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Abstract— This paper explores the relationship between the
topology of a network of agents and how efficiently they can
learn a common unknown parameter. Agents repeatedly make
private observations which are possibly informative about the
unknown parameter; they also communicate their beliefs over
the set of conceivable parameter values to their neighbors. It
has been shown that for agents to learn the realized state, it
is sufficient that they incorporate in their beliefs their private
observations in a Bayesian way and the beliefs of their neigh-
bors using a fixed linear rule. In this paper we establish upper
and lower bounds on the rate by which agents performing such
an update learn the realized state, and show that the bounds
can be tight. These bounds enable us to compare efficiency of
different networks in aggregating dispersed information. Our
analysis yields an important insight: while for agents in large
“balanced” social networks learning is much slower compared
to that of a central observer, unbalanced networks could result
in near efficient learning.

I. INTRODUCTION

Social networks help shape the public opinion about
different social, economic, and political issues by enabling
individuals to gain information from the experiences of
the others. In particular they influence individuals’ opinions
about hypotheses that are testable through observation, such
as climate change or the risks associated with certain medical
procedures. In light of this, it is important to understand
when social networks could lead agents to hold accurate
beliefs, whether the information of individual observations is
aggregated efficiently, and how this depends on the network
structure. It has been shown in [1] that under mild assump-
tions agents will eventually hold correct opinions. This paper
builds upon [1] to provide answers to the last two of the
questions posed above. We characterize the rate of learning
(i.e., the rate by which agents’ opinions become correct)
in terms of information content of agents’ observations and
the structure of the social network. We then use the result
to compare networks in terms of efficiency of information
aggregation over them.

We base our analysis on the model of social learning
proposed in [1]. Agents in a society desire to learn some
unknown state which is drawn by nature from a finite
set. They interact in a social structure that is represented
by a weighted and possibly directed network. Agents have
beliefs about the realized state, and use the information
available to them to repeatedly update their beliefs. In every
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time period each agent privately observes a signal. It is
assumed that agents cannot communicate their signals to
each other; however, they observe the opinions held by their
neighbors in the previous period.! Instead of processing all
new information in a Bayesian way, agents use a simple rule
to update their beliefs: Each agent first forms the Bayesian
posterior given only her private signal, as an intermediate
step. She then updates her belief to the convex combination
of her Bayesian posterior and the beliefs of her neighbors,
where the weights in the convex combination correspond to
the trust she has in each of her neighbors. It is assumed that
weights are fixed and independent of agents’ observations.
The model provides a tractable framework to study the
evolution of beliefs held by agents who interact in a social
setting in addition to repeatedly making private observations.
Repeated Bayesian updating over social networks is known
to be computationally intractable—except for certain special
cases—even when agents have knowledge of the network
structure and other agents’ observation models. This is since
a fully Bayesian agent needs to form and update beliefs over
the information of all other agents in the society, while only
observing the beliefs of her neighbors. Incomplete informa-
tion about the network structure and other agents’ signal
distributions intensifies these complications. The naiveté in
the way agents incorporate the beliefs of their neighbors into
their future beliefs in this model makes it tractable. It also
serves to capture the assumption that agents are unaware
of, and cannot learn the origin or quality of their neighbors’
information. Nonetheless, it is shown in [1] that—for generic
prior beliefs—the outcome of this model asymptotically
agrees with that of a model with fully Bayesian agents.
The main contributions of this paper are as follows.
First, we find lower and upper bounds on the rate of
learning, and show that the bounds can be tight. The rate
of learning depends on the topology of the network and
information content of individual agents’ observations. This
result signifies that even though network connectivity and
global identifiability of the states are sufficient for agents to
learn the realized state, the rate by which they do so is highly
dependent on the network structure and informed agents’
position in it. Namely, learning is faster whenever the most
centrally located agents are also the ones who make the most
informative observations.
Second, we show that the maximum efficiency by which
agents can aggregate information is different in different
networks. Social learning is inefficient in a large network

'A rationale for this assumption is that agents’ signals could belong to
different spaces, rendering it difficult for an agent to interpret the signals
of others, whereas all agents share the same belief space.
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unless some agents are disproportionally central in it. Such
agents correspond to “opinion leaders” whose opinions are
observed by a non-vanishing fraction of all agents. Existence
of opinion leaders is not sufficient, however, for efficient
learning; rather, the opinion leaders also need to be the agents
who make the most informative observations. Failure of this
condition could provide an explanation for the widely ob-
served phenomenon of individuals holding incorrect beliefs
about factual issues, notwithstanding overwhelming evidence
to the contrary.

