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Abstract

Combining cross-section and time series data is a long and well established practice in
empirical economics. We develop a central limit theory that explicitly accounts for possible
dependence between the two data sets. We focus on common factors as the mechanism
behind this dependence. Using our central limit theorem (CLT) we establish the asymptotic
properties of parameter estimates of a general class of models based on a combination of cross-
sectional and time series data, recognizing the interdependence between the two data sources
in the presence of aggregate shocks. Despite the complicated nature of the analysis required to
formulate the joint CLT, it is straightforward to implement the resulting parameter limiting
distributions due to a formal similarity of our approximations with the standard Murphy and

Topel’s (1985) formula.
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1 Introduction

There is a long tradition in empirical economics of relying on information from a variety of data
sources to estimate model parameters. In this paper we focus on a situation where cross-sectional
and time-series data are combined. This may be done for a variety of reasons. Some parameters
may not be identified in the cross section or time series alone. Alternatively, parameters estimated
from one data source may be used as a first-step inputs in the estimation of a second set of
parameters based on a different data source. This may be done to reduce the dimension of the
parameter space or more generally for computational reasons.

Data combination generates theoretical challenges, even when only cross-sectional data sets
or time-series data sets are combined. See Ridder and Moffitt (2007) for example. We focus on
dependence between cross-sectional and time-series data produced by common aggregate factors.
Andrews (2005) demonstrates that even randomly sampled cross-sections lead to independently
distributed samples only conditionally on common factors, since the factors introduce a possible
correlation. This correlation extends inevitably to a time series sample that depends on the same
underlying factors.

The first contribution of this paper is to develop a central limit theory that explicitly accounts
for the dependence between the cross-sectional and time-series data by using the notion of stable
convergence. The second contribution is to use the corresponding central limit theorem to derive
the asymptotic distribution of parameter estimators obtained from combining the two data sources.

Our analysis is inspired by a number of applied papers and in particular by the discussion in Lee
and Wolpin (2006, 2010). Econometric estimation based on the combination of cross-sectional and
time-series data is an idea that dates back at least to Tobin (1950). More recently, Heckman and
Sedlacek (1985) and Heckman, Lochner, and Taber (1998) proposed to deal with the estimation
of equilibrium models by exploiting such data combination. It is, however, Lee and Wolpin (2006,
2010) who develop the most extensive equilibrium model and estimate it using a similar intuition
and panel data.

To derive the new central limit theorem and the asymptotic distribution of parameter estimates,
we extend the model developed in Lee and Wolpin (2016, 2010) to a general setting that involves

two submodels. The first submodel includes all the cross-sectional features, whereas the second



submodel is composed of all the time-series aspects. The two submodels are linked by a vector
of aggregate shocks and by the parameters that govern their dynamics. Given the interplay
between the two submodels, the aggregate shocks have complicated effects on the estimation of
the parameters of interest.

With the objective of creating a framework to perform inference in our general model, we
first derive a joint functional stable central limit theorem for cross-sectional and time-series data.
The central limit theorem explicitly accounts for the factor-induced dependence between the two
samples even when the cross-sectional sample is obtained by random sampling, a special case
covered by our theory. We derive the central limit theorem under the condition that the dimension
of the cross-sectional data n as well as the dimension of the time series data 7 go to infinity. Using
our central limit theorem we then derive the asymptotic distribution of the parameter estimators
that characterize our general model. To our knowledge, this is the first paper that derives an
asymptotic theory that combines cross sectional and time series data. In order to deal with
parameters estimated using two data sets of completely different nature, we adopt the notion
of stable convergence. Stable convergence dates back to Reyni (1963) and was recently used in
Kuersteiner and Prucha (2013) in a panel data context to establish joint limiting distributions.
Using this concept, we show that the asymptotic distributions of the parameter estimators are a
combination of asymptotic distributions from cross-sectional analysis and time-series analysis.

While the formal derivation of the asymptotic distribution may appear complicated, the as-
ymptotic formulae that we produce are straightforward to implement and very similar to the
standard Murphy and Topel’s (1985) formula.

We also derive a novel result related to the unit root literature. We show that, when the
time-series data are characterized by unit roots, the asymptotic distribution is a combination
of a normal distribution and the distribution found in the unit root literature. Therefore, the
asymptotic distribution exhibits mathematical similarities to the inferential problem in predictive
regressions, as discussed by Campbell and Yogo (2006). However, the similarity is superficial in
that Campbell and Yogo’s (2006) result is about an estimator based on a single data source. But,
similarly to Campbell and Yogo’s analysis, we need to address problems of uniform inference.
Phillips (2014) proposes a method of uniform inference for predictive regressions, which we adopt

and modify to our own estimation problem in the unit root case.



Our results should be of interest to both applied microecomists and macroeconomists. Data
combination is common practice in the macro calibration literature where typically a subset of
parameters is determined based on cross-sectional studies. It is also common in structural micro-
economics where the focus is more directly on identification issues that cannot be resolved in the
cross-section alone. In a companion paper, Hahn, Kuersteiner, and Mazzocco (2016), we discuss
in detail specific examples from the micro literature. In the companion paper, we also provide a
more intuitive analysis of the joint use in estimation of cross-sectional and time-series data when
aggregate factors are present, whereas in this paper the analysis is more technical and abstract.

The remainder of the paper is organized as follows. In Section [2, we introduce the general
statistical model. In Section [3, we present the intuition underlying our main result, which is

presented in Section [4]

2 Model

We assume that our cross-sectional data consist of {y;;, i = 1,...,n,t = 1,...,T}, where the start
time of the cross-section or panel, t = 1, is an arbitrary normalization of time. Pure cross-sections
are handled by allowing for T" = 1. Note that T is fixed and finite throughout our discussion while
our asymptotic approximations are based on n tending to infinity. Our time series data consist
of {zs, s=m+1,...,70+ 7} where the time series sample size 7 tends to infinity jointly with
n. The start point of the time series sample is fixed at an arbitrary time 79 € (—o00,00). The
vector y;; includes all information related to the cross-sectional submodel, where ¢ is an index for
individuals, households or firms, and ¢ denotes the time period when the cross-sectional unit is
observed. The second vector z; contains aggregate data.

The technical assumptions for our CLT, detailed in Section [, do not directly restrict the data,
nor do they impose restrictions on how the data were sampled. For example, we do not assume
that the cross-sectional sample was obtained by randomized sampling, although this is a special
case that is covered by our assumptions. Rather than imposing restrictions directly on the data we
postulate that there are two parametrized models that implicitly restrict the data. The function

/ (yz‘,t

v, and time series parameters p. In the same way the function g (z;| 5, p) restricts the behavior of

B, v, p) is used to model y;; as a function of cross-sectional parameters /3, common shocks



some time series variables z,.!

Depending on the exact form of the underlying economic model, the functions f and g may have
different interpretations. They could be the likelihoods of y; +, conditional on 14, and z, respectively.
In a likelihood setting, f and g impose restrictions on y; ; and 2, because of the implied martingale
properties of the score process. More generally, the functions f and g may be the basis for
method of moments (the exactly identified case) or GMM (the overidentified case) estimation.
In these situations parameters are identified from the conditions E¢ [f (vi¢| 5,1, p)] = 0 given
the shock v, and FE; [g (25|83, p)] = 0. The first expectation, E¢, is understood as being over the
cross-section population distribution holding v = (v, ..., vr) fixed, while the second, F,, is over
the stationary distribution of the time-series data generating process. The moment conditions
follow from martingale assumptions we directly impose on f and g. In our companion paper we
discuss examples of economic models that rationalize these assumptions.

Whether we are dealing with likelihoods or moment functions, the central limit theorem is
directly formulated for the estimating functions that define the parameters. We use the nota-
tion F, (8,1, p) and G, (5, p) to denote the criterion function based on the cross-section and
time series respectively. When the model specifies a likelihood these functions are defined as
F,(B,v,p) = %Zle S f (Wil Bove, p) and G- (B,p) = 2377 1 g(2s] 8,p) . When the model
specifies moment conditions we let h, (5,v,p) = %Ethl Yoy f(Yiel Bove,p) and k. (B,p) =

2319 (2] B, p). The GMM or moment based criterion functions are then given by F, (8, v, p) =
—h, (B,v,p) WEh, (B,v,p) and G, (B,p) = —k. (B, p) W7k, (8, p) with W* and W7 two almost
surely positive definite weight matrices. The use of two separate objective functions is helpful in
our context because it enables us to discuss which issues arise if only cross-sectional variables or
only time-series variables are used in the estimation.?

We formally justify the use of two data sets by imposing restrictions on the identifiability of

!The function g may naturally arise if the v; is an unobserved component that can be estimated from the
aggregate time series once the parameters $ and p are known, i.e., if v; = v, (5, p) is a function of (z, 5, p) and
the behavior of v; is expressed in terms of p. Later, we allow for the possibility that g in fact is derived from the
conditional density of v; given v;_1, i.e., the possibility that ¢ may depend on both the current and lagged values

of z;. For notational simplicity, we simply write g (zs| 8, p) here for now.
2Note that our framework covers the case where the joint distribution of (4, z¢) is modelled. Considering the

two components separately adds flexibility in that data is not required for all variables in the same period.



parameters through the cross-section and time series criterion functions alone. We denote the
probability limit of the objective functions by F' (53,4, p) and G (3, p) , in other words,

F(B,v,p) =plim F, (B,v,p) ,

n—oo

G (B,p) = plim G, (B, p) .

T—00

The true or pseudo true parameters are defined as the maximizers of these probability limits

(B(p),v(p) = arg;rylaxF (B,v,p), (1)
p(B) = arg?axG (B,p), (2)

and we denote with 3y and py the solutions to and (2)). The idea that neither F' nor G alone
are sufficient to identify both parameters is formalized as follows. If the function F' is constant
in p at the parameter values § and v that maximize it then p is not identified by the criterion F'

alone. Formally we state that
max F (8,v, p) = max F (8,v,p0) for all p € O, 3)

It is easy to see that is not a sufficient condition to restrict identification in a desirable way.
For example (3)) is satisfied in a setting where F' does not depend at all on p. In that case the
maximizers in also do not depend on p and by definition coincide with Sy and 1. To rule out
this case we require that py is needed to identify [, and v4. Formally, we impose the condition

that
(B(p),v(p)) # (Bo,wo) for all p# po. (4)

Similarly, we impose restrictions on the time series criterion functions that insure that the para-

meters 5 and p cannot be identified solely as the maximizers of G. Formally, we require that

max G (3, p) = max G (B, p) for all 5 € Op, (5)
P P

p(B) # po for all B # f.

To insure that the parameters can be identified from a combined cross-sectional and time-series

data set we impose the following condition. Define § = (3',7/)" and assume that (i) there exists a



unique solution to the system of equations:

OF (B,v,p) 0G (B,p)
o0 oy

=0, (6)

and (ii) the solution is given by the true value of the parameters. In summary, our model is

characterized by the high level assumptions in (3)), (4)), and ({6).

3 Asymptotic Inference

Our asymptotic framework is such that standard textbook level analysis suffices for the discussion
of consistency of the estimators. In standard analysis with a single data source, one typically
restricts the moment equation to ensure identification, and imposes further restrictions such that
the sample analog of the moment function converges uniformly to the population counterpart.
Because these arguments are well known we simply impose as a high-level assumption that our
estimators are consistent. The purpose of this section is to provide an overview over our results
while a rigorous technical discussion is relegated to Section 4| which may be skipped by a less

technically oriented reader.

