv qrw dq htxloleulxp sd|r>1 Zkhq d sod|hu fdqqrw dfklhyh wklv sd|0
r>/ wkh xqltxh htxloleulxp rxwfrph dfklhylqj wkh ehvw h!flhqw htxloleulxp
sd|r> iru d sod|hu lv hyhqwxdoo| f|folf1 Wkhuh lv dq xqfrxqwdeoh qxpehu
ri glvfrxqw idfwruv ehorz wkh fulwlfdo ohyho vxfk wkdw wkh pd{lpxp h!flhqw
sd|r> lv dq htxloleulxp sd|r>1

41 Lqwurgxfwlrq

Zkloh wkh glvfrxqwhg uhshdwhg Sulvrqhuv* glohppd lv rqh ri wkh prvw lqwhqvlyho|
vwxglhg jdphv/ olwwoh lv nqrzq derxw wkh vhw ri vxejdph shuihfw htxloleulxp sd|r>v
iru d zlgh udqjh ri glvfrxqw idfwruv1 Lw lv nqrzq wkdw iru orz ydoxhv ri wkh glvfrxqw
idfwru/ rqo| wkh plqpd{ sd|r> yhfwru lv dq htxloleulxp sd|r> yhfwru/ zkloh wkh
iron wkhruhp dvvhuwv wkdw iru odujh ydoxhv ri wkh glvfrxqw idfwru/ hyhu| ihdvleoh
dqg lqglylgxdoo| udwlrqdo sd|r> yhfwru lv dq htxloleulxp sd|r> yhfwru1 Lq wklv

WWkh uhvhdufk uhsruwhg khuh zdv xqghuwdnhq zkloh Vhnljxfkl zdv ylvlwlqj wkh Xqlyhuvlw| ri
Shqqv|oydqld1

_Pdlodwk dfnqrzohgjhv ?qdqfldo vxssruw iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq1
hVhnljxfkl lv judwhixo wr wkh Xqlyhuvlw| ri Shqqv|oydqld iru lwv nlqg krvslwdolw|1



sdshu/ zh ghvfuleh wkh pd{lpxp h!flhqw vxejdph shuihfw htxloleulxp sd|r> iru
d sod|hu iru wkh lqwhuphgldwh ydoxhv ri wkh glvfrxqw idfwru1

Vrulq ^9` jlyhv d frpsohwh fkdudfwhul}dwlrq ri wkh vhw ri htxloleulxp sd|r>v ri
wkh uhshdwhg Sulvrqhuv* Glohppd iru orz glvfrxqw idfwruv9lq sduwlfxodu/ kh vkrzv
wkdw iru glvfrxqw idfwruv vwulfwo| ehorz d fulwlfdo ydoxh/ wkh rqo| Qdvk htxloleulxp
sd|r> ri wkh uhshdwhg jdph lv wkh p|rslf Qdvk htxloleulxp sd|r>1 Vrulq ^9` dovr
fdofxodwhv wkh vhw ri htxloleulxp sd|r>v dw wkh fulwlfdo ydoxh ri wkh glvfrxqw idfwru14

Qr vwuxfwxuh rq htxloleulxp sd|r>v lv jlyhq iru odujhu ydoxhv ri wkh glvfrxqw
idfwru/ wkh uhjlrq ri glvfrxqw idfwruv wkdw lv rxu irfxv1 ydq Gdpph ^;/ Vhfwlrq
;17`/ exloglqj rq Vrulq ^9`/ vkrzv wkdw hyhu| ihdvleoh dqg lqglylgxdoo| udwlrqdo
sd|r> yhfwru lv dq htxloleulxp sd|r> yhfwru zkhq sod|huv* pl{hg vwudwhjlhv duh
revhuydeoh1 Zh pdnh wkh pruh vwdqgdug dvvxpswlrq wkdw sod|huv* pl{hg vwudwhjlhv
duh qrw revhuydeoh1

Dq lpsruwdqw dvvxpswlrq lq rxu sdshu lv wkdw sxeolf fruuhodwlrq ghylfhv duh
qrw dydlodeoh1 Vxfk fruuhodwlrq ghylfhv frqvlghudeo| vlpsoli| wkh dqdo|vlv1 Iru
h{dpsoh/ lw lv nqrzq wkdw wkh htxloleulxp sd|r> vhw zlwk sxeolf fruuhodwlrq lv
prqrwrqlf zlwk uhvshfw wr wkh glvfrxqw idfwru +vhh/ iru h{dpsoh/ Deuhx/ Shdufh/
dqg Vwdffkhwwl ^5/ Wkhruhp 9` dqg irrwqrwh <,1 Krzhyhu/ dv zh zloo vhh/ wkh hi0
?flhqw htxloleulxp sd|r> vhw lv qrqprqrwrqlf lq wkh devhqfh ri vxfk fruuhodwlrq
ghylfhv15 Wkh frpsohwh fkdudfwhul}dwlrq ri wkh htxloleulxp sd|r> fruuhvsrqghqfh
iru wkh uhshdwhg Sulvrqhuv* Glohppd zkhq vxfk d fruuhodwlrq ghylfh lv dydlodeoh lv
jlyhq lq Vwdko ^:`1 Exloglqj rq dq lqvljkw ri Deuhx ^4`/ Furqvkdz dqg Oxhqehujhu
^7` ghvfuleh wkh vhw ri v|pphwulf htxloleulxp sd|r>v iru jhqhudo uhshdwhg v|p0
phwulf jdphv xvlqj d vfdodu htxdwlrq wr vroyh iru wkh pd{lpdo ohyho ri ghwhuuhqfh/
dqg wkhq ghvfulelqj wkh ehvw dqg zruvw htxloleulxp sd|r>v dv d ixqfwlrq ri wklv
ghwhuuhqfh ohyho1 Wkhlu dqdo|vlv uhtxluhv hlwkhu d sxeolf fruuhodwlrq ghylfh/ ru d
frqyh{ vhw ri sxuh dfwlrqv +vxfk dv lq d Frxuqrw txdqwlw| vhwwlqj jdph,1

Rxu ?qglqjv duh dv iroorzv1 Iluvw/ dqg qrw vxusulvlqjo|/ wkhuh lv d fulwlfdo
ydoxh ri wkh glvfrxqw idfwru vxfk wkdw iru glvfrxqw idfwruv deryh wklv ydoxh/ dq|
h!flhqw sd|r> yhfwru wkdw lv lqglylgxdoo| udwlrqdo lv dq htxloleulxp sd|r>1 Zh
fdq lpphgldwho| frqfoxgh wkdw iru sdwlhqw sod|huv/ wkh ehvw htxloleulxp iru rqh
sod|hu lv wkh rqh wkdw plqlpl}hv wkh rwkhu sod|hu*v sd|r>/ vxemhfw wr wkh lqglylgxdo
udwlrqdolw| frqvwudlqw1 Ghqrwh wklv ydoxh iru sod|hu l e| yWð 1

Iru rwkhu glvfrxqw idfwruv/ qrw doo lqglylgxdoo| udwlrqdo dqg h!flhqw sd|r>v duh

4Zkloh Vrulq ^9` vwdwhv klv uhvxowv lq whupv ri Qdvk htxloleulxp/ lw lv lpphgldwh wkdw wkh
fkdudfwhul}dwlrq iru wkh uhshdwhg Sulvrqhu*v Glohppd dovr krogv iru vxejdph shuihfw htxloleulxp1
Fdyh ^6` suryhv d vlplodu uhvxow/ dv zhoo dv vrph uhvxowv iru wkh fdvh zkhuh sod|huv* pl{hg

vwudwhjlhv duh revhuydeoh/ dqg zkhuh sod|huv duh uhvwulfwhg wr vwdwlrqdu| vwudwhjlhv1
5Qrqprqrwrqlflw| ri wkh Qdvk htxloleulxp sd|r> vhw lv uhsruwhg lq Vrulq ^9`1
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htxloleulxp sd|r>v1 Iru dq rshq dqg ghqvh vxevhw ri glvfrxqw idfwruv ehorz wkh
fulwlfdo ydoxh/6 yWð lv qrw dq htxloleulxp sd|r> iru sod|hu l1 Rq wkh rwkhu kdqg/ wkh
vhw ri glvfrxqw idfwruv ehorz wkh fulwlfdo ydoxh iru zklfk wkh pd{lpxp htxloleulxp
sd|r> iru sod|hu l lv yWð lv xqfrxqwdeoh1 Wkxv/ wkh pd{lpxp htxloleulxp sd|r>
grhv qrw h{klelw prqrwrqlflw| zlwk uhvshfw wr wkh glvfrxqw idfwru1

Li wkh glvfrxqw idfwru lv vxfk wkdw yWð lv qrw dq htxloleulxp sd|r> iru sod|hu l/
wkh +xqltxh, ehvw h!flhqw htxloleulxp rxwfrph iru sod|hu l lv hyhqwxdoo| f|folf=
diwhu vrph ?qlwh klvwru|/ sod| iroorzv d f|foh1 Zh dovr vkrz wkdw wkh ehvw h!flhqw
htxloleulxp sd|r> lv vrphwlphv gl>huhqw iurp wkh pd{lpxp ri doo htxloleulxp
sd|r>v iru d sod|hu +wkh uhpdun dw wkh hqg ri Vhfwlrq 6,1 Rq wkh rwkhu kdqg/ zkhq
yWð lv dq htxloleulxp sd|r> iru sod|hu l/ ydulrxv w|shv ri rxwfrphv duh frqvlvwhqw
zlwk ehlqj wkh ehvw htxloleulxp/ dprqj zklfk duh df|folf rxwfrphv1

51 Suholplqdu| dqdo|vlv

Zh vwxg| wkh Sulvrqhuv* Glohppd j = iF>Gj2 $ ?2/ zkhuh j lv ghvfulehg lq wkh
iroorzlqj elpdwul{=

Sod|hu 5
F G

Sod|hu 4 F 4> 4 ý4> 5
G 5>ý4 3> 3

=

Zkloh zh kdyh fkrvhq wr zrun zlwk d sduwlfxodu yhuvlrq ri wkh Sulvrqhuv* Glohppd
iru fodulw|/ rxu uhvxowv krog iru dq| Sulvrqhuv* Glohppd17 Wkh vhw ri lqglylgxdoo|
udwlrqdo dqg ihdvleoh sd|r>v lv ghqrwhg Y W1 Rxu lqwhuhvw olhv lq htxloleulxp sd|0
r>v rq wkh Sduhwr erxqgdu| ri wklv vhw1 Zlwkrxw orvv ri jhqhudolw|/ zh uhvwulfw
dwwhqwlrq wr wkh erxqgdu| E @

õ
+y�> y2, = y� @

ô
2 ý ñ2

2 > y2 5 ^3> 4`
ô
+vhh Iljxuh 4,1

Zh edvh rxu dqdo|vlv rq vhoi0jhqhudwlrq +Deuhx/ Shdufh/ dqg Vwdffkhwwl ^5`,1
D sdlu +ò>z,/ zkhuh ò lv d +srvvleo| pl{hg, dfwlrq sur?oh dqg z = D $ Y W lv d
vshfl?fdwlrq ri frqwlqxdwlrq sd|r>v/ lv dgplvvleoh li ò lv d Qdvk htxloleulxp ri
wkh jdph zlwk sd|r>v +4ý ï, j +d, . ïz +d,1 D sd|r> yhfwru y lv ghfrpsrvdeoh
zlwk uhvshfw wr dq dfwlrq sur?oh ò dqg frqwlqxdwlrq ydoxhv z li wkh sdlu +ò>z, lv
dgplvvleoh dqg kdv ydoxh y1

