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1. INTRODUCTION

Dynamic asset pricing models link the prices of future state-contingent payoffs with sources of risk,
the payoff horizon, and the preferences of economic agents. The stochastic discount factor (SDF,
or pricing kernel) within a dynamic asset pricing model assigns values to future state-contingent
payoffs. Recent work in macroeconomics and asset pricing has shown how to extract information
about the long-run pricing implications of a model by analyzing the permanent component of
the SDF (see, for example, |[Alvarez and Jermann (2005)); Hansen and Scheinkman| (2009); Hansen
(2012); Backus, Chernov, and Zin (2013)). As this work has highlighted, long-run implications
provide a powerful and robust means with which to analyze dynamic asset pricing models. Different
assumptions about the preferences of economic agents may, in some cases, result in different short-
run implications but the same long-run implications. Consequently, the long-run implications of
classes of asset pricing models may, in some cases, be inferred by studying just one model.

This paper introduces an econometric framework for extracting information about the permanent
component of the SDF, and the pricing of long-horizon assets, from a dynamic asset pricing model.
The permanent component of the SDF and the long-run implications of the model are jointly deter-
mined by both the functional form of the SDF and the short-run dynamics, or law of motion, of the
variables in the model. The framework introduced in this paper treats the dynamics as an unknown
nuisance parameter. Economic theory is often vague regarding the precise form that the dynamics
should take. In practice, dynamics are usually specified parametrically in a way that makes ana-
lytical solution of the model feasible. Changing the dynamics can change the long-run implications
of a model. One might, therefore, be concerned that the long-run implications of a model may be
sensitive to the specification of the dynamics. Generalized method of moments (GMM) is a popular
technique for estimating asset pricing models because it uses moment restrictions, typically based
on an Euler equation or asset-pricing equation, which are derived from economic theory and places
only weak assumptions on the dynamics of the data. The estimators proposed in this paper are
based on the same Euler equation or asset-pricing equation one would use to estimate a model
with GMM. Rather than placing parametric restrictions on the dynamics, the estimators proposed
in this paper nonparametrically infer, from a time series of data, attributes of the dynamics from
which the long-run implications of the model are obtained.

As shown by Hansen and Scheinkman| (2009) and Hansen| (2012)), information about the permanent
component of the SDF and the pricing of long-horizon assets can be extracted by studying a
positive eigenfunction problem related to an appropriately chosen operator. Their analysis applies
to economies in which there exists a Markov state process whose value at each point in time contains
all the relevant information for valuation. The operator is determined jointly by the SDF and the
dynamics of the state process. The positive eigenfunction characterizes the state dependence of the
prices of long-horizon assets, and its eigenvalue is related to the yield on long-term zero-coupon
bonds and the entropy of the permanent component of the SDF. The entropy of the permanent
component of the SDF is a joint measure of the dispersion of the SDF and persistence of the SDF
process. This metric can be used to place an upper bound on average excess returns on risky assets
relative to long-term bonds (see|Alvarez and Jermann (2005)). Whether or not the bound is satisfied
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by historical average returns on equity relative to long-term bonds provides a measure with which

the predictions of the model may be evaluated.

The central focus of this paper is the nonparametric estimation of the positive eigenfunction and
its eigenvalue, the long-term yield, and the entropy of the permanent component. The operator is
unknown when the dynamics are unknown. Extracting the long-run implications of the model given
a time series of data on the state process therefore requires estimating a positive eigenfunction of
an unknown operator. A feasible nonparametric sieve estimator is proposed, inspired by earlier
work of (Chen, Hansen, and Scheinkman| (2000). Sieve estimation methods are appealing in this
context as they reduce an intractable infinite-dimensional eigenfunction problem to a simple matrix
eigenvector problem. The matrix eigenvector problem is formed by instrumenting the Euler equation
or asset-pricing equation in the model by a growing collection of basis functions. The estimators are
particularly easy to implement: no simulation, optimization or numerical integration is required. By
contrast, the use of kernel-based methods in this context would involve nonparametric estimation of
a conditional density, numerical computation of an integral, and solution of an infinite-dimensional
eigenfunction problem. The sieve estimators may also be used to numerically compute the long-run
implications of fully specified asset pricing models for which analytical solutions are unavailable.

Large sample properties of the estimators are established. The eigenfunction estimators are consis-
tent and converge at reasonable nonparametric rates under appropriate regularity conditions. The
asymptotic distribution and semiparametric efficiency bounds of the eigenvalue, long-term yield
and entropy of the permanent component are derived, and the estimators of these quantities are
shown to be efficient. An approach to performing asymptotic inference is provided. The derivation
of the large sample properties is nonstandard, as the eigenfunction and eigenvalue being estimated
are defined implicitly by an unknown nonselfadjoint operator. Favorable small-sample performance
of the estimators is illustrated in a Monte Carlo study. The large sample theory is first presented
for the case in which the long-run implications of a given SDF are to be investigated. The large
sample theory is then extended to the case in which the researcher first estimates a SDF, either
parametrically or semi/nonparametrically, from a time series of data on returns and the state
process, then estimates the long-run implications of the estimated SDF. Other extensions of the
large sample theory are explored, including nonparametric sieve estimation of marginal utilities in

representative agent models.

To simplify the econometric analysis, the scope of this paper is confined to discrete-time economies
with finite-dimensional stationary state processes. Primitive nonparametric identification condi-
tions for the positive eigenfunction in stationary discrete-time environments are provided. The
conditions are formulated in terms of positivity and integrability conditions on the SDF and the
stationary and transition densities of the state process. The existence and identification conditions
complement those that Hansen and Scheinkman (2009) provide for general continuous-time envi-
ronments. Existence of the positive eigenfunction is guaranteed under the identification conditions.
A version of the long-run pricing result of |Hansen and Scheinkman/ (2009) also obtains under the
identification conditions.
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The estimators are used to study the long-run implications of the consumption capital asset pricing
model (CAPM). High levels of risk aversion are required to generate an estimated entropy of the
permanent component of the SDF that is consistent with historical average returns on equities
relative to long-term bonds. Moreover, when risk aversion is set high enough to rationalize this
excess return the implied long-term yield is much larger than historical long-term yields. The
long-run implications of the consumption CAPM are the same as a wider class of consumption-
based representative agent models, including some habit formation models and limiting versions
of recursive preference models. These empirical findings therefore have broader import beyond the

standard consumption CAPM.

The estimators introduced in this paper cannot, in their present form, be used to study models with
latent state variables. Latent variables are a useful modeling tool for incorporating features such
as stochastic growth and stochastic volatility in an analytically tractable way. For example, the
popular long-run risks model of Bansal and Yaron (2004) specifies that (log) consumption growth
is the sum of a latent predictable component and a stochastic component, in which both the
latent predictable component and stochastic volatility evolve as first-order Gaussian processes. The
estimators introduced in this paper may be used to analyze models whose state processes exhibit
time-variation in growth, conditional volatility, and other nonlinearities provided these features are
state-dependent (instead of latent). Allowing for nonlinear, state-dependent dynamics goes some
way to incorporate features that might otherwise be modeled by latent processes. So although
the scope of the estimators is confined to models with observable variables, the restrictions this
imposes on the dynamics the observable variables is less severe than it may first appear. Moreover,
the version of the long-run pricing result presented in this paper applies equally to models with
latent state variables, and the sieve approach may be used to numerically calculate the long-run

implications of fully specified models with latent state variables.