3.1 Stationary Models

For expositional purposes, suppose that the time series z; is such that its log of the conditional
probability density function given z;_; is ¢ (2| z;_1, p). To simplify the exposition in this section
we assume that the time series model does not depend on the micro parameter 3. Let p denote a
consistent estimator.

We assume that the dimension of the time series data is 7, and that the influence function of

p is such that

TO+T

Vr—p) = % 3 o (7)

s=To+1

with F [ps] = 0. Here, 79 + 1 denotes the beginning of the time series data, which is allowed
to differ from the beginning of the panel data. Using p from the time series data, we can then
consider maximizing the criterion F,, (5,4, p) with respect to 0 = (5,14, ..., vr). Implicit in this

representation is the idea that we are given a short panel for estimation of § = (5,v4,...,v7),



where T denotes the time series dimension of the panel data. In order to emphasize that T is
small, we use the term ’cross-section’ for the short panel data set, and adopt asymptotics where
T is fixed. The moment equation then is
oF, (5, ﬁ)
N J
00

and the asymptotic distribution of 0 is characterized by

(5-0) = (P502)" (E40).

Because /n (OF, (0,p) /00 — OF, (0, p) /00) =~ (0*F (0, p) /000p") \\/TE\/F (p— p) we obtain

) - aFn(H,p) — \/ﬁ 1 =

ﬁ(e e) AT ATBY Y e (8)
with

O*F (6, p) B O°F (0, p)

000" 800,

We adopt asymptotics where n, 7 — oo at the same rate, but 7' is fixed. We stress that a tech-

A

nical difficulty arises because we are conditioning on the factors (v, ..., vr). This is accounted for
in the limit theory we develop through a convergence concept by Renyi (1963) called stable con-
vergence, essentially a notion of joint convergence. It can be thought of as convergence conditional

on a specified o-field, in our case the o-field C generated by (v4,...,vr). In simple special cases,

TO+T

oo 41 s conditional on (v, ..., vr)

and because T is fixed, the asymptotic distribution of % >
may be equal to the unconditional asymptotic distribution. However, as we show in Section [4]
this is not always the case, even when the model is stationary.

Renyi (1963) and Aldous and Eagleson (1978) show that the concepts of convergence of the dis-
tribution conditional on any positive probability event in C and the concept of stable convergence
are equivalent. Eagelson (1975) proves a stable CLT by establishing that the conditional character-
istic functions converge almost surely. Hall and Heyde’s (1980) proof of stable convergence on the
other hand is based on demonstrating that the characteristic function converges weakly in L;. As
pointed out in Kuersteiner and Prucha (2013), the Hall and Heyde (1980) approach lends itself to
proving the martingale CLT under slightly weaker conditions than what Eagleson (1975) requires.

While both approaches can be used to demonstrate very similar stable and thus conditional limit

8



laws, neither simplifies to conventional marginal weak convergence except in trivial cases. For
this reason it is not possible to separate the cross-sectional inference problem from the time series
problem simply by ‘fixing’ the common shocks (v, ..., vr). Such an approach would only be valid
if the shocks (v4,...,vr) did not change in any state of the world, in other words if they were
constants in a probabilistic sense. Only in that scenario would stable or conditional convergence be
equivalent to marginal convergence. The inherent randomness of (v, ..., vr), taken into account
by the rational agents in the models we discuss in our companion paper (Hahn, Kuersteiner and
Mazzocco, 2016) is at the heart of our examples and is the essence of the inference problems we
discuss in that paper. Thus, treating (v,...,vr) as constants is not an option available to us.
This is also the reason why time dummies are no remedy for the problems we analyze. A related
idea might be to derive conditional (on C) limiting results separately for the cross-section and time
series dimension of our estimators. As noted before, such a result in fact amounts to demonstrat-
ing stable convergence, in this case for each dimension separately. Irrespective, this approach is
flawed because it does not deliver joint convergence of the two components. It is evident from
that the continuous mapping theorem needs to be applied to derive the asymptotic distribution
of §. Because both A and B are C-measurable random variables in the limit the continuous map-
ping theorem can only be applied if joint convergence of \/ndFE, (6, p) /00, 7=4/? Z;OJTOT 19, and
any C-measurable random variable is established. Joint stable convergence of both components
delivers exactly that. Finally, we point out that it is perfectly possible to consistently estimate
parameters, in our case (v1,...,vr), that remain random in the limit. For related results, see the
recent work of Kuersteiner and Prucha (2015).

Here, for the purpose of illustration we consider the simple case where the dependence of
the time series component on the factors (v, ..., vr) vanishes asymptotically. Let’s say that the

unconditional distribution is such that
1 T0+T7T

—= > = N (0,Q)
\/?s:‘roJrl

where €2, is a fixed constant that does not depend on (v4,...,vr). Let’s also assume that

F,
\/ﬁ_a na(;’p) - N(0>Qy)

conditional on (v, ..., vr). Unlike in the case of the time series sample, €2, generally does depend

on (v,...,vr) through the parameter 6.



We note that OF (0, p) /00 is a function of (v4,...,vr). If there is overlap between (1,...,T)

TO+T

and (1904 1,...,70 + 7), we need to worry about the asymptotic distribution of \% D e 11 Ps

conditional on (v4,...,vr). However, because in this example the only connection between y and
¢ is assumed to be through € and because T is assumed fixed, the two terms /ndF, (6, p) /00
and 771/2 ZZSOT 41 ¢ are expected to be asymptotically independent in the trend stationary case
and when €, does not depend on (v4, ..., vr). Even in this simple setting, independence between
the two samples does not hold, and asymptotic conditional or unconditional independence as well
as joint convergence with C-measurable random variables needs to be established formally. This
is achieved by establishing C-stable convergence in Section
It follows that
Jn (5— 9) — N (0,A7'Q,A™ + KA BQ,B'A™Y) 9)
where £ = lim n/ 7. This means that a practitioner would use the square root of
= (410,47t + ;A‘IBQVB’A‘1> - %A‘leA‘l + %A‘IBQ,,B’A‘I

n

as the standard error. This result looks similar to Murphy and Topel’s (1985) formula, except
that we need to make an adjustment to the second component to address the differences in sample
sizes.

The asymptotic variance formula is such that the noise of the time series estimator p can make
quite a difference if k is large, i.e., if the time series size 7 is small relative to the cross section size
n. Obviously. this calls for long time series for accurate estimation of even the micro parameter
£. We also note that time series estimation has no impact on micro estimation if B = 0. This
confirms the intuition that if p does not appear as part of the micro moment f, which is the case in
Heckman and Sedlacek (1985), and Heckman, Lochner, and Taber (1998), cross section estimation
can be considered separate from time series estimation.

In the more general setting of Section[d] 2, may depend on (v4, ..., vr) . In this case the limiting
distribution of the time series component is mixed Gaussian and dependent upon the limiting
distribution of the cross-sectional component. This dependence does not vanish asymptotically
even in stationary settings. As we show in Section [ standard inference based on asymptotically
pivotal statistics is available even though the limiting distribution of 9 is no longer a sum of two

independent components.
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3.2 Unit Root Problems

When the simple trend stationary paradigm does not apply, the limiting distribution of our es-
timators may be more complicated. A general treatment is beyond the scope of this paper and
likely requires a case by case analysis. In this subsection we consider a simple unit root model
where initial conditions can be neglected. We use it to exemplify additional inferential difficulties
that arise even in this relatively simple setting. In Section we consider a slightly more complex
version of the unit root model where initial conditions cannot be ignored. We show that more
complicated dependencies between the asymptotic distributions of the cross-section and time series
samples manifest. The result is a cautionary tale of the difficulties that may present themselves
when nonstationary time series data are combined with cross-sections. We leave the development
of inferential methods for this case to future work.

We again consider the model in the previous section, except with the twist that (i) p is the
AR(1) coefficient in the time series regression of z; on z;_; with independent error; and (ii) p is at
(or near) unity. In the same way that led to (), we obtain

Vi (0-0)~ —Al\/ﬁaF"a—(g’p) - AlB\/TﬁT 7 —p)

For simplicity, again assume that the two terms on the right are asymptotically independent. The
first term converges in distribution to a normal distribution N (0, A™'Q,A~1), but with p = 1 and
i.i.d. AR(1) errors the second term converges to
AB W1<1>2 L
2 fo W (r)dr
where ¢ = lim /n/ 7 and W (*) is the standard Wiener process, in contrast to the result in (9)
when p is away from unity. The result is formalized in Section

The fact that the limiting distribution of f is no longer Gaussian complicates inference. This
discontinuity is mathematically similar to Campbell and Yogo’s (2006) observation, which leads
to a question of how uniform inference could be conducted. In principle, the problem here can
be analyzed by modifying the proposal in Phillips (2014, Section 4.3). First, construct the 1 — o
confidence interval for p using Mikusheva (2007). Call it [pr, py]. Second, compute g(p) =

argmax, F, (0, p) for p € [pr, pv]- Assuming that p is fixed, characterize the asymptotic variance

11



Y (p), say, of \/n (5 (p) — 6 (,0)), which is asymptotically normal in general. Third, construct the
1 — ay confidence region, say CT («sg;p), using asymptotic normality and ¥ (p). Our confidence

interval for #; is then given by |J ] C1 (ag; p). By Bonferroni, its asymptotic coverage rate

pElpL,pU

is expected to be at least 1 — oy — as.

4 Joint Panel-Time Series Limit Theory

In this section we first establish a generic joint limiting result for a combined panel-time series

process and then specialize it to the limiting distributions of parameter estimates under stationarity

Y
n,it

and non-stationarity. The process we analyze consists of a triangular array of panel data
observed for ¢ = 1,...,n and t = 1,...,T where n — oo while T is fixed and t = 1 is an
arbitrary normalization of time at the beginning of the cross-sectional sample. It also consists
of a separate triangular array of time series ¢)7, for ¢t = 70+ 1,...,79 + 7 where 79 is fixed with
—00 < =K < 19 < K < oo for some bounded K and 7 — oo. Typically, ¢, ,and ¢¥, are

the scores of a cross-section and time series criterion function based on observed data y;; and z;.

Yy
n,it?

We assume that 7 < 79 4+ 7. Throughout we assume that ( ¢”,) is a martingale difference
sequence relative to a filtration to be specified below. We derive the joint limiting distribution
and a related functional central limit theorem for \/Lﬁ S Yy and \% ST Y,

We now construct the triangular array of filtrations similarly to Kuersteiner and Prucha (2013).
We use the binary operator V to denote the o-field generated by the union of two o-fields. Setting

C =0 (v,...,vr) we define

ng,O =C (10)

Gmi=0 <Zmin(1,70)7 {yj,min(l,ro)}j-zl) Ve
Grnnti =0 <{yj,min(1,70)};b:1 ) {Zmin(l,m)—i-la Zmin(l,’ro)} ) {yj,min(l,m)—i-l }j-:l) Ve

ng,(tfmin(l,TQ))n+i =0 <{yj,t717 Yjt—25- - - 7yj,min(1,7'0)}?:1 ) {Zt7 s E Zmin(l,To)} ) {yj,t};:1> v e
We use the convention that Gy, (t—min(1,70))n = Grn,(t—min(1,70)—1)n+n- Lhis implies that z and y,, are

12



added simultaneously to the filtration G, (t—min(1,7))n+1- Also note that G.,; predates the time
series sample by at least one period, i.e. corresponds to the ‘time zero’ sigma field. To simplify
notation define the function ¢, (¢,7) = (¢ — min(1, 79))n + ¢ that maps the two-dimensional index
(t,7) into the integers and note that for ¢ = g, (¢,1) it follows that ¢ € {0, ..., max(7T,7)n}. The
filtrations G, , are increasing in the sense that G, , C G,y 441 for all ¢, 7 and n. We note that
E [¢:,t‘ grn,qn(t—l,i)} = 0 for all 7 is not guaranteed because we condition not only on z;_1, z;_o...
but also on 14, ..., vp, where the latter may have non-trivial overlap with the former.