Htxloleulxp sd|r>v rqE uhtxluh sod|hu 5 wr dozd|v sod| F/ vlqfh wkh| fdq rqo|
eh dfklhyhg dv frqyh{ frpelqdwlrqv ri wkh dfwlrq sur?ohv FF dqg GF1 Wkh lvvxh

6Zh gr qrw nqrz li wkh vhw ri vxfk glvfrxqw idfwruv kdv ixoo phdvxuh1
7Vlqfh zh irfxv rq wkh pd{lpxp h!flhqw sd|r> iurp d sod|hu*v +vd| �, srlqw ri ylhz/ wkh

rwkhu sod|hu dozd|v sod|v ä1 Dv d frqvhtxhqfh wkh rqo| uhohydqw sd|r>v duh wkrvh iurp ää dqg
(ä1
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+4/4,

+$4/5,

+5/$4,

+3/3,

-9

% +4ò /3,

Iljxuh 4= Wkh vhwv Y W dqg E1

lv wr ghwhuplqh krz riwhq sod|hu 4 fdq sod| G lq htxloleulxp1 Zkloh lqfuhdvlqj
wkh sursruwlrq ri shulrgv wkdw sod|hu 4 sod|v G lqfuhdvhv sod|hu 4*v sd|r>/ lw
vlpxowdqhrxvo| ghfuhdvhv sod|hu 5*v sd|r>1 Zh qhhg wr hqvxuh wkdw sod|hu 5*v
sd|r> vwloo surylghv wkh lqfhqwlyh iru sod|hu 5 wr dozd|v sod| F1 Wkh sur?oh zh
ghvfuleh vshfl?hv wkh prvw vhyhuh sxqlvkphqw srvvleoh= dq| ghyldwlrq e| hlwkhu
sod|hu uhvxowv lq wkh julp rxwfrph ri GG iruhyhu1 Qrwh wkdw sod|hu 4*v lqfhqwlyh
frqvwudlqw lv qrw dq lvvxh1 Wkh lqfhqwlyh frqvwudlqw iru sod|hu 5 lq shulrg w è 3
lv=8

+4ý ï, j2
ý
d|�> F

ü
. ïy|n�2 è +4ý ï, j2

ý
d|�> G

ü
. ï û 3

+, ïy|n�2 è 4ý ï +, y|n�2 è 4ý ï
ï
=

Wkxv/ dv orqj dv wkh frqwlqxdwlrq ydoxh +lq shulrgv w è 4, wr sod|hu 5 h{fhhgv
+4ý ï, @ï/ sod|hu 5 zloo sod| F1

Ghqrwh e| Y ä2 wkh vhw ri sd|r>v iru sod|hu 5 wkdw fdq eh ghfrpsrvhg xvlqj FF
dqg d sd|r> z2 5 ^+4ý ï, @ï> 4` +dq| frqwlqxdwlrq sd|r> vpdoohu wkdq +4ý ï, @ï
lv lqfrqvlvwhqw zlwk 5 sod|lqj F,=

y2 5 Y ä2 +, <z2 5 ^+4ý ï, @ï> 4` +4,

v1w1 y2 @ +4ý ï, j2 +FF, . ïz2 @ +4ý ï, . ïz2=

Wkxv/ Y ä2 @ ^5ý 5ï> 4`1
8Zh lqgh{ wlph vr wkdw wkh uhshdwhg jdph vwduwv dw | ' f1
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4

4

4 ð G
G

Y5

Z5

5 5ð G 5 4G ð

9 '5
9 &5

&&

'&

Iljxuh 5= Vhoi0jhqhudwlqj vhwv iru ï è ô
e 1 Wklv lv gudzq iru ï @

e
D 1 Dq| y2 fdq eh

ghfrpsrvhg lqwr d fxuuhqw dfwlrq sur?oh dqg frqwlqxdwlrq ydoxh z21

Ghqrwh e| Y (2 wkh vhw ri sd|r>v iru sod|hu 5 wkdw fdq eh ghfrpsrvhg xvlqj
GF dqg d sd|r> z2 5 ^+4ý ï, @ï> 4`=

y2 5 Y (2 +, <z2 5 ^+4ý ï, @ï> 4` +5,

v1w1 y2 @ +4ý ï, j2 +GF, . ïz2 @ ïz2 ý +4ý ï, =

Wkxv/ Y (2 @ ^3> 5ï ý 4`1
Qrwh wkdw iru ï ? �

2 / Y
ä
2 dqg Y (2 duh erwk hpsw| dqg vr dq| dfwlrq sur?oh

lq zklfk sod|hu 5 sod|v F lv qrw dgplvvleoh1 Lq idfw/ lw lv hdv| wr vkrz wkdw iru
ï ? �

2 / wkh rqo| htxloleulxp sd|r> lv +3> 3,1 Pruhryhu/ iru ï è 4@5/ julp wuljjhu lv
dq htxloleulxp1 Wkxv/ wkh ehvw v|pphwulf htxloleulxp sd|r> lv +3> 3, iru ï ? 4@5
dqg +4> 4, iru ï è 4@51

Li Y ä2 ^ Y (2 @ ^3> 4` +zklfk lv lpsolhg e| ï è ô
e,/ rq wkh rwkhu kdqg/ hyhu|

sd|r> rq wkh vhjphqw
õ
+y�> y2, = y� @

ô
2 ý ñ2

2 > y2 5 ^3> 4`
ô
fdq eh vxssruwhg dv dq

htxloleulxp sd|r> lq wkh ?uvw shulrg1 Wklv lv looxvwudwhg lq Iljxuh 51 Wkhvh odvw
wzr revhuydwlrqv lpso| rxu ?uvw uhvxow1 Iru ï è 4@5/ ohw çy�+ï, eh wkh pd{lpxp
ri sod|hu 4*v sd|r> lq dq| htxloleulxp zlwk sd|r>v rq E/ jlyhq glvfrxqw idfwru ï1

Ohppd 41 Iru ï ? �
2 / +3> 3, lv wkh rqo| vxejdph shuihfw htxloleulxp sd|r>1 Iru

ï è ô
e / çy� +ï, @

ô
2 1
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Wkh dqdo|vlv ri wkh fdvh ï 5 ý�2 > ôeü lv pruh frpsolfdwhg/ dqg lv wkh frqfhuq
ri wklv sdshu1 Vxssrvh ï ? ô

e 1 Vlqfh Y
ä
2 _ Y (2 @ >/ wkhuh lv d xqltxh dfwlrq dqg

frqwlqxdwlrq sd|r> yhfwru fruuhvsrqglqj wr dq| ghfrpsrvdeoh sd|r> yhfwru rq
wkh h!flhqw iurqwlhu1 Wkh iroorzlqj ydoxh g|qdplf +iurp +5, dqg +4,, lv wkxv d
xvhixo wrro wr ghvfuleh frqwlqxdwlrq sd|r>v=

y|n�2 @

+
ñ|2
B .

�3B
B > li y|2 é 5ï ý 4>

ñ|2
B ý �3B

B > rwkhuzlvh
+6,

Iru ï è �
2 / wkh ydoxh g|qdplf +6, ghvfulehv d ixqfwlrq iurp ^ý4> 4` lqwr ^ý4> 4`/

dqg vr wkh g|qdplf lv zhoo0gh?qhg iru dq| fkrlfh ri yf2 5 ^ý4> 4`1 Zh vd| d
vhtxhqfh iy|2j"|'f lv jhqhudwhg e| y +xqghu ï, li +6, krogv iru doo w/ vwduwlqj zlwk
yf2 @ y1

Dvvrfldwhg zlwk wkh ydoxh g|qdplf +6, lv wkh rxwfrph sdwk/ ä @ iä|j"|'f/
zkhuh

ä| @

ã
GF> li y|2 é 5ï ý 4>
FF> rwkhuzlvh1

+7,

Zh dovr fdoo ä wkh rxwfrph sdwk jhqhudwhg e| y1 Qrwh wkdw li
õ
y|2
ô"
|'f

dqg
iä|j"|'f duh jhqhudwhg e| y/ wkhq iru doo w/

y|2 @ +4ý ï, j2 +ä|, . ïy|n�2 = +8,

Lw lv frqyhqlhqw wr gh?qh sod|hu 5*v sd|r> ri wkh uhshdwhg jdph dv d ixqfwlrq ri
dq rxwfrph sdwk dqg ï1 Zkhq dq rxwfrph sdwk ä dqg ï duh jlyhq/ zh gh?qh

kA2 +ä> ï, @ +4ý ï,
"[
ô'A

ïô3A j2+äô ,>

l1h1/ kA2 +ä> ï, lv sod|hu 5*v frqwlqxdwlrq sd|r> xqghu ä iurp shulrg W rq/ jlyhq ï1
Zkhq W @ 3/ zh zloo riwhq zulwh k2 +ä> ï, udwkhu wkdq kf2 +ä> ï,1

Ohppd 51 Il{ ï 5 ^�2 > 4, dqg y 5 ^ý4> 4`1 Wkh rxwfrph sdwk jhqhudwhg e| y
kdv ydoxh y dqg vr dfklhyhv wkh sd|r> yhfwru

ý
ô3ñ
2 > y

ü
1 Li wkh vhtxhqfh iy|2j"|'f

jhqhudwhg e| y 5 ^3> 4` xqghu ï vdwlv?hv y|2 è �3B
B iru doo w è 4/ wkhq wkh sd|r>

yhfwru
ý
ô3ñ
2 > y

ü
lv dq htxloleulxp sd|r> yhfwru1
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Surri1 Ohw iy|2j"|'f dqg ä eh jhqhudwhg e| y1 Lwhudwlyho| dsso|lqj +8, |lhogv

y|2 @ +4ý ï,
A3�[
ô'|

ïô3|j2+äô , . ïA3|yA2 +9,

iru dq| w è 3 dqg dq| W A w1 Vlqfh wkh vhtxhqfh iy|2j"|'� jhqhudwhg e| y lv
erxqghg/ wdnlqj W $4 lq +9, jlyhv

y|2 @ k
|
2+ä> ï, +:,

iru dq| w è 31
Vxssrvh wkh vhtxhqfh iy|2j"|'f jhqhudwhg e| y 5 ^3> 4` xqghu ï vdwlv?hv y|2 è �3B

B
iru doo w è 41 Frqvlghu wkh vwudwhj| sur?oh lq zklfk ä lv sod|hg rq wkh sdwk dqg
dq| ghyldwlrq lv sxqlvkhg e| wkh Qdvk uhyhuvlrq1 Wkhq k|2 +ä> ï, @ y|2 è �3B

B
iru doo w è 4 hqvxuhv wkdw sod|hu 5 kdv qr lqfhqwlyh wr ghyldwh iurp wkh sdwk1
Sod|hu 4 dovr kdv qr sur?wdeoh ghyldwlrq ehfdxvh khu frqwlqxdwlrq sd|r> iurp
dq| shulrg lv juhdwhu wkdq sod|hu 5*v frqwlqxdwlrq sd|r>/ zklfk suryhv wkdw ä lv
dq htxloleulxp rxwfrph dqg vr

ý
ô3ñ
2 > y

ü
lv dq htxloleulxp sd|r>1

Qh{w zh vkrz wkdw wkh sdwk jhqhudwhg e| y 5 ^3> 4` lv wkh xqltxh htxloleulxp
sdwk wkdw dfklhyhv wkh htxloleulxp sd|r>

ý
ô3ñ
2 > y

ü
zkhq ï ? ô

e 1

Ohppd 61 Il{ ï ? ô
e dqg ohw ä eh wkh sdwk jhqhudwhg e| y 5 ^3> 4`1 Li d sxuh

rxwfrph sdwk ç 9@ ä dfklhyhv
ý
ô3ñ
2 > y

ü
/ wkhq kAn�2 +ç> ï, ? �3B

B zkhuh W lv wkh
vpdoohvw w è 3 vxfk wkdw ç| 9@ ä|1

Surri1 Iru dq| w è 4/ zh kdyh

y @ k2+ç> ï, @ +4ý ï,
|3�[
ô'f

ïôj2+çô , . ï
|k|2+ç> ï, +;,

E| wkh gh?qlwlrq ri W / li W è 4/ +9, dqg +;, lpso| wkdw k|2+ç> ï, @ y|2 iru dq|
w é W 1 Li W @ 3/ zh wulyldoo| kdyh kA2 +ç> ï, @ yA2 @ y1

Li äA @ FF/ wkhq 5ï ý 4 ? yA2 @ kA2 +ç> ï,1 Vlqfh çA @ GF/

kAn�2 +ç> ï, @
4

ï
kA2 +ç> ï, .

