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Abstract

We show that the limiting distributions of subset generalizations of the weak instrument
robust instrumental variable statistics are boundedly similar when the remaining structural
parameters are estimated using maximum likelihood. They are bounded from above by
the limiting distributions which apply when the remaining structural parameters are well-
identified and from below by the limiting distributions which holds when the remaining
structural parameters are completely unidentified. The lower bound distribution does not
depend on nuisance parameters and converges in case of Kleibergen’s (2002) Lagrange
multiplier statistic to the limiting distribution under the high level assumption when the
number of instruments gets large. The power curves of the subset statistics are non-standard
since the subset tests converge to identification statistics for distant values of the parameter
of interest. The power of a test on a well-identified parameter is therefore low for distant
values when one of the remaining structural parameter is weakly identified and is equal
to the power of a test for a distant value of one of the remaining structural parameters.
All subset results extend to statistics that conduct tests on the parameters of the included
exogenous variables.

1 Introduction

A sizeable literature currently exists that deals with statistics for the linear instrumental variables
(IV) regression model whose limiting distributions are robust to instrument quality, see e.g.
Anderson and Rubin (1994), Kleibergen (2002), Moreira (2003) and Andrews et. al. (2005).
These robust statistics test hypotheses that are specified on all structural parameters of the
linear IV regression model. Many interesting hypothezes are, however, specified on subsets of
the structural parameters and/or on the parameters associated with the included exogenous
variables. When we replace the structural parameters that are not specified by the hypothesis of
interest by estimators, the limiting distributions of the robust statistics extend to tests of such
hypotheses when a high level identification assumption on these remaining structural parameters
holds, see e.g. Stock and Wright (2000) and Kleibergen (2004,2005). This high level assumption
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is rather arbitrary and its validity is typically unclear. It is needed to ensure that the parameters
whose values are not specified under the null hypothesis are replaced by consistent estimators
so the limiting distributions of the robust statistics remain unaltered. When the high level
assumption is not satisfied, the limiting distributions are unclear. The high level assumption is
avoided when we test the hypotheses using a projection argument which results in conservative
tests, see Dufour and Taamouti (2005a,2005b).
We show that when the unspecified parameters are estimated using maximum likelihood that

the limiting distributions of the robust subset statistics are boundedly similar (pivotal). They are
bounded from above by the limiting distribution which applies when the high level assumption
holds and from below by the limiting distributions which apply when the unspecified parameters
are completely unidentified. The lower bound distribution does not depend on nuisance parame-
ters and converges to the limiting distribution under the high level assumption when the number
of instruments gets large in case of Kleibergen’s (2002) Lagrange multiplier (KLM) statistic. The
robust subset statistics are thus conservative when we apply the limiting distributions that hold
under the high level assumption.
We use the conservative critical values that result under the high level assumption to compute

power curves of the robust subset statistics. These power curves show that the weak identification
of a particular parameter spills over to tests on any of the other parameters. For large values of
the parameter of interest, we show that the robust subset statistics correspond with general tests
of the identification of any of the structural parameters. Hence, when a particular (combination
of the) structural parameter(s) is weakly identified, the power curves of tests on the structural
parameters using the robust subset statistics converge to a rejection frequency that is well below
one when the parameter of interest becomes large. The quality of the identification of the
structural parameters whose values are not specified under the null hypothesis are therefore of
equal importance for the power of the tests as the identification of the hypothesized parameters
itself.
The paper is organized as follows. In the second section, we construct the robust statistics for

tests on subsets of the parameters. Because the subset likelihood ratio statistic has no analytical
expression, we extend Moreira’s (2003) conditional likelihood ratio statistic to a quasi-likelihood
ratio statistic for tests on subsets of the structural parameters. In the third section, we obtain the
limiting distributions of the robust subset statistics when the remaining structural parameters
are completely non-identified. We show that these distributions provide a lower bound on the
limiting distributions of the robust subset statistics while the limiting distributions under the
high level identification assumption provide a upperbound. In the fourth section, we analyze the
size and power of the subset statistics and show that they converge to a statistic that tests for
the identification of any of the structural parameters when the parameter of interest becomes
large. The fifth section illustrates some possible shapes of the p-value plots that result from the
robust subset statistics. The sixth section extends the robust subset statistics to statistics that
conduct tests of hypothezes specified on the parameters of the included exogenous variables. It
also analyzes the size and power of such tests. Finally, the seventh section concludes.
We use the following notation throughout the paper: vec(A) stands for the (column) vector-

ization of the T × n matrix A, vec(A) = (a01 . . . a
0
n)
0, when A = (a1 . . . an). PA = A(A0A)−1A0

is a projection on the columns of the full rank matrix A and MA = IT − PA is a projection on
the space orthogonal to A. Convergence in probability is denoted by “→

p
” and convergence in
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distribution by “→
d
”.

2 Subset statistics in the Linear IV Regression Model

We consider the linear IV regression model

y = Xβ +Wγ + ε
X = ZΠX + VX
W = ZΠW + VW ,

(1)

where y, X and W are T × 1, T × mx and T × mw dimensional matrices that contain the
endogenous variables, Z is a T × k dimensional matrix of instruments and m = mx +mw. The
T × 1, T ×mx and T ×mw dimensional matrices ε, VX and VW contain the disturbances. The
mx× 1, mw × 1, k×mx and k×mw dimensional matrices β, γ, ΠX and ΠW consist of unknown
parameters. We can add a set of exogenous variables to all equations in (1) and the results that
we obtain next remain unaltered when we replace all variables by the residuals that result from
a regression on these additional exogenous variables.

Assumption 1: When the sample size T converges to infinity, the following convergence results
hold jointly:

a. 1
T
(ε
... VX

... VW )0(ε
... VX

... VW ) →
p

Σ, with Σ a positive definite (m + 1) × (m + 1) matrix

and Σ =

⎛⎝ σεε σεX σεW
σXε ΣXX ΣXW

σWε ΣWX ΣWW

⎞⎠ , σεε : 1× 1, σεX = σ0Xε : 1×mx, σεW = σ0Wε : 1×mw,

ΣXX : mx ×mx, ΣXW = Σ0WX : mx ×mw, ΣWW : mw ×mw.

b. 1
T
Z 0Z →

p
Q, with Q a positive definite k × k matrix.

c. 1√
T
Z 0(ε

... VX
... VW )→

d
(ψZε

... ψZX

... ψZW ), with ψZε : k × 1, ψZX : k ×mX , ψZW : k ×mw

and vec(ψZε

... ψZX

... ψZW ) ∼ N (0,Σ⊗Q) .

Statistics to test joint hypotheses on β and γ, like, for example, H∗ : β = β0 and γ = γ0,
have been developped whose (conditional) limiting distributions under H∗ and Assumption 1
(1∗) do not depend on the value of ΠX and ΠW , see e.g. Anderson and Rubin (1949), Kleibergen
(2002) and Moreira (2003). These robust statistics can be adapted to test for hypotheses that
are specified on a subset of the parameters, for example, H0 : β = β0. We construct such robust
subset statistics by using the maximum likelihood estimator (MLE) for the unknown value of
γ, γ̃, which results from the first order condition (FOC) for a maximum of the likelihood. The
Anderson-Rubin (AR) statistic is proportional to the concentrated likelihood so we can obtain
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the FOC from (k times) the AR statistic:

∂
∂γ
AR(β0, γ)

¯̄̄
γ=γ̃

= 0⇔
∂
∂γ

h
(y−Xβ0−Wγ)0PZ(y−Xβ0−Wγ)
1

T−k (y−Xβ0−Wγ)0MZ(y−Xβ0−Wγ)

i¯̄̄
γ=γ̃

= 0⇔
2

σ̂εε(β0)
Π̃W (β0)

0Z 0(y −Xβ0 −Wγ̃) = 0,

(2)

where AR(β0, γ) =
1

σ̂εε(β0,γ)
(y − Xβ0 −Wγ)0PZ(y − Xβ0 −Wγ), σ̂εε(β0, γ) =

1
T−k (y − Xβ0 −

Wγ)0MZ(y −Xβ0 −Wγ), Π̃W (β0) = (Z
0Z)−1Z 0

h
W − (y −Xβ0 −Wγ̃) σ̂εW (β0)

σ̂εε(β0)

i
and σ̂εε(β0) =

σ̂εε(β0, γ̃), σ̂εW (β0) =
1

T−k (y −Xβ0 −Wγ̃)0MZW. The robust subset statistics equal the robust
statistics for testing the joint hypothesis H∗ : β = β0 and γ = γ0 when (β0, γ0) equals (β0, γ̃).
To specify the robust subset statistics, we decompose (Z 0Z)−1Z 0(y : X : W ) into three com-

ponents that are uncorrelated in large samples.

Lemma 1: When Assumption 1 holds and under H 0 : β = β0, Π̃W (β0) and Π̃X(β0) =

(Z 0Z)−1Z 0
h
X − (y −Xβ0 −Wγ̃) σ̂εX(β0)

σ̂εε(β0)

i
, with σ̂εX(β0) =

1
T−k (y −Xβ0 −Wγ̃)0MZX, are un-

correlated with Z 0(y −Xβ0 −Wγ̃) in large samples such that

E

∙
limT→∞ 1

T
1
2 δW

Π̃W (β0)
0Z0(y−Xβ0−Wγ̃)√

σ̂εε(β0)

¸
= 0, and E

∙
limT→∞ 1

T
1
2 δX

Π̃X(β0)
0Z0(y−Xβ0−Wγ̃)√

σ̂εε(β0)

¸
= 0,

(3)
where δW and δX are such that limT→∞ 1

T δW
Π0WZ 0ZΠW = CW , limT→∞ 1

T δX
Π0XZ

0ZΠX = CX

with CW and CX mW ×mW and mX ×mX matrices of constants such that δW and δX are zero
in case of irrelevant or weak instruments and one in case of strong instruments.1

Proof. see the Appendix.

Definition 1: 1. The AR statistic (times k) to test H 0 : β = β0 reads

AR(β0) =
1

σ̂εε(β0)
(y −Xβ0 −Wγ̃)0PMZΠ̃W (β0)

Z(y −Xβ0 −Wγ̃). (4)

2. Kleibergen’s (2002) Lagrange multiplier (KLM) statistic to test H 0 reads, see Kleibergen
(2004),

KLM(β0) =
1

σ̂εε(β0)
(y −Xβ0 −Wγ̃)0PMZΠ̃W (β0)

ZΠ̃X(β0)
(y −Xβ0 −Wγ̃). (5)

3. A J-statistic that tests misspecification under H 0 reads, see Kleibergen (2004),

JKLM(β0) = AR(β0)−KLM(β0). (6)

4. The likelihood ratio (LR) statistic to test H 0 reads,

LR(β0) = AR(β0)−minβ AR(β), (7)

1For reasons of brevity, we refrain from discussing intermediate cases where instead of normalizing Π0WZ 0ZΠW
(or Π0XZ

0ZΠX) by T−δW , we normalize a quadratic form with respect to Π0WZ0ZΠW by a diagonal matrix
diag(T−δW,1 , . . . , T−δw,mw ) with different values of δW,i, i = 1, . . . ,mW . These cases also have no effect on the
results for the robust subset statistics.
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where minβ AR(β) equals the smallest root of the characteristic polynomial:¯̄̄̄
Ω̂− 1

T−k (y
... X

... W )0PZ(y
... X

... W )

¯̄̄̄
= 0, (8)

with Ω̂ = 1
T−k (y

... X
... W )0MZ(y

... X
... W ).

The subset LR statistic (7) has no analytical expression when we express it as a function of
Z 0(y − Xβ0 −Wγ̃), Π̃X(β0) and Π̃W (β0), i.e. the components that are under H0 independent
in large samples. By decomposing the characteristic polynomial, we obtain an approximation of
the subset LR statistic with an analytical expresssion, see Kleibergen (2006).

Theorem 1. A upperbound on the subset LR statistic (7) reads

MQLR(β0) =
1
2

∙
AR(β0)− rk(β0) +

q
(AR(β0) + rk(β0))

2 − 4 (AR(β0)−KLM(β0)) rk(β0)
¸
,

(9)
where rk(β0) is the smallest characteristic root of

Σ̂MQLR(β0) = Σ̂
− 1
2
0

(X : W )(X : W ).ε

∙
(X

... W )− (y −Xβ0 − Zγ̃)
σ̂ε(X : W )(β0)

σ̂εε(β0)

¸0
PZ

∙
(X

... W )− (y −Xβ0 − Zγ̃)
σ̂ε(X : W )(β0)

σ̂εε(β0)

¸
Σ̂
− 1
2

(X : W )(X : W ).ε,

= Σ̂
− 1
2
0

(X : W )(X : W ).ε

∙
Π̃X(β0)

... Π̃W (β0)

¸0
Z 0Z

∙
Π̃X(β0)

... Π̃W (β0)

¸
Σ̂
− 1
2
0

(X : W )(X : W ).ε,

(10)

with σ̂ε(X : W )(β0) = (σ̂εX(β0)
... σ̂εW (β0)) and Σ̂(X : W )(X : W ).ε =

1
T−k (X

...W )0M(Z : (y−Xβ0−Zγ̃))(X
... W ).

Proof. see the Appendix.

Unlike LR(β0) (7), MQLR(β0) (9) is an explicit function of Z
0(y −Xβ0 −Wγ̃), Π̃X(β0) and

Π̃W (β0). Except for the usage of the characteristic root rk(β0), its expression coincides with that
of Moreira’s (2003) conditional likelihood ratio statistic. Thus we refer to it as MQLR(β0). The
MQLR statistic (9) is a quasi-LR statistic that preserves the main properties of the LR statistic,
that its conditional distribution given rk(β0) coincides with that of AR(β0) when rk(β0) is small
and with that of KLM(β0) when rk(β0) is large. We therefore instead of LR(β0) use MQLR(β0)
in the sequel of the paper.
To determine the quality of the approximation of LR(β0) by MQLR(β0), we analyze the

difference between LR(β0) and MQLR(β0).

Proposition 1. a. A upperbound on the difference between LR(β0) and MQLR(β0) is given
by h

1
rk(β0)−λmin +

1Pm−1
i=1 ϕ2i

³
rk(β0)+ϕ

2
m

λmin
− 1
´i−1

, (11)

where λmin =AR(β0)−MQLR(β0) and ϕ : k × 1 is defined in the proof of Theorem 1 in the
Appendix. It is such that AR(β0) =

Pk
i=1 ϕ

2
i and KLM(β0) =

Pm
i=1 ϕ

2
i .
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b. The LR and MQLR statistics are identical when the FOC holds at β0.

Proof. see the Appendix.

The upperbound on the difference between the LR and MQLR statistics shows that the
approximation of LR(β0) by MQLR(β0) is an accurate one when: the FOC holds at β0 and rk(β0)
is small or large. To obtain further insight into the quality of the approximation at intermediate
values of rk(β0), we computed the 95% conditional critical values of the LR and MQLR statistic
when m = 3 for a range of values of rk(β0) and a few settings of the larger characteristic roots,
that influence the conditional distribution of the LR statistic, and the number of instruments k.
We compare these critical values with the 95% percentiles of the upperbound.
The Figures Section in the Appendix has two Panels which show the 95% conditional critical

values that result from the LR and MQLR statistics, their differences across different values of
rk(β0) and the upperbound from Proposition 1. Panel 5 shows the 95% conditional critical values
of the LR and MQLR statistics and the 95% percentile of the upperbound from Proposition 1
as a function of rk(β0), i.e. the smallest eigenvalue. Panel 6 compares the differences in the
95% conditional critical values of the LR and MQLR statistic with the 95% percentile of the
upperbound. Panels 5 and 6 show that the 95% conditional critical values of the MQLR statistic
are very similar to those of the LR statistic. The difference between the critical values is typically
small and the upperbound is a conservative one. Only for the unrealistic setting of a rather small
value of the smallest eigenvalue and a large value of the second largest eigenvalue is the difference
between the critical values close to the upperbound.
The (conditional) limiting distributions of AR(β0), KLM(β0), JKLM(β0) and MQLR(β0)

result from the independence of Z 0(y−Xβ0−Zγ̃) and Π̃X(β0), Π̃W (β0) in large samples stated
in Lemma 1 and from a high level assumption with respect to the rank of ΠW which implies
an asymptotic normal distribution for Z 0(y −Xβ0 − Zγ̃), Π̃X(β0) and Π̃W (β0), see Kleibergen
(2004).