The central limit theorem we develop needs to establish joint convergence for terms involving
both 1/’Z,it and 7, with both the time series and the cross-sectional dimension becoming large
simultaneously. Let [a] be the largest integer less than or equal a. Joint convergence is achieved
by stacking both moment vectors into a single sum that extends over both ¢ and i. Let r € [0, 1]

and define

~;:5(7“): :’tl{To—l—l§t§70—|—[7'7’]}1{z':1}, (11)

N
which depends on r in a non-trivial way. This dependence will be of particular interest when we
specialize our models to the near unit root case. For the cross-sectional data define
y

n,it
= (12)

NG

where @/N)ft is constant as a function of r € [0, 1]. In turn, this implies that functional convergence

of the component is the same as the finite dimensional limit. It also means that the limiting
process is degenerate (i.e. constant) when viewed as a function of r. However, this does not matter
in our applications as we are only interested in the sum

max(T,70+7) n

ZZ% 2. 2 Ui=X

t 1 i=1 t=min(1,79+1) =1

~ ~ ~ /
Define the stacked vector ¢ (1) = ( AR (7’)’) € R* and consider the stochastic process

max(T,70+7)

X ()= S S0el), Xer(0) = (X2 0) (13)

t=min(1,79+1) =1

We derive a functional central limit theorem which establishes joint convergence between the

panel and time series portions of the process X, (). The result is useful in analyzing both trend
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stationary and unit root settings. In the latter, we specialize the model to a linear time series
setting. The functional CLT is then used to establish proper joint convergence between stochastic
integrals and the cross-sectional component of our model.

For the stationary case we are mostly interested in X,,, (1) where in particular

To+T max(T,70+7) n
E w‘rt E E ¢7,t
t To+1 t=min(1,79+1) =

The limiting distribution of X,,; (1) is a simple corollary of the functional CLT for X, (r). We
note that our treatment differs from Phillips and Moon (1999), who develop functional CLT’s for
the time series dimension of the panel data set. In our case, since T is fixed and finite, a similar
treatment is not applicable.

We introduce the following general regularity conditions. In later sections these conditions will

be specialized to the particular models considered there.

Condition 1 Assume that

i) wzﬂ-t is measurable with respect t0 Gry (t—min(1,70))n+i-

ii) VY, 1s measurable with respect 10 Gry (t+—min(1,m0))nti Jor all v =1,....n.
i11) for some 6 > 0 and C' < oo, sup,, K [||¢Z,¢tH2+5] < C foralln > 1.
iv) for some § > 0 and C' < oo, sup, F [Hw;tu%é} < C forallT>1.
U) E [Qﬁzzt‘ gfrn,(t—min(l,m))n-l—i—l} =0.

Vi) E [%,| Grnt—min(im)—1ynsi] =0 fort > T and all i =1,...,n

Remark 1 Conditions [1|(i), (iii) and (v) can be justified in a variety of ways. One is the sub-
ordinated process theory employed in Andrews (2005) which arises when y; are random draws
from a population of outcomes y. A sufficient condition for Conditions (v) to hold s that
E ¢ (y|0, p,vi)|C] = 0 holds in the population. This would be the case, for example, if 1 were
the correctly specified score for the population distribution. See Andrews (2005, pp. 1573-1574).

Condition 2 Assume that:

i) for any s, € [0, 1] with r > s,

To+[77]

1 I//p
p Z @Z’rﬂ# =0, (r)—Q,(8) as T — ©

t=To+[7s]+
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where Q, (1) — Q, (s) is positive definite a.s. and measurable with respect to o (vy,...,vr) for all
r € (s,1]. Normalize 2, (0) = 0.

i1) The elements of Q, (1) are bounded continuously differentiable functions of r > s € [0,1]|. The
derivatives Q, (r) = 09, (r) /Or are positive definite almost surely.

iii) There is a fived constant M < oo such that sup|y _; x, gk SUD; A, OS, (1) /OtA, < M a.s.

Condition 2] is weaker than the conditions of Billingsley’s (1968) functional CLT for strictly
stationary martingale difference sequences (mds). We do not assume that E [¢%,¢)}'] is constant.
Brown (1971) allows for time varying variances, but uses stopping times to achieve a standard
Brownian limit. Even more general treatments with random stopping times are possible - see
Gaenssler and Haeussler (1979). On the other hand, here convergence to a Gaussian process (not
a standard Wiener process) with the same methodology (i.e. establishing convergence of finite di-
mensional distributions and tightness) as in Billingsley, but without assuming homoskedasticity is
pursued. Heteroskedastic errors are explicitly used in Section 4.3 where 97, = exp ((t — 5) 7/7T) 1s.

Even if 7, is iid(0, 02) it follows that Y7, is a heteroskedastic triangular array that depends on 7.

It can be shown that the variance kernel Q, (r) is Q, (r) = 02 (1 — exp (—=277))/ 27 in this case.
See equation ([55)).

Condition 3 Assume that
1 & »
n Z wz,it Z/'Lt —
i=1

where §,, is positive definite a.s. and measurable with respect to o (vy, ..., vp) .

Condition [2] holds under a variety of conditions that imply some form of weak dependence
of the process ¥”,. These include, in addition to Condition (ii) and (iv), mixing or near epoch
dependence assumptions on the temporal dependence properties of the process ¢ ,. Assumption
holds under appropriate moment bounds and random sampling in the cross-section even if
the underlying population distribution is not independent (see Andrews, 2005, for a detailed

treatment).

15



4.1 Stable Functional CLT

This section details the probabilistic setting we use to accommodate the results that Jacod and
Shiryaev (2002) (shorthand notation JS) develop for general Polish spaces. Let (', F’, P’) be
a probability space with increasing filtrations 7 C F and F; C Fp, for any t = 1,...,k,
and an increasing sequence k, — 00 as n — 00. Let Dgryy e, [0,1] be the space of functions
[0,1] — Rk x R* that are right continuous and have left limits (see Billingsley (1968, p.109)).
Let C be a sub-sigma field of F'. Let (¢, Z" (w,t)) : ' x[0,1] — R x R¥ x R¥ be random variables
or random elements in R and Dgx, gk, [0, 1], respectively defined on the common probability space
(Q, F', P'") and assume that ¢ is bounded and measurable with respect to C. Equip Dgry gk [0, 1]
with the Skorohod topology, see JS (p.328, Theorem 1.14). By Billingsley (1968), Theorem 15.5
the uniform metric can be used to establish tightness for certain processes that are continuous in
the limit.

We use the results of JS to define a precise notion of stable convergence on Dgry gk, [0, 1]
JS (p.512, Definition 5.28) define stable convergence for sequences Z" defined on a Polish space.
We adopt their definition to our setting, noting that by JS (p.328, Theorem 1.14), Dgry gk, [0, 1]
equipped with the Skorohod topology is a Polish space. Also following their Definition VI1.1 and

Theorem VI1.14 we define the o-field generated by all coordinate projections as Dy gk -

Definition 1 The sequence Z™ converges C-stably if for all bounded ( measurable with respect to
C and for all bounded continuous functions f defined on Dy, gk, [0, 1] there exists a probability
measure f1 on (2 X Dgrg o grp [0,1],C X Dgry g ) such that

ECf(Z2")] — (W) f () p(do, de) .

(94 XDRkG ><]Rkp [0,1]

Asin JS, let Q (w', dx) be a distribution conditional on C such that u (dw’, dx) = P’ (dw') Q (&', dz)
and let @, (w',dx) be a version of the conditional (on C) distribution of Z". Then we can de-
fine the joint probability space (2, F, P) with Q@ = Q" X Dgry gt [0,1], F = F' X Dgry gk, and
P = P(dw,dz) = P’ (d') Q (w',dx) . Let Z (W', ) = x be the canonical element on Dgk, gk, [0, 1] .
It follows that [ ¢ (w') f (z) pu(dw',dz) = E[(Qf].We say that Z" converges C-stably to Z if for
all bounded, C-measurable (,

E(Cf (2] — E[CQf). (14)
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More specifically, if W (r) is standard Brownian motion, we say that Z" = W (r) C-stably where
the notation means that holds when () is Wiener measure (for a definition and existence proof
see Billingsley (1968, ch.9)). By JS Proposition VIII5.33 it follows that Z" converges C-stably iff
Z" is tight and for all A € C, E[1af (Z")] converges.

The concept of stable convergence was introduced by Renyi (1963) and has found wide appli-
cation in probability and statistics. Most relevant to the discussion here are the stable central
limit theorem of Hall and Heyde (1980) and Kuersteiner and Prucha (2013) who extend the result
in Hall and Heyde (1980) to panel data with fixed 7". Dedecker and Merlevede (2002) established
a related stable functional CLT for strictly stationary martingale differences.

Following Billingsley (1968, p. 120) let 7, ,,
of Z™. By JS VIII5.36 and by the proof of Theorems 5.7 and 5.14 on p. 509 of JS (see also, Rootzen
(1983), Feigin (1985), Dedecker and Merlevede (2002, p. 1057)), C-stable convergence for Z" to
Z follows if E [¢f (22, ....,Z" )] — E(f (Zy, ... Zy,)] and Z™ is tight under the measure P. We

Z" = (Z,’?l, o Z,’}k) be the coordinate projections

note that the first condition is equivalent to stable convergence of the finite dimensional vector of
random variables Z;! , ..., Z7 defined on R* and is established with a multivariate stable central

limit theorem.