The remainder of the paper is structured as follows. Section [2| discusses three other nonparametric
eigenfunction problems in economics that the research developed in this paper could be used to
analyze. Section [3| reviews the decomposition of the SDF into its permanent and transitory com-
ponents using the positive eigenfunction and its eigenvalue, and introduces other quantities to be
studied. Identification and a version of the long-term pricing result are presented in Section [d] The
nonparametric sieve estimators are introduced in Section [5, and their large sample properties are
derived. Section [0] discusses extension of the large sample theory to cover estimated SDFs, more
general SDFs, and nonparametric sieve estimation of marginal utilities. Section [7] examines the
performance of the estimators in a Monte Carlo exercise. Section [§| studies the consumption CAPM
using the estimators introduced in this paper, and Section [9] concludes. An appendix contains

supplementary results and all proofs.

2. NONPARAMETRIC EIGENFUNCTION PROBLEMS IN ECONOMICS

The identification conditions, estimators, and large sample theory developed in this paper have

broader application to nonparametric identification and estimation of economic models. Three
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other applications, namely nonparametric Euler equations, household consumption models, and

transitory misspecification of asset pricing models, are now briefly outlined.

2.1. Nonparametric Euler equations. The Euler equation within consumption-based asset pric-
ing models places restrictions on the comovement of asset returns and the marginal utility of
consumption of economic agents. Such restrictions have been the basis for a vast literature on
estimating consumption-based asset pricing models from time series of asset returns and consump-
tion data. Recent work has shown that marginal utility of consumption may be represented as a
positive eigenfunction of an appropriately chosen operator. This eigenfunction representation pro-
vides an alternative framework in which to study nonparametric identification and estimation of
semi/nonparametric consumption-based asset pricing models.

Let MU} denote the marginal utility of consumption of agent h at time ¢. Consider an economy in
which the gross return on asset ¢ from time ¢ to ¢t + 1, denoted R;;1, is determined by the Euler

equation
(1) MU} = E[BMU}} R; ¢11|Z}"

where 8 > 0 is a time-preference parameter, and Z}' is the information set of the agent at time t.
Assume MU/ is a function (known to the agent/s but unknown to the econometrician) of a vector
of explanatory variables X'

MU} = MU(X])
and that the explanatory variables belong to the agent’s information set, i.e. o(X}') C Z}'. By
iterated expectations, the Euler equation can be rewritten as

(2) E[MU(X{y1)Rign | X[ = 57 MU(X]") .
Expression defines (MU, (3) as the solution to nonparametric eigenfunction problem
(3) T,MU = 3~ 'MU

where T; f(X]") = E[f(X]1)Ri 1| X["]. Marginal utility of consumption is typically assumed to be

positive, in which case MU is a positive eigenfunction of T;.

Linton, Lewbel, and Srisuma, (2011) and Escanciano and Hoderlein| (2012) use this positive eigen-
function representation of marginal utility to analyze identification in representative agent modelsﬂ
Chen, Chernozhukov, Lee, and Newey| (2013a) use a similar eigenfunction representation to provide
nonparametric identification conditions in a representative agent model with external habit forma-
tion. The eigenfunction representation of marginal utility of consumption does not appear to have
been used to study heterogeneous-agent models to date.

The sieve estimators introduced in this paper extend to the nonparametric estimation of the mar-
ginal utility function MU and time-preference parameter 8 of a representative agent, given a time
series of data on {(X, Ri+1)} (see Section for further details). This sieve-based approach is
an alternative to the kernel-based procedure introduced in Linton, Lewbel, and Srisuma; (2011).

IThis approach also has some similarities with |Ross| (2013]), who nonparametrically recovers the pricing kernel from
panels of option prices by solving a positive eigenvector problem.
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That the same pair (MU, ) are the solution to for each asset i for which the Euler equation
holds provides a source of over-identifying restrictions with which to test the model in both the

representative- and heterogeneous-agent cases.

2.2. Household consumption models. Eigenfunction techniques may also be used to study
semiparametric Euler equations. Consider a semiparametric variant of the preceding model, in
which MU} is of the form

(4) MU} = [C}]o(Z})

where Cf! is the consumption of household h at time ¢, Z}! is a vector of explanatory variables, and
v is a positive function. |Attanasio and Weber| (1993, |1995)) use a model of this form to estimate
preference parameters from household-level panel data. In their treatment, the function v is used
to correct for the effect that a household’s demographic structure may have on the marginal utility
of a given level of consumption expenditure. A common approach for estimating these models from
household-level panel data is to (i) assume a parametric form for v, (ii) log linearize the Euler
equation, and (iii) estimate the log-linearized model by a panel instrumental variables regression.
Marginal utility of the form could equally be a heterogeneous-agent variant of the semipara-
metric consumption CAPM with external habit formation studied by |Chen and Ludvigson| (2009)
and |Chen, Chernozhukov, Lee, and Newey (2013a). The function v would represent an external
habit formation component in this interpretation of . The identification conditions, estimators
and large sample theory developed in this paper may be extended to provide an alternative means

with which to study nonparametric identification and estimation of these models.

The function v may be represented as the positive eigenfunction of an operator related to the Euler
equation. Substituting MU}* of the form 1} into the Euler equation yields

() [CF70(21) = BIBICT ] 0(Z4) Riga |ITF].

Let GJ',; = CJ'1/C}' denote the growth in consumption of household h from time ¢ to time ¢ + 1.
When o((C}, Z[")) C I}, the Euler equation ([5) can be rewritten as

E((Gl41) " Rig10(Z00)| 21 = B~ o(Z1).
Therefore, (v, 37!) are the solution to the eigenfunction problem:
(6) Tipv = 8w

where T; 5 f(Z]') = E[(Gl1) " Riy1f(Z]'1)|Z}"]. The same (v, 37!) must solve the eigenfunction

relation (@ for each household h and asset i, providing a source of overidentifying restrictions.

2.3. Diagnosing transitory misspecifications in asset pricing models. The recent literature
on extracting the long-run implications of asset pricing models has highlighted the fact that classes
of asset pricing model may yield the same long-run implications but different short-run implications
(see, e.g., Bansal and Lehmann (1997)); [Hansen| (2012); Hansen and Scheinkman| (2013); Backus,
Chernov, and Zin| (2013))). This line of research may also be used to study transitory misspecifica-

tions of SDF's in asset pricing models.
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Let the economy be characterized by discrete-time Markov state process {X;} and consider SDF

misspecification of the form

h(Xii1)
h(Xt)

where m is the true SDF and m,,;s is the misspecified SDF used by the econometrician. The

(7) m(Xm Xt+1) = ammis(Xt7 Xt+1)

constant a > 0 in expression plays the role of a discount rate distortion, and the function A > 0
captures transitory misspecification of the SDF. |Hansen| (2012)) shows that both m and my,;s will
have the same permanent component, but different transitory components. If &« = 1 then m and
Mumis Will imply the same long-run rate of return. If h = 1 then both m and m,,;s will share the

same positive eigenfunction.

Hansen and Scheinkman| (2013) show that the true SDF m may be recovered from the misspecified
SDF my,;s by solving a positive eigenfunction problem. Assume assets are priced using the true
SDF m, i.e.

(8) E [m(Xt, Xt—i—l)Ri,t—i—l‘ Xt] =1.
Substitution of into yields
E [Mimis(Xt, Xeg1) Rigs1h(Xe1)| Xe] = o7 Th(X) .

The transitory adjustment i and multiplicative constant « are therefore the solution to the positive

eigenfunction problem
(9) T,h = a 'h

where T; f(X¢) = E[mmis(Xt, Xey1)Ri 41 f(Xi41)|X¢]. The techniques developed in this paper may
be applied to study nonparametric identification and estimation of (h,«) from a time-series of
data on (Xy, R;¢11), thereby providing a means with which to diagnose transitory misspecifica-
tions of SDFs. Over-identifying restrictions are again implicit since the same (h, a) must solve the
eigenfunction relation @ for each asset i for which holds.

