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Abstract
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Appendix S.A Proofs of main results

In this appendix, we prove the results in the main text. Results in Sections 2 and 3 are proved
in Appendices S.A.1 and S.A.2, respectively. Technical lemmas that are used in these proofs are
proved in Appendix S.A.3. Below, we use K to denote a generic constant, which may change from

line to line but does not depend on t.

S.A.1 Proofs in Section 2

PROOF OF PROPOSITION 2.1. (a) Under Hy, E[f%] = x. By Assumption A1, (ar(fr—x), apSt) —
(&,5). By the continuous mapping theorem and Assumption A2, ¢p , ¢ (&,5). By Assumption
A3, E¢r — «.

Now consider Hi,, so Assumption B1(b) is in force. Under Hi,, the nonrandom sequence
ap(E| _]*T] — x;) diverges to +oc. Hence, by Assumption Al and Assumption B1(b), ¢p diverges
to 400 in probability. (To see this, one can use the almost sure representation of the weak
convergence in Assumption Al, and then show the pathwise divergence towards +oco by using
Assumption B1(b).) Since the law of (£,.9) is tight, the law of ¢ (&, 5) is also tight by Assumption
A2. Therefore, 271 = O, (1). It is then easy to see E¢7 — 1 under Hy,.

The case with Ho, can be proved similarly.

(b) Under Hy, ar(fr—x) < ar(fr —E[f;]). Let ¢ = 1{p (ar(fr — E [f5]), dpST) > 211-0}-
By monotonicity (Assumption Bl(a)), ¢p < ¢p. Following a similar argument as in part (a),
E&T — «. Then limsupyr_, . E¢r < o readily follows. The case under H, follows a similar
argument as in part (a). Q.E.D.

PROOF OF THEOREM 2.1. By Assumptions Al and C1, (ar(fr — E[]‘T}]),GITST) LN (&,5). With
this convergence replacing that in Assumption Al, we use the same argument as in Proposition
2.1 to prove Theorem 2.1. The details are omitted. Q.E.D.

PrROOF OF LEMMA 2.1. We observe that

ar|E[fF] - ElfJll < (ar/P) ZEIIft+T A

T
< (ar/P) Y E mosr [Vir = ¥l

t=R
< K(aT/P>ZHmt+T||p/(p_1) [¥ier =¥
< a’T/P Zdt+T



where the first inequality is due to the triangle inequality; the second inequality is by Assumption
C3(a); the third inequality is by Holder’s inequality; the fourth inequality is by Assumptions C2
and C3(a); the convergence follows from Assumption C3(b). Hence, ar(E[f}] — E| ﬁ}]) — 0 as
claimed. Q.E.D.

S.A.2 Proofs in Section 3

Throughout this section, we denote
¢ t
X! = Xo + / blds + / oudWy, X! =X, XI, (S.A.1)
0 0

where the process b, is defined in Assumption HF(d). Below, for any process Z, we denote the ith

return of Z in day t by A¢;Z = Z- ;5 — Zr(t,i—1)-

PROOF OF PROPOSITION 3.1. Denote 3,; = GT(t,i_l)At,iW/d;éZ. Observe that for m = 2/p and
m' =2/(2—p),

E ‘Q(At,iX/dtl,éz) —9(Bt4) ‘p
< KE [(1+ 18,077+ 180X/ d210) WAei XUt = 6,1
< & (B[ (14 18,7 + g x/a 2 ) ™ (Bl agx/d? - 6,
< KdP'?

ti

pm> 1/m

where the first inequality follows the mean-value theorem, the Cauchy-Schwarz inequality and
condition (ii); the second inequality is due to Holder’s inequality; the third inequality holds because
of condition (iii) and E||Ay;X/d}* — Byl|> < Kdy. Hence, |g(AuiX/dy"?) — 9(Bui)lly < KdyJ7,
which further implies

< Kd'*. (S.A.2)
P

Ti(g) — > 9(Bey) dus
=1

Below, we write p(-) in place of p(-;g) for the sake of notational simplicity. Let (,; =
9(Bti)—p(cr(t,i—1)). By construction, (; ; forms a martingale difference sequence. By condition (iv),
for all 4, E[(¢;;)?] < E[p(cr(t,i-1);9%)] < K. Hence, E[ 331, C;idiil® = D20 E(Cy0)%)d7; < Kdy,
yielding

< Kd’* (S.A.3)
2

<
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E Ct,idt,i
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In view of (S.A.2) and (S.A.3), it remains to show

t nt
| / X p(cs)ds — ZP (cr(iz1)) de
t—
First note that

i=1
t "t
/t 1 (cs)ds — Zp (i 1 )di; = Z/ P (CT(t»i—l))) ds.

(t,i—1)

< Kd'?. (S.A.4)
p

We then observe that, for all s € [7(t,i — 1), 7(¢,i)] and with m = 2/p and m' =2/ (2 — p),

Hp (es) = p (erri-n) ],
K (B (14 1ol + lergin P72) llew = ereamnyP])

<K<E[(1+Hosumm s lP™)]) " @l = exa )
< K2

ti

where the first inequality follows from the mean-value theorem, the Cauchy-Schwarz inequality and
condition (ii); the second inequality is due to Holder’s inequality; the third inequality follows from
condition (iii) and the standard estimate E|cs — ¢;(1;-1)||* < Kdy;. From here (S.A.4) follows.
This finishes the proof. Q.E.D.

PROOF OF PROPOSITION 3.2. Step 1. For z,y € RY, we set

k — — —
(y,2) =gy +2z)—g()—9(y) T (S.A5)
hy,z)=gy+x)—g()—gy)— 99zl <-
By Taylor’s theorem and condition (ii),
2
ko) < K3 (Il el + e )
it (S.A.6)
o) < K S (o= ol + 1215l + 11~ ) Loy ) -
j=1

We consider a process (Zs)ge[¢—1,4 that is given by Zs = Xs— X7, ;1) when s € [7(t,i—1),7(t,17)).
We define Z! similarly but with X’ replacing X; recall that X’ is defined in (S.A.1). We then set



Z" = Zs — Z!. Under Assumption HF, we have

{ v € [0, k] = E[supseirti1),r ) 1 Z:l] < def, (SAT)

v € [2,k] = Elsup,eirri1),r i) 125 1°1Fri-n)] < Kdy,

where the first line follows from a classical estimate for continuous It6 semimartingales, and the
second line is derived by using Lemmas 2.1.5 and 2.1.7 in Jacod and Protter (2012).

By It6’s formula, we decompose
Ji(9) = T (9)

t
:/ 09 (Zs—)"bsds + = Z/ _) cjisds

= (S.A.8)

/ ds/ Zs—,0(8,2)) A(dz) / 09 (Zs_ )" o5sdWy
t—1
—{—/ /k Zs—,0(s,2)) u(ds,dz) .

t—1JR

Below, we study each component in the above decomposition separately.

Let m =2/p and m’ = 2/ (2 — p). Observe that, for all s € [7(¢,i — 1), 7(¢t,7)],

Step 2. In this step, we show

t
09 (Zs—)" bsds
t—1

< Kd'*. (S.A.9)
p

9 p\ 1/p
109 (Zs)Tbslly < K [E[D[1Ze- %" |Ib]

2 (g —1)pm | /P i\ 1/Pm
< K;(E||Zs| i I TN

2 o 1/2 e\ 1/pm
< K;(Enzﬁ@ D) (E )
< Kd1/2

t, 0

where the first inequality is due to condition (ii) and the Cauchy-Schwarz inequality; the second
inequality is due to Hoélder’s inequality; the third inequality follows from our choice of m; the last
inequality follows from (S.A.7). The claim (S.A.9) then readily follows.