Theorem 1 Assume that Condz'tions @ and@ hold. Then it follows that for 1y defined in ,

and as T,n — oo and T fized,
)
Xor (1) = (C-stably)
)

where B, (r) = Q,YV2W,(r), B, (r) = [j Q ()2 dW,(s) and Q(r) = diag (€, (r) is C-

measurable, §, (s) = 0, (s) /0s and (W, (r), W, (r)) is a vector of standard k,-dimensional

Brownian processes independent of €.
Proof. In Appendix [A] =

Remark 2 Note that the component W, (1) of W (r) does not depend on r. Thus, W, (1) is simply
a vector of standard Gaussian random variables, independent both of W, (r) and any random

variable measurable w.r.t C.
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The limiting random variables B, (r) and B, (r) both depend on C and are thus mutually
dependent. The representation B, (1) = ,'/2W, (1), where a stable limit is represented as the
product of an independent Gaussian random variable and a scale factor that depends on C, is com-
mon in the literature on stable convergence. Results similar to the one for B, (r) were obtained by
Phillips (1987, 1988) for cases where €, (s) is non-stochastic and has an explicitly functional form,
notably for near unit root processes and when convergence is marginal rather than stable. Rootzen
(1983) establishes stable convergence but gives a representation of the limiting process in terms
of standard Brownian motion obtained by a stopping time transformation. The representation of
B, (r) in terms of a stochastic integral over the random scale process €2, (s) seems to be new. It
is obtained by utilizing a technique mentioned in Rootzen (1983, p. 10) but not utilized there,
namely establishing finite dimensional convergence using a stable martingale CLT. This technique
combined with a tightness argument establishes the characteristic function of the limiting process.
The representation for B, (r) is then obtained by utilizing results for characteristic functions of
affine diffusions in Duffie, Pan and Singletion (2000). Rootzen (1983, p.13) similarly utilizes char-
acteristic functions to identify the limiting distribution in the case of standard Brownian motion, a
much simpler scenario than ours. Finally, the results of Dedecker and Merlevede (2002) differ from
ours in that they only consider asymptotically homoskedastic and strictly stationary processes. In
our case, heteroskedasticity is explicitly allowed because of €, (s). An important special case of
Theorem [1] is the near unit root model discussed in more detail in Section [4.3]

More importantly, our results innovate over the literature by establishing joint convergence
between cross-sectional and time series averages that are generally not independent and whose
limiting distributions are not independent. This result is obtained by a novel construction that
embeds both data sets in a random field. A careful construction of information filtrations G, ,, 1
allows to map the field into a martingale array. Similar techniques were used in Kuersteiner
and Prucha (2013) for panels with fixed 7" In this paper we extend their approach to handle an
additional and distinct time series data-set and by allowing for both n and 7 to tend to infinity
jointly. In addition to the more complicated data-structure we extend Kuersteiner and Prucha
(2013) by considering functional central limit theorems.

The following corollary is useful for possibly non-linear but trend stationary models.
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Corollary 1 Assume that Conditz'ons @ and @ hold. Then it follows that for defined in ,

and as 7,n — oo and T fixed,
X,r (1) 2 B = Q2w (C-stably)

where ) = diag (2, Q, (1)) is C-measurable and W = (W, (1), W, (1)) is a vector of standard
d-dimensional Gaussian random variables independent of Q. The variables Q,, 8, (.), W, (.) and

W, (.) are as defined in Theorem|]]

Proof. In Appendix[Al =

The result of Corollary 1] is equivalent to the statement that X, (1) 4N (0,€) conditional
on positive probability events in C. As noted earlier, no simplification of the technical arguments
are possible by conditioning on C except in the trivial case where €2 is a fixed constant. Eagleson
(1975, Corollary 3), see also Hall and Heyde (1980, p. 59), establishes a simpler result where
Xor (1) . B weakly but not (C-stably). Such results could in principle be obtained here as
well, but they would not be useful for the analysis in Sections and because the limiting
distributions of our estimators not only depend on B but also on other C-measurable scaling
matrices. Since the continuous mapping theorem requires joint convergence, a weak limit for B
alone is not sufficient to establish the results we obtain below.

Theorem |[1| establishes what Phillips and Moon (1999) call diagonal convergence, a special
form of joint convergence. To see that sequential convergence where first n or 7 go to infinity,
followed by the other index, is generally not useful in our set up, consider the following example.
Assume that d = k, is the dimension of the vector &it. This would hold for just identified moment
estimators and likelihood based procedures. Consider the double indexed process

max(T,70+7) n

Xoe ()= D > (1), (15)

t=min(1,mo+1) i=1
For each 7 fixed, convergence in distribution of X,, as n — oo follows from the central limit
theorem in Kuersteiner and Prucha (2013). Let X, denote the “large n, fixed 7”7 limit. For each n
fixed, convergence in distribution of X, as 7 — oo follows from a standard martingale central limit
theorem for Markov processes. Let X,, be the “large 7, fixed n” limit. It is worth pointing out that

the distributions of both X,, and X, are unknown because the limits are trivial in one direction.
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T0O+T7T v

For example, when 7 is fixed and n tends to infinity, the component 71/2 Zt:m V5

, trivially
converges in distribution (it does not change with n) but the distribution of 77%/23 """ 47,
is generally unknown. More importantly, application of a conventional CLT for the cross-section
alone will fail to account for the dependence between the time series and cross-sectional compo-

nents. Sequential convergence arguments thus are not recommended even as heuristic justifications

of limiting distributions in our setting.

4.2 'Trend Stationary Models

Let 0 = (3, 1, ..., vr) and define the shorthand notation fi; (0, p) = f (yul0, p), 9: (B, p) = g (ve|vi-1, B, p) ,
Jo.it (0,p) = Ofi(0,p) /00 and Gp,t (B,p) = 0g:(B,p) /0p. Also let fiy = fit (0o, o), foit =
fo.it (6o, p0), 9 = 9+ (Bo, po) and g, = gpi (Do, po) . Depending on whether the estimator under
consideration is maximum likelihood or moment based we assume that either (fyi:, g,+) or (fit, 9¢)
satisfy the same Assumptions as ( Y, Z’t) in Condition |1l We recall that v (8, p) is a function
of (2,3, p), where z, are observable macro variables. For the CLT, the process v; = v; (po, fo)
is evaluated at the true parameter values and treated as observed. In applications, v; will be
replaced by an estimate which potentially affects the limiting distribution of p. This dependence
is analyzed in a step separate from the CLT.

The next step is to use Corollary [1| to derive the joint limiting distribution of estimators for
¢ = (0/,p). Define s, (8,p) = 77237007 09 (i (B, p) w11 (B, p) . B, p) /Op and s}, (0, p) =
V2 S OF (yalf, p) /06 for maximum likelihood, and

TO+T

st (B,p) = = (k- (B,p) JOp) WIT™* 3" g (1 (B, p) [veer (B, p) B p)

t=710+1
and sY; (0,p) = — (0hn, (0,p) /00) WERV23"T S™ | f (3|6, p) for moment based estimators.
We use s” (8, p) and sY (0, p) generically for arguments that apply to both maximum likelihood
and moment based estimators. The estimator $ jointly satisfies the moment restrictions using
time series data
s (B,ﬁ) — 0. (16)
and cross-sectional data

s (é,p) —0. (17)



Defining s (¢) = (s¥ (¢)’, s” (¢)’)/ the estimator ¢ satisfies s <q3> = 0. A first order Taylor series
expansion around ¢q is used to obtain the limiting distribution for <£ We impose the following

additional assumption.

Condition 4 Let ¢ = (¢',p')’ € R, 6 € R¥, and p € R*. Define D,,, = diag (n="/2I,, 77'/21,) ,where
I, is an identity matriz of dimension kg and I, is an identity matriz of dimension k,. Let
W¢ = plim, WS and W™ = plim, W7 and assume the limits to be positive definite and C-
measurable. Define h(0,p) = plim, h, (8,4, p) and k (5, p) = plim_k, (3, p). Assume that for
some € > 0,

1) SUDg, o< || (Ok- (B, p) JOp) WT — 3k (8, p) JOpWT || = 0, (1

1) SUP 4.4 gl <e || (OPn (0, p) /08) WE — (81 (8, p) /08 WEC|| = 0, (1

11)8 SUD 45— go | <e %LfDm — A(9) (1) where A(¢) is C-measurable and A = A (¢y) is full

rank almost surely. Let k = limn/T,

A — Ayﬁ \/EA%P
\/LEAV,O Au,p

with A, g = plimn=10sY (¢g) /00, A, , = plimn=tdsY (¢o) /0p', ALy = plim 7 10s" (¢o) /00" and
A, , = plim7719s" (¢o) /Op'.

Condition 5 For mazximum likelithood criteria the following holds:
i) for any s,r € [0,1] with r > s, * ;Ot(EZETS]ngtgpt — Q, (r) — Q, (s) as T — oo and where
Q, (r) satisfies the same regularity conditions as in Condition [9(ii).
it) % >y foiefo 2 Qyy forallt € [1,...,T| and where Q, is positive definite a.s. and measurable

with respect to o (v, ...,vr) . Let Q, = 371 Q.

Condition 6 For moment based criteria the following holds:

i) for any s,r € [0,1] with r > s, —ZZ‘“;:OTHTS]H 99, L, (r) — Q,(s) as T — oo and where
Q, (r) satisfies the same regularity conditions as in Condition [4(ii).

i) 230 fufl B Quep for allt,s € [1,...,T] Let Qf = Zfrzl Q55 Assume that Qy is positive

definite a.s. and measurable with respect to o (v, ...,vr).
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Condition [6] accounts for the possibility of misspecification of the model. In that case, the
martingale difference property of the moment conditions may not hold, necessitating the use of
robust standard errors through long run variances.

The following result establishes the joint limiting distribution of $

Theorem 2 Assume that C’ondztzonsl l and ezther@ with (%, ¥%,) = (fo.t: gp) in the case of

likelthood based estimators or@ wzth AL ) = (fit, gt) in the case of moment based estimators

T,t

hold. Assume that gb — ¢o = 0, (1) and that (@ and hold. Then,
D! ((/3 - qSO) 2 ATV (C-stably)

where A is full rank almost surely, C-measurable and is defined in Condition[4. The distribution
of QV/2W is given in Corollary . In particular, Q = diag (,,Q, (1)). Then the criterion is
mazimum likelihood €, and 2, (1) are given in Condition@ When the criterion is moment based,
Q, = LCorolyyCq e s g Q, (1) = el yyrg, (1) W R0 with O and Q, (1)
defined in Condition [0

Proof. In Appendix [A] m

Corollary 2 Under the same conditions as in Theorem[q it follows that

Jn (é B 90> a4 _Ay,e%/zwy (1) — VrRAYPQY2 ()W, (1) (C-stably). (18)
where

A A + A Ay7p (Amp - AV,GA;éAyvp)il AV’HA;;.

AV — _A;gAy,p (Avp — Ao A3 A,) "
For

Qp = AYIQ, AV 4 kAY*Q,, (1) AV

it follows that
N (é - 90> 4 N(0,1) (C-stably). (19)
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Note that €y, the asymptotic variance of v/n (é — 90> conditional on C, in general is a random
variable, and the asymptotic distribution of 8 is mixed normal. However, as in Andrews (2005), the
result in can be used to construct an asymptotically pivotal test statistic. For a consistent
estimator €y the statistic \/ﬁfl(;l/ 2 <Ré — 7") is asymptotically distribution free under the null
hypothesis R# — r = 0 where R is a conforming matrix of dimension ¢ X kg and and r a ¢ x 1

vector.