Assumption 2: The value of the k×mw dimensional matrix ΠW is fixed and of full rank.

Theorem 2. Under H 0 and when Assumptions 1 and 2 hold, the (conditional) limiting distri-
butions of AR(β0), KLM(β0), JKLM(β0) and MQLR(β0) given rk(β0) are characterized by

1. AR(β0) →
d

ψmx
+ ψk−m,

2. KLM(β0) →
d

ψmx
,

3. JKLM(β0) →
d

ψk−m,

4. MQLR(β0)|rk(β0) →
d

1
2

∙
ψmx

+ ψk−m − rk(β0) +
q¡

ψmx
+ ψk−m + rk(β0)

¢2 − 4ψk−mrk(β0)
¸
,

(12)
where ψmx

and ψk−m are independent χ
2(mx) and χ2(k −m) distributed random variables.

Proof. see Kleibergen (2004).

Assumption 2 is a high level assumption that is difficult to verify in practice. We therefore
establish the limiting distributions of the different statistics when Assumption 2 fails to hold, i.e.
when ΠW equals zero instead of a full rank value. We show that the limiting distributions of the
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statistics in this extreme setting provide a lower bound for all other cases while the distributions
from Theorem 2 provide a upper bound.

3 Limiting distributions of subset statistics in non-identified
cases

We construct the (conditional) limiting distributions of the AR, KLM, JKLM and MQLR statis-
tics when ΠW equals zero.

Lemma 2. When ΠW = 0 and Assumption 1 and H 0 hold, the FOC (2) corresponds in large
samples with h

ξw + (ξε.w − ξwγ̄)
γ̄0

1+γ̄0γ̄

i0
[ξε.w − ξwγ̄] = 0, (13)

where ξw and ξε.w are k× 1 and k×mw dimensional independently standard normal distributed

matrices and γ̄ = Σ
1
2
WW (γ̃ − γ0 − Σ−1WWσWε)σ

− 1
2

εε.w, σεε.w = σεε − σεwΣ
−1
wwσwε.

Proof. see the Appendix.

The solution of γ̄ to the FOC in Lemma 2 is not unique and the MLE results as the solution
that minimizes the AR statistic. Lemma 2 shows that γ̄, which is a function of the MLE γ̃,
does not depend on any parameters. When ΠW equals zero, the distribution of γ̄ does therefore
not depend on any other parameters as well and is a standard Cauchy density, see e.g. Mariano
and Sawa (1972) and Phillips (1989). We construct the limiting distributions of the AR, KLM,
JKLM and MQLR statistics to test H0 : β = β0 when ΠW equals zero.

Theorem 3. Under Assumption 1, H 0 : β = β0 holds and when ΠW equals zero:

1. The limiting behavior of the AR statistic to test H 0 : β = β0 is characterized by:

AR(β0)→
d

1
1+γ̄0γ̄ [ξε.w − ξwγ̄]

0 [ξε.w − ξwγ̄] . (14)

2. The limiting behavior of the KLM statistic to test H 0 : β = β0 is characterized by:

KLM(β0)→
d

1
1+γ̄0γ̄ (ξε.w − ξwγ̄)

0PM
[ξw+(ξε.w−ξwγ̄) γ̄0

1+γ̄0γ̄ ]
A(ξε.w − ξwγ̄), (15)

where A is a fixed k ×mx dimensional matrix.

3. The limiting behavior of the JKLM statistic is under H 0 characterized by:

JKLM(β0)→
d

1
1+γ̄0γ̄ (ξε.w − ξwγ̄)

0M
[A : ξw+(ξε.w−ξwγ̄) γ̄0

1+γ̄0γ̄ ]
(ξε.w − ξwγ̄). (16)
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4. The conditional limiting behavior of the MQLR statistic given rk(β0) to test H 0 : β = β0
reads

MQLR(β0)|rk(β0)→
d

1
2

h
1

1+γ̄0γ̄ [ξε.w − ξwγ̄]
0 [ξε.w − ξwγ̄]− rk(β0)+½³

1
1+γ̄0γ̄ [ξε.w − ξwγ̄]

0 [ξε.w − ξwγ̄] + rk(β0)
´2
−

4

µ
1

1+γ̄0γ̄ [ξε.w − ξwγ̄]
0Mh

A : ξw+(ξε.w−ξwγ̄) γ̄0
1+γ̄0γ̄

i [ξε.w − ξwγ̄]

¶
rk(β0)

¾ 1
2

#
.

(17)

Proof. see the Appendix.

Theorem 3 shows that the limit behaviors of AR(β0), KLM(β0), JKLM(β0) and MQLR(β0)
when ΠW = 0 do not depend on nuisance parameters. The distribution functions associated
with the limit behaviors from Theorem 3 are bounded from above by the distribution functions
in case of a full rank value of ΠW which result from Theorem 2. This is shown in Figure 1 for
the KLM statistic and in Figure 2 for the AR statistic.
Figure 1 shows the χ2(1) distribution function and the limiting distribution function of

KLM(β0) for different numbers of instruments when ΠW = 0 and mw = mx = 1. Figure 1
shows that the χ2(1) distribution provides a upperbound for the limiting distribution function of
KLM(β0) when ΠW = 0. It also shows that the limiting distribution of KLM(β0) when ΠW = 0
converges to a χ2(1) when the number of instruments increases.

Theorem 4. When Assumption 1 and H 0 hold and the sample size T and the number of
instruments jointly converge to infinity such that k/T → 0, the limiting behavior of KLM(β0)
when ΠW = 0 is characterized by

KLM(β0)→
d

χ2(mx). (18)

Proof. see the Appendix.

Theorem 4 implies that the χ2 distribution becomes a better approximation of the limiting
distribution of KLM(β0) when the number of instruments gets large. The number of instruments
should, however, not be too large compared to the sample size because a different limiting
distribution of KLM(β0) results when it is proportional to the sample size, see Bekker and
Kleibergen (2003).
Figure 2 shows the χ2(k −mw)/(k −mw) distribution function and the limiting distribution

function of AR(β0)/(k −mw) for different number of instruments when ΠW = 0 and mw = 1.
Figure 2 shows that the limiting distribution of AR(β0) is bounded by the χ

2(k −mw) distri-
bution when ΠW = 0. Figure 2 shows that the χ2(k −mw) distribution is a much more distant
upperbound for the limiting distribution of AR(β0) than the upperbound for KLM(β0) in Figure
1. The χ2 approximation of the limiting distribution of AR(β0) when ΠW = 0 is thus a much
more conservative one than for KLM(β0). Another important difference with KLM(β0) is that
there is no convergence of the limiting distribution of AR(β0) towards a χ2 distribution when
the number of instruments gets large.
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Figure 1: (Limiting) Distribution functions of χ2(1) (solid) and KLM(β0) when Πw = 0, mw =
mx = 1 and k = 2 (dotted), 5 (dashed-dotted), 20 (dashed) and 100 (pointed).
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Figure 2: (Limiting) Distribution functions of χ2(k−1)/(k−1) and AR(β0)/(k−1) when Πw = 0,
mw = mx = 1 and k = 2 (dotted and dashed-dotted), 20 (solid and dashed) and 100 (solid with
triangles and solid with plusses).
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#instr. \ stat. KLM(β0) MQLR(β0) AR(β0) JKLM(β0) 2SLS(β0)
2 0.36 0.36 0.36 - 0.24
5 0.88 0.44 0.28 0.36 1.3
20 2.3 0.56 0.12 0.08 3.0
50 3.2 0.56 0.04 0.04 4.4

Table 1: Observed size (in percentages) of the different statistics that test H0 when Πw = 0 using
the 95% asymptotic significance level.

The conditional limiting distribution of MQLR(β0) given rk(β0) when ΠW = 0 behaves
similar to that of AR(β0) and KLM(β0) since it is just a function of these statistics given the
value of rk(β0).We therefore, and because of its dependence on rk(β0), refrain from showing this
distribution function. Since JKLM(β0) is a function of AR(β0) and KLM(β0) as well, we also
refrain from showing the distribution function of JKLM(β0).
Figures 1 and 2 show that the limiting distribution functions of KLM(β0) and AR(β0) when

ΠW = 0 are bounded by the limiting distributions of these statistics under a full rank value of
ΠW . Theorem 5 states that the limiting distributions of KLM(β0), JKLM(β0), MQLR(β0) and
AR(β0) are in general bounded by the limiting distributions under a full rank value of ΠW and
that the limiting distributions under ΠW = 0 provide a lowerbound on these distributions.

Theorem 5. The (conditional) limiting distributions of AR(β0), KLM(β0), JKLM(β0) and
MQLR(β0) under a full rank value of ΠW provide a upperbound on the (conditional) limiting
distributions for general values of ΠW while the (conditional) limiting distributions under a zero
value of ΠW provide a lowerbound.

Proof. see the Appendix.

Theorem 5 shows that the (conditional) limiting distributions of AR(β0),KLM(β0), JKLM(β0)
and MQLR(β0) are boundedly similar. The critical values of AR(β0), KLM(β0), JKLM(β0)
and MQLR(β0) that result from the (conditional) limiting distributions of AR(β0), KLM(β0),
JKLM(β0) and MQLR(β0) in Theorem 2 can therefore be applied in general, so even for (almost)
lower rank values of ΠW , since the size of these tests is at most equal to the size under a full
rank value of ΠW . Usage of the critical values from Theorem 2 thus results in tests that are
conservative.

4 Size and Power

We conduct a size and power comparison of the different statistics to analyze the influence of the
quality of the identification of γ for tests on β. We therefore conduct a simulation experiment

using (1) with mx = mw = 1, γ = 1, T = 500 and vec(ε
... VX

... VW ) ∼ N(0,Σ⊗ IT ). The instru-
ments Z are generated from a N(0, Ik⊗ IT ) distribution. We compute the rejection frequency of
testing the hypothesis H0 : β = 0 using the AR-statistic (4), KLM-statistic (5), JKLM-statistic
(6), MQLR-statistic (9), a combination of the KLM and JKLM statistics and the two stage least
squares (2SLS) t-statistic, to which we refer as 2SLS(β0). The number of simulations that we
conduct equals 2500.
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KLM(β0) MQLR(β0) JKLM(β0) CJKLM(β0) AR(β0) 2SLS(β0)
Fig. 1.1 5.4 5.4 5.8 5.2 5.8 28
Fig. 1.2 6.4 6.3 5.0 6.2 5.7 31
Fig. 1.3 5.6 5.7 5.0 5.4 5.6 98
Fig. 1.4 6.7 4.4 1.8 5.8 2.3 97
Fig. 2.1 5.1 4.8 2.0 2.8 5.0 3.0
Fig. 2.2 3.1 1.9 4.7 4.5 1.5 3.6
Fig. 2.3 4.0 3.5 4.2 3.3 4.0 4.0
Fig. 2.4 4.8 4.7 4.7 3.9 5.0 3.7
Fig. 2.5 4.2 4.0 4.4 3.5 4.8 4.4
Fig. 2.6 4.4 5.0 4.9 4.0 5.0 4.3
Fig. 3.1 6.2 6.2 5.3 6.2 5.8 88
Fig. 3.2 5.7 5.6 5.1 6.7 5.8 99

Table 2: Size of the different statistics in percentages that test H0 at the 95% significance level.

We control for the identification of β and γ by specifyingΠX andΠW in accordance with a pre-
specified value of the matrix generalisation of the concentration parameter, see e.g. Phillips (1983)
and Rothenberg (1984). We therefore analyze the size and power of tests on β for different values

of Θ = (Z 0Z)
1
2 (ΠX

... ΠW )Ω
− 1
2

XW , with ΩXW =
³

ΣXX

ΣWX

ΣXW

ΣWW

´
, whose quadratic form constitutes the

matrix concentration parameter. We specify Θ such that only its first two rows have non-zero
elements.

Observed size when γ is not identified. We first analyze the size of the different statistics
for conducting tests on β when γ is completely unidentified so ΠW = 0. We therefore specify
Σ and Θ such that Σ equals the identity matrix and Θ11 = 5, Θ12 = Θ21 = Θ22 = 0. Table
1 contains the observed size of the different statistics when we test H0 at the 95% asymptotic
(conditional) significance level that results from Theorem 2.
Table 1 confirms Figures 1, 2 and Theorem 4. It shows that KLM(β0), JKLM(β0),MQLR(β0)

and AR(β0) are conservative tests when we use the critical values that result from applying
the (conditional) limiting distributions from Theorem 2. Table 1 also confirms the conver-
gence of the asymptotic distribution of KLM(β0) when ΠW = 0 towards a χ2 distribution
when the number of instruments gets large as stated in Theorem 4 and shown in Figure 1.
Since KLM(β0) =MQLR(β0) =AR(β0) when k = 2, the size of these statistics coincides when
k = m = 2 and the model is exactly identified such that JKLM(β0) is not defined.
The size of the 2SLS t-statistic in Table 1 shows that the limiting distribution of the 2SLS t-

statistic is conservative when ΠW = 0 and Σ equals the identity matrix. This result is specific for
the identity covariance matrix case and, as we show later, does not apply to general specifications
of the covariance matrix.

Power and size for varying levels of identification. We conduct a power comparison of
the different statistics to analyze the influence of the identification of γ on tests for the value
of β. Except for the specification of the covariance matrix Σ, we use the above specification of
the model parameters. The covariance matrix Σ is specified such that σεε = σXX = σWW = 1,

11



σXε = σεX = 0.9, σWε = σεW = 0.8 and σXW = σWX = 0.6 and the number of instruments
equals 20, k = 20.

Panel 1: Power curves of AR(β0) (dash-dotted), KLM(β0) (dashed), JKLM(β0) (points),
MQLR(β0) (solid), CJKLM(solid-plusses) and 2SLS(β0) (dotted) for testing H0 : β = 0.
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Figure 1.1: Strongly identified β and γ : Figure 1.2: Strongly identified β and weakly
Θ11 = Θ22 = 10. identified γ : Θ11 = 10, Θ22 = 3.
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Figure 1.3: Weakly identified β and strongly Figure 1.3: Weakly identified β and γ :
identified γ : Θ11 = 3, Θ22 = 10. Θ11 = Θ22 = 3.