Step 3. In this step, we show

Z/ ]lg —)cjrsds|| < Kd1/2 (S.A.10)

=1
] p

By a component-wise argument, we can assume that d = 1 without loss of generality and suppress

the component subscripts in our notation below. Let m’ = 2/(2 — p). We observe

2
||(92 (Ze_)eslp < KZ (E [|ZS_|p(qr2)|cs‘pD1/p
< KZ (E | Zs_ 2(¢;—2) )1/2 (]E\ e P )1/pm/
< Kdl/?

ti )

where the first inequality follows from condition (ii); the second inequality is due to Holder’s
inequality and our choice of m/; the last inequality follows from (S.A.7). The claim (S.A.10) is
then obvious.

Step 4. In this step, we show

‘/t 1d3/ Zs— Sz))A(dz)

By (S.A.6) and [[6 (s, 2) || < T'(2),

< Kd'"*. (S.A.11)

2
1 (Zes5 (5, N < K (12015727 () 4 T ()5 2o |+ 12 97T () Lrgopony ) -
=1

Hence, by condition (iii),

/ h(Zs 8 (5,2)) A (d2)] <
R

2
K (126172 4+ 1 Z6- ) + 1Z5-11%7")
j=1



y (S.A.7), for any s € [7(t,i — 1), 7(t,7)],

/Rh(ZS_,(S(s A )|
< KZ (12 202) "+ @12 2) " + (B2 200) )

< Kdl/Z.

The claim (S.A.11) then readily follows.
Step 5. In this step, we show

t
‘ 09 (Zs_)T o sdW,| < Kdy'?. (S.A.12)
t—1 2
By the Burkholder-Davis—Gundy inequality,
t 2
E|[ 89(Z. ) odW,
t—1
t
<x5 | [ 10521 ol as
t—1
t
< KE [/ |09 (Z’)HZIIUSIIQdS] (S.A.13)
cxf3 [T )0 ) il
e 35 [ Jou ) - o0 (2Pl - |-

We first consider the first term on the majorant side of (S.A.13). By Holder’s inequality, we have,
for s € [t(t,i — 1), 7(t,1)],

2
2 2 20 (g5—1)/q; 20.: 1/q; —1
E [[lag (Z)|" o] < & 3 (B[ 22)) (Efloul?) ™ < map ™,
j=1
where the second inequality is due to (S.A.7). This estimate implies

t
1\ (12 2
EUH 109 (Z2) || llos|l ds] < Kdj. (S.A.14)



Now turn to the second term on the majorant side of (S.A.13). Observe that

nt 7(t,)
£S5 tont - on @) oo ]

i=1 YT\t
2 ¢ 7(t,0) __ -

<KYE [Z [, Uz ez 2 Hw,i—nlfds]
12 ng 7(t,1) ) 12(6—-2) 2 )

O3] O B L e EA L 2
J=1 B

i=1"T\h?

2 e pr(t)
iy (55 Y e .
j=1 i—1 JT(ti-1)

By repeated conditioning and (S.A.7), we have

2 ne o er(ti) -
ZE [Z/ “Z;/|{2(qj Y Haﬂ'(t,il)H2d5] < Kd;.
j=1 =1 T(tvifl)
Moreover, by Holder’s inequality and (S.A.7), for s € [7(t,i — 1), 7(¢,1)],

E (| 2P N2 lovin 7]
< (E”Z;}lij)(quz)/qg‘ (IEHZ;’HQ%)I/% (EHUT(t,i—l)Hqu>l/qj
< Kdl5 a0

t,%

Therefore,

2 nt o er(t) -

> e (3 [ 12 2 o ] < s
j=1 =1 T(t’lfl)

Combining (S.A.15)—(S.A.17), we have

E

nt 7(t,7)
[ ootz - @) ool | < s

i=1 7(t,i—1)

(S.A.15)

(S.A.16)

(S.A.17)

(S.A.18)

We now consider the third term on the majorant side of (S.A.13). By the mean-value theorem



and condition (ii),

E (109 (2 — 00 (Z0) | o ~ 00 ]

2
<K Y E{|Z* | 2! os = orpin]’
; [ ! ] (S.A.19)

2
+EYE |27 [low — orimn ]
j=1

By Hoélder’s inequality and (S.A.7),
E (122%™ |los = orion ]

< <E HZ;/Hqu)(qj_l)/qj (E HUS — Or(t,i—1) ‘}2Qj)1/qj (S.A.20)
< Kdiij_l)/qjdtl,/iqj < Kdy,.

Similarly,

E [HZQHZ(%%) HZ;/H2 HO's B UT(t,i—l)HQ}
i—2 ; 1/a: 1/a.
< (B2 ) ™" (& 1220) " (B low — oril ™) (s.21)
< Kd 72" a " < Kd,.

Combining (S.A.19)~(S.A.21), we have
E (109 (Z2) - 00 (Z0)| o — oein ] < Ko
Hence, |
E [i; /T(T:i) 109 (Zs—) = 89 (Z2)||* ||os — orrin ||’ ds] < Kd,. (S.A.22)

We have shown that each term on the majorant side of (S.A.13) is bounded by Kd;; see
(S.A.14), (S.A.18) and (S.A.22). The estimate (S.A.12) is now obvious.
Step 6. We now show

< Kd'*. (S.A.23)
2

/til /R k(Zs—,0 (s, 2)) i (ds, dz)




By Lemma 2.1.5 in Jacod and Protter (2012), (S.A.6) and Assumption HF,

/:1/Rk(ZS—"S(S’Z))ﬂ(dS,dz)
2 . ) .
<KZF{LJ%AOM_W]WM&AMW&JH“&””I)AM%

2 t
gK;E[/HdS/R@ZSHQ‘% VTR +IZIPT (2207Y) A )]

SKdta

2
E

which implies (S.A.23).
Step 7. Combining the estimates in Steps 2-6 with the decomposition (S.A.8), we derive
||jt(g) - T (9)llp < Kdi/2 as wanted. Q.E.D.

We now turn to the proof of Proposition 3.3. Recalling (S.A.1), we set
1
oty = % Dodit (B X ) (A X)T.
j=1

The proof of Proposition 3.3 relies on the following technical lemmas that are proved in Appendix

S.A.3.

LEMMA S.A.1: Let w > 2 and v > 1. Suppose (i) Assumption HF holds for some k& > 2wv

and (ii) k; < dt_l/2 as t — 0o. Then

I

LEMMA S.A.2: Let w > 1 and v > 1. Suppose (i) Assumption HF holds for some k& > 2wv

and (i) k; < d;l/Q as t — 0o. Then

’ ‘

fT(t,i)]

" Kdtl/2 in general,
Cr(ti) ~ Cr(td) LS

4 . . .
K d;v/ if o is continuous.

< Kd“?.

I <l 7]

LEMMA S.A.3: Let w > 1. Suppose Assumption HF hold with k > 2w. We have E||¢, ;) —

A é(kzwzwzr)
cT(m)Hw < Kd, , where

0 (k,w,w,r)
=min{k/2 — w (k — 2w) — w,
1 —wr+ww-—1),w(w—1/2)+ (1 — wr) min{w/r, (k —w)/k}}.