4.3 Unit Root Time Series Models

In this section we consider the special case where 1, follows an autoregressive process of the form
Vir1 = pvp + mp. As in Hansen (1992), Phillips (1987, 1988, 2014) we allow for nearly integrated

processes where p = exp (y/ 7) is a scalar parameter localized to unity such that

Vrir1 = €Xp (V/ T) Vrp + e (20)

and the notation v,; emphasizes that v, is a sequence of processes indexed by 7. We assume that

7_1/21/T7min(1¢0) =1 =V (0) as.

where 14 is a potentially nondegenerate random variable. In other words, the initial condition for
1) IS V7 min(1,70) = 7121y, We explicitly allow for the case where vy = 0, to model a situation
where the initial condition can be ignored. This assumption is similar, although more parametric
than, the specification considered in Kurtz and Protter (1991). We limit our analysis to the case
of maximum likelihood criterion functions. Results for moment based estimators can be developed
along the same lines as in Section but for ease of exposition we omit the details. For the unit
root version of our model we assume that v, is observed in the data and that the only parameter to
be estimated from the time series data is p. Further assuming a Gaussian quasi-likelihood function

we note that the score function now is

gp,t (Ba p) = VT,tfl (V‘r,t - VT,tflp) . (21)

The estimator p solving sample moment conditions based on is the conventional OLS estimator

given by
r
~ Zt:To-H VT,t—lyT,t
pP= T 2
Zt:’ro-f—l Vr,tfl
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We continue to use the definition for fp;; (6, p) in Section but now consider the simplified case

where 6y = (3,19). We note that in this section, vy rather than v, pin1,-0) is the common shock

1/2

used in the cross-sectional model. The implicit scaling of v, jmin(1,7) by 77/“ is necessary in the

cross-sectional specification to maintain a well defined model even as 7 — oc.

Consider the joint process (V,, (r),Y;,) where V., (r) = 772v,(,;, and
T
_ Z f 0,it
t=1 i=1
Note that
To+[TT
/ VendWon =771 > vppam
t=70+1

with W, (r) = 774/2 Ztmtoﬂ n:. We define the limiting process for V., (r) as
Vv (r) =e"V (0) + /7“ oS qW, (s) (22)
0
where W, is defined in Theorem When vy = 0, Theoremdirectly implies that e "7/7y (r) =
[7 ae=*1dW,, (s) C-stably noting that in this case 2, (s) = 02 (1 — exp (—2s7)) 2y and €, (s)/? =
oe™7. The familiar result (cf. Phillips 1987) that V;, (r) = [ ce?"=*)dW, (s) then is a conse-
quence of the continuous mapping theorem. The case in where 1 is a C-measurable random
variable now follows from C-stable convergence of V,,, (r) . In this section we establish joint C-stable
convergence of the triple (Vm (r), Yo, for deWm) )
Let ¢ = (0/,p) € R¥, § € R*, and p € R. The true parameters are denoted by 6, and
pro = exp (7Y/7) with 79 € R and both 6§, and v, bounded. We impose the following modified

assumptions to account for the the specific features of the unit root model.

Condition 7 Define C = o (vy). Define the o-fields G, jmin(1,70)n+i in the same way as in @)
except that here T = kn such that dependence on T is suppressed and that v, is replaced with n; as
m

grn,(tfmin(l,To))nJri =0 ({yjt—la Yjt—2,-- -5 Yj min(l,ﬂ'o)}jzl ) {m, M—1y--- anmin(l,m)} ) (yj,t);:1> Ve

Assume that

i) foit is measurable with respect to Grp, (1—min(1,70))n-+i-
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i) 1, is measurable with respect to Gy (t—min(1,70))n+i for all i =1,....n

iii) for some 6 >0 and C < oo, sup;, £ [Hfgﬂ-tH?M} <C

iv) for some § >0 and C < oo, sup, F [||77t||2+5] <C

U) E [f&,it’grn,(tfmin(l,ro))n+i71} =0

vi) E [nt|Qm,(t_min(17m)_1)n+i] =0 fort>T and alli ={1,...,n}.

vii) For any 1 > r > s > 0 fized let 1) = 71 Z?;[Z]l 7o) +[Ts}+1E [nf|gm7(t_min(1,m)_1)n+n} )
Then, Q5 —, (1 —s)0°

viti) Assume that %2?21 fo.it fg’it LN Q4 where Uy, 1s positive definite a.s. and measurable with

respect to C. Let Q, = >0 Q.

Conditions[7|(i)-(vi) are the same as Conditions /1] (i)-(vi) adapted to the unit root model. Con-

dltlonlf] (vii) replaces Condltlonl It is slightly more primitive in the sense that if n? is homoskedas-

To+[77] (7” 2

tic, Condition @(Vll) holds automatically and convergence of 771 >~ min(170)-+[rs]+1 n—(r—s)o
follows from an argument given in the proofs rather than being assumed. On the other hand,
Condition [7(vii) is somewhat more restrictive than Condition [2] in the sense that it limits het-

eroskedasticity to be of a form that does not affect the limiting distribution. In other words,

To+[77]

f—min(1,70)+ [rs]+1 n? to be proportional to r — s asymptotically. This

we essentially assume 7713
assumption is stronger than needed but helps to compare the results with the existing unit root
literature.

For Condition (Viii) we note that typically Qq, (¢) = E [ fot féﬂ-t} and €, = Qyy (¢o) where
oo = (B4, V), pro). Thus, even if Q, (.) is non-stochastic, it follows that €2, is random and mea-
surable with respect to C because it depends on vy which is a random variable measurable w.r.t
C.

The following results are established by modifying arguments in Phillips (1987) and Chan and

Wei (1987) to account for C-stable convergence and by applying Theorem .

Theorem 3 Assume that Conditions [7] hold. As T,n — oo and T fixed with T = kn for some

k € (0,00) it follows that

<Vm (r) ,an,/ deWm) = (V%v(o) (T),Q;/QWy (1),/ JV%V(O)dWV) (C-stably)
0 0
in the Skorohod topology on Dga [0, 1].
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Proof. In Appendix [A] m
We now employ Theorem |3|to analyze the limiting behavior of 6 when the common factors are
generated from a linear unit root process. To derive a limiting distribution for ng we impose the

following additional assumption.
Condition 8 Let § = argmax > S f (yal6, p). Assume that (é — 90> =0, (n71/?).

Condition 9 Let 8}, (¢) = fou(¢) //n and 5%, (¢) = 1{i =1} g, (¢) /7. Assume that 8, (¢) :
RF— R*, 3% (¢) : R — R and define D,,, = diag (n~Y/2I,,771), where I, is an identity matriz of
dimension kg. Let & =limn/72. Let A, (6) = S, E[0s% (¢) /06'],

T

Ay (9) =) E[0s},(9) /Op]

t=1
and define AY (¢) = | A,q(¢) VEA,,(9) ] where A (@) is a ko X ky dimensional matriz of non-
random functions ¢ — R. Assume that A, g (¢o) is full rank almost surely. Assume that for some

e >0,

max(T,70+7)

sup Z Z 05 Dy — AY(9)|| = 0, (1)

/
¢:ll¢—¢ol|<e t=min(1,79+1) i= ¢

We make the possibly simplifying assumption that A (¢) only depends on the factors through

the parameter 6.

Theorem 4 Assume that Conditions[7, [§ and[9 hold. It follows that

1 -1 1
vn <6’ - 6’()) < —A;éQi/QWy (1) — \/EA;éA%p </0 V,iv(o)dr> </o O'V%V(O)dWV> (C-stably).

Proof. In Appendix[Al =

The result in Theorem {4 is an example that shows how common factors affecting both time
series and cross-section data can lead to non-standard limiting distributions. In this case, the
initial condition of the unit root process in the time series dimension causes dependence between
the components of the asymptotic distribution of 6 because both 1, and V, y (o) in general depend
on 1y. Thus, the situation encountered here is generally more difficult than the one considered
in Stock and Yogo (2006) and Phillips (2014). In addition, because the limiting distribution of
is not mixed asymptotically normal, simple pivotal test statistics as in Andrews (2005) are not

readily available contrary to the stationary case.
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5 Summary

We develop a new limit theory for combined cross-sectional and time-series data sets. We focus
on situations where the two data sets are interdependent because of common factors that affect
both. The concept of stable convergence is used to handle this dependence when proving a joint
Central Limit Theorem. Our analysis is cast in a generic framework of cross-section and time-
series based criterion functions that jointly, but not individually, identify the parameters. Within
this framework, we show how our limit theory can be used to derive asymptotic approximations to
the sampling distribution of estimators that are based on data from both samples. We explicitly
consider the unit root case as an example where particularly difficult to handle limiting expressions
arise. Our results are expected to be helpful for the econometric analysis of rational expectation
models involving individual decision making as well as general equilibrium settings. We investigate

these topics, and related implementation issues, in a companion paper.
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Appendix

A Proofs for Section 4

A.1 Proof of Theorem [1I

To prove the functional central limit theorem we follow Billingsley (1968) and Dedecker and
Merlevede (2002). The proof involves establishing finite dimensional convergence and a tightness

argument. For finite dimensional convergence fix r; < ry < --- < ry € [0,1]. Define the increment
AXTLT (7"7,) = XnT (Tz) - XnT (7"7;_1) . (23)

Since there is a one to one mapping between X,,; (1), ..., Xor (%) and X7 (11) , AXpr (12) 5 ooy AXpr (71)
we establish joint convergence of the latter. The proof proceeds by checking that the conditions
of Theorem 1 in Kuersteiner and Prucha (2013) hold. Let k, = max(T,7)n where both n — oo
and 7 — oo such that clearly k, — oo (this is a diagonal limit in the terminology of Phillips and
Moon, 1999). Let d = kg + k,. To handle the fact that X,,. € R¢ we use Lemmas A.1 - A.3 in
Phillips and Durlauf (1986). Define A; = (X, /\;-’V),and let A= (Aq,...,\) € R* with |\ = 1.
Define t* =t — min (1, 79).

For each n and 7 define the mapping ¢ (¢, 1) : N2 — N as ¢ (¢,t) := t*n+i and note that ¢ (i, t)
is invertible, in particular for each ¢ € {1,...,k,} there is a unique pair ¢, i such that ¢ (i,t) = gq.

We often use shorthand notation ¢ for ¢ (i,t). Let
.. k ~ ~
V(i) = Z )\;- (A%t (Tj) - E [Awit (7"]') |g1'n,t*n+i71i|> (24)
j=1
where

Aty (1) = Ui (rj) — it (rj—1) 3 Aty (r1) = Py (r1) - (25)

Note that Ay, (r;) = (Az/?f’t (r;), Aizt” (rj)>lwith

~y 0 forj>1
Ay (ry) = (26)

7Y

o forj=1
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and

A () = ~Z7t (rj) if [rrjq]) <t <[rr;] andi=1 | 27)
0 otherwise

Using this notation and noting that Z?a;f(?;g:l) S i) = Zl;ll Uy, We write

k
N Xor (r1) + > NiAX,, (1))
j=2
kn B Hjlax (T,m0+7) k
=N Y Z NE | Aty (1))
q=1 1

t=min(1,79+1) =1 j=

Tn,t*n+i—1i| (28)

First analyze the term Zk"1 qﬂq Note that wy .+ 1S measurable with respect to G, 4++; by con-
struction. Note that by and | the individual components of zbq are either 0 or equal
to wit (r;)— [wit (r5) ]Qm’t*nﬂ,l] respectively. This implies that wq is measurable with respect to
Grn,q, Doting in particular that £ [@Zt (1) |Grnton +i—1] is measurable w.r.t G, t+n+i—1 by the prop-
erties of conditional expectations and Gy, t+nti—1 C Grng. By construction, F [zl}r|gmq_1} = 0.

This establishes that for S,, = > 7_, s,
{anyng,qy 1 < q < kn,n > 1}

is a mean zero martingale array with differences ﬁq.

