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This supplement contains an extended model, which allows that (i) the number of firms may differ from
the number workers and (ii) some workers (or firms) may not be acceptable to some firms (or workers).
Accordingly, firms (or workers) may remain unmatched in a stable matching. Moreover, we allow that (iii)
private values for each pair of a firm and a worker are possibly correlated. Theorem 1 in the main paper

holds in this extended model as well.

1 An Extended Model.

Let F' be the set of n firms and W be the set of m workers. Utilities are represented by n x m random
matrices U = [Uy,] and V = [V},,]. When a firm f and a worker w match with one another, the firm f

receives utility Uy, and the worker w receives utility V.. For each pair (f,w), utilities are defined as

Uf,u; =A USJ + (1 - A) Cﬁw and
Viw=AVi+ (1 =A)nfw 0<A<1).

We call Uy, and V' common-values, and (., and 77,4 private-values.!

Common-values are defined as random vectors
U’ = (Up)wew and V?:=(VP)fer.

(US)wew 1s an i.i.d sample of size m from a distribution with a positive density function on a bounded
support in R. (V) rep is defined similarly.

Independent private-values are defined as two n x m random matrices

¢:= [Cf,w] and 7:= [nf,w]'

Each pair ((f,w, nf,w) is randomly drawn from a joint distribution on a bounded support in R2. We normalize
utilities such that firms and workers remaining unmatched receive 0 utility.

A random market is defined as a tuple (F, W, U, V). We denote realized matrices of U and V by u and v.
A market instance is then denoted by (F, W, u,v). With probability 1, the market has all distinct utilities,

*Division of the Humanities and Social Sciences, California Institute of Technology, Pasadena, CA 91125. E-mail:
sangmok-at-hss.caltech.edu
INote that we exclude the pure private value case (A = 0).



none of which equals to 0. As such, for each (F, W, u,v), we can derive a strict preference list > as

—r=w,w W
if and only if
Ufw > Ufw! > " >0>--- > Uf -

Take any o € (0,00), and consider a sequence m, such that “= converges to a. We study properties
of stable matchings in the sequence of random markets (Fy,, Wy, , Upxm,, Vaxm, )oe;. We often omit the

indexes n and m,,, or simply write n and m.

2 Main Result

Given a market instance (F,W,u,v) and a matching p, we let u,(-) and v,(-) denote utilities from the
matching: i.e. u,(f) := uy 5 and v, (W) = V(). For each f € F, we define A(f;u,v) as the difference

between utilities from firm-optimal and worker-optimal stable matchings: i.e.

A(f;u,v) = uMF(f) _uﬂw(f)'

For every € > 0, we have the set of firms whose utilities are within € of one another for all stable matchings,
which is denoted by
AF(e;u,v) == {f € F| A(f;u,v) < €}.

Theorem 2.1. For every € > 0,

|AF(6; U,V)}

E — 1, as n— oo.

We have similar notations and a theorem for workers, which are omitted here.

The intuition of Theorem 2.1 is from the fact that the set of unmatched firms and workers is the same
for all stable matchings (McVitie and Wilson (1970)). Firms and workers who remain unmatched have no
difference in utilities from all stable matchings. Firms and workers who are matched in stable matchings

have small differences in utilities by Theorem 1 in the main paper.

3 Proof of Theorem 2.1

We prove the theorem when 0 < A < 1. If A = 1, assortative matching forms a unique stable matching, and
Theorem 1 follows immediately.