10



PROOF OF PROPOSITION 3.3. Step 1. Throughout the proof, we denote E[-[F ;] by Ei[-].
Consider the decomposition: Z;(g) — I (g) = 2?21 R;, where

TLt—kt

R = ) (g(@;(t,i)) = g(er(tiy) — 09(crti) (& ri) — Cr(t,i))) dr,i
i=0
ni—kt

Ry = Y 09(cra) (Erpay — Cr(ei)dri
=0
ni—kt t

Ry = Z Q(CT(t,z’))dt,z‘—/ 19<Cs)d3
i=0 =
ny—ki

Ry = (9(Er(tay) — 9(&1.0)))di5
i=0

note that in the first two lines of the above display, we have treated ¢, ., and c.;,; as their
T(t,1) (t.9)

vectorized versions so as to simplify notations. In this step, we show that

Kdl/(Qp) : 1
IRy < { i e (S.A.24)

1/2 . . .
K dt/ if o4 is continuous.

By Taylor’s expansion and condition (i),

ny—kt

[Ri| < K> dii(l+ [l + 100 1970 — creall®
i=0 (S.A.25)

ne—ki
K Z dy; ((1 + HCT(t,Z')Hq72)||é;'(t,i) = Cr(t,i) 2 + ||5/T(t,z') - CT(t,i)Hq) .

=0

IN

Let v = ¢/2 and v' = ¢/(q — 2). Notice that

E {(1 +ller@all TPl — CT(t,z’)||2p]
S K (1 flergalle)?
< { Kalg/2 in general,

o [EE s = ™|,

2 . .
K df / when o} is continuous,

where the first inequality follows from repeated conditioning and Holder’s inequality, and the
second inequality is derived by using Lemma S.A.1 with w = 2p. Applying Lemma S.A.1 again
(with w = gp and v = 1), we derive EH&'T(M) — P < Kd;/2 and, when o, is continuous, the

bound can be improved as Kdgp/4 < de/g. The claim (S.A.24) then follows from (S.A.25).

11



Step 2. In this step, we show that
|1Rs||, < Kd}/?. (S.A.26)

Denote ¢; = 89(CT(t,i))T(ég-(t7i)_CT(t,i))a ¢; = Ei[¢;] and (7 = (;—(;. Notice that (j = 8g(cr(t,i))TEi [ég-(m-)—
¢r(t))- By condition (i) and the Cauchy-Schwarz inequality, [¢j| < K (1 + [lc,¢ ]9 |IE; [é’T(t H~

Cr(t,)ll- Observe that, with v = ¢ and v' = ¢/(¢q — 1),

E[ci”

IN

K[|t + lleralP @ |11 ) = erall?]|
2
< Kd”,

where the first inequality is by Holder’s inequality, and the second inequality is derived by using
Lemma S.A.2 (with w = p). Hence,

< Kd'?. (S.A.27)
p

TLt—kt

Z C'dy
7 t,l

1=0

Next consider ¢7. First notice that

IN

KE|(;[*
KE [(1+ llenea )20 . — ere ]

KHl + ||CT(t,z‘)||2(q71)va‘

E|¢/|”

IN

IN

EiHé;—(t,i) — Cr(ty) HZHU

IN

Kd'?,

where the first inequality is obvious; the second inequality follows from condition (i) and the
Cauchy—Schwarz inequality; the third inequality is by repeated conditioning and Hélder’s inequal-
ity; the fourth inequality is derived by applying Lemma S.A.1 (with w = 2). Further notice that

" and (] are uncorrelated whenever |i —I| > k;. By the Cauchy—Schwarz inequality and the above

estimate, as well as condition (ii),

2

ng—ke ng—ky
E| N Y| <Kk Y EICPE, < Kd,.
i=0 i=0

Therefore, || Z?;Ekt Cldyill2 < Kdtl/2. This estimate, together with (S.A.27), implies (S.A.26).
Step 3. Consider R3 in this step. Let v = 2/p and v = 2/(2 — p). Notice that for s €

12



[T(t,i—1),7(t,7)],

Elg(c) = glesi-)l” < KE [+ [leqn " + lesl”™) [les = ergin V]
< K[t el + leslP 0 lllles = e I,
< K&/’

Hence, }g(cs) — g(cf(m,l))Hp < Kdtlj/f. This estimate further implies

|Rs|l, < Kdi/?. (S.A.28)
Step 4. By a mean-value expansion and condition (i),
19(Cr ) = 9@ i)l < K+ 10 1 ey = il + Kllériy — &l

By Lemma S.A.3,
A A 0(k,q,,
EHCT(t,i) - C/T(t,i)Hq < Kdt( qwr)-

Let m' = k/2(¢— 1) and m = k/(k — 2(¢ — 1)). By Holder’s inequality and Lemma S.A.3,

E (1 + 12 1™ eren — &l

< ||+ e
< de(k,m,w,r)/m.

~ N
Cr(ti) = Cr(a)||,

Therefore, we have i .
E’R4‘ < Kdinin{@(k:,q,w,r),Q(k,m,w,r)/m}. (SA29)

We now simplify the bound in (S.A.29). Note that the condition k£ > (1 — wr)/(1/2 — w)

implies, for any w > 1,

{ k)2 — @ (k—2w) —w > 1— wr + w(2w — 1), (S.A.30)
ww—-1/2)+ (1 —wr)(k—w)/k>1—wr+w(2w —1),
and, recalling m = k/(k —2(q — 1)),

(1-—wr+m2w—-1))/m>1—-wr+q2w—1). (S.A.31)

Using (S.A.30) and ¢ > 2 > r, we simplify 0 (k,q,@,r) = 1 — wr + ¢(2o — 1); similarly,
0 (k,m,w,r) = min{l — wr + m(2w — 1),m (1/r —1/2)}. We then use (S.A.31) to simplify

13



(S.A.29) as
E‘R4’ < Kd]rfnin{l—wr—l—q(Qw—1),1/7’—1/2}. (SA32)

Combining (S.A.24), (S.A.26), (S.A.28) and (S.A.32), we readily derive the assertion of the
proposition. Q.E.D.

PROOF OF PROPOSITION 3.4. Define Z; as in the proof of Proposition 3.2. By applying Itd’s

formula to (As;X)(A;X)T for each i, we have the following decomposition:

t
RV, —QV; = 2/ Z,_blds
+2/ dS/Z 5 S Z) 1{H6(sz)||>1})\ (dz) (SA33)
t—1

+2/ Zs— (0sdW5) +2/ /Z 0 (s,2)T u(ds, dz) .
t—1 t—1

Recognizing the similarity between (S.A.33) and (S.A.8), we can use a similar (but simpler) ar-
gument as in the proof of Proposition 3.2 to show that the L, norm of each component on the
right-hand side of (S.A.33) is bounded by K d} /2. The assertion of the proposition readily follows.
Q.E.D.

PROOF OF PROPOSITION 3.5. Step 1. Recall (S.A.1). We introduce some notation

BV = ntntlgznt ! |d 1/2Ath/Hdtz+1Atz+lX |dt’Lv

Coo =l P A X1 20 a X, Co = [ A X7 |dy 2 A1 X,

Ry =10 Cdrs, Ro=300" Coudus.

