SUPPLEMENTAL MATERIAL 1:

THE STRUCTURE OF THE SUPPLEMENTAL MATERIALS AND
EXACT CONDITIONS FOR THEOREM 1

In the following Supplemental Materials, we prove Theorem 1 (folk theorem) for a general
game without cheap talk or public randomization in steps. Remember that the arguments
in the main text before Section 8 are valid for all the steps.

We offer an overview of the structure and summarize exactly what generic conditions we

need to prove theorem 1 in each step.

16 Structure

First, we show Theorem 1 for a general two-player game with the perfect cheap talk, noisy
cheap talk and public randomization.

Second, we show Theorem 1 for a general game with more than two players with the
perfect cheap talk, noisy cheap talk and public randomization.

Third, we dispense with the perfect cheap talk, noisy cheap talk and public randomization
in the two-player game. We proceed in steps. In the coordination block, we replace the
perfect cheap talk with the noisy cheap talk. Then, we dispense with the noisy cheap talk
in the coordination and main blocks. On the other hand, in the report block, we dispense
with public randomization, after which we replace the perfect cheap talk with conditionally
independent noisy cheap talk. Then, we dispense with the conditionally independent cheap
talk.

Fourth, we dispense with the perfect cheap talk, noisy cheap talk and public randomiza-
tion in the more-than-two-player game. The main difference from the two-player case is how
to construct the coordination block without the perfect cheap talk but with the noisy cheap
talk.
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17 Assumptions

Given the above structure, we mention what generic assumptions we need to prove Theorem

1 in each step. Again, all the assumptions are generic under Assumption 2.

17.1 Two-Player General Games with Cheap Talk and Public Ran-

domization

In the two-player general game with the perfect cheap talk, noisy cheap talk and public
randomization, no additional assumption is necessary, that is, Assumptions 1, 3, 4 and 5 are

sufficient.

17.2 More-Than-Two-Player General Games with Cheap Talk and

Public Randomization

With more than two players, we modify Assumptions 4 and 5 to deal with the fact that in

addition to player ¢ and her monitor player i — 1, there are players — (i — 1,1).
Assumptions 1 and 3 are maintained as it is. We replace Assumption 4 with its coun-

terparts for more than two players, Assumptions 6, 7 and 8. In addition, Assumption 5 is

replaced with Assumption 9.

17.3 Two-Player General Games withOUT Cheap Talk

Now we consider how to dispense with the perfect cheap talk, noisy cheap talk and public

randomization device in a general two-player game.

17.3.1 Coordination Block

In the main paper, each player communicates x; via perfect cheap talk.
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Noisy Cheap Talk First, we replace the perfect cheap talk in the coordination block with

the noisy cheap talk. To do so, we do not need any new assumptions.

Messages via Actions Second, we replace the noisy cheap talk with messages via actions.
Since we replace the perfect cheap talk in the coordination block with the noisy cheap talk,
this step enables us to dispense with the perfect cheap talk in the coordination block and
the noisy cheap talk in the main blocks. In this step, we need an assumption to make sure
that we can create a message protocol to preserve the important features of the inferences
which were guaranteed with the noisy cheap talk (see Lemma 2). A sufficient condition is

Assumption 10.

17.3.2 Report Block

In the main paper, the players coordinate on who will report the history by the public
randomization device. In addition, the picked player reports the history via perfect cheap

talk.

Dispensing with Public Randomization We first dispense with the public randomiza-
tion device. So that the players can coordination through their actions and private signals,

we need Assumption 11.

Conditionally Independent Noisy Cheap Talk We second replace the perfect cheap
talk with conditionally independent noisy cheap talk. For this step, no new assumption is

necessary (except for the availability of the conditionally independent noisy cheap talk).

Messages via Actions We third replace the conditionally independent noisy cheap talk
with messages via actions. To do so, we need to create a statistics of a receiver to infer the
messages from a sender so that the sender cannot get any information about the realization
of the statistics through her private signals. See Assumption 12. Note that we do not assume

that 2|Y;| < |A;||Y;| for all 4,5 with ¢ # j. Hence, we cannot use the method that Fong,
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Gossner, Horner and Sannikov (2010) create A’ (y?) in their Lemma 1, which preserves the

conditional independence property.

17.4 More-Than-Two-Player (General Games withOUT Cheap Talk

Finally, we consider how to dispense with the perfect cheap talk, noisy cheap talk and public

randomization device in a general more-than-two-player game.

17.4.1 Coordination Block

In the Supplemental Material 3, each player communicates x; via perfect cheap talk in the

coordination block.

Noisy Cheap Talk We first replace the perfect cheap talk with the noisy cheap talk. As
we have explained in Section 4, with more than two players, it is important to create a
message protocol so that, while the players exchange messages and infer the other players’
messages in order to coordinate on x;, there is no player who can induce a situation where
some players infer z; is G while the others infer z; is B. Since the signals from the noisy
cheap talk is private as we will see in Section 29, we need a more sophisticated communication

protocol than the case with two players. For that purpose, we add Assumption 14.

Messages via Actions Then, we replace the noisy cheap talk with messages via actions.
So that we can create a message protocol to preserve the important features that were

satisfied by the noisy cheap talk, we need Assumption 15.

17.4.2 Report Block

We need the more-than-two-player-case counterparts of Assumptions 11 and 12 to dispense
with the public randomization and perfect cheap talk in the report block. So that the

players can coordinate through their actions and private signals, we add Assumption 16.
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In addition, to construct a statistics to preserve the conditional independence property, we

need Assumption 17.
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SUPPLEMENTAL MATERIAL 2:

PROOF OF THEOREM 1 for a General Two-Player Game With CHEAP
TALK

In this Supplemental Material, we prove Theorem 1 (folk theorem) for a general two-
player game with the perfect cheap talk, noisy cheap talk and public randomization devices.
Since there are only two players, when we say players ¢ and 7, unless otherwise specified,

player i is different from player j.

18 Valid Lemmas

Since we maintain Assumptions 3, 4 and 5, Lemmas 3, 4, 5 and 6 are still valid. Also, since

the noisy cheap talk is available, Lemma 2 holds.

19 Intuitive Explanation

The basic structure is the same as in the prisoners’ dilemma: In each finitely repeated game,
there are L review rounds and several supplemental rounds. In each review round, player
7 monitors player ¢ by making a reward function linearly increase in player j’s score about
player i: X;(l)=>", \Ilj(tx) If the realization of ), \I/?(tw) is far from the ex ante mean, then
player j will switch to a constant reward.

Remember that player ¢ with z; = B and A; (I) = B needs to give a non-negative constant
reward. On the other hand, player ¢ with harsh strategy o;(B) needs to ensure that player
J’s payoft is below v, regardless of player j’s strategy.

In the prisoners’ dilemma, a;(x) with x; = B defined to satisfy (6) and (7) happens to be
the minimiaxing action. Hence, player j’s payoff is below v; regardless of player j’s strategy
with non-negative reward. However, in a general game, a;(z) with x; = B is not always a

minimaxing action. Therefore, player ¢ with z; = B and A; (I) = B needs to switch to the

minimaxing action if player ¢ thinks that player j has deviated.
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For this purpose, in each [th review round, player j constructs a statistics such that if its
realization is low, then player j allows player i to minimaz player j from the next review
round, that is, from the (I + 1)th review round. See “player j’s score about player j’s own
deviation” in Section 4 for the intuitive explanation.

The key lemma to construct such a statistics is as follows:

Lemma 10 If Assumption 4 is satisfied, then there exist go > q1 such that, for all j € I and

a € A, there exists a function v§ : Y; — (0,1) such that,

1. The ex ante value of player i’s conditional expectation of 7§ (y;) distinguishes whether

player j takes a; or not:

By, [Ey, [v4 (i) | a9 | d,0] = > {Z q(y; | a,y:)a(y: | &j,az')}ﬂ ()

Yj Yi
g2 if a; = aj,

q1 otherwise.

2. Player i cannot change the expected value of ~§: For all a; € A;,

B (v () | aia;] = qly; | aj.@:)7% () = o

Yi

Proof. It suffices that ()2(a;,a;) with a; € A; and Q1(@;,a;) with @, # a; are linearly
independent (see the proof of Lemma 3 for the definition of @; and @Qs). Assumption 4
guarantees this.

Further, we can assume that ¢; and ¢, in Lemmas 3 and 10 are the same after applying an
appropriate affine transformation of ¢’s and ~’s. The same caution is applicable whenever
we say ¢, and ¢o. ®

For each [th review round, player j allows player ¢ to minimax player j from the (I + 1)th

round if “player j’s score about player j’s own deviation,” >, r ’y;(x) (yjt), is very low.

Then, player i with lower conditional expectation of 3=, 7 7;(:,;) (y;+) is willing to minimax
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player j as seen in Section 4. Since the conditional expectation decreases if player j deviates
from Condition 1, the punishment is triggered properly. In addition, Condition 2 guarantees
that player ¢ cannot manipulate this statistics.

Intuitively, d;(I4+1) € {G, B} indicates whether or not player j allows player ¢ to minimax:
dj(l + 1) = G implies that player j does not allow player ¢ to minimax player j while
d;(l + 1) = B implies that player j allows after observing low ZteT(Z) 'y?(x) (Yj.t)-

On the other hand, as player i constructs A;(I + 1) to infer ;(I + 1), player i constructs
d;(1 +1) € {G, B} to infer d;(I +1). d;(I +1) = G implies that player 7 is not willing to
minimax while ch(l + 1) = B implies that player ¢ believes that player j allows player i to

minimax player j and so player ¢ is willing to minimax.

20 Structure of the Phase

We introduce supplemental rounds for d;(I + 1) and dy(I + 1) so that, in the supplemental
rounds for d;(l + 1), player i can send d;(I + 1) via noisy cheap talk with precision p = %

In addition, player j with \;(l + 1) = B and cfl(l + 1) = B minimaxes player i in the
(I + 1)th review round. Since player j’s reward function is constant after \;(l + 1) = B,
player ¢ wants to take the best response to player j’s action. To best respond to player j,
player ¢ wants to know ci,(z + 1) which indicates whether player j minimaxes player i or not.
Therefore, we also introduce supplemental rounds for dy(I+ 1) and d; (I +1) so that player j
can send czz(l + 1) via noisy cheap talk with precision p = % The truthtelling incentive will
be verified later.

Therefore, the whole structure of the phase is as follows:
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block

15t main
block

Instantaneous

Instantaneous

= Player1 sends x; via perfect cheap talk.

= Player2 sends x, via perfect cheap talk.

T periods

Instantaneous

Instantaneous

Instantaneous

Instantaneous

Instantaneous

Instantaneous

= First review round: t € T(1).

=  Supplemental round for 1, (2).

=  Supplemental round for 4, (2).

=  Supplemental round for d (2).
=  Supplemental round for d, (2).

.~ Supplemental round for d,(2).

- Supplemental round for d; (2).

2" block to (L — 1)th block: the structure is the same as in the first block

Lth main
block

Report
block

T periods

= Lth review round: t € T(L).

Instantaneous

Instantaneous

= Public randomization picks one player.

| The picked player reports her whole history hlmai“ by
cheap talk.

Figure 1 of the Supplemental Material 2:
Structure of the Phase



21 Strictness

For the rest of the proof, we assume that the static best response is unique and that the

minimaxing action plan is unique. That is, we assume that there exists u > 0 such that

1. For any 7 and a; € A;, there exists a unique BR;(a;) such that, for any a;, # BR;(a;),
UZ<BRZ(CL]), CLj) — Uz(dz, aj) > u. (68)

This is without loss: Otherwise, with {BRi(aj)}aj 92 we can add a small reward

~ Yt (1= e O0N) <0ty = G or B0, W S 0 @y = B to

2—q1 g2—q1 It

restore this property. If we take u small, then (3), (4) and (5) are still satisfied.

2. For any i, there exists o™ € A (4;) such that

a) For any a;, u;(a;, o™"™a%) < ¢*. That is, ™™™ is a minimaxing strategy.
) ) g 1 ’ J

(b) For any a; € A; (pure action plan) with a; # oM™,

U2<BRZ((IJ), Clj) - ui(BRi<aminmax)’ aminmax) > u. (69)

J J

Again, this is without loss: We can always add a small reward — ), 1 {ozj’t = oz?“in max} u <
Oifz; =Gor Y, 1{a: € A;\ {a;nmmax}} w if x; = B to have this property, keeping

(3), (4) and (5).

22 Perfect Monitoring

In this section, we consider a one-shot game with perfect monitoring parameterized with
I € N with the same sets of players and their possible actions. The result of this section
is used when we consider how player j punishes player i in the Tp-period finitely repeated

game with private monitoring.

62T there are multiple best responses to a;, pick one arbitrarily for BR;(a;).
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In the game with parameter [ € {1, ..., L — 1}, player j takes a;(z). Depending on player
s action, d;(1 + 1) € {G, B} is determined. If player i takes a;(z), then d;(l + 1) = G with

probability one. If player i takes a; # a;(x), then a?,(l + 1) = B with probability pé-“(x) and

A~

d;(I41) = G with the remaining probability 1 — pé“(x). The payoff of player i is determined

as
1 L—1 .
l_ A = (AT .
Vi _H}z?XL—l—{—luz(a“a](x))—l—L—l—l—lE Wi (di(l+ 1)) | ai, a5(2)
with
ui(z) = wi(BRi(aj(z)),a;(x)), (70)
Wil+1 (G) — (L —1— 1) ma}Z{I_Uzl(x)7 U;k} + u;k(x) + n, (71)
WH(B) = o+, (72)

where 7 > 0 is a small number defined in Section 24.

In this game, we can show the following lemma:

Lemma 11 For any L > 2, g2 > q and n > 0, there exist ™™ > ( and {ﬁé“(x)}f;ll €

0,1] such that, for any € < ™™ gpnd {p?“l(m)}f:_ll with

I+1 i1, 2@ — 26
pP(z) € | P (o) 2—E—= (e
e [ @B L )

foralll =1,..,L —1, it is uniquely optimal for player i to take BR;(a;(z)) and

(L — 1) max {w;(z), v} + u}(z)
L—-1+1

Vi <wl(@) = + 1.

Proof. If a;(x) is o™, then w;(z) < v} = uj(z) and

)

WiHG) = WiH(B) =v] +1.
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Hence, for any p'™!

7 (z) € [0,1], it is uniquely optimal for player i to take BR;(a;(z)) and

Vi=vi+0 < Wi(G)
foralll € {1,..., L—1} as desired. Uniqueness follows from (68): Since o™ = a;(x) € A;
is pure, the static best response is unique.

Hence, we concentrate on the case with a;(x) # o™, Then, from (69), we have

uj(z) > v and so

L —1—1)max {w;(z),v}} + ui(z)

W) = ¢ sl

+n >0 +n=W;"Y(B)  (73)

foralll € {1,...,L — 1}.
Further, if BR;(aj(x)) = a;(z), then with ﬁgﬂ(x) = pé“(:v) = 0, it is uniquely optimal
for player i to take BR;(a;(x)) and

1 L—1 (L —1—1)max{w;(x),v:} +ul(x)
I * s Vg P
Vi = L—l+1u’($)+L—l+1< L1 K
1 (L —1—1)max {w;(z), v} + ul(x)
L—l+1w’(x)jL L—-1+1 LK
< W/(G)

for all [ € {1,..., L — 1} as desired. The strict inequality follows from the following two: (i)
Since BR;(a;(z)) = a;(x), u}(x) is equal to w;. (ii) n > 0 and L]:—ljrll < 1.

Hence, we concentrate on the case with u}(x) > v} and BR;(a;(z)) # a;(x). The latter
means that w;(z) < u!(z) from (68), which implies that W/T*(G) > W/ (B) for all | €
{1,...,L—1}.

Note that the value after taking a;(z) is

1 L—T i
R ey LU G

108



for all { € {1,...,L — 1}. On the other hand, if player i takes BR;(a;(z)), then the value is

1 L—1

f@)+ g

T 1 — i+l I+1
I 1% Py () WiHHG) +

—— (@)W T(B)

7

foralll € {1,....,L —1}. If

wf(z) — max {w;(z),v}}

P57 (@) < (02T 27) (max {wn(a), o7} — of) + i (@) — 7

for all Il € {1,..., L — 1}, then it is strictly optimal to take BR;(a;(z)).
On the other hand, if

. ut(2) — max {wn(z), v}
P = ) (i ) o) — o) i) o © ) (74

then we have

i (L= Dmax {uwi(w), v} + () | L1
! L—-1+1 L—-1l+1

n < WHG). (75)

(74) follows from w;(z) < uf(x). Since the last inequality in (75) is strict, if we take ﬁé“(x)

sufficiently close but smaller than

uf(z) — max {w;(z),v}}

(L—1-1) (w(z) — max {w;(z),v}}) + ui(z) — v}’

7

then the statement of this lemma holds for {ﬁé’+1($)}f:_11- Taking ¢ sufficiently small, we are

done. m

23 Equilibrium Strategy

As in Section 11, we define o; (z;) and 7" (z;, R : §). In Section 23.1, we define the

state variables that will be used to define the action plans and rewards. Given the states,

Section 23.2 defines the action plan o;(z;) and Section 23.3 defines the reward function
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TP (25, BP0 2 6). Finally, Section 23.4 determines the transition of the states defined in

Section 23.1.

A A

23.1 States z;, \i(I+1), \;(I+1), di(i+1), d;(1 + 1), di(1+1)(3), 0:(1),
0:(Ai (14 1)), 0;(d; (1 + 1)) and 6,(d; (I + 1))

The state z; € {G, B} is determined at the beginning of the phase and fixed. By the perfect
cheap talk, z becomes common knowledge.

As in the prisoners’ dilemma, \;(I + 1) € {G, B} is player i’s state, indicating whether
player i’s score about player j has been erroneous. On the other hand, S\j(l +1) € {G, B}
indicates whether player i believes that \;(I +1) = G or \;({ + 1) = B is likely.

As seen in Section 19 (with the roles of players i and j reversed), d;(I + 1) € {G, B} is
player ¢’s state, indicating whether or not player ¢ allows player 7 to minimax player %.

On the other hand, when player ¢ decides whether or not to minimax player j in the
(I41)th review round, it is natural to calculate the belief about d;(I+1) = G. The space for
player i’s possible beliefs in each period ¢ in the (I + 1)th review round is [0, 1] and it depends
on the details of a history hl. However, we classify the set of player ’s histories into two
partitions: The set of histories labeled as d; (I + 1) = G and that labeled as d; (I + 1) = B.
If and only if (fj(l + 1) = B, player i believes that d;(l + 1) = B (player j allows player ¢ to
minimax) and is willing to minimax player j.

To make the equilibrium tractable, OZj(l + 1) depends only on player i’s history at the
beginning of the (I + 1)th review round and is fixed during the (I + 1)th review block, as
Ai(1+1).

As we have just mentioned, player j with czz(l +1) = B minimaxes player ¢ in the ([+1)th
review round (the indices ¢ and j are reversed). With S\j(l + 1) = B, that is, when player
1 believes that the reward function is constant, player ¢ wants to take the best response to
player j’s action. To best respond to player j, player i wants to know whether d;(l + 1) is
G or B (that is, whether player j takes a;(z) or minimaxes player 7). Therefore, we classify

the set of player i’s histories into two partitions: One with d;(I + 1)(i) = G and the other
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with d;(1 + 1)(i) = B. Intuitively, player i believes d;(I + 1)(i) = d;(I + 1). Player i best
responses to a;(x) if player i believes that d;(I+1) = G (that is, if d;(1+1)(i) is G) and best
responses to "™ if player ¢ believes that d;(1+1) = B (that is, if d;(I + 1)() is B).
Further, as in the prisoners’ dilemma, player ¢ makes player j indifferent between any
action profile sequence after some history. If she does in the Ith review round, then w;-“ai“
will be Y 77 (a;,y;,) for period 7 in the lth review round and after. 6;(I) € {G, B},

T

~

0:(\i (1+1)) € {G,B}, 6;(d; (1+1)) € {G,B} and 6;(d; (I+1)) € {G, B} are indices of
whether player 7 uses such a reward because of the history in the /th main block. See Section

11.3 for how the reward function depends on these four states.

23.2 Player i’s Action

In the coordination block, each player sends z; truthfully via perfect cheap talk. Then, the

state profile z becomes common knowledge.

~

) and d;(1)(d). If \;(1) =
G, then player i takes a;(z) if d;(I) = G and a™™ ™ if d,(I) = B. If \;(I) = B, then player
i takes BR;(a;(z)) if d;(1)(i) = G and BR;(a™%) if d;(1)(i) = B.

In the [th review round, player ¢’s strategy depends on j\j(l), (fj(l

In the supplemental rounds for A;(I + 1), d;(I + 1) and d;(I + 1), respectively, player
sends the message (I + 1), d;(l + 1) and d;(I + 1), respectively, truthfully via noisy cheap

1

talk with precision p = 3.

23.3 Reward Function

In this subsection, we explain player j’s reward function on player i, 7" (x;, h;nam 2 0).

Score First, since Lemma 3 is valid, we can define X;([) as in (27).

Slope Second, take L such that (28) holds.
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Reward Function As in the prisoners’ dilemma, the reward 7™ (x;, ™™ : §) is written
as
L :
main main _LT + Zl 1 maln(m hmaln l) if z; = G?
T (g, B 1 0) = Z Z Wf(taaj,t»yj,t)Jr ) !
I=1 teT (1) LT + Y 0, moein(z, hmein 1) if 2 = B.

(76)
Remember that T() is the set of periods in the [th review round.

Reward Function for Each Round If 6;(]) = B, 0;(\;(I + 1)) = B, 0;(d;(I+1)) = B
or Hj(ciz([ + 1)) = B happens for some [ < 1—1, then player j makes player i indifferent

between any action profile by

7_(_Eneauin(m7 h;nain) l) — Z ﬂ-fj (aj,t7 yj,t). (77)

teT(l)

Remember that 7’ is defined in Lemma 5.

Otherwise, that is, if 0;(1) = 0;(\(1+ 1)) = 0;(d;(I + 1)) = 0;(d;(I + 1)) = G for all
[<1-— 1, then player j’s reward on player 7 is based on the state profile z, the index of the
past erroneous history A;(!), index of minimaxing d;(1) and player j’s score about player i,

X](l)

([ 7i(2, G, di(0), 1) + L(X;(1) — (T +2¢T)) if 2; = G and Ay(1) = G,

in (g, i) A Ti(z, B, di(1),1) if 2; = G and \;(l) = B,
iz, G, di(1),1) + L (X;(l) — (@T — 2¢T)) if x; = B and \;(1) = G,

\ 7oz, B, di(1),1) if z; = B and \;(1) = B.

(78)

mi(x, Aj(1),d;(1),1) will be determined later so that (3), (4) and (5) are satisfied.

112



23.4 Transition of the States

In this subsection, we explain the transition of player ¢’s states. Since z; is fixed in the phase,

we consider the following nine states:

23.4.1 Transition of \;(l+ 1) € {G, B}

The transition of \;(I + 1) € {G, B} is exactly the same as in Section 11.4.1.

23.4.2 Transition of \;(l+1) € {G, B}

The transition of \;(I + 1) € {G, B} is the same as in Section 11.4.2 except that, if player
i has \;(I) = G and d;(I) = B, then A;(I 4+ 1) = G with high probability. As explained in
Section 19, if dj(l) = B, then player ¢ believes that player j allows player i to minimax player
J, that is, any action is optimal for player i. Hence, the belief about \;(!) is irrelevant.
That is, A;(1) = G. If \;(I) = B, then \;(I4+1) = B. If \;(I) = G, then \;(I+1) € {G, B}

is defined as follows:

1. If (35) and (36) are satisfied or d;(I) = B, then player 7 randomly picks the following

two procedures:
(a) With large probability 1 — 7, player ¢ has S\j(l + 1) = G regardless of the signals
of the noisy cheap talk about A;(I + 1).

(b) With small probability n > 0, player ¢ will use the signal from the noisy cheap
talk message: j\j(l +1) is determined by (39). This is almost optimal by the same

reason as in Section 11.4.2.

2. If “(35) is not satisfied or (36) is not satisfied” and d;(I) = G, then A;(I + 1) is
determined by (39). As 1-(b), this is almost optimal.
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23.4.3 Transition of d;(I +1) € {G, B}

As U§ and 9§, we firstly define I'{ € {0,1} from v4(y;). Player j, after believing a being
taken and observing y;, constructs a random variable I'y € {0,1} from ~§(y;) as player j
constructs ¥§ from 9% (y;).

Given {F t}teT W
Forl=1,..,L—1,ifd;(l) = B, then d;(I+1) = B as for \;(I+1). If d;(I) = G, then player

we define the transition as follows: The initial condition is d;(1) = G.

J calculates

teT;(
Again, a random period ¢;(l) is excluded from monitoring. This is “player j’s score about

player j’s own deviation” in Section 4. Given G,(1), d;(I + 1) is determined as

G if G(I) € [T — €T, q,T + €T) or d;(I) = B,

d](l + ].) - A
B if Gj (l) g [QQT - €T, QQT + €T] and dz(l) =G.

Note that, compared to A;(l + 1), 2T is replaced with 7. In addition, if dz(z) = B, then
player j takes o™ £ a;(x) to minimax player i. Although player j does not take a;(x),
this is not a deviation from the equilibrium strategy. Hence, player j does not allow player

7 to minimax player j if a?z(l) = B.

23.4.4 Transition of d;(I+1) € {G, B}

As we have mentioned in Section 23.1, d;(I1+1) € {G, B} is the partition of the set of player
i’s histories. Intuitively, player ¢ believes that d;(l + 1) = dj(l + 1) with high probability.

Since d;(1) = G is common knowledge, define d;(1) = G.

In addition, d;(I + 1) = B once d;(I) = B has happened for some I < I. Hence, we are
left to specify, for each I, conditional on d;(I) = G with all [ < [, how d;(I + 1) € {G, B} is
determined.

Intuitively, as for S\j(l + 1), at the end of the Ith review round, player i calculates

E [G;(1) | a(z), {yit}ter@]. Then, in the supplemental round for d;(l + 1), player j sends
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1
2

Based on E [G;(1) | a(z), {yit}ter@] and f[i](d;(l + 1)), player i constructs d;(1+1).

d;(l+1) via noisy cheap talk with precision p = 35 and player i receives a signal f[i|(d;({+1)).

Instead of calculating the conditional expectation of G,(l) directly, player i calculates

Z B [F?,Efw) | a(x)vyi,t] + 4.

teTi(l)
As we have mentioned for \;(I 4 1) in the prisoners’ dilemma, player i uses T;(1), not T}(1).
Since T;(1) and Tj(l) differ at most for two periods, we can neglect the fact that 7;(I) and
T;(l) can be different for almost optimality.

Further, rather than using >, ;. ) B [F;ﬂ(f) | a(x),yi,f}, player i constructs (Eil“?(x))t €
{0,1} from E F?ﬁf) | a(m),ym] as player 4 constructs (Ei\lf?($))t from \I/;L(f) | a(z), yisl-
Let

EGi(1) = D (EX5™) + g

teT; (1)

As for E;X;(1), for all a; and 1y, the ex post probability given {a;, y:}ierq) that

eT. (79)

A~ =

> E [F?,(f) | a(z), yz-,t] + g — EG(D| <

teT; (1)

is 1 — exp(—O(T)) by the central limit theorem.
Consider player i’s belief about d;(Il + 1) in the case with (79) and

These two implies that
3
E [G;(1) | a(z), {yisherw) Ti(1), Tj(1)] < ¢2T — §5T

since T;(1) and T;(!) differ at most for two periods.
Since d;(I + 1) = B if G;(1) & [@oT — €T, g1 + €T'| and (fl(l) = @, player i believes that
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d;(1+ 1) = B if d;(I) = G with probability 1 — exp(—O(T)).

On the other hand, forget about the belief about d;(I+1) and suppose that player ¢ could
know d;(! + 1) (she cannot in private monitoring). Consider the two possible realizations of
the signals in the supplemental round for d;({+1). If f[i](d;({+1)) = d;(l+1), then player i
receives a correct message. If f[i](d;(1+ 1)) # d;(I+1), then with probability 1 —exp(—T"z),
player j should receive the signal telling that player ¢ does not received the correct signal,
that is, g[j](d;(I+1)) = E. If g[j](d;(I+1)) = E, then player j will make player ¢ indifferent

between any action profile sequence (see Section 23.4.6). Therefore, if player ¢ uses

A

dj(l +1) = flil(d;(1 + 1)), (81)

then it can be shown that o;(z;) defined in Section 23.2 is almost optimal.

Given the observations above, we consider the following transition of d;(I + 1):

1. If (79) is satisfied, then

(a) If \;(I) = G, then player i randomly picks the following two procedures:
i. With probability 1 — 7, d;(1 +1) = G.
ii. With probability n, player ¢ will use the signal from the noisy cheap talk
message and cij(l + 1) is determined by (81).

(b) If \;(1) = B, then there are following two cases:

i. If z; = G, then player ¢ randomly picks the following two procedures:
A. With probability 1 —n, d;(I +1) = G.
B. With probability 7, d;(I + 1) is determined by (81).

ii. If ; = B, then player ¢ randomly picks the following two procedures:

A. With probability 1—mn, player ¢ disregards the signal from the noisy cheap
talk and determines d;(I + 1) from E;G;(l). With probability

T — 2:T — E,G,(1)}
S (1 min{l, {4 ! +}, 82
Pt () T (82)
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A ~

d;(l+1) = B and with the remaining probability, d;({+1) = G. Remem-

ber that p.™(z) is determined in Lemma 11.

~

B. With probability n, d;(I + 1) is determined by (81).
2. If (79) is not satisfied, then d;(I + 1) is determined by (81).

There are several remarks: First, 1-(b)-ii-A is the only case where player i switches to
d;(1+1) = B based on E;G;(l). (82) implies that, if d;(I + 1) = B, then (79) and (80) are
the case and player j believes that d;(l 4+ 1) = B with high probability.

Second, if 1-(a) is the case, then the reward function on player j is increasing in X;(()
and player j will take a;(z). Hence, player i needs not to punish player j. Hence, with high
probability 1 — 7, d;(I +1) = G.

Third, if 1-(b)-i is the case, then since player i is generous to player j, player i needs not
to punish player j. However, if 1-(b)-ii is the case, then since player 7 is harsh on player j
and player j’s reward on player 7 is a non-negative constant, with high probability, player ¢
punishes player j based on E;G;(l).

Fourth, after any history, player ¢ uses the signal from the noisy cheap talk with proba-
bility at least 7. As seen in Section 4, this guarantees that player j believes that an error
happens in communication if player j realizes that player i’s continuation play is different

from what player j expected (with the roles of players ¢ and j reversed).

23.4.5 Transition of d;(I + 1)(4)

Player j sends czl(l + 1) via noisy cheap talk with precision p = % in the supplemental round

for d;(I + 1). Player i obeys the signal:

~ ~

di(l +1)(i) = flil(di(l + 1)), (83)
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23.4.6 Transition of 6,(1) € {G, B}, 0;(\:; (1 +1)) € {G,B}, 0,(d; (1 +1)) € {G,B} and

0:(d; (1+1)) € {G, B}

As we have seen in Section 11.3, 8;(I) = B, 0;(\i(I+1)) = B, 0;(d;(I+1)) = B or 0;(d;(I+1)) =

B with some [ < [ — 1 implies that player j is indifferent between any action profile (except

report )

for the incentives from T

0;(1) = B if at least one of the following four conditions is satisfied:

2. 1-(b) or 2 is the case when player i creates A;(I + 1) in Section 23.4.2.

3. (79) is satisfied and player i picks a case that happens with probability 7 when player
i creates d;(I + 1) in Section 23.4.4.

4. (79) is not satisfied.

Otherwise, 0,(1) = G.

On the other hand, 6;(\; (I +1)) = B, 6;(d; (1+1)) = B and 6,(d; (I +1)) = B, re-
spectively, if and only if player i receives g[i](\; (I +1)) = E, g[i|(d;(I+1)) = E and
g[z]((f] (I+1)) = E, respectively. That is, if player i realizes that player j may receive a

wrong signal in the supplemental rounds, then player ¢ makes player j indifferent between

any action profile.

23.4.7 Summary of the Transitions of 0;

We summarize the implications of the transitions of ;. Since we want to consider player
i’s incentive, we consider 6;, not 6,. Hence, reverse the roles of players i and j if necessary
when we refer to the previous sections.

First, suppose that a(z) is taken in the Ith review round and that d;(I) = G. In this case,
if G;(1) & [g2T — €T, ¢.T + €T happens, then player j makes player ¢ indifferent from any

action profile sequence from 1 of Section 23.4.6.
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Further, from 1-(a) and 2 in Section 23.4.4 and 3 and 4 of Section 23.4.6, d;(I) = B
and \;(!) = G implies that player j has made player ¢ indifferent between any action profile
sequence.

Therefore, suppose that player i knew that a(x) is taken in the /th review round and
Ai(l) = G. If 1-(b)-ii-A is the case in Section 23.4.4, then player ¢ at the end of the /th
review round puts a belief no less than 1 — exp(—O(T')) on the event that any action is
optimal at the end of the /th review round.

Second, if player j receives a signal indicating player i’s mistake when player j sends a
message m in a supplemental round, then 6;(m) = B happens.

In total, we have shown the following lemma for cij(l +1):
Lemma 12 For sufficiently large T, for all x € {G, B}? and 1 € {1, ..., L},

1. Suppose that player i knew that a(x) is taken in the lth review round and \;(1) = G. If
1-(b)-1i-A is the case in Section 23.4.4, then player i at the end of the lth review round

puts a belief no less than 1 — exp(—O(T')) on the event that any action is optimal.

2. If d;j(1+ 1) = G is determined by (81), then conditional on d;(1+1) € {G, B}, player
i puts a belief no less than 1 — exp(—O(T'2)) on the events that di(l+1) =G or any

action 1s optimal.

3. If d;(1+ 1) = B is determined by (81), then conditional on d;(I + 1) € {G, B}, player

i puts a belief no less than 1 — exp(—O(T'2)) on the events that any action is optimal.

In addition, from (83), player i always uses the signals from the noisy cheap talk to

construct d;(I + 1)(i). Therefore, similarly to the above lemma, we have the following:

Lemma 13 Conditional on di(l + 1) € {G, B}, player i puts a belief no less than 1 —
exp(—O(T'2)) on the events that d;(1 + 1)(i) = d;(1 + 1) or any action is optimal.

Fourth, in the supplemental rounds between the [th review round and (I + 1)th review
round, whenever player i’s message affects player j’s future actions, then 60;(I) = B has

happened and player i is indifferent between any action profile in the future review rounds.
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Specifically, when player j creates 5\1(1 + 1) in Section 23.4.2, if player j uses the signal
from the noisy cheap talk message, then 1-(b) or 2 is the case, which implies that 6;(l) = B
has happened.

In addition, when player j creates d;(I+ 1) in Section 23.4.4, player j uses the signal from
the noisy cheap talk message only if player j picks a case that happens with probability n
or (79) is not satisfied. Both implies 0;(1) = B, as desired.

Further, from Section 23.2, the action by player j depends on dAj(l—i— 1)(y) only if j\i(l—i—l) =
B. \(l+ 1) = B implies that 1-(b) or 2 is the case in Section 23.4.2, which implies that
0;(1) = B happened.

Fifth, suppose that 6;(1) = 8;(\,;(I+1)) = 0,(d;(I+1)) = 0;(d;(I+1)) = G forall | < 1—1

(otherwise, player i is indifferent between any action profile except for 7;°"*). We will show

%
~

that the distribution of 6;(1), 6;(\; ({+ 1)), 6,;(d; (I4+ 1)) and 0;(d; (I + 1)) is independent
of player i’s action in the [th review round with probability 1 — exp(—O(T%)). To see why,

consider the following three reasons:

1. (35) and (79) are not the case. This happens with the ez post probability exp(—O(T))
given {at’yt}teT(l)-
2. Suppose that (35) and (79) are the case.

In Section 11.4.2,

(a) If \;(I) = B, then nothing happens.
(b) If A\;(I) = G and d;(I) = B, then 6;(I) = B happens by player j’s own mixture
and it is out of player i’s control.
(c) If \i(1) = d;(I) = G, then from Section 23.2, player j takes a;(z). From Lemma 3,
the distribution of (Ej\IJ?(w)> is independent of player i’s action. Hence, whether
t
(36) is satisfied or not is independent of player i’s action. Conditional on that

(36) is satisfied, whether 1-(a) or 1-(b) is the case depends on player j’s mixture

and is independent of player ¢’s action.
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Therefore, in Section 11.4.2, the distribution of 6,(!) is independent of player i’s strat-
egy.

In Section 23.4.3, if d;({) = B, then d;(I+1) = G does not newly happen. If d;(I) = G,
then player j takes a;(z) since otherwise A;(I) = B and “\;(I) = B and d;(I) = G”
contradict to 6;(1) = 6;(A\; (1 + 1)) = 0;(d;(I + 1)) = 8;(di(I + 1)) = G for all [ <1 — 1.
Therefore, by Lemma 10, the distribution of G;(1) is independent of player i’s strategy

in the [th review round.

In Section 23.4.4, 6,(1) = B happens by player j’s own mixture and it is out of player

7’s control.

3. 0;(m) = B in a supplemental round if and only if g[j](m) = E for some message m sent
in the supplemental round, which happens with probability exp(—O(T%)) regardless

of the message.

24 Variables

In this section, we show that we can take all the variables necessary for the equilibrium
construction appropriately: gs, 1, @, L, L, n and «.
Lemmas 3 and 10 determine ¢; and ¢ and Lemma 5 determines .

We take L sufficiently large so that

L(gz = q) > max2u, (a)] . (84)

We are left to pin down L € N, ¢ > 0 and n > 0. Take L sufficiently large sufficiently
small such that
(L — 1) max {w;(z), v} + ui(z)

max 4+ = <v, <v; < min w;(x) —
z:x;=B L L =t ! z:x;=G l( )

el

(85)
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Then, given L, take n > 0 sufficiently small so that

L1 (2), vr) + L
max ( Jmax {wilw), vi} + i (7) +n+—+2Ln <7j — min w; (a:))
z:x;=B L L 2
_ : L _
< ;<7 < min, w;(z) — T~ 2Ln (u + max w; (x)) . (86)

Finally, take € > 0 sufficiently small so that

L-1 i(z), v} : L _ .
max ( Jmax {wi(@), vi} + ui (@) + —+2eL+2Ln | & — minw; (x)
T:x;=B L L ©,T
_ : L . i}
< ¥ <U < min, w;(x) — T~ 2¢eL —2Ln (u + max w; (:1:)) : (87)
and
€< gminmax, (88)
where e™n™max ig defined in Lemma 11 given ¢, ¢;, L and 7 fixed above.