Since the KLM-statistic is proportional to a quadratic form of the derivative of the AR-
statistic, it is equal to zero at (local) minima, maxima and saddle points of the AR statistic, i.e.
where the FOC holds. This affects the power of the KLM statistic, see e.g. Kleibergen (2006).
We therefore also compute the power of testing H0 using a combination of the KLM and JKLM
statistics where we apply a 96% significance level for the KLM statistic and a 99% significance
level for the JKLM statistic so the size of the combined test procedure equals 5% since the KLM
and JKLM statistics converge to independent random variables under H0. The combined KLM,
JKLM test procedure is indicated by CJKLM.
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Panel 1 shows the power curves for different values of the matrix concentration parameter Θ
with Θ12 = Θ21 = 0 and Table 2 shows the observed sizes when we test at the 95% significance
level. The value of Θ in Figure 1.1 is such that both β and γ are well identified. Hence all
statistics have nice shaped power curves and the AR statistic is the least powerful statistic
because of the larger degrees of freedom parameter of its limiting distribution. The power of
JKLM(β0) is rather low since it tests the hypothesis of overidentification which is satisfied for
all the different values of β. Table 2 shows that the 2SLS-statistic already has considerable size
distortion in this well identified setting.
The value of Θ in Figure 1.2 is such that γ is weakly identified and β is well identified. Figure

1.2 shows that the weak identification of γ has large consequences for especially the power of
tests on β. The MQLR statistic is the most powerful statistic in Figure 1.2. As shown in Table
2, except for the 2SLS t-statistic, the size of the tests remains almost unaltered by the weak
identification of γ but the power is strongly affected.
Figure 1.3 has a value of Θ that makes β weakly identified and γ strongly identified. Again the

MQLR statistic is the most powerful statistic but the power of the KLM statistic is comparable.
Table 3 shows that the size distortions of all statistics, except the 2SLS t-statistic, is rather small.
The size of the 2SLS t-statistic is completely spurious.
The specification of Θ is such that all parameters are weakly identified in Figure 1.4. The

power of all statistics is therefore rather low and none of the statistics clearly dominates the
others. Because of the low degree of identification, Table 2 shows that the AR statistic is rather
undersized which corresponds with Table 1. The size of the 2SLS t-statistic in Table 2 is again
completely spurious.
The specification of the covariance matrix Σ in Panel 1 is such that there are spill-overs

between the identification of β and γ that results from Θ. It is therefore difficult to determine
the influence of the weak identification of γ on the size and power of tests on β. To analyze the
influence of the weak identification of γ on the power of tests on β in an isolated manner, we
equate the covariance matrix Σ to the identity matrix. Table 2 and Panel 2 show the resulting
size and power for tests on β.
Table 2 shows that KLM(β0), JKLM(β0), CJKLM(β0), MQLR(β0) and AR(β0) are under-

sized when γ is weakly identified which is in accordance with Table 1 and Theorem 5. The values
of Θ in Figure 1.2 and 2.2 are identical but KLM(β0), JKLM(β0), CJKLM(β0), MQLR(β0) and
AR(β0) are only undersized in Figure 2.2 and not in Figure 1.2. This results because of the
different values of Σ that are used for Figures 1.2 and 2.2 such that ΠW is small in Figure 2.2
but sizeable in Figure 1.2.
The power curves in Panel 2 show that 2SLS(β0) is the most power ful statistic for testing

H0. Because of the absence of correlation between the different endogenous variables, 2SLS(β0) is
size correct. The previous Figures, however, show that 2SLS(β0) is often severely size-distorted
in cases when any correlation is present which makes its results difficult to trust. Among the
statistics that remain size-correct when identification is weak, MQLR(β0) is the most powerful
statistic for testing H0. The power of MQLR(β0) exceeds that of AR(β0) for values of β that are
relatively close to zero but is remarkably similar to that of AR(β0) for more distant values of β.
This argument holds in a reversed manner with respect to KLM(β0). The behavior of the power
curve of MQLR(β0) thus resembles that of KLM(β0) close to zero and that of AR(β0) for more
distant values of β.
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Panel 2: Power curves of AR(β0) (dashed-dotted), KLM(β0) (dashed), MQLR(β0) (solid),
JKLM(β0) (points), CJKLM(solid with plusses) and 2SLS(β0) (dotted) for testing H0 : β = 0.
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Figure 2.1: Θ11 = 10, Θ22 = 3. Figure 2.2: Θ11 = 3, Θ22 = 10.
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Figure 2.3: Θ11 = 10, Θ22 = 5. Figure 2.4: Θ11 = 5, Θ22 = 10.
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Figure 2.5: Θ11 = 10, Θ22 = 7. Figure 2.6: Θ11 = 7, Θ22 = 10.
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The level of identification of β and γ is reversed in the two columns of Panel 2. In the left-
handside column, the identification of γ is worse than of β and vice versa in the right-handside
column. Table 2 therefore shows that the statistics are somewhat undersized in the left-handside
column while they are size correct in the right-handside column. Besides the size issue, the power
curves in the left and right-handside columns of Panel 2 are remarkably similar for distant values
of β. They only differ around the hypothesized value of the parameter. This indicates that the
statistics behave in a systematic manner for distant values of β. This is stated in Theorem 6.

Theorem 6. When mX = 1, Assumption 1 holds and for tests of H 0 : β = β0 with a value of
β0 that differs substantially from the true value:

1. The AR-statistic AR(β0) is equal to the smallest eigenvalue of Ω̂
− 1
2
0

XW (X
... W )0PZ(X

...

W )Ω̂
− 1
2

XW which is a statistic that tests for a reduced rank value of (ΠX
... ΠW ), Ω̂XW =

1
T−k (X

... W )0PZ(X
... W ).

2. The eigenvalues of Σ̂MQLR(β0) that are used to obtain rk(β0) correspond for large numbers
of observations with the eigenvalues of∙

ψε.(X : W )

...
¡
Θ(X : W ) +Ψ(X : W )

¢
V1

¸0 ∙
ψε.(X : W )

...
¡
Θ(X : W ) +Ψ(X : W )

¢
V1

¸
, (19)

where (Z 0Z)−
1
2Z 0

∙
ε− (X ... W )Ω−1XW

³
σXε

σWε

´¸
σ
− 1
2

εε.(X : W ) →d ψε.(X : W ) = Q−
1
2 [ψZε−ψ(ZX : ZW )

Ω−1XW

³
σXε

σWε

´
]σ
− 1
2

εε.(X : W ), (Z
0Z)

1
2 (ΠX

... ΠW )Ω
− 1
2

XW →p Θ(X : W ) and (Z 0Z)−
1
2Z 0(VX

... VW )Ω
− 1
2

XW →p
Ψ(X : W ) = Q−

1
2ψ(ZX : ZW )Ω

− 1
2

XW , and V1 is a m × mw matrix that contains the eigen-

vectors of the largest mw eigenvalues of Ω
− 1
2
0

XW (X
... W )0PZ(X

... W )Ω
− 1
2

XW , σεε.(X : W ) =

σεε −
¡
σXε

σWε

¢0
Ω−1XW

¡
σXε

σWε

¢
.

3. For large numbers of observations, the χ2(k −mw) distribution provides a upperbound on
the distribution of rk(β0).

Proof. see the Appendix.

Theorem 6 shows that the power of the AR statistic equals the rejection frequency of a
rank test when the value of β gets large. The rank test to which the AR statistic converges is
identical for all structural parameters. Hence, the power of the AR statistic for discriminating
distant values of any structural parameter is identical. This explains the equality of the rejection
frequencies of the AR statistic for distant values of β in the left and right-handside figures of
Panel 3.
The MQLR statistic consists of AR(β0), KLM(β0) and rk(β0). Theorem 6 shows that rk(β0)

is bounded by a χ2(k −mw) distributed random variable for values of β0 that are distant from
the true value. This implies a relatively small value of rk(β0) so MQLR(β0) behaves similar to
AR(β0) for distant values of β0. Since both the value where rk(β0) and AR(β0) converge to are
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the same for all structural parameters, the power of MQLR(β0) is the same for all structural
parameters at distant values and similar to that of AR(β0). This corresponds with the Figures
in Panel 2.
The identification of β and γ is governed by the matrix concentration parameter Θ. Besides

having values that especially identify β and/or γ, the matrix concentration parameter can also
be such that linear combinations of β and γ are strong or weakly identified. To analyze the
influence of the strong/weak identification of combinations of β and γ on tests for β, we specified
the value of Θ such that it is close to a reduced rank one. We used the previous non-diagonal
specification of Σ to further disperse the identification of combinations of β and γ.
Table 2 and Panel 3 shows the size and power of tests for β when the value of Θ is close to a

reduced rank one which is revealed by the eigenvalues of Θ0Θ. Except for the 2SLS t-statistic, the
size of the statistics is close to 5%. The weak identification of a linear combination of γ and β is
such that the power of all statistics is rather low. Figures 3.1 and 3.2 show that the MQLR(β0)
is the most powerful statistic.

Panel 3: Power curves of AR(β0) (dashed-dotted), KLM(β0) (dashed), MQLR(β0) (solid),
JKLM(β0) (points), CJKLM(solid with plusses) and 2SLS(β0) (dotted) for testing H0 : β = 0.
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Figure 2.1: Strongly identified β and weakly Figure 2.2: Weakly identified β and strongly
identified γ : Θ11 = 10,Θ22 = 5, Θ12 = 5, identified γ : Θ11 = 5, Θ22 = 10, Θ12 = 5,
Θ21 = 5, Eigenvalues Θ0Θ : 3.65, 171. Θ21 = 5, Eigenvalues Θ0Θ : 3.65, 171.

5 Confidence Sets

Theorem 6 shows that tests on different parameters become identical when the parameters of
interest get large. Its consequences for the power curves in Panels 1-3 are clearly visible and
it has similar implications for the confidence sets of the structural parameters. We therefore
use the previously discussed data generating process to compute some (one minus the) p-value
plots which allow us to obtain the confidence set of a specific parameter. The p-value plots are
constructed by inverting the values of the statistics that test H0 : β = β0 for a range of values of
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β0 using the (conditional) limiting distributions that result from Theorem 2.

Panel 4: One minus p-value plots of AR (dash-dotted), KLM (dashed), MQLR (solid)
JKLM (points) and 2SLS (dotted) for testing β and γ, k = 20, Θ21 = Θ12 = 0.
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Figure 4.1: Θ11 = 1, Θ22 = 10. Figure 4.2: Θ11 = 1, Θ22 = 10.
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Figure 4.3: Θ11 = 3, Θ22 = 10. Figure 4.4: Θ11 = 3, Θ22 = 10.
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Figure 4.5: Θ11 = 5, Θ22 = 10. Figure 4.6: Θ11 = 5, Θ22 = 10.
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Panel 5: One minus p-value plots of AR (dash-dotted), KLM (dashed), MQLR (solid)
JKLM (points) and 2SLS (dotted) for testing β and γ, k = 20, Θ21 = Θ12 = 0.
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Figure 5.1: Θ11 = 1, Θ22 = 10. Figure 5.2: Θ11 = 1, Θ22 = 10.
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Figure 5.3: Θ11 = 3, Θ22 = 10. Figure 5.3: Θ11 = 3, Θ22 = 10.
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Figure 5.5: Θ11 = 5, Θ22 = 10. Figure 5.6: Θ11 = 5, Θ22 = 10.
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Panel 4 contains the one minus p-value plots for a data generating process that is identical
to that of Panel 2. The Figures in Panel 4 are such that the Figures on the left-handside contain
the p-value plot of tests on γ while the Figures on the right-handside contain p-value plots of
tests on β. The data set used to compute the p-value plot of β and γ is the same and only differs
over the rows of Panel 4.
Panel 4 shows that tests on β and γ differ around the true value of β (0) and γ (1) but are

identical at distant values. This is exactly in line with Theorem 6. It shows that even when β is
well identified, confidence sets of β are unbounded when γ is weakly identified.
The odd behavior of the p-value plot of KLM(β0) results since it is equal to zero when the

FOC holds. Figures 4.2, 4.4 and 4.6 therefore show that KLM(β0) is equal to zero when AR(β0)
is maximal. We note that the p-value plots of KLM(β0), MQLR(β0) and 2SLS(β0) are equal to
zero at resp. the MLE and for 2SLS(β0), the 2SLS estimator, but this is not visible in all of the
Figures in Panel 4 because of the specified grid for β0.
The data generating process that is used to construct Panel 5 is identical to that of Panel 1.

Because of the presence of correlation, a linear combination of β and γ is weakly identified in
the Figures in the top two rows of Panel 5 such that the p-value plots do not converge to one.
The resulting 95% confidence sets of β are therefore unbounded for these Figures. For distant
values of β and γ, Panel 5 shows again that the statistics that conduct tests on β or γ become
identical.
Panels 4 and 5 show that the distinguishing features of the subsets statistics shown for the

power curves, i.e. that they do not converge to one when the parameters of interest gets large
and statistics that test hypotheses on different parameter become identical for distant values of
the parameter of interest, appropriately extend to confidence sets.

6 Tests on the parameters of exogenous variables

The subset statistics extend to tests on the parameters of the exogenous variables that are
included in the structural equation. The expressions of KLM(β0), JKLM(β0), AR(β0) and
MCLR(β0) remain almost unaltered when X is exogenous and is spanned by the matrix of
instruments. The linear IV regression model then reads

y = Xβ +Wγ + ε
W = XΠWX + ZΠWZ + VW ,

(20)

where (X
... Z) is the T × (k +mx) dimensional matrix of instruments and ΠXW and ΠZW are

mx×mw and k×mw matrices of parameters. All other parameters are identical to those defined
for (1). We are interested in testing H0 : β = β0 and we adapt the expressions of the statistics
from Definition 1 to accomodate tests of this hypothesis.

Definition 2: 1. The AR statistic (times k) to test H 0 : β = β0 reads

AR(β0) =
1

σ̂εε(β0)
(y −Xβ0 −Wγ̃)0PMZ̃Π̃W (β0)

Z̃(y −Xβ0 −Wγ̃), (21)
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with Z̃ = (X
... Z), Π̃W (β0) = (Z̃

0Z̃)−1Z̃ 0
h
W − (y −Xβ0 −Wγ̃) σ̂εW (β0)

σ̂εε(β0)

i
and σ̂εε(β0) =

1
T−k (y−

Xβ0 −Wγ̃)0MZ̃(y −Xβ0 −Wγ̃), σ̂εW (β0) =
1

T−k (y −Xβ0 −Wγ̃)0MZ̃W and γ̃ the MLE of γ
given that β = β0.
2. The KLM statistic to test H 0 reads,

KLM(β0) =
1

σ̂εε(β0)
(y −Xβ0 −Wγ̃)0PMZ̃Π̃W (β0)

X(y −Xβ0 −Wγ̃), (22)

since Π̃X(β0) = (Z̃
0Z̃)−1Z̃ 0

h
X − (y −Xβ0 −Wγ̃) σ̂εX(β0)

σ̂εε(β0)

i
= (Z̃ 0Z̃)−1Z̃ 0X =

¡
Imx
0

¢
as σ̂εX(β0) =

1
T−k (y −Xβ0 −Wγ̃)0MZ̃X = 0.
3. A J-statistic that tests misspecification under H 0 reads,

JKLM(β0) = AR(β0)−KLM(β0). (23)

4. A quasi likelihood ratio statistic based on Moreira’s (2003) likelihood ratio statistic to test H 0

reads,

MQLR(β0) =
1
2

∙
AR(β0)− rk(β0) +

q
(AR(β0) + rk(β0))

2 − 4 (AR(β0)−KLM(β0)) rk(β0)
¸
,

(24)
where rk(β0) is the smallest eigenvalue of

Σ̂MQLR = Σ̂
− 1
2
0

WW.ε

h
W − (y −Xβ0 − Zγ̃) σ̂εW (β0)

σ̂εε(β0)

i0
PMXZ

h
W − (y −Xβ0 − Zγ̃) σ̂εW (β0)

σ̂εε(β0)

i
Σ̂
− 1
2

WW.ε.

with σ̂εW (β0) =
1

T−k (y−Xβ0−Wγ̃)0MZ̃W, Σ̂WW = 1
T−kW

0MZ̃W, Σ̂WW.ε = Σ̂WW− σ̂εW (β0)
0σ̂εW (β0)

σ̂εε(β0)
.