3. REVIEW OF THE LONG-RUN IMPLICATIONS OF DYNAMIC ASSET PRICING MODELS

This section briefly reviews the positive eigenfunction problem and its relation to the long-run
implications of asset pricing models, as exposited by Hansen and Scheinkman/| (2009) and Hansen
(2012). The connection between these quantities and other metrics developed by |Alvarez and Jer-
mann (2005) and Backus, Chernov, and Zin (2013)) is also discussed.

3.1. Model. Consider a class of economy characterized by a discrete-time (first-order) Markov
state process {X;} defined on a complete probability space (2, F,{F;},P), where time is indexed
by t € Z and where F; = o(X¢, X¢—1,...) denotes the completion of the o-algebra generated by
{X4, X¢-1,...}. Let {X;} have support X C R?. Assume further that in this economy the date-t
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price of a claim to the date-(¢ + 7) state-dependent payoff Z;, is given by

t+7—1
< H m(X87X8+1)> Zt+7' Xt]

s=t
for some positive measurable function m : X x X — R, for all t € Z and 7 > 1. The function m

(10) E

will be referred to generically as the SDF. The sequence {...,m(X;—1, X¢), m(X¢, Xi41), ...} forms
a stochastic process called the SDF process, which is denoted {m(X¢, X¢+1)}.

3.1.1. Example: Consumption CAPM. Consider the consumption CAPM with complete, friction-
less markets and a representative agent who maximizes, subject to a budget constraint, expected
utility given by

> B E[u(Ciis)|TH)

s>0
where Z; is the information set at time ¢, Cy4 s is consumption of a representative good at date t+ s,
and ( is a time preference parameter. The SDF is given by

u'(Crt1)
X, X =pf——=.
m(Xy, Xey1) = B W (C)
When u(c) = (1 — )71 (177 — 1) the SDF takes the familiar form
m(Xt, Xi1) = G

where Giy1 = Cy41/Cy is aggregate consumption growth and v is the coefficient of relative risk
aversion. Let {X;} be a strictly stationary and ergodic Markov state process and let 7, = o(X}).
The consumption CAPM falls within the scope of the analysis of this paper when Gy = g(X;—1, X¢)
for some known function g : X x X — R. For instance, one might take X; = (G, Y/)".

3.1.2. Ezample: External habit formation. Following Abell (1990} [1999) and |Gali (1994)), consider
an environment with complete, frictionless markets and a representative agent who maximizes,

subject to a budget constraint, expected utility given by

Z BPE[u(Ctts, vits)|Ze]

s>0
where vy is a benchmark level of consumption which the agent takes as exogenous. When
(Ct/vt)li’y —1

u(eg,vp) =

the SDF is of the form

m(Xp, Xi1) = BGAGY
where A and « are functions of risk aversion v and the consumption externality parameters vy and
1. This model falls within the scope of the analysis in this paper when {X;} is a strictly stationary
and ergodic Markov state process, Z; = 0(X;) and Gy = g(X;) for some known g : X — R.

3.2. The principal eigenpair. As described in [Hansen and Scheinkman| (2009), the restriction
of equation to payoffs of the form Z;,, = 1)(X;,) for suitable ¢ : X — R defines a collection
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of linear operators {M; : 7 > 1}E| For each 7 > 1, the operator M, is defined as

t+7—1
< H m(X87X8+1)> w(Xt—I—T)

s=t

(11) Mp(z) =

Xt:l’] .

Given a payoff function 1, the operator M, assigns a date-t price to a claim to the date-(t + 7)
state-dependent payoff (Xy4.). For example, if «(z) = 1 for all x € X then M;¢(X}) is the date-t
price of a 7-period zero-coupon bond.

As {X;} is a Markov process, the pricing operators factorize as M, = MJ for each 7 > 1. Let
M := M denote the 1-period pricing operator, i.e.

My (Xy) = E[m(Xe, Xep1) (X)) [ Xe]

A function ¢ is an eigenfunction of the collection {M : 7 > 1} with eigenvalue p if

(12) M, = o0

for all 7 > 1. If, in addition, ¢ is positive then ¢ is referred to as the principal eigenfunction, p is

the principal eigenvalue, and (p, ¢) are the principal eigenpair.

Hansen and Scheinkman| (2009) and Hansen| (2012)) show that principal eigenpairs may be used to
decompose the SDF into its permanent and transitory components. That is,

m(Xe, Xiv1) = Mt t+1Mt t41

where the permanent component of the SDF is

_16(Xi11)

Mt A (b(Xt)

m(X¢, Xit1)

and the transitory component is

T P(X1)
Miyq = P¢(Xt+1)
(cf. Equation (20) in [Hansen (2012))E| The notion of permanent and transitory components em-
ployed here is different from that used in the study of nonstationary time series. For example,
Beveridge and Nelson| (1981) additively decompose a nonstationary time series into the sum of a
random walk (martingale) permanent component and a stationary transitory component. In con-
trast, here the SDF process is multiplicatively decomposed into the product of Mt}; 41 and Mg; 41
where the permanent component Mtlft 1 is a multiplicative martingale: E[M/; ,|F] = 1 almost
surely. By the definition of Mft 11 equation may be rewritten as

t+7—1 Xt T)

p T Mrip(z

X, = x] o(x)

2The set of “suitable” functions 1 : X — R will be defined subsequently.

3The definitions of the permanent and transitory components used here are the same as the definitions in [Backus,
Chernov, and Zin|(2013)), and correspond with what |Alvarez and Jermann|(2005) define as the growth in the permanent
and transitory components of the pricing kernel process.
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where p~"M, may be interpreted as an horizon-normalized price. Therefore, any differences be-
tween the horizon-normalized prices of claims to distinct future payoffs ¢(X;4.) are due to dif-
ferences between the covariation of the permanent component of the SDF and the scaled payoff

¢(Xt+‘r)/¢(Xt+‘r)'

Under stochastic stability and integrability conditions, Hansen and Scheinkman/ (2009) and [Hansen

(2012) obtain a single-factor representation of the prices of long-horizon assets, namely
(13) lim p7 M (Xe) = E[(X)/$(X)]o(Xe)

where E [-] denotes expectation under a “twisted” probability measure associated with the perma-
nent component. Equation shows that when 7 is large, the yield implied by the date-t price of
a claim to ¥ (Xy4,) is approximately — log p, the long-term yield. Moreover, after discounting by p,
state-dependence of the price is captured solely through ¢(X;). A restatement of (13)) is provided
in Theorem . below. This theorem shows how to calculate E[] in stationary d1screte time en-
vironments, and makes precise the sense in which the limit in ) holds under the identification

conditions presented in this paper.