4ý ï
ï

A 4= +<,

Krzhyhu/ vlqfh ç dfklhyhv
ý
ô3ñ
2 > y

ü
dqg wkhuhiruh frqvlvwv ri FF dqg GF rqo|/ zh

pxvw kdyh kAn�2 +ç> ï, é 4/ d frqwudglfwlrq1

:



Vxssrvh wkhq wkdw äA @ GF/ lq zklfk fdvh kA2 +ç> ï, @ yA2 é 5ï ý 4 e| +7,1
Vlqfh çA @ FF/

kAn�2 +ç> ï, @
4

ï
kA2 +ç> ï,ý

4ý ï
ï

é 6ï ý 5
ï

?
4ý ï
ï
> +43,

zkhuh wkh odvw lqhtxdolw| iroorzv iurp ï ? ô
e 1

Ohppdv 5 dqg 6 lpso| wkdw/ iru dq| htxloleulxp zlwk wkh sd|r> yhfwruý
ô3ñ
2 > y

ü
/ wkhuh lv d xqltxh sxuh rxwfrph sdwk ä +dqg khqfh frqwlqxdwlrq sd|0

r>v iy|2j"|'f, wkdw dfklhyhv wklv htxloleulxp sd|r>/ dqg wkdw wklv ä lv ghvfulehg e|
+7,1 Qrwh wkdw zh uhvwulfw dwwhqwlrq wr sxuh vwudwhjlhv> zh mxvwli| wklv lq Vhfwlrq
5141 Wkh iroorzlqj uhvxow lv lpphgldwh iurp Ohppdv 5 dqg 61

Sursrvlwlrq 41 Il{ ï ? ô
e dqg y 5 ^3> 4`1 Wkh sd|r> yhfwru

ý
ô3ñ
2 > y

ü
lv dq

htxloleulxp sd|r> li dqg rqo| li wkh vhtxhqfh iy|2j"|'f jhqhudwhg e| y xqghu ï
vdwlv?hv y|2 è �3B

B iru doo w è 41

Sursrvlwlrq 4 surylghv d fkdudfwhul}dwlrq ri doo h!flhqw htxloleulxp sd|r>v
zkhq ï ? ô

e 1
Iru ï @ �

2 /
�3B
B @ 4/ dqg vr y2 @ 4 lv d ?{hg srlqw ri wkh ydoxh g|qdplf

+6,1 Wkxv/ +4> 4, lv dq htxloleulxp sd|r> yhfwru +lpsolhg e| FF lq hyhu| shulrg,1
Lq dgglwlrq/ +ô2 > 3, lv dovr dq htxloleulxp sd|r> yhfwru/ vlqfh wkh sd|r> vhtxhqfh
jhqhudwhg e| 3 lv i3> 4> 4> 4> = = = j +wkh dvvrfldwhg rxwfrph sdwk kdv GF lq wkh
lqlwldo shulrg/ iroorzhg e| FF iruhyhu,1 Krzhyhu/ dq| rwkhu sd|r> yhfwru

ý
ô3ñ
2 > y

ü
/

zkhuh y 5 +3> 4,/ lv qrw dq htxloleulxp sd|r>= wkh sd|r> vhtxhqfh jhqhudwhg e|
y 5 +3> 4, vdwlv?hv y�2 @ 5y ý 4 ? y ? 4 @ �3B

B e| +6,1 Wr vxp xs/ zh kdyh wzr
htxloleulxp sd|r> yhfwruv lq wkh uhjlrq E/ dqg çy�+�2, @

ô
2 1

Frqvlghu qrz ï 5 +�2 > �I2, +vhh Iljxuh 6,1 Wkh lqhtxdolw| ï ? 4@
s
5 lv htxly0

dohqw wr 5ï ý 4 ? +4ý ï, @ï1 Revhuyh wkdw/ dv iru ï @ �
2 / wkh rxwfrph sdwkv

FF" dqg GF>FF" duh htxloleulxp rxwfrph sdwkv/ vr wkdw wkh sd|r> yhfwruv
+4> 4, dqg +5 ý ï> 5ï ý 4, duh htxloleulxp sd|r>v19 Pruhryhu/ qr rwkhu sd|r>
lq E lv dq htxloleulxp sd|r>1 Frqvlghu ?uvw y 5 +5ï ý 4> 4,1 Wkh vhtxhqfh
jhqhudwhg e| y lv ghfuhdvlqj +zlwk wkh ghfuhphqwv lqfuhdvlqj lq pdjqlwxgh dv
y idoov, dv orqj dv y|2 A 5ï ý 4 +vhh Iljxuh 6,/ dqg vr wkhuh h{lvwv W vxfk wkdw
yA2 é 5ï ý 41 Vlqfh ï ? 4@

s
5/ wkdw lpsolhv yA2 ? �3B

B 1 Wkxv
ý
ô3ñ
2 > y

ü
lv qrw

dq htxloleulxp rxwfrph1 Qh{w/ vxssrvh y ? 5ï ý 41 Wkhq/ iurp wkh ydoxh g|0
qdplf +6,/ y�2 5 ^�3BB > 4, ã +5ïý 4> 4,1 Vlqfh zh kdyh mxvw vhhq wkdw qr hohphqw ri

9Wkh rxwfrph sdwkv ää" dqg (äcää" duh htxloleulxp rxwfrphv iru doo B M ý �2 c �ü é Wklv
prqrwrqlflw| surshuw| lq whupv ri rxwfrph sdwkv lv suryhg lq Vhfwlrq 91

;



4

4

4 ð G
G

5 4G ð 5 5ð G
Y W5

S W & & 

S W ' & 

9 &59 '5

Y W5
4ò

Iljxuh 6= Wkh g|qdplf iru ï 5
í
�
2 >

�I
2

ì
1 Wklv lv gudzq iru ï @ 2

ô 1

+5ï ý 4> 4, lv dq h!flhqw htxloleulxp sd|r> iru sod|hu 5/
ý
ô3ñ
2 > y

ü
lv djdlq qrw dq

htxloleulxp rxwfrph1 Wkhuhiruh/ iru doo ï 5 +�2 > �I2,/ çy�+ï, @ 5ý ï1
Lw lv dovr vwudljkwiruzdug wr vkrz wkdw çy�+ �I2, @

ô
2 / ehfdxvh wkh sdwk jhqhu0

dwhg e| 3 lv +3>
s
5ý 4> 4> 4> = = = ,/ zlwk dvvrfldwhg rxwfrph sdwk GF/ GF/ FF"1

Wkhuhiruh +ô2 > 3, lv dq htxloleulxp sd|r> zkhq ï @ 4@
s
5 +vhh Iljxuh 7,1 Pruh0

ryhu/ iru ï @ 4@
s
5/ wkhuh duh d frxqwdeoh qxpehu ri htxloleulxp sd|r> yhfwruv lq

E= dq| sdwk ri wkh irup +GF,%/ +FF,|/ GF/ +FF,"/ zkhuh { 5 i3> 4j dqg w lv
d qrqqhjdwlyh lqwhjhu/ lv dq htxloleulxp rxwfrph sdwk1 Wkh sdwk GF/ FF/ FF/
GF/ +FF," lv looxvwudwhg lq Iljxuh 71

Zh kdyh wkxv suryhg wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 51 Vxssrvh ï è �
2 1 Iru ï @5 + �I2 > ôe,/ wkh pd{lpxp h!flhqw htxlole0

ulxp sd|r> iru sod|hu l lv

çyð+ï, @

;A?A=
5ý ï> li ï 5 ^�2 > �I2,> dqg

ô
2 > li ï @ �I

2
ru ï è ô

e =

Wklqjv duh pruh frpsolfdwhg zkhq ï 5 + �I
2
> ôe,/ ehfdxvh wkhuh duh wrr pdq|

htxloleuld wr ghvfuleh h{solflwo|1 Wklv pxowlsolflw| lv gxh wr wkh delolw| ri wkh

<



4

4

4 ð G
G

Y W5

5 4G ð 5 5ð G

9 &59 '5

S W & & 

S W ' & 

Y W5
4ò

Iljxuh 7= Wkh g|qdplf iru ï @ 4@
s
51 Wkh htxloleulxp sdwk GF/ GF/ +FF,"

+lqglfdwhg e| vrolg flufohv, |lhogv d sd|r> y2 @ 31 Wkh htxloleulxp sdwk GF/ FF/
FF/ GF/ +FF," lv lqglfdwhg e| kroorz flufohv1

g|qdplf wr uhylvlw erwk Y ä2 dqg Y (2 / zlwkrxw ylrodwlqj wkh uhtxluhphqw ri y
|
2 è

�3B
B +vhh Iljxuh 8,1
Wkh uhpdlqlqj fdvh ri ï 5 + �I

2
> ôe, lv frqvlghuhg lq wkh qh{w vhfwlrq1 Lw zloo eh

khosixo wr lqwurgxfh wkh iroorzlqj whuplqrorj|=

Gh?qlwlrq 41 Dq htxloleulxp lv zrqghuixo li lw kdv sd|r>
ý
ô
2 > 3
ü
1 D glvfrxqw

idfwru ï lv zrqghuixo li wkhuh lv d zrqghuixo htxloleulxp iru wkdw glvfrxqw idfwru1

Wkxv/ zh kdyh vhhq wkdw dq| ï è ô
e lv zrqghuixo/ zkloh wkh rqo| zrqghuixo

glvfrxqw idfwruv ohvv wkdq ru htxdo wr �I
2
duh �2 dqg

�I
2
1

5141 Wkh uroh ri pl{hg vwudwhjlhv

Zh dujxh khuh wkdw doorzlqj iru pl{hg vwudwhj| htxloleuld grhv qrw fkdqjh wkh vhw
ri htxloleulxp sd|r>v lq E1 Vlqfh sd|r>v lq E fdq rqo| eh frqyh{ frpelqdwlrqv
ri j +GF, dqg j +FF,/ sod|hu 5 pxvw dozd|v sod| F/ dqg sod|hu 5*v frqwlqxdwlrq
ydoxh fdqqrw h{fhhg 41 Lq rughu iru sod|hu 4 wr udqgrpl}h lq vrph shulrg ehwzhhq
F dqg G/ kh pxvw eh lqgl>huhqw ehwzhhq F dqg G/ vr

+4ý ï, . ïyä� @ +4ý ï, 5 . ïy(� >

43



4 ð G
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Y W5
4ò

4

45 5ð G5 4G ð

Iljxuh 8= Wkh g|qdplf iru ï 5
í
�I
2
> ôe

ì
1 Wklv lv gudzq iru ï @ 3=:71

zkhuh y@� lv sod|hu 4*v frqwlqxdwlrq ydoxh diwhu dfwlrq d1 Pruhryhu/ rq E/ zh kdyh
y@2 @ 6ý 5y@� / vr wkdw

y(2 @ y
ä
2 .