25 Almost Optimality

We now show that if we properly define 7;(x, A;(1), d;(1),1), then o;(z;) and 7™ satisfy (8),
(4) and (5).

25.1 Opponent’s Action

First, we summarize what player ¢ can believe about the opponent’s action in each /th review
round.

If \;(I) = B, then from Sections 23.4.2 and 23.4.6, 6;(I) = B with some [ <1 — 1.

If \i(1) = G, then from Sections 23.4.4 and 23.4.6, d;(I) = B with “z; = G or \;(I) = G”
implies #;(I) = B with some [ < I — 1. Hence, “d;(l) = B and 6,(I) = G for all [ < [ — 17
imply z; = \;(l) = B.

Then, from Section 23.2,
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e player j takes a;(z) if z; = G or \;(I) = G and takes “a;(z) if d;(I) = G and opin max
if d;(1) = B” if z; = \;(I) = B, or

e 0,(I)=Bwithi <l—1.

25.2 Almost Optimality of the Inferences

Second, we show the almost optimality of A;(I + 1), d;(I + 1) and d;(I + 1)(i). Specifically,
we want to show that, for any Ith review round, for any h! with period ¢ in the Ith review

round, player ¢ puts high posteriors on the following events:
1. If \;(I) = G, then

(a) “player j takes a;(z) and \;(I) = G” or any action is optimal.

(b) If czj(l) = B, then any action is optimal.
2. If \;(1) = B, then

(a) Tf d;(1)(i) = G, then “player j takes a;(x) and \;(I) = B” or any action is optimal.

(b) If d;(1)(i) = B, then “player j takes oM@ and \;(1) = B” or any action is

optimal.

The basic logic is the same as Lemma 8 although the argument is more complicated since
player j switches to the minimaxing action after some history.

For notational convenience, Let () be player j’s action plan in the /th review round®
and a;(l) = (o;(1),...,a;(1)) be the sequence of player j’s action plans from the first review
round to the /th review round (excluding what messages player j sent by the noisy cheap

talk in the supplemental rounds).

63 Note that player j takes an i.i.d. action plan within a review round.
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Lemma 14 For any lth review round, for any h! with period t in the lth review round,

conditional on (1), player i puts a belief no less than
1~ exp(~O(T*?)) (89)

on the events that
1. If \;(l) = G, then

(a) “player j takes a;(x) and \;(1) = G” or any action is optimal.

(b) If cij(l) = B, then any action is optimal.
2. If \;(I) = B, then

(a) Ifd;(1)(i) = G, then “player j takes a;(x) and \;(1) = B” or any action is optimal.
(b) If d;(1)(i) = B, then “player j takes oo and \;(l) = B” or any action is

optimal.

Proof. First, we show that player i can believe that A;(1) = A;(I) or any action is optimal.
As in Lemma 8, there exists a unique [* such that A; ({) switches from G to B at the end of
the I*th review round. In addition, there exists [* such that 5\j (1) switches from G to B at
the end of the [*th main block. If \; (L) = G (); (L) = G, respectively), then define I* = L
(I* = L, respectively).

Then, there are following cases:

e If [* > [*, then the proof is the same as Lemma 8.

o If " < Z*, then there are following two cases:

— If 1-(b) or 2 is the case when player ¢ creates S\j(l* + 1) in Section 23.4.2, then,

again, the proof is the same as Lemma 8.
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— If 1-(a) is the case, then there are following two cases: d;(I*) = G or d,(I*) = B.
If czj(l*) = G, then player i takes a;(x). Further, from Section 25.1, player i can
believe that player j with A;(I*) = G takes a;(x). Hence, player i can believe that
a (z) is taken in the [*th review round. The rest of the proof is the same as Lemma
8. Note that player j’s continuation play is determined by (1), d;(I) and J](i) (7)
and that errors happen with probability exp(—O(T 2 )) in the supplemental rounds
since player j uses the signals from noisy cheap talk with probability at least 1 to
construct these states. Hence, learning does not change the posterior.

If d;(I*) = B, then there was [ < [* such that player i switches from d;(I—1) = G
to d;(I) = B. In the (I — 1)th review round, since d;(I—1) = G and \;(I—1) = G
by assumption, player i can believe that a (z) was taken. Therefore, Lemma 12
implies that player ¢ believes that any action is optimal with high probability
from the Ith review round. Note that learning from the continuation play does

not change the posterior by the same reason as above.

Second, given the above observation, we can prove the statements in the lemma.

1. If j\j(l) = @, then player i believes that \;(I) = G or any action is optimal with
probability 1 —exp(—O(T'2)) from the discussion above. If the former is the case, then

player j takes a;(x) or any action is optimal from Section 25.1. Hence, 1-(a) is satisfied.

Further, the proof for the case with [* < [* above implies that 1-(b) is satisfied.

2. If A\;(I) = B, then player i believes that \;(I) = B or any action is optimal with
probability 1 — exp(—O(T%)). If the former is the case, then “player j takes a;(z) if
di(l) = G and o™ if di(I) = B” if \(I) = G. If A;(I) = B, then any action is
optimal for player i. Therefore, in total, player i believes that “player j takes a;(x)
if d;(I) = G and i max i di(1) = B” or any action is optimal with probability
1 — exp(—O(T2)).

Since Lemma 13 guarantees that player i can believe that d;(1)(i) = d;(I) or any action

is optimal with probability 1 — exp(—O(T'2)), 2-(a) and 2-(b) are satisfied.
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25.3 Determination of 7;(z, \;(1), d;(1),1)

Based on Lemma 14, we determine 7;(z, A;(1), d;(1),) such that o;(z;) and 7" satisfy (8),
(4) and (5).

We show that o;(z;) satisfies the following proposition by backward induction:
Proposition 2 For all i € I, there exists 7;(x, \;(1),d;(1),1) such that
1. oi(x;) is almost optimal: For eachl € {1, ..., L},

(a) For any period t in the lth review round, (8) holds.

(b) When player i sends the noisy cheap talk messages in the supplemental rounds,

(8) holds.

2. (4) is satisfied with 7; replaced with 7. Since each x; € {G, B} gives the same value

conditional on x;, the strategy in the coordination block is optimal.’*

3. mmain gatisfies (5).

(2

1-(b) follows from the following two facts: First, as seen in Section 23.4.7, whenever
player ¢’s message changes player j’s action, 9j(l~) = B has happened. Second, Lemma 14
implies that player ¢ can infer player j’s private state with probability 1 — eXp(—O(T%))
(or any action is optimal) by taking the equilibrium strategy. Therefore, the equilibrium

strategy is almost optimal.

To show 3, as in the prisoners’ dilemma, it suffices to have

~ S 0 if T = G,
i@, A (1), di(1),1) (90)
Tz, X (1), di(1),1)| < max; o2 |u; (a)| T (91)

04 As in the prisoners’ dilemma, even after the adjustment of the report block, any x; € {G, B} still gives
exactly the same value.
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for all z € {G, B}?, \;(1) € {G, B}, d;(l) € {G,B} and [ € {1, ..., L}.

We are left to construct 7; so that 1-(a) and 2 are satisfied together with (90) and (91).
Remember that, from Section 25.1, player ¢ can believe that, if (78) is being used in the /th
review round, then with probability no less than 1 — exp(—O(T'2)), player j takes

1. a;(z) if z; = G or \;(l) = G, and
2. “aj(z) if d;(1) = G and @™ if d;(1) = B” if 2; = \;(I) = B.

Together with Lemmas 13 and 14, player i can believe that, if (78) is being used, then
with probability no less than 1 — exp( —O(T%)), player j takes

1. a;(z) if 2; = G or \;(I) = G, and
2. “a;(z) if d;(1)(i) = G and o™ if d;(1)(i) = B” if 2; = \;(l) = B.

Below, we consider the cases with x; = G and x; = B separately.

25.3.1 Case l: z; =G

We start backward induction from the Lth review round.

Suppose that player j uses (78) in the Lth round. This together with z; = G implies
that d;(I) = G. If \;(L) = A\;(L) and d;(L)(i) = d;(L), then from (78) and Section 23.2, if
player i obeys o;(z;), then player i’s average continuation payoff except for 7; is equal to
wi(z) — 2¢L if A\j(L) = G and u;( BR; (a;(z)) , a;(x)) > w;(x) if A\;(L) = B.

Therefore, for | = L, there exists 7;(x, (1), d;(1), 1) with (90) and (91) such that player
i’s average continuation payoff is equal to w;(x) — 2¢L if (78) is used, \;(L) = \;(L), and
Ciz(L)(Z) = Ciz(L)

Consider the almost optimality of o;(x;). For almost optimality, Lemma 14 guarantees
that player i can always believe that (78) is used, that A;(L) = \;(L), and that d;(L)(i) =
d;(L) (these imply that “X\;(L) = \;(L) implies d;(L)(i) = d;(L)").

Therefore, it is almost optimal for player i to take a;(z) if A;(L) = G and “BR; (a;(x))
if d;(L)(i) = G and take BR; (a™™) if d;(L)(i) = B” if \;(L) = B, as desired.
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In the (L — 1)th review round, as for | = L, there exists 7;(x, \; (1), ds(1),1) with (90)
and (91) such that player i’s average payoff from the (L — 1)th review round is equal to
wi(z) — 2¢L if (78) is used, A;(L) = (L), d;(L)(i) =

If (78) is used in the (L — 1)th review round, then (77) will be used in the Lth review

(L
d;(L), and player i obeys o;(;).
round with probability no more than 2y (player j uses (39) or (81)) plus exp(—O(T'z)).
When (77) is used, per period payoff is bounded by [—u, @] by Lemma 5.

Therefore, for | = L—1, retaking 7;(x, \;(1), cii(l), 1) if necessary, player i’s average contin-
uation payoff for the next two review rounds is equal to w;(z) —2eL —2Ln (@ + max; , w; (a))
in the limit as 6 — 1if player i obeys o;(x;).

For the almost optimality of o;(x;), only difference from the Lth review round is that, if
A;j(L—1) = G, then player i’s action in the (L —1)th review round can affect the distribution
of \;(L) and d;(L).

However, this effect is negligible by the following reasons:

First, we define ﬁi(x,)\j(L),cZi(L),L) such that player i’s value from the Lth review
round is independent of A;(L) as long as A\;(L) = A;(L) and di(L) = di(L)(i) = G.%
Second, Lemma 14 implies that player 7 in the main blocks does not put a belief more than
exp(—O(T2)) on the events that “\;j(L) # A\;(L) or di(L) # d;(L)(i)” and player i’s payoff
is not independent of the action profile in the Lth review round. Third, Section 23.4.7
guarantees that the probability that player j will newly make player ¢ indifferent between
any action profile from the Lth review round is almost independent of player i’s strategy in
the (L — 1)th main block. Therefore, for almost optimality, we can assume that player ¢ in

the (L — 1)th review round maximizes

Z ui(ay) + 7 (z, h;nam, L—1), (92)

teT(L—1)

assuming (L — 1) = A\j(L — 1) and d;(L — 1) = d;(L — 1)(i).

%5In the above discussion, we have verified that this claim is correct for the case with §; = G unil the Lth
review round.

For the other cases, player ¢ is indifferent between any action profile sequence, which implies that player
1’s value is constant for any action profile, as desired.
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Therefore, the same proof as [ = L works for [ = L — 1.

Recursively, for [ = 1, 1-(a) is satisfied and the average ex ante payoff of player i from
the first review round is w;(z) — 2L — 2Ln (4 + max; , w; (a)) if x; = G. Note that, in the
first review round, A;(1) = A;(1) = G, d;(1) = d;(1) = G and d;(1) = d;(i)(1) = G.

Taking the first term —LT in (76) into account, the average ex ante payoff is w;(x) — % -
2¢L — 2Ln (@ + max; , w; (a)) if z; = G.

From (87), we can further modify 7; (z, G, G, 1) with (90) and (91) such that o;(x;) gives

v; if z; = G. Therefore, 2 is satisfied.

25.3.2 Case 2: z; =B

The main difference from the case with z; = G is as follows: When z; = G, then from
Section 23.4.4, player j has ciz(l) = (G with probability at least 1 — 1 and does not minimax
player ¢ with probability more than 7. Hence, player ¢ in each /th review round can neglect
the effect on the probability of being minimaxed in the next review round.

On the other hand, when z; = B, player ¢ needs to take into account that player i’s
action in the [th review round will affect the probability of being minimaxed in the next
review round.

As in the case with z; = G, the distribution of 6; is almost independent of player ’s
strategy. Since §; = B does not happen with probability more than 27 + exp(—O(T'2)) in
each main block, we can deal with the effect of §; = B on the continuation payoft as we do
in the case with z; = G. Therefore, we assume that ¢; = G for each round.

Further, by Lemma 14, player ¢ can neglect the possibility of the mis-coordination. There-
fore, for almost optimality, we assume that, for each I, S\j(l) = \(), d;()()) = di(1),
Ai(l) = G, and “\;(l) = G implies d;(I) = di(l + 1) = G.” The last one comes from the
fact that \;(1) = G and d;(I + 1) = B imply 6;(1) = B from Sections 23.4.4 and 23.4.6.

In the Lth review round, consider the following cases:

1. If player j uses (78) and \;(L) = A;(L) = G, then a,(x) is strictly optimal as in the

case with z; = G. The average payoff of player ¢ in the Lth review round except for
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7; is wy(z) + 2¢L.
2. If player j uses (78) and \;(L) = \;(L) = B, then there are following two cases:

(a) If d;(L) = d;(L)(i) = G, then BR;(a;(x)) is optimal and gives the average payoff
(b) If di(L) = d;(L)(i) = B, then BR;(o™™) is optimal and gives the average

payoff at most v;.

Therefore, for | = L, there exists ;(x, A; (1), d;(1), 1) with (90) and (91) such that player i’s
average continuation payoff is equal to u} (z)+2¢ L if 1 or 2-(a) is the case and max {w;(z), v} } +

n + 2L if 2-(b) is the case. Note that the former is higher than the latter by
u; (x) — max {w;(z), v } — 1. (93)

In the (L — 1)th review round,

1. If player j uses (78) and A\;(L — 1) = A;(L — 1) = G, then a;(z) is optimal since (i) the
payoffs from \;(L) = A\;(L) = G and \;(L) = A\;(L) = B with d;(L) = di(L)(i) = G
are the same and (ii) player i can neglect the effect of player i’s action in the (L — 1)th

(
review round on d;(L). For (i), we use the assumption that X;(I) = G implies di(l) =

A~

d;(l+1)=aG.

The average payoff of player i from the (L — 1) and Lth review rounds except for

~

wi@) o) | max{wi(e), of} + uio)

21L.
5 < 9 + 2¢

2. Suppose that player j uses (78) and A\;(L — 1) = A\;(L — 1) = B. Now, \;(L) is fixed
at B. Hence, the relevant cases are the following two:

A

(a) If d;(L — 1) = d;(L — 1)(i) = G, then BR;(a;(x)) is optimal,
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To see why, remember that player j will have d;(L) = B with probability (82).
The marginal decrease of this probability by not taking the static best response
is bounded by

marginal decrease of E;G;(l) - pr(x) T —1

I,
P (z) &T — T T T

Here, % represents the probability that an arbitrary period in T'(1) is excluded
from 7} (1) and is not used to monitor player ¢. On the other hand, the maximum
gain of preventing d;(L) = B is equal to T times (93). Therefore, the expected
gain is bounded by p¥(x)T=* times (93).

Since (93) corresponds to the gain of preventing d;(L) = B for | = L—1 in Lemma
11, player j should take BR;(a;(x)) for sufficiently large 6.5

Given player i’s strategy, if A;(L — 1) = \;(L —1) = B and d;(L — 1) = d;(L —

1)(i) = G, then, conditional on 6;(L) = G, d;(L) happens with probability

T —2eT — 1T
pé“(a:)min{l,q2 c il }

QT —qT

from (82) and Lemma 10. Therefore, Lemma 11 guarantees that the average

payoff from the (L — 1)th and Lth main block is no more than

max {w;(z), v } + v ()

5 +n + 2¢L.

(b) If d;(L—1) = d;(L—1)(i) = B, then d;(L) is fixed at B. Therefore, BR;(cmmax)
is optimal and this gives the average payoff at most v;.

Therefore, for [ = L — 1, there exists 7;(z, A;(1), d;(1),1) with (90) and (91) such that

max{wi(z);’f}"'uz(w) +n+ 2¢L if 1 or 2—(8,) is

player i’s average continuation payoff is equal to

the case and v} + 2¢L if 2-(b) is the case.

6 And so large T from (1).
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Recursively, for [ = 1, Proposition 1 is satisfied and the average ex ante payoff of player
(L-1) max{wi (x),vF }+u:‘ (z)
L
round, \;(1) = A;(1) = G, d;(1) = d;(1) = G and d;(1) = d;(i)(1) = G.

Taking the probability of having §; = B and the first term LT in (76) into account, the

average ex ante payoff is (L_l)max{wiL(x)’vf}Jruf(m) +n+ % + 2eL + 2Ln (4 — min; , w; (a)).

From (87), we can further modify 7; (z, G, G, 1) with (90) and (91) such that o;(x;) gives

7 at the first review round is + 1+ 2¢L. Note that, in the first review

v; if z; = B. Therefore, 2 is satisfied.

26 Exact Optimality

The report block is the same as in the prisoners’ dilemma except that we change the definition
of f; to deal with the fact that the players take a mixed strategy to punish the opponent.
We maintain the restriction (64) on f;. Therefore, the incentive to tell the truth is satisfied
and II; cancels out the ex ante punishment from (54), (55), (56), (57), (58), (59), (60) and
(61).

For round r not corresponding to a review round, f; is the same as in the prisoners’
dilemma.

For round r corresponding to a review round, if 6;’ is an off-path history or a history
where player ¢ should not take a mixed minimax strategy in round r, then the reward is the
same as in Section 15.7.67

If 6;7 is an on-path history where player ¢ should take a mixed minimax strategy in round
r, then we change f; as follows.

If round r is the last review round, then player j gives

F:07, A () = 2 (067, (T (), 05(r) = 007, (T(r,a0),, a5(r)) - (94)

to player ¢ so that player ¢ is indifferent between any action plan ex ante. Again, the

first coefficient 2 represents (67). Since we condition on a;(r), learning from {y;:}, 7, is

67The definition of 7 is still valid.
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irrelevant if round r is the last review round. Therefore, ex ante optimality is equivalent to
sequential optimality for player i to take any action sequence and so to take qnmax,

If round r is not the last review round, then f; is the summation of the following two.
First, remember that the history in round r, #7, changes the ex ante value at the beginning

of the next round by affecting the belief about the best responses at the beginning of the

next round. Let V;(A;-", ", ;) be the value at the beginning of the next round given x;.%
To cancel out the effect of learning, player j first gives
2 (i VG, 7.) ~ Vi ) (95)

(95) is bounded by [—O (T~"-6), O (T~"9)] since (i) b7, #! which tells player i to mini-

main
)

max puts a belief no less than 1 — exp(—O(T'2)) on the event that 7™ makes any action
profile sequence indifferent, (ii) f; for round 7 > r + 1 is bounded by [—7~"7%,7-"75] from
the inductive hypothesis and (64), (iii) we have established the incentive to tell the truth,
and (iv) from (iii) and II;, the ex ante punishments from (54), (55), (56), (57), (58), (59),
(60) and (61) are zero.

Then, player j calculates the ex ante payoff taking (7'(r, a;)),, inround r. Let Ubr, (T(r, i) g, (1))

be this payoff from round r. Since (95) cancels out the effect on the continuation values from
the next round, the effects on (95) and the continuation payoff from the next round are ne-
glected.

In addition to (95), player j gives

2 <(Tmin Uby, (T(r,a:)),, ,alr)) — U], (T(r, ai))ai,am)) (96)

(Trai))a,i

to player ¢ so that player ¢ is indifferent between any action plan ex ante.

That is, f; is the summation of (95) and (96).

T
79

68By backward induction, given ( #;’), the ex ante value at the beginning of the next round can be

calculated, assuming that player ¢ will take a best response after (AZT, #f) This is well defined even after

player ¢’s deviation since player j treats each period within a round identically. See Section 15.7.
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Given this, it is optimal for player i to take o™ after any history since (i) learning
from {y;.}, er(r for the reward function for the current round r is irrelevant after conditioning

a;(r) and (ii) learning for the future reward is canceled out with (95).
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SUPPLEMENTAL MATERIAL 3:

PROOF OF THEOREM 1 for a General N-Player Game With CHEAP
TALK

In this Supplemental Material, we prove Theorem 1 (folk theorem) for a general N-
player game with cheap talk and public randomization. We concentrate on N > 3. See the
Supplemental Material 2 for the case with N = 2 and the Supplemental Material 5 for the
dispensability of cheap talk and public randomization.

In this Supplemental Material, when we say player ¢ with i € {1, ..., N}, it means player
i (mod N). In particular, player 0 is player N and player N + 1 is player 1.

Fix v € int(F*) arbitrarily. We will find {o;(;)}, . and {m;(z;_1, hlIPEL 6)}w in the

1,5 Li—1

finitely repeated game with (3), (4) and (5).
As in the main text, let

= min max u;(a;, ;)
a,l'EHj#iA(Aj) a,-eAi

()

be the minimax payoff (by independently mixed strategies). In addition, let q™rmax =

min max
-7’7/

min max

(ij,i );j+i be the solution for the above problem, that is, a is player j’s stage game

strategy when players —i minimax player 1.

27 Intuitive Explanation

Before proceeding to the proof, we offer an intuitive explanation. As in the two-player case,
we have L main blocks, where L will be defined in Section 34. Player i — 1 incentivizes player
i by the reward function. Similarly to X;(1) and A;(I) in the two-player case, player i — 1 has
Xi—1(l) € {G, B} indicating whether player ¢ — 1 has observed an “erroneous history” and
player ¢ has A;_1 (1) € {G, B} indicating what is the optimal action for player i.

As we have mentioned in Section 4.6.3, the more-than-two-player case has two differences

from the two-player case. In the Supplemental Material 3, we focus on the first difference
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(see the Supplemental Material 5 for the second difference): Since we use perfect and public
cheap talk to coordinate on x;, each player infers the same x;. Therefore, we concentrate on
how players —i coordinate on minimaxing player ¢ after the histories where player i is likely
to have deviated. To deal with this problem, we consider a mechanism to coordinate on the
punishment different from the two-player case.

For each player i, there are two monitors, players ¢ — 1 and ¢ + 1. In other words, each
player n monitors players n — 1 and n + 1.

After the [th review round, each player j constructs a variable d;({+1) € {0,5—1,5+1}.
d;(l +1) = 0 implies that player j thinks that there was no deviator in players j — 1 and
j + 1 in the Ith review round. d;(l + 1) = j — 1 implies that player j thinks that player
j — 1 deviated in the Ith review round. d;(l +1) = j + 1 implies that player j thinks that
player j + 1 deviated. Player j sends the message d;(l + 1) to each player n € —j by noisy
cheap talk with precision p = %.69 Each player n # j constructs the inference of d;({ + 1),
d;i(l+1)(n) € {0,5 — 1,7+ 1}, from the private signal of the noisy cheap talk.

Each player n minimaxes player i by agl’il-“ max if and only if player n infers that the two
monitors ¢ — 1 and ¢+ 1 think that player ¢ has deviated: d;_1(I+1)(n) = djs1(I+1)(n) = i.

To incentivize the players to tell the truth about d;(I + 1), whenever player j’s message
has an impact on the decision of minimax, we make player j indifferent between any action
profile. This happens only if there is “player ;' € —j with d;(l + 1) # 0,5” or “players
j € —jand n € —j with d;(I + 1)(n) # 0,5.” With the noisy cheap talk with precision
p= %, the latter does not happen with probability more than exp(—O(T%)). Therefore, if
we construct dj (14 1) such that player j cannot manipulate d;/ (I + 1), then player j follows
the equilibrium strategy.

28 Almost Optimality

As seen in Section 7, we first show that player ¢’s strategy is “almost optimal.”

09 Precisely, since d,, (I + 1) is ternary while the noisy cheap talk can send a binary message, player n sends
a sequence of binary messages. See Section 33.2.

136



We divide the reward function into two parts:

ma(@ia, i 2 6) = P (g, B TP 6) 4 P (BT BT 2 6).
Contrary to the two-player case, we have A" {P*" in 7" and 7}*°"*. We will define han,
AP and PO below.

With more than two players, player ¢ — 1 wants to use the information owned by players
— (i — 1,4) to construct player (i — 1)’s reward function on player i. Hence, as we will see
in Section 31, after the report block where player i reports A", we have the “re-report
block” where players — (i — 1,7) send their history to player ¢ — 1. This information is used
only for m; and does not affect the value of players — (i — 1,4). Therefore, we can assume
that players — (i — 1,1) tell the truth. Further, since the information in the re-report block
is used only for the reward (not for the action plan o;_1(x;_1)), it is sufficient for player i — 1
to know the information by the end of the review phase.

Let Ao pIP1 and RISP" | respectively, be the history of player i—1 in the main blocks,

7

“in the coordination, main and report blocks,” and in the re-report block, respectively.

We first construct o; (z;) and 72" (z;_y, AP pETPO - §) satisfying (8), (4) and (5) if

main
i

we neglect the report block. After constructing such 7" we construct the strategy in the

report block and ;""" such that m; = 7" 4 77P" gatisfies (3), (4) and (5).

29 Special Case

We still focus on the spacial case where the perfect cheap talk, noisy cheap talk and public

randomization are available:

Perfect Cheap Talk We assume that the perfect cheap talk is available. In addition, we
assume that perfect cheap talk is public, that is, when player 7 sends a message to another

player, all the players can know exactly what is the message.
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Noisy Cheap Talk Between j and n with Precision p = % We assume that, for each

pair of players j and n with j # n, each player j has an access to a noisy cheap talk device

to send a binary message m € {G, B} to player n.

—

With more than two players, we use only the noisy cheap talk with precision p = 3.
Hence, from now on, when we consider the game with more than two players, we assume
that p = %

When player 7 sends m to player n via noisy cheap talk, it generates player n’s private

signals f [n] (m) € {G, B} with the following probability:

1 — exp(—Tz) for f =m,

Pr({f[n](m) = f}|[m) = .
exp(—=T2) for f ={G,B}\ {m}.

That is, f [n] (m) is the correct signal with high probability.
Given player n’s signal f [n] (m), it generates player (n — 1)’s private signal g [n — 1] (m) €

{m, E} with following probability:
Pr({g[n— 1] (m) = B} | m, f [n] (m)) = 1 — exp(—T%)

for all (m, f [n] (m)) with f[n](m) # m. Note that, contrary to the two-player case, not
player j (the sender) but player n — 1 (the controller of player n’s payoff) receives this
message. We do not specify the probability for the other cases except that

e anything happens with probability at least exp(—O(T %)):

VI

Pr({(f[n](m),gln =1](m)) = (f,9)} | m) = exp(=0(1"2))

for all m and (f, g), and

e unconditionally on f[n|(m), g[n — 1] (m) = m with high probability:

SIS

Pr({gn —1](m) =m} [m) =1 — exp(-O(T?))
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for all m.

Finally, player j—1 (the controller of the sender) observes a private signal f5 [j — 1] (m) €
{G, B} and player n—1 (the controller of the receiver) observes a private signal gs[n—1](m) €
{G, B}. The role of fs, g5 is the same as in the two-player case: To incentivize the sender to
tell the truth about m and the receiver to tell the truth about f[n|(m) in the report block.

We assume that fo[j — 1] (m) and g2 [n — 1] (m) are very imprecise signals compared to
fIn](m) and g [n — 1] (m) but fo[j — 1] (m) and g5 [n — 1] (m) have some information about

the other players’ information. That is, there exists n > 0 such that:

e For all f, € {G,B} and ¢, € {G, B},

Pr({f2[j —=1](m) = f2, g2 [n = 1] (m) = ga} | m, fIn](m), g [n — 1] (m)) = n.  (97)

By (97), even after observing any f»[j — 1](m), player n still believes that if f [n] (m) #
m, then g[n — 1(m) = E with probability 1 — exp(—O(T'z)).™
Therefore, for almost optimality, player n can neglect f3[j — 1](m) even if she can

observe fy[j — 1](m), that is, even if n is equal to j — 1.

e For any m € {G, B}, g[n — 1](m) € {G, B}, f[n](m), fln](m)" € {G, B} and fa[j —

1)(m), f27 — 1](m)" € {G, B}, if (f[n](m), f2[j — 1](m)) # (fln](m)', fols —1](m)'),
then
E [1g2[n71}(m) | mvg[n - 1](m)a f[n] (m)a fZ[.] - 1](m)}

—E [192[71—1}(7”) ’ m, g[n - 1](m)7 f[n] (m)/? f2[] - 1](?71),}

This implies that, in the report block,

> 7). (98)

— If j — 1 # n, then player n reports f[n|(m) in the report block and player n — 1
punishes player n by (98) with f[n](m) replaced with player n’s report of f[n](m),
fm(\m) So that player n — 1 can calculate (98), in the re-report block, player

"0Tf j — 1 = n, then player n does observe fo[j — 1](m).
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j — 1 informs player n — 1 of fy[j — 1](m). Even after knowing m, player n has
the incentive to tell the truth about f[n]|(m).

— If j — 1 = n, then player n reports f[n|(m) and f5[j — 1](m) in the report block
and player n — 1 punishes player n by (98) with f[n](m) replaced with fm(?n)
and fy[j — 1](m) replaced with fo [j — 1](m). Even after knowing m, player n has
the incentive to tell the truth about f[n](m) and f3[j — 1](m).

As we will see below, g[n — 1](m) and g3[n — 1](m) are not revealed to player n in the

main blocks.

e For any m,m' € {G, B}, f[n](m) € {G, B}, g[n — 1](m),g[n — 1](m)" € {G, B} and
ga[n = 1](m), ga[n — 1](m)" € {G, B}, if (m, g[n — 1](m), g2[n — 1](m)) #
(m', gln = 1](m)’, go[n — 1](m)’), then

E [1f,5-1(m) | m. gln — 1)(m), galn — 1] (m), f[n](m)]

> ). (99)
—E [1p-y@m) | M, gln —1](m)', ga[n — 1](m)', f[n](m)]

This implies that, in the report block,

— If n—1 # j, then player j reports m in the report block and player j — 1 punishes
player j by (99) with m replaced with player j’s report of m, m. So that player
j — 1 can calculate (99), in the re-report block, player n — 1 informs player j — 1
of g[n — 1](m) and gs[n — 1](m), and player n informs player j — 1 of f[n](m).
Even after knowing f[n](m), player j has the incentive to tell the truth about m.

— If n — 1 = j, then player j reports m, g[n — 1](m) and go[n — 1](m) in the
report block and player j — 1 punishes player j by (99) with m, g[n — 1](m) and
g2[n — 1](m) replaced with 1, g[nfmm) and go [n/—T](m), respectively. So that
player j — 1 can calculate (99), in the re-report block, player n informs player
j — 1 of f[n](m). Even after knowing f[n|(m), player j has the incentive to tell
the truth about m, g[n — 1](m) and gs[n — 1|(m).
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As we will see below, f[j — 1](m) is not revealed to player j in the main blocks.
We assume that all the signals are private and so
e player 7 knows only m,
e player n knows only f[n](m),
e player n — 1 knows only g[n — 1] (m) and gs[n — 1] (m), and
e player j — 1 knows only fo[j — 1](m).™

As for Lemma 2, we can summarize the important features of the noisy cheap talk in the

following lemma:
Lemma 15 The signals by the noisy cheap talk satisfies the following conditions:

1. For any m € {G, B}, player n’s signal f [n](m) is correct with high probability:

Pr({f [n] (m) =m} | m) > 1 — exp(~T?2).

2. For any m € {G, B}, f[n](m) € {G, B} and f5]j —1](m) € {G, B}, after knowing m,
fn] (m) and fo[j —1](m), player n puts a high belief on the events that either f [n](m)

is correct or g [n — 1] (m) = E. That is,

Pr({f[n](m) =m org[n—1](m) = E} [ m, f [n] (m), folj — 1](m))
).

[NIES

> 1—exp(—T

3. For any m € {G, B}, any signal profile can happen with positive probability:

Pr ({(f [n] (m), gln — 1](m), folj — 1](m), g2[n — 1](m)) = (£, g, f2.92)} | m)
> exp(—O(T7))

TIIf there is a player whose index appears multiple times, then we assume that the player knows all the
signals of the players with that index.
For example, if player j and player n — 1 are the same player, she knows m, g[n — 1] (m) and g[n — 1] (m).
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fOT all (f7g7f2792)‘

We do not have a condition corresponding to Condition 3 of Lemma 2.

Public Randomization As in the two-player case, the players use public randomization

in the report block to determine who will report the history A,

30 Assumptions

In addition to Assumptions 1 and 3, we need multi-player counterparts of Assumptions 4

and 5.

30.1 Identifiability for the Reward

As Assumption 4, for each player ¢ € I and action profile a € A, to incentivize player i,
it is important that the controller of her payoff (player i — 1) statistically identifies player
i’s deviation. That is, we want to create a statistics 1] ;(y;—1) whose expectation is higher
when player i follows the prescribed action a; than a; # a;: With some ¢ > ¢,

g2 if a; = a;,

B[ (yi) [ as] =) a(yi | @, a )i (yi) = (100)

Yi—1 q1 if é’L 7é Q;.
In addition, with more than two players, it is important that player j # ¢ — 1,47 cannot
change the ex ante value of ¥ ;(y;_1) by unilateral deviation: For any j # i — 1,7 and
a; € Aj,

B [0 (yi1) | d,0-5) =Y a1 | a5, a-)0F 1 (yim1) = g (101)

Yi—1
Further, as in the two-player case, player ¢ calculates the conditional expectation of

¢ 1 (y;—1) after observing y;, believing that a is taken:

D v )a(yion | ays).

Yi—1
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With more than two players, we want to make sure that not only player : — 1 but also all the
other players than player ¢ cannot change the ex ante value of this conditional expectation

by unilateral deviation: For each j # ¢ and a; € A;,

D vt | aw) | q i | djra-5) = go.

Yi Yi—1

Note that this expression is equivalent to

> (Zq(w-l | a,y:) (3 | &j,a_») WL (i) = . (102)

Yi-1

A sufficient condition for the existence of such 97 ; is as follows: Let Qi(j,a;,a_;) =
(¢(yi-1 | aj,a-5)),, , be the vector expression of the distribution of player (i —1)’s signals
conditional on @;,a_;. In addition, let Q2(j,a;,a_;) = (Zy q(yi—1 | a,v:)q(yi | aj, aj)>y¢1
be the vector expression of ex ante distribution of player (i — 1)’s signals when y; is first
generated according to ¢(y; | @j,a—;) and then y;_; is generated according to ¢(yi—1 | a,v:).
We assume that all the vectors Q1 (i, a;, a_;) with a; € A;, Q1(j, a;,a_;) with j #i,i—1 and

a; # aj and QQ2(J, a;,a_;) with j # i and a; # a; are linearly independent:

Assumption 6 For anyi € I and a € A, Q1(4,a;,a_;) with a; € A;, Q1(J,a;4,a_;) with
Jj# 1,1 —1 and a; # a; and Q2(j,a;,a_;) with j # i and a; # a; are linearly independent.

This assumption is generic if |Yi_1| > |A;[ + [Ai| = 14+232,,; 1, (|4;] — 1), which is
guaranteed by Assumption 2. We can show that Assumption 6 is sufficient for (100), (101)
and (102).

Lemma 16 If Assumption 6 is satisfied, then there exist qo > ¢ such that, for each i € I
and a € A, there exists a function 1] | : Y;_1 — (0,1) such that (100), (101) and (102) are
satisfied.

Proof. The same as Lemma 3. =
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30.2 Identifiability for Minimaxing

In addition, to coordinate on punishing (minimaxing) player ¢, not only player i — 1 but also
player ¢ + 1 monitors player 1.

It is important to have v¢,,(y;4+1) by which player ¢ 4+ 1 can distinguish whether player ¢
takes a; or not:

g2 if a; = a;,

Blyeoy Wisa) | @i asi) = q(in | i a-i)vi i) = (103)

Yort g1 otherwise.

Also, we want to make sure that the other players — (7,7 + 1) cannot change the expec-

tation of v¢, : For all j # 4,7+ 1 and a; € Aj,

Elvits (i) | G5, a-5] = ZQ(%H | aj,a-3)7i (Yiv1) = e (104)

Yi+1

A sufficient condition for the existence of such 7¢, ; is as follows: Let Q™™™*(j, a;,a_;) =
(¢(yi+1 | aj,a-;)),, , be the vector expression of the distribution of player (i + 1)’s signals
conditional on @;,a_;. We assume that all the vectors Q™"™*(;, a;,a_;) with a; € A; and

Qminmax(5 g a_;) with j #4,i+ 1 and a; # a; are linearly independent:

Assumption 7 Foranyi € I anda € A, Q™™™>(i,a;,a_;) witha; € A; and Q™™™ (j,d,,a_;)

with j # 14,1+ 1 and a; # a; are linearly independent.

This assumption is generic if [Yiy1| > [Ai| + ;5.1 (1451 — 1), which is guaranteed by
Assumption 2. We can show that Assumption 7 is sufficient for (103) and (104).

Lemma 17 If Assumption 7 is satisfied, then there exist go > q such that, for alli € I and
a € A, there exists a function v¢  : Yii1 — (0,1) such that (103) and (104) are satisfied.

Proof. The same as Lemma 3. =
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30.3 Individual Identifiability

In the two-player game, for each player ¢, the controller of her payoff (player i — 1 = j) knows
which action player —i = j takes for each ¢. This is not the case with more than two players
since players —i now contains players —(i — 1,1).