This paper is related to a growing body of literature on
learning over social networks, especially those with non-
Bayesian updating rules. In this spirit are the works by
DeGroot [2], DeMarzo et al. [3], Acemoglu et al. [4], Golub
and Jackson [5], [6], and Jadbabaie et al. [1].

II. MODEL
A. Environment

There are a finite number of agents and possibilities for
the state of the world. Let N' = {1,2,...,n} be the set of
agents, and let © be the finite set of possible states.

There are countably many time periods which are indexed
by the non-negative integers. At time zero one of the states
is realized. Each agent ¢ has a prior belief about the realized
state, denoted by p; o(-), which is a probability distribution
over ©. More generally, we denote the belief of agent ¢ at
time ¢ by p;.(-). In every period ¢t > 1, a signal profile
w = (Wigy.-oywnyt) € S1 X -+- xS, = S is realized,
where S; is the finite set of possible signals for agent .
Conditional on the realized state being 6, the signal profiles
are independent and identically distributed according to the
likelihood function ¢(-|0). We assume that £(s|@) > 0 for all
se€ S and d € 6.

The interactions between agents are captured by a directed
graph G = (N, E). Agent j can observe the belief of agent 7
if there exists a directed edge from ¢ to j, that is, if (¢, j) € E.
Let N; = {j € N : (j,i) € E} be the set of neighbors of
agent ¢ whose beliefs she can observe.

B. Belief Update

Agents have two sources of information. At every time
period ¢ > 1, agent ¢ privately observes w;, in addition
to the beliefs held by her neighbors in the previous time
period. She then updates her belief using the information
available to her. We assume that agents incorporate their
private observations into their beliefs in a Bayesian way;
however, they are naive with respect to the other information
available to them; namely,

M1 = @i BU(4 13 wi i41) + Z Qijlhsts (D
JEN;

where BU(j4;,;w; 1+1) is the Bayesian update of y; ; given
w; t+1, and a;; are constants. Each agent updates her belief to
a convex combination of her own Bayesian posterior, given
only her private signal and neglecting the social network,
and her neighbors’ beliefs in the previous period. a;; is the
weight that agent ¢ assigns to the opinion of agent j, and

a;, called the self-reliance of agent i, is the weight she
assigns to her Bayesian posterior conditional on her private
signal. We assume that a;; > 0 for all 7 and j € N; and that
2jen;ofiy @ij = 1, in order for agents’ beliefs to remain a
probability distribution over © after they perform the update.
The update in (1) can be written more explicitly as

gi n 0 7 0
@ (Wit [0)pie(0) + > aijpga(0),
2ieo lilwir1|0)pie(0)  jex,
2

for all 6 € ©.

titr1(0) =

C. Information

Let (€2, F) be the measurable space where 2 = S and
F is the Borel o-field over . Let PY = /(-|)Y be the
probability measure over €) given that the realized state of
the world is 6, and let EY be the corresponding expectation
operator.>

Agents’ private observations are not necessarily infor-
mative about the realized state of the world. We use the
expected discrimination information of agents’ observations
as a measure of how informative they are. The expected
discrimination information (or simply information) of agent
’s observation for 6 over ¢ is defined as

I0(0') = Dir(Gi(-|0)6i(10) = E° [mg M] ,
’ 3)

where Dk, is the Kullback-Leibler divergence and /; is the
marginal of ¢ over S;. This is the expected information per
observation for discriminating in favor of state 6 against state
¢, when state 0 is realized. Note that Z?(f) = 0. Gibbs’
inequality implies that Z¢(6") > 0, and Z¢(¢') = 0 if and
only if 6 is observationally equivalent to 6’ from the point
of view of agent ¢; that is,

li(sil0) = Li(s:10"),

for all s; € S;.