We first simplify the notations by compressing A and 1 — )\ and considering utilities defined as
Uﬁw = U{; + Cf,w and Vf,w = Vfo + Nfw-

We do not lose generality since we can regard common-values and private-values as the ones already multiplied
by A and 1 — A, respectively.
Let U° := (U2)wew be an i.i.d sample of size m from a distribution G", and V° := (VF)rer be an iid

sample of size n from a distribution G¥'. G and G* have strictly positive density functions on R. Each



pair (f,w,Nfw) is randomly drawn from a joint distribution I" with a support bounded above by (@, ).
We define
B (6 u,v) == F\A" (6 u,v) = {f € F | A(f;u,v) > €}

Fo..
and prove that W converges to 0 in probability, which is equivalent to proving convergence to 0 in
the mean (Theorem A.2). That is, we fix € > 0 and K € N, and prove that

P(BHaavn

> 5 .
—>(] as n— oo
n K

3.1 Preliminary Notations
L. f(f (or f;’v) . ¢'" quantile of GF' (or GW).

2. é;:n: empirical ¢'" quantile of a sample of size n from G¥. We also use fgn to denote its realization.

th w

quantile of a sample of size m from G"'. We also use éq.

-m to denote its realization.

3. égg/m: empirical g

Since common-values are all distinct with probability 1, we index firms and workers in the order of their
common-values: i.e.

vy, >0 and ug, >ug,, if i<

Then, Uy, .
that Uy, ., = év‘{f;l)m and V§ , = é{p;l)n by the relationship between order statistics and empirical

m (or V) represents the i" highest value of m (or n) order statistics from G" (or G*'). Note

n

quantiles (see Appe;dix A).

Some firms may remain unmatched in stable matchings due to unequal populations of firms and workers,
or because some firms (or workers) are not acceptable to some workers (or firms). Especially if a firm has a
common value less than u, all workers consider the firm unacceptable. Roughly, G (—u) is the proportion of
workers who are not acceptable to any firm, and G¥'(—v) is the proportion of firms which are not acceptable
to any worker. Accordingly, we denote an asymptotic upper bound of the proportion of firms matched in
stable matchings by

B :=min{a(l - GY(-a)), 1-GF(-v)}.

3.2 Tier-Grouping
We partition R into

1= (51%%(’51%%}(}
W ._ w w
Ik T (51_%a§1_%]

IR = (§1VI:L/’€1VIZK/_1]
aK aK

IIV}/’—i-l = (_007 KL}’(]’
a



where K' = [BK .2
For each (F, W, u,v), we define the set of workers in tier-k (with respect to workers’ common-values)
as

Wi(u) == {w|uf elV} for k=1,2... K +1

and define the set of firms in tier-k (with respect to workers’ common-values) as
Fe(u):={fi€e F|l|w; € Wi(u)} for k=1,2,...,K', and

-
Fros1(w) = F\ | Fu(u).
k=1

Note that Fk/41(u) may include firms with indexes larger than the number of workers.

Similarly, we partition R into

If = (ff_%,oo)

I2F = (fi%@i%]
Ilf = (fi%@f_%]

III; = (gf_K’ 7€1F_K’—1]
K K

IE, . = (-0, £F .

K'+1 ( ’51*?;]

where K' = [BK].

We define the set of firms in tier-k (with respect to firms’ common-values) as
Fr(v) == {f] vy € I,f} for k=1,2,...,K' K +1

and define the set of workers in tier-k (with respect to firms’ common-values) as

Wi(v) :={w; e W | f; € Fp(v)} for k=1,2,...,K', and

K
Wicrpa(v) =W\ | W (v).
k=1

Note that Wi y1(v) may include workers with indexes larger than the number of firms.
We use the following notations.

1. uf = 51miL for k=1,2,..., K’: The threshold level of tier-k and tier-(k+ 1) workers’ common-values.
aK
That is, w € Wy(u) if and only if uf < uf, <uf_;.
2. v = ffﬁ . for k=1,2,..., K’: The threshold level of tier-k and tier-(k 4+ 1) firms’ common-values.

K

That is, f € Fi(v) if and only if v} < v§ < vy

2 K’ is the smallest integer which is greater than or equal to SK. If 1 — % < 0, we let §1W ¢ €quals to the infimum of

aK
the support of GW.



Remark 1. 1. The set of tier-k workers (with respect to workers’ common-values) is defined with a
random sample. Therefore, Wi (U) is random, and so is Fy,(U); whereas, uf, is a constant. Similarly,

F(V) and Wi(V) are random; whereas, vy is a constant.