It is easy to see that |BV; — BV}/| < K(R; + Ry). By Lemmas 2.1.5 and 2.1.7 in Jacod and Protter

(2012), [|dt_zlﬁAt i1 X" P Fra] < Kdﬁ”/’")“"’/? Moreover, note that

Eld,, 2 A X P < KE|d* A X'+ KEId; A, X" < K.

By repeated conditioning, we deduce ||¢; 4[|, < Kdgl/r)/\(l/p)_l/g, which further yields ||Ri|l, <
Kdgl/r)/\(l/p)*l/?

Now turn to Re. Let m = p//p and m’ = p// (p' — p). Since pm’ < k by assumption, we use

Holder’s inequality and an argument similar to that above to derive

[l < (Eld 1/2At7iX”|Pm> frm (E|dt A, Z+1X’|Pm) 1! < KM=z,

14



Hence, || Ral|, < Kdgl/r)/\(l/p/)flﬂ. Combining these estimates, we deduce
|BV: — BV} || < K |[Rall, + K || Rall,, < Kd"/" /P72, (S.A.34)

Step 2. In this step, we show

< Kd'*. (S.A.35)

t
HBVZ —/ csds
t—1 »

) —1/2 —1/2
For j =0 or 1, we denote 3, ; ; = UT(t,i,l)dt’iJ{j Apir;Wand A j = dtﬂlj At,iﬂX’—ﬁtm. Observe
that

nt—l
Tt

T
BVt/ - ny— 1 5 Z |5t,i,0||5t,i,1|dt,i
i=1
TLt—l !

<K ) <|d;i1/2At:iX/| [Ati1] + [Aeiol |Bt,i,1|) dy.i-
=1

Let m =2/p and m’ = 2/ (2 — p). By Holder’s inequality and Assumption HF,

_ _ N 1/pm/
a2 anx vl < (Bldg2anx ™) @l
p
< Kd*

where the second inequality follows from E|d, Z.l/ 2Atﬂ-X 'l < K for each g € [0,k] and E|\;;|* <

Kdy it j. Similarly, [[[Azi0] 81l < Kdz/Q. Combining these estimates, we have

ne—1

ng m
B‘/t/ - 1 5 Z ‘Bt,i,[)
i=1

ng —

< Kd}”*. (S.A.36)

Wt,m ’dt,i

p

Let & = (7/2)|Byi 01180115 (& =E [€i|]:7'(t,i—1)] and & = &; — &;. Under Assumption HF with
k> 4, E|¢]|* < E[¢]* < K. Moreover, notice that &/ is F(; ;4+1)-measurable and E[¢} | F,(; ;1)) = 0.

Therefore, £/ is uncorrelated with £ whenever |i — | > 2. By the Cauchy-Schwarz inequality,

2

ne—1 ng—1
E|> &d| <Kd Y Bl Pd < Kdy. (S.A.37)
i=1 =1

By direct calculation, &, = Cr(ti—1)- By a standard estimate, for any s € [7(t,i — 1), 7(,7)], we
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1/2

have |lcs — ¢;¢i—1)llp < Kd;'” and, hence,

ne—1

Zgld“ / csds
p

< Kd'’*. (S.A.38)

Combining (S.A.36)—(S.A.38), we derive (S.A.35).

Step 3. We now prove the assertions of the proposition. We prove part (a) by combining
(S.A.34) and (S.A.35). In part (b), BV coincides with BV} because X is continuous. The assertion
is simply (S.A.35). Q.E.D.

PrROOF OF PROPOSITION 3.6. We only consider ﬁj for brevity. To simplify notation, let
g(z) = {z}2, x € R. We also set k(y,z) = g(y + =) — g(y) — g(z). It is elementary to see that
|k(y, )| < Klz||y| for z,y € R. We consider the decomposition

ne nt Tt ne
D gAX) = g (AX) + ) g (AuX") + > k(ALX, ALX"). (S.A.39)
' j i=1 i=1
By Proposition 3.1 with Z;(g j; L p(esig)ds = (1/2) j;t_l csds, we deduce
ne
S g (AnX') ~Tulg)| < Kdy'?. (S.A.40)
i=1 D

Hence, when X is continuous (so X = X'), the assertion of part (b) readily follows.
Now consider the second term on the right-hand side of (S.A.39). We define a process (Zs)sc[i—1,

as follows: Z; = X!/ — X;/(tl ;) When s € [r(t,i — 1),7(¢,4)). Since r <1 by assumption, Z is a

finite-variational process. Observe that

Zg (A X") — / / w(ds,dz)
t—1

/tl/ Zs—,0(s,2)) p(ds, dz)
< KE /t 1/IZS D (2)p (ds dz)
< KE [/t 1ds/!Zs T (2 )p)\(dz)]+K]E [(/t 1ds/lZs [T'(2) A (dz)>p]

Sth

p

=E

where the equality is by 1t6’s formula (Theorem I1.31, Protter (2004)); the first inequality is due to
|k(y, 2)| < K|z||y|; the second and the third inequalities are derived by repeatedly using Lemma
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2.1.7 of Jacod and Protter (2012). It then readily follows that

< Kd'" < Kd*. (S.A.41)

ne ‘
;g(At’iX )—/t_l/Rg(é(s,z)),u(ds,dz)

p

Next, we consider the third term on the right-hand side of (S.A.39). Let m’ = p//p and
m=7p'/(p| — p). We have

Hk(At,inv At,iX”)Hp < K (E ‘AtJX/{Pm) 1/pm (E |At,iX”‘pm/) 1/pm < Kd;/2+l/pl7

where the first inequality is due to |k(y, )| < K|z||y| and Holder’s inequality; the second inequality
holds because Assumption HF holds for k > pp'/(p — p) and E |[A,; X" | ' < Kd,. Hence,

ng
ST R(ALX, AuX")|| < KaPT (S.A.42)
i=1 »

The assertion of part (a) readily follows from (S.A.39)—(S.A.42). Q.E.D.

S.A.3 Proofs of technical lemmas

PrOOF OF LEMMA S.A.1. Step 1. We outline the proof in this step. For notational simplicity, we

denote E;§ = E[{|F, )] for some generic random variable §; in particular, E;|¢|* is understood as

Ei[|€]"]. Let o = (A X") (A4, X")T — ¢r(1,i—1)dti- We decompose 5/7(t7i) — Cr(t,i) = C1,i + (o, Where
ky kt

Cri=k' Z(CT(t,H—j—l) —Cr(ta))y Gy = ki ! Zd;il-kjai-i-j' (S.A.43)
=1 =1

In Steps 2 and 3 below, we show

Kd7?* in general
E, i w < t ) S.A.44
H HCL H HU { Kd;”/4 if o4 is continuous, ( )
" Kd; + Kkt_w/Q in general,
E; ¢y, < v s _ . S.A.45
H HCZ H Hy { Kd, /2 + Kk, /2 if o4 is continuous. ( )