Let the fotal expected discrimination information (or sim-
ply total information) of agents’ observations for 6 over &’
be defined as

T8 (0') = D TV(O).
i=1

This is the expected information per observation profile in
favor of § against 6, when the realized state is 0. Z0 .(0') =
0 if and only if € is observationally equivalent to 6’ from the
point of view of all agents.

III. ASSUMPTIONS

We maintain the following assumptions throughout the
paper. These are sufficient to guarantee that all agents
eventually learn the realized state of the world. For a full
characterization of necessary and sufficient conditions for
learning see [7].

2More generally, we use a superscript § to denote conditioning given that
the realized state is 6.



Assumption 1: The social network is strongly connected.’

This assumption allows for information to flow from any
agent to any other one. One can always assume connectivity
without loss of generality, since otherwise each connected
component could be analyzed separately. However, strong
connectivity requires that any agent that influences other
agents be influenced back by them, either directly or indi-
rectly. This assumption excludes the scenarios where some
stubborn agents place zero total weight on the beliefs of all
other agents in the network.

Assumption 2: For any state § € O, there exists at least
one agent with positive prior belief in 6.

This assumption requires that, no matter which state is
realized, at least one of the agents’ beliefs includes a “grain
of truth”. If this assumption is violated, we could face the
rather uninteresting scenario where all agents continue to
have zero belief in the realized state at all time periods.

Assumption 3: All agents have strictly positive self-
reliance.

This assumption is a convenient way to guarantee that
there is sufficient flow of new information into the social
network. It requires agents to incorporate their private ob-
servations into their posterior beliefs. If all agents fail to do
so, information cannot be accumulated over time, excluding
the possibility of learning.

Assumption 4: For any two states 6 # 6’, total informa-
tion of agents’ observations for 6 over #' is positive.

This assumption is necessary to ensure that agents’ ob-
servations are sufficiently informative to let them distinguish
6 from ¢’. If this assumption is violated, even sophisticated
Bayesian learners would not be able to learn the realized
state.

IV. LEARNING

We are interested in characterizing the rate of learning for
agents who use (2) to update their beliefs. In this section we
formalize the notions of learning and rate of learning, and
summarize the earlier results that establish learning.

The following proposition states that Assumptions 1-4 are
sufficient to guarantee that agents’ beliefs are asymptotically
almost surely correct. The proof and a thorough discussion
of the result’s implications can be found in [1].

Proposition 1: If Assumptions 14 are satisfied and given
that the realized state of the world is 6,

i () — fo() as t— P-as.,

for all i € N, where ,uf’%(-) is the probability distribution
over O defined as
1 if =0
(% / )
7 (0 =
i (0) 0 if 0 #0.

We refer to the rate by which p; () approaches ,u?m () in
total variation (TV) distance as the rate of learning. Define

Die,t = HMz‘,x;(') - M?,t(')HTV = Z /li,t(el)-
0'cO\{6}

3A network is called strongly connected if there exists a directed path
from any vertex to any other one.

Note that Dz ;. 1s equal to the total probability that agent ¢
assigns to all states other than 6, given that 6 is the realized
state of the world. One can think of Df, +» therefore, as agent
i’s disbelief in the realized state at time ¢. Let D? be the
average of all Dz ;> that is,

Note that the consequent of Proposition 1 can be written
more compactly as DY — 0 with P?-probability one, given
that the realized state is #. The next result shows that D?
converges to zero exponentially fast (equivalently, f; .(-)
converges to ,ufyxj(-) exponentially fast in the TV distance),
and provides a lower bound for the rate of learning. A proof
can be find in [8].