Except for MQLR(β0), all statistics in Definition 2 are direct extensions of those in Definition
1 when we note that Π̃X(β0) =

¡
Imx
0

¢
, when X belongs to the set of instruments. The alteration

of the expression of Σ̂MQLR for MLR(β0) partly results from MZ̃X = 0 and since only the
instruments Z identify γ.
Under a full rank value of ΠWZ , the (conditional) limiting distributions of the statistics in

Definition 2 are identical to those in Theorem 2 when “k” is equal to “k + mx”. Alongside
Theorem 2, Theorems 3-5 apply to the statistics from Theorem 2 as well.

Theorem 7. The (conditional) limiting distributions of AR(β0), KLM(β0), JKLM(β0) and
MQLR(β0) in Definition 2 are bounded from above by the limiting distribution under a full rank
value of ΠWZ and from below by the limiting distribution under a zero value of ΠWZ .

Proof. results from Theorem 5.

6.1 Size and power properties

To illustrate the behavior of the exogenous variable statistics from Definition 2, we analyze
their size and power properties. We therefore conduct a simulation experiment using (20) with
T = 500, mw = mx = 1 and k = 19 so the total number of instruments equals k +mx = 20. All
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instruments are independently generated fromN(0, IT ) distributions and vec(ε
... VW ) is generated

from a N(0,Σ⊗ IT ) distribution. The number of simulations equals 2500.

Panel 6: Power curves of AR(β0) (dashed-dotted), KLM(β0) (dashed), MQLR(β0) (solid),
JKLM(β0) (points), CJKLM(solid with plusses) and 2SLS(β0) (dotted) for testing H0 : β = 0.
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Figure 6.1: ΘWZ,11 = 3 Figure 6.2: ΘWZ,11 = 5
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Figure 6.3: ΘWZ,11 = 7

The data generating process for the power curves in Panel 6 has ΠWX = 0, γ = 1 and

Σ = Imw+1. The specification of ΘWZ = (Z 0MXZ)
1
2ΠWZΣ

− 1
2

W in Panel 6 is such that its first
element ΘWZ,11 is unequal to zero and all remaining elements of ΘWZ are equal to zero. Table 3
shows the observed size of the different statistics when we test at the 95% significance level.
The parameters of the data generating process used for Panel 6 are specified such that β is

not partly identified by the parameters in the equation of W since ΠXW = 0 and σεW = 0. Panel
6 is thus comparable to Panel 2 whose data generating process is specified in a similar manner.
The resulting power curves and observed sizes therefore closely resemble those in Panel 2 and
Table 2. Table 3 shows that the statistics are conservative when the identification is rather low,
which is in accordance with Theorem 7.

21



KLM(β0) MQLR(β0) JKLM(β0) CJKLM(β0) AR(β0) 2SLS(β0)
Fig. 6.1 3.7 2.4 1.5 3.1 1.8 4.6
Fig. 6.2 4.3 4.0 4.0 4.1 4.1 4.7
Fig. 6.3 4.2 4.3 5.6 4.4 5.9 4.7
Fig. 7.1 5.1 4.5 4.6 4.1 4.4 13.0
Fig. 7.2 4.6 5.1 5.9 4.2 6.3 7.8
Fig. 7.3 4.3 4.4 6.0 4.5 6.3 5.9

Table 3: Size of the different statistics in percentages that test H0 at the 95% significance level.

Panel 6 shows that the rejection frequencies converge to a constant unequal to one for distant
values of β when the identification of γ is rather weak. This indicates that Theorem 6 extends
to tests on subsets of the parameters.

Theorem 8. When mX = 1, Assumption 1 holds, X is exogenous and for tests of H 0 : β = β0
with a value of β0 that differs substantially from the true value:

1. The AR-statistic AR(β0) is equal to the smallest eigenvalue of Σ̂
− 1
2
0

WWW 0PMXZW Σ̂
− 1
2

WW which
is a statistic that tests for a reduced rank value of ΠWZ , Σ̂WW = 1

T−kW
0PZ̃W.

2. The eigenvalues of Σ̂MQLR(β0) that are used to obtain rk(β0) correspond for large numbers
of observations with the eigenvalues of∙

ψε.W

... (ΘWZ +ΨW )V1

¸0 ∙
ψε.W

... (ΘWZ +ΨW )V1

¸
, (25)

where (Z 0MXZ)
− 1
2Z 0MX

£
ε−WΣ−1WWσWε

¤
σ
− 1
2

εε.W →
d

ψε.W , (Z 0MXZ)
1
2ΠWZΣ

− 1
2

WW →p ΘZW

and (Z 0MXZ)
− 1
2Z 0MXVWΣ

− 1
2

WW →p ΨW , and V1 is a m×mw matrix that contains the eigen-

vectors of the largest mw eigenvalues of Σ
− 1
2
0

WWW 0PMXZWΣ
− 1
2

WW , σεε.W = σεε−σεWΣ−1WWσWε.

3. For large numbers of observations, the χ2(k −mw) distribution provides a upperbound on
the distribution of rk(β0).

Proof. follows from the proof of Theorem 6.

Theorem 8 explains the convergence of the rejection frequences in Panel 6 and implies that
the behavior of MQLR(β0) is similar to that of AR(β0) for distant values of β. Identical to the
previous Panels, 2SLS(β0) is the most powerful statistic in Panel 6 while Table 3 shows that it
also has little size distortion. This results because σεW = 0. For non-zero values of σεW , the
size-distortion is often substantial.
The parameter settings for Panel 7 are such that β is partially identified by the parameters

in the equation of W since ΠXW = 1 and σεW = 0.8. All remaining parameters are identical to
those in Panel 6. Because of the partial identification, Table 3 shows that the statistics are no
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longer conservative when ΘWZ,11 is small. Because of the non-zero value of σεW , 2SLS(β0) is now
severly size distorted when ΘWZ,11 is small.
Although the small value of ΘWZ,11 does not affect the size of the tests from Definition 2, it

still strongly influences the power. Panel 7 shows that the power curves do not converge to one
when ΘWZ,11 is small which is in accordance with Theorem 8.

Panel 7: Power curves of AR(β0) (dashed-dotted), KLM(β0) (dashed), MQLR(β0) (solid),
JKLM(β0) (points), CJKLM(solid with plusses) and 2SLS(β0) (dotted) for testing H0 : β = 0.
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Figure 7.1: ΘWZ,11 = 3 Figure 7.2: ΘWZ,11 = 5
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Figure 7.3: ΘWZ,11 = 7

7 Conclusions

The limiting distributions of the robust subset instrumental variable statistics that result under a
high level identification assumption on the remaining structural parameters provide a upperbound
on the limiting distribution of these statistics in general. Lower bounds result from the limiting
distributions under complete identification failure of the remaining parameters. For distant
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values of the parameter of interest, the subset instrumental variable statistics correspond with
identification statistics. Even if the parameter of interest is well-identified, the power of tests on
it do therefore not necessarily converge to one when the hypothesized value of interest gets large.
The subset AR statistic is less conservative than the projection based AR statistic from

Dufour and Taamouti (2005a,b). This results since the degrees of freedom parameter of its
limiting distribution is smaller than that of the projection based AR statistic while the latter is
also based on the minimal value of the AR statistic given that H0 holds.

Appendix

Proof of Lemma 1. Because of the FOC:

1
σ̂εε(β0)

Π̃W (β0)
0Z 0(y −Xβ0 −Wγ̃) = 0,

it automatically follows that Z0ε̂√
σ̂εε(β0)

, with ε̂ = y−Xβ0−Wγ̃ = ε−W (γ̃− γ0), is uncorrelated

with Π̃W (β0) = ΠW + T−
1
2 (Z

0Z
T
)−1 1√

T
Z 0
h
VW − ε̂ σ̂εW (β0)

σ̂εε(β0)

i
in large samples so

E

∙
limT→∞ 1

T
1
2 δW

Π̃W (β0)
0 Z0ε̂√

σ̂εε(β0)

¸
= 0,

where δW is such that limT→∞ 1
T δW

Π0WZ 0ZΠW = CW with CW a mW ×mW matrix of constants
so δW = 0 in case of irrelevant or weak instruments and δW = 1 in case of strong instruments.
To show that Z 0ε̂ and Π̃X(β0) = (Z

0Z)−1Z 0
h
X − ε̂ σ̂εX(β0)

σ̂εε(β0)

i
are uncorrelated in large samples,

we use that
W = ZΠW + VW
= ZΠ̃W (β0) +MZVW − PZ ε̂

σ̂εW (β0)
σ̂εε(β0)

.

which enables us to characterize the covariance between X and ε̂ =MZΠ̃W (β0)
ε̂ by

E
h
limT→∞ 1

T
X 0MZΠ̃W (β0)

ε̂
i

= E
h
limT→∞ 1

T
(ZΠX + VX)

0MZΠ̃W (β0)
(ε−W (γ̃ − γ0))

i
= E

h
limT→∞ 1

T

n
(ZΠX + VX)

0MZΠ̃W (β0)

h
ε−

³
ZΠ̃W (β0) +MZVW − PZ ε̂

σ̂εW (β0)
σ̂εε(β0)

´
W (γ̃ − γ0)

ioi
= E

h
limT→∞ 1

T

n
V 0
XMZΠ̃W (β0)

ε− V 0
XMZΠ̃W (β0)

³
ZΠ̃W (β0) +MZVW − PZ ε̂

σ̂εW (β0)
σ̂εε(β0)

´
(γ̃ − γ0)

oi
= E

h
limT→∞ 1

T

n
V 0
XMZΠ̃W (β0)

ε− V 0
XMZVW (γ̃ − γ0) + V 0

XPMZΠ̃W (β0)
Z ε̂

σ̂εW (β0)
σ̂εε(β0)

(γ̃ − γ0)
oi

= E

∙
limT→∞ 1

T

½
V 0
XMZΠ̃W (β0)

ε− V 0
XMZVW (γ̃ − γ0) + V 0

XPMZΠ̃W (β0)
Zε
P∞

i=1

³
σ̂εW (β0)
σ̂εε(β0)

(γ̃ − γ0)
´i¾¸

= E
h
limT→∞ 1

T

n
V 0
XMZΠ̃W (β0)

ε− V 0
XMZVW (γ̃ − γ0) + V 0

XPMZΠ̃W (β0)
Zε

σ̂εW (β0)(γ̃−γ0)
σ̂εε(β0)−σ̂εW (β0)(γ̃−γ0)

oi
= E

h
limT→∞ 1

T

n
V 0
XMZΠ̃W (β0)

ε− V 0
XMZVW (γ̃ − γ0)+

V 0
XPMZΠ̃W (β0)

Zε
³

σ̂εW (γ̃−γ0)−(γ̃−γ)0Σ̂WW (γ̃−γ0)
σ̂εε−3σ̂εW (γ̃−γ0)+2(γ̃−γ)0Σ̂WW (γ̃−γ0)

´oi
= E

£
limT→∞ 1

T
{V 0

Xε− V 0
XMZVW (γ̃ − γ0)}

¤
= E [limT→∞ σ̂Xε(β0)] ,
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where for:

• the fourth equation, we use thatE
h
limT→∞ 1

T
Π0XZ

0MZΠ̃W (β0)
ε
i
= 0, E

£
limT→∞ 1

T
Π0XZ

0MZVW
¤
=

0 so E
h
limT→∞ 1

T
Π0XZ

0MZΠ̃W (β0)
PZ ε̂

i
= 0 as well.

• the fifth equation, we use thatMZΠ̃W (β0)
ZΠ̃W (β0) = 0, MZΠ̃W (β0)

MZ =MZ andMZΠ̃W (β0)
PZ =

PMZΠ̃W (β0)
Z .

• the sixth equation, we recurrently substitute the expression for ε̂.

• the seventh equation, we use that P∞
i=1

³
σ̂εW (β0)
σ̂εε(β0)

(γ̃ − γ0)
´i
= σ̂εW (β0)(γ̃−γ0)

σ̂εε(β0)−σ̂εW (β0)(γ̃−γ0) . For this

to hold
¯̄̄
σ̂εW (β0)
σ̂εε(β0)

(γ̃ − γ0)
¯̄̄
< 1 which holds true since 1

T
ε̂0ε̂ = 1

T
ε̂0MZΠ̃W (β0)

ε̂ is finite which

implies that
P∞

i=1

³
σ̂εW (β0)
σ̂εε(β0)

(γ̃ − γ0)
´i
is finite as well.

• the eighth equation, we use that σ̂εW (β0) = σ̂εW − (γ̃ − γ0)
0Σ̂WW and σ̂εε(β0) = σ̂εε −

2σ̂εW (γ̃ − γ0) + (γ̃ − γ)0Σ̂WW (γ̃ − γ0), with σ̂εε =
1

T−kε
0MZε, σ̂εW = 1

T−kε
0MZW and

Σ̂WW = 1
T−kW

0MZW.

• for the nineth equation, we note thatE
h
limT→∞ 1

T
V 0
XPZΠ̃W (β0)

ε
i
= 0 andE

h
limT→∞ 1

T
V 0
XPMZΠ̃W (β0)

Zε
i

0.We also note that σ̂εε, σ̂Wε, Σ̂WW and σ̂εε are uncorrelated with 1
T
V 0
XPMZΠ̃W (β0)

Zε because
they result from projecting on spaces that are orthogonal to MZΠ̃W (β0)

Z.

• for the tenth equation, we note thatE £limT→∞ 1
T−kV

0
XPZε

¤
= 0 andE

£
limT→∞ 1

T−kV
0
XPZWW

¤
=

0.

The above shows that MZΠ̃W (β0)

h
X − ε̂ σ̂εX(β0)

σ̂εε(β0)

i
and MZΠ̃W (β0)

ε̂ σ̂εX(β0)
σ̂εε(β0)

are uncorrelated such
that

E
h
limT→∞ 1

T
1
2 δX

Π̃X(β0)
0Z 0ε̂

i
= 0,

where δX is such that limT→∞ 1
T δX

Π0XZ
0ZΠX = CX with CX a mX ×mX matrix of constants.

Proof of Theorem 1. The LR statistic to test H0 reads

LR(β0) = AR(β0)−minβ AR(β).

The value of AR(β) is obtained by minimizing over γ so minβ AR(β) can also be specified as

minβ AR(β) = minβ,γ
1

1
T−k (y−Xβ−Wγ)0MZ(y−Xβ−Wγ)

(y −Xβ −Wγ)0PZ(y −Xβ −Wγ),

which equals the smallest root of the characteristic polynomial¯̄̄̄
λΩ̂− (y ... X ... W )0PZ(y

... X
... W )

¯̄̄̄
= 0,
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with Ω̂ = 1
T−k (y

... X
... W )0MZ(y

... X
... W ). The roots of the characteristic polynomial do not

alter when we pre- and post-multiply by a triangular matrix with ones on the diagonal:¯̄̄̄
¯̄
⎛⎝ 1 0 0
−β0 Imx 0
−γ̃ 0 Imw

⎞⎠0 ∙
λΩ̂− (y ... X ... W )0PZ(y

... X
... W )

¸⎛⎝ 1 0 0
−β0 Imx 0
−γ̃ 0 Imw

⎞⎠¯̄̄̄¯̄ = 0⇔¯̄̄̄
λΣ̂(β0)− (y

... X
... W )0PZ(y

... X
... W )

¯̄̄̄
= 0.

with Σ̂(β0) =

⎛⎝ 1 0 0
−β0 Imx 0
−γ̃ 0 Imw

⎞⎠0

Ω̂

⎛⎝ 1 0 0
−β0 Imx 0
−γ̃ 0 Imw

⎞⎠ =

µ
σ̂εε(β0) σ̂ε(X : W )(β0)

σ̂(X : W )ε(β0) Σ̂(X : W )(X : W )

¶
,

σ̂εε(β0) : 1× 1, σ̂ε(X : W )(β0) = σ̂ε(X : W )(β0)
0 : 1×m, Σ̂(X : W )(X : W ) : m×m.