The assertion of the lemma then readily follows from condition (ii) and w > 2.
Step 2. We show (S.A.44) in this step. Let u = 7(t,i 4+ k¢ — 1) — 7(¢,7). Since u = O(d2/2), we
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can assume @ < 1 without loss. By Ito’s formula, ¢; can be represented as

t t
¢ = co—l—/ Esds—l—/ osdWy (S.A.46)
0 0

t ~
—|—/ /2035(5,2 (ds,dz) / /5 S, %) w(ds,dz),
0 JR

for some processes by and 7, that, under condition (i), satisfy

IE||I_)S||“’” +E|os]|" < K. (S.A.47)
By (S.A.46),
4
||Cl,i”w < sup ||cT(t,i)+u - CT(t,i)Hw < KZﬁl,z’a (S.A.48)
w€|0,u] =1
where

gl,i = SUPye0,a) H f tl)+u

2, = SUPye(0,a] H fT(t z)
€30 = suyepa || [ “ﬁ“ fR 205 ( 2)7 fi(ds, d2) ||
§ = SUDycl0,a) H f tz) o f]R Z)T:u(dS)dZ) Hw

y (S.A.47), it is easy to see that ||IE,[§1Z]||U < ||€1,iHv < KuY. Moreover, \|EZ[§2Z]||U <

||§2,i||v < Ku®/?, where the second inequality is due to the Burkholder-David-Gundy inequality.
By Lemma 2.1.5 in Jacod and Protter (2012) and condition (i),

T(t,i)+u
Eilés,] < KE; / . / loar |13 (s, 2) 1“2 (d2) ds
7(t,3)+a ~ w/2
L KE, / / s IP113 (5, 2) [P (d2) ds

7(t,i) R

7(t,i)+a r(ti)+a w/2

< KE; / los_||®ds| + KE; / os_||2ds
7(t,7) 7(t,3)

Hence, [|E;[¢5;][lo < Ku. By Lemma 2.1.7 in Jacod and Protter (2012) and condition (i),

[/T“ /H5 5,2) [|*“ A (dz) d ]
(/T;) u/RHS(S,z) |]2)\(dz)ds>w]
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Hence, ||E;[¢4;]llv < Ku. Combining these estimates with (S.A.48), we derive (S.A.44) in the
general case as desired. Furthermore, when oy is continuous, we have {3 ; = &, ; = 0 in (S.A.48).
The assertion of (S.A.44) in the continuous case readily follows.

Step 3. In this step, we show (S.A.45). Let of = IEZ- 1[0@] and o = a; — o, We can then
decompose (y; = C'QJ- + C’Q”Z, where CQI =k, Z “ﬂ HJ and C’Q’ =k, Z “ﬂ H] By
It6’s formula, it is easy to see that

, (ti+7) , .
lofisll < K (Beior | [ (00~ Xy )0
T(ti4+j5—1)
7(t,i+7)
+ || Eigj—1 / (cs — Cr(t,i+j—1))ds . (S.A.49)
7(t,i+j—1)
By Jensen’s inequality and repeated conditioning,
7(ti+5) v
/ / !/ /
Biloil” < KB [ (0= X0
T(ti+j5—1)
7(ti+5) s
+K]EZ / (CS - CT(t,i+j71))dS (SA50)
T(ti+j—1)
Since conditional expectations are contraction maps, we further have
7(ti+7) v
/ / /
“E’L||az+]’|w“ -X T(ti+j— 1))(bs)Td8
tH—] 1) "
7(t,i+7) v
+K Ez / (CS — cT(t,i-i—j—l))dS (SA51)
T(t,’l—‘,—]—].) v

3w/2
47"

Following a similar argument as in Step 2, we can bound the second term on the majorant side of

(S.A.51) by Kd;”;lj in general and by Kd?ﬂ?

and the bound can be improved to be Kd?q;v_g

By standard estimates, the first term on the majorant side of (S.A.51) is bounded by Kd

w—+1
dt REVR

when oy is continuous. By Hoélder’s inequality and

if o1 is continuous. Hence, |[Eqlla;[[“[ly < K

the triangle inequality,

w Kd, in general,
E; ||’ i < S.A.52
H HCZ H Hv { Kd;u/2 when o; is continuous. ( )

Now consider Cz ;- Notice that (o] +])1<]<kt forms a martingale difference sequence. Using the
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Burkholder-Davis—Gundy inequality and then Holder’s inequality, we derive

kt
— 2—1 _
E ||[Ch][" < Kk PN dp Eallofy ).

Jj=1

. —w/2
Moreover, notice that [|E;llaf;[[“[l. < [llledy;["lle < Kdi, ;. Hence, [E[|C3 "], < Kk, w/2,

Combining this estimate with (S.A.52), we have (S.A.45). This finishes the proof. Q.E.D.

PrOOF OF LEMMA S.A.2. Step 1. Recall the notation in Step 1 of the proof of Lemma S.A.1. In
this step, we show that

iy, < K. (S.A.53)
By (S.A.46), for each j > 1,
T(ti+j—1) T(ti+j5—1) B B
i [c‘r(t,iJrjfl) - c‘r(t,i)] =E; / bsds +/ / 0 (s,2)0(s,2)T A(dz)ds
7(t,3) 7(t,i) R
(S.A.54)
By conditions (i,ii) and Holder’s inequality, we have
B Tertusnsn eIV, < K (d)® < K (8 A55)
We then use Holder’s inequality and Minkowski’s inequality to derive (S.A.53).
Step 2. Similar to (S.A.49), we have
7(t,i47) . . ,
Eilacsll < KB | [T (X Xl 0Tds
7(t,i+j5—1)
7(t,i+7)
+ || E; / (cs — CT(t,i-i-j—l))ds .
T(ti+j5—1)
Notice that
7(tyi+3) w
E; / (X, - qu—(t z’+j—1))(bfs)Td3
7(t,i+j—1) ’
(i) W (S.A.56)
’ Sw/2
< K‘ ‘/ (X=X i) (0,)Tds < Kdt,zu{ja
7(t,i+j5—1)

v
where the first inequality is due to Jensen’s inequality; the second inequality follows from standard
estimates for continuous It6 semimartingales (use Holder’s inequality and the Burkholder—Davis—

Gundy inequality). Similar to (S.A.55), we have HHE [cs — cT(t,iH,l)]Hva < Kdyfy,; for s €
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[T(t,i4+j—1),7(t, i+ j)]. We then use Holder’s inequality to derive

7 (tyi+3)
/ (cs = Cr(tirj—1))ds

E; < KdY, ;. (S.A.57)

7(ti+i—1) .

Combining (S.A.56) and (S.A.57), we deduce ||||E; [cvit;] [|*“[lo < Kd?qfﬁ Hence, by Holder’s
inequality, ! HEZ KQ,i]HwHU <K d;”/ ®. This estimate, together with (S.A.53), implies the assertion

of the lemma. Q.E.D.

PrROOF OF LEMMA S.A.3. We denote u;y; = ady, ;- We shall use the following elementary
inequality: for all z,y € R and 0 < u < 1:

I (z+y) (@ +y)" Ljoty|<uy — 227

) L (S.A.58)
< K(l2*1gjay>usey + 1912 A u® + 12| (lyll A w)).

Applying (S.A.58) with 2 = Ay;; X', y = Ay ;X" and u = uy iy, we have [|Cr ;) — é’T(t Z)|| <
K(¢1 +Ca + (3), where

k¢
g1 -1 oy
Goo= kY A X P g X S 2
j—l

Co = ky lzdtm (1A X" A tij)?