2. Tiers with respect to workers’ common-values are in general not the same as tiers with respect to firms

common-values. In particular, we are most likely to have |Fy,(U)| # |Fr(V)].

Throughout the proof, we mainly use tiers defined with respect to workers’ common-values. However,
we need both tier structures in the last part of the proof. We simply write “tier-k” to denote tier-k with
respect to workers’ common-values, and use “(w.r.t firm) tier-k” to denote tier-k with respect to firms’

common-values.

3.3 High-Probability Events

We introduce three events and show that the events occur with probabilities converging to 1 as the market
becomes large. We provide proofs for completeness, but the main ideas are simply from the (weak) law of
large numbers. In the next section, we will leave the probability that the following events do not occur as a

remainder term converging to zero, and focus on the cases where the following events all occur.

3.3.1 No vanishing tier and an equal number of firms and workers in each tier.
Event 1 (&1). 1. Fork=1,2,...,K’, the sets F,(U), Wi(U), Fr(V), and Wi (V) are all non empty.
2. Fork=1,2,...,K' —1,

[Ex(U)] = Wi (U)] and  |F(V)| = [Wi(V)].

Proof. The second part immediately follows from the first part. For instance, F/(U) # () implies that the

total number of firms is larger than the number of workers in tier up to K’ — 1. By definition of tiers with

respect to workers’ common-values, we have |Fy,(U)| = |[Wy(U)| for all k =1,2,..., K’ — 1.
We only prove that Fx/(U) and W (U) are non empty with probability converging to one as the market
becomes large. Proofs for k =1,2,..., K’ — 1 are almost analogous, and we omit here.
Note that
TR St SR
aK aK =7

which implies that for each w € W,
Pug e I8) =GV (& 0 ) — GV (& 1 ) >0,
aK aK

As such, Wk (U) = () occurs with probability converging to 0 as the market becomes large.
When Wi/ (U) is not empty, Fx/(U) remains empty only if the total number of firms is no more than

the number of workers in tiers up to K’ — 1. That is,

1<

S|

K'—1
> W), (1)
k=1



Note that

K'—1

1 m 1
- - — . — o > 49,
=D M) = = UL > uf )
k=1 k=1
K —1 [BK] 1 1
p
. =11 <1 - =,
Y TR Kk E-S'TE

The convergence in probability is by the (weak) law of large numbers and Theorem A.3. Therefore, the
inequality (1) holds with probability converging to zero, and thus Fg-(U) is not empty with probability
converging to 1. O

3.3.2 Distinct common-values of the agents in non-adjacent tiers.

Let € > 0 be such that for any v,v’ € R,

1
_ I<~:> GF —GF / -
vVl <E = [670) ~ GF (W) < 5
and for any u,u’ € R,
1
_J < e GW —GW l -
u—w <& = 6V () - )] <

There exists such an € since GF and G are continuous on their bounded supports, so uniformly con-

tinuous.

Event 2 (&). For everyk =1,2,...,K' — 2,

min VP —V7|l>¢€ and min U —US,/| > ¢
fEF(U) | f f | wEWR (V) U wl
f/EF]H,z(U) U/EW)H,Q(V)

Proof. We prove only the first part. Fix a realized matrix u such that & holds. For any k € 1,2,..., K’ —2
and for any w; € Wi (u) and w; € Wiya(u),

w w
UZJi > Uz = 51,% and UZ)J, S u(l;—i-l = 51,%' (2)

For any ¢ € (0,1), ‘w2, f};v (Theorem A.4), from which the following inequalities hold with probability

am

converging to 1.

w W w W
and : . 3
Simde ™ b1 - S <Cieio ®)

Considering (2) and the relation between order statistics and empirical quantiles (see Appendix A), if
(3) holds, we have

] k 1 < . 1 i—1 . 1 i—1
-— min — = min —

oK  S8aK = wieWi(w) m Fi€F (u) m )’
which implies that

E_l o om <1 O‘(il)>< i <1 izl 1) ith large
—_ - — — min _— min — — W1 I n.
K 8K fi€Fk(u) m fi€Fk(u) n 8K &