Suppose that the controller of player i’s payoff (player i — 1) knows which strategy players

—1 play. If the coordination does not go well, then it is possible that each player j € —i takes

some a; € Aj or a;f‘,ij;max (player j’s strategy when players —n; minimax player n; € —n)
with different n;’s for different j’s.™

For each i, for each a_; such that each player j € —i takes a pure strategy a; € A; or

af}f}max for some player n; € —j, we want to construct 7; "~ («_;,y;_1) such that player i’s
payoff is constant regardless of a_; and player ¢’s strategy.

A sufficient condition is that all the vectors of player (i — 1)’s signal distributions are
linearly independent with respect to a; € A; if player ¢ — 1 knew a_;. That is, we assume

the following:

Assumption 8 For any i € I and a_; such that each player j € —i takes a pure strategy

a; € Aj or ajyn ™™ for some player nj € —j, (¢i—1 (yi-1 | @i, o)), | 1s linearly independent

with respect to a; € A;.

This is generic if |Y;_1| > |A;|. Note that we assume that player i — 1 knew a_;. As we
have mentioned, players — (i — 1,7) in the re-report block tells player i — 1 what strategy
a_; they take in the main blocks.

Then, we can construct the two reward: One is to cancel out discounting and the other

is to make player i indifferent between any action profile sequence:

Lemma 18 If Assumption 8 is satisfied, then for each i € I, there exists w0 : N x A (A_;) x

Y1 — R such that, for all a;y € A; and a_;; such that each player j € —i takes a pure

"2 As will be seen in Section 33.2, a%‘»“ max is defined to be a pure strategy.

145



strategy a; € A; or Oz;‘fj‘,ma" for some player n; € —j, we have
&t (@i, 0ip) + E [Wf (t, o it Yimre) | Qi Oz,iyt] =u; (a4, 0_iy) forallt € {1,...,Tp}

and
Tp

lim Ll Z sup |7 (¢, aip, yio1e)| =0 (105)

Tp
=11 -6 =1 C—it¥i-1,t

1

for all Tp = O(T') with T = (1 — 6)" 2. Here, the supremum is taken for a_;; satisfying the

condition above.

Proof. The same as Lemma 4. =

As we will see in Section 33.3, we add
Tp
Z ) (b, gy Yio1) (106)
t=1

to T 5o that we can ignore discounting.
Lemma 19 If Assumption 8 is satisfied, then, there exists u > 0 such that, for each i € I,

there exist 7¢(a_s,-) : Vi1 — [—=14,0] and 78 (a_y,-) : Y1 — [0, 4] such that

wi (ai, ;) + B [75 (i, yi1) | @i, 0] = constant € [—u, ),

wi (a;,0;) + B [7‘(’ (i, yi—1) | @iy } = constant € |[—u, u]
for all a; € A; and a_; such that each player j € —i takes a pure strategy a; € A; or a%‘;max
for some player nj; € —j.

Proof. The same as Lemma 5. =

30.4 Slight Correlation

As in the two-player case, we need to establish the truthtelling incentive in the report block.

When player i reports her history (a;+, y;+) in some period ¢ in the main blocks, intuitively,
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player ¢ — 1 punishes player ¢ proportionally tow

2

1yj7t - E |:]-yj,t | di,ta gi,t; a*i,ta {yn,t}ne_(j7i)]

with

i—1 ifi#1,
J= ? (107)
2 ifi=1.

Hence, player ¢ wants to minimize

2
1yj,t - E []—yj,t ’ ai,t7 yi,tv a*i,t7 {ymt}ne—(j,i)} H

(108)

| ai,t7 yi,t; a—i,t7 {yn,t}nef(jyi)

Compared to the two-player case, we assume that player ¢ knows the action profile by players
—i and signal observations by players — (j,1).

We assume that a different (a;+, y;+) has different information about y;_;; conditional on

Qi t, {yn,t}nE*(J’ﬂ‘):

Assumption 9 For any i € I, j with (107), a—; € A_i, {Ynt},c gy € ne—jp) Yoo @0} €
Ai and yzay; S }/i; Zf (aiayi) # (a;7y£); then

B [1yj | ai,yi,aﬁ-,{yn,t}ne—(j,i)] 7B [1%' | @5 Y @i {Unt b ey | -
Given Assumption 9, the truthtelling is uniquely optimal.

Lemma 20 If Assumption 9 is satisfied, then for any a; € A, {ymt}nef(j i € Hne_m) Y,

and yir € Yi, (Gig, Pir) = (@i, Yit) 15 a unique minimizer of (108).

31 Structure of the Phase

In this section, we explain the structure of the finitely repeated game. As in the two-player

game, we have the coordination block at the beginning, where each player takes turns to
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send the cheap talk message x; € {G, B}: First, player 1 sends z;, second, player 2 sends
Zo, and so on until player N sends zy. Note that z will become common knowledge for the
rest of the game.

After the coordination block, we have L main blocks. The first (L — 1) blocks is further
divided into 1 + N + N (N — 1) rounds. That is, for [ € {1,..., L — 1}, the [th main block
consists of the following rounds: First, the players play a T-period review round.

After that, as indicated in Section 27, each player i — 1 sends A\;_1(l 4+ 1) to player i by
the noisy cheap talk between ¢ — 1 and . The players take turns: Player 1 sends A\;(l + 1)
to player 2, player 2 sends Az(l + 1) to player 3, and so on until player N sends Ay(l + 1) to
player 1. We call the instance where player i — 1 sends A\;_1(l + 1) to player i “supplemental
round for \; (Il +1).”

After that, each player j sends d;(I + 1) to each player n € —j by the noisy cheap talk
between j and i.”® The players take turns: Player 1 sends d;(l + 1) to player 2, player 1
sends d; (14 1) to player 3, and so on until player 1 sends d;(I+ 1) to player N. Then, player
2 sends dy(l + 1) to player 1, player 2 sends ds(l + 1) to player 3, and so on until player 2
sends do(l + 1) to player N. This step continues until player N sends dy (Il + 1) to player
N — 1. We call the instance where player j sends d;(I + 1) to player n “supplemental round
for d;(I + 1) between j and n.”

The last Lth main block has only the T-period review round.

Let T'(I) be the set of T periods in the [th review round.

After the last main block, there is the report block, where each player i reports the whole
history APain,

Finally, after the report block, there is the re-report block, where each player ¢ reports
the whole history h*™ again. This time, player i’s message is used only for the reward
TP (2, WP, BT . §) with j # i. That is, player i’s message does not affect player i.

J j—1>

Therefore, the whole structure of the phase is as follows:

"3While the noisy cheap talk is for a binary message, d;(l +1) € {0,7 — 1,7 + 1} is ternary. The players
use a sequence of binary messages to send d;(I + 1) as we will see in Section 33.2.
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Coordination
block

15t main
block

Instantaneous

Player1 sends x; via perfect cheap talk.

Each player i sends x;

Instantaneous

T periods

Instantaneous

Player N sends x) via perfect cheap talk.

First review round: t € T(1).

Supplemental round for 1, (2).

Each playeri — 1 sends 1;_1(2)

Instantaneous

Instantaneous

Supplemental round for Ay (2).

Supplemental round for d; (2) between 1 and 2.

Each player j sends d;(2) to each playern € —j

Instantaneous

Supplemental round for dy(2) between N and N — 1.

2" block to (L — 1)th block: the structure is the same as in the first block

Lth main
block

Report
block

T periods

Instantaneous

Lth review round: t € T(L).

Player N reports the history.

Player N — 1, ..., 4 reports the history

Instantaneous

Player 3 reports the history.

Public randomization picks one player from {1,2}.

| The picked player reports her whole history hMmain py

cheap talk.

Figure 1 of the Supplemental Material 3: Structure of the Phase



32 Perfect Monitoring

As in the two-player game, we consider a one-shot game with perfect monitoring parame-
terized with [ € N. In the game with parameter [ € {1, ..., L — 1}, players —i takes a_;(x).
Depending on player i’s action, c¢(l + 1) € {0,¢} is determined. If player i takes a;(x), then
c(l + 1) = 0 with probability one. If player i takes a; # a;(z), then ¢(l + 1) = i with prob-

ability pit](z) and c(l + 1) = 0 with the remaining probability 1 — p/*](x). The payoff of

player i is determined as

1 L—1

i(aia CL,Z(J})) + L——l—i—lE [WlJrl(C(l + 1)) | a;, a,i(a:)}

V! = max ;

! a; L—l+1u

with

u;(z) = u;(BRi(a—;(x)),a_;(z)),
(L —1—1)max{w;(x),v} +ul(x)

Wi (G) = T +1,

As in the two-player case, we can show the following lemma:

Lemma 21 For any L € N and n > 0, there exist {ptii(z)}' € [0,1] such that it is

uniquely optimal for player i to take BR;(a_;(z)) and

(L — ) max {w;(z), v} + uf(z)

!
- <
Vis L—-1l+1

+ n= Wzl(G)7

Proof. The same as Lemma 11. With Assumption 6, we can assume that the gain in the
instantaneous utility from taking a best response is strict as in Section 21. =
Note that, contrary to the two-player case, we do not have the term %_1;25. This comes

from the fact that we will use the different coordination device on minimaxing player .
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33 Equilibrium Strategy

In this section, we define o; (2;) and 7" (x;_y, AR BIPO™ . §). In Section 33.1, we

define the state variables that will be used to define the action plans and rewards. Given
the states, Section 33.2 defines player ¢’s action plan o;(x;) and Section 33.3 defines player
main hmain hl'fereport

(1 —1)’s reward function 7™ (x;_1, A" h;y : 0) on player i¢. Finally, Section 33.4

determines the transition of the states defined in Section 33.1.

~

33.1 States z;, )\l(l—l- 1), )\Z‘fl(l—l- 1), dl(l—l- 1), dj(l+ 1)(@), Ci<l—|— 1), 91(0,

The intuitive meaning of z; € {G, B}, (I + 1) € {G, B} and A\, 1(I + 1) € {G, B} is the
same as in the two-player case with j replaced with ¢ — 1.

As seen in Section 27, d;(l + 1) € {0,7 — 1,7 + 1} indicates what player i thinks about a
deviation by players ¢ — 1 and ¢ + 1.

Player j # i sends d;(I + 1) via noisy cheap talk to player i in the supplemental round
for d;(1 + 1) between j and i. Let d;(I 4+ 1)(¢) be player ¢’s inference of the message, which
will be determined in Section 33.4.4.

Player ¢ minimaxes player n by ch‘,il“ max if and only if player ¢ infers that the two monitors
n—1 and n+ 1 think that player n has deviated: d,_1(l4+1)(i) = dp1(l+1)(2) = n. If there
is a unique player with such an “agreement,” then player ¢ thinks that player n’s deviation is
“confirmed.” ¢;(I+ 1) = n implies such a situation. Otherwise, we have ¢;(I+1) = 0. Hence,
c(l+1)e{0}Ul.

The intuitive meaning of 6,(1) € {G,B}, 6;()\;(I+1)) € {G,B} and 0,(d; (I+1)) €
{G, B} is the same as in the two-player case except for the following: Player i controls
player (i + 1)’s payoff. Hence, player i makes player ¢ + 1 indifferent between any action
profile sequence after 6;(I) = B, 6;(A\;(I+1)) = B and 6;(d; (I+1)) = B. The precise
definitions are given in Sections 33.4.6, 33.4.7 and 33.4.8.
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33.2 Player i’s Action

In the coordination block, each player sends x; truthfully. Then, the state profile x becomes
common knowledge.

In the Ith review round, player i’s strategy depends on A;_(1) and ¢;(1). If \,_1(I) = G,
then player i takes a;(x) if ¢;(I) = 0 and 5™ if ¢;(I) = j € I (define o™ as an
arbitrary pure action). If A\;_1(I) = B, then player i takes BR;(a_;(x)) if ¢;(I) = 0 and
BR;(a™inmax) if ¢,(]) € I.

In the supplemental round for \;(I+ 1), player i sends X;(l + 1) truthfully via noisy cheap
talk to player ¢ + 1.

In the supplemental round for d;(l+ 1) between ¢ and n, player i sends d;(l + 1) truthfully
via noisy cheap talk to player n.

Since d;(l 4 1) is ternary while the noisy cheap talk can send a binary message, we attach
a sequence of binary messages to each d;(I{ +1). Specifically, given d;(I+1) € {0,i—1,i+1},
player i define a sequence d;(I + 1){1},d;(I + 1){2} € {G,B}?*: If d;(l + 1) = 0, then
di(l + 1){1} = G and d;(I + 1){2} = B with probability ; and d;(l + 1){1} = B and
d;(l + 1){2} = G with probability 1. If d;(l + 1) = i — 1, then d;(l + 1){1} = G and
di(l+1){2} =G. If d;(I+1) =i+ 1, then d;(I + 1){1} = B and d,;(l + 1){2} = B.

Player ¢ with d;(I+ 1) sends d;(I + 1){1} and d;(I + 1){2} truthfully via noisy cheap talk.
We define

0 if flnl(di(+ D{LY) # flnl(di (1 + 1){2}).
Il + 1) = i =1 flnl(dil+ D{1}) = fInl(dill + 1{2}) = G,
i+ 1 i ffnl(d(+ D{1Y) = flnl(di( + 1){2)) = B,

[n

]
]

gln = 1)(d:i(l + 1))
E - ifgln —1](di(l + 1){1}) = E or g[n — 1](di(l + 1){2}) = E,
d;(1+1) otherwise,
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galn = 1(di(l + 1)) = (g2[n — 1 (ds(I + 1){1}), galn — 1(i(l + 1){2})) ,

and

foli = (di(l + 1)) = (f2[i = 1 (ds(1 + 1){1}), foli = 1(di(l + 1){2})) -

Then, the message transmits correctly with probability no less than 1 — eXp(—O(T%))
and given d;(l + 1){1},d;(l + 1){2}, player n puts a conditional belief on the events that
fin)(d;(l +1)) = d;(l + 1) or g[n — 1](d;(l + 1)) = E with probability no less than 1 —
exp(—O(T%)). In addition, given d;(I + 1){1},d;(l 4+ 1){2}, any signal sequences can happen
with probability no less than exp(—O(T'2)). Therefore, Lemma 15 holds as if player i sent
d;(l + 1) via noisy cheap talk.

33.3 Reward Function

In this subsection, we explain player (i — 1)’s reward function on player 4, 72" (z;_;, AP TP .

i—1 1 "Y—1
5).

Score Asin the two-player case, each player i—1 constructs \Ilf(xl ¢ €10,1} from 1/12 ) (yl 1t)-
Player i — 1 picks t;,_1(l) randomly from T'(I). With T;_;(I) = T'(1) \ {ti—1(1)}, player ¢ — 1

calculates the score about player ¢

Z \Ilz 1t+1tz 1(D)-

teT;—1(1)

Slope Second, take L sufficiently large so that

L(ga—q1) > max 2 lu; (a)] .
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main

Reward Function As in the two-player case, the reward 7" (z;_;, han RIS . §) is

written as

W;Ilain (xi—la h?ialin; h;‘e_l‘fPOrt . 6)
L T L i i rereport .
—LT + _ W;naln Ti-1, h?lam, hif P 5 [ if Ti—1 = G
= Z Z m) (i Yi1e) + 2im ( ' ! ) (109)

I=1 teT(l) LT + 3, wiein(g,_y, i RIEPOT 1) if @,y = B.
Note that we add (106) to ignore discounting.

Reward Function for Each Round 1f 6, ,(I) = B, 6;_1(\;(I+1)) = Bor6;_1(d;(I+1)) =
B happens for some [ < [ —1 and j € I, then player 1 — 1 makes player 7 indifferent between

any action profile sequence by

T (i, B TP D) = Y m  (, pie). (110)
teT(l)
Otherwise, that is, if 6;_1(I) = 0;_1(\j(I +1)) = 0;_1(d;(I +1)) = G for all | <1 — 1 and
j € I, then player (i — 1)’s reward on player i is based on x, A;_1(l) and ¢;_1(1). The formal

description is given by

TR (g, WA BT ) (111)
(72, G e 1 (1), 1) + L{Xi 1 (1) — (T +2¢T)} if 251 = G and A1 (1) = G,
B mi(z, By ci—1(1),1) if x; = G and \;_1(l) = B,
| A G a(1),0) + L{Xoa(1) — (@2 — 26T)} if 0 = B and A_1(1) = G,
7i(x, B,ei1(1),1) if x; 1 =B and \;_{(l) = B.

\

Here, 7;(x, \i—1(1), ¢;_1(1),1) will be determined later so that (8), (4) and (5) are satisfied.
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33.4 Transition of the States

In this subsection, we explain the transition of player ¢’s states. Since z; is fixed in the phase,

we consider the following eight:

33.4.1 Transition of \;_;(l+ 1) € {G, B}

The transition of A\;_1(l + 1) € {G, B} is the same as in Section 23.4.1 with j replaces with
i — 1 except that ¢;_1(l) = 0 is necessary to transit from \;_1(l) = G to \;_1(l + 1) = B.
Player i — 1 with ¢;_1(I) = n € I will minimax player n. In that case, the action profile taken
in the Ith review round may not be a(x) and so \Iffﬁxl) is not a correct statistics. Therefore, we
have ¢;_1(l) = 0 as a condition for \;_1(l) to transit from G to B. As will be seen in Section
33.5, player ¢ — 1 with A\;_1(l) = G does not have ¢;_1(I) = i unless player ¢ is indifferent
between any action profile. In addition, if player ¢ — 1 has ¢;_1(I) = n € —i, then player i is
indifferent between any action profile. Therefore, conditioning on ¢;_1(I) = 0 does not cause
a problem in player i’s incentive to follow o;(x;).

Now, we define the transition of A;_1({): The initial condition is \;_1(1) = G. If A\;_1(I) =
B, then A\_; (I +1) = B. If \i_y(I) = G, then

1. If Xz—1<l) g [QQT — 28T, QQT + 2ET] and Ci_l(l) = 0, then )\7;_1([ + ].) = B.

2. If X;1(1) € [T — 26T, goT + 2T or ¢;—1 (1) # 0, then \;_1 (I + 1) = G.

33.4.2 Transition of \; (I + 1) € {G, B}

The transition of 5\,~_1(l + 1) € {G, B} is the same as in the two-player case with j replaced
with i — 1, except that if ¢;(I) = j € —i, then \;_y(I + 1) = G with high probability. As
will be seen in Section 33.5, player i with ¢;(I) = j € —i believes that player ¢ is indifferent
between any action profile. This implies that player i — 1 does not monitor player i by \I/ffﬁ)
and that player ¢ does not need to infer A\;_;(I + 1) seriously.

That is, \i_1(1) = G. If \i_y(I) = B, then \;_1(I+1) = B. If \;_1(I) = G, then
Ai—1(l+1) € {G, B} is defined as follows.
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Intuitively, player i calculates the conditional expectation of X; (l), believing that a(z)
was taken: B | X; (1) | a(z), {yi:t}teT(l)]‘ Instead, as in the two-player case, player ¢ calcu-

lates

Z E [‘I’f(ﬁt (), yzt:| + 2

teT;(1)

Further, instead of using E [\IJ Sl lax), ys t] directly, player i constructs (F; \Ifl 1) € {0,1}
and E;X; 1 (1) = 3 er, o) (B \I/f( 1))t as in the two-player case.
With ex post (given {at, y:},c1()) probability 1 — exp(—O(T’)), we have

1
S E [qf 0l a@),yid] + @2 = BiXia ()| < 72T (112)
teT;(1)
In addition, if (112) is the case and
1 1
EiXi (1) € [T — 5eT, ¢T + €77, (113)

2 2

then since T;(1) and T;_1(l) are different at most for two periods, player i has

B [Xi1() | a(@), {yieerq, Ti(), Tiea(D)] € (2T — T, qoT + €T). (114)

Given above statistics, there are following cases:

1. If “(112) and (113) are satisfied” or ¢;(I) = j € —i, then player ¢ randomly picks the

following two procedures:

(a) With large probability 1 — 7, player i has S\i_l(l +1) = G regardless of the signals
from the noisy cheap talk about \;_1(I + 1).

(b) With small probability n > 0, player ¢ will use the signal from the noisy cheap
talk: A\;,_1(l + 1) is determined by

Aica (14 1) = fliJ (A1l +1)). (115)
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2. If “(112) or (113) is not satisfied” and ¢;(I) € {0,4}, then A;_1(I 4 1) is determined by
(115).

33.4.3 Transition of d;(l + 1)

We define the transition of d;(I + 1) € {0, — 1,7+ 1}: d;(I + 1) = 0 implies that player ¢
believes that neither player i —1 nor i+ 1 has deviated in the Ith review round; d;({+1) =i—1
implies that player i believes that player i — 1 has unilaterally deviated; d;(I +1) =i+ 1
implies that player ¢ believes that player 1+ 1 has unilaterally deviated.

As player i — 1 constructs W Lt € 10,1} from ¥ (y;_1,), player i constructs TY™ from
”yf( (y;). Remember that player i picks ¢;(/) randomly from 7'(1) when she constructs X;(1).

With the same ¢;(), player i calculates another score about player i — 1:

=y i 4 1,

teTy(1)

From Lemma 17, player ¢ can monitor player i — 1 by G;(I). That is, a low realization of
G;(l) implies player (i — 1)’s deviation.
Define d;(1) =0. For I =1,...,L — 1, d;(I + 1) is determined as follows:

1. If ¢;(1) # 0, then d;(I + 1) = d;(1).

2. If ¢;(I) = 0 and \; (1) = G, that is, if player ¢ has not observed an erroneous history,

then player ¢ picks one of the following transitions randomly:

(a) With small probability 27, d; (I + 1) = 0.

(b) With small probability 2n, d; (I +1) =i — 1.

(¢) With small probability 2n, d; (1 +1) =i+ 1.

(d) With large probability 1 — 6n, d;(I + 1) is determined as follows. Conditional on
1-(d), d;(I + 1) = i — 1 with probability

i () min {1, Mi{f;f?* } (116)
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and d;(l + 1) = 0 with the remaining probability.
3. If ¢;(I) =0 and \; (I) = B, that is, if player ¢ has observed an erroneous history, then

(a) If ; = G, then player i picks one of the following transitions randomly:
i. With small probability 3n, d; (I +1) =i — 1.
ii. With small probability 3n, d; (I + 1) =i + 1.

iii. With large probability 1 — 6n, d;(I+ 1) = 0.
(b) If z; = B, then player ¢ picks one of the following transition randomly:

i. With small probability 37, d; (I + 1) = 0.
ii. With small probability 3n, d; (I +1) =i — 1.

iii. With large probability 1 — 6n, d;(I + 1) =i + 1.

We postpone the intuitive explanation of this transition until Section 33.4.5.

33.4.4 Transition of d;(l + 1)(3)

If j = 4, then player i knows d;({ + 1). Hence, d;(I + 1)(i) = d;(l + 1).
For each j # i, player i constructs d;(I + 1)(i) by

d;(l+1)(z) = fli](d; (I + 1)) (117)
using the signals that arrives when player j sends the message about d;(I+1) via noisy cheap
talk between players j and i.

33.4.5 Transition of ¢;(I+1) € {0} U

As seen in Section 33.2, ¢;(I + 1) € {0} U I is player i’s index about whom to minimax.
¢i(l +1) = 0 implies that player i does not minimax any player in the (I + 1)th review
round while ¢;(I + 1) = n € —i implies that player ¢ minimaxes player n. The action after

¢;(1+ 1) =i depends on \;_y (I + 1).
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Player i constructs a variable ¢;(I4+1) € {0}UI as follows: ¢;(1) = 0 (no player minimaxes
any player in the initial review round). For [ > 1,if ¢;(1) € I, then ¢;(I+1) = ¢;(I) (intuitively,
once player ¢ decides to minimax player j, she will keep minimaxing player j). If ¢;(I) = 0,
then if there exists a unique j € I such that d;_1(I + 1)(2) = d;j31(l + 1)(¢) = j, then
¢;(l+ 1) = j. In this case, we say player j’s unilateral deviation is “confirmed.” Otherwise,
¢i(l+1) = 0. As explained in Section 27, the consensus between players j — 1 and j + 1 is
necessary to confirm player j’s deviation (if the communication about {d;(l + 1)}, does not
have a noise).

Let us explain the basic structure of the coordination on the punishment. For a simple
explanation, for a while, assume that there is no noise in the communication: d;(l + 1) =
dj(l+1)(n) for all j and n.

See Section 33.4.3. Since we want to consider player i’s incentive, we consider the tran-
sition of d;(I + 1) for the two monitors of player ¢, players ¢ — 1 and i + 1. Neglect the
events that happen with probability no more than 3n. Then, the transition is as follows: For

jefi—1,i+1},

2. If ¢;(I) =0 and \; (I) = G, then d;(I + 1) = j — 1 with probability

1+1 . {eT — G;()}+
p;" () min {17 P

and d;(l + 1) = 0 with the remaining probability.
3. If ¢;(I) =0 and A, (I) = B, then
(a) If z; = G, then d;(I +1) = 0.

(b) If x; = B, then d;(I +1) = j + 1.

From 2, while X\; ;1 (l) = G, player i — 1 monitors player ¢ — 2, not player ¢. That is,

d;_1(l + 1) # i. Remember that the consensus between players i — 1 and 7 + 1 is necessary
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for the confirmation of player ¢’s deviation. Therefore, while \;_1(l) = G, player i is not
minimaxed.

Consider the case with A\;_; () = B. If z;_1 = G, then from 3-(a), d;_1(l+ 1) # i. By the
same reason, player i is not minimaxed. If z; 1 = B, then from 3-(b), player i — 1 always
infers player i’s deviation. Hence, it is all up to player ¢ + 1 to confirm player i’s deviation.
Suppose that player ¢ + 1 has A\;;1(l) = G. Then, from 1, player i + 1 monitors player i
as player j with z; = A; (I) = B monitors player ¢ in the two-player case: See (82) and
(116). Therefore, together with Lemma 21, if player i believes that \;_;(l) = B, then player
i should take the static best response to players (—i)’s action: Player i with \;,_1({) = B and
ci(l) =0 takes BR;(a_;(x)).

33.4.6 Transition of 6, (]) € {G, B}

As in the two-player case, (91-,1(l~ ) = B with for some [ < [—1 implies that player 7 is indifferent

between any action profile (except for the incentives from 7;"**"). Here, we consider player
(1 — 1)’s state since we want to consider player i’s incentive and player i’s value is affected
by player (i — 1)’s state.

0;_1(1) = B if one of the following four conditions is satisfied:

1. There exists player j # ¢ — 1,7 such that 1 is the case when player j creates A\;(l + 1)
in Section 33.4.1 (replace ¢ — 1 with 7).

2. There exists player j # i such that 1-(b) or 2 is the case when player j creates /A\j,l(l—l—l)
in Section 33.4.2 (replace i with j).

3. There exists player j # ¢ who picks a case that happens with probability at most 3n
when player j creates d;(I + 1) in Section 33.4.3 (replace i with j).

4. There exists player j # i, + 1 who has d;(I +1) = j — 1 in 2-(d) of Section 33.4.3

(replace ¢ with j).

Except for the above four cases, 0;_1(l) = G.

159



33.4.7 Transition of 0,_1(\; (I +1)) € {G, B}

0:-1(\;(I +1)) = B with for some j € I and [ < I — 1 implies that player 4 is indifferent
between any action profile (except for the incentives from 7). Compared to the two-
player case, player ¢ — 1 takes care of the miscommunication between players j and j + 1
with 7 # 1.

0;—1(A\;(l+ 1)) = B if one of the following conditions is satisfied:

1. For j = ¢ — 1, when player i — 1 sends \;_1(l + 1) to player i via noisy cheap talk,
player i — 1 receives the signal indicating that player i’s signal may be wrong: g[i —

Y(A\1(l+1)) = E.

2. For j # i — 1,i, when player j sends \;(l + 1) to player j + 1 via noisy cheap talk,
player j + 1 receives a wrong signal: f[j + 1](A\;({ + 1)) # X;(I + 1).

Note that in order to know 2 is the case, player i — 1 needs to know \;(l + 1) and
flj+1](A\;(1+1)). These variables are sent in the re-report block and so included in ;" ;*°".
Since 6;_; only affects the reward function (does not affect o;_1(x;_1)), it suffices that player
1 — 1 knows the information by the end of the review phase.

Except for the above two cases, §;_1(\; ([ +1)) = G.

33.4.8 Transition of 0,_,(d; (I +1)) € {G, B}

The intuitive explanation is the same as 6,_1(X;(l + 1)).

;—1(d; (I 4+ 1)) = B if one of the following two conditions is satisfied:

1. For j € —i and ¢, when player j sends d; (I + 1) to player 7 via noisy cheap talk, player
i — 1 receives the signal indicating that player i’s signal may be wrong: g[i — 1](d;(I +

1)) = E.

2. For j € —i and n € —i, when player j sends d; (I + 1) to player j via noisy cheap talk,
player n receives a wrong signal: f[n|(d;({ + 1)) # d;(I + 1).
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Again, the information about d;(I+1) with j # i—1,7 and f[n|(d;(I+1)) withn #i—1,4
is sent in the re-report block and so included in A} P,

Except for the above two cases, 6;_1(d; ([ + 1)) = G.

33.5 Summary of the Transitions of 0,

i and ()\j,l)#i’iﬂ.
If \;_1(l) = B for some j # i, then 1-(b) or 2 is the case when player j creates A;_1(I+1)

First, we consider the implication of the transitions of 6;,_; on (5\3;1)
in Section 23.4.2 (replace i with j). From Section 33.4.6, we have #;_,(I) = B for some
[ < 1—1. This also implies that, whenever player i’s message )\Z(l~ + 1) changes player
(¢ + 1)’s continuation play, player i has been indifferent between any action profile sequence.

If \;_1(I) = B for some j # i,i+41, then from Case 1 of Section 33.4.6, we have §; ,(I) = B
for some [ < [ — 1.

In summary, we can concentrate on the case with 5\j,1 () =Gforallj #iand \;_1(l) =G
for all 7 # 4,7+ 1.

Second, we consider the implication of the transitions of #;_; on player i’s incentive to
tell the truth about d;(I + 1) in the supplemental rounds.

Suppose that there exists player n € I for whom d;(I + 1)(n) has an impact on ¢, (I + 1).

We will show that this implies 8;_1(I) = B or 6;_1(d,(I + 1)) for some j € I and [ <.

1. If there exists player j # ¢ whose message player n € [ misinterprets, that is, if

(a) If n =1, then from Case 1 of Section 33.4.8, player i believes that 6, 1(d;(I+1)) =
B with probability no less than 1 — exp(—O(T'2)). Since the continuation play by
players —i is independent of g[¢ — 1](d;(l+ 1)), this is true for all the main blocks.

(b) If n € —i, then from Case 2 of Section 33.4.8, we have 6;,_(d;(l + 1)) = B.

Hence, for almost optimality, player ¢ can believe that d;(l + 1)(n) = d;(I + 1) for all
j#iandn € I.
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2. If player j # ¢ picks a case which occurs with probability at most 37, then from Case
3 of Section 33.4.6, we have 6;_,(I) = B for some [ < [.

Hence, we can assume that dj(l~ +1) with j # 7 and [ < [ would transit as if described

in Section 33.4.5.

Given above, there are two possible cases where d;({ + 1)(n) has an impact on whether

cn(l + 1) for some n € I:

3. d;_2(l+1) =i — 1. This implies that player ¢ — 2 # i — 1,4 has monitored player i — 1.
From Section 33.4.5, this implies that A\;_o(l) = B. Since i—2 #i—1,i (or \;_;(l) = B
with j # 4,7+ 1), from Case 1 of Section 33.4.6, we have 6,_1(/) = B for some [ < I.

4. diyo(l+1) =i+ 1. This implies that d; (I +1) = j with j # 4,7+ 1. From Case 4 of
Section 33.4.6, we have 6;_(I) = B for some [ < I.

Therefore, if there exists player n € I for whom d;(I 4+ 1)(n) has an impact on ¢, (I + 1),
then 0;_1(I) = B or 6;_1(d;(I + 1)) for some j € I and [ < | with probability no less than
1 — exp(—O(T2)).

Third, we consider the implication of ;_; on the mis-coordination on (c;,) Suppose

nel”

that there exist n,n’ € I with n # n’ such that ¢,(l) # ¢,/ (). There are two possible cases:

1. If ¢,(1) and ¢y(l) have been determined independently of {dz(l~ + 1)(n)} and

I<i—1
{di(ZN +1)(n’ )}l Ly then it means that there exists player j # i such that there was
<i-1

a miscommunication between j and “n or n’.” By the same reason as above, player

i believes that ; 1(d;(I + 1)) = B for some [ < [ — 1 with probability no less than

1

1 —exp(—0O(T2)).

2. If {di(i—l— 1)(n)}l~<l or {di(l~+ 1)(n/)}i<z has an impact on ¢, (1) or ¢,/(1), then from the

discussion above, this implies 6;_; (1) = Bor 0;_1(d;(I + 1)) for some j and [ <[ — 1.

Therefore, if there exist players n € I and n’ € I with ¢,(l) # ¢ (1), then 6;_1(l) = B or
0;_1(d;(I + 1)) for some j and [ <1 — 1.
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Fourth, we will show that, if player 7 is not indifferent between any action profile sequence,
then ¢,(l) must be 7 or 0 for all n € I. Suppose that there exist n € [ and j € —i with
¢n(l) = j. We will show that this implies 6;_;(I) = B or Hi_l(dj/(f+ 1)) for some j’ and
[<1-1.

As above, for almost optimality, we can concentrate on the case with d;(I + 1)(n) =

dy(I+1) foralln € I, j € —i and [ <1 — 1. In addition, we can assume that d; (I + 1) with

j' € —i would transit as if described in Section 33.4.5.

1. If j #i+ 1, then d;_1( + 1) = j. From Section 33.4.5, this implies that \;_,(I) = B.
Since j — 1 #i—1,i (or j #i,i+ 1), this implies 6;_;({) = B for some | <[ — 1,

2. If j =i+1, then dj+1(l~+ 1) =j. Since j+1 =i+ 2 #4,i+ 1, from Case 4 of Section
33.4.6, we have (91-,1([) = B for some [ < [ — 1.

Therefore, 6;_1(1) = 6;-1(A\;(1 + 1)) = 0;_1(d;(I + 1)) = G for all j and [ < I — 1 implies
that ¢,(I) =i for all m € I or ¢,(l) =0 for all n € I.

Finally, we consider when player i can be minimaxed. Suppose that if ¢,(l) = ¢ for all
n € I, then except for the case with miscommunications between i — 1 and n,”* we have
di_l(l~ + 1) = 4. Then, player i — 1 picks a case that happens with probability at least 37 or
Ti1 = )\,-,1([) = B from Section 33.4.3. If the former is the case, then we have (92-,1([) = B.
Hence, player i can believe that player i is minimaxed with 6; (1) = 6;_1(\;(I + 1)) =
0;1(d;(I+1)) =G forall j and [ <1 —1 only if z;_; = \;,_;(I) = B.

In total, we have shown the following statements:
1. We can concentrate on the following two cases:

(a) cp(l) =0 for all n € —i. In this case, a_;(z) is played in the Ith review round.
In (a), from Lemmas 16 and 17, the distribution of X;(l) with j # i — 1,4,
E;X; 1(l) with j # ¢ and G;(I) with j # ¢ — 1,7 is independent of player i’s
strategy. Therefore, the distribution of 6; (1) is independent of player i’s strategy.

"1f so, then 0;_1(di_1(I + 1)) = B with probability at least 1 — exp(—O(T'2)) from the discussion above.
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(b) @,y = A\i_1(l) = B and ¢,(I) =i for all n € —i. In this case, a™"™2* is played in

the [th review round.

In (b), the distribution of 8; () is independent of player i’s strategy since
i. Forall j € — (i —1,4), A\j({ 4+ 1) is fixed.

ii. For all j € —i, 5\]-,1([ + 1) is determined by player j’s mixture.

ili. For all j € —i, d;(l + 1) is fixed.

2. If player i constructs ¢;(l) as prescribed, then cn(l~) = cn/(i) for all I < 1.

3. Whenever player i’s message A;(I+ 1) changes player (i + 1)’s continuation play, player

¢ is indifferent between any action profile.

4. Whenever there exists player n € I for whom d;(I + 1)(n) matters for ¢, (Il + 1), then

player i is indifferent between any action profile.
Therefore, we have shown the following lemma:

Lemma 22 Foralli € I andl =1, ..., L, for any history of player i in the lth review round,

player i puts a belief no less than 1 — exp(—O(T%)) on the following events:
1. Player (—i)’s action profile in the lth review round satisfies one of the following four:
(a) Ni—1(l) = G, ¢;(1) =0 and a_;(z) is played,
(b) Ni-1(l) = B, ¢;(1) =0 and a_;(z) is played,
(c) zi_1 = XNi_1(1) = B, ¢;i(l) = i, and ™™ 4s played, or
(d) 6;1(1) = B, 0;_1(\j(I+1)) = B or 6, 1(d;(I+1)) = B for some j and | <1 — 1.
2. If 0, 1 (1) = 0,1 (N(I+1) =0, 1(d;(I + 1)) =G forall j € I and [ <1 — 1, then the

distribution of 0;,_1(1), 0;_1(X\;(l + 1)) and 0;,_1(d;(l + 1)) for all j € I is independent
of player i’s strategy.
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3. If player i’s message \;(l+1) changes player (i + 1)’s continuation play, then 0;_1(l) =
B.

4. If there exists playern € I for whom d;(14+1)(n) matters for ¢,(I+1), then 6;,_1(l) = B,
0: 1N+ 1)) =B or6;_1(d;(I+1)) = B for somej €I andl <1—1.

34 Variables

In this section, we finish defining the variables necessary for the equilibrium construction:
¢, ¢1, U, L, L, n and €. @, ¢; and go are determined in Lemmas 16, 17 and 19. We take L
sufficiently large so that

L(ga—aq1) > H(llazXZ lu; (a)] .