We decompose Σ̂(β0)
−1 as

Σ̂(β0)
−1 = Σ̂(β0)

− 1
2
0Σ̂(β0)

− 1
2 ,

Σ̂(β0)
− 1
2 =

⎛⎝ σ̂εε(β0)
− 1
2 −σ̂εε(β0)−1σ̂ε(X : W )(β0)Σ̂

− 1
2

(X : W )(X : W ).ε

0 Σ̂
− 1
2

(X : W )(X : W ).ε

⎞⎠ ,

with Σ̂(X : W )(X : W ).ε =
1

T−k (X
...W )0M(Z : (y−Xβ0−Wγ̃))(X

...W ), such that Σ̂(β0)
− 1
2
0Σ̂(β0)Σ̂(β0)

− 1
2 =

Ik(m+1) and we can specify the characteristic polynomial as¯̄̄̄
λIm+1 − Σ̂(β0)

− 1
2
0(y
... X

... W )0PZ(y
... X

... W )Σ̂(β0)
− 1
2

¯̄̄̄
= 0⇔¯̄̄̄

λIm+1 −
∙
(Z 0Z)−

1
2Z 0

µ
(y−Xβ0−Zγ̃)√

σ̂εε(β0)

...
∙
(X

... W )− (y −Xβ0 − Zγ̃)
σ̂ε(X : W )(β0)

σ̂εε(β0)

¸
Σ̂
− 1
2

(X : W )(X : W ).ε

¶¸0
∙
(Z 0Z)−

1
2Z 0

µ
(y−Xβ0−Zγ̃)√

σ̂εε(β0)

...
∙
(X

... W )− (y −Xβ0 − Zγ̃)
σ̂ε(X : W )(β0)

σ̂εε(β0)

¸
Σ̂
− 1
2

(X : W )(X : W ).ε

¶¸¯̄̄̄
= 0.

When we conduct a singular value decomposition, see e.g. Golub and van Loan (1989),

(Z 0Z)−
1
2Z 0

h
(X W )− (y −Xβ0 − Zγ̃)

σ̂ε(X : W )(β0)

σ̂εε(β0)

i
Σ̂
− 1
2

(X : W )(X : W ).ε = USV 0,

where U : k × k, U 0U = Ik, V : m × m, V 0V = Im and S is a diagonal k × m dimensional
matrix with the singular values in decreasing order on the main diagonal, we can specify the
characteristic polynomial as, see Kleibergen (2006),¯̄̄̄

λIm+1 −
µ
η
... USV 0

¶0µ
η
... USV 0

¶¯̄̄̄
= 0⇔¯̄̄̄

λIm+1 −
µ

η0η η0USV 0
VS 0U 0η VS 0SV 0

¶¯̄̄̄
= 0⇔¯̄̄̄

λIm+1 −
µ
1
0

... 0V

¶µ
η0U 0Uη η0US
S 0U 0η S 0S

¶µ
1
0

... 0V

¶0 ¯̄̄̄
= 0⇔¯̄̄̄

λIm+1 −
µ

ϕ0ϕ ϕ0S
S 0ϕ S 0S

¶¯̄̄̄
= 0,
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with η = (Z 0Z)−
1
2Z 0 (y−Xβ0−Zγ̃)√

σ̂εε(β0)
, ϕ = Uη. Since U is an orthonormal matrix, this expression shows

that the roots of the characteristic polynomial only depend on the singular values which equal
the square roots of the eigenvalues of

Σ
− 1
2
0

(X : W )(X : W ).ε

∙
(X

... W )− (y −Xβ0 − Zγ̃)
σε(X : W )(β0,γ̃)

σεε(β0,γ̃)

¸0
PZ∙

(X
... W )− (y −Xβ0 − Zγ̃)

σε(X : W )(β0,γ̃)

σεε(β0,γ̃)

¸
Σ
− 1
2

(X : W )(X : W ).ε.

Using the properties of the determinant, the characteristic polynomial
¯̄̄
λIm+1 −

³
ϕ0ϕ
S0ϕ

ϕ0S
S0S
´¯̄̄

can be specified as

f(λ, s211, . . . , s
2
mm) =

¯̄̄̄
λIm+1 −

µ
ϕ0ϕ ϕ0S
S 0ϕ S 0S

¶¯̄̄̄
=

Qm
j=1(λ− s2jj) [λ− ϕ0ϕ]−Pm

i=1 s
2
iiϕ

2
i

Qm
j=1,j 6=i(λ− s2jj)

=
Qm

j=1(λ− s2jj)
h
λ− ϕ0ϕ−Pm

i=1
s2iiϕ

2
i

λ−s2ii

i
,

with ϕ = (ϕ1 . . . ϕk) and s11 > . . . > smm are the m diagonal elements of S. The (m+1)-th order
polynomial f(λ, s211, . . . , s

2
mm) has m+ 1 roots. Since

f(0, s211, . . . , s
2
mm) = (−1)m+1Pk

i=m+1 ϕ
2
i

Qm
j=1 s

2
jj

f(s2mm, s
2
11, . . . , s

2
mm) = (−1)mϕ2m

Qm
j=1 s

2
jj

f(s2m−1m−1, s
2
11, . . . , s

2
mm) = (−1)m−1ϕ2m−1

Qm
j=1 s

2
jj

...
f(s211, s

2
11, . . . , s

2
mm) = −ϕ21

Qm
j=1 s

2
jj ,

the polynomial f(λ, s211, . . . , s
2
mm) alters sign between 0 and s

2
mm, s

2
mm and s

2
m−1m−1, etc. Thus the

smallest root of f(λ, s211, . . . , s
2
mm) lies between 0 and s

2
mm, the second smallest root lies between

s2mm and s2m−1m−1, etc. and the largest root exceeds s
2
11 because f(λ, s

2
11, . . . , s

2
mm) is positive at

infinite values of λ since s211 is finite valued.
The roots of the polynomial f(λ, s211, . . . , s

2
mm) have no analytical expression since m > 1.

We therefore approximate the smallest root of the polynomial f(λ, s211, . . . , s
2
mm) by the smallest

root that results by restricting s211, . . . , s
2
m−1m−1 to the smallest root, s

2
mm :

f(λ, s2mm, . . . , s
2
mm) =

Qm
j=1(λ− s2mm)

h
λ− ϕ0ϕ−Pm

i=1
s2mmϕ2i
λ−s2mm

i
= (λ− s2mm)

m−1 [(λ− ϕ0ϕ) (λ− s2mm)− s2mm

Pm
i=1 ϕ

2
i ] .

The smallest root of f(λ, s2mm, . . . , s
2
mm) equals the smallest root of (λ− ϕ0ϕ) (λ − s2mm) −

s2mm

Pm
i=1 ϕ

2
i which is a quadratic polynomial so it has an analytical expression of its small-

est root:

λmin =
1
2

∙
ϕ0ϕ+ s2mm −

q
(ϕ0ϕ+ s2mm)

2 − 4s2mm

Pk
i=m+1 ϕ

2
i

¸
= 1

2

∙
AR(β0) + rk(β0)−

q
(AR(β0) + rk(β0))

2 − 4 (AR(β0)−KLM(β0)) rk(β0)
¸
,
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where AR(β0) = ϕ0ϕ, rk(β0) = s2mm and KLM(β0) =
Pm

i=1 ϕ
2
i .

This smallest root λmin is smaller than or equal to the smallest root of f(λ, s211, . . . , s
2
mm).We

can show this in two different manners. The first manner uses the Implicit Function Theorem
to construct the derivative of the smallest root of f(λ, s211, . . . , s

2
mm) with respect to (s

2
11 . . . s

2
mm)

which is non-negative. Thus decreasing s211, . . . , s
2
m−1m−1 to s

2
mm as we did to obtain λmin can not

increase the value of the smallest root, see Kleibergen (2006). The second approach2 shows that
f(λmin, s

2
11, . . . , s

2
mm) has the same sign as f(0, s

2
11, . . . , s

2
mm) such that, since f(s

2
mm, s

2
11, . . . , s

2
mm)

has an opposite sign, the smallest root of f(λ, s211, . . . , s
2
mm) lies in the interval [λmin, s

2
mm] :

f(λmin, s
2
11, . . . , s

2
mm)

=
Qm

j=1(λmin − s2jj)
h
λmin − ϕ0ϕ−Pm

i=1
s2iiϕ

2
i

(λmin−s2ii)

i
=
Qm

j=1(λmin − s2jj)
h
λmin − ϕ0ϕ− s2mm

λmin−s2mm

Pm
i=1 ϕ

2
i +

³Pm
i=1

³
s2mm

λmin−s2mm
− s2ii

λmin−s2ii

´
ϕ2i

´i
=
Qm−1

j=1 (λmin − s2jj) [(λmin − s2mm)(λmin − ϕ0ϕ)− s2mm

Pm
i=1 ϕ

2
i ] +

+
Qm

j=1(λmin − s2jj)
³Pm

i=1

³
s2mm

λmin−s2mm
− s2ii

λmin−s2ii

´
ϕ2i

´
=
Qm

j=1(λmin − s2jj)
³Pm

i=1

³
s2mm

λmin−s2mm
− s2ii

λmin−s2ii

´
ϕ2i

´
=
Pm−1

i=1

³
s2mm

Qm−1
j=1 (λmin − s2jj)− s2ii

Qm
j=1,j 6=i(λmin − s2jj)

´
ϕ2i

=
Pm−1

i=1

³Qm−1
j=1,j 6=i(λmin − s2jj)

´
(s2mm(λmin − s2ii)− s2ii(λmin − s2mm))ϕ

2
i

= (−1)m−1Pm−1
i=1

³Qm−1
j=1,j 6=i(s

2
jj − λmin)

´
(s2ii − s2mm)λminϕ

2
i

which, since s2jj ≥ λmin, j = 1, . . . ,m, and s2ii ≥ s2mm, i = 1, . . . ,m− 1, has the same sign as

f(0, s211, . . . , s
2
mm) = (−1)m+1Pk

i=m+1 ϕ
2
i

Qm
j=1 s

2
jj

which is opposite that of

f(s2mm, s
2
11, . . . , s

2
mm) = (−1)mϕ2m

Qm
j=1 s

2
jj.

Hence, the smallest root of f(λ, s211, . . . , s
2
mm) lies in the interval [λmin, s

2
mm] .

Proof of Proposition 1. a. To construct a upperbound on the difference between the smallest
root of f (λ) = f(λ, s211, . . . , s

2
mm) and λmin, we conduct a first order Taylor approximation of f(λ)

evaluated at the smallest root around f(λmin) :

f(λ) ≈ f(λmin) +
∂f
∂λ
|λmin(λ− λmin)⇔

λ− λmin ≈ − f(λmin)
∂f
∂λ
|λmin

,

2This second approach was motivated by Grant Hillier.
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since f(λ) = 0. To obtain the value of f(λmin)
∂f
∂λ
|λmin

, we construct the derivative ∂f
∂λ
|λmin :

∂f
∂λ
|λmin =

Pm
j=1

1
λmin−s2jj

nQm
l=1(λmin − s2ll) [λmin − ϕ0ϕ]−Pm

i=1
s2iiϕ

2
i

λmin−s2ll

o
+Qm

j=1(λmin − s2jj) +
Pm

i=1 s
2
iiϕ

2
i

1
λmin−s2ii

Qm
l=1,l 6=i(λmin − s2ll)

=
Pm

j=1
1

λmin−s2jj

nQm
l=1(λmin − s2ll) [λmin − ϕ0ϕ]− s2mm

Pm
i=1

ϕ2i
λmin−s2mm

+³Pm
i=1

³
s2mm

(λmin−s2m) −
s2ii

(λmin−s2ii)

´
ϕ2i

´o
+
Qm

j=1(λmin − s2jj)+Pm
i=1 s

2
iiϕ

2
i

1
λmin−s2ii

Qm
l=1,l 6=i(λmin − s2ll)

=
Pm

j=1
1

λmin−s2jj
Qm

l=1(λmin − s2ll)
³Pm

i=1

³
s2mm

(λmin−s2mm)
− s2ii

(λmin−s2ii)

´
ϕ2i

´
+Qm

j=1(λmin − s2jj) +
Pm

i=1 s
2
iiϕ

2
i

1
λmin−s2ii

Qm
l=1,l 6=i(λmin − s2ll),

=
Pm

j=1
1

λmin−s2jj
Pm−1

i=1

³Qm−1
l=1,l 6=i(λmin − s2ll)

´
(s2mm − s2ii)λminϕ

2
i+Qm

j=1(λmin − s2jj) +
Pm

i=1 s
2
iiϕ

2
i

1
λmin−s2ii

Qm
l=1,l 6=i(λmin − s2ll)

= (−1)m
n³Pm

j=1
1

s2jj−λmin

´Pm−1
i=1

³Qm−1
l=1,l 6=i(s

2
ll − λmin)

´
(s2ii − s2mm)λminϕ

2
i+

+
Qm

j=1(s
2
jj − λmin) +

Pm
i=1

s2iiϕ
2
i

s2ii−λmin
Qm

l=1,l 6=i(s
2
ll − λmin)

o
where we used that λmin is a root of the polynomial when all the s2ii’s equal s

2
mm to obtain the

third equation. Minus the ratio of f(λmin) and
∂f
∂λ
|λmin then reads

− f(λmin)
∂f
∂λ
|λmin

= −
h
(−1)m−1Pm−1

i=1

³Qm−1
j=1,j 6=i(s

2
jj − λmin)

´
(s2ii − s2mm)λminϕ

2
i

i.h
(−1)m

n³Pm
j=1

1
s2jj−λmin

´
Pm−1

i=1

³Qm−1
l=1,l 6=i(s

2
ll − λmin)

´
(s2ii − s2mm)λminϕ

2
i +

Qm
j=1(s

2
jj − λmin)+Pm

i=1 s
2
iiϕ

2
i

1
s2ii−λmin

Qm
l=1,l 6=i(s

2
ll − λmin)

oi
= 1

Pm
j=1

1

s2
jj
−µmin

+

Qm

j=1
(s2
jj
−λmin)Pm−1

i=1

ÃQm−1
j=1,j 6=i(s

2
jj
−λmin)

!
(s2ii−s2mm)λminϕ2i

+

Pm
i=1

s2
ii
ϕ2
i

1
s2
ii
−λmin

Qm

l=1,l 6=i(s
2
ll
−λmin)

Pm−1
i=1

ÃQm−1
j=1,j 6=i(s

2
jj
−ϕmin)

!
(s2ii−s2mm)λminϕ2i

.

= 1

Pm
j=1

1

s2
jj
−λmin

+ 1

Pm−1
i=1

(s2ii−s2mm)λminϕ2i
(s2mm−λmin)(s2ii−λmin)

+

Pm
i=1

s2
ii
ϕ2
i

1
(s2
ii
−λmin)2

Qm

l=1
(s2
ll
−λmin)

Pm−1
i=1

1
s2
ii
−λmin

µQm

j=1
(s2
jj
−λmin)

¶Ã
s2
ii
−s2mm

s2mm−λmin

!
λminϕ

2
i

= 1Pm
j=1

1

s2
jj
−λmin

+
s2m−λminPm−1

i=1

(s2ii−s2mm)λminϕ2i
(s2
ii
−λmin)

∙
1+
Pm

i=1

s2
ii

(s2
ii
−λmin)2

ϕ2i

¸ .