G5 = 1Zdt il B XA XN A i)
Since k > 2w, by Markov’s inequality and E||Az;1; X'[|F < Kd%ij, we have
w
E‘HAterjX 1A, Z+JX’||>ut +1/2)
E| A+ X’
ut Z+]

Hence, E||¢[|" <de/2 @ (h—2w)—w

By Corollary 2.1.9(a,c) in Jacod and Protter (2012), we have for any v > 0,

A i X wr) min{v/r
g | (1B X0 <Kd§1w ymin{o/rL} (S-A.59)
dt Ji+7
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Applying (S.A.59) with v = 2w, we have E[(||d, 7 ;Av+; X"|| A 1)2v] < Kd%;f]'f Therefore,

We now turn to (3. Let m' = k/w and m = k/ (k — w). Observe that

E (18645 Izt Ay X" A 1)

‘U}
1wm’ 1/m! -1 " wm 1/m
< K {E| A, X" } iE [(rearre G PR VE
< Kdz)z/ij—(l—wr) min{w/r,(k—w) k}’
where the first inequality is by Holder’s inequality; the second inequality is obtained by applying
(S.A.59) with v = wm. Therefore, E ||(4||" < Kdv¥@ /DA mintuw/r.(hw)/k}
Combining the above bounds for E||(,[|*
lemma. Q.E.D.

, J =1,2 or 3, we readily derive the assertion of the

Appendix S.B Extensions: details on stepwise procedures

S.B.1 The StepM procedure

In this subsection, we provide details for implementing the StepM procedure of Romano and Wolf
(2005) using proxies, so as to complete the discussion in Section 4.2 of the main text. Recall that

we are interested in testing k pairs of hypotheses

Hjo E[f], ] <0forallt>1,

Hj, :liminfr_ o E[fj,T] >0,

Multiple SPA {

We denote the test statistic for the jth testing problem as ¢; r = @, (ap fr, a/nS1), where @, (-, )
is a measurable function. The StepM procedure involves critical values é; 7 > ¢ 7 > ---, where
¢, is the critical value in step [. Given these notations, we can describe Romano and Wolf’s

StepM algorithm as follows.!

ALGORITHM 1 (StepM): Step 1. Set I =1 and Agr = {1,...,k}.

Step 2. Compute the step-l critical value ¢; 7. Reject the null hypothesis Hj if o;p > ¢ 7.

Step 3. If no (further) null hypotheses are rejected or all hypotheses have been rejected,
stop; otherwise, let A; 7 be the index set for hypotheses that have yet been rejected, that is,
Air={j:1<j<k, @i < ¢}, set I =1+1 and then return to Step 2.

To specify the critical value ¢, 7, we make the following assumption. Below, a € (0, 1) denotes

the significance level and (¢, 5) is defined in Assumption Al in the main text.

'The presentation here unifies Algorithms 3.1 (non-studentized StepM) and Algorithm 4.1 (studentized StepM)
in Romano and Wolf (2005).
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ASSUMPTION S: For any nonempty nonrandom A C {1,...,k}, the distribution function of
max;e A cpj(f ,.S) is continuous at its 1 —a quantile ¢(A, 1 —«). Moreover, there exists a sequence of
estimators ép (A, 1 — «) such that ép (A, 1 — ) N c(A,1—a) and ép (A1 —a) <ép(A,1—-a)
whenever 4 C A’.

The step-{ critical value is then given by ¢ 7 = ér(Aj—1 1,1 —a). Notice that ¢, 7 > éap > ---
in finite samples by construction. The bootstrap critical values proposed by Romano and Wolf
(2005) verify Assumption S.

The following proposition describes the asymptotic properties of the StepM procedure. We
remind the reader that Assumptions A1, A2, B1 and C1 are given in the main text.

ProrosITION S.B.1: Suppose that Assumptions Al, C1 and S hold and that Assumptions
A2 and B1 hold for each ¢;(-), 1 < j < k. Then (a) the null hypothesis Hj is rejected with
probability tending to one under the alternative hypothesis H;,; (b) Algorithm 1 asymptotically

controls the familywise error rate (FWE) at level a.

PRrOOF. By Assumptions Al and Cl1,
(ar(fr — E[ff]), dpSt) -5 (€.9). (S.B.2)

The proof is then similar to that in Romano and Wolf (2005). The details are given below.

First consider part (a), so Hj, is true for some j. By (S.B.2) and Assumption B1(b), ¢,
diverges to +oo in probability. By Assumption S, it is easy to see that ¢, 7 forms a tight sequence
for fixed [. Hence, ¢, p > ¢, 7 with probability tending to one. From here the assertion in part (a)
follows.

Now turn to part (b). Let Iy = {j : 1 < j <k, Hp is true} and FWEy = P(H, is rejected
for some j € Iy). If Iy is empty, FWEp = 0 and there is nothing to prove. We can thus suppose
that Iy is nonempty without loss of generality. By part (a), all false hypotheses are rejected in the
first step with probability approaching one. Since ér(Ip, 1 — o) < é17,

limsupFWEr = limsupP (gp-(anT,a'TST) > ¢p(Ip, 1 — «) for some j € IO)

J
T—o00 T—o00

< limsupP (goj(aT(fT - E[]‘Zh]), apSr) > ér(ly, 1 — a) for some j € IO)

T—o0

= limsupP <max npj(aT(fT - E[f}t,]), apSt) > ér(ly,1 — a)>
T—00 Jj€lo

— P (s (6.5) > cllo1- )
Jj€lo

= Q.
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This is the assertion of part (b). Q.E.D.

S.B.2 Model confidence sets

In this subsection, we provide details for constructing the model confidence set (MCS) using
proxies. In so doing, we complete the discussion in Section 4.3 of the main text. Below, we denote
the paper of Hansen, Lunde, and Nason (2011) by HLN.

Recall that the set of superior forecasts is defined as
M = {j e{L,....k} :Elf L )2 Elff,, ] forall 1<I<kandt> 1},
and the set of asymptotically inferior forecasts is given by

f_f AR 7t miE
Mi={jef1,. .k} lim inf (ELF 7] — ELFf7]) >0
for some (and hence any) [ € MT}.

The formulation above slightly generalizes HLN’s setting by allowing data heterogeneity. Under
(mean) stationarity, MT coincides with HLN’s definition of MCS; in particular, it is nonempty and
complemental to MT. In the heterogeneous setting, HT may be empty and the union of MT and

M/ may be inexhaustive. We avoid these scenarios by imposing
ASSUMPTION M1: M is nonempty and M' UM = {1,...,k}.

We now describe the MCS algorithm. We first need to specify some test statistics. Below, for
any subset M C {1,...,k}, we denote its cardinality by |M|. We consider the test statistic

PM,T = (PM(GTfT7 aépST), where ¢, (-, ) = gfé%{%,/\/t (-s),

and, as in HLN (see Section 3.1.2 there), ¢; v((-, ) may take either of the following two forms: for
u € RF andlgjgl%,

W — U )
max — L, where sij = sj; € (0,00) for all 1 <i <F,
iEM Sij

SOJQM(U? s) = ]M|_1 ZieM u; — u;

,  where s; € (0,00).

Vi

We also need to specify critical values, for which we need Assumption M2 below. We remind the

reader that the variables (&, S) are defined in Assumption Al in the main text.

ASSUMPTION M2:  For any nonempty nonrandom M C {1, ..., k}, the distribution of ¢ ,((€, )
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is continuous at its 1 — o quantile ¢(M, 1 — «). Moreover, there exists a sequence of estimators
ér (M, 1 — @) such that é7 (M, 1 — «) RN c(M,1—a).