We are left to pin down L, ¢ > 0 and n > 0. Take L sufficiently large and ¢ > 0
sufficiently small such that

. (L — 1) max {w;(x),v; } + u;(x) 1 L + 2L
r:x;_1=B L L

L —
< v; <7; < min wi(x)—Z—ZsL

Tz _1=G

Then, take n > 0 sufficiently small so that

L—1 i(z), vF . L _ ~ ,
max ( ) max {w(z) UZ}+UZ(x)+77+——|—25L+7(N—1)Ln o — minw; (a)
z:x;_1=B L L ,a
_ . L - i
< v, <V < .r_mniGwl-(:c) —7 - 2L —T7T(N —1)Ln (u + max w; (a)) . (118)

35 Almost Optimality

Again, we want to show the almost optimality first: We construct 7;(z, A\i—1(l), c;—1(1), 1)

such that (8), (4) and (5) are satisfied.
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35.1 Almost Optimality of the Inferences

We show the almost optimality of A;_1(I + 1) and ¢;(I). The basic logic is the same as in
Lemma 8. Let a_;(I) be player (—i)’s action plan in the [th review round™ and a_;(I) =
(a—i(1),...,a—;(l)) be the sequence of player (—i)’s action plans from the first review round

to the Ith review round (excluding what messages players —i sent by the noisy cheap talk).

Lemma 23 For any lth review round, for any h: with period t in the lth review round,

conditional on a_;(1), player i puts a belief no less than
1 — exp(—O(T?)) (119)

on the events that
1. If Ao (1) = G, then

(a) “players —i take a_;(x) and \;_1(I) = G” or any action is optimal.

(b) If ¢;(l) = 5 # 0, then any action is optimal.
2. If \i-1(1) = B, then

(a) If ¢;(1) # i, then “players —i take a_;(x) and N\;_1(l) = B” or any action is
optimal.
(b) If c;(l) = i, then “players —i take a™™* qnd \; (1) = B” or any action is

optimal.

Proof. From Lemma 22, it suffices to show that player ¢ puts a belief no less than 1 —
exp(—O(T'2)) on the events that X\;_1(I) = A\;_1(I) or any action is optimal.
As in the two-player case, there exists a unique [* such that \;_; (I) switches from G to

B at the end of the [*th review round. In addition, there exists [* such that \;_; (1) switches

"Note that players —i take an 4.7.d. action plan within a review round.
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from G to B at the end of the I*th main block. If A\;_1 (L) = G (Ai_1 (L) = G, respectively),

then define I* = L (I* = L, respectively).

Then, there are following three cases:

o If[*> f*, then the proof is the same as Lemma 8.

e If I* < [*, then there are following two cases:

— If 1-(b) or 2 is the case when player i creates 5\1-,1(1* + 1) in Section 33.4.2, then,
again, the proof is the same as Lemma 8. We assume that, whenever player i has

deviated from o;(x;) in the I*th review round or before, player i creates A;_ (I*+1)

by (115).
— If 1-(a) is the case in Section 33.4.2, then there are following three cases:

« If ¢;(I*) # 0, then since A;_1(I*) = G, from 4 of Lemma 22, player i puts a
belief 1o less than 1 —exp(—O(T'2)) on the events that any action is optimal,

as desired.

« If players —i played a_; # a_;(x) in the [*th review round, then from 1 of
Lemma 22, player i puts the belief no less than 1 — exp(—O(T%)) on the

events that any action is optimal, as desired.

% ¢,(I*) = 0 for all n € I. Then, the players play a(z). The rest of the
proof is the same as Lemma 8. Note that players (—i)’s continuation play

is determined by <5\j,1(l~)> and (cn(i)) . For A\;_1(l), errors happen
jeE—1 ne—1i

(2

with probability exp(—O(T'2)) since each player j uses the signals from the

noisy cheap talk with probability at least . For cn(l~), each player n always
uses dj(i‘i‘ 1)(n) for all 7 € I and any dj(l~+ 1)(n) happens with probability

at least 2n as long as ¢,(I) = 0. Therefore, learning from the continuation

play does not update the belief more than exp(O(T'2)).

167



35.2 Determination of 7;(z, \;_1(l),c;—1(1),1)

Based on Lemmas 21, 22 and 23, we determine 7;(z, A\;—1(l), ¢;—1(1), 1) such that o;(z;) and
TN gatisfy (8), (4) and (5).

Proposition 3 For alli € I, there exists m;(x, N\i_1(1), c;i—1(1),1) such that
1. oi(x;) is almost optimal: For eachl € {1,..., L},

(a) For any period t in the lth review round, (8) holds.

(b) When player i sends the noisy cheap talk messages in the supplemental rounds,

(8) holds.™

2. (4) is satisfied with 7; replaced with w". Since each z; € {G, B} gives the same value

conditional on x_;, the strateqy in the coordination block is optimal.”

3. AN gatisfies (5).

1-(b) follows from the following two facts: First, 3 and 4 of Lemma 22 imply that, when-
ever player ¢’s message changes some player’s action, player ¢ has been indifferent between
any action profile. Second, Lemma 23 implies that player i can infer (c,(l)),._; and X;_1(I)
with probability 1 — exp(—O(T'2)) (or any action is optimal) by taking the equilibrium
strategy. Therefore, the equilibrium strategy is almost optimal.

As in the two-player case, for 3, it suffices to have

e (), d S0 =0 (120)
>0 ifz, 1 =8B,
|7i(z, Ni—1 (1), cim1 (1), 1)] < max; 42 |u; (a)| T (121)

for all x € {G,B}N, )\zfl(l) € {G, B}, Cz;l(l) € {0} Ul and! € {1, ,L}

761f | = L, then this is redundant.
"TAs in the two-player case, even after the adjustment of the report block, any x; € {G, B} still gives
exactly the same value.
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We are left to construct 7; so that 1-(a) and 2 are satisfied together with (120) and (121).

Remember that, from Lemma 23, it is almost optimal to take any action after ¢;(I) =
j € —i. Hence, we verified the incentive to minimax player j if S\i_l(l) =G and ¢;(l) = j as
desired.

Further, from Lemma 23, we can concentrate on the following five cases:

o ;1 =G, A1(l) = \i_1(l) = G, ¢i(1) = 0 and players —i take a_;(z). Remember that

player i takes a;(x) from Section 33.2.

o 7,1 =G, A\_1(l) = \i_1(1) = B, (1) = 0 and players —i take a_;(z). Remember that
player i takes BR;(a_;(x)) from Section 33.2.

o 7,1 = B, \i_1(I) = Mi1(I) = G, ¢(1) = 0 and players —i take a_;(z). Remember that
player i takes a;(z) from Section 33.2.

e 1, =B, S\i_l(l) = Xi—1(l) = B, ¢;(I) = 0 and players —i take a_;(x). Remember that
player i takes BR;(a_;(x)) from Section 33.2.

e 1, = B, 5\i,1(l) = \i_1(l) = B, ¢;(I) = i and players —i take ™™ Remember

—1

that player i takes BR;(a™»™a) from Section 33.2.

Therefore, almost optimality of o;(z;) and the existence of 7; with (120) and (121) can
be shown as in the two-player case. Remember that if the fourth bullet point is the case,
then player i — 1 with A\;_;(l) = B has d;_1({ + 1) = i with probability at least 1 — 61 and
it is up to player ¢ + 1 to monitor player i (see Section 33.4.3). (116) implies that player
7+ 1 monitors player ¢ as player j monitors player ¢ in the two-player case. Therefore, from
Lemma 21, it is optimal for player i to take BR;(a_;(x)), as desired.

Note that the slack in (118) is enough since, for each [th main block, except for the cases
that happen with probability no more than exp(—O(T'2)), 6;_1(l) = B, 0;i1(N\j(l+1)) =B
or 0;,_1(d;(l + 1)) = B happens only if
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e There is player j # ¢ who uses the signal from the noisy cheap talk to create j\j,l(l +1)
(Case 1-(b) or 2 in Section 33.4.2 with i replaced with 7). This happens with probability

no more than (N — 1) .

e There is player j # ¢ who has d;(l + 1) that occurs with probability at most 3n. This
happens with probability no more than (N — 1) 6.

36 Report Block

We are left to construct the report and re-report blocks to attain the exact optimality of the

equilibrium strategies. In this section, we explain the report block.

36.1 Structure of the Report Block

The report block proceeds as follows:

—

. Player N sends the message about h3in.

[\)

. Player N — 1 sends the message about %1,

w

. Player 3 sends the message about h§@in.
4. Then, public randomization 4" is drawn.
5. Player 1 reports h*" if y» < 1 and player 2 reports h3™™ if y? > 1.

We explain each step in the sequel.

36.2 Player i sends hMain

Since there is a chronological order for the rounds and r is a generic serial number of rounds,
the notations #;, #;(k), T'(r,k) and {ai¢,Yit},cp(, ) defined in the Appendix of the main

paper is still valid except that
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o If player ¢ sends m to player n via noisy cheap talk in round r, then #] contains m for
sure. In addition, if and only if player n — 1 is player i, g[n — 1](m) and gs[n — 1](m)

are also included in #7.

e If player ¢ receives m from player n via noisy cheap talk in round r, then #! contains
f[i](m) for sure. In addition, if and only if player n — 1 is player i, fo[n — 1](m) is also

included.

Player i sends the message about h™@™ in the same way as player i sends the message in

Section 15.7. That is, for each round r,

e If round r corresponds to a review round, then

— First, player ¢ reports the summary #7.
— Second, for each subround k, player ¢ reports the summary #7 (k).

— Third, public randomization is drawn such that each subround £ is randomly
picked with probability T-%. Let k(r) be the subround picked by the public

randomization.

— Fourth, for k(r), player ¢ reports the whole history {a;, yivt}tET(r,k(r)) in the k(r)th

subround.

e If player i sends or receives a noisy cheap talk message in round r, then player ¢ reports

i

Again, the necessary number of binary messages to send the information is

O(T1). (122)

36.3 Reward Function Wgeport

report
A

We are left to define the reward function 7 . As a preparation, we prove the following

lemma:
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Lemma 24 Let h; be player i’s history right before player i sends the message about h"®®

in the report block. If Assumption 9 is satisfied, then there exists € > 0 such that

1. For each | € {1,...,L}, in the Ith review round, there exists g;(h"®™ hiP™ a;, 1)
such that, for period t € T(l), it is better for player i to report (a;+,yir) truthfully: For
all by,

E [Qi(h?lafn, hﬁe_rfport, &i,t,@i,f;) | hy, (&i,t,@i,t) = (ai,byi,t)} (123)
> E [gi(hﬁaf“, hze_rfport, &z‘,ta@i,t) | hy, (dz‘,t,@z‘,t) # (ai,t,yi,tﬂ + éTila
where (G;+,Yit) 15 player i’s message in the report block.

2. For round r where player ¢ sends or receives the noisy cheap talk message, it is better

for player i to report player i’s history #; truthfully:

B g (e, P ) | e, A = #) (124)
> B g (b T ) | e A ] T

where #;’ is player i’s message about #; in the report block.

Proof.

1. By the same proof as Lemma 9, we can show that

. 2
g BT s, ) = —1{t (1) = 1}

]-yj7t - E[lyjyt ’ di,tv gi,t; a*i,ta (yn,t7 Qpn,t),ng’i]

with
j_Limritizl (125)
2 ife=1
works. Note that, compared to Lemma 9,
(a) ¢, = (\Ilfl(x), (En-1Y,),T,) is a statistics that player n constructs in the [th review

round.
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(b) We condition the history (yn,t, gom,)n oy of all the players except for player i herself
and player j. (125) and the structure of the report block explained in Section 36.1
imply that player ¢ cannot know player j’s history from the report block.

As we will see, players — (i — 1,7) sends the information ¢;(7), a_(—1,, (Yn, gon)n#m to
player i — 1 in the re-report block and so #;(r), a_(i-1,) and (Yn, ¢,,),,;; are in A
2. If player 7 sends m to player n via noisy cheap talk in round r, then
(a) If #7 contains g[n — 1](m) and go[n — 1](m), then
main 7 rereport J/r r 2
g B ) = = |1y — BlL sy | S0] (), ]
(b) If #I does not contain g[n — 1](m) and gs[n — 1}(m), then
i ereport 7y r N 2
il B ) = = | Ui m — Bl | S0l (m), £, gl = 1)(m), galn = 1)(m)]|
If player ¢ receives m from player n via noisy cheap talk in round r, then
(a) If #7 contains fo[n — 1](m), then
main j.rereport /7 . r 2
gi<hi71 7hi—1 7#2) - - ’ 192[i—1](m) - E[lyz[i—l](m) ’ g[Z - 1]<m)7 #z] .
(b) If #I does not contain fa[n — 1](m), then
. . . 2
gi(h™, P ) = — ngz[i—u(m) — B[Lgyi1jim) | gli = 1(m), #5, faln — 1](m)}H :

Then, (98) and (99) imply that truthtelling is optimal.

As we will see, player n — 1 € — (i — 1,4) sends g[n — 1](m), ga[n — 1](m), fln —1](m)
and fa[n — 1](m) to player i — 1 in the re-report block.
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. . . . 1 T 1 t 7
Given these preparations, by backward induction, we construct ;> (hi P ROt Rt r)

for each r such that

report Tp+1 jrereporty report r4+1 zrereport 7 r+1
U (im1, R 2y BZ5PT) = E 7Tz (h’ifhhifl g 7T)
T

makes it optimal to tell the truth in the report block and o;(z;) is exactly optimal.
Formally, ;" (h:fll, hierepert ﬁ;*l,r) is the summation of the following rewards and

punishments.

Punishment for a Lie As in the two-player case, we punish a lie. For round r corre-

sponding to a review round, the punishment is the summation of the following three:

e The number indicating player i’s lie about {a;, vi+} T (rk(r)

> TR BT gy, i) (126)

teT (r,k(r))

e The number indicating player i’s lie about #7(k):

T2 x T 1R # Y Laygo ¢ (127)

teT (rk(r))

where 1;,,4,, is a vector whose element corresponding to (a; ;) is equal to 1 if

(Git, Uit) = (ai,y;) and 0 otherwise.

e The number indicating player i’s lie about #7:

T3 %1 {#z # Z#;f(k:)}- (128)
k

174



For round r where player ¢ sends or receives a message m, player ¢ — 1 punishes player ¢

if it is likely for player i to tell a lie by
T gi (B, P ). (129)

Cancel Out the Expected Punishment by Telling the Truth As in the two-player
case, we cancel out the differences in ex ante value of the punishment between difference
actions and messages: If player i reports the history (player i € {1,2} needs to be picked by

the public randomization to report the history), then we add the following variable to 7™ain:

e if round r is a review round, then

Yt e T (rk(r){t;() = T *Wi(a—ss, yi14),

teT(r)

e if player ¢ sends the message in round r, then

T (f[n] (m)),

where player n is the receiver of the message, and

e if player ¢ receives the message in round r, then
T (n, m)

where player n is the sender of the message m.

Here, I1;(a_;, y;—1) is defined so that the differences in (126) among action a;’s are canceled
out ex ante before taking a;. Since we assume that player ¢ — 1 knew a_;, Assumption 8 is
sufficient to construct such II;(a_;,y;-1). As we will see, player i — 1 gets the information

about a_; from players — (i — 1,4) in the re-report block.
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Similarly, II;(f[n] (m)) (IL;(n, m), respectively) is defined so that the differences in (129)
among messages are canceled out ex ante before sending (receiving, respectively) the message.
Again, player n € — (i — 1,1) sends f[n] (m) (m, respectively) to player ¢ — 1 in the re-report
block. The identifiability to construct such II; is guaranteed by Lemma 15.

Reward for Optimal Action and Incentive to Tell the Truth This is the same as
in the general two-player case. We construct the reward f; so that, for each round r, for
any period ¢ in round r, for any history hf, conditional on A_;(r), o;(x;) is optimal. Here,

A_;(r) represents
e which state z_; € {G, B} players —i is in, and

e for each review round [ that is before or equal to round r, which action plan «; each

player j € —i takes in the [th review rounds.

See Section 26 for the construction of f;.

37 Re-Report Block

This is the block for each player i — 1 to collect the information owned by players — (i — 1,1)
which is necessary to construct player(i — 1)’s reward on player i, ;.

In the re-report block, we have the following rounds in this chronological order:

e Players — (N — 1, N) send the information to player N — 1 to construct 7.

e Players — (N — 2, N — 1) send the information to player N — 2 to construct my_;.

e Players — (1,2) send the information to player 1 to construct .

e Players — (N, 1) send the information to player N to construct 7.

We explain what information is sent for each step:
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37.1 Information Sent by Players — (i — 1,7) to Player i — 1

First, each player n € — (i — 1,1) sends the information about their histories in the coordi-

nation and main blocks:

e Which state x,, player n has.

e For each lth review round, what strategy «a,(l) player n took. Remember that player

n’s strategy within a round is 4.7.d.

e For each Ith review round, for each (a,,yn, ¥,), how many times player n observed

(a’nvyn?@n)'

e For each /th review round, which period t,(!) is excluded from T,,(I).

e At the end of each Ith review round, all the realizations of player n’s randomization
for the construction of each state. For example, when player n constructs S\n,l(l +1)

in Section 33.4.2, which of 1-(a), 1-(b) or 2 is the case.

e For each supplemental round when player n sends a message, which message m player

n sent.

e For each supplemental round when player n receives a message, which signal f[n](m)

player n had.
Second, the players communicate about the histories related to the report block.
e For each round r corresponding to a review round,

— First, player ¢ — 1 sends which k(r) player i — 1 and i coordinate about sending
(ait, i) for each r corresponding to the review round. With public random-
ization, k(r) is public. Expecting that we replace public randomization with

coordination through private signals, we let player ¢ — 1 speak k(r) here.
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— Then, for each r, based on player (i — 1)’s report k(r), each player n € — (j,1)

with j defined in (125) sends (Y., 1) , and each player n € — (1—1,1)

teT (r,k(r)

sends (an,t)teT(r,k(T))'

e For a supplemental round, each player n € — (i — 1,4) sends g[n](m) and gs[n|(m) if

player i receives a message and f[n](m) and fy[n](m) if player i sends a message.

Then, player i — 1 collects all the information necessary to construct player (i —1)’s

reward on player i, m;. Further, the cardinality of the messages sent in the re-report block is
O(T%) (130)

by the same calculation as for (50).
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SUPPLEMENTAL MATERIAL 4:

PROOF OF THEOREM 1 for a General Two-Player Game withOUT
CHEAP TALK

In this Supplemental Material, we prove the dispensability of the perfect cheap talk, noisy
cheap talk and public randomization in the proof of Theorem 1.

After we summarize new notations and assumptions in Section 38, we show that the play-
ers can communicate and coordinate via actions and private signals. We take the following
steps to dispense with the perfect and noisy cheap talk and public randomization device.

Remember that the coordination block uses the perfect cheap talk to communicate z,
that the supplemental rounds for A;(I 4 1), d;(I + 1) and d;(I 4 1) use the noisy cheap talk,
and that the report block uses the public randomization and perfect cheap talk.

First, in Section 39, we replace the perfect cheap talk in the coordination block with the
noisy cheap talk. Although z; is no longer common knowledge, by exchanging the messages
via noisy cheap talk several times, each player can construct an inference of x; such that,
given the opponent’s inference, each player puts a belief no less than 1 —exp(—O(T 3 )) on the
event that if their inferences are different, then the opponent has made her indifferent between
any action profile sequence in the main blocks. No additional assumption is necessary for
this step.

Second, in Section 41, we dispense with the noisy cheap talk in the coordination block
(given the first step above) and supplemental rounds. See Section 4 for the intuition and
Section 38.1 for a new assumption necessary for this step.

Third, in Section 44.2, we dispense with the public randomization in the report block,
keeping the perfect cheap talk. Now, the players coordinate with their actions and private
signals. Section 38.2 offers a sufficient condition for this step.

Fourth, in Section 44.3, we replace the perfect cheap talk in the report block with “con-
ditionally independent noisy cheap talk.” In the report block, the receiver does not have a

strict incentive to infer the messages correctly since the messages are used only for the reward
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on the sender. Hence, we can disregard the incentives for the receiver. For the sender, since
the cheap talk is conditionally independent, she always believes that each message transmits
correctly with high probability. We can show that the cardinality of the messages sent in the
report block is sufficiently small compared to the precision of the conditionally independent

noisy cheap talk. Therefore, all the messages transmit correctly with high probability, which

report
)

is enough to construct m to make o;(x;) exactly optimal. This step does not require any
assumption in addition to the availability of the conditionally independent cheap talk.
Fifth, in Section 44.4, we replace the conditionally independent noisy cheap talk with
messages via actions. This step is novel since we do not assume anything about the differences
in each player’s number of signals. See Section 38.3 for what generic assumption is necessary.
When we say players ¢ and j in this Supplemental Material, unless otherwise specified,

it implies that ¢ # j. In addition, without loss of generality, we assume that

|A1| Y] > |As] Yzl - (131)

38 Notations and Assumptions

38.1 Assumption for Dispensing with the Noisy Cheap Talk

When we dispense with the noisy cheap talk with precision p € (0, 1) about a binary message

m € {G, B}, with n) being a small number to be defined, the sender (say player j) determines

m with probability 1 — 27,
zj(m) = § {G,B}\ {m} with probability 7,
M with probability n
and player j takes
a$ if z;(m) = G,
7 = af i zi(m) =B,



for TP periods. That is, player j sends the “true” message oz]z.j (m) _ aj* with high probability
1 — 2n while player j “tells a lie” with probability 2n. With probability n, player j sends the
opposite message z;(m) = {G, B} \ {m}. With probability 7, player j “mixes” two messages:
zj(m) = M and o} = 3a§ + 5a?.

Player i (receiver) takes a%.

Let y; be the vector whose element corresponding to y; represents the frequency that

zj(m)
J

player j observes y; while taking o . Define y; symmetrically for the receiver. In addition,
let q;(a) = (g;(y; | @)y, (qi(a) = (¢i(yi | @))y,, respectively) be the distribution of player j’s
(player i’s, respectively) signals.

Our task is to create a mapping from y; to g[j](m) € {m, E} and that from y; to
flil(m) € {G, B} such that important features of Lemma 2 are satisfied. The mapping from
y; to f[i](m) cannot depend on m since the receiver does not know the true message.

First, when player j tells a lie, player 5 makes player ¢ indifferent between any action.
That is, g[j](m) = E if z;(m) # m.

Second, regardless of player i’s deviation, as long as z;(m) = m, y; is close to aff ({q;(a]", ;) }4,)
(affine hull of player j’s signal distributions with respect to player i’s deviations) with high
probability. As we will see, if not, then player j makes player ¢ indifferent between any action
profile in the continuation game. That is, g[j](m) = E if y; is not close to aff ({q;(a]", a:) }a,)-

Using 1 and 2 of Notation 1 below, g[j](m) = E if y; ¢ H,[e](m) for small ¢ to be

determined.

Therefore, in total, we define
1. g[jl(m) =m if z;(m) = m and y; € H;[e](m).
2. g[jl(m) = E if z;(m) # m or y; & H;[e](m).

By the law of large numbers (remember that the message is repeated for T? periods),
y; € H,;[e](m) with probability 1 — exp(—O(T?)). Therefore, g[j](m) = m with probability
1 —2n —exp(—O(T?)).

181



On the other hand, player j wants to infer the message. For the moment, since z;(m) # m
implies that g[j](m) = E, let player ¢ assume that z;(m) = m. Player ¢ wants to infer that the
message is m if player i’s conditional expectation of y; given m and y; is close to H,[e](m).

Consider the following mapping:

e fli](m) = G if the conditional expectation of y; given m = G and y; is close to

aff ({q;(a$, a;)}4,), and

e fli](m) = B if the conditional expectation of y; given m = B and y; is close to

aff({q; (a7, ai)}a,)-

Suppose that this is well defined. That is, there is no y; such that the conditional
expectation of y; given m = G and y; is close to aff({q;(a§, a;)}4,), and, at the same time,
the conditional expectation of y; given m = B and y; is close to aff({q;(a?, a;)}a,).

Then, 2 of Lemma 2 is satisfied. To see why, suppose that m = G and f[i|(m) = B.
This means that, the first bullet is not the case. That is, given m = G (the true message)
and y;, the conditional expectation of y; is not close to aff({q;(a, a;)}4,). Hence, given m,
gl7](m) = E with probability 1 —exp(—O(7”?)). The symmetric argument holds for m = B.

However, the above mapping from y; to f[i|(m) is not always well defined. If |Y;| >
2(]Y;] — |Ai]) + 1, then it is possible to have y; such that the conditional expectation of y;
given m = G and y; is close to aff({q;(a§, a;)}a,) and that the conditional expectation of y;
given m = B and y; is close to aff({q;(a?, a;)}a,).

Therefore, we restrict our attention to y; that is close to aff({q;(af, aj)},) (affine hull
of player i’s signal distributions with respect to player j’s actions). Regardless of player j’s
message and deviation, y; is close to aff({q;(af, a;)}a,) with probability 1 — exp(—O(T?)).
Later, we will care about y; that is not close to aff({q;(af, a;)}a,)-

That is,

o If y; is close to aff({q;(af, a;)}4,), then

— fli](m) = G if the conditional expectation of y; given m = G and y; is close to

aff({q;(a$, a;)}4,), and
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— fli](m) = B if the conditional expectation of y; given m = B and y; is close to

aff({q; (a7, ai)}a,)-
e If y; is not close to aff({q;(af’, a;)}a,), then we will consider the extra care later.
Using 4 of Notation 1 below,
o If y; € H;[e](G),™ then

— fliJ(m) = G if y; € H,,[e](G), and

— f[z](m) =Bify; € HLZ[&](B)
o Ify; ¢ H;[¢](G), then we will consider the extra care later.

Then, for the first bullet, 2 of Lemma 2 is satisfied. In addition, by the law of large num-
bers (remember the message is repeated for T% periods), y; € H;[e](G) and y; € H,;;[e](m)
with probability 1—exp(—O(T?)). Therefore, f[i|(m) = m with probability 1—exp(—O(T?)).

To sustain 3 of Lemma 2, we further modify player i’s inference so that player j with
g[j](m) = m can believe that f[j](m) = m ory; ¢ H;[e](G). As we will see, if y; ¢ H;[e](G),
then player ¢ makes player j indifferent between any action profile sequence. This does not
affect player j’s incentive to send the message truthfully since y; € H;[¢](G) with probability
1 — exp(—O(T?)) regardless of player j’s strategy.

Suppose that player ¢ infers

o fli](m) = G if there exists y; € H,[¢](G) such that y; is close to player j’s conditional

expectation of the empirical distribution of player i’s signals given y,; and m = G.

o fli](m) = B if there exists y; € H,[e](B) such that y; is close to player j’s conditional

expectation of the empirical distribution of player i’s signals given y,; and m = B.

"8Here, we use 1 of Notation 1 with j replaced with i. Since the receiver takes alG7 this is comparable to
the situation where player i is the sender and sends m = G after taking the affine hull with respect to the
opponent’s actions.
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Using 5 of Notation 1 below, player ¢ infers
e fliJ(m) =G ify; € Zi[](G), and

Player j with g[j](m) = m should have z;(m) = m and y; € H,[e](m). Since player
J knows that she takes aj’, player j calculates the conditional expectation of the empirical
distribution of player i’s signals given y; and m. The above inference implies that if player
i’s signal observation is close to this conditional expectation (player j believes that this is
the case), then player ¢ infers f[i](m) = m as desired.

In total, we define a mapping from y; to f[i](m) such that
1. If y; € H;[e](G), then

(a) flil(m) =G ify; € H;[e](G) ULE[(G),

(b) flil(m) = B if y; € H;i[el(B) ULle](B) or yi & H;ilel(G) ULe|(G), and
2. If y; ¢ H;[e](G), then we will consider the extra care later.

See 1-(b). For completeness, we require f[i|(m) = B if y; is not included in either
H;ilel(G) U Ti[e](G) or Hy;el(B) U Zife](B).

Let us consider Case 2. Here, player i infers z;(m) from the likelihood, taking the
possibility that z;(m) # m into account. Given m € {G, B} and y;, the conditional likelihood
ratio between z;(m) = z; € {G, B, M} and z;(m) = 2; € {G, B, M} is

Pr (z;(m) = 2 | 'm, yi)  Pr(yilz(m)= j) Pr (z;(m) = 2 | m)

Pr(zj(m) =2 |myy:)  Pr(yilzi(m)=z) Pr(z(m)=2|m)

M(m):zf)) is expressed as TP (L(yi, z;) — L(yi, 2;)) with

Pr(yi |25 (m)=2]

log
L(yi, zj) = yi,1 log Q(yi,lfaiG, ajj) + -+ Yiy; log Q(yi,\m’a?? Oé?)-
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If L(y;, #;) is strictly concave with respect to the mixture of ajG and af for all possible y;’s,

then there exists x > 0 such that one of the following is true:
1. z;(m) = G is sufficiently more likely than z;(m) = B: L(y;,G) — x > L(y;, B).
2. zj(m) = B is sufficiently more likely than z;(m) = G: L(y;, B) — k > L(y:, G).

3. If z;(m) = G and z;(m) = B are equally likely, then since L(y;, z;) is strictly concave,
z;j(m) = M is most likely: L(y;, M) — x> L(y;, G), L(y:, B).

Pr(Zj(m):G|mvyi) 2 eXp(K'Tp)l_L fOI' all m €

Suppose that 1 is the case. This means that Br(z; (m)=Blm.y:) o

{G, B}. Remember that z;(m) = M implies that player j told a lie and that g[j](m) = E.
Hence, given any m € {G, B}, player ¢ puts a conditional belief no less than 1 —exp(O(—T7))
on the event that m = G or g[j](m) = E. Similarly, if 2 is the case, then given any
m € {G, B}, player i puts a conditional belief no less than 1 — exp(O(—1")) on the event
that m = B or g[j|](m) = E. Finally, if 3 is the case, then given any m € {G, B}, player ¢
puts a conditional belief no less than 1 — exp(O(—T?)) on the event that g[j](m) = E. In
this case, player ¢ can infer m arbitrarily for almost optimality.

Hence, using the likelihood, there exists a mapping from y; to f[i](m) € {G, B} such
that, given any m € {G, B}, player i puts a conditional belief more than 1 — exp(O(—17))
on the event that m = f[i](m) or g[j](m) = E.

In total,

1. If y; € Hi[e](G), then

() fil(m) = G if y; € H;,£)(G) ULEC),

(b) flil(m)= B ify; € H;;[e](B) ULe](B) ory; & H;.ile](G) UZ]e](G), and
2. If y; ¢ H;[e](G), then player i infers f[i](m) from the likelihood.

After we introduce the notations, Assumption 10 gives a sufficient condition for the above
mapping to be well defined, that is, there is no y; such that the above mapping maps y; to
both G and B.
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Notation 1 For m,m € {G, B}, we define

1. A (IY;] — |Ail + 1) x |Y;| matriz Hj(m) and a (|Y;]| —|A;| + 1) x 1 vector p;(m) such
that the affine hull of player j’s signal distributions with respect to player i’s action

when player j takes aj* is represented by
a ({QJ(% ,0;) }ay) + y; € RY Hy(m)y; = pi(m) ¢

2. The set of hyperplanes generated by perturbing RHS of 1: for e > 0,

. e|l <e,
H;lel(m) = Qy; € RB_/]' : Je € RV gyeh that lell <

Hj(m)y; = pj(m)+e

3. The matriz projecting player i’s signal frequency y; on the conditional expectation of

player j’s signal frequency y; given an action profile a:

Q(yj,l | a,yi’l) Q(yj,l | a, yz‘,\m)
Qji(a) = : :

QWi layin) - aWiy) | @ Yigv)

4. The set of player i’s signal frequencies y;’s such that the conditional expectation of

player j’s signal frequency y; given m andy; is close to H,;[e](m):

( )

yi € R‘f' such that
there exist e, € RYil, e, € RVilZIAI+1 gpd y; € R'fj‘ with
Hjile](m) = Y= Qj,z-(a}h, af)y; + €1,
Hj(m)y; = p;(m) + €,

el lleall < €

5. The set of player i’s frequencies y;’s such that, if player j believes that (a7, al) is

0%

taken and observes'y; € H; [e] (), then player j’s conditional expectation of y; given
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m and y; is close to the set:

( y: e RV 3y, € R‘f"l, g; € RVilZI4IHL and ¢; € RYl such that
g5l < e el <e,

Hj(m)y; = p;(m) + €,

yi = Qij(a], af)y;+e;

Before stating a sufficient condition, we prove one lemma that will turn out to be useful:

Lemma 25 For each j € I, we can take H;(G) and H;(B) such that all the elements are
in (0,1).

Proof. Let my be the minimum element of H;(m) and My be the maximum element of

Hj(m). Let H;(m) be the matrix whose (I,n) element is (Iﬁjj\;n;)‘k;';lgil;l
(P (m)),+lmm|+1

|MHH’2‘mHH’2 :

€ (0,1) and p,(m)
be the vector whose [th element is

We will show

{Yj e R Hy(m)y; = pj(m)} = H;(m) = H;(m) = {yg‘ e R Hy(m)y; = ﬁj(m)}.

1. H;(m) C H;(m)
Suppose that y; € H;(m). Sincey; € aff({q;(a]", a;)}q,) C aff ({1, }y,ev,),"° H;(m)y; =
p;(m) as desired.

2. 'H;(m) D H,(m)

Suppose that y; & H;(m). Since aff({q;(a", a;)}q,) C aff ({1, }y,ev, ), without loss of
generality, we can assume that one row of H;(m) is parallel to (1,...,1) and that the

element of p;(m) corresponding to that row is 1. If (1,...,1)y; # 1, then

1+|myg|+1 1+|myg|+1 o 1+|mpg|+1 ) 1+|mpy|+1 '
(st Tt ) s = gt (L 1)V # e ey and ¥, ¢

" Remember that 1,, is a |Yj| x 1 vector such that the element corresponding to y; is 1 and the others are
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H;(m) as desired. If (1,...,1)y; = 1, then there is another row h;(m) and the corre-
sponding element p;(m) of p;(m) such that

h;(m)y; # p;j(m).

Let h;(m) be the corresponding row of H;(m) and p;(m) is the corresponding element

of pj(m). Then,

_ 1

h; ;= h; 1)(1,....1 ;
1
\MH!+2!mH!+2( i(m)y; + |mu| +1)
1

Mol & 2] 2 P70 bl 1) = 2i0m)

and so y; & H;(m).

Now, we state our sufficient condition:

Assumption 10 For each j € I, there exists ajG,af € A, such that the following five

conditions are satisfied:

1. There exists x € R3Yil+2IYil=|A;1=21Ail+5 oy 0 that

me) o | [e@]
—E  Qi;(a§,af) 0
0 H(G) | x<0,| p@) | x>0,
—-F Qi,j(af,ai@) 0
o0 mm |  pi(B)
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2. There exists x € RIYilF2YiI=[4;1=214il+3 o, 0h that

H;(G) pi(G)
Hj(G)Q;i(af,af) | x<0,| pi(G) | x>0,
H(B)Q4(af, af) p;(B)

3. There exists x € R2Yil+2Y;1=[A45[=21A:l+4 o, oh that

Hi(G) 0 pi(G)
Hj(B)Qj,i(a’jB7aiG) o x<0 pj(B) x>0
-E Qij(a§, af) T 0 |
] 0] H;(G) | | pi(G) |

[ H(©) o | pic) |
H;(G)Qj(al, af) 0 x<o | P9 Loy
B Quiaf.af) |~ | 0
i O Hj<B> | | pj<B) i

5. For each k € {1,...,|Yi|}, we have
q(yi,k|aiG7ajG) # q(yi,k|a’iG7a;'3)'

It will be apparent from the proof of Theorem 1 below that af for the case where player j
sends the message m = G and aJG for the case where player j is the receiver can be different.
However, for notational simplicity, we assume that these two af’s are the same.

Taking into account the fact that some of rows are parallel to 1, we have the following:

1. x has 3|Y;| + 2|Y;| — |A;| — 2|A;| + 1 degrees of freedom while the condition has
Y;| + |Y;| + 1 constraints.

189



2. x has |[Y;| +2|Y;| — |A4;] — 2 |A;| + 1 degrees of freedom while the condition has |Y;|+ 1

constraints.

3. x has 2|Y;| + 21Y;| — |A4;| — 2]A;| + 1 degrees of freedom while the condition has
Y;| + |Y;| + 1 constraints.

4. x has 2|Y;| + 2|Y;| — |A4;] — 2|A;| + 1 degrees of freedom while the condition has
Y;| + |Y;| + 1 constraints.

Therefore, Assumption 10 is generic if Assumption 2 is satisfied.
The next lemma shows that Assumption 10 is actually sufficient so that the above infer-

ence f[i](m) is well defined.

Lemma 26 If Assumption 10 is satisfied, then there is € > 0 such that for all ¢ < &, for

any i € I, there is at most one m € {G, B} such that'y; € H;[e](G) N (H;i[e] () UZ;[e](1)).

Proof. It suffices to show that, for sufficiently small ¢,

Hilel(G) N Ti[el(G) N Tifel(B) = 0,
Hilel(G) N Halel(G) N Hylel(B) = 0,
Hilel(G) NH;4lel(B) N T[] (G) = 0,
Hilel(G) N H,ilel(G) N Tifel(B) = 0.