In order to obtain a upperbound on − f(λmin)
∂f
∂λ
|λmin

, we construct a lower bound for the denominator

in the expression of − f(λmin)
∂f
∂λ
|λmin

:
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Pm
j=1

1
s2jj−λmin +

1Pm−1
i=1

(s2ii−s2mm)λminϕ2i
(s2mm−λmin)(s2ii−λmin)

h
1 +

Pm
i=1

s2ii
(s2ii−λmin)2ϕ

2
i

i
≥Pm

j=1
1

s2jj−λmin +
s2mm−λmin

λmin
Pm−1

i=1 ϕ2i

h
1 +

Pm
i=1

s2ii
(s2ii−λmin)2ϕ

2
i

i
≥Pm

j=1
1

s2jj−λmin +
s2mm−λmin

λmin
Pm−1

i=1 ϕ2i

h
1 + s2mmϕ2m

(s2mm−λmin)2
i

=
Pm

j=1
1

s2jj−λmin +
s2mm−λmin

λmin
Pm−1

i=1 ϕ2i
+ s2mmϕ2m

(s2mm−λmin)λmin
Pm−1

i=1 λ2i

≥Pm
j=1

1
s2jj−λmin +

s2mm−λmin
λmin

Pm−1
i=1 ϕ2i

+ ϕ2m
λmin

Pm−1
i=1 ϕ2i

=
Pm

j=1
1

s2jj−λmin +
1Pm−1

i=1 ϕ2i

³
s2mm+ϕ

2
m

λmin
− 1
´

≥ 1
s2mm−λmin +

1Pm−1
i=1 ϕ2i

³
s2mm+ϕ

2
m

λmin
− 1
´

=
£
λmin

Pm−1
i=1 ϕ2i + (s

2
mm − λmin)(s

2
mm + ϕ2m)− (s2mm − λmin)λmin

¤± £
λmin(s

2
mm − λmin)

Pm−1
i=1 ϕ2i

¤
=
£
µmin

Pm−1
i=1 ϕ2i + s4mm − λmins

2
mm − λminϕ

2
m + s2mmϕ

2
m − s2mmλmin + λ2min

¤± £
λmin(s

2
mm − λmin)

Pm−1
i=1 ϕ2i

¤
=
£
λmin

Pm−1
i=1 ϕ2i + (s

2
mm − λmin)(s

2
mm − λmin + ϕ2m)

¤± £
λmin(s

2
mm − λmin)

Pm−1
i=1 ϕ2i

¤
,

where:

• The second equation results since s2mm ≥ λmin, so
s2ii−s2mm

s2ii−λmin ≤ 1.

• The third equation results sincePm−1
i=1

s2ii
(s2ii−λmin)2ϕ

2
i ≥ 0.

• The fifth equation results since λmin ≥ 0, so s2mm

s2mm−λmin ≥ 1.

• The seventh equation results sincePm−1
i=1

1
s2ii−λmin ≥ 0.

Hence,
− f(λmin)

∂f
∂λ
|λmin

≤ λmin(s
2
mm−λmin)

Pm−1
i=1 ϕ2i

λmin
Pm−1

i=1 ϕ2i+(s
2
mm−λmin)(s2mm−λmin+ϕ2m)

=
h

1
s2mm−λmin +

1Pm−1
i=1 ϕ2i

³
s2mm+ϕ

2
m

λmin
− 1
´i−1

so
λ− λmin ≤

h
1

s2mm−λmin +
1Pm−1

i=1 ϕ2i

³
s2mm+ϕ

2
m

λmin
− 1
´i−1

.

Since s2mm =rk(β0) and ϕ = Uη with η = (Z 0Z)−
1
2Z 0 (y−Xβ0−Zγ̃)√

σ̂εε(β0,γ̃)
, we obtain the expression in

Proposition 1: h
1

rk(β0)−λmin +
1Pm−1

i=1 ϕ2i

³
rk(β0)+ϕ

2
m

λmin
− 1
´i−1

.

b. When β0 is such that the FOC holds, ϕi = 0, i = 1, . . . ,m, and the characteristic polynomial
becomes ¯̄̄̄

λIm+1 −
µ
1
0

... 0V

¶µ Pk
i=m+1 ϕ

2
i 0

0 S 0S
¶µ

1
0

... 0V

¶0 ¯̄̄̄
= 0.

The characteristic polynomial shows that the values of β0 for which the FOC holds are such that

(1
... −β00

... −γ̃0)0 is an eigenvector that belongs to one of the roots of the characteristic polynomial
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|λΩ̂− (y ... X ... W )0PZ(y
... X

... W )| = 0.When (1 ... −β00
... −γ̃0)0 satisfies the FOC,Pk

i=m+1 ϕ
2
i and

the m non-zero elements of S 0S are equal to the m + 1 roots of the characteristic polynomial

|λΩ̂− (y ... X ... W )0PZ(y
... X

... W )| = 0. Hence, there are m+ 1 different solutions to the FOC.
The value of the LR statistic for the solutions to the FOC reads:

MQLR(β0) =
1
2

h
AR(β0)− rk(β0) +

p
(AR(β0)− rk(β0))2

i
since AR(β0) =

Pk
i=m+1 ϕ

2
i when ϕi = 0, i = 1, . . . ,m, for the solutions to the FOC. We can

now distinguish two different cases:

1. AR(β0) is equal to the smallest root of |λΩ̂ − (y
... X

... W )0PZ(y
... X

... W )| = 0 so
AR(β0) <rk(β0) since rk(β0) is then the second smallest root and

MQLR(β0) =
1
2

h
AR(β0)− rk(β0) +

p
(AR(β0)− rk(β0))2

i
= 1

2
[AR(β0)− rk(β0) + rk(β0)−AR(β0)]

= 0

since AR(β0) <rk(β0). Hence MQLR(β0) =LR(β0) and β0 equals the LIML estimator.

Since AR(β0) is smaller than rk(β0), λmin =AR(β0) and rk(β0) − λmin > 0, rk(β0)
λmin

− 1 =
rk(β0)−AR(β0)

AR(β0)
> 0,

Pm−1
i=1 ϕ2i = 0 so the upperbound on the difference between LR(β0) and

MQLR(β0) is also equal to zero.

2. AR(β0) is equal to a root of |λΩ̂−(y
... X

...W )0PZ(y
... X

...W )| = 0 which is not the smallest
one so AR(β0) >rk(β0) since rk(β0) is now equal to the smallest root and

MQLR(β0) =
1
2

h
AR(β0)− rk(β0) +

p
(AR(β0)− rk(β0))2

i
= 1

2
[AR(β0)− rk(β0) +AR(β0)− rk(β0)]

= AR(β0)− rk(β0)

since AR(β0) >rk(β0). Hence, MQLR(β0) =LR(β0).

Since AR(β0) exceeds rk(β0), λmin =rk(β0) and rk(β0) − λmin = 0 and rk(β0)
λmin

− 1 = 0,Pm−1
i=1 ϕ2i = 0 so the upperbound is also equal to zero.

Proof of Lemma 2. The FOC for a maximum of the likelihood with respect to γ is such that:

1
1

T−k (y−Xβ0−Wγ̃)0MZ(y−Xβ0−Wγ̃)
Π̃W (β0)

0Z 0(y −Xβ0 −Wγ̃) = 0⇔
1

1
T−k (y−Xβ0−Wγ̃)0MZ(y−Xβ0−Wγ̃)

h
W − (y −Xβ0 −Wγ̃) (y−Xβ0−Wγ̃)0MZW

(y−Xβ0−Wγ̃)0MZ(y−Xβ0−Wγ̃)

i0
PZ(y −Xβ0 −Wγ0 −W (γ̃ − γ0)) = 0⇔

1
1

T−k (ε−W (γ̃−γ0))0MZ(ε−W (γ̃−γ0))h
W − (ε−W (γ̃ − γ0))

(ε−W (γ̃−γ0))0MZW
(ε−W (γ̃−γ0))0MZ(ε−W (γ̃−γ0))

i0
PZ(ε−W (γ̃ − γ0)) = 0,
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where ε = y −Xβ0 −Wγ0. Using the equation for W, we can specify the FOC as

1
1

T−k (ε−(ZΠW+VW )(γ̃−γ0))0MZ(ε−(ZΠW+VW )(γ̃−γ0)) [ZΠW + VW − (ε− (ZΠW + VW )(γ̃ − γ0))
1

T−k (ε−(ZΠW+VW )(γ̃−γ0))0MZ(ZΠW+VW )
1

T−k (ε−(ZΠW+VW )(γ̃−γ0))0MZ(ε−(ZΠW+VW )(γ̃−γ0))

i0
PZ(ε− (ZΠW + VW )(γ̃ − γ0)) = 0.

Under Assumption 1, 1
T−kε

0MZε →
p
σεε,

1
T−kε

0MZVW →
p
σεW , 1

T−kV
0
WMZVW →

p
ΣWW and γ∗ =

Σ
1
2
WW (γ̃ − γ0)σ

− 1
2

εε.w, ΘW = (Z 0Z)
1
2ΠWΣ

− 1
2

WW , ξε.w = (Z 0Z)−
1
2Z 0(ε − VWΣ−1WWσWε)σ

− 1
2

εε.w, σεε.w =

σεε − σεWΣ−1WWσWε, ρWε = Σ
− 1
2

WWσWεσ
− 1
2

εε.w. For large samples, the FOC can then be specified as

1
1+(γ∗−ρWε)

0(γ∗−ρWε)
Σ

1
2
0

WW [ΘW + ξw − (ξε.w −ΘWγ∗ − ξw(γ
∗ − ρWε))

−(γ∗−ρWε)
0

1+(γ∗−ρWε)
0(γ∗−ρWε)

i0
[ξε.w −ΘWγ∗ − ξw(γ

∗ − ρWε)] + op(1) = 0⇔
1

1+(γ∗−ρWε)
0(γ∗−ρWε)

Σ
1
2
0

WW {Θ0
W [ξε.w −ΘWγ∗ − ξw(γ

∗ − ρWε)] +h
ξw − (ξε.w −ΘWγ∗ − ξw(γ

∗ − ρWε))
−(γ∗−ρWε)

0
1+(γ∗−ρWε)

0(γ∗−ρWε)

i0
[ξε.w −ΘWγ∗ − ξw(γ

∗ − ρWε)]}+ op(1) = 0.

Hence, when ΘW equals zero, the FOC simplifies to

Σ
1
2
0

WW

h
ξw − (ξε.w − ξw(γ

∗ − ρWε))
−(γ∗−ρWε)

0
1+(γ∗−ρWε)

0(γ∗−ρWε)

i0
[ξε.w − ξw(γ

∗ − ρWε)] + op(1) = 0

which is equivalent to h
ξw + (ξε.w − ξwγ̄)

γ̄0
1+γ̄0γ̄

i0
[ξε.w − ξwγ̄] + op(1) = 0,

with γ̄ = γ∗ − ρWε = Σ
1
2
WW (γ̃ − γ0 − Σ−1WWσWε)σ

− 1
2

εε.w.

Proof of Theorem 3.
1. AR-statistic: k times the AR statistic for testing H0 : β = β0 reads

AR(β0) =
1

σ̂εε(β0)
(y −Xβ0 −Wγ̃)0PZ(y −Xβ0 −Wγ̃)

= 1
1

T−k (ε−W (γ̃−γ0))0MZ(ε−W (γ̃−γ0))(ε−W (γ̃ − γ0))
0PZ(ε−W (γ̃ − γ0))

which is in large samples identical to (using the notation from the proof of Lemma 2)

AR(β0)→
d

1
1+(γ∗−ρWε)

0(γ∗−ρWε)
[ξε.w −ΘWγ∗ − ξw(γ

∗ − ρWε)]
0 [ξε.w −ΘWγ∗ − ξw(γ

∗ − ρWε)] .

When ΠW , and thus ΘW , equals zero, this expression simplifies further

AR(β0)→
d

1
1+γ̄0γ̄ [ξε.w − ξwγ̄]

0 [ξε.w − ξwγ̄] .

Since γ̄ does not depend on nuisance parameters, the distribution of AR(β0) does not depend on
nuisance parameters when ΠW equals zero.
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2. KLM-statistic: The expression of the KLM-statistic for testing H0 reads

KLM(β0) =
1

σ̂εε(β0)
(y −Xβ0 −Wγ̃)0PMZΠ̃W (β0)

ZΠ̃X(β0)
(y −Xβ0 −Wγ̃).

In large samples and when ΠW equals zero:

(Z 0Z)
1
2 Π̃W (β0) = (Z 0Z)−

1
2Z 0

h
W − (y −Xβ0 −Wγ̃) σ̂εX(β0)

σ̂εε(β0)

i
=

h
ξw − (ξε.w − ξwγ̄)

γ̄0
1+γ̄0γ̄

i
Σ

1
2
WW + op(1)

(Z 0Z)
1
2 Π̃X(β0) = (Z 0Z)−

1
2Z 0

h
X − (y −Xβ0 −Wγ̃) σ̂εX(β0)

σ̂εε(β0)

i
=

∙
ΘX + ξx − (ξε.w − ξwγ̄)

( 1−γ̄)
0
(ρε.w,XρWX

)
1+γ̄0γ̄

¸
Σ

1
2
XX + op(1)

where ξx = (Z
0Z)−

1
2Z 0VXΣ

− 1
2

XX , ΘX = (Z
0Z)

1
2ΠXΣ

− 1
2

XX , ρε.w,X = σ
− 1
2

εε.w(σεX − σεWΣ−1WWΣWX)Σ
− 1
2

XX ,

ρWX = Σ
− 1
2

WWΣWXΣ
− 1
2

XX , and we used that¡
1

−(γ̃−γ0)
¢0¡ σεX

ΣWX

¢
= σεX − σεWΣ−1WWΣWX − (γ̃ − γ0 − Σ−1WWσWε)

0ΣWX

= σ
1
2
εε.w

£
ρε.w,X − γ̄0ρWX

¤
Σ
− 1
2

XX .

Hence, we can specify the limit behavior of KLM(β0) as

KLM(β0)→
d

1
1+γ̄0γ̄ (ξε.w − ξwγ̄)

0P
M
[ξw+(ξε.w−ξwγ̄) γ̄0

1+γ̄0γ̄ ]

⎡⎣ΘX+ξx−(ξε.w−ξwγ̄)
( 1−γ̄)

0
(ρε.w,XρWX

)
1+γ̄0γ̄

⎤⎦(ξε.w − ξwγ̄).

Because ΘX + ξx − (ξε.w − ξwγ̄)
( 1−γ̄)

0
(ρε.w,XρWX

)
1+γ̄0γ̄ and ξw + (ξε.w − ξwγ̄)

γ̄0
1+γ̄0γ̄ are uncorrelated with

(ξε.w − ξwγ̄)
1√
1+γ̄0γ̄ , the limit behavior of KLM(β0) is identical to

KLM(β0)→
d

1
1+γ̄0γ̄ (ξε.w − ξwγ̄)

0PM
[ξw+(ξε.w−ξwγ̄) γ̄0

1+γ̄0γ̄ ]
A(ξε.w − ξwγ̄),

whereA is a fixed k×mx dimensional matrix and which shows that the limit behavior of KLM(β0)
given ΠW = 0 does not depend on nuisance parameters.
3. JKLM-statistic: The expression of the JKLM statistic reads

JKLM(β0) = AR(β0)−KLM(β0)
→
d

1
1+γ̄0γ̄ [ξε.w − ξwγ̄]

0Mh
A : ξw+(ξε.w−ξwγ̄) γ̄0

1+γ̄0γ̄
i [ξε.w − ξwγ̄] .