With ér(M, 1—a) given in Assumption M2, we define a test ¢ = L{opr > er(M,1-0a)}
and an elimination rule ey = arg max;je p 95 a7, Where ©; i1 = 05 m (ar fr,apSr). The MCS

algorithm, when applied with the proxy as the evaluation benchmark, is given as follows.

ALGORITHM 2 (MCS): Step 1: Set M = {1,...,k}.
Step 2: if I[M| =1 or ¢4 = 0, then stop and set /(/l\T,lfa = M; otherwise continue.
Step 3. Set M = M\ epq and return to Step 2.

The following proposition summarizes the asymptotic property of M\T,l—a- In particular, it
shows that the MCS algorithm is asymptotically valid even though it is applied to the proxy instead
of the true target.

PROPOSITION S.B.2:  Suppose Assumptions A1, C1, M1 and M2. Then (4.5) in the main text
holds, that is,

liminf (M' € Mry o) 21-0a, P(MryanM =0) =1,
T—o00
PROOF. Under Assumptions Al and C1, we have (ar(fr — E[f;}]),aifST) 4, (&,5). For each
MC{1,..., E}, we consider the null hypothesis Ho g : M C MT and the alternative hypothesis
Hopt : MO MY 0. Under Hou, o = eaqlarfr, dpSr) = opq(ar(fr — E[f}]), a}-Sr), and,
thus, by the continuous mapping theorem, o A, o (€, S). Therefore, by Assumption M2,
E¢ ¢ — aunder Hyp pq. On the other hand, under Hy a1, ¢ o p diverges in probability to +oo and
thus E¢ g — 1. Moreover, under Hg aq, Plenm € HT) — 0; this is because SUP; ot g P M,T
is either tight or diverges in probability to —oo, but ¢, diverges to oo in probability. The

assertions then follow the same argument as in the proof of Theorem 1 in HLN. Q.E.D.

Appendix S.C Additional simulation results

S.C.1 Sensitivity to the choice of truncation lag in long-run variance estimation

In Tables S.I-S.VI, we present results on the finite-sample rejection frequencies of the Giacomini
and White (2006) tests (GW) using the approaches of Newey and West (1987) and Kiefer and
Vogelsang (2005) to conduct inference; we denote this two approaches respectively by NW and
KV. In the main text, we use a truncation lag of 3P'/3 for NW and 0.5P for KV when computing
the long-run variance. Below we further consider using P'/3 and 5 (for all P) for NW, and 0.25P
and P for KV.
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GW-NW (m = 5) GW-NW (m = P1/3)
Proxy RVA,  P=500 P=1000 P=2000 P =500 P=1000 P =2000

R =500
True Y;J[H 0.10 0.22 0.18 0.09 0.18 0.11
A =5 sec 0.10 0.23 0.18 0.09 0.18 0.11
A =1 min 0.09 0.23 0.18 0.09 0.17 0.11
A =5 min 0.10 0.23 0.18 0.09 0.18 0.12
A = 30 min 0.10 0.27 0.22 0.08 0.22 0.16
R = 1000
True YiH 0.28 0.22 0.19 0.24 0.15 0.12
A =5 sec 0.29 0.22 0.18 0.24 0.15 0.12
A =1 min 0.29 0.22 0.19 0.24 0.15 0.12
A =5 min 0.30 0.21 0.19 0.26 0.17 0.12
A = 30 min 0.35 0.26 0.25 0.31 0.20 0.18

Table S.I: Giacomini—White test rejection frequencies for Simulation A. The nominal level is 0.05,
R is the length of the estimation sample, P is the length of the prediction sample, A is the sampling
frequency for the proxy, and m is the truncation lag in the long-run variance estimation.

Overall, we confirm that feasible tests using proxies have finite-sample rejection rates similar
to those of the infeasible test using the true target. That is, the negligibility result is likely in
force. More specifically, we find that the GW-KYV approach has good size control across various
settings provided that the sample size is sufficiently large (P = 1000 or 2000), although the test
is somewhat conservative in Simulation A. In contrast, the performance of the GW-NW test is
less robust. The GW-NW test has good size control in Simulation B, but has substantial size
distortion in Simulations A and C. This finding is not surprising, and it confirms the insight from
the literature on inconsistent long-run variance estimation; see Kiefer and Vogelsang (2005), Miiller

(2012) and references therein.

S.C.2 Disagreement between feasible and infeasible test indicators

In Tables S.VII-S.IX, we report the disagreement on test decisions (i.e., rejection or non-rejection)
between infeasible tests based on the true target variable and feasible tests based on proxies. In
view of the size distortion of the GW-NW test, we only consider the GW-KV test for brevity. The
setting is the same as that in Section 5 of the main text. In the columns headed “Weak” we report
the finite-sample rejection frequency of the feasible test minus that for the infeasible test. Under

the theory developed in Section 2, which ensures “weak negligibility,” the differences should be
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GW-NW (m = 5) GW-NW (m = P1/3)
Proxy BVA, ~ P=500 P=1000 P=2000 P =500 P=1000 P = 2000

R =500
True Y}, 0.05 0.06 0.06 0.05 0.06 0.06
A =5 sec 0.06 0.06 0.06 0.06 0.06 0.06
A =1 min 0.07 0.08 0.07 0.07 0.08 0.07
A =5 min 0.03 0.05 0.04 0.03 0.05 0.04
A = 30 min 0.03 0.02 0.00 0.03 0.02 0.00
R = 1000
True Y}, 0.03 0.04 0.04 0.03 0.04 0.04
A =5 sec 0.03 0.04 0.04 0.03 0.04 0.04
A =1 min 0.04 0.05 0.06 0.04 0.05 0.06
A =5 min 0.03 0.04 0.05 0.03 0.04 0.05
A = 30 min 0.02 0.01 0.01 0.02 0.01 0.01

Table S.II: Giacomini—White test rejection frequencies for Simulation B. The nominal level is 0.05,
R is the length of the estimation sample, P is the length of the prediction sample, A is the sampling
frequency for the proxy, and m is the truncation lag in the long-run variance estimation.

zero asymptotically.? In the columns headed “Strong” we report the proportion of times in which
the feasible and infeasible rejection indicators disagreed. If “strong negligibility,” in the sense of
comment (ii) to Theorem 2.1, holds, then this proportion should be zero asymptotically.

As noted in the main text, the weak negligibility result holds well across all three simulation
designs, with the differences reported in these columns generally being close to zero, except for
the lowest frequency proxy. The results for strong negligibility are more mixed: in Simulations
A and C we see evidence in support of strong negligibility, while for Simulation B we observe a
large proportion of disagreement. Indeed, as the nominal level of each test is 0.05, the probability
of disagreement should be bounded by 0.1 asymptotically, so a disagreement proportion between
0.03 to 0.07 should be considered sizable.

ZPositive (negative) values indicate that the feasible test based on a proxy rejects more (less) often than the
corresponding infeasible test based on the true target variable.
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GW-NW (m = 5) GW-NW (m = PY/3)
Proxy RC, P=500 P=1000 P=2000 P =500 P=1000 P = 2000

R =500
True Y\, 0.35 0.33 0.29 0.33 0.30 0.25
A =5 sec 0.35 0.32 0.28 0.33 0.30 0.25
A =1 min 0.35 0.32 0.29 0.33 0.30 0.25
A =5 min 0.34 0.34 0.30 0.33 0.30 0.24
A = 30 min 0.34 0.34 0.28 0.32 0.32 0.25
R = 1000
True Y;, | 0.36 0.26 0.28 0.31 0.22 0.20
A =5 sec 0.36 0.26 0.28 0.31 0.22 0.21
A =1 min 0.36 0.26 0.28 0.32 0.22 0.21
A =5 min 0.34 0.25 0.26 0.31 0.23 0.22
A = 30 min 0.31 0.24 0.26 0.30 0.22 0.22

Table S.III: Giacomini—-White test rejection frequencies for Simulation C. The nominal level is
0.05, R is the length of the estimation sample, P is the length of the prediction sample, A is the
sampling frequency for the proxy, and m is the truncation lag in the long-run variance estimation.