That is, for sufficiently small ¢, it is equivalent to have the following four:
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e For any ||e|| < ¢, there are no y; € R and y; € R such that®

H(@) 0 [ p.(G) |
—F Qm(af,aic) 0
0 H(G) Y= b | +e
—-F Qi,j(af,a?) Vi 0
o H;(B) | | p;(B) |

e For any |le|| < ¢, there isno y; € R‘f' such that

H,(G) pi(G)
Hi(G)Q;i(af,af) | yi=| p;(G) | *+&
H;(B)Qji(a, ai’) p;(B)

Hi(G) 0 pi(G)
H;(B)Q;4(af, af) @ yi | _ | Pi(B) e
—B Qi (af,af) Y; 0
i 0 H;(G) | pi(G)
e For any |le|| < ¢, there are no y; € RLY” and y; € RLYH such that
H;(G)Q;(af, af) @ yi | | pi(G) e
—E Qi j(a?, af) Yi
i 0 H;(B) | pi(B) |

800ne row of each of H;(G), H;(m), Hj(G)Qm(a}",aZG) and Qi,j(a}",af") is parallel to 1 for each m €

{G,B}. This reduces the number of constraints. We change the freedom of x after we take the dual
accordingly. The same caution is applicable for the other three equations.
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By Farkas Lemma,®! if € = 0, then it suffices to have the following:

e There exists x € R3Yil+21Yj[=[4;1-2l4i+5 gych that

Hi(G) 0 pi(G)
—-F Qi,j(aJG,aiG) 0
O H;(G) x<0,| p;(G) | - x>0,
—-F Qm(af,a?) 0
o mB) |  pi(B) |

e There exists x € RIYil+21¥51=[4;[=214:[+3 gych that

Hi(G) pi(G)
H;(G)Qji(a$,af) | x<0, | pi(G) | x>0,
H;(B)Qji(af, af) p;(B)

e There exists x € R2Yil+21Yj[=14;1-2l4i1+4 g;ch that

H;(B)Qji(a?, af) 0 <0 p;(B) x>0
B auad || o |
] 0 H;(G) | | P;(G) |

81 Farkas Lemma has a constraint that each element of x should be non-negative. However, since we have
equality constraints, not inequality constraints, for each [ with z; < 0, we can multiply —1 to z;, each
element of Ith row of the matrix in the LHS, and Ith element of the vector in RHS. Therefore, non-negativity
constraint is redundant.
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e There exists x € R2Yil+21Yj[=[4;1-24i1+4 g;ch that

A o ]  pi) |
H;(G)Qji(a§, af) 0 %<0 p;(G) x>0
o Quera® || o |

i O Hj(B) | | pj(B) i

Since the second inequality of each condition is strict, for sufficiently small e, the same
x’s work for all € with |le|| < e. Therefore, we are done. =

In addition, the following lemma shows that Assumption 10 is also sufficient to construct

f[i](m) based on the likelihood:

Lemma 27 If Assumption 10 is satisfied, then for each m € {G, B} and j € I, there exists
a mapping from'y; to fli](m) € {G, B} such that, for anyy;, given m, player i puts a belief
no less than 1 — exp(—O(TP)) on the events that f[i|(m) =m or g[j](m) = E.

Proof. From the above discussion, it suffices to show that there exists x > 0 such that, for

L(yi; zj, Z;-) = Ly %) — L(yi, Z}),
for any y; € A ({1, }y,ev;), one of the following is true:
1. L(y:, G, B) > &,
2. L(y;, B,G) > &,
3. L(y;, M,G) >k and L(y;, M, B) > k.

A \,G :
Let a = Xa§ + (1 — A)af for A € [0,1] and consider

L(yi, A) = yinlogq(yinlay, af) + - + yi v log q(yi v o, a)).
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Then,

Y;| 2
dﬁyz, ylk|az ) ])_q(ylk’|az ’ ])
<0
AN kz { a3)

(yl k|a’l bl j

for any y; because of 5 of Assumption 10. Hence, L(y;, A) is strictly concave. Therefore,

since L(y;, zj, Z;) is the difference in L(y;, A), we have
max {L(y;, G, B), L(y;, B,G), min {L(y;, M, Q), L(y;, M, B)}} > 0.

Since LHS is continuous in y; and A ({1, },,ey;) is compact, there exists x > 0 such that
max {L(y;, G, B), L(yi, B, G), min {L(y;, M,G), L(y;, M, B)}} > k

for all y; € A({1,,}y,ev;) as desired. m
Therefore, from Lemmas 26 and 27, if Assumption 10 is satisfied, then for ¢ < &, the

following mapping preserves the important features of Lemma 2:** For the sender,
L. g[j](m) =mif z;(m) = m and y; € H;[e](m).
2. gljl(m) = Eif z;(m) # m or y; & H,le](m).
And for the receiver,

1. If y; € H;[e](G), then

(a) fliJ(m) = G ify; € H;ile](G) ULi[e)(G),
(b) flil(m) = B if y; € H;i[el(B) ULle](B) or yi & H;4lel(G) ULe](G), and

2. It y; ¢ H;[e](G), then player i infers f[i](m) from the likelihood.

If £ defined in (88) does not satisfy € < &, then re-take ¢ such that

e <E.

82We replace exp(—TP?) in the probability of g[j](m) = E in Lemma 2 with 21 + exp(—T?).
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This does not affect the consistency among the variables defined in Section 24.

38.2 Assumption for Dispensing with the Public Randomization

When we dispense with the public randomization in the report block, the players use actions
and private signals to coordinate. Fix ¢ € I arbitrarily.

The players play some action profile a®. Then, each player observes her own private
signal.

Player j partitions the set of her signals into non-empty subsets Y}, and Y}, with ¥; =
YUY,

Player i tries to infer which set player j’s signal belongs to. With some p; € (0, 1), player
1 classifies the set of her signals into two classes: The set of signals with which player i thinks
that player j observes y; € le with probability more than p; and the set of signals with
which player ¢ thinks that player j observes y; € Y;l with probability less than p;. That is,

Y, = {yz €Y;:Pr({y; € Y;ll} | a®,y;) > ﬁi} (132)

)

Y, = {weYi:Pr({y € Vi) | a%w) <pi}. (133)

)

We assume that there exists p; € (0,1) such that le and Y}, are non-empty partitions
of Y;.

Assumption 11 For each i € I, there exists a® € A such that there exist Y}, Y}y, p;, Y
and Y}, such that Y, and Y}, satisfy (132), (133) and

Y;Z1 7é (373/;;?2 7é @7Yi = Y?l U Y;z2

For notational convenience, we assume that a“ is the same for each player and the same

as in Assumption 10.
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38.3 Assumption for Dispensing with Conditionally Independent
Cheap Talk

As mentioned, after we replace the perfect cheap talk in the report block with the condi-
tionally independent noisy cheap talk, we dispense with the conditionally independent cheap
talk.

To do so, we want to construct a statistics that preserves the conditional independence
property for player 2. Player 2 sends a binary message m € {G, B} by taking a* € {a$,aZ}.
Player 1 takes some mixed action a; € A (A;). Based on the realization of the mixture a; and
signal observation y;, player 1 calculates ¢, (as,y;). We want to make sure that, regardless
of player 2’s signal observation, player 2 believes that player 1 statistically infers player 2’s
signal properly: There exist g > ¢; such that

Bl (o) |an ol = T2 (134
¢ if az # a§
for all y5 € Y5.

A sufficient condition for the existence of such ¢ is as follows: Let Ql(dl,@,yg) =
(q1(a1,y1 | @1,a2,Y2))as 4, be the vector expression of the conditional probability of (aj,y:)
after player 2 plays ay and observes y,. It is sufficient that Q (@1, az, y») is linearly indepen-

dent with respect to (aq,y2) € Ay X V5.

Assumption 12 There exists a; € A (A;) such that Q1(a, ag,y2) is linearly independent

with respect to as,ys.

Note that this is generic since we assume (131).

The following lemma shows that Assumption 12 is sufficient to have ¢ with (134).

Lemma 28 If Assumption 12 is satisfied for a; € A(A;y), then there exist go > q1 and
¢, A1 x Y7 — (0,1) such that (134) holds for all ys € Ys.

Note that we do not assume the existence of such ¢ when player 1 sends the message.
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39 Replacing the Perfect Cheap Talk in the Coordina-
tion Block with the Noisy Cheap Talk

Remember that, with the perfect cheap talk, the players communicate about x in the co-
ordination block in the following way: First, player 1 tells x; and second, player 2 tells
Z3.

We divide the step where player ¢ sends the message about z; into the following steps

(remember that this step is called the “round for z;’

10):

with the perfect cheap talk in Section

1. First, player ¢ sends z; to player j via noisy cheap talk with precision p = % Among
other things,®® f[j](z;, 1) € {G, B} and g[i](x;,1) € {x;, E} are generated. With abuse
of notation, instead of z;, we use (x;,1) since, as we will see, player i will re-send the
message x; and we want to distinguish the result of the first message and the second

message.

2. Second, player ¢ sends z; to player j via noisy cheap talk with precision p = % Among

other things,%* f[j](z;,2) € {G, B} and gli](z;,2) € {x;, E} are generated.

It is important to realize that the precision is higher for the second step. Given these

two steps, player j constructs an inference of z;, z;(j) € {G, B}.

3. Third, player j sends z;(j) to player ¢ via noisy cheap talk with precision p = 1. Among
other things, f[i](z;(7)) € {G, B} and g[j|(z;(j)) € {z;, E} are generated.

Given these three steps, player i constructs an inference of z;, z;(i) € {G,B}. Each
player n € {1,2} plays the continuation game as if z; were z;(n).
In addition, after some events, player i (player j, respectively) makes player j (player

i, respectively) indifferent between any action profile sequence in the main blocks by using

main
7 I

75 (@it Yir) (777 (aj4,yj.), respectively) for 773“*““ (m respectively).

83 Precisely, in addition to fo[j](z;, 1) and go[i](x;, 1).
84Precisely, in addition to fa[j](w;,2) and go[i](x;,2).
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Intuitively, the coordination goes as follows: If player ¢ observes gli](z;,2) = x;, then with
high probability, player i infers z;(i) = z;. With small probability, player ¢ uses the signal
from player j’s message: z;(i1) = f[i](x;(j)). In addition, if the latter is the case, then player
i makes player j indifferent between any action profile in the main blocks. If g[i](x;, 2) # «;,
then player i uses the signal from player j’s message: z;(i) = f[i](z;(5))-

On the other hand, player j uses the signals from the second message from player ¢ and
z;i(j) = fljl(x;,2) with high probability. With small probability, player j uses the signal
from the first message: z;(j) = f[j](x;, 1). In addition, if the latter is the case, then player
j makes player ¢ indifferent between any action profile in the main blocks.

Consider player i’s inference. If player i uses f[i](x;(j)), then since player j’s continuation
play is independent of g[j](x;(j)), 2 of Lemma 2 implies that player ¢ can always believe that
player i’s inference is correct or player j knows the mistake with high probability.

If player ¢ adheres to x; after g[i](x;,2) = x;, then player i before observing player j’s
continuation play believes that f[j](x;, 2) = g[j](x;, 2) by 3 of Lemma 2 with high probability.
Hence, player i believes that z;(j) = f[j](z:,2) = g[j](x;, 2) or any action profile is optimal.
When player ¢ realizes that x;(j) # g[j](z:, 2), player i believes that player j uses f[j](z;, 1)
rather than f[j](z;,2). Here is where we use the assumption that the precision of the second
message is higher than the first message. Since the precision of the second message is higher
than the first message, player i after observing z;(j) contradictory to player i’s expectation
from the second message believes that player j uses the first message (this happens with
positive probability) and that there was an error in the first message. Remember that player
J makes player ¢ indifferent between any action profile in the main blocks if player j uses the
first message. Therefore, after observing x;(j) contradictory to x;, player i believes that any
action is optimal with high probability.

Therefore, player ¢ is willing to obey the same strategy as in the case with the perfect
cheap talk with z; replaced with z;(7).

Consider player j’s inference. If player j uses the first message: z;(j) = f[j](x;, 1), then

since player ¢’s continuation play is independent of g[i](z;, 1), 2 of Lemma 2 implies that this
play play P g » 1) p
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is almost optimal.

Suppose that player j uses f[j](x;,2) and realizes x;(i) # f[j](xi,2). Then, since the
precision of player i’s second message is higher than player j’s message, player j believes
that player ¢ uses player j’s message (this happens with positive probability) and that there
was an error in player j’s message. Remember that player ¢ makes player j indifferent
between any action profile in the main blocks if player ¢ uses player j’s message. Therefore,
after observing z;(7) contradictory to f[j](x;,2), player j believes that any action is optimal
with high probability.

Verify that g[i](z;,2) = x; and that player i adheres to x; with high probability regardless
of player j’s message and so player j cannot manipulate x;(7).

The following lemma formalizes the argument:

Lemma 29 We can define (x;(1),2;(2)),c; and the events that a player makes her opponent
indifferent between any action profile sequence such that, conditional on x € {G,B}?, for

each i € I, the inferences in the coordination block satisfy the following:

1. Given the true state x; and player j’s inference x(j), player i puts a belief no less than
1—exp(—O(T2)) on the events that z;(j) = ;(i) or player i is indifferent between any

action profile.

2. Given the true state x; and player i’s inference x(1), player j puts a belief no less than
1—exp(—O(T'2)) on the events that x;(i) = x;(j) or player j is indifferent between any

action profile.

3. It is almost optimal for the players to send the messages truthfully.
We first define x;(i) and z;(j). Player i constructs z;(i) as follows:
1. If g[i](z4,2) = x; in the second step, then player ¢ mixes the following two:

(a) With probability 1—n, z;(i) = x;. That is, with high probability, player i adheres

to her own state.
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(b) With probability n, ;(i) = f[i](z;(j)). That is, with low probability, player i uses

the signal from player j’s message.

2. If gli](z;) = FE in the second step, then player ¢ always uses the signal from player j’s

message: ;(i) = f[i](z:(4)).

For completeness, if player ¢ deviates in the step 1 or 2 of the communication, then player
i always uses the signal from player j’s message: x;(i) = f[i](z:(5)).

Player j mixes the following two:

1. With probability 1 —mn, z;(j) = f[j](x;, 2). That is, with high probability, player j uses

the signal from player i’s second message.

2. With probability n, z;(j) = f[j](z:, 1). That is, with low probability, player j uses the

signal from player i’s first message.

Second, we identify after what history player i (player j, respectively) makes player j
(player i, respectively) indifferent between any action profile sequence.

Player ¢ makes player j indifferent between any action profile sequence if (and only if
based on the round for z;)% g[i](z;,1) = E, gli](x;,2) = E, or “1-(b) or 2 is the case for the
construction of x;(7).”

Player j makes player i indifferent between any action profile sequence if (and only if
based on the round for x;) g[j](z;(7)) = E or 2 is the case for the construction of x;(j).

Given the above preparation, we prove the theorem:

Proof of 1 of Lemma 29: If 1-(b) or 2 of the construction of z;(7) is the case, then 2 of
Lemma 2 guarantees the result. Note that player j’s continuation play in the main blocks

does not reveal g[j](x;(7))-

85With abuse of notation, for the multimple steps to coordinate on z;, we use the same notation “the
round for z;” as in the case with the perfect cheap talk. In Section 40, we introduce a different notation
from the case with the perfect cheap talk.
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If 1-(a) is the case, then without conditioning on z;(j), by 3 of Lemma 2, player ¢ puts
a belief no less than 1 — exp(—O(T'3)) on the event that f[j](z;,2) = x; = 2;(i). Whenever
player j uses f[j|(x;,1) for x;(j), player j makes player i indifferent between any action
profile sequence. Hence, without conditioning on x;(j), player i puts the belief no less than
1—exp(—O(T3)) on the event that z;(j) = a;(i) or player i is indifferent between any action
profile.

Suppose that player i learns x;(j) # x;(i). Remember that with probability 7, player
J uses the signal of the first message f[j](z;,1). Since the precision of the first message is
p = %, 4 of Lemma 2 implies that player i believes that any f[j](x;, 1) could happen with
probability exp(—O(T'2)) regardless of g[i](z;,1) and ¢o[i](z;,1). Since player i’s prior on
Flil(2i,2) = 24(i) is 1 — exp(—O(T'3)), after learning z;(j) # (i), player i puts a posterior
no less than 1 —exp(—O(T'3))/ exp(—O(T'2)) = 1 —exp(—O(T'3)) on the event that player j
uses the signal of the first message f[j](x;, 1) and that f[j](z;, 1) was wrong. In that event,
player j makes player ¢ indifferent between any action profile sequence. Therefore, we are

done.

Proof of 2 of Lemma 29: If 2 of the construction of x;(j) is the case, then 2 of Lemma
2 guarantees the result. Note that x;(i) never reveals g[i](z;, 1).

If 1 of the construction of x;(j) is the case, then 2 of Lemma 2 implies that, without
conditioning on z;(i), player j puts the belief no less than 1—exp(—O(T'3)) on the events that
x;(1) = x;(j) or player j is indifferent between any action profile since (i) if g[i](x;,2) = F,
then player j is indifferent between any action profile and (ii) if g[i](z;,2) = z; and player i
uses f[i](x;(j)), then player j is indifferent between any action profile.

Suppose that player j learns that x;(i) # z;(j) and z;(i) = 2;.%¢ If player j puts a high
belief on z;(i) = g[i](x;,2) = x;, then this lemma does not hold. However, with probability 7,
player i uses the signal from player j’s message, f[i](x;(7)). Since the precision of this message

is p= 1, 4 of Lemma 2 implies that player j believes that any f[i](z;(j)) could happen with

86In the other cases, either x;(i) = x;(j) or “x;(i) # x; and so player j is indifferent between any action
profile in the main blocks.”
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probability exp(—O(T'2)) regardless of g[j](z:(j)) and go[f](z:(j)). Since player j’s prior on
the event “z; = f[i](z;,2) or g[i](z;,2) = E” is 1 —exp(—O(T'3)), after learning z;(i) # ()
and z;(i) = ;, player i puts a posterior no less than 1 — exp(—O(T'3))/ exp(—O(T2)) =
1 — exp(—O(T'3)) on the event that player i uses the result of player j’s message f[i](z;(5))
and that f[i|(z;(j)) happened to be x;. In that event, player ¢ makes player j indifferent

between any action profile sequence. Therefore, we are done.

Proof of 3 of Lemma 29: Let us consider player ¢’s incentive. First, the probability that
player j makes player ¢ indifferent is almost independent of player i’s strategy: g[j](z:(j)) =
E happens with probability no more than exp(—O(T'z)) regardless of z;(j). In addition,
whether 1 or 2 is the case for the construction of x;(j) is determined by player j’s own
randomization.

Since x; controls player j’s value, not player ¢’s value, player ¢ does not have an incentive
to deviate to coordinate on a different z;. Since 1 of Lemma 29 guarantees that player i can
infer player j’s inference z;(j) correctly or player i is indifferent between any action profile,
we are done.

Next, we consider player j’s incentive. First, the probability that player ¢ makes player j
indifferent is independent of player j’s strategy: The distribution of g[i](x;,1) and g[i](x;, 2)
is independent of player j’s strategy. In addition, whether 1-(a) or 1-(b) is the case for the
construction of x;(7) is determined by player ¢’s own randomization.

Second, by 2 of Lemma 29, the equilibrium strategy enables player j to infer player i’s
inference x;(i) correctly or player j is indifferent between any action profile with probability
no less than 1 — exp(—O(T'z)).

Third, whenever player i uses the signal from player j’s message, f[i](x;(j)), 1-(b) or 2
is the case for the construction of x;(i) and player i makes player j indifferent.

Therefore, the truthtelling incentive for x;(7) is satisfied.
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40

Structure of the Review Phase

Replacing the perfect cheap talk in the coordination block with the noisy cheap talk, we

have the following structure of the review phase:

Now, the coordination block has six rounds with the following chronological order:

N =

The round for (x;, 1) where player 1 sends z; via noisy cheap talk with precision p =

win

The round for (x1, 2) where player 1 sends z; via noisy cheap talk with precision p =

The round for (z1,3) where player 2 sends x;(2) via noisy cheap talk with precision

p=3
The round for (z5, 1) where player 2 sends x5 via noisy cheap talk with precision p = %
The round for (x2, 2) where player 2 sends x5, via noisy cheap talk with precision p = %

The round for (z2,3) where player 1 sends z5(1) via noisy cheap talk with precision

p=3

After that, we have L review blocks. For each [th main block with [ =1, ..., L — 1, there

are following seven rounds in the following chronological order:

The Ith review round where the players play the stage game for T periods.

The supplemental round for A;(l + 1) where player 1 sends A;(l + 1) via noisy cheap

1

talk with precision p = 3.

The supplemental round for \y(I + 1) where player 2 sends Ao(l + 1) via noisy cheap

1

talk with precision p = 3.

The supplemental round for d; (I + 1) where player 1 sends d; (! + 1) via noisy cheap

talk with precision p = %

The supplemental round for dy(l + 1) where player 2 sends dy(l + 1) via noisy cheap

talk with precision p = %
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e The supplemental round for dy(I + 1) where player 1 sends da(I + 1) via noisy cheap

talk with precision p = %

e The supplemental round for d; (I + 1) where player 2 sends d; (I + 1) via noisy cheap

talk with precision p = %

The last main block only has the Lth review round where the players play the stage game
for T periods.

After that, we have the report block, which will be explained fully in Section 44.

As we can see, there is a chronological order for the rounds. Hence, we can number all
the rounds serially. For example, the round for (z,1) is round 1, the round for (zi,2) is
round 2, and so on.

In addition, if we replace the noisy cheap talk with precision p with messages via actions,
then the round r where player ¢ sends the message via noisy cheap talk with precision p
consists of TP periods. For example, in the round for (z1, 1), the players play the stage game
for T2 periods.

Finally, let T'(r) be the set of periods in round r.

41 Replacing the Noisy Cheap Talk with Messages via
Actions

Consider round r where player j sends m via noisy cheap talk message with precision p. We
replace the noisy cheap talk with precision p with messages via actions as follows. Now,
round 7 consists of T? periods.

As we have mentioned in Section 38.1, to send message m with precision p, player j takes

z;j(m)



with

m with probability 1 — 27,
zj(m) = {G,B}\ {m} with probability 7,
M with probability n

for TP periods. Player i takes a¥ for TP periods.

Instead of using g[j](m) and f[i](m) in Section 38.1, we formally re-define g[j](m) and
f[i](m) below. Although the intuitive meaning is the same as in Section 38.1, we slightly
change the definition to deal with the incentives to send the message and to establish the

truthtelling incentive in the report block.

41.1 Formal: g[j](m)

If z;(m) # m, then g[j](m) = E as in Section 38.1. In addition, player j randomly picks
t;(r) from the set of periods in round r. Define T;(r) = T'(r) \ {¢;(r)}.

Let us concentrate on the case with z;(m) = m. Let y;(r) be the frequency of player j’s
signal observations in round r. Instead of using y;(r) directly as in Section 38.1, we consider
the following procedure to construct g[j](m).

Player j constructs random variables {Qflt . A8 follows. After taking a}" (remember

teTy
that we concentrate on the case with z;(m) = 7:1() and observing y;;, player j calculates
Hj(m)1,,,. Then, player j draws (|Y;| — |A;| + 1) random variables independently from the
uniform distribution on [0,1]. If the [th realization of these random variables is less than
the [th element of H;(m)1,,,, then the Ith element of th is equal to 1. Otherwise, the [th

element of th is equal to 0. From Lemma 25,

Pr({(Q), =1} la,y) = (Hi(m)1,,,), € (0.1) (135)

for all @ and y.
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We define g[j](m) = m if and only if

T3 Z 2 ] > Hi(m)1,,|| < 1 (136)

tET teT) (r)

and

1 €
ST > meim)| <5 (137)

tETj ('r‘)

In summary, there are following cases:
1. g[jl(m) = E if z;(m) # m, (136) is not satisfied, or (137) is not satisfied.

2. gljl(m) = m if z;(m) = m, (136) is satisfied, and (137) is satisfied.

41.2 Formal: f[i|(m)

Let y;(r) be the frequency of player i’s signal observations in round r. Instead of using y;(r)
directly as in Section 38.1, we consider the following procedure to construct f[i](m).

First, player ¢ randomly picks ¢;(r) from the set of periods in round r. With T;(r) = T'(r)\
{ti(r)}, player i constructs f[i](m) based only on {y;:},.s... For notational convenience,
let y;(r, T;(r)) be the frequency of player i’s signal observations in 7T;(r).

fli](m) is determined as in Section 38.1 with y;(r) replaced with y;(r, T;(r)).

1. Ify;(r,T;(r)) € Hi[e](G), then
(a) fli](m

)
(b) flil(m) = B if yi(r, Ti(r)) € H;ile](B) ULe](B) or yi(r,Ti(r)) & H;ile](G) U
Z;[e](G), and

=G if yi(’l“, E(’F)) - Hjﬂ‘ [6](G) U Iz [5](G),

2. Ity (r,Ti(r)) ¢ Hile](G), then player ¢ infers f[i](m) from the likelihood using y;(r, T;(r))
(neglecting y; 4,(r))-

By Assumption 3 (full support), neglecting (a” (r)s Yits (r ) does not affect the posterior

so much.
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41.3 Formal: 6;(j —,, 1)

In addition, player i constructs 6;(j —,, i) € {G, B} for a round where player i receives a
message m from player j. Intuitively, ;(j —,, i) = B implies that player i makes player j

indifferent between any action profile sequence in the subsequent rounds.

H

it S et (r) with m = (. Since

First, player ¢ creates {Qflt ) as player j constructs {Q

teTy(r
the receiver (player i) takes af and we take the affine hull with respect to player j’s actions
for the definition of H;(G), the situation is as player i were a sender and sent a message G.
Hence, the distribution of Qf’; is independent of player j’s strategy.

We define 6;(j —, i) = G if and only if

1 1 €

Qf - ——— > Hi(G),,| <~ (138)
— Y, Q- — (G, | <
T2 -1 teTi(r) T> -1 T (r) 4
and
! Y o —pa) <: (139)
T% 1 %t Pi = 2-
teT;(r)

Otherwise, 0;(j —,, i) = B. Note that 0,(j —,, 1) = B if y;(r,T;(r)) ¢ H;[e](G) by the
triangle inequality.

In summary, we can show the following lemma:

Lemma 30 There exists € > 0 such that, for any € € (0,€), for sufficiently large T', for any

1,7 € I, the above mappings satisfy the following:

1. For any m € {G, B}, f[i](m) = m with probability 1 — exp(—O(T"?)) and g[j](m) =m
with probability 1 — 2n — exp(—O(TP)).

2. For any m € {G,B}, given m and any y;(r), player i puts a belief no less than
1 —exp(—O(T?)) on the event that f[i](m) = m or g[j](m) = E.

3. For any m € {G, B}, given m and any y;(r), player j with g[j|(m) = m puts a belief
no less than 1 — exp(—O(T?)) on the event that f[i|(m) =m or 6;,(j —. i) = B.
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4. Foranym € {G, B}, any (f[i](m), g[j](m)) happens with probability at least exp(—O(TP)).

5. The probability of g[j](m) being E does not react to player i’s strategy by more than
exp(—O(17)).

6. The distribution of 0;(j —,, i) is independent of player j’s strategy with probability no
less than 1 — exp(—O(T?)).

Note that, compared to the noisy cheap talk, Condition 3 implies that player j with
gl7](m) = m believes that f[i|(m) = m or 6;(j —, i) = B with probability no less than
1 —exp(—O(T?)), instead of believing f[i](m) = m. However, since 0;(j —, i) = B implies
that player j is indifferent between any action sequence, the inference defined in Section 39
is still almost optimal. In addition, Condition 6 guarantees that player j does not have an
incentive to deviate to manipulate 6;(j —,, i). Further, as fs[i|(m) is not revealed in the
main blocks, ;. () is not revealed by player i’s continuation strategy in the main block.
Similarly, as gs[j](m) is not revealed in the main blocks, ;. () is not revealed by player
J’s continuation strategy in the main block. This fact will be important to incentivize the
players to tell the truth in the report block.

Proof.

1. This follows from the law of large numbers.

2. If f[i](m) = m, then we are done. Suppose not.

Note that the definition of g[j](m) implies that g[j](m) = m only if z;(m) = m
and (136) and (137) are satisfied. Therefore, g[j](m) = m only if z;(m) = m and
y; € H,lel(m).

fli](m) # m implies that either

(a) yi(r,T;(r)) € H;,ile](m) is not the case, or

(b) player i infers f[i](m) from the likelihood using y;(r, T;(r)) (neglecting y;+,q))-
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If (a) is the case, then by Hoeffding’s inequality, given m, player ¢ puts a belief no less
than 1 — exp(—O(T?)) on the event that y; & H;[e](m). If (b) is the case, then by
Lemma 27, given m, player i puts a belief no less than 1 — exp(—O(7?)) on the event
that z;(m) # m. Note that, by Assumption 3 (full support), neglecting (a; ), ¥jt; )

and (aiyti(r), yi,ti(r)) does not affect the posteriors so much.

. As we have mentioned, g[j](m) = m implies that z;(m) = m and y; € H;[e](m).
Hence, player j’s conditional expectation of y; is Q; ;(aT, a$)y;. Since y; € H;le](m)
implies H;(m)y; = p;(m) + €; with some ||g;|| < e, by Hoeffding’s inequality and
the definition of Z;[¢](m), player j puts a belief no less than 1 — exp(—O(T?)) on the
event that y;(r,T;(r)) € Z;[e](m). Again, by Assumption 3 (full support), neglect-
ing (aj,tj(r)7 yjij(r)) and (ai7ti(r),yi,ti(r)) does not affect the order of the posteriors. If
yi(r, T;(r)) € Z;[e](m), then either f[i|(m) = m or y;(r, T;(r)) ¢ H;[e](G). If the latter

is the case, then 6;(j —,, i) = B, as desired.

. Given m, any (yt)teT(T) can occur with probability at least

{Ig’ianq(y | a)}Tp-

Assumption 3 (full support) implies that this probability is exp(—O(T"?)).

. zj(m) # m happens with probability 27 regardless of m and player i’s strategy. The
distribution of th is independent of player i’s strategy in period ¢ and (136) is satisfied
ex post (conditional on {ay, yi},cp(,)) With probability 1 — exp(—O(17)) by the law of
large numbers. Finally, even if the message m can depend on player i’s past strategy,
the probability of g[j](m) being E does not react to m by more than exp(—O(T?)).
Therefore, the probability of g[j](m) being E does not react to player i’s strategy by
more than exp(—O(T?)).

. The distribution of Qf{t is independent of player j’s strategy (note that player i takes
ad after any history) and (138) is satisfied ex post with probability 1 — exp(—O(TP))
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by the law of large numbers.

42 Equilibrium Strategies

main
i .

In this section, we define o;(z;) and 7

42.1 States

The states \;(I4+1), A;(1+1), d;(14+1), d;j(1+1), di(1+1)(2), 8;(1), 0:(N; (1 + 1)), 0:(d; (1 + 1))
and ei(dj (I+1)) are defined as in the Supplemental Material 2 except that z is replaced
with x(i) = (z1(¢), x2(7)) defined in Section 39.

If we replace the noisy cheap talk with messages via actions, then we use f[i](m) (when
player i is a receiver) and g[i](m) (when player i is a sender) defined in Section 41. 6;(\; (I + 1)),
0:(d; (14 1)) and 6;(d; (I + 1)) are still valid.

In addition, remember that each player makes the opponent indifferent between any
action profile sequence if the following events happen in the coordination block: Each player
i makes player j indifferent between any action profile sequence if g[i](x;,1) = E, g[i](z;,2) =
E, gli](z;(i)) = E, “1-(b) or 2 is the case for the construction of z;(i),” or 2 is the case for
the construction of z;(7).

We create a new state 0;(c) € {G, B} to summarize these events. For player i, if the

events listed above happen, then we say 6;(c) = B. Otherwise, 0;(c) = G. Note that 0;(c) is
well defined for the coordination block with and without the noisy cheap talk.

42.2 Player i’s Action
42.2.1 With the Noisy Cheap Talk

In the coordination block, the players play the game as explained in Section 39. For the

other blocks, o;(x;) prescribes the same action with x replaced with z(7) except for the report
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block. See Section 44 for the strategy in the report block.

42.2.2 Without the Noisy Cheap Talk

In a round where player ¢ would send a message m via noisy cheap talk with precision p
if it were available, the players’ strategies are explained in Section 41. Here, since player @
is sender, reverse ¢ and j: Player i (sender) takes afi(m)

flj](m) € {G, B} and g[i|(m) € {m, E} are determined as in Section 41.

and player j (receiver) takes a$'.

42.3 Reward Function

In this subsection, we explain player j’s reward function on player i, 7" (x;, h;nam 2 0).

42.3.1 With the Noisy Cheap Talk

The reward function is the same as in the Supplemental Material 2 except that x replaced

with z(j) and that if 6;(c) = B happens, then player j uses

i (g e 1) = N 7 (age, ).

teT(l)

for all the review rounds.
42.3.2 Without the Noisy Cheap Talk
Without cheap talk, 7" (z;, h**™ : §) is defined by

main main , maln main .
(g, g E T (t, aje, Yit) —i—E T (g, B 1 0),

=1 teT(l)

where 7" (z;, K" 1 : 6) is the reward for each round r. Note that we add (23) only for
the review rounds. For the other rounds where the players communicate, the reward for

round 7, 7T (z;, h?lai“, r:0), directly takes discounting into accounting.
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For round r corresponding to a review round, the reward function is the same as in the
case with the noisy cheap talk except that, if 6;(¢ —,, j) = B happens in some previous

round where player ¢ sends a message m to player j, then player j uses

AP (g, B ) =y (g Yie)
teT(r)
to make player 7 indifferent between any action profile sequence.
For round r where the players communicate, player j makes player ¢ indifferent between

any action profile sequence by

R (25, hP ) = Z 8 (e, Yin)- (140)

teT(r)

Note that we take discounting into account.®”

43 Almost Optimality of o;(x;)

We first consider player ¢’s incentive to receive a message m. When player i receives the
message, Lemma 30 implies that a¢ gives player i the inference f[i](m) satisfying f[i](m) = m
or g[j](m) = E with 1 — exp(—O(T2)). In addition, the probability of g[j](m) being E is
almost independent of player i’s strategy. Since (140) cancels out the difference in the
instantaneous utilities, it is almost optimal to take af.

Second, we verify player i’s incentive to receive a message. Consider the rounds for
(x;,1) or (x;,2). With the noisy cheap talk, we are done with Lemma 29. Suppose that we
replace the noisy cheap talk with messages via actions. Remember that if player ¢ deviates

in these rounds, then player ¢ uses the signal from player j’s message in the round for (z;, 3).

87In the review rounds, there is a positive probability that the opponent uses the reward that is linear in
X;(1), which does not take discounting into account. Therefore, to make each round symmetric, we add Wf
to cancel out discounting. See footnote 60 for the explanation of why this is important.

On the other hand, in the rounds where the players communicate, it is common knowledge that the
opponent uses the reward that takes discounting into account. Hence, we do not need to add wf.
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Therefore, from Lemmas 29 and 30, “z(:) = x(j),” “0;( —4, j) = B for the round (z;,1)
or (z;,2)” or “6;(c) = B” with probability 1 — exp(—O(T'2)) and the coordination on the
same inference of x; is achieved with high probability, regardless of player i’s strategy in the
rounds for (x;,1) or (z;,2). In addition, the distribution of 0;(i —,, j) = B and §,(c) = B
is almost independent of player i’s strategy from Lemmas 29 and 30. Since x; controls only
player j’s payoff, this implies that player i is almost indifferent between any strategies in the
rounds for (z;,1) or (x;,2).

For the other rounds where player ¢ sends the message, whenever player i’s message
affects player j’s strategy (action or reward), (i —,, j) = B or 0;(c) = B has happened
before and player i is indifferent between any actions.

Therefore, when player ¢ sends a message, player i is almost indifferent between any
strategy.

For review rounds, from Lemmas 29 and 30, given z(j), for any ¢ in the main blocks and
any h, player i puts a conditional belief no less than 1 — exp(—O(T%)) on the event that
z(j) = z(3), 0;(i —,, j) = B or §;(c) = B. Therefore, the same proof for Proposition 2
works except that now player j makes player ¢ indifferent between any action profile sequence

with higher probability:

1. 6(c) = B with probability

2n + 2n + 7 + 2n + ]

~— ~— ~— N7 ~—
zj(z;) 7, zj(x5) 72, 1-(b) zj(zi(h) A2 () 2
in the round  in the round  is the case in the round is the case
for (x;,1) for (x;,2) for z;(j) for (z,3) for z;(j)
< 8n.

[NIES

))-

plus negligible probability exp(—O(T

2. For each supplemental rounds where player j sends a message m,



NI

plus negligible probability exp(—O(T

))-

Therefore, instead of (87), we re-take n sufficiently small such that®®

L-1 (), v} + uf L - o
max ( ) max fwi(2) vl}_l_uZ(x)+77+—+2€L+(8+6L)77 u — minw; (a)
T:x;=B L L i,a
_ : L . _
< v, <Y < _m_lllei(x) —7 - 2¢eL — (84 6L)n (u + max w; (a)) : (141)

Finally, since the review round has 7' period while the other round has at most T3
periods, the payoffs from the rounds other than the review rounds are negligible. Therefore,

Proposition 2 holds.

44 Report Block

We are left to construct the report block. First, we explain the report block with the perfect
cheap talk and public randomization. Although this is the same setup as in the main text,
since we replace the cheap talk in the coordination block and supplemental rounds with
messages via actions, we need to change the structure accordingly.

Second, we construct the report block with the perfect cheap talk but without public
randomization device.

Third, we replace the perfect cheap talk with conditionally independent noisy cheap talk.

Finally, we replace the conditionally independent noisy cheap talk with messages via
actions.

Whenever the players play the stage game, we cancel out the difference in the instanta-

neous utilities and discounting by adding
8 (g, ).

Since the report block lasts for O(T%) periods, this does not affect the equilibrium payoff.

88 Precisely speaking, ¢ is re-taken after 7 is re-taken so that Lemma 11 is satisfied.
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44.1 Report Block with the Perfect Cheap Talk and Public Ran-

domization

We formally construct wgep"“ assuming that the players send messages via actions in the
coordination block and supplemental rounds, keeping the perfect cheap talk and public
randomization in the report block.

Remember that r is a serial number of the rounds. Let A;(r) be the set of information

up to and including round r consisting of

e What state x; player j is in, and

e For each /th review round, what action plan «;(l) player j took in the /th review round

if round 7 is the [th review round or after.

Remember that, for each round r, for any period ¢ in round r and any history hf, condi-
tional on A;(r), o;(x;) is almost optimal.

report
A

The reward w is the same as in the case with the cheap talk in the coordination

block and supplemental rounds except for the following differences:

Subrounds As we divide a review round into review subrounds whose length is T’ i periods,
we divide each round into subrounds whose length is T+ periods.

Since the rounds for (z1,2) and (x4, 2) have T3 periods, there are T34 subrounds. Since
the other rounds for communication have 7'z periods, there are T subrounds.

The coordination on k(r) is analogously modified.