5 +4ý ï,
ï

è 6 +4ý ï,
ï

=

Iru ï è ô
e / hyhu| sd|r> lq E fdq eh dfklhyhg lq d sxuh vwudwhj| htxloleulxp/ dqg

vr pl{lqj lv uhgxqgdqw1 Iru ï ? ô
e / wkh deryh lqhtxdolw| lpsolhv y

(
2 A 4/ zklfk lv

lpsrvvleoh li wkh frqwlqxdwlrq ydoxhv duh wr olh lq E1

61 Wkh Vhw ri Qrqzrqghuixo Glvfrxqw Idfwruv

Qrz zh frqvlghu ï 5 + �I
2
> ôe,1 Zh gr qrw dwwhpsw wr ghulyh wkh zkroh vhw ri

htxloleulxp sd|r> yhfwruv lq E h{solflwo|1 Udwkhu/ zh ghvfuleh wkh htxloleulxp lq
E wkdw pd{lpl}hv sod|hu 4*v sd|r> iru dq| qrqzrqghuixo ï1 Zh dovr vkrz wkdw
wkh vhw ri qrqzrqghuixo ï lv rshq1

Zh vwduw zlwk vrph suholplqdu| uhvxowv1

Ohppd 71 Vxssrvh
õ
y|2
ô"
|'f

dqg iä|j"|'f duh jhqhudwhg e| 3 xqghu vrph ï 5
+ �I

2
> ôe,1 Gh?qh W +ï, ì pd{

õ
W = y|2 è +4ý ï, @ï> w @ 4> = = = > W

ô
1 Wkhq/ W +ï, è 6

dqg wkh ?uvw irxu shulrgv ri wkh rxwfrph sdwk duh jlyhq e| GF/ GF/ FF/ dqg
FF1 Pruhryhu/ iru 4 é w é W +ï,/ li ä| @ GF wkhq ä|n� @ ä|n2 @ FF1

44



Surri1 Wkh ?uvw wzr fodlpv duh lpphgldwh1 Wr suryh wkh odvw/ qrwh wkdw iru
4 é w é W +ï,/ li aä| @ GF wkhq �3B

B é ay|2 é 5ï ý 4 dqg vr ay|n�2 @
÷ñ|2n�3B

B è
�3B2
B2

A 5ï ý 4/ zkhuh wkh odvw lqhtxdolw| lv lpsolhg e| ï é ô
e 1 Vlqfh ay

|n�
2 è �3B2

B2
/

ay|n22 @
÷ñ|n�2 3�nB

B è �32B2nBô
Bô

A 5ï ý 4 zkhuh djdlq wkh odvw lqhtxdolw| lv lpsolhg
e| ï é ô

e 1

Zkloh qrw qhhghg iru zkdw iroorzv/ lw lv qrw kdug wr yhuli| wkdw lq idfw
W +ï, è 8/ dqg wkdw äe @ FF1 Pruhryhu/ li ï ? 3=:7:96/ äD @ FF +qrwh
wkdw 4@

s
5 r 3=:3:44,1 Krzhyhu/ iru ï 5 +3=:7969> 3=:7:96,/ yS2 ? �3B

B / dqg vr qr
ï 5 +3=:7969> 3=:7:96, lv zrqghuixo1
Ohppd 81 D glvfrxqw idfwru ï 5 + �I

2
> ôe, lv qrw zrqghuixo li dqg rqo| li wkhuh

h{lvwv d ?qlwh sdwk iç|jA|'f/ W è 6 / vdwlvi|lqj=

ý
&[
|'f

ï|j2+ç|, è ï& +44,

iru n 5 i3> 4> 5> ü ü ü > W ý 5j/

ý
A3�[
|'f

ï|j2+ç|, A
ïA +5ï ý 4,
4ý ï +45,

dqg

ý
A[
|'f

ï|j2+ç|, ? ï
A = +46,

Surri1 D glvfrxqw idfwru ï lv qrw zrqghuixo li dqg rqo| li iy|2j"|'f jhqhudwhg
e| 3 vdwlv?hv/ iru vrph W / y|2 è +4ý ï, @ï iru w @ 4> ===> W / dqg yAn�2 ? +4ý ï, @ï1
Xvlqj +9,/ wkh ?uvw lqhtxdolw| lv htxlydohqw wr +44, dqg wkh vhfrqg lqhtxdolw| lv
htxlydohqw wr +46, iru wkh sdwk jhqhudwhg e| 31 Pruhryhu/ yA2 A 5ï ý 4/ vlqfh
rwkhuzlvh yAn�2 è +4ý ï, @ï iurp wkh ydoxh g|qdplf +6,/ zklfk lq wxuq lv +45, iru
wkh sdwk jhqhudwhg e| 31 Ohppd 7 lpsolhv W è 61 Vr/ li ï lv qrw zrqghuixo/ wkh
?qlwh sdwk iç|jA EBä|'f jhqhudwhg e| 3 vdwlv?hv +44,/ +45,/ dqg +46,1

Frqyhuvho|/ vxssrvh wkdw wkh frqglwlrqv +44,/ +45,/ dqg +46, krog iru vrph
iç|jA|'f1 Qrwh wkdw çf @ ç� @ GF +hydoxdwh +44, dw n @ 3 dqg 4 dqg xvh
ï A �I

2
A �

2,1 Pruhryhu/ +45, lpsolhv

ý
A[
|'f

ï|j2+ç|, A ï
A

ë
5ï ý 4
4ý ï ý 4

ê
A 3> +47,

45



zkhuh wkh ?uvw lqhtxdolw| iroorzv iurp j2+çA , é 4/ dqg wkh vhfrqg iurp ï A 4@
s
51

Ohw äâ @ iäâ|j"|'f eh wkh sdwk jhqhudwhg e| z @ ý E�3Bä
BAn�

SA
|'f ï

|j2+ç|,1 Gh?qh
wkh sdwk ã dv

ã| @

ã
ç|> li w é W>
äâ|3A3�> li w A W=

Qrwh wkdw/ e| frqvwuxfwlrq/ k2+ã> ï, @ 3/ dqg wkdw +44, dqg +45, lpso| k|2+ã> ï, è
�3B
B iru doo w 5 i4> 5> ü ü ü > Wj1
Vxssrvh wkdw ï lv zrqghuixo/ dqg ohw ä eh wkh zrqghuixo htxloleulxp rxwfrph

sdwk1 Wkhq/ e| Ohppd 6/ ä lv jhqhudwhg e| 31 Revhuyh wkdw wkh dfwlrqv lq wkh
?uvw W shulrgv ri ä dqg ã frlqflgh1 ^Li qrw/ Ohppd 6 lpsolhv wkdw wkhuh h{lvwv w 5
i4> 5> ===> Wj vxfk wkdw k|2+ã> ï, ? �3B

B / zklfk lv d frqwudglfwlrq1` Khqfh/ k
A
2 +ä> ï, @

kA2 +ã> ï,/ dqg iurp +45,/ k
A
2 +ä> ï, @ k

A
2 +ã> ï, A 5ïý41 E| +7,/ zh wkhq kdyh äA @

FF1 Pruhryhu/ kA2 +ã> ï, @ +4ý ï, j2 +çA ,.ïz ? +4ý ï, +j2 +çA , . 4, +vlqfh +46,
lpsolhv z ? E�3Bä

B ,1 Wkh lqhtxdolw| kA2 +ã> ï, A 5ïý4 wkhq uhtxluhv çA @ FF1 Exw
qrz ä dqg ã dovr djuhh lq shulrg W / dqg vr kAn�2 +ä> ï, @ kAn�2 +ã> ï, @ z ? �3B

B /
frqwudglfwlqj wkh dvvhuwlrq wkdw ä lv dq htxloleulxp rxwfrph sdwk1 Frqvhtxhqwo|/
ï lv qrw zrqghuixo1

Ohppd 91 Vxssrvh
õ
ay|2
ô"
|'�

dqg aä duh jhqhudwhg e| 3 xqghu aï 5 ^ �I
2
> ôe,1

41 Li

i&+aä> ï, @
&[
ô'f

ïôj2+aäô ,>

wkhq Ci&+aä> ï,@Cï A 3 iru doo ï 5 + �I2 >
ô
e ` dqg dq| n vxfk wkdw 5 é n é W +aï,1

51 Vxssrvh W +aï, @41 Wkhq k2 +aä> ï, ? 3 iru doo ï 5 + �I2 > aï, dqg k2 +aä> ï, A 3
iru doo ï 5 +aï> ôe `1

Surri1 Vlqfh

Ci&+aä> ï,

Cï
@

&[
ô'�

áïô3�j2+aäô ,=

zh mxvw qhhg wr suryh
S&
ô'� áï

ô3�j2+aäô , A 3= Iru c è 4/ gh?qh vì @
S&
ô'ì áï

ô3�j2+aäô ,/
dqg uhfdoo iurp Ohppd 7 wkdw aä� @ GF dqg aä2 @ FF1 Iru n @ 5/ v� @ ý4.5ï A
31 Iru n è 6/

v� @ ý4 . 5ï . vô A vô> +48,

46



ehfdxvh ï A �
2 1 Iru dq| w A 5 vxfk wkdw aä| @ GF/ zh kdyh + djdlq iurp Ohppd

7, w è 7 dqg aä|3� @ FF1 Wkhuhiruh/ iru vxfk w/

+wý 4,ï|32j2+aä|3�, . wï|3�j2+aä|, @ +wý 4,ï|32 ý wï|3�>

zklfk lv qrq0qhjdwlyh/ vlqfh ï é ô
e é |3�

| 1 Khqfh vô è 3/ dqg +e| +48,, v� @
Ci&+aä> ï,@Cï A 3/ zklfk suryhv wkh ?uvw sduw ri wkh ohppd1

Vxssrvh W +aï, @ 4 +vr wkdw aä lv dq htxloleulxp rxwfrph sdwk,1 Iru dq| ï
vdwlvi|lqj k2 +aä> ï, @ 3 +l1h1/ i"+aä> ï, @ 3,/

Ck2+aä> ï,

Cï
@ +4ý ï,Ci"+aä> ï,

Cï
ý i"+aä> ï, A 3=

Wkxv/ k2+aä> ï, fdq rqo| htxdo }hur iru rqh ydoxh ri ï/ lpso|lqj wkh ghvluhg uhvxow1