3.3. Entropies. The entropy of the permanent component of the SDF is defined as
L(Mt];—f—l) = log E[MtI,Dt-H] — Ellog M t+1]

Backus, Chernov, and Zin (2013)) refer to L(Mtﬁ +1) as the “long-horizon entropy”. |Alvarez and
Jermann (2005) show that

(14) L(M{},1) > Ellog Ri41] — E[log Ract+1]

where R is the gross return on a risky asset from time ¢ to ¢+1 and Ru ¢+1 is the gross return on a
risk-free bond with infinite maturity from time ¢ to ¢4 1. For an asset pricing model to be consistent
with observed returns on risky assets relative to long-term bonds, its permanent component must
be large enough to satisfy the bound . In the stationary discrete-time environment considered

in this paper, the entropy of the permanent component takes the convenient form
(15) L(M{;41) = log p — Elogm(X¢, Xe41)]

whenever Ellog ¢(X;)] and E[logm(X:, Xi+1)] are finite. Given p and m, the premium on risky
assets in excess of long-term bonds may be bounded by

log p — Ellogm(X¢, X¢+1)] > Ellog Riy1] — Eflog Reo t4+1]
as a consequence of and . By contrast, the entropy of the SDF is defined as
(16) L(m(Xy, Xi41)) = log E[m(Xy, Xiy1)] — Eflogm(Xy, Xi11)]
and may be used to bound returns relative to short-term risk-free bonds:
(17) L(m(X¢, X¢41)) > Eflog Riy1] — Ellog Ry ¢41]

where Rj 41 is the gross return on a one-period risk-free bond from time ¢ to ¢t + 1 (Cochrane,
1992; Bansal and Lehmann, |1997; Backus, Chernov, and Martin, [2011]).
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The entropy of the SDF measures the “roughness” or “dispersion” of the SDF, whereas the entropy
of the permanent component measures both the roughness of the SDF and the persistence of the
SDF process {m(Xy, X¢+1)}. This latter point is reflected by the bound (15), which shows that the
entropy of the permanent component may be used to bound the return on risky assets relative to
short-term bonds minus the term premium E[log Roo t+1] — E[log R1 ++1]. The return on risky assets
relative to short-term bonds depends on the dispersion of the SDF (cf. expression ) whereas the
term premium depends on the dynamics of the SDF process. If the SDF is i.i.d. (independent and
identically distributed) each period, then the entropy of the SDF and the entropy of the permanent

component of the SDF are equal and the term premium is zero.

3.4. Robustness. An attractive reason for focusing on the long-run implications of an asset pricing
model is that different models can have the same long-run implications but different short-run
implications. This property was first noted by [Bansal and Lehmann| (1997)), and is explored further
by [Hansen| (2012), [Hansen and Scheinkman| (2013) and |Backus, Chernov, and Zin| (2013). This
robustness property makes the long-run implications of a model a powerful means with which to

analyze dynamic asset pricing models.

Let m and m™* be two SDF's that differ by the ratio of two transitory terms, i.e.

. _ f(Xig1)
m* (X, Xit1) = m(Xy, Xi41) X))
for some positive function f. For instance, m could be the SDF in the consumption CAPM and f
might be an external habit formation term or a term that represents a limiting version of recursive
preferences (Hansen, 2012; Hansen and Scheinkman| |2013). Although the short-run implications
of m and m* may differ, the permanent components of m and m* will be the same (and so the
entropy of the permanent components of m and m* will be the same), and m and m* will imply
the same long-term yield. This robustness property means that the long-run implications of classes

of asset pricing models can be inferred from the analysis of one model.

4. NONPARAMETRIC IDENTIFICATION

Nonparametric identification of the positive eigenfunction ¢ is a consequence of the law of motion
of the state variables, the form of the SDF, and the space of functions to which the eigenfunction is
assumed to belong. [Hansen and Scheinkman| (2009) study identification of the positive eigenfunction
in continuous-time economies. They use Markov process theory to derive sufficient conditions for
identification of the positive eigenfunction. This section presents nonparametric identification con-
ditions for the positive eigenfunction in stationary discrete-time economies. The conditions are also
sufficient for existence of the positive eigenfunction. A function-analytic approach is used to estab-
lish identification and existence: existence follows by application of the Perron-Frobenius theorem
for positive integral operators, and identification is established by a version of the Krein-Rutman
theorem. A version of the long-term pricing result of [Hansen and Scheinkman! (2009) holds under

the identification conditions.
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Function-analytic methods have been used recently to study identification of positive eigenfunctions
related to other operators in economics. |Chen, Chernozhukov, Lee, and Newey| (2013a) study non-
parametric identification of a habit formation component in a semiparametric consumption CAPM
using these methods. In ongoing work, Linton, Lewbel, and Srisuma (2011) and Escanciano and
Hoderlein| (2012) use related techniques to analyze nonparametric identification of marginal utilities
of consumption in representative agent models. However, in each of these studies the model and
operator analyzed is different from the operator studied here.

4.1. Identification and existence. The conditions presented below are sufficient for nonpara-
metric identification and existence of the positive eigenfunction ¢. The conditions are stronger
than required for identification, but are convenient for establishing both identification and the
large sample properties of the estimators. Weaker nonparametric identification and existence con-
ditions are presented in Appendix [A] Alternative identification conditions for stationary discrete-

and continuous-time environments are explored in |Christensen| (2013)).

Assumption 4.1. {X;} and m satisfy the following conditions:

(i) {X;} is a strictly stationary and ergodic (first-order) Markov process with support X C R?
(ii) the stationary distribution Q of {X;} has density q (wrt Lebesgue measure) s.t. q(z) > 0
almost everywhere
(i1i) (Xo,X1) has joint density f (wrt Lebesgue measure) s.t. f(xo,x1) > 0 almost everywhere and
f(xo,21)/(q(x0)q(x1)) is uniformly bounded away from infinity
(iv) m: X x X — R has m(xg,z1) > 0 almost everywhere and E[m(Xg, X1)?] < co.

Stationarity and ergodicity (Assumption [1.1}i)) is a stronger assumption than the irreducibility
condition of [Hansen and Scheinkman| (2009). However, the requirement of stationarity is not nec-
essarily restrictive. For example, consumption-based asset pricing models are typically written in
terms of consumption growth to avoid potential nonstationarity in aggregate consumption (Hansen
and Singleton, 1982 |Gallant and Tauchen, |1989)). Stationarity of the state process is also convenient
for the derivation of the large sample properties of the estimators. Positivity of the joint density and
boundedness of the ratio of joint to marginal densities (Assumptions [4.1](ii) and (iii)) is used both
for identification and to develop the large sample theory. In particular, Assumption (iii) implies
that {X;} is geometrically beta-mixing and geometrically rho-mixing. Boundedness of the ratio of
the joint to marginal densities in Assumption [4.1](iii) is violated if {X;} is constructed by stacking
a higher-order Markov process into a first-order process as the joint distribution of (Xg, X1) will be
degenerate. Positivity of the SDF in Assumption [4.1[iv) is in line with the strict positivity of the
SDF process assumed for identification in Hansen and Scheinkman (2009). Positivity of the SDF is
satisfied in representative agent consumption-based asset pricing models for which

u'(Cry1)
m(Xz, X, =pf——=
(X, Xi41) = 8 W)
provided the representative agent’s marginal utility of consumption «/(-) is positive almost every-
where. Square integrability of the SDF is a standard assumption in asset pricing by no arbitrage

(Hansen and Richard, [1987; Hansen and Renault} 2010)).
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Let 2 denote the Borel o-algebra on X and let L?(Q) := L*(X, 2",Q) denote the space of all
measurable functions ¢ : X — R for which ||¢| := E[)(X)?]'/? < cc. The inner product (1)1, 1) :=
E[1(X)Y2(X)] makes L?(Q) a Hilbert space. Under Assumption the pricing operator M :
L?*(Q) — L?*(Q) may be rewritten as

B f(xo, 1) . .
(18) M (a0) = [ mlao,m) ZE () dQ(an).