Truthtelling Incentive Since the players communicate via actions, we use (51) to give
the incentive for player i to tell the truth instead of (52) and (53). Note that player j’s
action plan is independent of the signal observation in period ¢;(r) and that player i cannot

learn it from the history in the coordination and main blocks.
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The Rounds where Player i Sends the Message Note that player ¢ takes a mixed
strategy in the round where player ¢ sends the message. Moreover, the history in this round
affects the belief about the best responses at the beginning of the next round.

Therefore, as we incentivize player i to take a mixed strategy for minimaxing player j,
we cancel out the difference of the values coming from learning at the beginning of the next
round by (95). Then, we cancel out the difference in the payoffs in the current round by
(96).

Since player 7 is almost indifferent between any strategies (see Section 43), the effect of

this adjustment is sufficiently small.

44.2 Report Block withOUT the Public Randomization

In this subsection, we keep the availability of the perfect cheap talk and dispense with the
public randomization device. We use the public randomization device to coordinate on the
following two: First, who reports the history in the report block. Second, for each round
7, the picked player sends the message about (a;;,v;+) for ¢ included in T (r, k(r)) for some
k(r) determined by the public randomization. We explain how to dispense with the public

randomization for each of them.

44.2.1 Coordination on Who will Report the History

Remember that the problem is that we want to require that (i) for each i, there is a positive
probability that 7;*°"* adjusts the reward function and that (i) each player should not learn
about the opponent’s history from the opponent’s messages in the report block.

Instead of using the public randomization device, we use actions and private signals to

coordinate as follows:

1. First, the players take the action profile a®. Then, each player i observes y; € Y;.

2. Player 2 sends the message whether player 2 observed 15 € Yfl or s € Yf2 in Step 1.

See Assumption 11 to review the notation. Player 1 adjusts player 1’s reward function
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on player 2 if and only if player 2 says that player 2 observed ys € Y221

3. Player 2 sends the messages first. Player 2 has the following two cases:

(a) If player 2 observed y, € Y22,17 then player 2 sends the messages about her history
h3ain truthfully.

(b) If player 2 observed g, € Y5, then player 2 sends a meaningless message {(}}.
4. Player 1 sends the messages about her history A" truthfully.

In Step 4, player 2 adjusts player 2’s reward function on player 1 if and only if player 2
observed 1y, € Y222 Therefore, the probability that player j’s reward on player ¢ is adjusted

is now Pr(ys € Y2, | a®) for i = 1 and Pr(y, € Y2, | a®) for i = 2. The term representing

1
Pr(player i is picked by the public randomization device)

report
%

inm of Section 15.7 is analogously modified to

Pr(y, € Y3, |a%) fori=1,

Pr(y, € Y3y |a%) fori=2.

Consider player 1’s incentives. By Assumptions 3 and 11, there is a positive probability
that y, € Y222 and player 2’s reward on player 1 is adjusted. In addition, when player 1 sends
the message in Step 4, player 1 conditions that player 2’s message in Step 3 does not reveal
hi?in " as desired.

Therefore, we need to verify the incentives that the players take a® in Step 1 and player

2 tells the truth in Step 2 and 3. To establish the incentives, we add the following rewards:

e In Step 1, to incentivize the players to take a®, each player j gives a reward on a%:

—1,3,a%
Ty, (142)
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e In Step 2, to incentivize player 2 to tell the truth, player 1 punishes player 2 by —7—2
if player 2 sends the message y, € Y3, while player 1 observed y; € Y%, and by —I%T*Z

if player 2 sends the message y, € Y5, while player 1 observed y; € Y7,.

e In Step 3,

— If player 2 sent the message y, € YQ%1 in Step 2, then player 1’s reward on player 2
is the same as 75" so that player 2 sends the messages about her history hp*»
truthfully.

report

— If player 2 sent the message y, € Y2272 in Step 2, then player 1 changes SO
that player 1 gives a small reward on {0}:

ﬂ_geport(xl’ h'{P-i-l . 6) — T_31 {player 2 sends {@}} - T_3'

Then, we can show the incentive compatibility of the above strategy.

e In Step 1, since all the rewards affected by player i’s action except for (142) are bounded
by O(T~?), it is strictly optimal to take a®.

e In Step 2, since all the rewards affected by player i’s current and future actions are

bounded by O(T3),% if

LT24+0(T7®)
=LT-2—0 (T

Pr({yl S }/12,1} | a’GayQ) > ) — D2,

then it is optimal to send y, € Y3, and if

LT=2—0(T3)
1 70— _
LLT>+0(T)

Pr({yl S }/12,1} | a’Gva) < — D2,

then it is optimal to send y, € Y22,2, as desired.

89For the punishment in Step 5 in the coordination on k(r) below, there is a punishment of order 72,
However, as we will see, by backward induction, this punishment is not affected by Step 2 here.
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e In Step 3, since player 2 believes that the message in Step 2 was transmitted correctly,

it is optimal to tell the truth by the same reason as in Section 15.7.

Remember that player 1 rewards player 2 in Step 3 based on player 2’s message about
Y2, not depending on player 1’s signal y;. Therefore, after sending the message about y, in

Step 2, it is optimal for player 2 to follow the equilibrium strategy.

44.2.2 Coordination on k(r)

For each player ¢, while player ¢ sends the messages about h*™  for each round r, the players
coordinate on k(r) € {1,..., K} with K < T’.

By abuse of language, in our equilibrium,

e in Step 3 in Section 44.2.1, even if player 2 sends {0}, the players play the following

game for each round and player 1 punishes player 2.

e in Step 4 in Section 44.2.1, even if player 2 sent h*" the players play the following

game for each round and player 2 punishes player 1.

The players take a® for log, K periods. We create a mapping between a sequence of
{1,2}, i € {1,2}22% and k(r) such that each ¢ uniquely identifies k(r) and that, for each
k(r), there is at least one ¢ that is mapped into k(r).

For each n € {1,...,log, K}, the players coordinate on one element of {1,2} as in Steps
1, 2 and 3 in Section 44.2.1. That is,

1. The players take a® for log, K times.

2. For each n € {1,...,log, K}, if player j observes y; € Y}, then player j infers that the
nth element of 2 is 1. Otherwise, that is, if player j observes y; € Y}fQ, then player j
infers that the nth element of % is 2. By doing so, player j infers i. Let 4(j) be player
j’s inference. Let k(r, j) be player j’s inference of k(r) that corresponds to i (j).
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3. On the other hand, for each n € {1,...,log, K}, player i infers i (i) and k(r,7) using
the partitions Y}, and Y}, instead of Y}, and Y/,.

4. Player i sends the sequence of binary messages i (i) € {1,2}'°82 %

5. For each n € {1,...,log, K}, player j punishes player i if player i’s message 1, (i) is
different from 4, (j). Here, 4, (1) and 4, (2) are the nth element of i (1) and %(2),

respectively.

Specifically, player j punishes player ¢ by —7~2 if player ¢ sends the message 4, (i) = 1
while player j observed %, (j) = 2 and by —I%T_2 if player ¢ sends the message 4, (i) = 2
while player j observed i, (j) = 1.

Note that this is the same as in Step 2 in Section 44.2.1.

6. From the message % (i), player j knows k(r, ). Player j calculates the punishment (55)
based on k(r, 7).

By backward induction, we can show that it is always optimal to follow the equilibrium
strategy: Consider the message for the last element of the sequence, ik (i), for the last
round. Since the punishment from the previous messages about % (i) is sunk and the reward
or punishment affected by player i’s continuation strategy except for the punishment coming

from ix (i) # ix (j) is O(T73), if

LT2+0 (T3

7 G

- pi:
)

then it is optimal to send y; € Y}, and if

LT2—0 (T
1 77— _
LLT2+0(T3)

Pr({y; € Yj1} [ a%y) <

— Di,

then it is optimal to send y; € Y}’5, as desired.

For the second 45 1 (i), since the expected punishment from the last message ik (i) is
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fixed by the equilibrium strategy, the same argument holds. Recursively, we can show the
optimality of the equilibrium strategy.

As mentioned in footnote 89, when the players coordinate on who will report the history
in Step 2 of Section 44.2.1, we can assume that the expected punishment from 4, (i) # %, (j)
is fixed.

Although player j punishes player i for mis-coordination in Step 5, when player j calcu-
lates (55), player j uses player i’s inference of k(r), k(r,i). Hence, once player i sends the
messages about (i), player i has the incentive to tell the truth about h™™ based on her

own inference k(r, 7).

Expected Punishment As we have mentioned, when the players coordinate on whether
player 2 should send the message about h3*™ player 1 rewards player 2 in Step 3 based on
player 2’s message about y». In addition, when the players coordinate on k(r), player j uses

k(r,i) to calculate (55) and the term T’ in (55) is replaced by

1
Pr(k(r,4) is realized in the coordination explained in Section 44.2.2)

Therefore, given the truthtelling incentive for yo and k(r, i), the expected punishment
from the coordination is independent of the players’ history in (hrlnai“, hglain). Hence, this
coordination in the report block does not affect any incentive in the coordination and main

blocks.

44.3 Report Block with Conditionally Independent Cheap Talk

In this subsection, we replace the perfect cheap talk with conditionally independent noisy
cheap talk. That is, each player has the conditionally independent noisy cheap talk commu-
nication device to send a binary message m € {G, B}. When player i sends the message m,
the receiver (player j) observes the correct message m with high probability 1 — exp(—T%)
while player j observes the erroneous message {G, B} \ {m} with low probability exp(—T'3).
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Player ¢ (sender) does not obtain any information about what message player j receives

(conditional on m). Hence, the communication is conditionally independent.

When player j (receiver) constructs m;*°", player j needs to take care of the possibility
that player j receives an erroneous message.
Note that the number of binary messages sent in the report block is O(T i). Therefore,

all the messages transmit correctly with probability at least
1-— O(Ti) eXp(—T%).

In addition, the cardinality of the information sent by all the messages is exp(O(T'%)).
Let M, be the set of information possibly sent by player i in the report block with |M;| =
exp(O(T1)). Let P; be the | M;| x | M;| matrix whose (k, k') element represents

p player j receives the message corresponding to the element &' of M;
r

| player ¢ sends the message corresponding to the element k of M;

Since |M;| = exp(O(T'1)) and all the messages transmit correctly with probability no less
than 1 — O(T'3) exp(—T'3),

(1 — O(T%) exp(—T%)
as T goes to infinity and so

lim P! = lim P! = E (identity matrix).

6—1 T—oo °

Let
7rzr»6p°rt(xj, h;‘rpﬂ, k:0)

be the reward function that player j with h]TP 1 would construct after the history corre-
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sponding to the element k via perfect cheap talk, that is, if P; were E.%° In addition, let
TP (25, hJTP“ : §) be the vector stacking all ;" (x;, hJTPH, k : 6)’s with respect to k.

If we player j uses

—1__report Tp+1
Pi ; ('Tjﬂ h‘j . 6)7

then player i’s incentive is the same as in the situation that the messages would always
transmit correctly (as if P; were F). Since the truthtelling incentive is strict, multiplying
i

P to wi (zy, hi" ! ¢ 6) does not affect the incentives in the report block if P! is

sufficiently close to E.

44.4 Report Block withOUT the Conditionally Independent Cheap
Talk

Finally, we dispense with the conditionally independent cheap talk.

Consider Step 2 of Section 44.2.1. If player 2 wants to send ys € Yfl, then player 2 takes
a$ for Ts periods. On the other hand, if player 2 wants to send ys € Y22’2, then player 2
takes a for T's periods.

Player 1 takes a; for T3 periods. After calculating ¢, (a1, y1.), player 1 constructs @ ;

from ¢, (a1, 1) as she constructs Wy ; from 17 (y1+). Lemma 39 implies that

_ g if agy = af,
Pr({®1; =1} | @14, 024, Y1) = . 2G (143)
¢ if agy # a3
for all ¢ and yq .

Player 1 infers that player 2’s message is G if

Zt Q1 @t+aq
I >
T3 2

(144)

and B otherwise. Here, the summation is taken over T’ 5 periods where player 2 sends the

9Here, we use thP 1 instead of h;.“ai“ since player j needs to use the signal observations while the players
coordinate on who will report the history and k(r).
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message.

Next, consider Step 3 of Section 44.2.1. If 3-(a) is the case, then player 2 would send
binary messages about h3#" with the conditionally independent noisy cheap talk. Since all
the messages are binary, we can see player 2 sending a binary message m € {G, B}. Without
the conditionally independent cheap talk, for each message m, the players spend T’ 5 periods.
Player 2 takes a}' and player 1 takes a;. Player 1 infers player 2’s message by (144).

On the other hand, if 3-(b) of Section 44.2.1 is the case, then the players spend the same
number of periods as in 3-(a). For periods where player 2 would send the message about
hi®in in 3-(a), player 2 takes a$’. On the other hand, for periods where player 2 sends the
message about k(r), player 2 sends the same message as in 3-(a). Player 1 always takes ;.
Player 1’s reward on player 2 is determined as follows: While player 2 sends the message

m corresponding to Step 2 of Section 44.2.1, player 1 gives the following reward: Let t(m)
be the first period when player 2 sends m.

1. At t(m), both a$ and a2 are indifferent and are better than the other actions (if any).

The reward is given by

a$,a1 t(m aZ.,a1 4(m
‘1’1,2t(rrijt( '+ ‘1’1,1(7;) ™ — (g2 +aq)- (145)

By algebra, we can verify that

(a) The expected payoff of taking a$ or a¥ in period t(m) is 0.

(b) The expected payoff of taking another action is —O(1).

2. After that, the constant action is optimal:

1
t(m)+ZT3 -1 . + Till_; 1 (1 . ql) 1{¢17t(m) _ ].}\I[(ll?Gt’aLt
2 (lB ai.t
t=t(m)+1 q2 (1 - Q1) ((h - QQ) +(121{(I)1,t(m) _ 0}\1117? 1,

(146)

91Note that player 1 takes the same action between in 3-(a) and 3-(b). Therefore, player 1 does not need
to know which is the case.
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Here, c is a constant such that the expected payoff of taking a$ after as ) = a¥ is

equal to 0.

From (143) and (146), we can verify that

(a) The expected payoff of taking a3* in period t after taking a3 in period t(m) is 0.

(b) The expected payoff of taking another action in period ¢ after taking a3® in period
t(m) is —O(T71).

Next, let us consider the reward for the messages corresponding to Step 3 of Section
44.2.1.

If player 1 infers that player 2’s message corresponding to Step 2 says that player 2
observed y, € Yfl, then for each message m in Step 3 of Section 44.2.1, player 1 gives the
same reward as (145) and (146).

If player 1 infers that player 2’s message in Step 2 says that player 2 observed ¥y, € }/2%2,

then for periods where player 2 is supposed to take a$, player 1 gives

a?,al,t
> (v - ) (147)

so that player 2 takes aS. Note that the expected payoff from (147) by taking a$ is zero.

For periods where player 2 sends the message about k(r), player 1 gives the same reward
as (145) and (146).

By backward induction, we can show the following: Suppose that player 2 constantly took
a$ in Step 2 of Section 44.2.1. Then, with probability no less than 1 — exp(—O(T%)), player
1 uses the reward (145) and (146).°2 Consider the last message m. All the rewards from
(145) and (146) determined by the previous messages are sunk. In addition, the punishment
and reward in the report block g, and f; defined in Section 15.7 are bounded by O(T3).

Hence, the difference between 1-(a) and 1-(b) is sufficiently large that, in period t(m), player

92More precisely, given the truthtelling incentive, since player j takes into the account that P; is not an
identity matrix as seen in Section 44.3, player i believes that the messages transmit correctly with probability
one.
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2 takes either a$ or af. In addition, the difference between 2-(a) and 2-(b) is sufficiently
large that after taking a$ or a? in period t(m), player 2 should take the constant action.

Since this equilibrium strategy makes the expected payoff from the last message, (145)
and (146) equal to 0, the same argument holds until the first message.

Symmetrically, if player 2 constantly took aZ in Step 2 of Section 44.2.1, then it is optimal
for player 2 in Step 3 to take a$ when player 2 is supposed to take a$ and to take a$ or a?
constantly for periods where player 2 should send a message for k(r).

Finally, when player 2 sends the message about g5 in Step 2 of Section 44.2.1, it is strictly
optimal to take a constant action since (i) there is a strict incentive for the constant action
and (ii) it gives player 2 the better idea about whether player 2 should tell the truth about
the history or take a§ constantly to maximize (147).

Therefore, (i) this replacement of the conditionally independent cheap talk with messages
via actions does not affect the payoff and since player 2 repeats the message for Ts periods,
(ii) player 1 infers the correct message m with high probability 1 — exp(—O(T'3)), (iii)
player 2’s private signal cannot update player 2’s belief about player 1’s inference of player

2’s message (conditional independence) by (143), and (iv) since the number of necessary

messages is O(T %), the number of necessary periods for player 2 to send all the messages is

N

O(Ts+1) < O(T),

as desired.

For player 1, since we cannot assume that |A;| |Y;| < |As||Ya|, we cannot generically find
a function ¢,(as,y2) with the conditional independence property symmetric to ¢,(aq,y;).
Therefore, after Step 4 in Section 44.2.1, we add an additional round where player 1 sends
the messages about player 1’s histories in Step 4. Based on the information that player 2
obtains in this additional round, player 2 creates a statistics to infer player 1’s messages in
Step 4, so that while player 1 sends the messages about h"*™ in Step 4 (before observing the
history in the additional round), player 1 cannot update player 2’s inference of the messages

from player 1’s signal observations.
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44.4.1 Recovery of Conditional Independence

In Step 4 of Section 44.2.1, without cheap talk, player 1 takes a; € {a{,a?} to send the
message. To send each message m, player 1 repeats af* for T' 5 periods. Player 2 takes af'.
As for player 2, this takes O(T'571) periods.

After this step is over, we have the following round named the “round for conditional
independence.” The intuitive structure is as follows. For each period ¢ in Step 4, player 1
reports the history in period t to player 2 in the round for conditional independence. Player
2 infers player 1’s messages in Step 4 combining player 2’s signals in Step 4 and player 1’s
reports about player 1’s history.

Player 2 gives the following rewards to player 1: (i) The adjustment of player 1’s reward
so that oq(z1) is exactly optimal; (ii) A reward that makes an optimal strategy in the round
for conditional independence given player 1’s history in Step 4 unique; (iii) We make sure
that (i) is much smaller than (ii), so that player 1’s history in Step 4 and the strictness of
player i’s incentive in the round for conditional independence completely determines player
1’s strategy in the round for conditional independence, independently of AP, (iv) Given
player 1’s continuation strategy in the round for conditional independence, player 2 in Step
4 changes player 1’s continuation payoff so that ex ante (before player 1 takes an action
in each period of Step 4), the difference in the expected payoffs from different actions in
Step 4 is canceled out, taking (ii) into account. (iv) implies that the round for conditional
independence does not affect player 1’s payoff in Step 4.

Finally, since player 2 obtains rich information about player 1’s history in Step 4 from
the round for conditional independence, player 2 infers player 1’s messages in Step 4 so that
player 1 cannot update the belief about player 2’s inference of player 1’s message during Step
4. (ii) implies that the incentives in the round for conditional independence is not affected
by this.

Now, we define the round fo conditional independence formally. For each period ¢ in Step
4, we attach Slog,|A;]||Y1| periods in the round for conditional independence. S is a fixed

number to be determined. Hence, this new round also takes O(T%Jri) periods.
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In these Slog,|A;||Y1| periods, player 1 sends the message about the history in each
period ¢ in Step 4, (a1, Y1), as follows:

. logy|A1||Y3
e We create a mapping between a sequence of {af,a?}, ai(a1,y1) € {af,a?} g2l 1l

)

and (a1,y1) € |A1] x |Y1], such that each a;(ay, y;) uniquely identifies (ay, ;) and that,

for each (a1,y1), there is at least one a;(as,y;) that is mapped into (a1, y1).
e Player 1’s strategy is to be determined.
e Player 2 always takes a$.

o Slog,|A1||Y1| periods are separated into log, |A;||Y1] sets of S periods. In each S

periods, player 2 infers that player 1 sends the message af if

G
> Vs, L Bta

< . (148)

and a? otherwise. From these inferences and the correspondence a;(ay, %), player 2

infers player 1’s message (a1, U1¢)-

Let
SR 2 Slogy|A
- ’ 1, —E [11/% ‘ (12G7a1,t>y1,t:| ‘ — f(h2l 2| 1HYI|), (149)
be player 2’s reward on player 1. Here, hgbgﬂAl”Yﬂ is player 2’s history in the Slog, | A1 |Y1]

periods where player 1 sends (d;4,91¢) and f will be determined in the following lemma:

Lemma 31 There exists e; such that, for each S € N and € > 0, there generically exist f

and ey > 0 such that, suppose that the players play the following game:

1. Nature chooses ay+ (t is introduced to make the notations consistent) and (y1¢,Yaz) is

distributed according to q(y; | a4, agt). Player 1 can observe only (ay+,y1+)-

2. The players play an (S log, |A1] |Y1])-period finitely repeated game where, in each period
s € {1,...,Slog, |A1| |Y1|}, player 1 chooses a1, € Ay, the signal profile (yi.s,Yas) is
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generated by q(ys | al,s,ags), player 1 can observe only (a1s,v15), and there is no

instantaneous utility.
3. Player 2 infers (a1+,71+) as explained above.
4. Player 1’s utility is given by (149).
Then,

(a) The message transmits correctly with probability at least 1 — & — eq exp(—O(S?)), and

(b) For any two pure strategies o1 and 61, if there exists hy where o1 | hy # &1 | hy on
the path after hq, then the continuation payoff from hy is different by at least es. Here,
with abuse of notation, o1 and hy are player 1’s strateqy and history in the game just

defined. Let o5 be the (unique) optimal strategy.

Note that es > 0 here corresponds to (ii) in the intuitive explanation above.

Proof. There exists F such that
IR 2 =
H]'y2,t —E [1yz,t | a2G,t7 al,hyl,t] H <k
for all yo4, agt, a1+ and ¢ . In addition, define

. G A ~ 2
. MIN (69 4,91 4)#(a1,6,91,¢) E |:H 1y2,t —E [1y2,t | Qg 15 A1, yl,t} H | a1t yl,t]
e = min

(a1,t,91,¢) —E |:H]_y2,t —E [1y2,t | agt, al,tayl,t} H2 | at, yl,t]

By Assumption 5, e > 0. Note that £ and e are independent of S and f.

Fix S and € > 0 arbitrarily. Lemma 3 implies that we can find and fix f and es > 0
such that (b) is satisfied and that f(h§l°g2|A1HYl|) € [—%, 5] for all h‘;bgﬂAlHYﬂ. Specifically,
first, without loss of generality, we can make sure that player 1 has only two strategies since
otherwise, Lemma 3 enables player 2 to give a very high punishment if player 1 takes an

action other than a{ or af. Second, consider the last period of the game. If there is a
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history where a{' and af are indifferent, Lemma 3 guarantees that player 2 can break the
ties by adding a small reward for a{ uniformly for all the histories. Making this adjustment
sufficiently small in order not to affect the strict incentives in the other histories, we establish
the strictness in the last period. Third, we can proceed by backward induction. Whenever
player 2 breaks a tie for some period, it does not affect the strict incentives in the later
periods since the reward in a certain period will be sunk in the later periods.

Let 51 be such that player 1 constantly takes a{ or a? for each S periods that correspond

to the proper counterpart of a;(a1+, y1+). In addition, define

R*(al,tayl,t) = -k |:||1y2,t - E [1y2,t | agtaal,t;yl,t} H2 | al,tyyl,t] )
R(al,t;yl,t) = —  min E [Hlyz,t —E [1y2,t | agt:&l,t,@l,t] H2 ’ al,tayl,t} )
(@1,¢,91,t)#(a1,t,y1,¢)

G A N 2
R = — max = max E [Hlyu - E [lyw | (lg’tyal,byl,t] H | al,tayl,t} :
(a1,6,91,¢) (@1,¢,91,6)7(@1,6,y1,¢)

Note that for all (ay s, y14),

R*(al,t7 yl,t) - R

IN

92,

R*(a1t,114) — R(are,y1e) > e

N

For (a), since the message transmits with ex ante probability 1 — exp(—O(S?2)) with 77,

the optimal strategy o7 should guarantee

(L= Pr (a1, 910) # (ar,6,Y1,6))) B (@, yre) + Pr((ane, 91) # (@1, Y10)) R(az, y1,4)
—E [f (h§10g2|A1HYI|> | o1 | (aLt,th)]
> (1= exp(=0(84))) R* (a1, 1) + exp(~O(SH)R =B £ (55 M) 151 | (a1, 1)
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or

Pr ((dl,m@l,t) # (al,ta yl,t))
R*(al,t7 Z/l,t) -R

< L= exp(—O(S:z
= R(a1s, 1) — Rlais, v1e) p(-0(52))
E |:f (hglogz\Alﬂyﬂ) ’ A ‘ (al,t>y1,t):| _E [f <h§10g2|A1||Y1\> ‘ O-I ’ (al,tayl,t>]
_I_ —
R*(a14,y14) — R(a1e, Y1)
< 2F

— exp(—0(S?)) +¢.

Take

2K
eg=—>0,
€

which is independent of S and f, then we are done. m

Given that, for each period ¢ in Step 4 of Section 44.2.1, player 1 will take o7 | (a1, y1,¢)
in the round for conditional independence and that player 2’s reward on player 1 in the
round for conditional independence is (149), the expected payoff from Nature’s choice a;; is

determined. By Lemma 3, there exists g(a;) such that
_ ag,al
> g(a) ¥4 (150)

cancels out the difference from (149). Player 2 adds (151) to player 2’s reward on player 1
in the report block. Then, seeing a;, as player 1’s action in Step 4 of Section 44.2.1, any
action gives ex ante payoff 0. Note that this corresponds to (iv) in the intuitive explanation
above.

Then, based on the report o] in the round for conditional independence, player 2 can
construct the statistics that indicates player 1’s action with the conditional independence

property from the perspective of Step 4 of Section 44.2.1.

Lemma 32 There exist S € N, € > 0 and ¢, : 41,91, y2 — (0,1) such that, for all (a1, v14),
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if player 1 reports (ay+,y1+) by o7, then for all yy ¢,

E [¢y(an, G1.t, Y2rt) | agt,al,t,yl,t,a’{ | are, y1e] = @ i a = aiy,
q if ary # a’?:t'
Proof. Since, from Condition (a) of Lemma 31, (414, 91,) transmits with probability no
less than 1 — & — e; exp(—O(S?)), for sufficiently large S and small ¢, player 2 has enough
information. Note that e; does not depend on S. m
Now, we are ready to construct Step 4 of Section 44.2.1. Fix S € N and ¢ > 0 such that
Lemma 32 holds. Then, fix f and e; such that Lemma 31 holds for those S and €. Finally,
take ¢ such that eg > T! = (1 — (5)%. This implies that (iii) in the intuitive explanation is
satisfied.

Step 4 of Section 44.2.1 For each Ts periods when player 1 is supposed to take a

constant action, player 2 infers that player 1’s action is a’ if

Zt Dy S Q + Q1
T3 2

and af otherwise. Then, from Lemma 32, if player 1 uses o} | ai4, 1+ in the round for
conditional independence, then ®,, has the same property as ®;; from Lemma 32.

If player 2 sent the message y» € Y, (y2 € Y3, respectively) in Step 2 of Section 44.2.1,
then player 2’s reward on player 1 in the Step 4 is symmetrically defined as player 1’s reward
on player 2 in Step 3 after inferring that player 2’s message in Step 2 says that player 2
observed y; € Y3 (y2 € Yy, respectively). On the top of that, player 2 gives the reward

_ ag’,al
> g (ar) W3 (151)

to cancel out the effect of the round for conditional independence. Note that player 2 does

not need to know the true action a;; to calculate (151).
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Round for Conditional Independence For Slog, |A;||Y;| periods that correspond to
period ¢ in Step 4 of Section 44.2.1, player 1 plays o} | a1+, v1+ and player 2 plays a§. The
reward is given by (149).

Optimality of Player 1’s Strategy Note that all the rewards in Step 4 of Section 44.2.1
affected by the messages in the round for conditional independence is bounded by 7. Since
we take T such that e; > T~ !, from Condition 2 of Lemma 31, regardless of the history in
Step 4, the optimal strategy in the round for conditional independence is o} (note that (151)
is sunk in the round for conditional independence).

Then, (151) together with the expected reward in the round for conditional independence
makes player 1 indifferent between all the actions in terms of the expected reward in the
round for conditional independence and yield 0 regardless of the history.

Therefore, the same argument as in Step 3 of Section 44.2.1 for player 2 establishes the

result since, given that player 1 takes o7, the conditional independence property holds.
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SUPPLEMENTAL MATERIAL 5:

PROOF OF THEOREM 1 for a General N-Player Game withOUT CHEAP
TALK

In this Supplemental Material, we prove the dispensability of cheap talk and public
randomization in the proof of Theorem 1 for a general N-player game with N > 3 (see the
Supplemental Material 3 for the proof with cheap talk and public randomization). Remember
that in the Supplemental Material 3, the coordination block uses the perfect cheap talk, the
supplemental rounds use the noisy cheap talk, the report block uses the public randomization
and perfect cheap talk, and the re-report block uses the perfect cheap talk.

First, in Section 46, we replace the perfect cheap talk in the coordination block with the
noisy cheap talk. As seen in Section 4.7.2, with more than two players, we need to make
sure that while the players exchange messages and infer the other players’ messages from
private signals in order to coordinate on x;, there is no player who can induce a situation
where some players infer x; is G while the others infer x; is B in order to increase her own
equilibrium payoff. For this purpose, we need to use the communication through actions and
to make new assumptions. In Section 45.1, we introduce these new assumptions and explain
why they are necessary.

Second, in Section 48, we dispense with the noisy cheap talk in the coordination block
(given the first step above) and supplemental rounds. See Section 45.2 for what assumption
is necessary for this step.

Third, in Section 51, we dispense with the public randomization and the perfect cheap
talk in the report and re-report blocks. See 45.3 for new assumptions for this step.

In this Supplemental Material, when we say player ¢ ¢ {1,..., N}, without otherwise

specified, it means player ¢ (mod N). In addition, without loss of generality, assume that

[Au| [Ya = -+ > [An] Vi ] (152)
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45 Notations and Assumptions

45.1 Assumptions for Dispensing with the Perfect Cheap Talk in

Coordination Block

We explain how to replace the perfect cheap talk with the noisy cheap talk in the coordination
block. As explained in Section 29, the noisy cheap talk is “private” in that when player j
sends the message to player n via noisy cheap talk, the main signal f [n] (m) is only observed
by player n.

This creates the second problem in Section 4.6.3: If player ¢ sent the message x; to each
of the other players —:¢ via noisy cheap talk separately, then player ¢ could create a situation
where some players infer z; is G while the others infer x; is B by telling a lie. Since the
action that will be taken in the main blocks may not be included in {a(z)}, and we do not
have any bound on player i’s payoff in such a situation, it might be of player i’s interest to
tell a lie.

To prevent this situation, we consider the following message protocol: Let N (i) = {i,i +
1,7+ 2} be the set of players whose index is in {i,7 + 1,7 + 2}. In addition, let

(i) € in |A4;]|Y; 153
w'(i) €arg_min |4 |V (153

be the player whose |A;| |Y;| is smaller among {7,i + 2}. Let

n (1) = {i,0+ 2\ {n" ()} (154)

be the other player. Note that N(i) = {n*(i),i + 1,n**(i)}. The players communicate as

follows:

1. First, player i sends the message about z; to player n*(i).

2. Then, player n*(i) sends the message about x; to players N (i) via actions. This corre-

sponds to “Phase 1”7 of Horner and Olszewski (2006).
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3. After that, each player j in N (i) sends the message about z; to each player n # j via
noisy cheap talk.

4. Finally, each player n infers x; based on the messages from N (7). This corresponds to

“Phase 2” of Horner and Olszewski (2006).

As Horner and Olszewski (2006), to incentive each player j € N(i) to tell the truth in
Step 3, for each j € N (i), if there exists player n € —j such that player n’s inference of player
J’s message changes player n’s inference of x; in Step 4 (that is, if player j is “pivotal”), then
player 7 — 1 makes player j indifferent between any action profile sequence.

Given above, we will show that player n*(i) does not want to deviate in Step 2 in order
to create a situation where player n*(7) herself will be pivotal with high probability in Step
3. Remember that we take n*(i) such that the set of player n*(i)’s action-signal pairs is
smaller than that of player n** (i) in (153). Heuristically, this guarantees that player n*(7)
cannot infer player n**(i)’s inference precisely, which prevents player n*(7) from creating the
situation where player n*(i) is pivotal.

Given player n*(i)’s truthtelling strategy in Step 2, the probability that player i is pivotal
in Step 3 is almost independent of player ¢’s strategy in Step 1. Since x; controls player
(i +1)’s payoff, players ¢ and n*(i) # ¢ + 1 do not have an incentive to manipulate the
communication in Step 1.

Below, we explain which step requires exactly what assumption.

Let us consider Step 1 first. Suppose that player i wants to send the message z; € {G, B}
to player n*(7). If n*(i) = 4, then this is redundant. Otherwise, player i sends z; by taking
a;* for T3 periods. The other players are supposed to take a®;. We want to make sure that
player n*(i) can statistically infer player i’s message regardless of deviations by the other
players — (i,n*(7)).

More generally, for each i € I and n € —i, we want to construct a statistics 1’ (y,) with

which player n can infer player ¢’s binary message regardless of the other players’ deviation.
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That is,

: _ G
¢ ifa; =ay,

E [V}, (yn) | @i, 05,05 ;)] = y B (155)
g1 Ua; =a;

for all j € —(i,n) and a; € A;.

A sufficient condition is as follows: Let Q%(ai,&j,ag(i ) = (q(yn | ai,aj,ag(i j))) be
the vector expression of player n’s signal distribution conditional on a;, a;, a ( i) It sufﬁces
to assume that all the vectors Q’,(a;, a;, af(m)) with j € — (i,n), a; € {a¥,aP} and a; € A;

are linearly independent.

Assumption 13 For anyi € I and n € —i, there exist {a } C A; and a®, € A_; such

1 Z

b } and a; € A; are linearly independent.

that Qi (a;, a;,a% (i) with j € —(i,n), a; € {af,a

For notational convenience, we assume that af that is used for player i to send the
message is the same as af that is player i’s action in % ; when player j € —i sends the
message.

This assumption is generic since Assumption 2 implies that |Y,| > 23", . [A4;[. The

following lemma shows that this assumption is sufficient for the existence of ..

Lemma 33 If Assumption 13 holds, then for each i € I andn € —i, there exist go > ¢, and
YL Y, — (0,1) satisfying (155).

Proof. The same as Lemma 3. =

See (168) for how player n*(i) infers z; using ¥’ (y,).

After player n*(i) infers x;, player n*(i) sends the message about her inference of z; to
players N(i) = {n*(i),i + 1,n**(:)}. To distinguish player n*(i)’s inference of z; from the
true state x;, let w; € {G, B} denote player n*(i)’s inference of ;.

While player n*(i) sends w;, player n*(i) takes a, !, player i + 1 takes aj,; € A (4A;41),
player n**(i) takes Qi) € A (An**(i)), and each player j ¢ N (i) takes af for T periods.
That is, in equilibrium, the players take

. _ w; * * G
a(i,w;) = (an*(i),az‘ﬂﬂn**(ip {aj }j¢N(i))
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for Tz periods.
Take n € N(i) \ n*(i¢). Suppose that player j = N(i) \ {n*(i),n} unilaterally deviates

and takes a; € A;. Then, the distribution of player n’s action-signal pairs is

an(aj, a—;(i,w;)) = (¢ (an, Yn | aj, (4, wi)))aneAn,yneYn .
Consider the following linear equations: For any a; € A;,

in(1)an(aj, a;(i,w;)) = (156)

Here, 4, (i) is a 1 x |A,| |Y,| vector. Intuitively, if player n uses 4,(i)1,, .y, , after the history
(@nt; Yny) to infer w;, then player j cannot manipulate player n’s inference.
Solve (156) for 4, (7). Suppose that there are L, () linearly independent solutions. Then,

let
L, (i) = (&) )" (157)

be the L, (i) x |A,||Y,| matrix collecting all the linearly independent 4, (¢)’s. Suppose that
player n infers w; is equal to w; € {G, B} if the realized frequency x of action-signal pairs
satisfies

I,(i)x 4+ e = q(w;)1

for some ||e|| < e (imagine that € is a small number). Here,

. g it w; =G,
q(wi) =
We will take care of the case where there is no such w; € {G, B} later. Note that (156)
implies that player j = N (i) \ {n*(i),n} cannot manipulate this inference.
In addition, consider the matrix projecting player n*(i)’s history on the conditional ex-

pectation of player m’s history given an action profile by players —n*(i) being equal to
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(i) (1, w;):

Qn,n*(i) (Z) )

(‘AnHYn‘X’An*(i) )

where the element corresponding to (a,, y,) , (an*(i), yn*(i)) is the conditional probability that

Yo i)

player n observes (a,, y,) given (an*(i),yn*(i)) and o) (7, wy):
q( @y Yn| = (5) (15 W5 ), A= (3), Yn= (i) ) -

Since o3 (1, w;) = <a2‘+1, (i) {af}ﬁN(i)) is independent of w;, @y ,+(;) is independent
of Ww;.

Given Qnn+;)(7), the set of player n* (i)’s histories such that player n* (i) believes that
player n infers w; € {G, B} with a non-negligible probability is expressed by

X € RLAH*“) ol ge € R such that
Tone(iyle] (4, 0;) = le|| < e,

In(i)Qn,n*(i)@)X = Q(wi)l te.