Proposition 2: If Assumptions 14 are satisfied and given
that the realized state is 0, for all € > 0,

1 _
lim sup n log Df < )\? + €, Pl-as.,

t—0
for some \{ < 0.
The lower bound on the rate of learning A\{ can be written
in terms of the top Lyapunov exponent of a set of i.i.d.
matrices. Let M7 (') be the n x n matrix defined as

M?(0') = A + diag ((an‘ (W a 1>>i1 n) ’

yerey

where diag(vy,...,v,) is the diagonal matrix with the ith
diagonal element given by v;. Note that since w; ¢+ are i.i.d.,
the matrices M7 (6') are i.i.d. as well. The top Lyapunov
exponent (TLE) of (Mf(&’))tzlwm is defined as

o1
N(O') = lim S log| M (6") -+ M{(O)].

The Furstenberg-Kesten theorem [9] implies that for
P?-almost all w, the above limit exists and is independent
of the realization of w. The authors in [8] show that the
lower bound on the rate of learning is given by

M\ = (0. 4
1T 1(0') 4)

V. BOUNDS ON THE RATE OF LEARNING

In this section we find analytic bounds on the rate of
learning that depend on agents’ centralities in the social
network and information of their observations. Proposition 2
suggests that when the realized state is 6, —\{ could be
used as a lower bound on the rate of learning. However,
A9(6") is the top Lyapunov exponent of a set of matrices, and
determination of the TLE is known to be a difficult problem
[10], [11]. Techniques for finding lower and upper bounds
for the TLE of i.i.d. matrices have been proposed under some
additional hypotheses [12], [13].

We use the upper bound on the TLE suggested by Gharavi
and Anantharam in [13] to find a lower bound on the rate of
learning. The bound is expressed as the solution to a concave
maximization problem over a finite-dimensional convex set
of probability distributions. In the appendix, we show that



when Z9 () is small, the upper bound on A{(¢’) can be

approximated by
— Z WiaiiIf(H’),
ieN

where m; > 0 is the eigenvector centrality of agent i; that
is, (m1,...,m,) is the left eigenvector of A corresponding to
the unit eigenvalue normalized such that 22;1 =14

We can also find an upper bound on the rate of learning
that depends on agents’ centralities and the information of
their observations. The following proposition establishes one
such upper bound.

Proposition 3: If Assumptions 1-4 are satisfied, and given
that the realized state is 0, for all € > 0,

1 _
liminf — log Dte > —¢, Pl-as.,
t—oow
where
6 Y
r’ = min la”I 0 5
o, 3 miasZ! (@) )

Proof: Let the reahzed state be denoted by 6. By
Assumption 2, for any 6’ € O there exists an agent j such
that 1, 0(6") > 0. This implies by (2) that p; 1(6") > 0 for
all ¢ such that j € MN;. Since the network is assumed to
be strongly connected, one can repeat the same argument
to conclude that u; (6') > 0 for all i € N, ¢ € © and
t > n. We take logarithms of (2) evaluated at ¢ > n and use
Jensen’s inequality to get

’ 0 (w; 0" i 4 (0
log/‘i,Hl(e)ZGiilog( (wi,e+110") 14,2 (0") >

Yo liwit+ |9)/L1 t(é)
+ ) aijlogpya(6)

JEN;
= Q4; log Nz’,t (91) + Z aij log /}Jj7t (0’)
JEN;
Ci(w; o'
+ a;; 10g (UJ t+1| ) (6)

ZGE@ (wz t+1 |9)Mz t(@) '

By Proposition 1, p; +(-) — Nf,t(') with P?-probability one;

hence,
Z 6|0 i (0) —
[Ee)

£;(+|9) P’-as. @)
Since ¢;(+]-) > 0, equation (7) implies that for all ¢ > 0 and
P?-almost all w, there exists 7; such that for all ¢ > T,

li(w; 0’ li(w; o'
o #) bl ®)|
Zee@ (Wi,t+1|9)ui,t(9) liwie+110)
®)
Let (71,...,7,) be the left eigenvector of A corresponding
to the unit eigenvalue normalized such that 22;1 m = 1.
Multiplying both sides of (6) by m;, summing over i € N,