To establish finite dimensional convergence we follow Kuersteiner and Prucha (2013) in the
proof of their Theorem 2. Note that, for any fixed n and given ¢, and thus for a corresponding
unique vector (t,7), there exists a unique j € {1,...,k} such that 7o + [7r;_1] <t < 70 + [77].
Then,

"@q(i,t) = Xk: A (Az@-t (r) — E [A"lﬁit (1) |gm,t*n+ze1D
=1
=X, (9% = B [@4Gmmensin] ) 14 =1}
N (900 9) = B |92 () (Grnonsicn| ) 1{lrrya] <t < Il 1{0 = 1)

where all remaining terms in the sum are zero because of by , and . For the subsequent
inequalities, fix ¢ € {1,...,k,} (and the corresponding (t,7) and j) arbitrarily. Introduce the
shorthand notation 1; = 1{j = 1} and 1;; = 1{[rr;_1] <t < [rrj]} 1 { i = 1}.
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First, note that for 6 > 0, and by Jensen’s inequality applied to the empirical measure }l Z?Zl x;

we have that

248
Yy

246
— 42+5

1 s s s s
N ( W E [%Wrn,t*mifl}) 1 + 4/\3u ( vi(r) — E { e (1) |ng,t*n+z>1]) 1;;

246
<427 (11w, 1P |0 )
246 246
#0278 [ ) i ) 1
246
(T] ) ) 11] .

We further use the definitions in such that by Jensen’s inequality and for ¢ = 1 and ¢ €

1 ~
L L A A

it

Tt (r5)

it

6
= 2243 (o 14

+6 - 2+9
1l || B [ Grmiensia] ) 1

246
44%%@&mﬂ5 1P| B [0 () Genii

[70+ 1,79 + 7]

246 246

~Z7t (r5) + HE [ (1) |G onpie 1}
1

< i (1057 + (B 95 Gonarmsia])**°)
< e (192077 B [0 1G]

while fori > 1ort ¢ [t + 1,79 + 7],

v
it

=0.

Similarly, for ¢ € [1,...,T]

~ 11249
)

246
: |

‘ + HE |:N§'Jt|g7'n,t*n+i—1]

g 5
< ez (I + B (2% 1G]

while for ¢ ¢ [1,...,T]

7Y

‘ il = 0.
Noting that ||A;,]| <1 and ||| <1,
. 240 23+251 {’l = 1,t € [7'0 + 1,7’0 —+ T]} v (1248
E |: % g’rn,q—l:| < F1+8/2 E [H¢77t|| ‘grn,t*n+i—1:|
23421 [t € [1,...,T]} 04
+ nito/2 [W [l ‘gfnt*n-&-z 1] : (29)

33



where the inequality in holds for § > 0. To establish the limiting distribution of Z " qu we
check that

kn . 249
>elfif "] o (30
q=1
kﬂ/ . k
ng 5 Z Xl,yQyt)‘Ly - Z )‘;,VQV (rj = 75-1) Ay (31)
q=1 te{1,..,T} Jj=1

and

b 145/2
sup B <ZE [@bg - }) < 00, (32)
n p
which are adapted to the current setting from Conditions (A.26), (A.27) and (A.28) in Kuersteiner
and Prucha (2013). These conditions in turn are related to conditions of Hall and Heyde (1980)
and are shown by Kuersteiner and Prucha (2013) to be sufficient for their Theorem 1.

To show that holds note that from and Condition [1|it follows that for some constant

C < o0,

kn 245 93+28  TOHT )
.. v +§
ZE [Q/Jq :| g 7_1+5/2 Z E |:Hw7',tH )ng,t*n]
q=1 t=T1o+1
23+25 T ors
e 3 DY ([T [
t=1 i=1
23+257_C 23+26nTC 23+260 23+26TC
1 = + — 0
14572 n1+6/2 0/2 /2
because 2372C and T are fixed as 7,n — o0.
Next, consider the probability limit of 2521 ¢§ We have
kn ..
D> ¥
q=1
T0+T )
=7 Z > (N (U5 = B [7,1Gmmma])) L (33)
j 1 t=10+1

2 V 1%
+ § )‘/1 v ( —F [¢r,t|gm7t*n}) (dﬁt - E [¢21Jt|gm,t*n])/ >‘17y1 {t < 7o+ [7'7"1]} Lij1;
VTN
te{ro,...,70+7}
N{min(1,79),..,T'}

(34)

1
+ n Z Z n w—E [Yﬂz,it‘ng,t*n-%i—lD)Q L (35)

te{min(1,79),..,T'} =1
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where for we note that £ [w:,t|gm¢*n} = 0 when t > T'. This implies that

T0+T

]. / v v
LSS (N (0= E[0Gmea])) 1

j=1 t=r9+1

k
1 2
=22 )Y (X (0% = B [0l Geniea])) 1
7=1 te{ro,...,7o+7}N{min(1,70+1),..,T}
k To+T

1
+ FZ > )1y

J=1 t=max{70,T}

where by Condition

k TO+T k
1 U2
p S (Nwk) Mot ol <t <mot [rly B Y DN, (0 () = Q (rim1)) A
J=1 t=max{r9,T} j=1
and
146/2
k

BIIEY X (0 (= B [#Gmen]) 1y (36)

=1 te{ro,...,70+7}
N{min(1,79+1),..,7}

146/2

1 k / 1% 14
- 71+5/2E Z Z H)‘V (% - L [¢T,t|gm,t*n])H2 1ij
7j=1

j= te{ro,...,To+7}
N{min(1,70+1),..,T}

(T + |70])*” K972 &

< > B [|%, (820 = B [6lGeniea]) |**]
Jj=1 te{ro,...,7o+7}{min(1,70+1),..,T}
92+ (T 4. 14+6/2 p.1+6/2
< ( 7|_71—i|2/2 sng [||¢:7tH2+6] — 0,

where the first inequality follows from noting that the set {7, ...,70 + 7} N {min (1, 7),.., 7'} has
at most T+ | 7| elements and from using Jensen’s inequality on the counting measure. The second
inequality follows from Holder’s inequality. Finally, we use the fact that (7" + |r9|) /7 — 0 and
sup, & [Hw‘;’tHHé] < (' < oo by Condition (iv).
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Next consider where

E \/2— Z Xl,u (¢Zt - F [1/’:,t|gm,t*n+i—lb <w21/t —F Wzl/t|gm,t*n})/ )‘l,yl {t < 7o+ [TTI]}
™
A{min(1,70),...T’}

2

Jn

> {(E[n e - ppige)l])

te{ro,...,70+7}
m{min(177-0)7"7T}

(W= B0t au]) b1 <t <ot ) (37)

“(#]

23 1/2 , 21\ 1/2
<——sw(ElnD” Y (B[l6h - ERGmed) Mol]) (38)
\/7'_7’L ¢ te{ro,...,To+7} !
N{min(1,70),..,T}

24T + |7'0| S

1/2
< I up (E [ler/,tm)l/z (szutpE [H@Z)ZthQ]) / —0 (39)
where the first inequality in follows from the Cauchy-Schwartz inequality, (38)) uses Condition
[(iv), and the last inequality uses Condition [Ifiii). Then we have in (38), by Condition [1f(iii) and
the Holder inequality that

2
B |04 = BGensmal) 0[] < 2 |44
such that follows.
We note that goes to zero as long as T'/\/Tn — 0. Clearly, this condition holds as long as

T is held fixed, but holds under weaker conditions as well.

Next the limit of is, by Condition [I(v) and Condition

1 n
" Z Z (Xl,y( nit — B [¢Z,it|g7'n,t*n+i—1}))2 E Z Ay Qe

te{1,..T} i=1 te{1,..T}

This verifies . Finally, for we check that

ko ) 1+6/2
sup F (Z E { Uy grn,q1:|> < 00. (40)
n g=1
First, use with 0 = 0 to obtain
kn .2 93 T0tT )
ZE |: wq ng,q1:| S 7 Z E [Hw;tH g‘rn,t*n:|
q=1 t=10
23 i A
+ g Z Z E [”wn,th ng,t*n+i—l:| . (41)
te{1,.., T} i=1
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Applying (41]) to and using the Holder inequality implies

(o)

6 — i 146 /2
< 22F — Z E [HwitH gm,t*n+z‘—1]

t=710+1
144/2
ng,t*'thifl] )
By Jensen’s inequality, we have

1 o 1 o7 145/2
(; Z E |:sz,tH2 ng,t*n+i1:|) S ; Z E |:Hw:,tH2 ng,t*n+i71:|

2

y

3 n
Lo (% S S

te{ro,..,7o+7}N{1,..,T} i=1

s et
and
B[] Gonris| < B [l | Gonirisia]

so that

To+7 145/2 To+T

g [(2— > wfle GD /] Sy (Y FP |
t=ro+1 P
< 2 sup B oz 7] < o0 (42)

and similarly, for all 7 > 7" (which holds eventually)

; 146/2
E (% Z ZE[HwZ,iAggrn,t*nJﬂl}) (43)

te{1,..,.T} i=1

93+35/2 (Tn)‘m T n

S S B [l

t=1 i=1

< 932142 i [sz th
it '

246
| < o0

By combining and we obtain the following bound for ([40)),

E 1+46/2
n 2+5
(Z E |: |g7—n,q—1:| > ]
q=1

< 93+36/2 sup E [sz,t”%_é}
¢

E Wby

4 93+33/27p1+6/2 sup F [sz’ith] < 0.
it
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This establishes that , and hold and thus establishes the CLT for 2521 d}q.
It remains to be shown that the second term in can be neglected. Consider

max(T,70+7) n

Z Z Z X [szt (1) 1Grnpontie 1}

t=min(1,79+1) =1 j=1

T0+7 k
=717 Z Z A;,VE [ lr/,t|grn,t*n+z‘—1] 1 {7'0 + [TTj_l] <t<Ty+ [7'7"]-]}
t=10 j=1
T n
+ n71/2 Z Z )\/1,yE [¢Z7it‘g7n,t*n+i—1} .
t=1 i=1
Note that
E [1/}:,t|g7-n,t*n+i—1} =0fort>T
and

L [wz,it‘g‘rn,t*nﬂfl} = 0.

This implies, using the convention that a term is zero if it is a sum over indices from a to b with

a > b, that
TO+T
7_1/2 Z /\/VE [¢Z,t|ng,t*n+i—1}
t=To
e Z Z N B [0 |G penyioa] {0 + [r750] < t < 1o+ [775]}
t=19 j=1

By a similar argument used to show that vanishes, and noting that T is fixed while 7 — oo,

it follows that
145/2

— 0

T
2NN E (624G i)

t=10

as 7 — 00. The Markov inequality then implies that

TO+T N

*WZZZX A (1) Gongensia] = 0, (1).

t=79 =1 j=1
and consequently that

k’ll
X X, (ry +ZXAXW r;) qu+op (44)
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We have shown that the conditions of Theorem 1 of Kuersteiner and Prucha (2013) hold by
establishing (30), (31)), and (44)). Applying the Cramer-Wold theorem to the vector

Ynt = (XTLT (rl)/ ’ AXTZT <T2)/ Tt AX”T (Tk)l),

it follows from Theorem 1 in Kuersteiner and Prucha (2013) that for all fixed ry, .., 7, and using

the convention that ro = 0,

k
N/ 1 !/ /
Elexp (iXNY,)] — E |exp —3 Z ALySyiAry + Z Ny (0, (r) = (r5-1)) A
(45)

When Q, (r) = rQ, for all » € [0,1] and some €, positive definite and measurable w.r.t C this

result simplifies to

k
Z )\;’V (82, (rj) = S (rj) Z NS (g —1jm1) -
j=1

The second step in establishing the functional CLT involves proving tightness of the sequence
N X, (r). By Lemma A.3 of Phillips and Durlauf (1986) and Proposition 4.1 of Wooldridge and
White (1988), see also Billingsley (1968, p.41), it is enough to establish tightness componentwise.
This is implied by establishing tightness for X' X,,, (r) for all A € R? such that X\ = 1. In the
following we make use of Theorems 8.3 and 15.5 in Billingsley (1968). We need to show that for
the ‘modulus of continuity’

w (Xnr, 0) = sup [N (Xnr (5) = X (1)) (46)

[t—s|<d

where t, s € [0, 1] it follows that

lim limsupP (w (X,,;,d) > ¢€) = 0.