Therefore M is an integral operator on L?(Q) of the form
(o) = [ Klao,z1)o(er) dQan)
X

where the integral kernel K : X x X — R is given by

f(@o, 1)
q(zo)q(x1)
Assumption [4.1(ii)~(iv) implies that the kernel K is positive almost everywhere and

/ / ICQ(azo,xl)dQ(xo)dQ(xl) < 00.
XJXx

Square-integrability of /C implies M is Hilbert-Schmidt and therefore compact. The following iden-
tification and existence result is immediate by Theorems and in Appendix [A]

(19) K(zo,z1) = m(xg,x1)

Theorem 4.1. Under Assumption

(i) M has a unique (to scale) eigenfunction ¢ € L?(Q) such that ¢ > 0 (almost everywhere)

(ii) p is positive, has multiplicity one, and is the largest element of the spectrum of M.

There are a number of important implications of Theorem beyond identification. First, that p
has multiplicity one means that both p and ¢ are continuous with respect to small perturbations
of M. This continuity property is exploited in the derivation of the large sample properties of the
estimators. Moreover, the fact that p is the largest eigenvalue of M is useful for estimation: if
an estimator can be constructed that is close to M in an appropriate sense, then its maximum

eigenvalue should be close to p.

4.2. Time reversal. Under Assumption the time-reversed pricing operator M* : L?(Q) —
L?(Q) is defined formally as the adjoint of M and is given by

(20) M*y*(z) = Elm(Xo, X1)¢"(Xo)| X1 = 2] .

The reversed pricing operator might be interpreted as a pricing operator in the economy with time
run backwards, but with the same SDF as if time were being run forwardsﬂ Under Assumption
M* has a unique (to scale) positive eigenfunction ¢* € L?(Q) such that

(21) M*¢" = pg*

4See Rosenblatt (1971)) for a discussion of time reversal for Markov processes.
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(see Theorem in the appendix). The adjoint eigenfunction ¢* is an important component of
the asymptotic variance of the estimators, and also appears in the restatement of the long-term

pricing result of [Hansen and Scheinkman| (2009) below.

Remark 4.1. It is convenient to impose the normalizations E[¢(X)?] = 1 and E[¢(X)¢*(X)] = 1,
which define ¢ and ¢* uniquely. These normalizations will be maintained hereafter.

4.3. Asymptotic single-factor pricing. Hansen and Scheinkman| (2009) and Hansen (2012
show that the positive eigenfunction ¢ captures state-dependence of the prices of long-horizon

assets via the asymptotic single-factor pricing formula

lim p"M(Xe) = E[B(X)/(X)]$(X0)
(see Section 7 of [Hansen and Scheinkman| (2009) and Section 6 of Hansen| (2012) for precise state-
ments of this result). Although Hansen and Scheinkman| (2009) and Hansen| (2012) define E[] as
an expectation under a “twisted” probability measure associated with the permanent component,

they do not show how to calculate the “twisted” probability measure.

The following theorem shows that an asymptotic pricing result holds for stationary discrete-time
environments under Assumption This theorem also shows how to calculate the twisted expec-

tation E[-] in stationary discrete-time environments.

Theorem 4.2. Under Assumption[{.1], there exists a ¢ > 0 such that
sup / (7™M () — B[p(X)e* (X)) (2))” dQ(x) = O(e™")
[p(X)2)<1JXx

VEL?(Q):E
as T — 00.

Theorem shows that the scaled price p”"M7¢(z) converges in mean square, uniformly over
all payoff functions with unit norm, to E[¢(X)¢*(X)|¢(x). Moreover, the approximation error
vanishes exponentially quickly in the horizon 7. Let @ denote the twisted probability measure used
to define the expectation E[]. It follows by equating E[1)(X)¢*(X)] and E[1)(X)/$(X)] that the
Radon-Nikodym derivative of CNQ with respect to @ is

dQ(z) _ o\ i
0 ~ ¢@¢ @

under Assumption Theorem is generalized to other LP(Q) spaces in Appendix

5. ESTIMATION

This section introduces estimators of the positive eigenfunction, its eigenvalue, the long-term yield
and the entropy of the permanent component of the SDF and presents the large sample properties
of the estimators. It is assumed in this section that the SDF m is known and the researcher has
available a time series { X, X1, ..., X, } of data on the state process. Thus this section applies when
the researcher is interested in investigating the long-run implications of a given SDF m. Extension
to the case in which the SDF is first estimated from data is discussed in Section [6.1}



ESTIMATING THE LONG-RUN IMPLICATIONS OF DYNAMIC ASSET PRICING MODELS 15

Sieve methods are used here to reduce the infinite-dimensional eigenfunction problem to a finite-
dimensional matrix eigenvector problem. Implementation of the estimators is as simple as comput-
ing the eigenvectors and eigenvalues of two appropriately chosen matrices. The estimators intro-
duced below may also be used to numerically compute the long-run implications of fully specified
models for which analytical solutions are unavailable.

Chen, Hansen, and Scheinkman (2000)) and |Gobet, Hoffmann, and Reif}| (2004) use sieve techniques
to nonparametrically estimate an eigenfunction of the (selfadjoint) conditional expectation operator
of a scalar diffusion process. In the present paper the operator M will typically be nonselfadjoint
which introduces some additional technicalitiesﬂ For example, if M is selfadjoint then ¢ = ¢*.
Moreover, if M is selfadjoint the pair (p, ¢) are equivalently defined as the solution to an infinite-
dimensional maximization problem. However, this equivalence does not hold in the nonselfadjoint
case. The consistency and convergence rate calculations for the estimators of p and ¢ follow by
simple modification of the arguments in Gobet, Hoffmann, and Reifi (2004). Estimation of the
adjoint eigenfunction ¢*, derivation of the asymptotic distribution of the eigenvalue estimator
and related estimators via a perturbation expansion, and the semiparametric efficiency bound

calculations are all new.

5.1. Operator approximation. Let the sieve spaces {By : K > 1} C L?(Q) be a sequence of
subspaces of L?(Q) of dimension K. For each K, let bx1,...,bx denote the sieve basis functions
that span By. Common examples of sieve basis functions include polynomial splines, wavelets,
Fourier series and orthogonal polynomials (see Chen| (2007) for an overview). Any function ¢ € Bg
may be written as
Y(x) = b () e ()

where b¥ (z) = (bk1(2),...,bxk(x)) is a vector of basis functions and cx (¢)) € R¥ is a vector of
coefficients. Define the Gram matrix

Gk = EpX (X5 (Xx)].

The relation ¢ — cx (1)) makes the space B isomorphic to RE under the inner product induced

by the Gram matrix because

E[p1(X)2(X)] = ek (¥1)' Grek (12)
for 1,19 € Bg.