“Since A is the weighted adjacency matrix of a strongly connected graph,
the Perron-Frobenius theorem implies A has a unique left eigenvector corre-
sponding to the unit eigenvalue; furthermore, this eigenvector is elementwise
positive.

and using (8) implies that for all ¢ > 0 and P?-almost all w,
there exists T such that for all ¢t > T,

Zﬂ'zIOgMz t+1 ZﬂzIOgMz t(e)

i=1 i=1

+ Zma”lo wltﬂw) — €,
iEN wl t+1|0)

which recursively implies that for all £t > ¢y > T,

Dimilog pia(0) = > milog i, (6)
i=1 i=1
wv ‘r+1| ¢’ )
+ ;a4 log
TZto z;f o wz T+1|9)
— E(t — to).

Hence, for all € > 0 and P?-almost all w,

liminf — Z i log i +(0")

t—o0

1,7 9
llmll’lf*z Zmanlog (Wi 1] )—e

t—>w T=to ieN wL T+1|9)
wz t+1| 0 )
Z 7-(-740’12 7 A\ — €
PN (wz t+1|9)
= — Z WiaiiIf(Q’ — €,

iEN
where the first equality is by the strong law of large numbers

and the second one is by (3). Therefore, for all ¢ > 0 and
P?-almost all w,

li f —
imin . 9/161(1921){(9} Z ; log s, +

t—w
Z m—aiiIf(G'
iEN

>)—e

= max —
6cO\{6}
=—r? —¢c.

On the other hand,

%logf?f = Z DT (0
i=10'c0\{0}
> - ! log (Inax max ;¢ (60 )) — 1logn
t ieN 9'cO\{6} t
= 7 o o) =  log
21 max 3 mlogp”(ﬁ)—llogn,
te 0'eO\{0} = t

where the last inequality is since >, m; = 1. Hence, for
all € > 0 and PY-almost all w

1
log D9 —r? — e —limsup = logn = —r —e.

t—w

lim 1nf
t—o0



Note that 7? is equal to the approximate lower bound
found earlier assuming that Z% (6’) is small for all #’. There-
fore, the upper and lower bounds on the rate of learning are
both tight when the total information of agents’ observations
for 0 over #’ is small, an assumption we maintain in the rest
of the paper.

Equation (5) implies that for an agent to be influential in
accelerating learning in the social network, three conditions
need to be met. First, she needs to make observations which
are highly informative in favor of the realized state. Second,
she needs to have a high self-reliance. This is required for
the agent to incorporate her observations in her belief with a
large weight. Finally, she needs to be centrally located in the
social network, as measured by eigenvector centrality. This
allows her to influence the beliefs of other agents to a large
extent.

VI. NETWORK TOPOLOGY AND RATE OF LEARNING

We are interested in comparing network structures in terms
of how quickly they lead agents to learn the realized state. We
can use ¥ defined in (5) as an approximation of the rate of
learning. The minimum in (5) might be obtained, however, by
different § in different networks. This could complicate the
comparison between rates of learning in different networks
and obscure the resulting insights. To avoid this issue, in the
rest of the paper we assume that |©] = 2; that is, there are
only two possibilities for the state. We let © = {6, 6'}, and
let 6 denote the realized state of the world. We also use Z; as
shorthand for Z¢ (¢’) and  as shorthand for r?. Moreover, we
make the dependence of the rate of learning on the network
topology and information of agents’ observations explicit by
letting r(A,Z) denote the rate of learning over the network
with adjacency matrix A when the information of agents’
observations is given by Z = (Z1,...,Z,).

A. Examples

In what follows we compute the rate of learning for three
classes of networks in terms of their structural properties.