—0

n,T
Define
T n To+[T
! (0 —
() > Z -
nTZ/ n,it? nTV Tt
n
\/_t 1 i=1 \/_t 041
Since

N (Xar (8) = Xr (D)] < |, (Xarg (8) = Xy ()] + |, (Xirs (8) = X (1))
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and noting that !)\; (Xnry (8) = Xury (£))] = 0 uniformly in ¢,s € [0,1] because of the initial
condition X,,; (0) given in and the fact that X,,,, (t) is constant as a function of ¢. It follows
that

w (Xor,0) < sup |X, (Xnry (5) = X (1)) (47)

|[s—t|<d
such that
P(w(Xpr,6) > 3e) < P(w(Xprp,0) > 3¢).
To analyze the term in use Billingsley (1968, Theorem 8.4) and the comments in Billingsley
(1968, p. 59). Let S, = >1°"* X 4¥,. To establish tightness it is enough to show that for each

€ > 0 there exists ¢ > 1 and 7’ such that if 7 > 7/
P (1max[Sive = 50l > =7 ) < 5 (45)
S<T C
hold for all k. Note that for each k fixed, M, = Ss — S, and Fy = G (sb—min(1,70)n+1), 1 Ms, Fs}

is a martingale. By a maximal inequality, see Hall and Heyde (1980, Corollary 2.1), it follows that

for each k
P (m<ax | Sks — Sk| > c&tﬁ) =P <m<ax |Skts — Skl? > (ce)? Tp/?)

1 k41 / p

= (ce)? TP/QE HZt k1t ]

P p/2 V
= Gy P e ] = —“PE losall] )

by an inequality similar to (36). Note that the bound for ) does not depend on k. Now
choose ¢ = 27/~ (sup, E [||v%,]|" ])1/;; 2 Je(+9)/-2) quch that {D follows. We now identify

the limiting distribution using the technique of Rootzen (1983). Tightness together with finite
dimensional convergence in distribution in (45 , Condition and the fact that the partition rq, ..., 7

is arbitrary implies that for A € R? with A = (X, X! )

Yy v
E[exp (iNX,, (1) — E [exp <—§ ()\’yQy)\y + X Q, (r) )\,,))] (50)
with @, = 37, 7y Que. Let W(r) = (W, (r), W, (r)) be a vector of mutually independent

standard Brownian motion processes in R?, independent of any C-measurable random variable.

We note that the RHS of is the same as

E [exp <—% (XA, + AL, (1) Ay))] —E [exp (M;Q;/?Wy (1) +i /0 Y (Q (t)>1/2 aw, (t))} .
(51)
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The result in can be deduced in the same way as in Duffie, Pan and Singleton (2000), in
particular p.1371 and their Proposition 1. Conjecture that X; = f(f (0%, (t) /o) /2 dW,, (t). By
Condition [[(iii) and the fact that 99, (t) /0t does not depend on X; it follows that the conditions
of Durrett (1996, Theorem 2.8, Chaper 5) are satisfied. This means that the stochastic differential
equation X; = fg (8, (t) /0t)/* AW, (s) with initial condition X, = 0 has a strong solution
(X, Wy, FV v C) where F}" is the filtration generated by W, (). Then, X, is a martingale (and
thus a local martingale) w.r.t the filtration V. For C-measurable functions « (¢) : [0,1] — R and

B(t) : [0,1] — R* define the transformation
U, =exp (a(r)+8(r) X,).
The terminal conditions « (r) = 0 and 5 (r) = i), are imposed such that
U, =exp (a(r) + B (r) X,) = exp (iX,X,).
The goal is now to show that
EV,|C] = ¥o = exp (a 0)+ 8 (0)/X0) = exp (a (0))

where the initial condition X, = 0 was used. In other words, we need to find « (t) and f (t)
such that ¥, is a martingale. Following the proof of Proposition 1 in Duffie, Pan and Singleton
(2000) and letting 1, = W, 3 (t) 0 (X3), py (t) = 38 (1) 0 (Xy) 0 (Xy) B (¢) + ¢ (t) + B (t) X, use Ito’s

Lemma to obtain
,

v, =W, + / Upiy (s)ds + / NsdWs.
0 0
It follows that for ¥, to be a martingale we need jiy, (£) = 0 which implies the differential equations
B(t) = 0 and & (t) = 1/2X, (09, () /dt) \,. Using the terminal condition a () = 0 it follows that

a(r) —a(0) = /0 (8 dt = /0 ' %A;agy (£) /Ot = N, (9, (1) — Oy (0)) Ay = %)\;QV (") A
or a (0) = ~1X.Q, (r) A, and
E {exp (z /0 Y (2 (t))l/ S aw, (t))'C] — oxp (—%)\’VQ,, (r) )\,,) 0. (52)

which implies after taking expectations on both sides of (52). To check the regularity con-
ditions in Duffie et al (2000, Definition A) note that 74 = 0 because A () = 0. Thus, (i) holds
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automatically. For (ii) we have 1, = ¥, ()’ o (X,) such that
mr, = —WiN,00, (t) JOtA, = exp (2a (t) + 2B (1) X;) X, 00, (1) /OtA,
and, noting that 3 (¢) = i), and therefore |exp (26 (t)' X;)| < 1 it follows that
el < sup sup ALOQ, (1) /0N, lexp (2a (1))] [exp (25 (1) Xo)|

A |=1,\, €R*r T

< sup  sup NI, (t) /Ot |exp (2 (1))

IAol=1,€RF ¢

< sup  sup A\, 99, (t) /OtA,

IAvl=1, €RFo ¢

such that condition (ii) holds by Condition (iii) where sup|yZ1., erre SUP; AL O, () /OEA, < M

exp <2 sup sup X909, (t) /6t/\y>

Ioll=1,€RR

a.s. Finally, for (iii) one obtains similarly that
| W] < lexp (a (t))] }exp (5 (t)'Xt)‘ < lexp (e (t))] < exp (M) a.s.

such that the inequality follows.

A.2 Proof of Corollary

We note that finite dimensional convergence established in the proof of Theorem [1| implies that

Elexp (iX X, (1)] — E {exp <_% (N0, + A0, (1) /\V))} |

We also note that because of it follows that

E [exp (2 /0 1 N (Q (15))1/2 dw, (t))] —E [exp (—%)\;QV (1) A)}

. 1/2
which shows that fol (Q,, (t)) dW, (t) has the same distribution as €2, (1)*/*W, (1).

A.3 Proof of Theorem [2

Let st (0,p) = fo.it (0,p) and s (p, B) = g,+ (p, B) in the case of maximum likelihood estimation
and s%, (0, p) = fi (0,p) and s¥ (p, ) = g: (p, B) in the case of moment based estimation. Using

the notation developed before we define

Sy (e’p) 3
B o ifte {1,..,T}
Si'/t (97p) = \OF

otherwise
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analogously to and

Stu(ﬁzp) f 1 =1
(8. p) = A i te{mn+1,..,70+7} and ¢
0 otherwise

analogously to . Stack the moment vectors in

gz‘t (¢) = git (97 p) = (5% (97 p)/ ) gzyt (67 p)/)/ (53)

and define the scaling matrix D,, = diag (nil/ Qlyﬂ'*l/ 211,) where [, is an identity matrix of
dimension kg and I, is an identity matrix of dimension k,. For the maximum likelihood estimator,

the moment conditions and can be directly written as

max(T,7o+7)

Z Zs’t<9 ,0)—0

t=min(1,70+1)
For moment based estimators we have by Conditions [4i) and (ii) that

max(T,70+7)

awp (500 5 (50)) = S sl = 0,1,

lp—doll<e t=min(1,70+1) i=1

It then follows that for the moment based estimators

Ozs(@)z Z Z&t(é >+0p()

t=min(1,79+1) =1

~ N /!
A first order mean value expansion around ¢y where ¢ = (¢, p')" and ¢ = (9’ s ) leads to

max(T,m—&-*r maX(T,T0+T) n 8§t ((2—5) .
SETIED DD YIRS (i ol i TOPM EZ R
t=min(1,790+1) t=min(1,79+1) =1
or .
R max(T,70+7) n 95, t max(T,70+7) n
p(o-a)=-| X X W D, > D ulen) +o, (1)
t=min(1,79+1) =1 t=min(1,79+1) =1

where ¢ satisfies ||¢_5 — ngOH < Hgﬁ — oo
allow for ¢ to differ across rows of 93; (qg) /0¢'. Note that

‘ and we note that with some abuse of notation we implicitly

DSit (&) - 953, (0,p) /06" 053, (0,p) /Op'

a¢l aztp( )/60/ aztp( )/ap

43



where s}, denotes moment conditions associated with p. From Condition (iii) and Theorem
it follows that (note that we make use of the continuous mapping theorem which is applicable

because Theorem (1| establishes stable and thus joint convergence)

max(T,70+7) n

D (0—an) = =40 3 D suld) o, ()

t=min(1,70+1) =

It now follows from the continuous mapping theorem and joint convergence in Corollary [I] that

Dt (6= 60) 5 —A(do) " Q2W (C-stably)

A.4 Proof of Corollary

Partition
Ao VKA,
Algo)=| v
TEAZ/,G Ay,p
with inverse
o _ _ -1 _ _ _ -1
A (¢0)71 _ Ay,é + Ay,éAy,p (Av,p - AVﬁAy,éAy,p) A,,,(;Ayé _\/EAy,éAy,p (Av,p - Al/ﬁAy,éAy,p)
| _\/LE (Av,p - AVﬁA;éAy,p)il AVﬁAy_,é (AV,p - Au,eAy_,éAy,p)il
[ Al VEAYP
o \/LEAV,B AvP

It now follows from the continuous mapping theorem and joint convergence in Corollary [I] that
D,; (QB - <Z50> 5 —A(gy) ' QYA (C-stably)

where the right hand side has a mixed normal distribution,
A (o) QW ~ MN (0, A ()" QA (o))

and

e )_1 QA (6 ),_1 Ay’ngAy’a' + kAYPQ, (1) AV \/LEAy’QQyA”’Q' + VEAYPQ, (1) A»
0 0 =

\/LEA”’GQyAy’Q’ + /EAVPQ, (1) Av#! %A”’GQyA”’e’ + A»PQ), (1) AV

The form of the matrices (2, and €, follow from Condition [5|in the case of the maximum likelihood

estimator. For the moment based estimator, €, and €2, follow from Condition [6] the definition of

sy (0, p) and s%; (3, p) and Conditions [4i) and (ii).
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A.5 Proof of Theorem 3

We first establish the joint stable convergence of (V. (r),Y;,). Recall that

T71/2I/7-7t — exp ((t — min (1,79)) v/7) v + 1 {t > min (1, 79)} 77 /2 Z exp ((t — s)v/7) ns

s=min(1,70)

and Vi, (r) = 7720, 4 o). Define Vi (r) = 771/2 Z[TT] exp (—sv/7) n,. It follows that

s=min(1,79)
T_I/QVT[TT] =exp ((t —min (1,79))v/7) o + 1 {t > min (1, 79) } exp ([77] v/T) 748 (r).