In addition, we have

kE+1 1 a(j—1)> ( a(j—1)>
l———+—> max 1-———= | = max 1—-—7",
K 8K = w;jeWiia(u) ( [ EF,ia(u) m

k+1 1 j—1 )
l1——i4+— 1-— th 1 .
K + 1K > fjerzr?li);(u) ( - ) with large n

As such for every f; € Fi(u) and f; € Fia(u),

vf, > g1

1% x tir
Therefore,
: o o ~ F FF ~
P( fchw) 10 - Vil Se) = P<|£1—ﬁ—ﬁ SIS Se) + B
fi€Fk42(U)
S 1
F( F(fF
< P(I67EE ) - G, Dl < g ) TR @

where R,, corresponds to the probability that either £ does not hold or (3) is violated: i.e. R, — 0. The
last inequality is by the definition of €.
Note that

F(¢F
G-
by Theorem A.4 and continuity of G¥'(Theorem A.3). As a result, the right hand side of (4) converges to
0. O

3.3.3 Similarity between tiers w.r.t workers’ common-values and tiers w.r.t firms’ common-

values

Event 3 (&3). For every k=1,2,3,..., K' +1,

k+1 k+1
FU)c |J Fe(V) and Wi(V)C | We(U)?
k'=k—1 k'=k—1

Proof. We prove the first part for k = 1,..., K’ under the condition that & holds.*

For each realized (u,v), we have

{ug|w e Wi} < (uf,uf ] = (& o &V u]. (5)

Suppose
(6 oel ] c (8 o i, ], (6)

aK 3aK

3 We define Fo(V), Wo(V), Wi 2(U), and Wiy 5(U) as empty sets.
4 For k = 1,2, we need to modify the proof by replacing the intervals such as (ffv k ,§YV w_1] With ({YV x »00) and
T aK T aK ~aK

(EF 231 75F k2 2] with (E k1 00). We omit the modifications since they are trivial and tedious.



and
(gt © (sl ] @

3K

If (6) hold, then (5) implies that for every tier-k worker w;, we have
o W W
COCY G i

and thus,

which implies that

i—1 k 2 k-1 2 .
1-— - €<1K3K’1K+3K} with large n.

Then for any tier-k firm f;, we have

o FF FF

2
K 3K
which implies that
o FF FF
{Uf | fe Fk(u)} C (61_%_3%351,k;<1+i:| .

3K

Consequently if both (6) and (7) hold, then

{vi | feF(u)}C (557%7%755_%+ 2 }

In other words,

Inequalities (6) and (7), and &; occur with probability converging to 1 (Theorem A.4), and thus the event
Es for k=1,2,..., K’ also occurs with probability converging to 1.
Lastly for k = K’ 4+ 1,
FK/+1(U) C FK'(V) U FK/+1(V)
occurs with probability converging to 1, since the event occurs whenever
k+1
RWV)c | FeU) forallk=1,2,... K —1

k' =k—1

holds.



3.4 Proof of the Theorem 1

We choose K large enough that

2 (8)

max |ug—ug+1|z max (€Y , —¢

w
1 | <
1<k<K'—2 e

€
1<k<K’'—2 | 17ak 1- 9

The proof of Theorem 1 is completed by the following inequalities.

BFeUV)| _ 14Y BEGU,V) _ 14
P( n >K =r Z n >K

1<k<K’+1

BE (e UV F.(U BE, (eU,V 14
cp| y BeUVIL s BO) R0V 1
7<k<K’'-3 n k=1,...,6,
K' -2,K'—1,K’

We show that the last term converges to 0. We first prove that for each k = 7,..., K’ — 3, the proportion
Fo .

L{LU’V)' converges to 0 in probability (Proposition 3.2). The proof identifies asymptotic upper and lower

bounds of utilities from all stable matchings and shows that the two bounds are close to each other. We

|B§/+1(E§U’V)‘

then prove that is asymptotically bounded above by % (Proposition 3.3). The proof shows

that most tier-K’ + 1 firms remain unmatched in stable matchings, and thus have no difference in utilities.
Lastly, for each k =1,...,6, K’ —2, K’ — 1, K’, the proportion “:2) converges to at most + in probability

n

by the (weak) law of large numbers.