Example 1 (symmetric networks): A network is called
symmetric if a;; = aj; for all ¢,j € N. In a symmetric
network 7; = 1/n for all i. Therefore, the rate of learning
for the symmetric network with adjacency matrix Ay, is

given by
Z aZ’L Q-

Example 2 (k-regular network with equal weights): A
network is called k-regular if each node has exactly k
neighbors. Also assume that a; = 1 — € for all ¢ and
aij; = e/k for all j € N;; that is, agents all have the same
self-reliance and trust all their neighbors equally. In this case

= 1/n for all ¢, which implies that the rate of learning
over such a k-regular network with adjacency matrix Ay ree
is given by

T( syma

7(Apreg, L) l Zn: 1—¢€)Z,

3

Note that the rate of learning is independent of k.

Example 3 (star network): A star network is one where
there is a central node that is a neighbor of all other nodes,
whereas any other node is only neighbors with the central
node. Let agent 7 = 1 denote the central agent in the star
network, and let the adjacency matrix be given by

1-9 0 0 0

n—1 n-—1 n—1
1—c¢ € 0 0
Asr=11-¢ 0 e ... 0
1—c¢ 0 0 €

It is straightforward to show that agents’ eigenvector central-
ities are given by’
1—€

) 1—-e€e+0
T, = 5

(n—1)(1-€e+9)

Therefore, the rate of learning is given by

1

T(Astar»I) = 1—764-5

(1=e)(1—

The networks of Examples 1 and 2 are examples of
“balanced” networks where all agents are (roughly) equally
central, whereas in Example 3 agent ¢ = 1 is much
more central than other agents. Over balanced networks,
information of agents’ observations receives similar weights
in the expression for the rate of learning. Consequently,
the rate of learning is not sensitive to variations in the
information of individual agents’ observations—as long as
the total information is constant. On the contrary, in a star
network with a large number of agents, the rate of learning is
very sensitive to variations in the information of the central
agent’s observations (even if the total information available
to agents is fixed). This is because in a large star network the
information of central agent’s observations receives a much
larger weight than that of peripheral agents.

B. Efficiency

Which social networks result in more efficient aggregation
of the information contained in agents’ observations? To
answer this question, we use the rate of learning for a
central observer with access to all agents’ observations
and likelihood functions ¢;(-|-) (but not the joint likelihood
function £(-|-)) as a benchmark. The rate of learning for a
such central observer is given by the Chernoff-Stein lemma

as n
- ZI
i=1

This is the fastest one can hope to learn the realized state,
given all the information available to agents in the social

5See, e.g., [5].



network. For Z # 0 let (A, Z) be defined as

r(A,T)
a(A,T) = (@)
This is a measure of deceleration in the rate of learning
as a result of decentralization of observations. A larger «
corresponds to less deceleration, and hence, more efficient
social learning. Note that if A corresponds to a strongly
connected network, then a(4,7Z) € (0, 1).

The efficiency of social learning depends not only on
the network topology, but also on which agents make the
most informative observations; however, one can compare
different networks directly in terms of the highest level of
efficiency that is possible over them. Let o*(A) be defined
as

a®(A) =sup r(A,Z).
>0
That is, a®(A) is the maximum achievable efficiency of
social learning over the network corresponding to A. The
networks in Examples 1-3 result in significantly different
values for a*:

1
ES
o™ (A = —max a; < —
(Asym) n ieN o n’

1(1 —6),

n
whereas if n is sufficiently large

o (Agar) = %

While the rate of learning for the star network is independent
of the number of agents, for the networks of Examples 1
and 2 it is a decreasing function of n. This implies that
the balanced networks of Examples 1 and 2 cannot result in
efficient learning when the number of agents is large.