The infinite-dimensional eigenfunction problem M¢ = p¢ in L?*(Q) is approximated by a K-
dimensional eigenfunction problem in B . Let HZ}{ : L?(Q) — By denote the orthogonal projection

onto B . Consider the eigenfunction problem
(22) M Mox = pr i

where pg is the largest eigenvalue of HI}(M. Under the regularity conditions stated below, for all K
sufficiently large the approximate eigenfunction ¢x will be unique (to scale) and pg will be real-

valued and positive. The approximate eigenfunction ¢ must belong to the space By . Consequently,

5The operators in the other applications discussed in Section |2[ will also typically be nonselfadjoint.
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¢x can be written as

or () = b5 (z) ek
where cx = ¢(¢x) to simplify notation. Whenever G is invertible (this is guaranteed under the
regularity conditions below) the approximate eigenvalue problem may be rewritten as

(23) G;(IMKCK = PpKCK
where
(24) My = E[bE (Xo)m(Xo, X1)b5 (X1)]

and pg is the largest eigenvalue of G;(lM K-

Approximation of the adjoint positive eigenfunction ¢* is more subtle. When a solution to
exists with pg real-valued, the adjoint of Hl}(M has an eigenfunction ¢7- with eigenvalue pg. That
is, there exists a ¢ such that

B¢ (XM (X)] = prc Bl (X)w(X))

for all ¥ € L%(Q). Let 5%M]p, denote the restriction of %M to the sieve space Bx. This
restriction defines a linear operator H’}{I\\/JH By : Bk — Bg. When a solution to exists with pg
real-valued, the adjoint of H%M\ By has an eigenfunction ¢} with eigenvalue pr. That is,

E[¢5 (X)) My (X)) = prcE[05 (X)x (X))

for all 9 € Bg. The notation = in place of * is used to denote that ¢}, is the eigenfunction of the
adjoint of Hl}(M\ By and that @7 is the eigenfunction of the adjoint of Hl}(M. Although Hl}((b% = ¢%,
it is not generally the case that ¢} = ¢}.. The approximate adjoint eigenfunction ¢7- belongs to

the sieve space Bx. Therefore, ¢} may be written as
Pic(x) = b7 () e

where ¢}, = ci (¢} ) to simplify notation. When p is real-valued and G is invertible, the vector

¢y solves
(25) G M ey = prci .
where pg is the largest eigenvalue of GI}lM’K.

In summary, the infinite-dimensional eigenfunctions ¢ and ¢* are approximated by ¢x and @7,
where

and ck and cj; solve

G Mgex = prek

—1Ing! * *
GK MKCK = PKCkg
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where pg is the largest eigenvalue of both G[_(lMK and Gl_(lM’K. Under the regularity condi-
tions below, unique solutions to these eigenvector problems exist for all K sufficiently large. As,
oK, ¢} and ¢% are only defined up to scale, it is convenient to impose the sign normalizations
Elor(X)p(X)] > 0, E[p5(X)o(X)*] > 0 and E[¢} (X)p(X)*] > 0 and the scale normalizations
Elor(X)?] =1, E[pr(X)¢5(X)] =1 and E[¢px(X)d% (X)] = 1. These sign- and scale normaliza-
tions will be maintained hereafter, and define ¢, ¢} and ¢} uniquely.

5.2. Estimators. The matrices Gx and Mg can be estimated from data {Xo, X1,...,X,} by
replacing the population expectations with their sample analogues, namely
n—1
Gk V(X (X,)
"0

and
Z V(X )ym( Xy, X1 )05 (Xiy1)'
The estimator p of p is the largest eigenvalue of G Klm K, i.e.
P = Amax(G ' M) .

When p is real valued (which it is with probability approaching one under the regularity conditions
below) let ¢ and ¢* solve the matrix eigenvalue problems

(26) G'Mge = pe
(27) G Myt = pe.
The estimators of ¢ and ¢* are

(28) plz) = bi(z)e
(29) o*(z) = b(x)e.

~

As qZ) and d)* are only defined up to sign and scale, impose the 51gn normalizations E[¢p(X )gb (X)] >
0 and E[¢*(X )93 (X)] > 0 and the scale normalizations E[$(X)?] = 1 and E[$(X)d*(X L.
The estimators gg and quﬁ* are defined uniquely under these normalizations.

Recall that the long-term yield is y = —log p and the entropy of the permanent component of the
SDF is L =log p — E[log m(Xo, X1)]. In light of these definitions,

(30) y=—logp
and
N 1 n—1
(31) L =logp— - ; logm(X¢, Xi41)

are natural estimators of y and L.

5.3. Regularity conditions and convergence rates. The following regularity conditions, in

conjunction with Assumption are sufficient to establish consistency and convergence rates of
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the estimators. Estimation of the positive eigenfunctions of a collection of operators under higher-

level conditions is discussed in Appendix [C]

As in Newey| (1997), define the sequence of constants (o(K) = ||\/b%(x)'bX (x)||. For example,
¢o(K) = O(VK) for polynomial spline, Fourier series and wavelet bases and (y(K) = O(K) for poly-
nomial bases on appropriate domains (see, e.g., Newey| (1997)). Let b (z) = EbE (XK (X))~ 105 ()
denote a vector of orthonormalized sieve basis functions. Define the orthonormalized estimators

n—1

~ 1l -
Gk = — Y (X)X
"0
= 1 n—-1_ -
Mg = ﬁZbK(Xt)m(Xt,Xt+1)bK(Xt+1),
=0

and their orthonormalized population counterparts
Gx = BP0 (XY
Mg = E[B*(Xo)m(Xo, X1)b% (X,)]

where G = I (the K x K identity matrix) by virtue of orthonormalization. The orthonormalized
estimators are infeasible in practice because () is typically unknown; however it is convenient to

define the regularity conditions in terms of these quantities.

Let || - ||2 denote the matrix spectral norm when applied to matrices and the Euclidean norm when
applied to vectors. That is, if Ak is a K x K matrix and ¢ = (¢1,...,cx)" € Rg then

Akl = sup{|Axclz:ceRX ||c|z =1}

K —-1/2
el = <202) :
k=1

Recall that || - || denotes the L?(Q) norm when applied to functions in L?(Q). Let || - || also denote
the operator norm when applied to linear operators on L?(Q). That is, if A : L?(Q) — L*(Q) is a
linear operator then [|A]| = sup{|Af : / € L(Q), | f]| < 1}.

Define the K-vectors cx and ¢} such that ¢x(z) = bX (2)'ex and Oy (x) = EK(m)’E}(. Let

{fn, i, M, + m, K > 1} be sequences of positive real numbers such that
s { G = Tl [V = Ml | = 0.0
and
max {H(GK — Gr)ek 2 (G — Gr)e/ 1Tk 1212,
(N = N o | (Vs = W)/ el | = O

The inequality ||Axcll2 < ||||Ak||2]lc]|2 holds by definition of ||- ||z and implies 7, x = O(7y, k). Dif-
ferent values of 7, x and 1, x will be obtained depending on the number of moments of m (X, X;41).
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Remark 5.1. Appendz'z@ provides further details as to how to calculate 7, and 1, . If As-
sumptz'on holds, then i, x = (o(K)?/v/n and nnx = Co(K)?/v/n. If, in addition, m is bounded
and (o(K)(logn)/\/n = o(1), then 7, k = (o(K)(logn)y/n and n, x = Co(K)//n.

Assumption 5.1. The following reqularity conditions are satisfied:

(i) ||TI%M — M| = O(6x) where 0 = o(1) as K — oo
(it) T,k = o(1) as n, K — oo
(14i) Amin(Gr) > A >0 for each K >1
(i) there exists a sequence {hj; : K > 1} with h}, € By such that ||¢* — || = O(6%).

Assumption (1) requires that the range of M can be uniformly well approximated over the sieve
space Bk, with the approximation error vanishing as the dimension of the sieve space increases.
Assumption ( ) also implies that ||1% ¢ — @|| = O(d ). The weaker condition [|II5M—M]| = o(1)
and || T, ¢—9¢|| = O(Sk) suffices to calculate the following convergence rates for p and ®, however the
stronger form presented in Assumption [5. ( ) is useful for derivation of the limit theory. Assumption
5.1ii) is a condition on the maximum rate at which K can increase with n while maintaining
consistency of the matrix estimators. Assumption (iii) is a standard condition for nonparametric
estimation with a linear sieve space (see, e.g., Newey| (1997); Chen and Pouzo| (2012)). Assumption
5.1{(iii) can be relaxed to allow Amin(Gg) N\ 0 as K increases, but this may slow the convergence
rates. Assumption (iv) requires that ¢* can be approximated by a sequence of elements of
the sieve space, with the approximation error vanishing as K increases. The condition on ¢* in
Assumption [5.1](iv) can be dropped if M is selfadjoint (since ¢ = ¢* in that case). When M is
nonselfadjoint the separate treatment of ¢ and ¢* is required because Assumption (1) does
not guarantee that M*, and therefore ¢*, can be approximated well over By . Assumptions i)
and (iv) can be motivated by imposing smoothness conditions on the kernel K and choosing an

appropriate sieve, as in the example below.