3.41 For k=7, . K/ —3, Bl », g

We first identify an asymptotic lower bound on utilities of firms in each tier, using techniques from the theory
of random bipartite graphs (Proposition 3.1). Similarly, we find an asymptotic lower bound on utilities of
workers in each tier (Proposition 3.1*). The asymptotic lower bound on utilities of workers induces an
asymptotic upper bound on utilities of firms in each tier. Lastly, we complete the proof by showing that the

asymptotic lower and upper bounds are close to each other (Proposition 3.2).

Proposition 3.1. For each instance (F,W,u,v) and for each k = 1,2,..., K' — 3, define
B{(e;u,v) = {f € Fip(u) s upy (f) g, —I—ﬂ—e} 6

Then for any € > 0, R
7|B£(6; vVl 250 as n— oo
n

Proof. For each instance (F,W,u,v) and for each k = 1,2,..., K" + 1, let F<j(u) := U <, Fir(u) and
Fep(u) := Uy <p, Frr (u). We similarly define Wey,(u) and Wep(u). B

Take any k from {1,2,..., K’ — 3}. We construct a bipartite graph with Fj(u) U W, o(u) as a bi-
partitioned set of nodes. Two vertices f € Fg(u) and w € Wg ,(u) are joined by an edge if and only
if )

Crw SU—€ OF Npy SV —FE,

5 We can always satisfy the condition since GV has a strictly positive density function on a bounded support.

6 Note that ug ot uls the maximal utility that a firm can achieve by being matched with a worker in tier-(k + 3).



where € is the value taken before, while defining &;.
Let WSEH(U, v) be the set of workers in tiers up to k + 2 who are not matched with firms in tiers up to
k+1in pw. That is,
Wejipa(u,v) i= {w € Weppo(u) | pw (w) ¢ Feppa(u)} -

We now show that if & holds, then
Bf (e;u,v) UWzyo(u,v)

is a biclique.
Suppose, towards a contradiction, that a pair of f € B}:(e;u,v) and w € WSEH(U,U) is not joined by
an edge: i.e.
Cfw>u—e€ and nf, >0 —E

Then, we have
Ufap = Uy + Crw > UR o+ Craw > uf o +U— ¢, (9)

and

Viw = VG + > min v% + > min v% +7—¢&7
Fo =TI = el T R

Conditioned on &, we can proceed further and obtain

vy, > min vo/+17< min v% — max vo,,)
T yreFw ! peryw 1 e !

Vi + . (10)

max
f//EFk+2(U)
On the other hand, f € 35(6; u,v) implies that

u#w(f) < ungQ +u — ¢,

and w € Wcg, o(u,v) implies that

v w)< max v+
MW( ) f”EF,;JrQ(u) f )

since a worker can obtain utility higher than max e py,  ,(u) Vfr +0 only by matching with a firm in Fj 4 (u).
Equations (9) and (10) imply that (f,w) would have blocked py, contradicting that py is stable.

Therefore,
By (6;u,0) UWogpa(u,0).

is a biclique, which is not necessarily balanced.

We now control the size of B{ (e;U,V) by referencing Theorem 3. Let u® and v° be realized common-
values such that events £ and & hold. Then, the remaining randomness of U and V is from ¢ and 7.
Consider a random bipartite graph with Ff,(U)UWcg5(U) as a bi-partitioned set of nodes, where each pair
of f € Fr(U) and w € W 5(U) is joined by an edge if and only if

Craw SU—€ OF Nfy <V—E

7 We should not replace mings ¢ e (u) v?/ with vg. Fj(u) is defined with respect to workers’ common-values, rather than

firms’ common-values.