More generally, the maximum achievable efficiency of
social learning over the network with adjacency matrix A
is given by

a* (Ak-reg) =

a*(A) = max may.
7

This implies that for a network to be efficient in aggregating
information it is necessary that the maximum eigenvector
centrality among all agents is large; that is, there needs to
exist an “opinion leader” who is disproportionally central in
the network. This is not sufficient, however. For learning to
be efficient, opinion leaders need to also be the agents who
make the most informative observations. Even though strong
connectivity is sufficient to ensure that the belief of even a
non-central agent is eventually heard by others, a substantial
part of the information contained in her observations is
lost in the process. The following example illustrates this
point. Suppose that the peripheral agent ¢ observes a very
informative signal that tilts her belief strongly in favor of
state 8; however, as a result of her small centrality, her belief
is observed only by few other agents. Let k be one such agent
who observes the belief of agent ¢ in addition to that of an
uninformed agent j. Since k£ cannot know the quality of the
observations made by ¢ and j, she treats their beliefs as two

equally valid “sides of the story”. Therefore, agent k’s belief
will be less strongly in favor of 6 than that of 7. By the same
argument, neighbors of k will be even less strongly in favor
of # compared to k, and so on.

A comparison with the result obtained by Golub and
Jackson in [5] is due. The paper studies social learning
for the case where agents receive only one noisy signal
each about the unknown real-valued state of the world.
Each agent repeatedly updates her estimate of the state by
taking a convex combination of her estimate with those
of her neighbors. The authors show that for agents in a
large network to be able to form an unbiased estimate of
the state, it is necessary that no agent has an eigenvector
centrality which is non-vanishing in the number of agents.
The authors call networks that satisfy this property wise.
However, these are exactly the networks that in our model
result in inefficient learning. This illustrates the tradeoff
between correctness of agents’ opinions when they have
limited information, and the rate of learning when there is
constant flow of new information. While if a central agent
repeatedly makes informative observations she can lead all
agents to quickly learn the state, if no agent makes repeated
informative observations, all agents’ could be misled by the
central agent as a result of her excessive influence on others’
beliefs.

VII. CONCLUSION

In this paper we studied a model of social learning where
agents repeatedly update their beliefs to incorporate the
information they obtain through both private observations
and communication with their neighbors. We focused on
scenarios where agents are unaware of (and cannot learn)
the origin or quality of their neighbors’ observations. We
found lower and upper bounds on the rate of learning, and
showed that the bounds are tight when the total information
of agents’ observations is small. We also compared networks
in terms of their maximum achievable social learning effi-
ciency. The analysis showed that even though in unbalanced
networks agents could learn the realized state efficiently
regardless of the network size, in large balanced networks
social learning is always inefficient.

Throughout the paper our point of view was positive;
however, the insights obtained are transferable to the problem
of sensor network design. Consider the problem of decen-
tralized detection where each sensor could sense a possibly
different relevant variable. As we argued, in order for sensors
to detect the event, they do not need to communicate to other
sensors their entire observations; rather, it is sufficient for
sensors to individually estimate the probability of the event
and communicate their private estimates. This could save
sensors valuable communication resources especially when
their observations are large objects such as videos. Proposi-
tion 2 implies that, if the event is identifiable, this protocol
leads sensors to learn whether the event has occurred or not
exponentially fast. Moreover, the expression obtained for the
rate of learning in (5) can be used to maximize the speed of
detection subject to design constraints.



APPENDIX

We use the upper bound on the TLE found in [13] to
approximate \{(#'). To make the derivation simpler we
introduce some new notation. Let s denote the signal profile
(s1,82,...,8,) where s; € S; for all i € N. Let § =
{1,2,...,]S|}, and let h : S — S be an enumeration
of S.% For all k € S, we use h;(k) to denote the ob-
servation of agent ¢ when signal profile h(k) is realized,
ie, h(k) = (hi(k),...,h,(k)). For all k € S, let p* =
01(hy(k)|0) - - - £1(hy,(K)|#), and let N* be the realization of
MP(0") given w; = h(k); that is, N* is the n x n matrix

deﬁned as
) ) 1=
,n

i (o (B
= A + diag ((a ( Ci(hi(k)|0)

Let H(p) be the entropy of p defined as
=— > prlogph.
keS

Let M be the set of all probability measures on (N x S) x
(N x 8). With slight abuse of notation, for any n € M, let
H(n) be the entropy of 7 defined as

k,l nm
Z T]z log k % )
i,JEN i,%
k,leS
where
ke k,l
Niw = Mg
JEN
leS

The solution to the following optimization problem is
an upper bound on the TLE of the set of i.i.d. matrices
(MP(0")i=1...» when MP(0') € {N¥}res and NF is
realized with probability p*:

NL(0') = max H (n) + F(n) = H(p) )
subject to
kl _ Kk 1
77*.,* =pPp Vkal € Sa (10)
noE =it VieN  VkeS, (11)
=0 Vi,jeN VkleS st NF, =0, (12)

where N7; k. is the element of N* in the ith row and jth
column, and F: M — R is defined as

Z nfllog

i,5eN
K,leS
We assume that the last set of constraints do not bind,
and use Lagrange multipliers p*! and ¥ to incorporate the
first and second set of constraints into the objective function,
respectively. The first order optimality conditions are given
by

long logn”—i-lognz*-i-p +u V§=07 (13)

®An enumeration of a finite set S is a bijective mapping from
{17 27 ety |S‘} to S'

for all 4,5 € N and k,l € S. The above equation cannot be
solved analytically, except for special cases. One such case
is when the information of all agents’ observations for 6 over
¢ is equal to zero; that is, Z/(6’) = 0 for all i € \. First,
we solve for 1 assuming this. Then, we analyse the effect of
a small perturbation in Z¢(#') on \{(¢').

First, assume that Z?(#') = 0 for all 4. In this case
Li(hi(k)|0) = £;(hi(k)|0") for all i € N and k € S;
consequently, N* = A for all k € S. It is easy to verify
that the solution (7}, p, ) given below satisfies the KKT
conditions (10)—(13).

Kl
Ui mja;p"p'
= logpk
ﬁf = —log(ﬁipk)

Note that since the set of constraints (12) are automatically
satisfied, they are not binding in this case. Since the optimiza-
tion problem (9) has a strictly concave cost function and a
set of linear constraints, 1) is its unique solution. Substituting
7} in (9), one can easily see that \(6’) = 0 when Z? (') = 0
for all 3.

Next, for some agent ¢ we perturb ¢;(-|0") by the infinitesi-
mal function 6¢;(-|¢) and find the resulting change in \?(¢’).
For the perturbed likelihood function to remain a probability
distribution over Sz, it is necessary that Zsie s, 04;(s;|0") =
0. Let Vg, (oA f(0') denote the directional derivative of
A (0') along 64;(-|¢"). Since the only constraint that depends
on /4;(-|¢") is not binding, by the envelope theorem, the
derivative of A¢(0’) with respect to £;(-|¢’) is given by the
partial derivative of the H(n)+ F'(n) — H(p) with respect to
£;(+|0") holding 7 fixed, and then evaluating the result at the
optimal solution 7. While H(p) and H(n) do not explicitly
depend on ¢;(-|0"), F'(n) is given by

C;(h;(k)0)
F(n Z nz’logaﬂ—i— anllogji'
i,jeN ! JEN . ‘ (h (£)16)
k,leS k,leS
Therefore,
L G0
Vot (1M (0') = Vecpoy D, nﬂﬂlogé(hjw
JEN
k,leS
Ny k)|6")
— n’v log
&, 1 Voncn 8 G G
o les
ti(hi(k)|0")
= Tia Z P Vst oy log oo s
2 £ R)6)
£;(s;]0
= e 3, 10Vt 08
;€S !

where both of the derivatives are evaluated at ¢;(-|¢') =
£;(+|0). Since £;(s;]0) is not a function of ¢;(-|¢') and by
linearity of the derivative operator, the above equation can



be written as

Vse,(1on A (0)

i(si]0")
miaiiVoe oy D) Lilsilf) logw
s;€S; o

= —m;aii Ve, (1oL (0).

Note that the above equation is valid for all 7 € A/. On the
other hand, A{(¢") = 0 when Z?(¢') = 0 for all i € N.
Therefore, when Z?(0') is small for all i € N, \{(#) can
be approximated by the linear term in its Taylor expansion
with respect to (Z(60'))i=1...n as
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