Ohppd :1 Il{ ïf 5 + �I2 > ôe, dqg +ô3ñ2 > y, dq htxloleulxp sd|r> yhfwru iru ïf1 Ohw
ä eh wkh rxwfrph sdwk jhqhudwhg e| y xqghu ïf/ dqg vhw ï� @ plqiï é ïf = ä lv
dq htxloleulxp rxwfrph sdwk iru doo ïâ 5 ^ï> ïf`j1 Wkhq/ ï� lv zrqghuixo1 Li/ lq
dgglwlrq/ äf @ GF dqg k|2+ä> ïf, è k�2+ä> ïf, iru doo w è 4/ wkhq ä lv wkh zrqghuixo
htxloleulxp sdwk dw ï�1

Surri1 Gh?qh z @ lqi|D� k|2+ä> ï�,1 Li z A +4ý ï�, @ï�/ wkhq ä lv d vwulfw htxl0
oleulxp sdwk dw ï�1: Vlqfh iru doo w è 4/ wkh ixqfwlrq k|2 +ä> ï, vdwlv?hv wkh Olsvfklw}
frqglwlrq zlwk frqvwdqw 5@ +4ý ï,/ zh fdq orzhu ï� voljkwo|/ zkloh nhhslqj ä dq
htxloleulxp sdwk/ frqwudglfwlqj wkh gh?qlwlrq ri ï�1 Khqfh/ z @ +4ý ï�, @ï�1 E|
frpsdfwqhvv ri htxloleulxp sd|r>v/ wkhuh h{lvwv dq htxloleulxp rxwfrph sdwk ã
zlwk sd|r>v +ô3ç2 > z, xqghu ï�1 Vlqfh z @ +4ý ï�, @ï�/ wkh sdwk vwduwlqj zlwkGF
dqg wkhq sod|lqj ã lv d zrqghuixo htxloleulxp sdwk dw ï�1 Khqfh/ ï� lv zrqghuixo1

Qh{w/ dvvxph k|2+ä> ïf, è k�2+ä> ïf, iru doo w è 41 Vxssrvh ?uvw k|2+ä> ï�, ?
k�2+ä> ï�, iru vrph w è 41 Wkhq wkh frqwlqxdwlrq sdwk vwduwlqj lq shulrg w pxvw
eh gl>huhqw iurp wkdw vwduwlqj lq shulrg 4/ dqg vr Ohppd 6 lpsolhv k|2+ä> ïf, A
k�2+ä> ïf,1 Wkxv wkhuh h{lvwv ï2 5 +ï�> ïf, vxfk wkdw k|2+ä> ï2, @ k�2+ä> ï2,1 Krzhyhu/
vlqfh ä lv dq htxloleulxp sdwk dw ï2 +e| gh?qlwlrq ri ï�,/ vr wrr duh wkh sdwkv
vwduwlqj lq shulrg w dqg lq shulrg 4/ frqwudglfwlqj Ohppd 61 Khqfh k|2+ä> ï�, è
k�2+ä> ï�, iru doo w è 4/ zklfk lpsolhv k�2+ä> ï�, @ z @ +4ý ï�, @ï�1 Ilqdoo|/ li
äf @ GF/ k2+ä> ï�, @ 3/ zklfk suryhv wkdw ä lv zrqghuixo dw ï�1

:Khuh/ dqg hovhzkhuh/ zh vd| wkdw dq rxwfrph sdwk lv d vwulfw htxloleulxp sdwk li ghyldwlqj
iurp wkh sdwk uhvxowv lq d vwulfwo| orzhu sd|r>1
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Zh duh qrz uhdg| wr vwdwh dqg suryh wkh pdlq uhvxow ri wklv vhfwlrq= li qr
zrqghuixo htxloleulxp h{lvwv/ rqo| f|folf ehkdylru/ qdpho|/ d sdwk hyhqwxdoo|
hqglqj lq d f|foh/ irupv wkh ehvw h!flhqw htxloleulxp rxwfrph iru d sod|hu1 Lq
rwkhu zrugv/ rwkhu ehkdylru lv rqo| frqvlvwhqw zlwk wkh ehvw h!flhqw htxloleulxp
li lw lv zrqghuixo1 Rqh yluwxh ri wkh uhvxow lv wkdw zh duh deoh wr surylgh wkh ehvw
h!flhqw htxloleulxp h{solflwo| dqg wr ghvfuleh wkh udqjh ri glvfrxqw idfwruv iru
zklfk wkh vdph sdwk frqwlqxhv wr eh wkh ehvw h!flhqw htxloleulxp1

Gh?qlwlrq 51 D sdwk ä @ iä|j"|'f lv hyhqwxdoo| q0f|folf/ zkhuh q lv d srvlwlyh
lqwhjhu/ li

41 wkhuh h{lvwv W è 4 vxfk wkdw iru doo v A W dqg w @ nq. v iru vrph lqwhjhu
n/ ä| @ är/ dqg

51 wkh deryh surshuw| grhv qrw krog iru dq| qâ ? q1

Sursrvlwlrq 61 Li ïf 5 + �I2 > ôe, lv qrw zrqghuixo/ wkhq wkh ehvw h!flhqw htxlole0
ulxp rxwfrph iru sod|hu 4 xqghu ïf lv d sdwk äW wkdw lv hyhqwxdoo| q0f|folf zlwk
q 9@ 41 Pruhryhu/ wkhuh h{lvwv d kdoi0rshq lqwhuydo ^ï�> ï2, frqwdlqlqj ïf vxfk wkdw

41 iru dq| ïâ 5 ^ï�> ï2,/ äW lv wkh ehvw h!flhqw htxloleulxp rxwfrph iru sod|hu
4/ ehlqj zrqghuixo li dqg rqo| li ïâ @ ï�> dqg

51 ï2 lv zrqghuixo/ dqg wkh fruuhvsrqglqj zrqghuixo htxloleulxp rxwfrph lv
hyhqwxdoo| 40f|folf1

Surri1 Ohw ä dqg iy|2j"|'f eh wkh sdwk dqg wkh vhtxhqfh jhqhudwhg e| 3 xqghu
ïf1 Vlqfh ïf lv qrw zrqghuixo/ W +ïf, ?41 Iurp Ohppd 7/ W +ïf, è 61 Zh zulwh
W iru W +ïf, lq wklv surri1

Gh?qlwlrq ri ï� dqg ï2=
Dv lq wkh surri ri Ohppd 8/ zh kdyh dw ï @ ïf wkh iroorzlqj wkuhh lqhtxdolwlhv=

ý
&[
|'f

ï|j2+ä|, è ï& +49,

iru dq| n 5 i3> 4> 5> = = = > W ý 5j/

ý
A3�[
|'f

ï|j2+ä|, A
ïA +5ï ý 4,
4ý ï +4:,
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dqg

ý
A[
|'f

ï|j2+ä|, ? ï
A = +4;,

Zh gh?qh ï� dqg ï2 dv wkh xqltxh glvfrxqw idfwruv vdwlvi|lqj

ý
A[
|'f

ï|�j2+ä|, @ ï
A
� +4<,

dqg

ý
A3�[
|'f

ï|2j2+ä|, @
ïA2 +5ï2 ý 4,
4ý ï2 = +53,

Zh ?uvw yhuli| wkdw ï�dqg ï2 duh zhoo0gh?qhg1 Qrwh wkdw Ohppd 9 dssolhv wr wkh
ohiw kdqg vlghv ri +4:, dqg +4;,1 Wkxv wkh ohiw kdqg vlghv ri +4:, dqg +4;, duh
vwulfwo| ghfuhdvlqj lq ï rq + �I

2
> ôe,/ zkloh wkh uljkw kdqg vlgh ri +4:, dqg +4;, duh

fohduo| lqfuhdvlqj lq ï1
Wkh lqhtxdolw| lq +4;, lv uhyhuvhg dw ï @ 4@

s
5/ vlqfh

ïA .
A[
|'f

ï|j2+ä|, @ ï
A ý 4ý ï .

A[
|'2

ï|j2+ä|,

+iurp äf @ ä� @ GF,

é ïA ý 4ý ï .
A[
|'2

ï|

?
ï2

4ý ï ý 4ý ï @ 3>

xvlqj ï @ 4@
s
5 lq wkh odvw olqh1 Wkhuhiruh/ ï� 5 + �I2 > ïf, lv zhoo0gh?qhg1 Qrwh

dovr wkdw +4;, krogv iru doo ï A ï�1
Wxuqlqj wr ï2/ qrwh wkdw ï @ 6@7 lpsolhv

ïA +5ï ý 4,
4ý ï .

A3�[
|'f

ï|j2+ä|, @ 5ï
A .

A3�[
|'f

ï|j2+ä|,

@ ïA .
A[
|'f

ï|j2+ä|, A 3>
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zkhuh wkh ?uvw htxdolw| iroorzv iurp ï @ ô
e / wkh vhfrqg iurp äA @ FF +ehfdxvh

yA2 A 5ï ý 4/ uhfdoo wkh ?uvw sdudjudsk ri wkh surri ri Ohppd 8,/ dqg wkh odvw
lqhtxdolw| iurp +4;,1 Wkxv/ ï2 5 +ïf> ôe, lv dovr zhoo0gh?qhg1 Wkh deryh dujxphqw
dovr vkrzv wkdw +4:, krogv iru doo ï 5 +ï�> ï2,1

Qr ï 5 +ï�> ï2, lv zrqghuixo=
Uhfdoo wkdw +4:, dqg +4;, krog iru doo ï 5 +ï�> ï2,1 Wkxv/ li +49, krogv dw doo

n 5 i3> 4> 5> ü ü ü > W ý 5j iru dq| ï 5 +ï�> ï2,/ Ohppd 8 lpsolhv wkh ghvluhg uhvxow1
Ohppd 7 lpsolhv wkdw +49, dozd|v krogv iru n @ 3 dqg 41 Vlqfh Ohppd 9 dssolhv
wr wkh ohiw kdqg vlgh ri +49, iru dq| n 5 i5> = = = > W ý 5j/ lw vx!fhv wr vkrz wkdw
+49, lv wuxh iru doo n 5 i5> = = = > W ý 5j dw ï2 +qrwh wkdw wkh uljkw kdqg vlgh ri +49,
lv dozd|v lqfuhdvlqj,1

Vxssrvh/ wkhq/ wkdw +49, grhv qrw krog iru vrph n 5 i5> = = = > Wý5j dw ï21 Wklv
lpsolhv wkh h{lvwhqfh ri ïô 5 ^ïf> ï2, vxfk wkdw +49, lv wuxh iru doo n 5 i5> = = = > Wý5j
dw ïô/ zlwk dq htxdolw| iru vrph an 5 i5> = = = > W ý 5j1 Vlqfh +4:, dqg +4;, krog dw
ïô/ ïô lv qrw zrqghuixo e| Ohppd 81 Qrz frqvlghu wkh sdwk aã wkdw vwduwv zlwk
GF dqg wkhq f|fohv wkurxjk iä|j÷&|'�1 Zh kdyh

k2+aã> ïô, @ ý+4ý ïô, . 4ý ïô
4ý ï÷&ô

÷&[
ô'�

ïôôj2+äô ,> +54,

ehfdxvh aãf @ GF1 Vlqfh +49, krogv dw an zlwk htxdolw|/ +54, lpsolhv k2+aã> ïô, @ 31
Ixuwkhupruh/ vlqfh +49, krogv dw dq| n é an/ lw iroorzv wkdw

k&2+aã> ïô, @ ý
4ý ïô
ï&ô

&3�[
ô'f

ïôôj2+äô , è
4ý ïô
ïô

iru dq| n @ 5> ===> an1 Vlqfh iru dq| w A an/ k|2+aã> ïô, @ k&2+aã> ïô, iru vrph n é an/
aã lv d zrqghuixo htxloleulxp sdwk/ d frqwudglfwlrq1 Wkxv/ +49, krogv iru doo n 5
i5> ü ü ü > W ý 5j dw ï2/ dqg wkhuhiruh dw dq| ï 5 +ï�> ï2,1 Khqfh qr glvfrxqw idfwru
ï 5 +ï�> ï2, lv zrqghuixo1