The following theorem establishes consistency of p, and mean square convergence rates of qAS and (Z*

as n — oQ.

Theorem 5.1. Under Assumptions[/.1] and[5.1], there is a set whose probability approaches one on

which p is real and positive and has multiplicity one, and

(i) 17— pl = Op(0xc +mn )
(i1) 16— 6|l = Op(sc + 1o 10
(iii) 16*/16°| & /1167 lll = OplBc + ).

The rates of convergence in Theorem [5.1| exhibit the standard bias-variance tradeoff in nonparamet-
ric estimation. The “bias term” is O(dx) (or O(d} ) for ¢*) which measures error in approximating
¢ and ¢* by their K-dimensional counterparts ¢ K and ¢* The “variance term” is Op(ny, k) which

measures the difference between the estimators ng and (b* and their sample counterparts ¢x and

Pk



20 CHRISTENSEN

Consistency and preliminary rates of convergence for y and L are established in the following
Corollary. These estimators will be shown to be \/n-consistent under stronger assumptions in

Section [5.41

Corollary 5.1. Under the assumptions of Theorem |y — y| = Op(dKk + Mn.i). If, in addition,
E[(logm(Xo, X1))?] < oo, then ]f — L| = Op(6k + i +n1/2).

Let || - ||o denote the sup norm. That is, if f : X — R then | f|lcc = sup,{|f(z)| : x € X}.
Sup-norm rates of convergence of QAﬁ and quﬁ* follow from the L?(Q) rates by standard arguments for
sieve estimation under a slight strengthening of Assumptions i) and [5.1|(iv). The sup-norm rates
obtained in Corollary below are useful for constructing estimators of the asymptotic variance

of p, y, and L.

Assumption 5.2. There exist sequences of functions {gx : K > 1} and {g} : K > 1} such that
gk € Bk and g3 € B for each K > 1 and:

(1) ¢ — 9xlleo = O(0K)
(i) 16" = gk lloo = O(0%)-

A sufficient condition for Assumption (1) and i) is that M maps the L?(Q) unit ball to a
subspace S C L?(Q) over which the sieve has uniformly good approximation properties in sup-
norm, i.e. {My : [[9p|| <1} C S, and supyesinfypepy [If — 0(f)llcc = O(k). This condition can
be motivated by imposing smoothness conditions on the integral kernel I and using an appropriate
sieve, as in the example below. Assumption [5.2{ii) is a sufficient condition for Assumption iv)
by virtue of the relation |[¢* — g} || < ||[¢* — g% ||oo-

Corollary 5.2. Under Assumptions and[5.9,

(i) 16 = dlloe = Op(Go(K) (Ox¢ + 1n,xc))
(i) 16/ 16*1| = &" /1" llloe = Op(Go(E) (S + 1))

5.3.1. Ezample: Smooth kernel. This example shows how to calculate dx and 7, x under primitive
smoothness conditions on the integral kernel K defined in expression . For any p > 0 let
[p] denote the maximum integer less than or equal to p. Let CP/(X) denote the space of [p]-
times continuously differentiable functions with support X. Given a d-tuple o = (o, ..., aq) of
nonnegative integers, set |a| = a1 + ... + aq and let D denote the differential operator

Hlel

DY =~
a1 ag ¢
Ox{" ... 0x;

Define the Holder norm || - ||« on CPI(X) by

D¢ — D« !
[flloc,p = max sup [D®f(x)| + max  sup Do) ; 7[f]($ Iy
la|<[p] zex al=[p] 2,2/ € X wta’ |z — 2/|[p~ P

Let AP(X) = {f € CIPl(X) such that ||f||eop < 00} denote the Holder space of p-smooth functions
and let AL(X) = {f € AP(X) such that || f|leop < ¢} denote the Holder ball of smoothness p and

radius c.
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Let Assumptions and (iii) hold and assume additionally that (i) X C R? is compact, rect-

angular and has nonempty interior, (ii) ¢ is continuous and uniformly bounded away from zero on
X, (iil) there is a p > 0 and finite constant C' such that

[ (DKt aQ() < €2
X
for each |a| < [p] and
/ (DYK(z,z1) — D*K(2',21))? dQ(z1) < C? ||z — o[>~ PD
X

for each |a| = [p], and (iv) By is a spanned by a (tensor product) of polynomial splines of degree
v > p with uniformly bounded mesh ratio (see Schumaker| (2007))).

Conditions (ii) and (iii) imply that {Mf : ||f]| < 1} C AR(X) for some finite ¢ and, in particular,
that ¢ € AZ(X). Assumptions (1) and (1) are satisfied with 6x = O(K~7/9) for a polynomial
spline sieve under conditions (i) and (iv) (Schumaker, 2007, Chapter 12). Condition (iv) implies
that (o(K) = O(VK) (see, for example, Newey| (1997)), so 1, = O(K/+/n) if m is unbounded
and 1, x = O(VK/y/n) if m is bounded. The following mean-square and sup-norm convergence

rates obtain:

(a) If m is unbounded, choosing K = n%/(2P+24) viclds ||ng5— || = Op(n=P/P+2d)) 1f p > +d this
choice of K yields a sup-norm rate of convergence of ||¢ — || = O, (n\4/2=p)/(2p+2d)),

(b) If m is bounded, choosing K = nd/(2P+d) yields ||¢ — ¢|| = 0, (n~?/@r+d)) This is the same as
the minimax optimal mean-square convergence rate for a nonparametric regression estimator of
a p-smooth function of d variables (Stone, 1982). If p > %d this choice of K yields a sup-norm
rate of convergence of || — ¢||oc = O, (n'd/2=p)/@p+d)),

This example shows that reasonable mean-square convergence rates for &5 can be obtained when
K(zg,21) is smooth in zp. The kernel I does not necessarily need to be smooth in z; to attain
these rates. For example, if m(xg, z1) = m(x1) then K may satisfy the above smoothness conditions
provided f(zi|xg) is sufficiently smooth in xo even if m(z1) is kinked or discontinuous in zj.
However, such kinks or discontinuities may affect how well ¢* can be approximated, because M* is

an integral operator with kernel K* given by K*(xg, 1) = K(x1,x0)-

5.4. Asymptotic inference. A feasible means of conducting asymptotic inference for the eigen-
value p, the long-term yield y, and the entropy of the permanent component of the SDF L is now
provided. The asymptotic distribution of the estimators is derived via a perturbations expansion.
This approach is distinct from the usual Taylor-series arguments used in the derivation of the limit

distribution of extremum estimators.

Under the regularity conditions below, the estimator p is asymptotically linear and its influence
function is formed from m, ¢, ¢*, and p, i.e.

n—1

(32) Vn(p—p) = \/15 Z{qﬁ*(Xt)m(Xt, Xi41)P(Xi1) — po™ (Xe) (X)) } + op(1) .
t=0
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Conveniently, the summands in expression form a martingale difference sequence with respect
to Fy = 0(Xy, X¢—1,...). The asymptotic distribution for p then follows by applying a central limit
theorem for martingales with stationary and ergodic differences. The asymptotic distributions of 7
and L also follow straightforwardly from the expansion . An additional assumption is needed
to ensure the representation is valid and that the asymptotic variances of the estimators are
well defined.