10



In other words, every pair is joined by an edge independently with probability p(e) =1 — I'(z — €, — €).
We write 3(n) := 2 - log(|W<g 2 (U)|)/ log ﬁ and show that

P (|é,§(e; U, V)| < ,B(n)) 1 as n— oo (11)
Consider that
P (1BE (€U, V)| < B(n)) = P (min{| BY (& U, V)|, [Weio(U V)[} < B(n)) = P ([Wepyo(U, V)] < B(n)

We show that the two terms on the right hand side converges respectively to 1 and 0 in probability.
Let (U, V) x a(U, V) be the size of a maximum balance biclique of the random graph

G (FrU)UWcgyo(U) , p(e)).

Since every realized B{(e;u, v) UWcgyo(u,v) is a biclique, it contains a balanced biclique of the size
equals to
min {|BE (60, 0)] , Wegpo(u,v)|}

Therefore,
P (min {|Bf (6 U V)|, [Wepo(U V) } < 8(n)) = P(a(UV) < B(n)) = 1, (12)

where the convergence is from Theorem 3.
On the other hand, observe that Wz, ,(U, V) is the size of at least [Wj 5(U)|. Among workers in tiers

up to k42 at most |W<41(U)| are matched with firms in tiers up to k+1. In addition, M converges
to 7 by the (weak) law of large numbers. Therefore,
P ([Weg o (U, V)] < B(n)) — 0. (13)

Equations (12) and (13) imply that (11) holds.

Lastly, we consider random utilities U and V, in which common-values are yet realized. For every ¢’ > 0,

P <B’,{<e; v,V
n

> 6’) =P (|B£(e, UV)>¢€- n)
<P (|B,§(e; U, V)| > B(n) | €1, &, B(n) < e’n) +R,, with large n,

where R, is the probability that either £ or £ does not hold, or S(n) < ¢'n is violated: i.e. R, — 0. We
complete the proof by applying (11). O

We also obtain the counterpart proposition of Proposition 3.1 in terms of tiers defined with respect to

firms’ common-values.
Proposition 3.1* For each k=1,2,...,K' — 3, define

BY (e u,0) := {w € Wi()|vup(w) <0, +0— e}.

11



Then for any € > 0,

BY (6 U V)|

— 0 as n — oo.

Proof. We omit the proof since it is analogous to the proof of Proposition 3.1.

For each instance (F, W, u,v), we define
Bf (e u,v) = {f € Fi(u)|A(f;u,v) > €} for k=1,2,..., K +1.

Proposition 3.2. Ifk=7,8,...,K’ — 3, then for any € > 0,

|B£‘(E; U, V)| BN

n

0 as n— oo.
Proof. In Proposition 3.1*, for k =1,2,..., K’ — 3, let
€k 1= Vjyo — Viys,

and write
B,Zv(ek;u, v) = {w € Wi(0)|vup (w) < viis —1—77} 8

By Proposition 3.1%,
B (er: U, V)|
n

L0 as n— oo

(14)

Note that a worker receives utility higher than vy 5+ only by matching with a firm in (w.r.t firm) tiers

up to k + 3.2 Thus for k=5,6,..., K’ +1,

k—4
{w e Wepa(V) s p(w) € F(V)} € | BY (ew: U V).
k'=1

(15)

If event &3 holds, we can translate (15) into an expression with tiers w.r.t workers’ common-values. That

is, for k=7,8,...,K' +1,

k+1
{we Wi 6(U): pr(w) € Fe(U)} € | {weWers(U) : pr(w) € Fru(V)}
e
c U {weWas(V):pr(w) € Fu(V)}
k'=k—1
k+1
c | {weWepa(V): pr(w) € Fru(V)}
k'=k—1

where the first and second inequalities are from &s.

8 Recall that vy is a constant, defined as vy := §f_ﬁA

"
9 Recall that f € Fj(v) if and only if v < 'U(; <wvp_y. Thus, if f € Fspy3(v) then 'vj’ip <oy, s

12



By applying (15), we obtain

k—3
{w € We—6(U) : pr(w) € F(U)} € | BY (ex; U, V).

k'=1

It follows that

HfeFp(U):pr(f) € Wer—6(U)}| 250, (16)

because for every € > 0,

p(ILERO ) WO, (’“f’ IBY (@i U V)] 6) ‘R

n n
k'=1

where R, is the probability that £ does not hold: i.e. R, — 0. The right hand side converges to 0 by (14).
We complete the proof of Proposition 3.2 by proving the following claim. Proposition 3.1 and (16) show

that the normalized sizes of two sets on the right hand side of (17) converge to 0 in probability.