Gh?qlwlrq ri äW= äW| @ ä| li w é W / dqg iru w @ nW . v/ iru srvlwlyh lqwhjhuv
n dqg 4 é v é W / äW| @ är1 Wkxv/ äW lv dq hyhqwxdoo| W 0f|folf sdwk vwduwlqj zlwk
GF dqg wkhq f|folqj wkurxjk iä|jA|'�1

Wkh sdwk äW lv dq htxloleulxp sdwk iru dq| ï 5 ^ï�> ï2`/ ehlqj zrq0
ghuixo dw ï�=

Vlqfh äWf @ GF/ zh kdyh

k2+ä
W> ï, @ ý+4ý ï, . 4ý ï

4ý ïA
A[
ô'�

ïôj2+äô ,=
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Wkxv +4<, lpsolhv k2+äW> ï�, @ 3/ zkloh +4;, lpsolhv k2+äW> ï, A 3 iru dq| ï 5
+ï�> ï2`1 Qrz ?{ ï 5 ^ï�> ï2`1 Vlqfh +49, krogv dw dq| 3 é n @ w ý 4 é W ý 5/ zh
rewdlq +dv deryh,

k|2+ä
W> ï, è ý4ý ï

ï|

|3�[
ô'f

ïôj2+äô , è 4ý ï
ï

+55,

iru dq| 4 é w é W ý 41 Qh{w/ +55, lv ydolg dw w @ W / wrr/ ehfdxvh +4:, dqg
ï A 4@

s
5 lpsolhv +49, krogv vwulfwo| dw n @ W ý 41 Ilqdoo|/ +55, krogv iru dq|

w A W / ehfdxvh k|2+ä
W> ï, @ k&2+äW> ï, iru vrph n é W 1 Wkxv zh kdyh suryhg wkdw

k|2+ä
W> ï, è �3B

B iru dq| w1 Vlqfh ï 5 ^ï�> ï2` lv duelwudu|/ äW lv dq htxloleulxp sdwk
iru dq| ï 5 ^ï�> ï2`/ zklfk lv zrqghuixo li dqg rqo| li ï @ ï�1

Wkh sdwk äW lv wkh ehvw +wkrxjk qrw zrqghuixo, htxloleulxp iru dq|
ï 5 +ï�> ï2,=

Vxssrvh dw vrph ï 5 +ï�> ï2, wkhuh h{lvwv dq h!flhqw htxloleulxp sdwk ã zklfk
jlyhv d juhdwhu sd|r> wr sod|hu 4 wkdq äW1 Dv d uhvxow/ zh kdyh k2+ã> ï, ? k2+äW> ï,1
Ohppd : lpsolhv wkh h{lvwhqfh ri d zrqghuixo aï é ï zlwk ã dq htxloleulxp sdwk
iru doo ïâ 5 ^aï> ï`1 Vlqfh qr ï 5 +ï�> ïf, lv zrqghuixo/ aï é ï�1 Wkxv ã lv dq
htxloleulxp sdwk dw ï� dqg wkhuhiruh k2+ã> ï�, è 3 @ k2+ä

W> ï�,1 Wklv lpsolhv
wkh h{lvwhqfh ri ïââ 5 ^ï�> ï, vxfk wkdw k2+ã> ïââ, @ k2+ä

W> ïââ,1 Ehfdxvh ã dqg äW

duh erwk htxloleulxp sdwkv dw ïââ/ zh kdyh d frqwudglfwlrq wr Ohppd 61 Wklv
hvwdeolvkhv wkdw äW lv wkh ehvw htxloleulxp rxwfrph dqg xqltxhqhvv dovr iroorzv
iurp Ohppd 61

ï2 lv zrqghuixo/ dqg wkh fruuhvsrqglqj zrqghuixo rxwfrph sdwk lv
40f|folf=

Frqvlghu wkh sdwk ãW gh?qhg dv= ãW| @ ä| iru dq| w é W ý 4/ ãWA @ GF dqg
ãW| @ FF iru doo w è W . 41 Vlqfh

k2+ã
W> ï2, @ +4ý ï2,

A3�[
ô'f

ïô2j2+ä|,ý +4ý ï2,ïA2 . ïAn�2 >

+53, lpsolhv k2+ãW> ï2, @ 31 Pruhryhu/ vlqfh wkh vhfrqg lqhtxdolw| lq +55, krogv
iru doo 4 é w é W / zh rewdlq k|2+ã

W> ï2, è �3B2
B2

iru doo 4 é w é W 1 Zh dovr kdyh
k|2+ã

W> ï2, @ 4 iru doo w è W . 41 Khqfh k|2+ã
W> ï2, è �3B2

B2
iru dq| w è 4/ zklfk

suryhv ãW lv dq htxloleulxp sdwk/ zklfk lv zrqghuixo dqg xqltxh +e| Ohppd 6,1

Wkh ehvw h!flhqw htxloleulxp iru qrqzrqghuixo glvfrxqw idfwruv kdv d vlpsoh
vwuxfwxuh lq wkdw wkh sdwk lpphgldwho| f|fohv diwhu sod|lqj GF lq wkh ?uvw shulrg1

4;



Lq rwkhu zrugv/ wkh ehvw htxloleulxp rxwfrph kdv qr 3iuloov14 Sursrvlwlrq 6 dovr
vkrzv zkdw w|sh ri htxloleulxp grplqdwhv wkh ruljlqdo ehvw htxloleulxp zkhq
lw fhdvhv wr eh ehvw dw ï21 Wkh htxloleulxp sod|v wkh vdph dv wkh ruljlqdo rqh
xqwlo wkh yhu| odvw shulrg ri wkh ?uvw skdvh ri wkh f|foh/ wkhq vzlwfkhv wr GF
iroorzhg e| FF iruhyhu1 Wkhuhiruh/ wkh htxloleulxp lv hyhqwxdoo| 40f|folf dqg/
pruh lpsruwdqwo|/ zrqghuixo1

Uhpdun1 Zh kdyh vr idu frqvlghuhg wkh ehvw h!flhqw htxloleulxp iru sod|hu 4/
l1h1/ wkh htxloleulxp zklfk jlyhv wkh juhdwhvw sd|r> wr sod|hu 4 dprqj htxloleulxp
sd|r>v rq wkh Sduhwr iurqwlhu ri wkh ihdvleoh sd|r> vhw1 Zh vkrxog hpskdvl}h wkdw
wkh ehvw h!flhqw htxloleulxp sd|r> lv vrphwlphv gl>huhqw iurp wkh pd{lpxp ri
doo htxloleulxp sd|r>v iru sod|hu 41

Wr looxvwudwh wklv srvvlelolw|/ ?{ d qrqzrqghuixo glvfrxqw idfwru ïf dqg frqvlghu
wkh kdoi0rshq lqwhuydo ^ï�> ï2, suhvhqwhg lq Sursrvlwlrq 61 Ohw ã eh wkh zrqghuixo
htxloleulxp sdwk iru ï2/ zklfk lv hyhqwxdoo| 40f|folf1 Wklv sdwk lv qrw dq htxl0
oleulxp sdwk iru ï ? ï2 exw lq d qhljkerukrrg ri ï2 +Ohppd 9,1 Lqwxlwlyho|/ wkh
sureohp lv wkdw lq shulrg W / wkh sdwk ã uhtxluhv GF/ ohdglqj wr k2 +ã> ï, ? 31 Lq
frqwudvw/ wkh ehvw h!flhqw htxloleulxp rxwfrph sdwk vshfl?hv äA @ FF1 Qrz
prgli| ã e| uhsodflqj FF lq d glvwdqw ixwxuh shulrg zlwk FG1 Wkh prgl?hg sdwk/
ghqrwhg ãâ/ uhvxowv lq d juhdwhu sd|r> iru sod|hu 51 Vr/ li zh frqvlghu ï ? ï2 vx!0
flhqwo| forvh wr ï2/ ãâ jlyhv sod|hu 5 pruh wkdq 3 dqg sod|hu 4 doprvw ô2 1 Lw lv hdv|
wr vhh wkdw ãâ lv lqghhg dq htxloleulxp sdwk/ zklfk jlyhv sod|hu 4 d juhdwhu sd|r>
wkdq wkh hyhqwxdoo| f|folf h!flhqw htxloleulxp sdwk zh frqvlghu lq Sursrvlwlrq 61

Wkh deryh dujxphqw vxjjhvwv wkdw wkh ixoo fkdudfwhul}dwlrq ri wkh ehvw htxlole0
ulxp iru sod|hu 4 lv vljql?fdqwo| pruh frpsolfdwhg zkhq zh uhpryh wkh uhvwulfwlrq
wr h!flhqw sdwkv1 Qrqhwkhohvv/ zh frqmhfwxuh wkdw wkh rswlpdolw| ri f|folf ehkdy0
lru lv d jhqhudo skhqrphqrq1

71 Ghqvhqhvv

Rqh phvvdjh ri wkh dqdo|vlv lq wkh suhylrxv vhfwlrq lv wkdw wkh vhw ri qrqzrqghuixo
glvfrxqw idfwruv lv rshq1 Wkh sxusrvh ri wklv vhfwlrq lv wr vkrz wkdw lw lv dovr
d ghqvh vxevhw ri + �I

2
> ôe,1 Zlwk wklv uhvxow/ rxu suhylrxv ?qglqj wkdw wkh ehvw

h!flhqw htxloleulxp ehkdylru lv hyhqwxdoo| f|folf lv vkrzq wr eh shuydvlyh lq wkh
glvfrxqw idfwru1 Zh vkrxog qrwh khuh wkdw zh gr qrw nqrz wkh Ohehvjxh phdvxuh
ri wkh vhw ri qrqzrqghuixo glvfrxqw idfwruv1;

;Uhfdoo wkdw wkhuh duh rshq dqg ghqvh vxevhwv ri dfc �o ri duelwudulo| vpdoo phdvxuh/ iru h{dpsoh
frpsohphqwv ri jhqhudol}hg Fdqwru vhwv +vhh Ur|ghq ^8/ Sureohp 471e/ sdjh 97`,1
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Sursrvlwlrq 71 Wkh vhw ri qrqzrqghuixo glvfrxqw idfwruv lq + �I
2
> ôe, lv dq rshq

dqg ghqvh vxevhw ri + �I
2
> ôe,1

Surri1 Zh rqo| qhhg wr vkrz ghqvhqhvv/ vlqfh Sursrvlwlrq 6 lpphgldwho|
lpsolhv rshqqhvv ri wkh vhw ri qrqzrqghuixo glvfrxqw idfwruv1