We establish joint stable convergence of <‘~/m (r) ,Ym) and use the continuous mapping theorem

to deal with the first term in 71/2

Vi By the continuous mapping theorem (see Billingsley
(1968, p.30)), the characterization of stable convergence on D [0, 1] (as given in JS, Theorem VIII
5.33(ii)) and an argument used in Kuersteiner and Prucha (2013, p.119), stable convergence of
(f/m (r) ,Ym> implies that

(exp (f7r) /) Vew (1) Yo

also converges jointly and C-stably. Subsequently, this argument will simply be referred to as
the ‘continuous mapping theorem’. In addition exp (([7r] — min (1,79))v/7) vy —P exp (1Y) vy
which is measurable with respect to C. Together these results imply joint stable convergence
of (Vo (r),Y;,). We thus turn to (f/m (r) ,Ym>. To apply Theorem (1| we need to show that
Y- = exp (—s7/7) 1 satisfies Conditions [I]iv) and [2 Since

lexp (—sv/7) 15" = |exp (—s/7) T |, |0 < D@0 gy 240 (54)

such that
B [Jexp (=s7/m)n**] < ©

and Condition (1| iv) holds. Note that E [|77t|2+6] < C holds since we impose Condition Next,
note that E [exp (—2sv/7)n?] = o%exp (—2sv/7). Then, it follows from the proof of Chan and
Wei (1987, Equation 2.3)* that

To+[77] To+[77]

Y W=t S exp (-2 P o /’"exp(_gw)dt, (55)

t=1o+[rs]+1 t=71o+[rs]+1

3See Appendix |B|for details.
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: 1/2
In this case, Q, (r) = 02 (1 — exp (—2r7)) /27 and <Q,, (T)) = oexp (—~r). By the relationship
in and Theorem [1] we have that

(Vm W’Ym) = (0 /0 “eaw, (s>,QyWy(1)> C-stably

which implies, by the continuous mapping theorem and C-stable convergence that

(Ve (1), Yon) = (exp (ry) vo + 0/ =AW, (), Q,W, (1)> C-stably. (56)
0

Note that o [ e"=97dW, (s) is the same term as in Phillips (1987) while the limit given in
is the same as in Kurtz and Protter (1991,p.1043).

We now square and sum both sides as in Chan and Wei (1987, Equation (2.8) or Phillips,
(1987) to write

1 TEM:O e 2 Te T 2v/ 2 T§+T:0 2 e T TEH:O 2
_ . _ . o 2y/T - . _
T Vrs—1Ts = 92 T (VT,T+TO VT,T0)+ 92 (1 e ) T Vis—1 92 T Mg
s=70+1 s=10+1 s=70+1
(57)

We note that e?/7 — 1, e /7 (1 — 627/7) — —2v. Furthermore, note that for all a,e > 0 it

follows by the Markov and triangular inequalities and Condition [7iv) that

T+T0
P ( 1 Z E [7731 {‘7715| > 7'1/2a} ’ng’t*n} > 5)
t=10+1
T+70 ) " sup, E [’nt‘%ré}
S;t;IE[nsl{lmbT a}] < T — 0 as T — oo.

such that Condition 1.3 of Chan and Wei (1987) holds. Let U2, = 77! ST B [102Grnen] -

t=70+1

Then, by Holder’s and Jensen’s inequality

T+T0

(U] <77 32 B{|B [11Grea) 7] < sup B ] < o (58)

t=710+1

such that Ufﬁ is uniformly integrable. The bound in also means that by Theorem 2.23 of
Hall and Heyde it follows that E [|[U2. — 77! 37" 52|] — 0 and thus by Condition (7| vii) and

s=1o+1

by Markov’s inequality

T+70

_ p
71 E nf—>o*2.

s=10+1
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We also have

and
T+70 T s 1
-2 2 —1 2 2
= v (—) — / V2 (r)d
T Z VTS 1 T Z ™ T 0 ™ (7”) T
s=19+1 s=1
such that by the continuous mapping theorem and it follows that
= 2 2 ! 2 o?
—1 Z Vrig—1Ms = (V V(O)( ) -V (0) ) — ’)// VW,V(O) (7‘) dr — ? (60)
s=1o+1 0

An application of Ito’s calculus to V, v (o) (7‘)2 /2 shows that the RHS of is equal to o fol Vi vy dW,
which also appears in Kurtz and Protter (1991, Equation 3.10). However, note that the results in
Kurtz and Protter (1991) do not establish stable convergence and thus don’t directly apply here.
When V (0) = 0 these expressions are the same as in Phillips (1987, Equation 8). It then is a
further consequence of the continuous mapping theorem that

T+70

1
(Vrn (1), Yrn ! Z Vrs— 1775> <V77v(o) (r),Y (r) ,U/ Vﬂy,v(o)dWy) (C-stably).
0

s=T10+1
A.6 Proof of Theorem 4

For 5 (¢) = (5% (0, p), 3, (p))/ we note that in the case of the unit root model

03, (9) _ | 05%(0.0) /00" 05%(0.p) /O
0¢ 0 05", (p) |0/

Defining

max(T,70+7) n

A2, (9) =

t=min(1,70+1) =1

we have as before for some HQNS — ¢H < Hqg — ng that for

A7, ()

72 TO+T 2
Zt 0 Tt

Arn (0) =
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we have
max(T,70+7) n

D(o=an)=-4.(3) X sl

t=min(1,79+1) =1

Using the representation
TO+T

2302, / Ve (1) dr,

t=T10

it follows from the continuous mapping theorem and Theorem [3] that

T+70
(Vm (r), Y, A% (o), / dr ! Z Vrg_ 17)) (61)

s=1o+1

1 s
= (V (’I“) 79;/2Wy (1) 7Ay (¢0) ) /0 V'y,V(O) (T)2 dT, / UVy,V(O)dWV) (C_StabIY)'

0

The partitioned inverse formula implies that

AL AlA, (flv o) ()% dr

Aldo) " = (62)
0 (f 0 YV(0 dr)
By Condition @], and the continuous mapping theorem it follows that
. 0w, (1
D (6=00) = =Alo)" | [ W (63)
Jo Vo v dW,

The result now follows immediately from and (63)).

B Proof of (55

Lemma 1 Assume that Conditions@ @ and@ hold. Forr,s € [0,1] fized and as T — oo it follows
that

To+[77]

T_l Z (<w7,s)2 - 6(_27t/T)E [771‘?|g7'n,(t—min(1,7'0)—1)n}) 5 0

t=To+[7s]+1

Proof. By Hall and Heyde (1980, Theorem 2.23) we need to show that for all € > 0

To+[77]

T_l Z 6_27t/TE [7]?1 {|T_1/26_7t/7—7]t} > g}l ng,(t—min(l,Tg)—l)n} & 0. (64)
t=7o+[Ts]+1
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By Condition [7iv) it follows that for some § > 0

To+[77]

E 7'_1 Z G_Z’Yt/TE [7’]?1 {‘7_1/26_7t/7nt| > 5} |g‘rn,(t7min(l,‘ro)fl)n}
t=1o+[rs]+1

To+[77] (6*')’15/7') 246

< = (1+8/2) Z 5 E [|77t|2+6]

t=7o+[7s]+1
245] [17] = [78] (2+6)
< sng [\ﬁt’ } inpag ¢ 0

t=1o+[rs]+1 e

is uniformly integrable by (54)) and (58) it follows from Hall and Heyde (1980, Theorem 2.23, Eq
2.28) that

This establishes (|64]) by the Markov mequahty Since 77! ETOHTT (=t/ME [77t2 |g7—n,(t7min(1,’ro)*1)n}

To+[77]

Bt 30 () = B [1G o, mming -] )| | = 0.

t=1o+[rs]+1

The result now follows from the Markov inequality. m

Lemma 2 Assume that Conditions@ @ and@ hold. Forr,s € [0,1] fized and as T — oo it follows
that

To+[77]

Til Z 6(727t/T)E [nt2|g7—n,(t—min(1,70)—1)n} —P 02/ exp (_27t) dt.

t=10+[rs]+1

Proof. The proof closely follows Chan and Wei (1987, p. 1060-1062) with a few necessary

adjustments. Fix § > 0 and choose s = tg < t; < ... <t = r such that

max }e Tt _ e’QVti*1| < 4.
i<k

This implies

= [ e

/ e tdt — Ze 2 ( — t)
s i=1
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Let I; = {l : [tti—1] <1 < [rt;]}. Then,

To+[77]

T_l Z € QAYt/TE [nt’g’rn,(t min(1,79) 1)n — O / _2’)’tdt
t*To+[Ts]+1
71 Z Z € 271/TE 77[ |ng, l—min(1,70) 0'2/ *2’7tdt
=1 lel;
_1 Z Z =271/ _ —27[7'151'—1]/7') E [77?’g‘rn,(lfmin(l,fo)fl)n]
i=1 lel;
k
+ Z 6_27[7'751'—1]/7' (7-—1 Z E [nlz|grn,(l—min(1,70)_1)n} _ 0_2 (ti . ti—l))
=1 lel;

k T
+ Yy el () — o / e 2t

=1

=, +I1,+111,.

For 111, we have that e~2[t-1l/T7 — ¢=2%-1 35 1 — 00. In other words, there exists a 7/ such

that for all 7 > 7/, |e=2Iti-1l/m — 6_27“‘1} < ¢ and by
II1,| < 26.

We also have by Condition [fvii) that
7—_1 Z E [nl2|g7'n,(l—min(l,'ro)—1)n} - 02 (tz — ti—l)
lel;

as 7 — oo such that by max;<, !eZW[T“—l]/T‘ < 21l

|I-[7‘L| S €2|’Y| T_l Z E [n?|g7'n,(l—min(1,’ro)—1)n} - 02 (tz - ti—l) = 0p (]-> .
lel;

Finally, there exists a 7’ such that for all 7 > 7’ it follows that
max max ‘e Dl _ o= nlrtiza /T‘ < max ‘e [rtil/T _ 6_2“/[7%—1}/7’
i<k lel; i<k

< 2max !e Nlrtil/m _ ¢
i<k

+ max |€*2’Yti _ 6*27%71 ‘
i<k

<26 + 6 = 3.
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We conclude that

k
|1,] < 36|~ Z Z E 071G, (-min(1,r0)1)n ] | = 360° (1 + 0, (1))

i=1 I

The remainder of the proof is identical to Chan and Wei (1987, p. 1062). m
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