4. MQLR-statistic: The expression of the MQLR statistic to test H0 reads

MQLR(β0) =
1
2

∙
AR(β0)− smm +

q
(AR(β0) + smm)

2 − 4 (AR(β0)−KLM(β0)) smm

¸
,

where smm is the smallest eigenvalue of Σ̂
− 1
2
0

(X : W )(X : W ).ε

∙
(X

... W )− (y −Xβ0 − Zγ̃)
σ̂ε(X : W )(β0)

σ̂εε(β0)

¸0
PZ∙

(X
... W )− (y −Xβ0 − Zγ̃)

σ̂ε(X : W )(β0)

σ̂εε(β0)

¸
Σ̂
− 1
2

(X : W )(X : W ).ε. The limiting distribution of MQLR(β0)
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conditional on smm is therefore

MQLR(β0)|smm →
d

1
2

∙
1

1+γ̄0γ̄ [ξε.w − ξwγ̄]
0 [ξε.w − ξwγ̄]− smm +

½³
1

1+γ̄0γ̄ [ξε.w − ξwγ̄]
0 [ξε.w − ξwγ̄] + smm

´2
−

4

µ
1

1+γ̄0γ̄ [ξε.w − ξwγ̄]
0Mh

A : ξw+(ξε.w−ξwγ̄) γ̄0
1+γ̄0γ̄

i [ξε.w − ξwγ̄]

¶
smm

¾ 1
2

#
.

Proof of Theorem 4. We proof the asymptotic normality of the KLM statistic under many
instruments asymptotics and when ΠW = 0 in two steps. First, we establish the convergence of
the covariance estimators. Second, we establish the convergence of the score vector in the KLM
statistic.
When ΠW = 0 and ε.W = ε −WΣ−1WWσWε, we use that when k and T jointly converge to

infinity, where the convergence rate of k is at most equal to that of T, that

³√
T
0

0√
k

´"Ã σ
− 1
2

εε.w
1
T
ε0.WXΣ

− 1
2

XX

σ
− 1
2

εε.w
1
k
ε0.WPZXΣ
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2

XX

!
−
µ

ρε.w,x
ρε.w,x

¶#
→
d

µ
ϕε.w,x

ϕε.wPx

¶
,

with
¡
ϕε.w,x
ϕε.wPx

¢ ∼ N(0,
¡
1
α
α
1

¢⊗ ImX
), α = limk,T→∞

q
k
T
, ρε.w,x = σ

− 1
2

εε.w(σεX − σεWΣ−1WWΣWX)Σ
− 1
2

XX .

The conditions for this central limit theorem to hold are rather mild and assume, for example, that

E([ε.W ]i) = 0, E([VX ]
0
i) = 0, E([ε.W ]i[VX ]

0
i) = ρε.w,xΣ

1
2
XX , E([ε.W ]i[Z]

0
i) = 0, E([VX ]i[Z]

0
i) = 0,

where [a]i is the i-th row of the matrix/vector a, no correlations between the different rows and
a finite variance for all these terms. The above central limit theorem implies that

1
T−kσ

− 1
2

εε.wε0.WMZXΣ
− 1
2

XX =
1

T−k
h
Tσ

− 1
2

εε.w
1
T
ε0.WXΣ

− 1
2

XX − kσ
− 1
2

εε.w
1
k
ε0.WPZXΣ

− 1
2
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i
=

ρε.w,x +
1

T−k
¡
1
−1
¢0 ³√T

0
0√
k

´ ¡ϕε.w,x
ψε.w,x

¢
+ op(

1√
T−k ).

The behavior of 1√
T−k

¡
1
−1
¢0 ³√T

0
0√
k

´ ¡
ϕε.w,x
ψε.w,x

¢
is then such that

1√
T−k

¡
1
−1
¢0 ³√T

0
0√
k

´ ¡
ϕε.w,x
ϕε.wPx

¢→
d

ϕε.wMx,

with ϕε.wMx ∼ N(0, ImX
), since limk,T→∞ 1

T−k
¡
1
−1
¢0 ³√T

0
0√
k

´0 ³
1√
k
T

√
k
T
1

´³√
T
0

0√
k

´ ¡
1
−1
¢
= 1, so

1
T−kσ

− 1
2

εε.wε0.WMZXΣ
− 1
2

XX = ρε.w,x +
1√
T−kϕε.wMx + op(

1√
T−k ).

In a similar manner, it can be shown that

³√
T
0

0√
k

´"Ã σ
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2

εε.w
1
T
ε0.WWΣ

− 1
2
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σ
− 1
2

εε.w
1
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→
d
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¶
,
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with
¡
ϕε.w,w
ϕε.wPw

¢ ∼ N(0,
¡
1
α
α
1

¢⊗ ImW
), so

1
T−kσ

− 1
2

εε.wε0.WMZWΣ
− 1
2

WW = 1√
T−kϕε.wMw + op(

1√
T−k ),

where ϕε.wMw ∼ N(0, ImW
), and

1
T−kΣ

− 1
2

WWW 0MZXΣ
− 1
2

XX = ρw,x +
1√
T−kϕwMx + op(

1√
T−k )

1
T−kΣ

− 1
2
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− 1
2

WW = Imw +
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T−k )
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.W = 1 + 1√
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1√
T−k ),

with ρw,x = Σ
− 1
2

WWΣWXΣ
− 1
2

XX and ϕε.wMε.w, ϕε.wMw, ϕε.wMx, DmwϕwMw and vec(ϕwMx) are (possi-
bly correlated) normal random variables, with Dmw the duplication matrix that selects all unique
elements of a symmetricmw×mw matrix. We use the above results to determine the convergence
behaviors of σ̂εε(β0), σ̂εW (β0) and σ̂εX(β0) :

σ̂εε(β0) =
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2
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i
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¡
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2
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2
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The approximation error due to the many instruments in the covariance estimators is of a lower
order than 1√

T−k . Thus it does not affect the expressions of the covariance estimators when the
convergence rate of the number of instruments is lower than that of the number of observations.
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Given the convergence behavior of the covariance estimators, we can express the score vector
involved in the KLM statistic as

1√
σ̂εε(β0)

(y −Xβ0 −Wγ̃)0MZΠ̃W (β0)
ZΠ̃X(β0) =

(ξε.w−ξwγ̄)√
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0
M∙
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¸∙
ΘX + ξX − (ξε.w−ξwγ̄)√
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( 1−γ̄)

0
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where ΘX = (Z
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1
2Z 0ΠXΣ

− 1
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XX , ξW = (Z 0Z)−
1
2Z 0VWΣ

− 1
2

WW and ξε.W = (Z 0Z)−
1
2Z 0ε.Wσ

− 1
2

εε.W . The
first part of this score vector equals the sum of k elements each of which have an expected value
equal to zero:
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!
= 0,

where [a]i is the i-th row of the matrix a. Although γ̄ has a Cauchy distribution, the mean and

variance of (ξε.w−ξwγ̄)√
1+γ̄0γ̄ are well defined since (ξε.w−ξwγ̄)√

1+γ̄0γ̄
0 (ξε.w−ξwγ̄)√

1+γ̄0γ̄ equals the smallest root of the
characteristic polynomial which has a finite mean and variance. When the different rows are not
correlated and have finite variance, the score vector satisfies a central limit theorem when both
k and T become large:
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The limit behavior of the KLM statistic when both k and T converge to infinity, k/T → 0, is
therefore characterized by

KLM(β0)→
d
χ2(mx).
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Proof of Theorem 5. 1. AR(β0) : AR(β0) equals the smallest root of the characteristic
polynomial ¯̄̄̄
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dependent k × 1 and k × mw dimensional standard normal distributed random variables, the
characteristic polynomial is for large samples equivalent to¯̄̄̄
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We conduct a singular value decomposition of ΘW , ΘW = USV 0, U : k × mw, U 0U = Ik,
V : mw × mw, V 0V = Imw and S : k × mw is a diagonal matrix with the singular values in
decreasing order on the main diagonal. Using the singular value decomposition, we can specify
the characteristic polynomial as¯̄̄̄
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S(αw

... Imw) + U 0(ξε.w
... ξwV)

¸
A

¯̄̄̄
= 0⇔¯̄̄̄

λImw+1 −
∙
S
µ
0
... B
¶
+ (ξ∗ε.w

... ξ∗w)
¸0 ∙
S
µ
0
... B
¶
+ (ξ∗ε.w

... ξ∗w)
¸¯̄̄̄

= 0⇔¯̄̄̄
λImw+1 −

µ
ξ∗ε.w

... SB + ξ∗w

¶0µ
ξ∗ε.w

... SB + ξ∗w

¶¯̄̄̄
= 0⇔¯̄̄̄

λImw+1 −
µ

ξ∗0ε.wξ∗ε.w
(SB+ξ∗w)0ξ∗ε.w

... ξ∗0ε.w(SB+ξ∗w)
(SB+ξ∗w)0(SB+ξ∗w)

¶¯̄̄̄
= 0⇔¯̄̄̄

λImw+1 −
µ
1
0

... ξ∗0ε.w(SB+ξ∗w)[(SB+ξ∗w)0(SB+ξ∗w)]−1
Imw

¶µ
ξ∗0ε.wM(SB+ξ∗w)ξ

∗
ε.w

0

...

0
(SB+ξ∗w)0(SB+ξ∗w)

´ µ
1
0

... ξ∗0ε.w(SB+ξ∗w)[(SB+ξ∗w)0(SB+ξ∗w)]−1
Imw

¶0 ¯̄̄̄
= 0⇔¯̄̄̄

λImw+1 −
µ

ξ∗0ε.wM(SB+ξ∗w)ξ
∗
ε.w

0

... 0
(SB+ξ∗w)0(SB+ξ∗w)

¶¯̄̄̄
= 0,

The above shows that the roots of the characteristic polynomial equal the eigenvalues of the

block-diagonal matrix
µ

ξ∗0ε.wM(SB+ξ∗w)ξ
∗
ε.w

0

... 0
(SB+ξ∗w)0(SB+ξ∗w)

¶
. The eigenvalues of this matrix are

equal to ξ∗0ε.wM(SB+ξ∗w)ξ
∗
ε.w and the eigenvalues of

(SB + ξ∗w)
0(SB + ξ∗w).

Since ξ∗ε.w and ξ
∗
w are independent, ξ

∗0
ε.wM(SB+ξ∗w)ξ

∗
ε.w is a χ

2(k−mw) distributed random variable
that is independent of (SB+ξ∗w)

0(SB+ξ∗w). Because SB+ξ∗w ∼ N(SB, Ik), (SB+ξ∗w)
0(SB+ξ∗w)

is a non-central Wishart distributed matrix with k degrees of freedom, identity covariance matrix
and non-centrality parameter BS 0SB.
The distribution of the smallest characteristic root of a non-central Wishart distributed ran-

dom matrix decreases when the non-centrality parameter decreases. Hence, the distribution of
the smallest eigenvalue of (SB + ξ∗w)

0(SB + ξ∗w) decreases when the non-centrality parameter
BS 0SB decreases. We reflect smaller values of ΠW (ΘW ) by smaller values of S so the non-
centrality parameter decreases when ΠW decreases and therefore also the distribution of the
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smallest root. The distribution of the smallest root when S provides therefore a lowerbound on
the distribution of the smallest root.
The AR statistic equals the minimum of an independent χ2(k − mw) distributed random

variable and the smallest eigenvalue of (SB+ ξ∗w)
0(SB+ ξ∗w). Since the distribution of the latter

decreases when S decreases, the distribution of the AR statistic is non-increasing for decreasing
values of S (ΠW ) since the χ2(k − mw) distributed random variable does not depend on S.
Thus the distribution of the smallest eigenvalue when S (ΠW ) is large (infinite) provides an
upperbound on the distribution of the AR statistic while the distribution when S (ΠW ) is zero
provides a lowerbound.
2. KLM(β0) : The specification of AR(β0) is:

AR(β0) =
1

1
T−k (y−Xβ0−Wγ̃)0MZ(y−Xβ0−Wγ̃)

(y −Xβ0 −Wγ̃)0PZ(y −Xβ0 −Wγ̃)

= 1
1

T−k (y−Xβ0−Wγ̃)0MZ(y−Xβ0−Wγ̃)
(y −Xβ0 −Wγ̃)0PMZΠ̃W (β0)

Z(y −Xβ0 −Wγ̃)

= η(β0)
0η(β0)

with

η(β0) = (Z
0MZΠ̃W (β0)

Z)−
1
2Z 0MZΠ̃W (β0)

(y −Xβ0 −Wγ̃) 1√
1

T−k (y−Xβ0−Wγ̃)0MZ(y−Xβ0−Wγ̃)
,

so it is a quadratic form of η(β0). The distribution of this quadratic form does not increase when
ΠW decreases and is bounded from below by the distribution in case ΠW = 0. The AR statistic
AR(β0) is a quadratic form of η(β0) with respect to the identity matrix. Quadratic forms with
respect to other projection matrices which project onto a (random) space that is uncorrelated
with η(β0) will not increase as well when ΠW decreases. KLM(β0) is an example of such a
statistic since it can be specified as

KLM(β0) =
1

σ̂εε(β0)
(y −Xβ0 −Wγ̃)0PMZΠ̃W (β0)

ZΠ̃X(β0)
(y −Xβ0 −Wγ̃)

= η(β0)
0PΨ(β0)η(β0)

with
Ψ(β0) = (Z 0MZΠ̃W (β0)

Z)−
1
2Z 0MZΠ̃W (β0)

³
X − (y −Xβ0 −Wγ̃) σ̂εX(β0)

σ̂εε(β0)

´
= (Z 0MZΠ̃W (β0)

Z)−
1
2Z 0MZΠ̃W (β0)

X − η(β0)
σ̂εX(β0)√
σ̂εε(β0)

.

Since PΨ(β0) is an idempotent matrix and Ψ(β0) is independent of η(β0), as shown in Lemma
1, the limiting distribution of KLM(β0) will not increase when ΠW decreases. Using similar
arguments, it results that the limiting distribution of KLM(β0) is bounded from below by its
limiting distribution when ΠW = 0.
3. JKLM(β0) is just a function of AR(β0) and KLM(β0) so the results for these statistics

directly extend to JKLM(β0).
4. MQLR(β0): Given rk(β0), MQLR(β0) is just a function of AR(β0) and KLM(β0) such

that the results for MQLR(β0) result from combining the results for AR(β0) and KLM(β0).

Proof of Theorem 6. 1. When we test H0 : β = β0 and the true value of β is such that β−β0
is large,

y −Xβ0 = ε+X(β − β0) +Wγ
= ε+ U +Wγ,
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where ε = y−Xβ −Wγ and U = X(β − β0).When Σ̃(β0) =
³

σ̃εε(β0)
σ̃Wε(β0)

σ̃εW (β0)

Σ̃WW (β0)

´
= 1

T−k (y−Xβ0
... W )0MZ(y −Xβ0

... W ), its different elements converge when the sample size gets large as

σ̃εε(β0)→
p

σ(ε+U)(ε+U) + 2σ(ε+U)Wγ + γ0ΣWWγ

σ̃εW (β0)→
p

σ(ε+U)W + γ0ΣWWγ

Σ̃WW (β0)→
p

ΣWW ,

with σ(ε+U)(ε+U) = σεε+2σεX(β−β0)+(β−β0)
2σXX , σ(ε+U)W = σεW +(β−β0)σXW . The MLE

of γ is obtained from the smallest root of the characteristic polynomial:¯̄̄̄
µ(y −Xβ0

... W )0(y −Xβ0
... W )− (y −Xβ0

... W )0PZ(y −Xβ0
... W )

¯̄̄̄
= 0

which can as well be obtained from the smallest root of the polynomial¯̄̄̄
λΣ̃(β0)− (y −Xβ0

... W )0PZ(y −Xβ0
... W )

¯̄̄̄
= 0,

with λ = (T − k) µ
1−µ and the smallest root of this polynomial, say λ1, also equals k times the

AR statistic to test H0. The smallest root does not alter when we respecify the characteristic
polynomial as¯̄̄̄

λImW+1 − Σ̃(β0)
− 1
2
0(y −Xβ0

... W )0PZ(y −Xβ0
... W )Σ̃(β0)

− 1
2

¯̄̄̄
= 0.