Zh qhhg wr vkrz wkdw li ïâ 5 + �I
2
> ôe, lv zrqghuixo/ dq| qhljkerukrrg ri ï

â kdv
d qrqzrqghuixo glvfrxqw idfwru1 Ohw äâ eh wkh zrqghuixo htxloleulxp sdwk fruuh0
vsrqglqj wr ïâ1 Zh vwduw iurp wkh revhuydwlrq wkdw dq| qhljkerukrrg ri ïâ kdv dq
hohphqw ïââ wkdw lv zrqghuixo dqg zkrvh zrqghuixo htxloleulxp sdwk lv hyhqwxdoo|
40f|folf1 Wkh revhuydwlrq iroorzv lpphgldwho| li wkh zrqghuixo htxloleulxp dw ïâ

lwvhoi lv hyhqwxdoo| 40f|folf/ vr dvvxph rwkhuzlvh1 Iru hdfk W / gh?qh dq hyhqwxdoo|
40f|folf sdwk äA dv

äA| @

ã
äâ|> li w ? W>
FF> rwkhuzlvh

+56,

Iru dq| W dqg dq| w è 3/

k|2+ä
A > ïâ, A k|2+ä

â> ïâ,= +57,

Vlqfh k|2+ä
â> ïâ, è �3Bâ

Bâ iru dq| w è 4 +ehfdxvh äâ lv dq htxloleulxp sdwk,/ +57,
vkrzv wkdw äA lv dq htxloleulxp rxwfrph iru dq| W 1 Lq dgglwlrq/ zh kdyh
k|2+ä

A > ïâ, è k�2+ä
A > ïâ, iru dq| w A 4/ ehfdxvh wkh lpsdfw ri uhsodflqj dq| GF

lq d ixwxuh shulrg zlwk FF rq k|2+ä
A > ïâ,/ 4 ? w ? W / lv juhdwhu wkdq wkdw rq

k�2+ä
A > ïâ, dqg k|2+äA > ï

â, @ 4 iru w è W 1 Wkhuhiruh Ohppd : dssolhv/ dqg iru dq|
W wkhuh h{lvwv ïA ? ïâ vxfk wkdw äA lv d zrqghuixo htxloleulxp rxwfrph dw ïA
+uhfdoo wkdw äAf @ GF ehfdxvh ä

â lv zrqghuixo1,1 Reylrxvo|/ ïA $ ïâ dv W $41
Fkrrvh dq| qhljkerukrrg ri ïâ1 Wkhq wkhuh h{lvwv W vxfk wkdw ïA ehorqjv wr

wkdw qhljkerukrrg1 Ohw W â eh wkh odvw shulrg lq zklfk GF lv sod|hg rq äA / dqg
frqvlghu d ?qlwh sdwk iäA| jA

â3�
|'f 1 Vlqfh ä

A lv zrqghuixo dw ïA / zh rewdlq

ý
&[
|'f

ï|A j2+ä
A
| , è ï&A ;n 5 i3> 4> = = = > W â ý 5j +58,

dqg

ý
A â3�[
|'f

ï|A j2+ä
A
| , @

ïA
â

A +5ïA ý 4,
4ý ïA = +59,
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Fkrrvh dq hohphqw ri wkh qhljkerukrrg ï ? ïA vr wkdw +45, krogv dw ï/ dqg wkdw

ý
A â3�[
|'f

ï|j2+ä
A
| , ? 5ï

A â = +5:,

Wklv lv srvvleoh ehfdxvh 5ïA ý4 ? 5+4ýïA , dqg Ohppd 9 dssolhv1 Ohppd 9 dovr
jxdudqwhhv wkdw 58 frqwlqxhv wr krog1 Frqvlghu d ?qlwh sdwk ç @ iç|jA â|'� gh?qhg
dv= ç| @ ä

A
| iru dq| w 9@ W â/ dqg çA â @ FF1 Wkhq/ +5:, lpsolhv

ý
A â[
|'f

ï|j2+ç|, ? ï
A â = +5;,

E| Ohppd 8/ +58,/ +45, dqg +5;, lpso| wkdw ï lv qrw zrqghuixo1 Vlqfh wkh qhljk0
erukrrg ri ïâ lv duelwudulo| fkrvhq/ wkh vhw ri qrqzrqghuixo glvfrxqw idfwruv lv
ghqvh1

81 Wkh Vhw ri Zrqghuixo Glvfrxqw Idfwruv

Vr idu/ zh kdyh olplwhg rxu dwwhqwlrq wr qrqzrqghuixo glvfrxqw idfwruv/ dqg gh0
vfulehg wkh ehvw htxloleulxp rxwfrph sdwkv iru qrqzrqghuixo glvfrxqw idfwruv1
Qrz zh wxuq wr wkh vhw ri zrqghuixo glvfrxqw idfwruv dqg wkh surshuwlhv ri fruuh0
vsrqglqj zrqghuixo htxloleuld1 Zh vwduw e| fodvvli|lqj ehkdylru frqvlvwhqw zlwk
zrqghuixo htxloleuld1

Xqolnh wkh fdvh ri qrqzrqghuixo glvfrxqw idfwruv/ zkhuh zh fdq ghulyh d fhuwdlq
w|sh ri ehkdylru dv wkh ehvw htxloleulxp sdwk/ zrqghuixo htxloleuld h{klelw pxfk
pruh glyhuvlw|1 Iru h{dpsoh/ d zrqghuixo htxloleulxp pd| eh hyhqwxdoo| 40f|folf/
olnh wkh rqh zh kdyh vhhq dw ï2 ri Sursrvlwlrq 61 Ru lw pd| eh hyhqwxdoo| q0
f|folf olnh wkh rqh zh kdyh revhuyhg dw ï� ri Sursrvlwlrq 61 Krzhyhu/ zrqghuixo
htxloleulxp sdwkv qhhg qrw eh ri wkh w|sh frqvlghuhg wkhuh/ wkdw lv/ dq hyhqwxdoo|
q0f|folf sdwk zlwk qr iuloov1 Dq hyhqwxdoo| q0f|folf sdwk zlwk d iuloo/ ghqrwhg e|
ä @ +GF>ç> ã",/ zkhuh ç lv d ?qlwh sdwk/ ã lv d gl>huhqw ?qlwh sdwk/ dqg ã" lv
wkh lq?qlwh uhshwlwlrq ri ã/ frxog eh d zrqghuixo htxloleulxp1

Wr pdnh wklqjv idu pruh frpsolfdwhg/ wkhuh lv dqrwkhu w|sh ri zrqghuixo
htxloleulxp sdwk/ zklfk qhyhu frqyhujhv wr dq| f|foh1 Frqvlghu wkh iroorzlqj
sdwk ã=

ã| @

ã
GF> li w @ 3> 4 ru w @ 433& iru vrph lqwhjhu n>
FF> rwkhuzlvh1
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Wkhuh h{lvwv ï 5 + �I
2
> ôe, vxfk wkdw ã jlyhv sod|hu 5 wkh sd|r> ri 31 Wkxv

k2+ã> ï, @ 3/ zkloh k�2+ã> ï, @ +4ý ï, @ï1 Zh dovr kdyh k|2+ã> ï, A +4ý ï, @ï
iru dq| w è 5/ ehfdxvh doo GF*v duh orfdwhg pruh glvwdqwo| dqg2ru pruh vsduvho|
lq wkh frqwlqxdwlrq sod| iurp shulrg w wkdq lq wkh frqwlqxdwlrq sod| iurp shulrg
41 Wkhuhiruh/ ã lv d zrqghuixo htxloleulxp jlyhq ï/ zkloh lw lv qrw hyhqwxdoo| f|folf1

Wkxv/ zh kdyh vhyhudo w|shv ri ehkdylru/ lq dgglwlrq wr wkh rqh wkdw lv hyhqwx0
doo| q0f|folf zlwkrxw d iuloo= wkh hyhqwxdoo| 40f|folf sdwk/ wkh hyhqwxdoo| q0f|folf
sdwk zlwk d iuloo/ dqg wkh qrqfrqyhujhqw ru df|folf sdwk +vxfk dv ã deryh,1 Rqh
lqwhuhvwlqj idfw derxw wkrvh zrqghuixo htxloleuld lv wkdw/ rwkhu wkdq wkh hyhqwxdoo|
q0f|folf sdwk zlwkrxw d iuloo/ vxfk dq htxloleulxp idlov wr eh wkh ehvw htxloleulxp
lq d qhljkerukrrg ri wkh glvfrxqw idfwru wkdw pdnhv lw zrqghuixo1 Iru dq| qhljk0
erukrrg ri wkh glvfrxqw idfwru/ wkhuh h{lvwv d voljkwo| odujhu glvfrxqw idfwru zkhuh
wkh rxwfrph lv qrw wkh ehvw htxloleulxp rxwfrph1 Frqvlghu dq hyhqwxdoo| q0f|folf
sdwk zlwk d iuloo/ iru h{dpsoh1 Dv ehiruh/ zh zulwh lw dv ä @ i+GF,> ç> ã"j/ dqg
dvvxph lw lv d zrqghuixo htxloleulxp sdwk dw vrph ïW 5 + �I

2
> ôe,1 Wkhq/ wkh dy0

hudjh sd|r> ri wkh sdwk ç +iru sod|hu 5, lv vpdoohu wkdq wkh dyhudjh sd|r> ri ã1
Wkhuhiruh/ li zh gh?qh ä? @ i+GF,> +ç> ã?,"j/ zkhuh ã? lv wkh q0irog uhshwlwlrq
ri wkh ?qlwh sdwk ã/ zh rewdlq

k2+ä
?> ïW, ? k2+ä> ïW, @ 3= +5<,

iru doo q1 Lw dovr iroorzv wkdw

olp
?<"k2+ä

?> ïW, @ 3= +63,

Wkhuh h{lvwv qW vxfk wkdw iru q A qW/ k2+ä?> ôe, A 31 E| +5<,/ zh fdq vkrz wkdw
iru dq| q A qW/ wkhuh h{lvwv ï? 5 +ïW> ôe, dw zklfk ä? lv zrqghuixo1 Lq dgglwlrq/
ä? lv dq htxloleulxp iru dq| ï è ï?/ vdwlvi|lqj k2+ä?> ï, ? k2+ä> ï,1 Vlqfh +63,
lpsolhv ï? $ ïW dv q$4/ zh fdq frqfoxgh wkdw dq| ï A ïW lv juhdwhu wkdq vrph
ï? dqg wkhuhiruh ä? lv d ehwwhu htxloleulxp sdwk iru sod|hu 4 wkdq ä1

Jlyhq wklv fodvvl?fdwlrq/ wkh qh{w txhvwlrq lv= Zkdw lv wkh fduglqdolw| ri wkh
vhw ri zrqghuixo glvfrxqw idfwruv lq + �I

2
> ôe,B

Sursrvlwlrq 81 Ohw Z eh wkh vhw ri zrqghuixo glvfrxqw idfwruv1 Wkhq iru dq|
ï 5 + �I