GW KV (m = 0.25P) GW KV (m = P)
Proxy RVA,  P=500 P=1000 P=2000 P =500 P=1000 P =2000

R =500
True Y}, 0.00 0.02 0.01 0.01 0.03 0.02
A =5 sec 0.00 0.02 0.01 0.01 0.02 0.02
A =1 min 0.01 0.02 0.01 0.01 0.02 0.02
A =5 min 0.00 0.03 0.02 0.01 0.03 0.02
A = 30 min 0.00 0.04 0.03 0.01 0.04 0.05
R = 1000
True Y}, 0.06 0.01 0.02 0.06 0.00 0.02
A =5 sec 0.06 0.01 0.02 0.06 0.00 0.02
A =1 min 0.06 0.01 0.02 0.06 0.00 0.02
A =5 min 0.06 0.01 0.01 0.08 0.01 0.02
A = 30 min 0.10 0.02 0.03 0.08 0.01 0.03

Table S.IV: Giacomini-White test rejection frequencies for Simulation A. The nominal level is
0.05, R is the length of the estimation sample, P is the length of the prediction sample, A is the
sampling frequency for the proxy, and m is the truncation lag in the long-run variance estimation.
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GW KV (m = 0.25P) GW KV (m = P)
Proxy BVA, ~ P=500 P=1000 P=2000 P =500 P=1000 P = 2000

R =500
True Y;, | 0.03 0.03 0.05 0.03 0.04 0.04
A =5 sec 0.05 0.04 0.05 0.03 0.05 0.05
A =1 min 0.04 0.06 0.05 0.05 0.05 0.07
A =5 min 0.02 0.05 0.04 0.03 0.06 0.05
A = 30 min 0.03 0.03 0.01 0.03 0.03 0.01
R = 1000
True Y\, 0.02 0.04 0.05 0.02 0.03 0.05
A =5 sec 0.02 0.04 0.05 0.04 0.04 0.05
A =1 min 0.03 0.04 0.07 0.03 0.04 0.06
A =5 min 0.03 0.03 0.05 0.04 0.02 0.05
A = 30 min 0.02 0.01 0.02 0.02 0.02 0.01

Table S.V: Giacomini—White test rejection frequencies for Simulation B. The nominal level is 0.05,
R is the length of the estimation sample, P is the length of the prediction sample, A is the sampling
frequency for the proxy, and m is the truncation lag in the long-run variance estimation.

GW-KV (m = 0.25P) GW-KV (m = P)
Proxy RCA,  P=500 P=1000 P=2000 P =500 P=1000 P =2000

R =500
True Y}, 0.13 0.09 0.05 0.11 0.06 0.05
A =5 sec 0.13 0.09 0.05 0.11 0.06 0.05
A =1 min 0.13 0.09 0.05 0.11 0.06 0.05
A =5 min 0.12 0.09 0.04 0.11 0.07 0.05
A = 30 min 0.13 0.08 0.05 0.12 0.07 0.05
R = 1000
True Y\, 0.14 0.08 0.03 0.11 0.08 0.03
A = 5 sec 0.15 0.08 0.03 0.11 0.08 0.03
A =1 min 0.14 0.08 0.04 0.11 0.08 0.03
A =5 min 0.14 0.08 0.04 0.10 0.08 0.03
A = 30 min 0.14 0.07 0.03 0.10 0.06 0.02

Table S.VI: Giacomini—-White test rejection frequencies for Simulation C. The nominal level is
0.05, R is the length of the estimation sample, P is the length of the prediction sample, A is the
sampling frequency for the proxy, and m is the truncation lag in the long-run variance estimation.
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P =500 P =1000 P =2000
Proxy RV@1 Weak Strong Weak Strong Weak Strong

R =500
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.00 0.00 0.01 0.00 0.01
A =5 min 0.00 0.00 0.00 0.01 0.01 0.01
A = 30 min 0.00 0.02 0.00 0.03 0.02 0.02
R =1000
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.01 0.02 0.00 0.00 0.00 0.00
A =5 min 0.00 0.03 0.00 0.00 0.00 0.00
A = 30 min 0.04 0.05 0.01 0.01 0.01 0.02

Table S.VII: Giacomini—White test rejection indicator disagreement frequencies for Simulation A.
The nominal level is 0.05, R is the length of the estimation sample, P is the length of the prediction
sample, A is the sampling frequency for the proxy. Columns headed “Weak” report the difference
between the feasible and infeasible tests’ rejection frequencies. Columns headed “Strong” report
the proportion of simulations in which the feasible and infeasible tests disagree.

P =500 P = 1000 P = 2000
Proxy B Vﬁ_l Weak Strong Weak Strong Weak Strong

R =500
A =5 sec 0.01 0.01 0.00 0.00 0.01 0.01
A =1 min 0.01 0.04 0.01 0.01 0.01 0.03
A =5 min -0.01 0.04 0.01 0.05 0.00 0.06
A = 30 min -0.01 0.06 -0.02 0.06 -0.03 0.05
R = 1000
A =5 sec 0.01 0.01 0.01 0.01 0.00 0.00
A =1 min 0.00 0.04 0.00 0.04 0.02 0.03
A =5 min 0.01 0.04 0.00 0.04 0.01 0.07
A = 30 min -0.01 0.04 -0.02 0.04 -0.04 0.05

Table S.VIII: Giacomini-White test rejection indicator disagreement frequencies for Simulation B.
The nominal level is 0.05, R is the length of the estimation sample, P is the length of the prediction
sample, A is the sampling frequency for the proxy. Columns headed “Weak” report the difference
between the feasible and infeasible tests’ rejection frequencies. Columns headed “Strong” report
the proportion of simulations in which the feasible and infeasible tests disagree.
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P =500 P =1000 P =2000
Proxy RC’ﬁH Weak Strong Weak Strong Weak Strong

R =500
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.01 -0.01 0.01 0.00 0.00
A =5 min -0.01 0.02 0.01 0.01 0.01 0.01
A = 30 min 0.00 0.03 0.01 0.01 0.02 0.02
R =1000
A =5 sec 0.00 0.00 0.00 0.00 0.00 0.00
A =1 min 0.00 0.00 0.00 0.00 0.00 0.00
A =5 min -0.02 0.02 0.00 0.01 0.00 0.01
A = 30 min 0.00 0.03 -0.01 0.02 0.00 0.00

Table S.IX: Giacomini—White test rejection indicator disagreement frequencies for Simulation C.
The nominal level is 0.05, R is the length of the estimation sample, P is the length of the prediction
sample, A is the sampling frequency for the proxy. Columns headed “Weak” report the difference
between the feasible and infeasible tests’ rejection frequencies. Columns headed “Strong” report
the proportion of simulations in which the feasible and infeasible tests disagree.
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