So that player n*(i) cannot induce the situation that players n**(i) and i + 1 infer the

different states, we want to make sure that, for sufficiently small ¢,
Loy [€)(0, G) N Ligan0a) €] (4, B) = 0 (158)

and

In**(i),n*(z‘) [8] (i, B) M Ii—i—l,n*(i) [8] (i, G) = 0. (159)

Therefore, we give a sufficient condition for (158) and (159).
In addition, we want to incentives each player ¢’ € I to take a prescribed action by the

reward function 7, " (n*(i) — N(i),as_1,ys_1) such that
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e If player ¢’ is player n*(i), then the ex ante payoff of player i’ is constant for all a; € Ay:

W%i/—l (TL* (1’) - N(Z>a air—1, yi’—l)

* * G 7
U4 (CLZ'/, iy, Oén**(i), afN(i)) +E

’ a/,L'/’ a;k_,’_l, a:;**(z-), &ETYN(Z)
= constant. (160)

A sufficient condition for this is that all the vectors of player (i' — 1)’s signal distribution

given ay, aj, 4, oz;‘;**(i), a% N() are linearly independent with respect to a;. That is,

(‘Jz"—l (yir—1 | aw, iy, 04:1**(@')7 a’CjN(i) )) v

is linearly independent with respect to a; € Ay .

e If player ¢’ is not player n*(i), then the ex ante payoff of player i’ is constant for all

ay € Ay and player n*(i)’s possible messages:

(V7% (ai/, a_jt (Z, G)) + E [W?i/_l (n* (Z) — N(l), i —1, yz"—l) | Qgry Oyt (Z, Gﬂ

= U; (ai/, a,i/(z’, B)) + E [71'%,71(77/*(7;) — N(Z), i —1, yilfl) | Qiry OL_gr (Z, B)}

1:/

= constant. (161)

A sufficient condition for this is that all the vectors of player (i — 1)’s signal distribution

given a;, a_y (i, w;) are linearly independent with respect to a; and w;. That is,

(qir—1(Yyir—1 | @i, oy (i, wi)))yi,_l
is linearly independent with respect to a; € Ay and w; € {G, B}.
In total, the following assumption is sufficient.

Assumption 14 For any i € I, there exist {ag*(i) aB }’ ajy; € A(Ain), o €

> (i)

A (An**(z)); a'(jN(i)7 qs and Q1 such that
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1. g2,q1 € (0,1) and g2 > 1.

2. There exists x € RE+10FLn)(D) g0l that

!/

L1 (4) Qiy1,n0(3) (4) N q21
Ly ()Quee ey (0) | | @il

3. There exists x € RE+10)+Ln@)(D) gyeh that

!/

L1 (4) Qi1,n0(3) (4) N @11
Lo 3y (8) Qe (i) ) (0) P21

4. For i =n*(i),

* * G
(@1 (o1 [ av, oy, Fn== (i) afN(i)>)yi/,1
18 linearly independent with respect to a; € Ay.

5. Fori € I'\{n*(i)},

(qir—1(yir—1 | @i, (4, wi)))yi/_l

is linearly independent with respect to ay; € Ay and w; € {G, B}.

Since all the expressions are linear and q,, is a probability distribution, we can make sure
that each element in I,(7) is in (0,1). Further, for notational simplicity, we assume that
( G B

a;,a:

&, al )je , in Assumption 13 satisfies Assumption 14 for each 793

This assumption is generic by the following reason: (156) puts 2 (|A;| — 1) constraints
while we have |A4,| |Y,,| -1 degrees of freedom for 1, () if q,(a;, «_;(%, w;)) is linearly indepen-
dent for each w; and a; except for the constraint that “if we add all the elements up, then it
should be one.” Hence, generically L, (i) is equal to |A,| |Y,| —2|A;|+ 1. Therefore, for each
one of Conditions 2 and 3, we have |A; 1| |Yii1]| + ‘An**(i)‘ ‘Yn**(i)’ —2]Ai] —2 ‘An**(i)‘ +1

93 Remember that in Assumption 13, we assumed that aiG that is used for player i to send the message is
the same as a¥ that is player i’s action in agj when player j € —i sends the message.
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degrees of freedom for x,°* while we have ‘An* (i)} ‘Yn*(i)‘ + 1 constraints. Hence, Assumption
2 together with (153) implies that we can generically find x for Conditions 2 and 3.

In addition, Condition 4 is generic if |Y;_;| > |Ay| and Condition 5 is generic if |V 1| >
2]Ay|. Note that Assumption 2 implies that these inequalities are satisfied.

The following lemma shows that Assumption 14 is sufficient for (158) and (159).

Lemma 34 If Assumption 14 is satisfied, then there exists € > 0 such that, for any € < g,
forany i€ I, (158) and (159) are satisfied.

Proof. The same as Lemma 26. m
In addition, the following lemma shows that Assumption 14 is sufficient for the construc-

tion of the reward stated above:

Lemma 35 There exists 4 such that, for each i and i, there exist 7§ (n*(i) — N(i),-,") :

Ay x Yy — [-4,0] and 78 (n*(i) — N(3),-,-) : Ap_1 x Yu_y — [0,4] such that
1. (160) is satisfied fori' = n*(i) and
2. (161) is satisfied for i’ € —n*(i).

Proof. The same as Lemma 3. =

45.2 Assumption for Dispensing with the Noisy Cheap Talk

We explain how player j sends a binary message m € {G, B} to player n via actions instead

of the noisy cheap talk. Since we only use the noisy cheap talk with precision p = %, we

concentrate on the case with p = %
As in the two-player case, with 7 being a small number to be defined, the sender (player

Jj) determines

m with probability 1 — 2,
zj(m) =9 {G,B}\ {m} with probability 7,
M with probability n

94 Note that two rows are parallel to 1.
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and player j takes

for T3 periods. The other players —j take agj.

For each ¢ € I, let y; be the realized frequency of player i’s signal observation while
player j sends m. In addition, let q;(a) = (¢;(y; | a)),, be player i’s signal distribution with
action profile a.

We want to construct f[n](m) € {G, B} from y, and g[n — 1](m) € {m, E} from y,_;
such that

e Player n infers the message correctly with high probability,

e Player n — 1 has g[n — 1](m) = m with high probability,

e Given m, player n believes that f[n|(m) = m or g[n—1](m) = E with high probability,
e Player n cannot manipulate g[n — 1|(m), and

e The players other then the sender and receiver cannot manipulate f[n](m) to increase

their payoff.

As in the two player case, g[n — 1](m) = E if and only if z;(m) # m or y,_; is not close
to the affine hull of player (n — 1)’s signal distribution with respect to player n’s deviation,

aff({an-1(a}’, an, af(m))}an). Using 2 of Notation 2 below,

L. gn —1)(m) = m if z;(m) =m and y,—1 € Hn_1[g] (m).
2. gln —1)(m) = E if z;(m) #m or y,—1 € Hn-1le] (M).

Here, we assume that player n — 1 knew the true message m. As will be seen in Section

52, player j informs player n — 1 of m in the re-report block. Since g[n — 1](m) only affects
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the reward function (does not affect o,_1(x,_1)), it suffices that player n — 1 knows the
information by the end of the review phase.

On the other hand, regardless of any player’s deviation, with high probability, player n
(receiver) receives y, close to the affine hull of player n’s signal distributions with respect to

player ¢’s action with ¢ € —i, that is,

aﬁ‘({qn(a§7 Qjs a’cj(j,n)>}aj€z4j) U aff({qn(anm, ajG, ag, acj(z‘,j,n))}mé{GyB}aifjﬂ,aiGAi)' (162)

Using 4 of Notation 2, y,, € G,[e] with high probability.

If y,, € Gu[e], then as in the two-player case, player n constructs f[n](m) such that

e f[n](m) = G if the conditional expectation of y,_; given m = G and y, is close to

H,—1[e] (G), and

e f[n](m) = B if the conditional expectation of y,_; given m = B and y, is close to

Hn-1le] (B).
Using 6 of Notation 2,
o fln)(m) = G ify, € H, 1,[e] (G), and
o flnl(m) = B if y, € Hu-1[e] (B).

Further, so that players — (j,n) cannot manipulate player n’s inference (if z;(m) = m),
player n infers that m is m € {G, B} if y, is close to the affine full of player n’s signal
distributions under the message m with respect to a unilateral deviation of each player
i € —(j,n), that is, if y, is close to aff ({qn(a}', a;, aﬁ(iyj))}i#,w%).

Using 8 of Notation 2,

e f[n](m) =G ify, € T,[¢e] (G), and

e f[n](m)= Bify, € J[e] (B).
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In total,
1. If y, € G,[e], then

(a) fln](m) =G ify; € Hn1,n[e] (G) U Tule] (G),

(b) fln](m) = B if y; € Hn1ale] (B) U Jnle] (B) or yi & Hn1nle] (G) U Tule] (G),

and

2. If y, ¢ Gnle], then player n infers f[n|(m) from the likelihood as in the two-player

case.

Here, compared to the two-player case, Z;[¢](7) is not introduced since Lemma 15 does
not have a counterpart of 3 of Lemma 2.
In addition, we want to incentives each player i € I to take a prescribed action by the

reward function 7} " (j, a;_1,y;_1) such that

e If player i is player j (sender), then the ex ante payoff of player ¢ is constant for all
a; € A;:

u;i (a;,a%) + B 777 (j, ai-1,4i-1) | a;, a%;] = constant. (163)

%

A sufficient condition for this is that all the vectors of player (i — 1)’s signal distribution
G

given a;,a”, are linearly independent with respect to a;. That is,

(Qi—l (yi-1 | as, agi))yi71

is linearly independent with respect to a; € A;.

e If player ¢ is not player j, then the ex ante payoff of player ¢ is constant for all a; € A;
regardless of player j’s message:
U (ai; (IJG, ag(i,j)) +E [Wfi_l(jy ai-1,Yi-1) | ai, CLJG, a'?(i,j)}

= (ai,af,ag(iﬁ-)) + B 7] (4, a1, yi1) | ai,af,ag(i’j)] : (164)
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A sufficient condition for this is that all the vectors of player (i — 1)’s signal distribution

given a;, al", ¢

aZ; ;) are linearly independent with respect to a; and m. That is,

(%—1(%-1 | ai, a;-n, ag(i’j)))yH
is linearly independent with respect to a; € A; and m € {G, B}.

We first give notations and then give a sufficient condition so that the above inference is

well defined and that the reward function exists.

Notation 2 For a]G, af € Aj and agj € A_;, form € {G, B}, we define the following:

1. A (|Ya1| — |An| + 1) X |Yao1| matriz H,_1(m) and a (|Yn_1] — |An] + 1) X 1 vector

Pn_1(m) such that the affine hull of player (n — 1)’s signal distributions with respect

G

to player n’s action when the other players take aZ", aZ (i)

15 represented by

m Y.—
aff({dn-1(a}", an, ag(jyn))}aneAn) N R\Jr 1

= {Yn—l € ]len‘1| P Hyoa(m)yn1= Pn71(m)} :

2. The set of hyperplanes that are generated by perturbing RHS of the characterization of

aff({dn-1(al"; an, af’v(jyn))}aneAn) N R'f’“l': Fore >0,

Vo1 € RV 3g ¢ RYVa1 140141 gyep that
Hn—l[s] (m> = ||€H < e,

Hy 1(m)yn-1= P, 1(m) +¢€

3. Let G; be a (|Yn| — |Aj] =237, 4, [Ail +1) X |Yo| matriz and g, be a (|Y,| — [A4;] —
23 izjn | Ail +1) x 1 vector such that (162) is represented by

{yn € RE/"‘ : GnYn: gn} .
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4. The set of hyperplanes that are generated by perturbing RHS of the above characteri-

zation: Fore > 0,

Yn € RP_/M : E|€ c ]R|Yn‘*|Aj|*221¢j7n|Ai\+l
Gile] = lell <
such that
Gnyn=28, +¢€

5. The matrixz projecting the distributions of player n’s signals on the conditional distrib-

ution of player (n — 1)’s signals given an action profile a:

Q(yn—l,l | aayn,l) e Q(yn—l,l | aayn,|Yn\)
Qn—l,n(a) - : :
Q(yn—1,|yn,1\ \ avyn,l) Q(yn—1,|yn,1| | a7yn,\Yn|)

6. Form € {G, B}, the set of player n’s signal frequencies such that player n’s conditional

expectation of player (n — 1)’s signal frequency is in H,_1[e](m) when the players take

al*,aC;:
r Yn € R‘f"‘” such that
there exist €1 € RYr-1l g, ¢ RYnl-lAnl+1l gpgy, | € R'I"‘l‘ satisfying
Hn-1.nle](m) = Yn-1 = Qn-1a(a]',a%)y, + €1,

H, 1(M)yn-1= Pn_1(M) + €2,

el lleall < &

|A;|[+1) x|Y,,|) matriz J,(m) and a (|Ya]|=>]

i#jm

7. Form € {G7B}? a (‘Yn|_2i;ﬁj,n ‘AZH_
1) x 1 wector r, () such that the affine hull of player n’s signal distributions with

respect to player i’s deviation with i € — (j,n) when the other players take aT', af(i i)
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15 represented by

m Y
aﬁ({qn(a]’ y Qi ag(i,j))h#imﬂ&&) N RL— |

= {yn e R T, () y.= I‘n(m)} :

8. The set of hyperplanes that are generated by perturbing RHS of the above characteri-

zation: Fore > 0,

Yn € Rl}{"‘ 1 Je € RIYr =2l Ail 1 such that
Tnlel(m) = le|| <,
Jn(M)y,=r,(m) + €

Similar to Lemma 25, we can take H,,_1(G), H,—1(B), J,(G) and J,(B) so that all the

elements of all the matrices are in (0, 1).

Assumption 15 For each j € I andn € —j, there exist af, af € Aj and a(_;j such that the

following seven conditions are satisfied:

1. There exists x € RIY»I=14i1=22 0 n Al H14H2(Yna|=[Anl+1) oy 0 that

!/

G, gn
anl(G)anl,n(ajG7 afj) X S 07 pnfl(G) x> 0.
Hn—l(B>Qn—1,n(ajB7 Cij) pn—l(B)

2. There exists x € R 171412 Zi#'”‘A”HH(ly"‘_zl'#jv"lAiHl) such that

Gn gn
(G) | xXZ0, | 1, (G) x>0
n(B) I'n(B)
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3. There exists x € RIY714:1=2 Zi#a‘,n‘Ai|+1+(|Y"*1HA"‘“)HY”FZ#J‘,?L‘A"'H such that

/

Gn 8n
anl(G>Qn71,n<ajG> ag]’) X S 0’ pnfl(G) x> 0.
Jn(B) r,(B)

4. There exists x € RYI714:172 i A (Yoo = A D H YRl DAl such that

!/

Gn 8n
Hn—l(B)Qn—l,n(ajB7 a'gj) X < 07 pn—1<B) x> 0.

5. For each k € {1,...,|Y,|}, we have

q(Ynlas, ;) # q(ynslal, af)).
6. Fori =7,

(gi—1(yi—1 | @, a%)))

Yi—1

is linearly independent with respect to a; € A;.

7. Fori € —j,

m G
(Qifl(yifl | Qi, a; aa—(i,j)))yFl
is linearly independent with respect to a; € A; and m € {G, B}.

For notational simplicity, we assume that (ajG, af )je ;in Assumption 13 satisfies Assump-
tion 15 for each ;.9
As Assumption 13, we can show that Assumption 2 implies that we can generically find

x’s for each condition of Assumption 15 and that Conditions 6 and 7 are satisfied.

% Remember that in Assumption 13, we assumed that alG that is used for player i to send the message is
the same as a? that is player ¢’s action in agj when player 7 € —i sends the message.
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The next two lemmas show that Assumption 15 is actually sufficient so that the above

inference f[n|(m) is well defined.

Lemma 36 If Assumption 15 is satisfied, then there exists € > 0 such that for all e < g,
for each j € I andn € —j, for any y, € A <{1yn}
Yn € Gnlel N (Hu-1,n[e] (M) U Te] ().

yneyn>, at most one m € {G, B} satisfies

Proof. The same as in Lemma 26. =

Lemma 37 For each m € {G,B}, j € I andn € —j, if Assumption 15 is satisfied, then

there exists a mapping from y, € A ({lyn} ) to fln](m) € {G, B} such that, for any

Yn EYn

m and y,, given m, player n puts a belief no less than 1 — exp(—O(T%)) on the events that

fIn](m) =m or gln —1](m) = E.

Proof. The same as in Lemma 27. =
We also provide the lemma to show that Assumption 15 is sufficient to construct the

reward:

Lemma 38 There exists @ such that, for each j € I and i € I, there exist n$(j,-,-) :

Ay x Yy — [—4,0] and ©P(j,-,-) : Ai_1 x Y1 — [0, 4] such that
1. (163) is satisfied for i = j and
2. (164) is satisfied for i € —j.

If € defined in (118) does not satisfy ¢ < € in Lemmas 34 and 36, then re-take ¢ such
that ¢ is smaller than €. This does not affect the consistency among the variables defined in

Section 34.

45.3 Assumptions for Dispensing with the Public Randomization

and Perfect Cheap Talk

First, to dispense with the public randomization, we need an assumption comparable to

Assumption 11 in the two-player case. For each i € I, with player j replaced with player
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i — 1 (the controller of player i’s payoff), all the definitions about a“, Y, ,, V', ,, (132),
(133), Y, and Y}, in Section 38.2 are valid with more than two players.

Now, we formally state the more-than-two-player analogue of Assumption 11:

Assumption 16 For each i € I, there exists a® € A such that there exist Yi"'_l,l, Yii—1,27 Dis
Vi and Y}y such that Y}, and Y}, satisfy

1. (132) and (133) with j replaced with i — 1, and

2.
Y;Z1 7é @»YZQ 7é @7Yi = Y;Zl U YZ%Y;—l = Y?—1,1 U Y;‘i—1,2-

For notational convenience, we assume that a“ is the same for each player and the same
as in Assumption 13.%

Second, when player ¢ with ¢+ > 2 sends the message, player ¢ — 1 wants to construct a
statistics ¢;_1(a;—1,¥y;—1) such that player i — 1 can infer player i’s message statistically and
that the conditional independence property holds for player i, as qﬁj(aj,yj) in Lemma 28:

For some a¥ € A;, &;_1 € A (4;_1), a®

Zim14) € A(i-1), for all y; € Y5,

_ q2 if a; = aiaa
E [¢i_1(ai—1;yi—1) | ai—lyag(ifl,i)uaiayi] = ) (165)
q1 if a; # aiG.

A sufficient condition for the existence of such ¢;_;(a;_1,y;_1) is as follows: Let
Qi—1(@i—1,ag(i,lyi),auyz‘) = (%‘—1(%—1,%—1 | 541‘—17ag(i,lyi),az‘,yi))ai_l,yi_l be the vector ex-
pression of the conditional probability of (a;_1,y;—1) after player i plays a; and observes y;,

assuming that players —i take a;_1,a®

(i-14)- It is sufficient that Qi(@i,l,ag(i_l’i),ai,yi) is
linearly independent with respect to a;, y;.
At the same time, while player ¢ sends a message by taking different a;’s, each player

n — 1 needs to incentivize player n to take the equilibrium strategy. To do so, we want to

9%6Remember that in Assumption 13, we assumed that alG that is used for player i to send the message is
the same as a,iG that is player ¢’s action in ac_;j when player 7 € —i sends the message.
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construct the reward to cancel out the differences in the instantaneous utilities: If we pick a?
from A;\{a¥} properly, then for each n € I, there exists a reward 7%"~1 (report, 4, @, _1, Yn_1)

G P

AR

such that the ex ante payoff of player n is constant for all a,, € A, and a; € {a

U (ana a—n) + E [Wﬁn_l (reporta 7:7 Ap—1, yn—l) | Qp, a—n]

= constant (166)

for all a,, € A, and

a_, € {(@i,l, aE‘(i_u’n), af) , (641-,1, a(_;(i_l’iﬂn), af)} if player n is not player i (sender),
a_, € {@i_l, af(iflyi)} if player n is player .
(167)
A sufficient condition for the existence of such 7%~ (report, i, a,_1,yn—1) is as follows:
Let
Qn1(i,an,a_n) = (Gn-1(Yn_1 | an, oz_n))yrh1 be the vector expression of the conditional prob-
ability of y,_1 after the players play a,,a_,. It is sufficient that Q,(i,a,,a_,) is linearly

independent with respect to a, € A, and a_, with (167).
Assumption 17 For eachi > 2, there exist a;_1 € A;_1 and af(i_u) such that Qi(ézi,l, af(i_lﬂ.), a;, Yi)
is linearly independent with respect to a;,y;. Further, there exist a¥,a? such that for each

107

n €1, Qui,an, a_y,) is linearly independent with respect to a, € A, and a_, with (167).

The former requirement is generic since we assume (152). In addition, the latter require-
ment is generic since |Y,, 1| > 2|A4,|.

Again, for notational convenience, for each i, a¥ that player i uses to send a message and

G . .
—(3-19)
G B

assume that (af’,a?) is the same as in Assumption 13.%7

77

a$ that player i takes in a when another player j is a sender are the same. Moreover,

We can show that Assumption 17 is sufficient to have ¢;_; with conditionally independent

property:

9TRemember that in Assumption 13, we assumed that alG that is used for player i to send the message is
the same as a? that is player ¢’s action in agj when player 7 € —i sends the message.
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Lemma 39 If Assumption 17 is satisfied, then there exist g > q such that for all i €
{2,..., N}, there exist ¢;_, : Ai_1 X Y;_1 — (0,1) such that (165) is satisfied.

Proof. The same as Lemma 28. =

In addition, Assumption 17 is sufficient to have 7%~ (report, i, ap_1, Yn_1):

Lemma 40 There exists i > 0 such that, for eachi € I andn € I, there exist & (report, i, -, -) :

An 1 xY, 1 — [—1,0] and w8 (report, i, -, ) : Ap_1 XY, 1 — [0,a] such that (166) is satisfied.

46 Coordination Block with the Noisy Cheap Talk

We consider the coordination block without the perfect cheap talk but with the noisy cheap

1

talk with precision p = 3.

As mentioned in Section 45.1, we define

N(G) = {i,i+1,i+2},
(i) € in |4 Y],
n'(i) € arg min |4;[[Y

(i) = {i,i+2}\{n"(?)}.

First, player i sends the message about z; € {G, B} to player n*(i) via actions. Let w; €
{G, B} be player n*(i)’s inference of this message. Second, player n*(i) sends the message
about w; to players N (i) via actions. Each player n € N(i) constructs player n’s inference
of w;, denoted w;(n) € {G, M, B}. Here, the inference M (“middle”) is introduced so that
it prevents player n*(i) from creating a situation where player n*(i) is pivotal. See 45.1 for

the definition of “pivotal.”

46.1 Structure of the Coordination Block

Formally, the coordination block proceeds as follows:

e The periods where the players coordinate on xy:
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— The coordination round 1 for x;. Player 1 sends the message about x; to player

n*(1) via actions. If n*(1) = 1, then this round does not exist.

— The coordination round 2 for z;. Player n*(1) sends the message about w; to

players N(1) via actions. Player n € N(1) creates the inference w;(n).

— For each j € N(1) = {1,2,3} and n € —j, we have the coordination rounds 3 for
x1 between j and n, where player j sends the message w;(j) via noisy cheap talk.
The players take turns: First, player 1 sends w;(1) to player 2, second, player 1
sends w1 (1) to player 3, and so on until player 1 sends w;(1) to player N. Then,
player 2 sends w;(2) to player 1, and so on until player 2 sends w;(2) to player N.
After player 2, player 3 sends w;(3) for each of the opponents —3 sequentially.

e The periods where the players coordinate on z;:

— The coordination round 1 for z;. Player ¢ sends the message about x; to player

n*(i) via actions. If n*(i) = ¢, then this round does not exist.

— The coordination round 2 for x;. Player n*(i) sends the message about w; to

players N (i) via actions. Player n € N (1) creates the inference w;(n).

— For each j € N(i) and n € —j, we have the coordination rounds 3 for z; between
j and n, where player j sends the message w;(j) via noisy cheap talk. Again, the

players take turns.

e The periods where the players coordinate on x:

— The coordination round 1 for z. Player N sends the message about zy to player

n*(N) via actions. If n*(N) = N, then this round does not exist.

— The coordination round 2 for zy. Player n*(/N) sends the message about wy to

players N(N) via actions. Player n € N(N) creates the inference wy(n).
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— For each j € N(N) and n € —j, we have the coordination rounds 3 for z between
j and n, where player j sends the message wy(j) via noisy cheap talk. Again, the

players take turns.

For notational convenience, let T'(: —,, n*(i)) be the set of periods in the coordination
round 1 for x;, where player i sends the message x; to player n*(i) via actions. Similarly,
let T'(n*(i) —w, N (7)) be the set of periods in the coordination round 2 for z;, where player
n* (i) sends the message w; to players N (i) via actions

We explain each round in the sequel.

46.2 Coordination Round 1 for z;

If player i is the same person as player n*(i), then this round does not exist. Let w; = x; be
player n*(i)’s inference (player ¢’s inference in other words).

Otherwise, player i takes a;’ and the other players —i take a, for T2 periods. Remember
that T'(i —,, n*(i)) be the set of periods in this round.

Player n*(i) creates her inference of z; denoted by w; as follows: First, player n*(i) creates
\Ijiz*(i),t € {0,1} from 1/);*(“ (Yn=(i)t) as player i creates \I/f(tx) from @Z)?(x) (yi1). See Lemma 33
for the definition of 1. (&) Un=(i).t)-

Second, player n* (i) randomly picks t,(;)(i —4, n*(2)) from T'(i —,, n*(3)).

Finally, player n*(i) infers x; from {\Ili*(i)’t}T(i—@in*(i)) but excludes period t,+(y(i —4,
n*(i)). That is, with Ty () (i —4, n*(8)) = T(i —4, 0 (1))~ {tpe()(i =, n*(0)) }, player n* (i)

infers w; = G if

1 i 91+ q
T3 Z V(i) = 5 (168)

—1 tETn*(i)(inin*(i))
and w; = B otherwise.

Lemma 33 directly implies the following:

Lemma 41 For any i € I and x; € {G, B}, if players i and n*(i) follow the equilibrium
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strategy, then

-

Pr({w; = x;} | ;) > 1 —exp(—O(T2))

and the conditional distribution of w; given x; is independent of another player j € — (i,n*(i))’s

unilateral deviation.

46.3 Coordination Round 2 for z;

This is the round where player n*(i) sends w; to players N (i). Player n*(i) takes a:fi(i), player
)» and each player j ¢ N(i) takes af for T2 periods.

i+1 takes aj,,, player n™(i) takes aj,..
See Assumption 14 for the definition of aj;; and a;.. ;). Remember that T'(n*(i) —w, N(4))
be the set of periods in this round.

See (156) and (157) for the definition of the L,(i) x |A4,||Y,| matrix I,(:). Based on
I,,(7), each player n € N (i) \ {n*(i)} constructs a random variable I, (i) as follows: After
taking a, and observing y,, player n calculates I, (i) 1, ,,. Here, 1,, .. is a |[4,]|Y,] x 1
vector such that the element corresponding to a,, ¥, is equal to 1 and the other elements are
0. Hence, I, (i) 1,,,, is a L,(i) x 1 vector. Then, player n draws L,(i) random variables
independently from the uniform distribution on [0, 1]. If the /th realization of these random

variables is less than the /th element of I, (i) 1,, ,,, then the [th element of I,,(7) is equal to
1. Otherwise, the [th element of I,,() is equal to 0. We have

Pr({(Ia(0), = 1} | a,y) = 4, (1) 1a, 4. (169)

Given {I n,t(i)}tET(n*(i)Hwi N(i)), Player n € N(i) infers w; as follows: Player n randomly
picks t,,(n* (i) =, N(7)) from T'(n* (i) —., N(i)). Player n infers w; from {Inat(i)}T(n*(i)—»wiN(i))
but excludes period ¢, (n* (i) —., N(i)). Specifically, with T,,(n* (i) —, N(i)) = T(n* (i) —w,
N (@)~ A{tn(n" (1) —w, N(i))},

1. Player n*(i) infers her own message straightforwardly: w; (n*(i)) = w;.
2. Player n € N(i) \ {n*(7)} infers as follows:
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1 Z
T Int<l)_q2]- Sea
T2 —1 - ) 7
L€y (n* (i) —w,; N (7))

then w; (n) = B.

(c) Otherwise, w; (n) = M (the posterior is not skewed enough for w; = G or w; = B

and so player n*(i) infers that the message is “middle”).
Assumption 14 implies the following Lemma:
Lemma 42 For any e < g, for anyi € I and w; € {G, B},
1. For any n € N(i"),

(a) If players n*(i) and n follow the equilibrium strategy, then
Pr ({w; (n) = w;} | w;) > 1 — exp(=O(T?)).

(b) The distribution of w; (n) given w; is independent of player j = N (i) \ {n*(i),n}’s

unilateral deviation.

2. For any history of player n*(i) at the end of the coordination round 2 for x;, player
n*(i) puts a belief no more than exp(—O(T'2)) on the event

{G,B} 3> w; (n** (1)) #w; (i + 1) € {G, B}.

Proof.
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1. Follows from (156) and (169).

2. Follows from Lemma 34 and Hoeffding’s inequality. By Assumption 3, excluding period
tn(n* (1) =, N(i)) does not affect the probability so much.

As we will see, as long as the noisy cheap talk by the other players transmits correctly in
the coordination round 3 for z; (this is true ex ante at the end of the coordination round 2 for
x;), player n*(4) is pivotal for some player’s inference of z; if and only if {G, B} 3 w; (n**(i)) #
w; (1 + 1) € {G, B}. 2 of Lemma 42 guarantees that, after any history (including those after
player n*(i)’s deviation), the probability that player n*(i) is pivotal is negligible for the
almost optimality.

For each n € N(i) \ {n*(i)}, consider player j = N(i) \ {n*(i),n}. As we will see, player
j is not pivotal if players n*(i) and n infer the same state w;. Therefore, 1 of Lemma 42
guarantees that player j cannot manipulate player n’s inference to create a situation where

player j is pivotal.

46.4 Coordination Round 3 for z; Between Players j and n

This is the round where player j € N(i) sends w;(j) to player n € I. Let w;(j)(n) €
{G, B, M'} be player n’s inference of player j’s message. Here, we assume that the noisy
cheap talk is available. See Section 48 for how to dispense with the noisy cheap talk.

If player j is the same player as player n, then w;(j)(n) = w;(j), that is, player j infers
her own message straightforwardly.

Otherwise, player j sends messages as follows. From w;(j) € {G, M, B}, player j con-
structs a sequence of two binary messages w;(j){1}, w;(j){2} € {G, B}*: If w;(j) = G, then
w; ({1} = w;(H){2} = G; If w;(j) = B, then w;(j){1} = wi(y){2} = B; If w;(j) = M, then
w;(j){1} = G and w;(j){2} = B with probability 3 and w;(j){1} = B and w;(j){2} = G
with probability 3.

Player j sends the two messages w;(j){1} and w;(5){2} sequentially via noisy cheap talk.
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With abuse of notation, we define gln — 1](w;(j)) € {wi(j), E} and f[n](w;(j)) €
{G, M, B} as follows: For g[n — 1](w;(j)),

1. gln — 1)(w;(5)) = w;(y) if and only if player n — 1 thinks that there is no error for
fIn)(wi(5){1}) and fn](wi(5){2}), that is, g[n — 1(wi(j){1}) = wi(j){1} and g[n —
1(wi(5){2}) = wi(5){2}-

2. gln — 1](w;(j)) = E otherwise.

For f[n](wi(j)), player i infers f[n)(wi(j) from fn] (w;(j){1}) and fln](wi(j){2}), using
the mapping between w;(j) and w;(j){1}, w;(j){2}.

L flnl(wi(5)) = G if and only if f[n}(wi(5){1}) = fln)(wi(7){2}) = G.
2. fln)(wi(j)) = B if and only if fln](wi(j){1}) = f[n](wi(j){2}) = B.

3. fln)(wi(j)) = M if and only if “f[n](wi(j){1}) = G and fln|(wi(j){2}) = B” or
“flnf(wi(7){1}) = B and fln](wi(j){2}) = G.”

g2[n — 1)(w;(j)) and fo[j — 1)(w;(j)) are analogously defined.
Finally, player n infers w;(j) as w;(5)(n) = fn](w;(5)).

46.5 Player n’s Inference of z;

Based on these rounds, player n infers z; as follows. Let z;(n) € {G, B} be player n’s

inference of z;. From {w; (§) (n)},cn(;). Player n constructs z; (n) such that

( (

i (n) = ‘ S ’ (170)
w; (n**(4)) (n) = Byw; (1 + 1) (n) = G,w; (n*

w; (n**(7)) (n) = G,w; (i + 1) (n) = B,w; (n*

B otherwise.

\

259



Finally, let

be the profile of the inferences.

z (n) = {zi(n) }ier

46.6 Definition of 0, (c) € {G, B}

Based on the realization of the coordination block, if some events happen, then player 7 — 1

makes player i indifferent between any action profile sequence in the main blocks. 6;_1(c) = B

implies that such an event happens while 6;_1(c) = G implies that such an event does not

happen.

We will define the events to induce 6;,_1(c) = B: For each j € I, while the players

coordinate on x;,

1. There exists player j* € —i with j° € N(j) such that when player j’ sends the message

w;(j') to player ¢, player i — 1 has g[i — 1](w;(j’)) = E.

2. There exist players j' € —i and n € —i N N(j) such that when player j' sends the

message w;(j') to player n, player n has a wrong signal f[n|(w;(j’)) # w;(j’).

3. Player i is in N(j) and consider the following inference:

(

\

B

if

otherwise.

(171)

Note that this is what we replace player n’s inference of the messages in the coordination

round 3 in (170) with the true messages. We have 0,_1(c) = B if there exist n € I and

J € I such that player i’s message w; (i) matters for z;(n) in (171). That is,
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(a) If player i is n*(j), then
{G,B} > w; (n™(j)) # w; (j +1) € {G, B}. (172)

(b) If player i is in N(j) \ {n*(j)}, then
w; = w; (n*(4)) # w; (7). (173)

with ¢ = N(5) \ {i,n*(j)}.

Note that, although player n can be player ¢ herself, whether or not w;(7) matters in

(171) is determined by the other players’ messages {w; (i)}, ;-

In the definition of §;_;(c), player i — 1 uses the information owned by players —(i — 1, 7).
Section 52 explains how players —(i — 1,4) inform player i — 1 of their history necessary to
create 0;_1(c) in the re-report block. Since 6;_(c) only affects the reward function (that is,
does not affect o;_1(x;_1)), it suffices that player ¢ — 1 knows the information by the end of
the review phase.

We verify that the distribution of 6;_1(c) is almost independent of player i’s strategy:
For Cases 1 and 2, we need to verify that player ¢ cannot manipulate 6;_;(c) by affecting
some player’s message m. The definition of the noisy cheap talk implies that the probability
of g[i — 1](m) = E when player i is a receiver and that of f[n](m) # m when player j € —i
is a sender and player n € —i is a receiver are almost independent of m.%

For Case 3-(a), 2 of Lemma 42 implies that player i puts a belief no more than exp(—O(T'2))
on (172) after any history (including those after player i’s deviation) at the end of the coordi-
nation round 2 for x;. Since w; (n**(j)) and w; (j + 1) are fixed at the end of the coordination
round 2 for x;, whether (172) happens or not is almost independent of player ¢’s strategy.

For Case 3-(b), note that if w;(n**(j)) = wj, then (173) is not the case. In addition,

regardless of w;, this event happens with probability no more than exp(—O(T%)) from the

9%8Note that m can be affected by player i’s strategy before the round where player j sends m to player n.
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perspective at the end of the coordination round 1 for z; by 1 of Lemma 42.% Therefore,
no player can change the distribution of 6;_1(c) by more than exp(—O(T'z)).

In summary, we have shown the following lemma:
Lemma 43 If

1. the probability of g[i — 1](m) = E when player i is a receiver of a message m is almost

independent of m and

2. the probability of fln](m) # m when player j € —i is a sender of a message m and

player n € —i is a recewer is almost independent of m,
then, the distribution of 0;_1(c) € {G, B} is almost independent of player i’s strategy.

The premise of lemma is stated to clarify what assumption about the noisy cheap talk is

used, expecting that we will dispense with it later.

46.7 Incentives in the Coordination Block

First, Lemma 43 implies that player i does not have an incentive to manipulate 6;_;(c).

Second, we consider player i’s incentive to tell the truth about w, (i) with i € N(n) for
the coordination round 3 for x,, between i and ¢’ € —i. If player i’ with ' € —i received
a wrong signal f[i'](w,(j)) for some n € I and j € —i, then Case 2 of ;_1(c) implies
0;_1(c) = B. Hence, together with Case 3 of #;_1(c), whenever player i’s message matters
for x,, (i) for some ¢ € —i, then 0;_;(c) = B and player i is indifferent between any action
profile sequence. Therefore, it is optimal for player i to tell the truth.

Third, we consider the incentive of player 7 in the coordination rounds 1 and 2 for z,.
If player 7 is player n*(n), then since x,, controls the value of player n + 1 # n*(n), player
n*(n) is indifferent between coordinating on z,(j) = G for all j € I or z,(j) = B for all

j € 1. (170) and 2 of of Lemma 42 imply that, if the messages in the coordination round

9Note that w; can be affected by some player’s strategy before the end of the coordination round 1 for
Zj.
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3 transmit correctly if a sender is not player n*(n) (this is true with probability no less
than 1 — exp(—O(T'2))), then player n*(n) at the end of the coordination round 2 puts a
conditional belief no less than 1 — exp(—O(T'2)) on the event that z,(j) = G for all j € I or
x,(j) = B for all j € I regardless of player n*(n)’s history. Therefore, player n*(n) (player
i) is almost indifferent between any strategy in the coordination rounds 1 and 2 for x,,.

If player i is player n (the initial holder of state z,) but not player n*(n), then again,
since x,, controls the value of player n + 1 # n, player n is indifferent between coordinating
on x,(j) = G for all j € I or x,(j) = B for all j € I. 1 of of Lemma 42 implies that
regardless of player n’s strategy in the coordination rounds 1 and 2 for z,,, players n*(n) and
n+ 1 have w,(n*(n)) = wy(n+ 1) € {G, B} with probability no less than 1 — exp(—O(T'z)).
Then, (170) implies that, if the messages in the coordination round 3 transmit correctly if a
sender is not player n (again, this is true with probability no less than 1 — exp(—O(T'2))),
then either z,(j) = G for all j € I or x,(j) = B for all j € I. Therefore, player n (player )
is almost indifferent between any strategy in the coordination rounds 1 and 2.