2
> ôe,/ wkh vhw Z _ + �I

2
> ï, lv xqfrxqwdeo| lq?qlwh1

Surri1 Il{ ï 5 + �I
2
> ôe,1 Lw lv hdv| wr yhuli| wkdw wkh sdwk ä

W @ iGF> GF> FF"j
lv d vwulfw htxloleulxp sdwk xqghu ï/ dqg wkdw k2+äW> ï, A 31 Wkhuhiruh/ wkhuh h{lvwv
W vxfk wkdw wkh sdwk gh?qhg dv äA @ iGF> i+GF,+FF,A3�j"j lv dq htxloleulxp
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sdwk1 Qrwh wkdw äA dvvljqv GF wr shulrgv 3 dqg 4/ dqg dq| shulrg zulwwhq dv
pW . 4 iru d srvlwlyh lqwhjhu p1

Ohw v @ iv|j"|'� eh d vhtxhqfh ri qdwxudo qxpehuv1 Dvvrfldwhg zlwk v/ gh?qh
wkh vhw ri qdwxudo qxpehuv

]+v, @ ip = p @
|[
ð'�

vð iru vrph wj=

Zh dovr gh?qh wkh sdwk ä+v, dv

ä|+v, @

ã
GF> li w @ 3> 4 ru w @ pW . 4 iru p 5 ]+v,>
FF> rwkhuzlvh1

Lw lv lpphgldwh wkdw k|2+ä+v,> ï, A k
|
2+ä

A > ï, iru dq| w è 41 Wkhuhiruh ä+v, lv dq
htxloleulxp sdwk1 Pruhryhu/ zh rewdlq k|2+ä+v,> ï, è k�2+ä+v,> ï, iru dq| w è 4/
ehfdxvh lq wkh frqwlqxdwlrq sdwk iurp shulrg w A 4/ GF*v duh orfdwhg pruh
glvwdqwo| dqg pruh vsduvho| wkdq lq wkh frqwlqxdwlrq sdwk iurp shulrg 41 Wkxv
Ohppd : dssolhv/ dqg zh kdyh d zrqghuixo glvfrxqw idfwru ï+v, 5 + �I

2
> ï, dw zklfk

ä+v, lv wkh zrqghuixo htxloleulxp sdwk1 Wkhuhiruh/ ï+v, 5Z _ + �I
2
> ï,1

Qrwh wkdw li zh fkrrvh d gl>huhqw vhtxhqfh vâ/ ]+vâ, 9@ ]+v, dqg wkhuhiruh
ä+vâ, 9@ ä+v,1 Frqvhtxhqwo|/ ï+vâ, 9@ ï+v,1 Vlqfh wkh vhw ri doo vhtxhqfhv ri qdwxudo
qxpehuv kdv wkh srzhu ri frqwlqxxp/ Z _ + �I

2
> ï, kdv dw ohdvw wkh vdph srzhu/

khqfh wkhuh duh xqfrxqwdeo| lq?qlwh hohphqwv lq Z _ + �I
2
> ï, iru dq| ï 5 + �I

2
> ôe,1

91 Prqrwrqlflw|

Rxu dqdo|vlv lq wkh suhylrxv vhfwlrqv kdv vkrzq wkdw wkh pd{lpxp h!flhqw htxl0
oleulxp sd|r>/ çy�+ï, lv qrw prqrwrqlf zlwk uhvshfw wr ï/ lq wkh uhjlrq +3> ôe,1 Wkh
dqdo|vlv kdv dovr ghprqvwudwhg wkdw wkh vhw ri doo h!flhqw htxloleulxp sd|r>v
jlyhq ï grhv qrw h{klelw prqrwrqlflw| zlwk uhvshfw wr ï1<

Krzhyhu/ zkloh zh gr qrw kdyh prqrwrqlflw| ri wkh pd{lpxp htxloleulxp
sd|r> ru wkh htxloleulxp sd|r> vhw/ zh gr kdyh prqrwrqlflw| ri h!flhqw htxl0
oleulxp sdwkv zlwk uhvshfw wr ï/ iru ï ? ô

e 1 Lqghhg/ wklv prqrwrqlflw| lv d qlfh
dvshfw ri h!flhqw htxloleulxp> iru wkh vhw ri +qrw qhfhvvdulo| h!flhqw, htxloleulxp
rxwfrphv/ lw grhv qrw lqfuhdvh prqrwrqlfdoo| dv ï lqfuhdvhv1

<Wklv revhuydwlrq grhv qrw frqwudglfw Deuhx/ Shdufh/ dqg Vwdffkhwwl ^5/ Wkhruhp 9`/ zklfk
suryhv prqrwrqlflw| ri htxloleulxp sd|r> vhwv/ vlqfh wkh| dvvxph wkh sxeolf vljqdo lv glvwulexwhg
rq d vxevhw ri d ?qlwh Hxfolghdq vsdfh/ dqg wkdw wkh glvwulexwlrq ixqfwlrq kdv d ghqvlw|1 Lq rxu
frqwh{w/ wklv lv htxlydohqw wr uhtxlulqj wkh suhvhqfh ri d sxeolf fruuhodwlqj ghylfh1

56



Sursrvlwlrq 91 Ohw ä eh dq h!flhqw htxloleulxp sdwk iru vrph ïf 5 +3> ôe,1 Wkhq
lw lv dq htxloleulxp sdwk iru dq| ï 5 ^ïf> ôe,1

Surri1 Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw wkh sd|r> yhfwru ri ä
olhv rq E1 Li ïf ? 4@

s
5/ hlwkhu ä @ i+FF,"j ru ä @ i+GF,> +FF,"j1 Lw lv hdv|

wr yhuli| wkdw ä lv dq htxloleulxp sdwk iru dq| ï è ïf1 Vr dvvxph ïf 5 ^ �I2 > ôe,1
Zh vwduw iurp wkh fdvh zkhuh ä lv hyhqwxdoo| 40f|folf1 Zh fodlp wkdw li ä lv dq

htxloleulxp rxwfrph sdwk dw vrph ïâ 5 + �I
2
> ôe,/ wkhq wkhuh h{lvwv % A 3 vxfk wkdw

ä frqwlqxhv wr eh dq htxloleulxp rxwfrph sdwk iru ï 5 ^ïâ> ïâ . %,1 Vlqfh wkh vhw
ri frqwlqxdwlrq sd|r>v ri ä lv ?qlwh +ehfdxvh lw lv hyhqwxdoo| f|folf,/ wkhuh lv d W
wkdw plqlpl}hv k|2+ä> ï

â,1 Ohw W @ õw = k|2+ä> ïâ, A +4ý ïâ,@ïâô1 Wkhq/ iru doo ï lq
d qhljkerukrrg ri ïâ/ dqg iru doo w 5 W / k|2+ä> ï, A +4ý ï,@ï +xvlqj wkh ?qlwhqhvv
ri wkh vhw ri frqwlqxdwlrq sd|r>v,1

Li W 5 W / l1h1/ kA2 +ä> ïâ, A
ý
4ý ïâü @ïâ/ wklv wkhq lpsolhv wkdw ä lv dq htxlole0

ulxp sdwk iru ï 5 ^ïâ> ïâ . %, iru % vpdoo1
Vxssrvh qrz wkdw W @5 W / l1h1/ kA2 +ä> ïâ, @

ý
4ý ïâü @ïâ1 Gh?qh ã dv ãf @

GF dqg ã| @ äAn|3� iru doo w è 41 Wkhq/ k2+ã> ïâ, @ 31 Vlqfh k|2+ã> ï
â, @

kAn|3�2 +ä> ïâ, è ý
4ý ïâü @ïâ iru doo w è 4/ ã lv wkh zrqghuixo htxloleulxp dw ïâ1

Wkhuhiruh/ Ohppd 9 lpsolhv wkdw k2+ã> ï, A 3 iru ï A ïâ/ zklfk lv htxlydohqw wr
kA2 +ä> ï, A +4ý ï,@ï/ iru ï A ïâ1 Wklv suryhv rxu fodlp1

Vlqfh wkh vhw ri glvfrxqw idfwruv iru zklfk ä lv dq htxloleulxp rxwfrph lv
forvhg/ zh wkxv kdyh wkdw ä lv dq htxloleulxp rxwfrph sdwk iru doo ï 5 ^ïf> ôe,1

Qrz/ vxssrvh ä lv qrw hyhqwxdoo| 40f|folf1 Ohw äA eh wkh sdwk vxfk wkdw äA| @
ä| iru w ? W / dqg äA| @ FF iru w è W 1 Lw lv hdvlo| vhhq wkdw li ä lv dq htxloleulxp
sdwk/ vr lv äA iru dq| W 1 Vlqfh hdfk äA lv hyhqwxdoo| 40f|folf/ wkh deryh dujxphqw
vkrzv wkdw lw lv dq htxloleulxp rxwfrph iru dq| ï 5 +ïf> 6@7,1 Wkxv/ iru doo
ï 5 +ïf> 6@7, dqg doo w è 4/ k|2

ý
äA > ï

ü è +4ý ï, @ï1 Vlqfh olpA<" k|2
ý
äA > ï

ü
@

k|2 +ä> ï,/ zh dovr kdyh k
|
2 +ä> ï, è +4ý ï, @ï iru doo w è 4/ dqg vr ä lv dq htxloleulxp

sdwk iru doo ï 5 ^ïf> 6@7,1

Uhihuhqfhv

^4` Glols Deuhx1 H{wuhpdo htxloleuld ri roljrsrolvwlf vxshujdphv1 Mrxuqdo ri
Hfrqrplf Wkhru|/ 6<=4<48558/ 4<;91

^5` Glols Deuhx/ Gdylg Shdufh/ dqg Hqqlr Vwdffkhwwl1 Wrzdug d wkhru| ri glv0
frxqwhg uhshdwhg jdphv zlwk lpshuihfw prqlwrulqj1 Hfrqrphwulfd/ 8;=43748
4396/ 4<<31
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^6` Mrqdwkdq Fdyh1 Htxloleulxp dqg shuihfwlrq lq glvfrxqwhg vxshujdphv1 Lqwhu0
qdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 49+4,=48874/ 4<;:1

^7` Pdun E1 Furqvkdz dqg Gdylg J1 Oxhqehujhu1 Vwurqjo| v|pphwulf vxejdph
shuihfw htxloleuld lq lq?qlwho| uhshdwhg jdphv zlwk shuihfw prqlwrulqj dqg
glvfrxqwlqj1 Jdphv dqg Hfrqrplf Ehkdylru/ 9+5,=553856:/ Pdufk 4<<71

^8` K1 O1 Ur|ghq1 Uhdo Dqdo|vlv1 Pdfploodq/ Qhz \run/ 6ug hglwlrq/ 4<;;1

^9` V|oydlq Vrulq1 Rq uhshdwhg jdphv zlwk frpsohwh lqirupdwlrq1 Pdwkhpdwlfv
ri Rshudwlrqv Uhvhdufk/ 44+4,=47:8493/ Iheuxdu| 4<;91

^:` Gdoh R1 Vwdko LL1 Wkh judsk ri sulvrqhuv* glohppd vxshujdph sd|r>v dv d
ixqfwlrq ri wkh glvfrxqw idfwru1 Jdphv dqg Hfrqrplf Ehkdylru/ 6+6,=69;8
6;7/ Dxjxvw 4<<41

^;` Hulf ydq Gdpph1 Vwdelolw| dqg Shuihfwlrq ri Qdvk Htxloleuld1 Vsulqjhu0Yhuodj/
Ehuolq/ vhfrqg/ uhylvhg dqg hqodujhg hglwlrq/ 4<<41
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