Claim 3.1. Fork=1,8,...,K' — 3 and each instance (F, W, u,v),
BE (eu,0) € BE(¢/9u,0) U {f € Fu(wlpr(f) € Wep_o(u)} (17)
Proof of Claim 3.1. If a firm f € Fy(u) is not in 35(6/9;1;,1)), then
Uy (f) > uf o + 0 —€/9,
and if the firm f is not in {f € Fy(u)|ur(f) € Weg_g(u)}, then
Upp (f) S uf_g+ .

Therefore, using (8) we obtain

UHF(f) _u;tw(f) < u%f(; —U%+2—|—6/9 < e,

and thus f is not in Bf (¢;u,v). O

3.4.2 Firms in tier K/ +1

We show that most firms in tier-(K’ + 1) remain unmatched in stable matchings. Unmatched firms’ utilities
from pp and pyw are clearly less than e difference from each other.
Proposition 3.3.

P (B]I;,_H(e; UVv) 4

>—1]—=0 — 0.
n K> as n o0

Proof. We divide the proof into two cases.

Case 1. 3 =1— GF(~9): only a small proportion of firms in tier K’ + 1 are acceptable to workers.
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For each (F, W, u,v), if & holds,
FK/+1(U) C Fg (U) @] FK/+1(U).
If f S FK/+1(’U),

0« ¢F  _ ¢F F _ _-10
VPS8 _51—@?7 <&p=—0

That is, if there is a firm in tier-K’ + 1, the firm is unacceptable to all workers regardless of the
firm’s private values to the workers. The firm remains unmatched in all stable matchings and have no

difference in utilities from stable matchings. Therefore, conditioned on &3,

|BIF(/+1(6; U, V)| < |FK'(V)|
n a n .

Proposition 3.3 holds from the following convergence result.

[Fre (V)| », BE — ([BK] — 1)

as n — oo.
n K

Case 2. 8 = a(l — GW(—au)): firms in tier-(K’ + 1) see only a small proportion of acceptable workers

available.

For each market (F, W, u,v), if w € Wkr41(u),
w w _
e T e
aK le%

That is, workers in Wg/11(u) are unacceptable to all firms. Therefore, the total number of matched

workers in stable matchings is no more than the total number of workers in tiers up to K’: i.e.

Kl
[{w € Wiuw(w) € F}| < 3 Wi(U)),
k=1

which implies that

I
{f € Fluw(f) e W} <> [Wi(U)].
k=1
As such, we have
I
{f € Fropr(U)|uw (f) € WY = |{f € Fluw(f) € WH =Y [{f € Fu(U)luw (f) € W}
k=1

K’ K’
<D W) =Y I{f € FU)|nw (f) € W
k=1 k=1

10 Note that f € Fxy1(v) implies 1 — K?/ > 0 and G¥'(—v) > 0, which we used to derive the inequalities.
1 Note that w € W/ 1(u) implies 1 — % > 0 and G" (—@) > 0, which we used to derive the inequalities.

14



Conditioned on &1,

K’'-3 K’

{f € Frorpa(U)luw (£) e WH < Y (IF(U)] = [{f € Fe(U)lpw (f) e W)+ D [Wi(U)]
k=1 k=K’'—2
K'—3 K’
= > Kfe B@luw(H) e W+ > [We(U)].
k=1 k=K'—2

With a small ¢ > 0,

Bir (6 UV _ S € Frora(U)lpw (f) € W

n n
=3\ pF. K’
k=1 " k=K —2
K — [BK
Pos + (B — [ D,

where the convergence in probability is from Proposition 3.1 and the (weak) law of large numbers.
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