When the numbers of observations gets large, Σ̃(β0)
− 1
2 can be characterized by

Σ̃(β0)
− 1
2 →

p

⎛⎝ σ
− 1
2

(ε+U)(ε+U).W 0

−Σ−1WWσW (ε+U)σ
− 1
2

(ε+U)(ε+U).W Σ
− 1
2

WW

⎞⎠
=

µ
1 0

−Σ−1WWσW (ε+U) ImW

¶Ã
σ
− 1
2

(ε+U)(ε+U).W 0

0 Σ
− 1
2

WW

!

with σ(ε+U)(ε+U).W = σ(ε+U)(ε+U) − σ(ε+U)WΣ−1WWσW (ε+U), such that Σ̃(β0)
− 1
2
0Σ̃(β0)Σ̃(β0)

− 1
2 →

p

Imw+1. Using this specification, we can specify Σ̃(β0)
− 1
2
0(y−Xβ0

... W )0PZ(y−Xβ0
... W )Σ̃(β0)

− 1
2

as
Σ̃(β0)

− 1
2
0(ε+ U +Wγ

... W )0PZ(ε+ U +Wγ
... W )Σ̃(β0)

− 1
2 =Ã

σ
− 1
2

(ε+U)(ε+U).W 0

0 Σ
− 1
2

WW

!0
(ε+ U −WΣ−1WWσW (ε+U)

... W )0PZ

(ε+ U −WΣ−1WWσW (ε+U)
... W )

Ã
σ
− 1
2

(ε+U)(ε+U).W 0

0 Σ
− 1
2

WW

!
.
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For large values of β − β0, the above expression simplifies toÃ
σ
− 1
2

XX.W 0

0 Σ
− 1
2

WW

!0
(X −WΣ−1WWσWX

... W )0PZ(X −WΣ−1WWσWX
... W )

Ã
σ
− 1
2

XX.W 0

0 Σ
− 1
2

WW

!
,

which results since ε+U = (β− β0)(X +(β− β0)
−1ε) so ε vanishes when β− β0 gets large. For

large values of β − β0, λ1 thus corresponds with the smallest eigenvalue of Ω̂
− 1
2
0

XW (X
... W )0PZ(X

... W )Ω̂
− 1
2

XW which is a statistic that tests for a reduced rank value of (ΠX
... ΠW ), Ω̂XW = 1

T−k (X
... W )0MZ(X

... W ). Since λ1 equals the AR statistic, the value of the AR statistic thus equals a

statistic that tests the rank of (ΠX
... ΠW ) using the smallest eigenvalue of Ω̂

− 1
2
0

XW (X
... W )0PZ(X

...

W )Ω̂
− 1
2

XW when β − β0 becomes large.

2. Let V = (v1
... V1) : m × m contain the eigenvectors of Ω̂

− 1
2
0

XW (X
... W )0PZ(X

... W )Ω̂
− 1
2

XW

with v1 the eigenvector of the smallest eigenvalue and V1 contains the eigenvectors of the larger
eigenvalues. The eigenvectors are orthonormal so V 0V = Im. When the number of observations
gets large, Ω̂XW →

p
ΩXW . Since v1 is the eigenvector that belongs to the smallest eigenvalue of

Ω̂
− 1
2
0

XW (X
... W )0PZ(X

... W )Ω̂
− 1
2

XW , Σ̃(β0)
− 1
2v1 is the eigenvector that belongs to the smallest root of

the orginal characteristic polynomial |λΣ̃(β0)− (y −Xβ0
... W )0PZ(y −Xβ0

... W )| = 0.
For large numbers of observations and large values of β − β0,

Σ̃(β0)
− 1
2v1 →

p

³
(β−β0)−1

0
0
Ik

´
Ω
− 1
2

XWv1 +O((β − β0)
−2),

where O((β − β0)
−2) indicates that the highest order of the remaining terms is (β − β0)

−2. The
MLE γ̃ is obtained from the eigenvector that belongs to the smallest eigenvalue which for large
values of (β − β0) is therefore such that¡

1
−γ̃
¢
= Σ̃(β0)

− 1
2v1

→
p

³
(β−β0)−1

0
0
Ik

´
Ω
− 1
2

XWv1 +O((β − β0)
−2)

so
y −Xβ0 −Wγ̃ = (y −Xβ0

... W )
¡
1
−γ̃
¢

= (ε+X(β − β0) +Wγ
... W )

¡
1
−γ̃
¢

=
a
(ε+X(β − β0) +Wγ

... W )
³
(β−β0)−1

0
0
Ik

´
Ω
− 1
2

XWv1

= (X + 1
β−β0 (ε+Wγ)

... W )Ω
− 1
2

XWv1

= (X
... W )Ω

− 1
2

XWv1 +
1

β−β0 ((ε+Wγ)
... 0)Ω

− 1
2

XWv1

where “=
a
” indicates that the equality holds in large samples. We can use the expression of
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y −Xβ0 −Wγ̃ to obtain that

σ̂εε(β0) =
1

T−k (y −Xβ0 −Wγ̃)0MZ(y −Xβ0 −Wγ̃)

→
p

v01Ω
− 1
2
0

XWΩXWΩ
− 1
2

XWv1 +
1

(β−β0)c(β − β0)

= 1 + 1
(β−β0)c(β − β0)

σ̂ε(X : W )(β0) =
1

T−k (y −Xβ0 −Wγ̃)0MZ(X
... W )

→
p

v01Ω
− 1
2
0

XW

∙
ΩXW + e1

µ
1

(β−β0) (σXε+σXW γ)

1
(β−β0) (σWε+ΣWW γ)

¶0¸
= v01Ω

− 1
2
0

XWΩXW +
1

(β−β0)v
0
1Ω
− 1
2
0

XWe1

µ
1

(β−β0) (σXε+σXW γ)

1
(β−β0) (σWε+ΣWW γ)

¶0
with c(β−β0) = v01Ω

− 1
2
0

XW

³
1

(β−β0) (σεε+2σγ
0
Wε+γ

0ΣWW γ)+2(σXε+σXW γ)

σWε+ΣWW γ

σεW+γ
0ΣWW

0

´
Ω
− 1
2

XWv1 and e1 is the
first m-dimensional unity vector or the first column of Im.
We want to determine the behavior of the roots of Σ̂MQLR(β0) = Σ̂(β0)

− 1
2
0Π̃(β0)

0Z 0ZΠ̃(β0)Σ̂(β0)
− 1
2 ,

with

Π̃(β0) = (Z 0Z)−1Z 0
∙
(X

... W )− (y −Xβ0 −Wγ̃)
σ̂ε(X : W )(β0)

σ̂εε(β0)

¸
,

for large values of β − β0 which roots are equivalent to the roots of the polynomial¯̄̄
µΣ̂(X : W )(X : W ).ε(β0)− Π̃(β0)

0Z 0ZΠ̃(β0)
¯̄̄
= 0.

The roots do not alter when we pre and post-multiply the matrices in the above polynomial

by Ω
− 1
2

XW (v1
... V1) which leads to a more interpretable expression. To determine the expressions

of these matrices, we first post-multiply
∙
(X

... W )− (y −Xβ0 −Wγ̃)
σ̂ε(X : W )(β0)

σ̂εε(β0)

¸
by Ω

− 1
2

XW (v1
...

V1) :∙
(X

... W )− (y −Xβ0 −Wγ̃)
σ̂ε(X : W )(β0)

σ̂εε(β0)

¸
Ω
− 1
2

XW (v1
... V1)

=

⎡⎢⎣(X ... W )− (X + 1
β−β0 (ε+Wγ)

... W )Ω
− 1
2

XWv1

v01Ω
− 12 0
XWΩXW+

1
(β−β0)v

0
1Ω
− 12 0
XW e1

Ã
1

(β−β0)
(σXε+σXWγ)

1
(β−β0)

(σWε+ΣWWγ)

!0
a(β−β0)

⎤⎥⎦
Ω
− 1
2

XW (v1
... V1) +O((β − β0)

−2)

= (X
... W )

∙
Ω
− 1
2

XW (v1
... V1)− 1

a(β−β0)Ω
− 1
2

XWv1e
0
1

¸
− 1

(β−β0)a(β−β0)

∙
((ε+Wγ)

... 0)Ω
− 1
2

XWv1e
0
1+

(X
... W )Ω

− 1
2

XWv1v
0
1Ω
− 1
2
0

XWe1

µ
1

(β−β0) (σXε+σXW γ)

1
(β−β0) (σWε+ΣWW γ)

¶0
Ω
− 1
2

XW (v1
... V1)

¸
+

1
(β−β0)2a(β−β0)((ε+Wγ)

... 0)Ω
− 1
2

XWv1v
0
1Ω
− 1
2
0

XWe1

µ
1

(β−β0) (σXε+σXW γ)

1
(β−β0) (σWε+ΣWW γ)

¶0
Ω
− 1
2

XW (v1
... V1)

+O((β − β0)
−2)
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= (X
... W )Ω

− 1
2

XW (0
... V1) + 1

(β−β0)

∙½
c (β0) (X

... W )− ((ε+Wγ)
... 0)
¾
Ω
− 1
2

XWv1e
0
1−

(X
... W )Ω

− 1
2

XWv1v
0
1Ω
− 1
2
0

XWe1

µ
1

(β−β0) (σXε+σXW γ)

1
(β−β0) (σWε+ΣWW γ)

¶0
Ω
− 1
2

XW (v1
... V1)

¸
+O((β − β0)

−2)

= (X
... W )

∙
Im − 1

(β−β0)Ω
− 1
2

XWv1v
0
1Ω
− 1
2
0

XWe1

µ
1

(β−β0) (σXε+σXW γ)

1
(β−β0) (σWε+ΣWW γ)

¶0¸
Ω
− 1
2

XW (0
... V1)

+ 1
(β−β0)

∙
c (β0) (X

... W )− ((ε+Wγ)
... 0)− (X ... W )v01Ω

− 1
2
0

XWe1

µ
1

(β−β0) (σXε+σXW γ)

1
(β−β0) (σWε+ΣWW γ)

¶0
Ω
− 1
2

XWv1

¸
Ω
− 1
2

XWv1e
0
1 +O((β − β0)

−2)

= (X
... W )

∙
Im − 1

(β−β0)Ω
− 1
2

XWv1v
0
1Ω
− 1
2
0

XWe1

µ
1

(β−β0) (σXε+σXW γ)

1
(β−β0) (σWε+ΣWW γ)

¶0¸
(0
... Ω

− 1
2

XWV1)− 1
(β−β0)∙

((ε+Wγ)
... 0)− (X ... W )Ω

− 1
2

XWv1v
0
1Ω
− 1
2
0

XW

µ
1

(β−β0) (σXε+σXW γ)

1
(β−β0) (σWε+ΣWW γ)

¶
e01

¸
Ω
− 1
2

XWv1e
0
1 +O((β − β0)

−2)

= (X
... W )

∙
Im − 1

(β−β0)Ω
− 1
2

XWv1v
0
1Ω
− 1
2
0

XWe1

µ
σεX + γ0σWX

... σεW + γ0ΣWW

¶¸
(0
... Ω

− 1
2

XWV1)

− 1
(β−β0)

∙
ε+Wγ − (X ... W )Ω

− 1
2

XWv1v
0
1Ω
− 1
2
0

XW

³
σXε+σXW γ
σWε+ΣWW γ

´¸
e01Ω

− 1
2

XWv1e
0
1 +O((β − β0)

−2)

with a(β − β0) = 1 + 1
β−β0 c(β − β0),

1
1+ 1

β−β0 c(β−β0)
=
P∞

i=1

h
− 1

β−β0 c (β − β0)
ii
. We further

post-multiply this expression byµ
(β−β0)(e01Ω

− 12
XW v1)−1

0
0

Imw

¶µ
1

−V 0
1Ω
− 12 0
XW

³
σXε+σXWγ
σWε+ΣWWγ

´ 0
Imw

¶
=

Ã
(β−β0)(e01Ω

− 12
XW v1)−1

−V 0
1Ω
− 12 0
XW

³
σXε+σXWγ
σWε+ΣWWγ

´ 0
Imw

!

which does not alter the roots of the polynomial:∙
(X

... W )− (y −Xβ0 −Wγ̃)
σ̂ε(X : W )(β0)

σ̂εε(β0)

¸
Ω
− 1
2

XW (v1
... V1)

Ã
(β−β0)(e01Ω

− 12
XW v1)−1

−V 0
1Ω
− 12 0
XW

³
σXε+σXWγ
σWε+ΣWWγ

´ 0
Imw

!
= (X

... W )(0
... Ω

− 1
2

XWV1)

−
∙
ε+Wγ − (X ... W )Ω

− 1
2

XW (v1v
0
1 + V1V

0
1)Ω

− 1
2
0

XW

³
σXε+σXW γ
σWε+ΣWW γ

´¸
e01 +O((β − β0)

−1)

= (X
... W )(0

... Ω
− 1
2

XWV1)

−
∙
ε+Wγ − (X ... W )Ω−1XW

h³
σXε

σWε

´
+ ΩXW

³
0
γ

´i¸
e01 +O((β − β0)

−1)

=

∙
ε− (X ... W )Ω−1XW

³
σXε

σWε

´ ... (X ... W )Ω
− 1
2

XWV1

¸
,

since v1v01 + V1V
0
1 = Im. For large numbers of observations and large values of β − β0, the roots

of the characteristic polynomial are thus identical to the roots that result from a characteristic
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polynomial |λA−B| = 0 with

A = 1
T−k

∙
ε− (X ... W )Ω−1XW

³
σXε

σWε

´ ... (X ... W )Ω
− 1
2

XWV1

¸0
MZ∙

ε− (X ... W )Ω−1XW

³
σXε

σWε

´ ... (X ... W )Ω
− 1
2

XWV1

¸
→
p

µ
σεε.(X : W ) 0

0 ImW

¶
and

B =

∙
ε− (X ... W )Ω−1XW

³
σXε

σWε

´ ... (X ... W )Ω
− 1
2

XWV1

¸0
PZ∙

ε− (X ... W )Ω−1XW

³
σXε

σWε

´ ... (X ... W )Ω
− 1
2

XWV1

¸

=

⎛⎜⎝
Ã
ε−(X

... W )Ω−1XW

³
σXε
σWε

´!0
PZ

Ã
ε−(X

... W )Ω−1XW

³
σXε
σWε

´!
Ã
ε0PZ(X

... W )Ω
− 12
XWV1−

³
σXε
σWε

´0
Ω
− 12
XWΛ1

!0
Ã
ε0PZ(X

... W )Ω
− 12
XWV1−
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XW →p Ψ(X : W ), where we note that Θ(X : W ) might not be

properly defined since it may be proportional to the sample size.

3. When Θ(X : W )V1 has a full rank value the rank of the expected value of [ψε.(X : W )

...¡
Θ(X : W ) +Ψ(X : W )

¢
V1] equals mw since E(ψε.(X : W )) = 0. When Θ(X : W )V1 has a full rank

value, the smallest root of A−
1
2
0BA−

1
2 is thus identical to a rank statistic that tests if the rank

of a k ×m matrix equals m− 1 under the hypothesis that its rank is equal to m− 1. This rank
statistic has a χ2(k−m+1) = χ2(k−mw) limiting distribution. For general possibly lower rank
values of Θ(X : W )V1, this limiting distribution is bounded by a χ2(k −mw) distributed random
variable which is proven in Theorem 5.
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Figures

Panel 5: 95% Percentiles of conditional distributions of LR statistic (dashed-dot), MQLR
statistic (dashed) and upperbound on the difference between LR and CLR (solid), m = 3.
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Panel 6: Difference between the 95% Percentiles of the conditional distributions
of LR and MQLR statistics (dashed-dot) and 95% percentile of the upperbound, m = 3
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