If player 7 is not player n or player n*(n), then Lemma 41 and 1 of of Lemma 42 imply
that, regardless of player i’s strategy in the coordination rounds 1 and 2 for x,,, players n*(n)
and at least one player ' € N(n) \ {i} have w,(n*(n)) = w,(?) = x, with probability no
less than 1 — exp(—O(T'2)). Then, (170) implies that, if the messages in the coordination
round 3 transmit correctly if a sender is not player i (this is true with probability no less
than 1 — exp(—O(T'2))), then either z,(j) = G for all j € I or z,(j) = B for all j € I.
Therefore, player ¢ is almost indifferent between any strategy in the coordination rounds 1
and 2.

Finally, we show that the definition of §; ;(c) = B implies that, for any 4, for any ¢ in
the main blocks, for any hf, player i puts a belief no less than 1 —exp(—O(T'2)) on the event
that z(j) = z(i) for all j € —i or §;_;(c) = B by the following reasons: (i) If player i’s signal
fli)(wn(y)) was wrong for some n € I and j € —i, then, given w,(j), g[i — 1J(w,(j)) = E
with probability no less than 1 — exp(—O(T'z)). Since g[i — 1](w,(j)) is not revealed by

players (—i)’s continuation strategy in the main blocks, player ¢ believes that 6;_1(c) = B
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because of Case 1. (ii) If player i’ with i € —i received a wrong signal f[i'|(w,(j)) for some
n € I and j € —i, then Case 2 of 0;_(c) implies 0;,_1(c) = B. From (i) and (ii), player i
who considers almost optimality can condition that f[i']|(w,(j)) = w,(j) foralli' € I, n € I
and j € —i. (iii) If player 7 is pivotal for player i"’s inference of z,, with ¢/ € I and n € I,
then 6;_1(c) = B. Hence, w,(i) does not matter for player i’s value. Therefore, in total,
x(j) = x(i) for all j € —i or 0;,_1(c) = B.

The following lemma summarizes the above discussion:
Lemma 44 The following two statements are true:

1. If, for each player i € I,
(a) the probability of gli — 1](m) = E when player i is a receiver of a message m is
almost independent of m,
(b) the probability of fn|(m) # m when player j € —i is a sender of a message m
and player n € —i 1s a receiver is almost independent of m, and

(c) for alln with i # n+1, playeri’s value is almost the same between x,(j) = G for

all j € I and x,(j) = B for all j € I regardless of {$n/(j)}j61,n’§n—1 ' <n-1

implies that the coordination rounds for x, comes before those for x,),

then it s almost optimal for player i to follow the equilibrium strategy in the coordina-

tion block.

2. For any i € I, for any t in the main blocks, for any h%, player i puts a belief no less

than 1 — exp(—O(T'2)) on the event that z(j) = z(i) for all j € —i or 0;_(c) = B.

Note that, for the second statement, 1-(a), 1-(b) and 1-(c) are not necessary.

47 Structure of the Review Phase

Replacing the perfect cheap talk in the coordination block with the noisy cheap talk, the

structure of the coordination block is as explained in Section 46.1. Now, the coordination
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block has at most N(1+1+3(N —1)) rounds.!® After the coordination block, the structure
is the same as in Section 31 of the Supplemental Material 3. As in the Supplemental Material
3, let r be a generic serial number for a round.

If we replace the noisy cheap talk with messages via actions, then as we will see in
Section 48, we treat rounds where a player sends one message and rounds where a player
send two messages separately. Each round where the sender sends one message has T
periods. Section 48 explains how the sender sends the message. On the other hand, each
round where the sender would send two messages via noisy cheap talk is now divided into
two rounds each of which has Tz without the noisy cheap talk. Using the first T%—period
round, the sender sends the first message as we will explain in Section 48. After that, using
the second T%—period round, the sender sends the second message. With abuse of notation,

let r again be a generic serial number for a round and T'(r) be the set of periods in round r.

48 Dispensing with the Noisy Cheap Talk

We consider how player j sends a binary message m € {G, B} to player ¢ in some round.
Let r be the serial number of this round and T'(r) be the set of periods in round r.
As mentioned in Section 45.2, with 1 being a small number to be defined, the sender

(player j) determines

m with probability 1 — 27,
zj(m) = {G,B}\ {m} with probability 7,
M with probability 7
and player j takes
a§f if z;(m) = G,
jj(m) = af if z;(m) = B,

100The precise number depends on whether n*(i) = i or not for each i.
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for Tz periods. The other players —j take agj.

Then, intuitively, as in Section 45.2, g[n — 1](m) is determined as follows:

L. gn —1)(m) = m if z;(m) = m and y,—1 € Hn_1[g] (m).
2. gln —1)(m) = E if z;(m) #m or y,—1 & Hn-1l] (M).

Instead of using y,_; directly, as in the two-player case, we consider the following con-

struction of g[n — 1](m).

48.1 Formal: g[n — 1](m) € {m, E}

In the definition of g[n — 1](m), player n — 1 uses m, which is the information owned by
player j. Section 52 explains how player j informs player n — 1 of m. Since g[n — 1](m) only
affects the reward function (does not affect o,_1(z,_1)), it suffices that player n — 1 knows
the information by the end of the review phase.

If zj(m) # m, then g[n — 1](m) = E as in Section 45.2. Let us concentrate on the case
with z;(m) = m. Let y,,_1(r) be the frequency of player (n — 1)’s signals in round r.

First, player n — 1 randomly picks t,,_1(r) from T'(r), the set of periods in round r. With

Tn1(r) = T(r) \ {ts—1(r)}, player n — 1 constructs random variables {Q!" s

Lt}teTn,l(r) a
follows. After taking a, 1 (a,_1 = a* , if player n — 1 is the sender (n — 1 = j) since we
concentrate on z;(m) = m and a,_; = a&_; if player n — 1 is not the sender) and observing
Then, player n — 1 draws (|Y,,—1| — |4, + 1)

Yn—1,, Player n — 1 calculates H,_1(m)1,, ..

random variables independently from the uniform distribution on [0, 1]. If the /th realization

of these random variables is less than the Ith element of H,,_;(m)1 then the /th element

Yn—1,t)

of QnH_Lt is equal to 1. Otherwise, the /th element of Qf_u is equal to 0. Since all the

elements of H,,_;(m) are in (0,1), we have

Pr ({(Q{;ﬁl’t)l _ 1} | a, y> — (Hoa(m)1y, ), € (0,1) (174)

for all a and y.
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We define g[n — 1](m) = m if and only if

1 1 15
T 2 W XL Healml, | <5 (175)
2T e () P e

and

15
: - 176
—— 5 (176)

teln_1(r

1
Z ngl,t — Pp-1(m)|| <
(r)

In summary, there are following cases:
1. gln —1](m) = E if z,_1(m) # m, (175) is not satisfied, or (176) is not satisfied.

2. g[n —1](m) = m if z,_1(m) = m, (175) is satisfied, and (176) is satisfied.

48.2 Formal: f[n|(m) € {G, B}

On the other hand, let us consider how the receiver (player n) infers the message. Let y,, ()
be the frequency of player n’s signal observations in round r. Instead of using y,(r) directly
as in Section 45.2, we consider the following procedure to construct f[n](m).

First, player n randomly picks ¢,(r) from T'(r), the set of periods in round r. With
To(r) = T(r) \ {ta(r)}, player n constructs f[n](m) only depending on {yn¢}cs (- For
notational convenience, let y, (r, T, (r)) be the frequency of player n’s signal observations in
T, (r).

fIn](m) is determined as in Section 45.2 with y,(r) replaced with y,(r, T,,(r)):

1. Ify,(r,T,.(7)) € G,[e], then

(a) fln](m) =G if yi(r,T,(r)) € Hn—l,n[g] (G) U Tule] (G).
(b) flnl(m) = Bifyi(r,Ta(r)) € Hn-1,n[e] (B)UTue] (B) or yi(r, Tn(r)) & Hun—1,n[e] (G)U

Tnle] (G), and

n|(m

2. If yo(r, Th(r)) ¢ Gulel, then player n infers f[n](m) from the likelihood as in the two-

player case.
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By Assumption 3 (full support), neglecting (angtn(,,), yn,tn(r)) does not affect the posterior

so much.

48.3 Definition of 0, ((j —,, n) € {G, B}

While player j € I sends a message m to player n € —j, for each i € I, player ¢« — 1 creates
0;-1(j —=m n) € {G,B}. As for 6;_1(c), 6;_1(j —m n) = B implies that player ¢ — 1 makes
player ¢ indifferent between any action profile sequence in the subsequent rounds.

Again, player i — 1 uses the information owned by players —(i — 1,4). Section 52 explains
how players —(i — 1,4) inform player ¢ — 1 in the re-report block. Since 6;_1(j —,, n) only
affects the reward function (does not affect o;_1(x;_1)), it suffices that player i — 1 knows
the information by the end of the review phase.

To create 0;_1(j —.m, n), player i — 1 calculates the following variables:

Construction of QiT If i — 1 # n, then player n informs player ¢ — 1 of how many times
player n observes y, for each y,, € Y,, in T'(r) (while receiving the message). Let T'(r,y,) be
this number.

For each y,, € Y,,, player i—1 calculates G,,1,,. Then, repeat the following process T'(r, y,,)
times: Player i — 1 draws <|Yn| — Al =22 00 [ A + 1) random variables independently
from the uniform distribution on [0, 1]. If the /th realization of these random variables is
less than the /th element of G,,1,,, then the /th element of Qf is equal to 1. Otherwise,

the [th element of QS is equal to 0. Since player ¢ — 1 repeats this process T'(r, y,,) times, it

T(ryn

o ). Since all the elements of GG,, are in

generates T(r,y,) i.i.d. random variables {QST
(0,1),

Pr ({(QﬁT)l - 1}) = (Gol,,),.

In total, {{QST T(T’yn)} is constructed.
’ ynEYn

T7=1

Construction of ©; (m) In addition to player n informing player i — 1 of T'(r, ), player

7 informs player ¢ — 1 of m in the re-report block.
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For each y,, € Y, player ¢ — 1 calculates J,(m)1,,. Then, repeat the following process
T(r,y,) times: Player i — 1 draws (|Yn| — D izjm | Av| + 1> random variables independently
from the uniform distribution on [0, 1]. If the /th realization of these random variables is less
than the Ith element of .J,(m)1,,, then the Ith element of ©(m) is equal to 1. Otherwise,
the Ith element of ©7(m) is equal to 0. Since player i — 1 repeats this process T(r,y,)

)}T(T’y"). Since all the elements

times, it generates T'(r,y,) i.i.d. random variables {Q;{’T(m

of J,(m) are in (0,1),

Pr <{(Q£,T(m))l - 1}) = (Jo(m)1,,), .

In total, {{Q;{ ~(m) }T(r’yn)} is constructed.
’ Yn€Yn

T=1

Definition of 0, _1(j —,, n) € {G,B} For player i € {j,n} (sender or receiver), 0;,_1(j —m
n) = G for any history.
If player i is in players — (j,n), then player ¢ — 1 has 6;_1(j —, n) = G if

T(Tvyn)
T=1

1. The frequency of {{QST } is close to g,:
’ Yn€Yn

T(ryn)

SX Y <}

ynEYn =1

Regardless of player i’s deviation, this is the case with probability 1 — exp(—O(T'2))

by Notation 2 and the law of large numbers.'%!

2. The frequency of {{QST T(T’y")} is close to {T(TT’%‘)Gnlyn} (the frequency of
’ Yn€Yn

=1 Yn

191 While player n*(i) excludes one period t,-(;)(i —, n*(i)) from (168), player i — 1 does not exclude a
period from {T (7, yn)}y, -

The reason why player n*(i) excludes one period ;) (i —, n*(i)) from (168) is to prevent the contin-
uation play of player n*(i) from revealing player n*(¢)’s signal observation too much. This is important to
incentivize player n*(i) + 1 to tell the truth in the report block.

On the other hand, since 0;_1(j —,, n) is not revealed by player (i — 1)’s continuation play in the main
blocks, player ¢« — 1 does not need to exclude one period here.

The same causion is applicable for the other three inequalities to determine 6;_1(j —., n).
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Gn1,, using player n’s true signal observation):

T(r,yn) T(ryn) e
Ly Yae Ly Yen <
ynEYn T=1 ynGYn =1

Ex post (after conditioning {ax, y¢ },cp(,), this is true with probability 1 —eXp(—O(T%))

by the law of large numbers.

. The frequency of {{Qi T(m)}Tirl’y")} is close to r,(m):
’ T= ynGYn

ynEYn T=1 2

Regardless of player i’s deviation, this is the case with probability 1 — exp(—O(T'2))

by Notation 2 and the law of large numbers.

. The frequency of {{QiT(m)}T(T’yn)} y is close to {Mjn(m)lyn} (the fre-
ynE n

=1 T n

quency of J,(m)1,, using player n’s true signal observation):

T(r,yn) T(r,yn)
SN S SF TS S At
ynEYn =1 ynEYn =1

Ex post (after conditioning {a, y¢ },cp(,), this is true with probability 1 —exp(—O(T?))

by the law of large numbers.

If player i is in players — (j, n) and at least one of the above four conditions is not satisfied,

then player ¢ — 1 has 6; 1(j —, n) = B.

48.4 Summary of the Properties of g[n—1](m), f[n](m)and 0;_1(j —

n)

In summary, we can show the following lemma:
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Lemma 45 For sufficiently large T, for any 7 € I and n € —j, the above communication

protocol satisfies the following:
1. gln — 1](m) = E with probability 1 — 2n — exp(—O(T'2)) for any m € {G, B}.

2. Given any m € {G,B} and any y,(r), player n puts a belief no less than 1 —
exp(—O(T'2)) on the event that f[n](m) =m or gln — 1)(m) = E.

D=

3. Given m € {G, B}, any f[n](m) happens with probability at least exp(—O(T

))-

4. The probability of g[n — 1](m) being equal to E does not react to player n’s strategy by
more than exp(—O(T2)).

5. Fori € —(j,1), whenever player n does not have f[n|(m)=m, 0;_1(j —m n) = B.
6. For each i € I, the distribution of 0;_1(j —m, n) is independent of player i’s strategy
with probability no less than 1 — exp(—O(T'2)).

Proof.

1. This follows from the law of large numbers.

2. If f[n](m) = m, then we are done. Suppose not. Note that the definition of g[n—1](m)
implies that g[n — 1](m) = m only if z;(m) = m and (175) and (176) are satisfied.

Therefore, gn — 1](m) = m only if z;(m) =m and y,—1 € H,_1[e](m).

fIn](m) # m implies that either

(@) ¥nu(r,Tn(r)) € Hu—1,n[](m) is not the case, or

(b) player ¢ infers f[n](m) from the likelihood using y,(r, T.(r)) (neglecting yn+,.(r))

is the case. If (a) is the case, then by Hoeffding’s inequality, player n believes that
Vn-1 & Hn-1le](m) given m with probability 1 — exp(—O(T?)). If (b) is the case,
then by Lemma 37, player n believes that z;(m) # m given m with probability 1 —

1

exp(=0(T2)).

271



Note that, by Assumption 3 (full support), neglecting (an,tn(r), yn,tn(r)) does not affect

the posterior so much.

. Given m, any (y¢),cp(, can occur with probability at least

T3
{rrylianq(y | a)} :

Assumption 3 (full support) implies that this probability is exp(—O(T'z)).

. Ex ante, g[n — 1](m) = E with probability 1 — 2 — exp(—O(T'z)) regardless of m.
Therefore, the probability of g[n — 1](m) being equal to E does not react to player n’s
strategy before round r by more than exp(—O(T'2)).

In addition, the distribution of Qil,t is independent of player n’s strategy in pe-
riod ¢ and (175) is satisfied ex post (conditional on {at,y:},cr () with probability
1—exp(—O(T'2)) by the law of large numbers. Therefore, the probability of g[n— 1](m)
being equal to E does not react to player n’s strategy in round r by more than

exp(~O(T4)).
. Follows from the triangle inequality.

. For player ¢« € {j,n}, 0,_1(j —m n) = G always. If i € {j,n}, then ex ante,
0:-1(j —m n) = G with probability 1 — 2 — exp(—O(T'2)) regardless of m. Therefore,
the distribution of 6;_(j —, n) is not changed by more than exp(—O(T'2)) by player

1’s strategy before round r.

In addition, by Notation 2, the distribution of inT and Q;{’T(m) is independent of
player i’s strategy in round r and Cases 2 and 4 in the definition of 6;_1(j —,, n) is
satisfied ex post (conditional on {a, Yt} cq(,) With probability 1 — exp(—0(T'2)) by
the law of large numbers. Therefore, the distribution of 6;_1(j —,, n) is independent

of player i’s strategy in round r with probability no less than 1 — exp( —O(T%)).
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49 Equilibrium Strategies

main
i .

In this section, we define o;(x;) and 7

49.1 States

~

The states \;(I + 1), N1 (1 + 1), d;(1 + 1), d;(I + 1)(2), c;(I + 1), 6;(1), 6:(N; (I +1)) and
6:(d; (I + 1)) are defined as in the Supplemental Material 3 except that x is replaced with
x(7) defined in Section 46.5.

If we replace the noisy cheap talk with messages via actions, then we use f[i](m) (when
player i is a receiver) and g[i](m) (when player i + 1 is a receiver) defined in Section 48. In
addition, each player i makes player ¢ + 1 indifferent between any action profile sequence if

the following events happen:

e In the coordination block, 0;(c) = B happens.

e In a round where player j € I sends a message m to player n € —j, 0;(j —,, n) = B

happens.

49.2 Player i’s Action
49.2.1 With the Noisy Cheap Talk

In the coordination block, the players play the game as explained in Section 46. For the other
blocks, o;(x;) prescribes the same action with x replaced with z(7) except for the report and
re-report blocks. See Sections 51 and 52 for the strategy in the report and re-report blocks.

49.2.2 Without the Noisy Cheap Talk

When player j € I sends a message m to player n € —j, then the strategies are determined

in Section 48.
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49.3 Reward Function

main

In this subsection, we explain player i—1’s reward function on player i, 7/ (x; 1, K™, 7P

main
i

§). In general, the total reward 7™ (z;_;, hmain pI*P™ . §) is the summation of rewards

for each round 7:

7_‘_;nain(ajiib h’ririalin7 hze_rleport . 6) = Z Wf(t, Oé,ii, yi*l,t)‘i‘z W;nam(l’i,h h?ialin7 h;fe_rilport’ re (5)
1=1 teT(l) r

Note that we add (106) to ignore discounting only for the review rounds. As we will see,

for the round where the players communicate, we use reward function that take discounting

into account directly.

We define 70 () b2 pEerePo™t . ) for each 7.
49.3.1 With the Noisy Cheap Talk
In the coordination block, for round r where player j sends message z; 1 to player n*(i),

player ¢ — 1 gives

TE (@i, RE, RSP 2 6) = Z 8 (G, @icgs Yie1)
teT(r)
to make player i indifferent between any action profile sequence.'”? Note that we take
discounting into account.
In the coordination block, for round r where player n*(j) sends message w; to player

N(j), player i — 1 gives

T (i, B HEP 6) = Y 6T (00 () = N (5) 5 @i Biere)-
teT'(r)

In the main blocks, the reward function is the same as in the Supplemental Material 3

W02 (4,ai—1.4,Yi—1.) is defined in Lemma 38. Here, we use the assumption that the same a?,af in
Assumption 13 satisfy Assumption 15 for each j.

If not, assume that (aG aB)j in Assumption 13 satisfy 6 and 7 in Assumption 15.

VR
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except that x replaced with z(i — 1) and that if 6, _;(c) = B happens, then player i — 1 uses

main

main j rereport _ Ti—1
T (@, B iy ) = Z T (a‘fi,tayifl,t)
teT (1)

for all the review rounds to make player ¢ indifferent between any action profile.!%?

49.3.2 Without the Noisy Cheap Talk

For round r corresponding to a review round, the reward function is the same as in the case
with the noisy cheap talk except that if there is round 7 < r — 1 (before r) such that player
J sends a message m to player n in round 7 and 6;_1(j —,, n) = B happens, then player

7 — 1 uses

main main j rereport - Ti_1
T ('Ti—bhi—l? i—1 J)—E ; (a—i,tayi—l,t)

teT(l)
to make player 7 indifferent between any action profile.

For round r where player 7 sends a message, player ¢ — 1 gives

main main j rereport i o t—1 _Ti_1/ -
M (@i, B R 0 0) = E 6, Qi—14t, yi—l,t)
teT(r)

defined in Lemma 38. Again, we take discounting into account.

50 Almost Optimality of the Strategy

We want to verity (8), (4) and (5) are satisfied. First, by definition in Section 49.3, (5) is
satisfied.

Second, since the length of the rounds other than the review rounds is T’ %, the payoff from
the review rounds approximately determines the payoff from the review phase for sufficiently

large ¢ (and so sufficiently large T'). Therefore, we neglect the payoffs from the rounds other

R . H 3 t . . .
193Gince wmain (g;_q, hmain pITPOM 1) does not depend on &, with abuse of notation, we omit § from
H H t . . .
AN (g, hmAR BT r 2 §) with r corresponding to the Ith review round.
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than the review rounds.

Third, we consider (8) and (4) in the case with the noisy cheap talk. Suppose that
x(j) = x(i) for all i, j € I at the end of the coordination block. Then, (8) and (4) are shown
as in the case with the perfect cheap talk.

This implies that the premises of Lemma 44 are satisfied. Therefore, (i) the incentive in
the coordination block is satisfied and (ii) we can concentrate on the case with x(j) = x(4)
forall 4,5 € I.

(i) and (ii) implies (8). In addition, by the law of large numbers, z(j) = = for all j € —i
in the coordination block with probability no less than 1 — exp(—O(T'2)). Therefore, (4) is
satisfied at the beginning of the review phase.

Finally, we consider (8) and (4) in the case without the noisy cheap talk. Again, suppose
that x(j) = z(¢) for all 4,5 € I at the end of the coordination block. Then, (8) and (5) are

verified as in the case with the perfect cheap talk except for the following two points:

e Player i — 1 makes player 7 indifferent between any action profile sequence because of
gli—1](m) = E or 0;_1(j —,, n) = B with higher probability. However, the probability
of g[i—1](m) = E or 6;_1(j —m n) is bounded by O(n). Hence, re-taking n sufficiently

small as we do in (141), we can deal with this problem as in the two-player case.

e When player j € —i sends a message m to player n € — (i, j), player i can manipulate
the distribution of f[n|(m). However, Lemma 45 implies that player ¢ cannot manip-
ulate 6;_1(j —m n). f[n](m) matters for player i’s continuation payoff if and only if

0;_1(j —m n) = G. Hence, the relevant events for player i are

— fIn](m) =m and 0;_1(j —m n) =G, or

— flnl(m) #m or ;1(j —n n) = B.
Since f[n|(m) # m implies 0;_1(j —,, n) = B, the relevant histories for player i are

— 0;1(j >mmn) =G, or
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- 91‘,1(]' —m n) = B.

Since player ¢ cannot manipulate 6; 1(j —.,, n) by Lemma 45, player i does not have

an incentive to manipulate f[n|(m).

To verify the incentives in the coordination block, we consider the premises of Lemmas
43 and 44 in the case without the noisy cheap talk.

The premise 1 of Lemmas 43 and premise 1-(a) of Lemma 44 are satisfied by Lemma 45.

As we have mentioned above, when player j € —i sends a message m to player n € — (i, ),
player ¢ does not have an incentive to manipulate f[n|(m). Therefore, the premise 2 of
Lemmas 43 and premise 1-(b) of Lemma 44 are satisfied.

We are left to verify the premise 1-(c) of Lemma 44: Player i’s value is almost the same
between z,(j) = G for all j € I and x,(j) = B for all j € I regardless of {zn/(j)},c; psn-
To formally show this, we proceed backward from player N’s state. There are following two

cases:

e Suppose that x,/(j) # x. (') happens for some n' € {1,....,. N —1}, j € I and j' € —j.
Then, by definition of {0; 1(j" —n ")}, and 2 of Lemma 44,'" player i puts a
belief no less than 1 —exp(—O(T'2)) on the event that 6;_;(c) = B in the coordination
rounds for z,,, or that there exist j;” € I and n” € —j” such that 6, (" —,, n") =B
happens when player j” € N(n') sends a message m to player n” in the coordination
round 3 for x,,. Therefore, if x,,/(j) # x,/(j') happens for somen’ € {1,...., N—1},j €I

and j' € —j, then player 7 is almost indifferent between any action profile sequence,

which implies player ¢’s value is almost constant.

e Suppose that x,/(j) = x,(j') for all n € {1,..., N — 1} and j,j' € I. Then, if either
zn(j) = G for all j € I or zx(j) = B for all j € I is the case, then we have verified
that (4) holds with x replaced with x(j). Since i # N + 1, player i’s value is almost
the same between zy(j) = G for all j € I and zy(j) = B for all j € I.

1042 of Lemma 44 does not use the premises 1-(a), 1-(b) and 1-(c).
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Therefore, 1-(c) of Lemma 44 holds for n = N. This implies that each player follows the
equilibrium path in the coordination rounds for x . Hence, at the end of the coordination
rounds for xy_1, each player i believes that zy(j) = zx for all j € I or 0;_1(j —nn) = B
in the coordination round 3 for x between some j € I and n € —j with probability no less
than 1 — exp(—O(T'2)). Hence, the same argument as for n = N holds for n = N — 1. By
induction, we are done.

Therefore, all the premises in Lemmas 43 and Lemma 44 are satisfied. This implies that

1. Tt is almost optimal for player ¢ to follow the equilibrium strategy in the coordination

block.

2. For any i, for any ¢ in the main blocks, for any hf, player i puts a belief no less than
1 — exp(—O(T'z)) on the event that z(j) = z(i) for all j € —i or “6;_1(j —m n) = B

or 6;_1(c) = B happens in the coordination block.”

Note that 1 implies the almost optimality of o;(z;) in the coordination block and that 2
implies the almost optimality of o;(z;) in the main blocks. Hence, (8) is verified.

Since we have verified (4) for z(j) = (i) for all 4,j € I, we are left to show (4) at the
beginning of the review phase. Compared to the case with the noisy cheap talk, we need to
deal with the fact that g[n — 1](m) = E and 6;_1(j —,, n) = B can happen when player j
sends a message m to player n in the coordination block with higher probability. However,
since the ex ante probability of §;_1(j —,, n) = B for some j € I, n € —j and m is bounded

by O(n), re-taking n smaller if necessary, we are done.

51 Report Block

We are left to construct the report and re-report blocks to attain the exact optimality of the
equilibrium strategies. In this section, we explain the report block.
Contrary to the two-player case, we directly construct the report block without public

randomization or any cheap talk.
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51.1 Structure of the Report Block

The report block proceeds as follows:

1. Player N sends the messages about AR,

2. Player N — 1 sends the messages about A1,

3. Player 3 sends the messages about hy#n.

4. As in the two-player case, players 1 and 2 coordinate on which of them will send

messages:

(a) Each player takes a“ and each player i observes her private signal ;.

(b) If player 2 observes ys € Yfl, then player 2 sends the message that y, € Yfl to
player 1. Otherwise, that is, if player 2 observes ys € Y22,2, then player 2 sends the
message that y, € Y222 to player 1.

5. If player 2 has sent the message vy, € Yfl, then player 2 sends the meaningful messages
about h#n. If player 2 has sent the message y, € YQ%Q, then player 2 takes a$ for the

periods where player 2 would send the messages about AF®" otherwise.
6. Player 1 sends the message about hPain,

7. The players play the round for conditional independence.

We explain each step in the sequel.

51.2 Player i > 3 sends A"

Since there is a chronological order for the rounds and r is a generic serial number of rounds,
the notations #¢, #;(k), T(r, k) and {ait, yit}cr () defined in the Supplemental Material
3 is still valid.
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Player i sends the messages about h™@™ in the same way as player 2 sends the messages
in the Supplemental Material 4 with two players.

That is, for each round r,
1. First, player ¢ reports #/.
2. Second, player i reports {# (k) }req1,.. k}- See Section 44.2.2 for the definition of K.

3. Third, players ¢ and ¢ — 1 coordinate on k(r) as players 2 and 1 coordinate on k(r) in

Section 44.2.2.

4. Fourth, player ¢ sends {a;, th}tGT(T k()" k(r,i) is the result of the coordination on

k(r).

In Steps 1, 2 and 4, player 7 sends a message as player 2 does in the Supplemental Material
4 and player 7 — 1 interprets the message as player 1 does in the Supplemental Material 4:
¢ aP}, player i — 1 takes @; ; and players —(i — 1,7) take a(_;(i_u)-

17

Player i takes a; € {a
Player ¢ — 1 constructs ®;_; € {0,1} from ¢, ,(a;—1,y;—1) as player 1 constructs ®; € {0,1}
from ¢, (a1, 1) in the Supplemental Material 4. Then, player ¢ — 1 infers player i’s message
from ®,; ; as player 1 infers player 2’s message from ®;. Then, from Lemma 39, player ¢
cannot infer ®; ; from player ¢’s signals.

In Step 3, the coordination between player i and 7 — 1 is the same as in Section 44.2.2

with j replaced with ¢ — 1. Assumption 16 implies that this is a well defined procedure.

51.3 Player 2 sends hy#"

Player 2 sends the messages about hy®™ as player ¢ > 3 if and only if player 2 observed
y2 € Y3, in Step 4 of Section 51.1. If player 2 observes y, € Y3,, then player 2 takes
a$ for periods where player 2 would send #5, {#5(k)}req,. x} and {azt, V21 }icrrnira)
otherwise. In addition, the coordination on k(r) between players 2 and 1 is the same as in
the Supplemental Material 4 (with the other players — (1,2) taking ag(i,z)). Assumption 16

implies that this is a well defined procedure.
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As for the case with i > 3, player 2 takes ay € {a¥,a}, player 1 takes a; and players
—(1,2) take af(l 5 Player 1 constructs ®; € {0, 1} from ¢, (a1, y1) to infer player 2’s message.

Lemma 39 guarantees that player 2 cannot infer ®; from player 2’s signals.

51.4 Player 1 sends hi"n

Player 1 sends the messages about A" to player N as player i > 3. As in the two-player
case, player 1 takes a; € {af,aP} and players —1 take a%.

After that, player 1 sends the histories in the report block to player N as player 1 does
to player 2 in the round for conditional independence in Section 44.4.1. Again, this set of
periods is called “the round for conditional independence.” In this round, player 1 takes
some action a; € A; and players —1 take a®,. Player N infers this message from yy. By 7
of Assumption 15, player N can statistically identify player 1’s action.!%

From the history in the round for conditional independence, player N constructs ®y.

Compared to the two-player case, player 2 is replaced with player V.

51.5 Reward Function 7"
First, for each i, player i — 1 gives the reward for player i that cancels out the instantaneous
utility. When player n € —1 sends the message about h™™ player i — 1 gives

t—1 __Ti—1
6w,  (report, n, a;—1,Yi—1)

to player i. (166) implies the payoff of each player i is constant for any action.

When player 1 reports hi**®, player 1 takes {af,a?} and players —1 take a%.'° Hence,
by 7 of Assumption 15, for each player i, player i — 1 can cancel out the differences in player
1’s instantaneous utilities by

SN (L, i, i)

105Gince we use Assumption 15, {af,af} and a% here are actions defined in Assumption 15, not in
Assumption 17. Note that, for notational simplicity, we use the same notations for different assumptions.
Y6Remember that {af,af } and a%; here are actions defined in Assumption 15.
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Next, we consider the reward in the round for conditional independence. As we will see,
player 1 sends in the re-report block what action player 1 takes in each period in the round
for conditional independence. Hence, for player i € —1, player ¢ — 1 will know a; from the
re-report block and player ¢ — 1 knows that players — (1,7) take aE‘(M). For player ¢ = 1,
since players —1 take a“,, player i — 1 = N knows a_; without the messages in the re-report
block. For each i, player i — 1 gives

5t_17Tfi_1 (@—i, Yi-1)

to cancel out the difference of player i’s instantaneous utilities.

On the top of that, while the players should take a® to coordinate on k(r) or whether
player 2 reports the history, player i — 1 incentivizes player i to take af’. Since player i — 1
knows that players —i take a®; € A_;, player i — 1 can construct a strict reward on a from
Lemma 16.

In the report block, when player ¢ sends the message, no player j € —i has an incentive
to manipulate player (i — 1)’s inference of player i’s message since player i’s message only
affects player (i — 1)’s reward on player ¢ and we construct the structure of the report block
in Section 51.1 and the punishment for telling a lie, g;(hi™", h’}fiport, i+, Jjt), so that player

j does not have an incentive to learn player ¢’s history from the report block.

report
%

Finally, we construct = that makes o;(x;) exactly optimal. This step is the same as

in Section 36 except for the following;:
® ¢, for each round r is defined as follows:

— If round r corresponds to the coordination round 1 for z; with some j € I where
player n infers player j’s message z; (that is, player n is n*(j)), then ¢, , is \I/fl,t

defined in (168).

— If round r corresponds to the coordination round 1 for x; with some j € I where

player n is not n*(j), then ¢, , is {0}.
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— If round r corresponds to the coordination round 2 for z; with some j € I where
player n receives a message from n*(j) (that is, player n is in N(j) \ {n*(j)}),
then ¢, , is I,,;(j) defined in (169).

— If round r corresponds to the coordination round 2 for z; with some j € I where
player n is not in N(j) \ {n*(j)}, then ¢, , is {0}.

— If round r corresponds to the coordination round 3 or the supplemental round,
then ¢, , is {0}.

— If round r corresponds to the review round, then ¢, , is the same as in Section

36.

e t; 1(r) is not defined for a round in the coordination block or supplemental round if
player (i — 1)’s continuation strategy does not depend on player (i — 1)’s history in

that round. In that case, player i — 1 randomly picks one.

e For a round in the coordination block where player ¢ takes a mixed strategy to send a
message, we (i) first cancel out the effect of the history in the round on learning about
the best responses from the next rounds, and (ii) second make any action sequence is
indifferent ex ante. Since player ¢ believes that player i is almost indifferent between
any strategies whenever player ¢ sends a message, this treatment is the same as we

incentivize player i to take a mixed minimaxing strategy in the review round.

We are left to deal with the probability that the message does not transmit correctly
with probability 1. We deal with this problem in Section 53 after we explain the re-report
block.

52 Re-Report Block

As in Section 37, we introduce the re-report block so that, for each player ¢, player ¢ — 1 can
collect the information necessary to construct m; from players — (i — 1,1).

The basic structure of the re-report block is the same as in Section 37:
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e Players — (N — 1, N) sends the information to player N — 1 to construct my.

e Players — (N — 2, N — 1) sends the information to player N — 2 to construct my_;.

e Players — (1,2) sends the information to player 1 to construct .
e Players — (N, 1) sends the information to player N to construct ;.

When players — (i — 1,7) sends the information to player ¢ — 1, each player takes turns

to send the information:

e Player 1 sends the information to player i —1if 1 € — (i —1,7). If 1 ¢ — (i — 1,14),
then skip this step.

e Player N sends the information to player i — 1 if N € — (i — 1,4). If N & — (i — 1,14),

then skip this step.

When player n € — (i — 1,7) sends the information about her history, she sends the

following information chronologically:

e For each round r, what strategy «,, player n took in round r. Note that this contains
the information about what message player n sent if player n sends a message in that

round. The cardinality of this message is no more than

|A,| + N -1
N——

the mixed strategy is taken
only if player n sends zj(m)=M
or minimaxes another player
e For each round r, for each (an, yn, ¢,,), how many times player n observed (a,, Yn, ©,)-
Note that this contains the information about what was player n’s inference of a mes-
sage if player n receives a message in that round. The cardinality of this message is no

more than 700,
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Note that the above two pieces of information is sufficient for player ¢ — 1 to construct

67;_1<j —m 7’L>
For each round r, what was t,(r). The cardinality of this message is no more than 7'

At the end of each [th review round, what was the realization of player n’s random-
ization for the construction of some states. The cardinality of this message is a finite

fixed number.

So that player i — 1 knows (a—i.),erp(rsy) and (Yn,t, (p”vt)teT(r,k(r,i))’

— first, for each r, player i—1 sends the message about k(r, ) to players — (i — 1,4).1%7

Each player n € — (i — 1,4) infers k(r,4) from their private signals. Let k, (r,1)

be player n’s inference. The cardinality of this message is no more than Ti.

— Second, player n sends the messages about (an,t,ym, gpn,t) to player

teT (r,kn(ry))

i — 1. The cardinality of this message is exp(O(T'1)).

If player n is player 1, then player 1 sends the message about player 1’s history in
the round for conditional independence: (ajs,y1¢) for all ¢ in the round for condi-
tional independence. Since the length of the round for conditional independence is

Sy T (7‘, ken (1, 2)) ’ = O(T%), the cardinality of this message is exp(O(T'1)).

Therefore, the cardinality of the whole message is exp(O(Ti)) and the length of the

sequence of binary messages {G, B} necessary to encode the information is O(T'1). To send

a binary message m € {G, B}, player n repeats o for T' 5 times to increase the precision.

The other players —n take a

G 108

-n-

By 7 of Assumption 15, player ¢ — 1 can statistically identify player n’s action. Also, for

each player 7, player j—1 can cancel out the differences in player j’s instantaneous utilities by

107We assume that player i — 1 knew player i’s inference k(r,i). See Section 53 for how to deal with the
small probability that player ¢ — 1 misinterprets player i’s message about k(r,1).

1%8Since we use Assumption 15, {af’,af} and a®; here are actions defined in Assumption 15, not in
Assumption 17. Note that, for notational simplicity, we use the same notations for different assumptions.
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the reward. The incentive to tell the truth is automatically satisfied since player n’s message
is used only for the reward on player ¢ with ¢ # n except for the round for conditional
independence. The incentive in the round for conditional independence is established as in

Lemma 31.

53 The Probability of Errors in the Report and Re-
Report Blocks

Note that the cardinality of the whole messages in the report and re-report blocks is exp(O(T i ))-
Hence, the length of the sequence of binary messages {G, B} that each player takes to send
the messages in the report or re-report block is O(T%).

Since all the messages transmit correctly with probability at least
L= O(T%) exp(~O(T%)),

by the same treatment as in Section 44.3, we can assume as if all the messages would transmit
correctly. We do not apply this procedure for the messages in the round for conditional
independence. As seen in Lemma 31, the incentive in the round for conditional independence

is established taking into account the probability of mis-transmission.
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