Assumption 5.3. The following moment and rate conditions are satisfied:

(i) Either (a) or (b) holds:
(a) m is bounded, E[¢(X)}] < oo and E[¢*(X)*] < oo
(b) Elm(Xo, X1)%] < 0o, E[¢(X)8] < co and E[¢*(X)5] < oo
(ii) 7,1 = o(n='*), 6 = o(n™'/?), and (o(K) max{d, 5k, 7n,ic} = o(1)
(i4i) E[|logm(Xo, X1)|?] < cc.

Assumption [5.3(i)(iii) guarantees that the asymptotic variance of the estimators are well defined.
Assumption (ii) ensures the estimation and approximation errors vanish sufficiently quickly
that the expansion is valid. The condition 7, x = o(n~1/%) is analogous to the requirement
in semiparametric extremum estimation that the estimator of the nonparametric part converges

at least as fast as n—1/4

to obtain y/n-consistency of the estimator of the parametric part. The
condition 6 = o(n~'/?) ensures the bias term px — p vanishes sufficiently quickly that it does
not affect the asymptotic distribution for p. The condition (o(K) max{d}, 0k, 7n i } = o(1) is used,

inter alia, to establish consistency of the asymptotic variance estimators introduced below.

If {Z;} is a real-valued stationary stochastic process, define the long-run variance of {Z;} as

oo

Irvar(Zy) = Y E[Z0Zi).
Let
(33) V, = E[{¢"(Xo)m(Xo, X1)d(X1) — po*(Xo)d(X0)}]
Vi = lvar(p ' (X)m( Xy, Xes1)o(Xes1) — 6* (X)) d(Xy)
(34) —logm(X¢, Xi11) + Ellogm(Xo, X1)]) .

Assumptions and provide that V, and Vy, are well defined.
Theorem 5.2. Under Assumptions and[5.3, if V, > 0 and Vi, > 0, then

(i) Vn(p—p) —a N(0,V))
(ii) /(G ~ ) ~a N(O,pV,)
(iii) /a(L — L) —q N(0, V7).

The conditions V), > 0 and Vi, > 0 exclude cases in which the limit distributions of the estimators
are degenerate. For example, if m(xg, x1) = ¢ for some positive constant ¢ then ¢(z) = 1, ¢*(z) = 1,

and p = c irrespective of the law of motion of the state variables, in which case V,, = 0 and V;, = 0.
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With Theorem [5.2] in hand it remains to provide consistent variance estimators. The rates of
convergence in Theorem and are for estimators whose scale has been normalized under the
true distribution Q. Let (Zf and (/b\*f denote versions of $ and 4/5* normalized under the empirical

measure, so that
1 n—1 N 1 n—1 N N
2 X =1 ) el (X)e (X =1
t=0 t=0
Corollary 5.3. Under Assumptions and

(i) 137 — 6l = Ol + )
(i) [|0*) — ¢*|| = Op(dx + 0% +iin,xc) -
If, in addition, Assumption[5.9 holds, then

(iii) 1|67 — dlloc = Op(Go(K) (S + k)
(i0) 16" = ¢ lloo = Op(Go(K) Bk + 8 + ).

The asymptotic variance estimators for p and ¥ are constructed by replacing the population quan-
tities in V), and p_2Vp by feasible sample analogues. To simplify notation, for any f : X — R let
fr = f(Xy), and let my 41 = m(X¢, Xi41). The estimator of V, is

—_

n—

-1 ~ ~ g\ 2
(35) Vo= (6 meenidly —5078f)

t—=
No sample mean correction is required because Z?z_ol(gg:f mt,thAﬁ{ 1 ,?)quﬁ:f gg{ ) = 0 by definition

of $ and (}5*. The estimator of the asymptotic variance of ¥ is ,?5_2‘7p.

Estimating V7 requires estimating a long-run variance. The following approach for conducting
inference on L uses an orthogonal series long-run variance (OSLRV) estimator of |[Phillips (2005) in
conjunction with fixed-bandwidth asymptotics as in [Chen, Liao, and Sun (2012)H The estimator
will be asymptotically y?-distributed and therefore inconsistent. However, asymptotic inference
for L can still be performed using this OSLRV estimator and the asymptotic distribution for L
developed in Theorem the only difference is that Gaussian critical values are replaced by t

critical values.

Let {hj : j > 0} be a continuously differentiable orthonormal basis for L?([0,1], ([0, 1]), Leb)
(where #([0,1]) denotes the Borel o-algebra on [0,1] and Leb is Lebesgue measure), such as a

cosine basis or a Legendre polynomial basis. Let hg = 1, whence fol hj(uw)du = 0 for each j > 1 by

6There is a large literature on consistent long-run variance estimation using kernel-based truncated lag estimators
following |Parzen| (1957)) (standard econometric references include Newey and West| (1987)) and |Andrews| (1991))). To
ensure consistency of these estimators, the truncation lag is required to increase at an appropriate rate with the
sample size. Recent research has shown that, in some circumstances, asymptotic inference using consistent kernel-
based truncated-lag estimators can suffer considerable size and power distortions in finite samples. To this end, a
literature has developed that explores inference under alternative bandwidth asymptotics (see, e.g., |Kiefer, Vogelsang,
and Bunzel| (2000)); [Jansson| (2004)); Muller| (2007)); |Sun, Phillips, and Jin|(2008))). Preliminary Monte Carlo simulations
(not reported) revealed that the coverage probabilities of asymptotic confidence intervals for L constructed using a
consistent kernel-based truncated lag estimator were sensitive to both the choice of kernel and bandwidth.
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orthogonality. For each j =1,...,J, define

n—1
~ 1 t+1\ ~
Ri=— Et:(): hj (n > Aviit.

where
Apy1 = p (¢:fmt,t+1¢{+1 - ﬁ¢:f¢{> — (log my 41 — logm,,)
n—1
logm,, = n' ZlOg Mt 141 -
=0

The OSLRV estimator 171?%] for Vi, using J basis functions is defined as
N 1
j=1

The estimator ‘A/LOSJ is, by definition, guaranteed to be non-negative.

An additional regularity condition is required for the derivation of the limit theory for the OSLRV
estimator. To introduce this condition, define the shrinking neighborhood Nx = {(f, f*) € Bx X

Bi :|[f = ¢l < (0k + 7n,ic) log(logn) and f* € Bi : [|f* = ¢"|| < (3x + 0f¢ + 7n i) log(log n) }.
Assumption 5.4. The following equicontinuity conditions are satisfied:

(i) SUP(f, f+)eNg Z?:_ol hj(%){(ﬁﬁbt — fife = Elgioe — fifil} = 0p<n1/2>
(i) SUD(; 1 yeng Sormo i (N M1 (9F ber1 — f fre1) — Elmuer1 (97 der1 — fi fren)]} = op(n'/?).

Assumption is essentially Assumption 5.2(i) of |Chen, Liao, and Sun| (2012) applied in this
context. The definition of Nx and the convergence rates of g/iEf and gf * established in Corollary |5.3
ensure that (ggf , qgf *) € N with probability approaching one.

Consistency of the asymptotic variance estimators for p and 7 are now established, together with
a means of performing asymptotic inference for L based on the ¢ distribution using the OSLRV
estimator VLOSJ Let X% and t; denote the x? and t distributions with J degrees of freedom.

Theorem 5.3. Under Assumptions and

(i) ‘7p —>an
(i) (5-2)Vp —p 52V,

If, in addition, Assumption[5.4] holds, V, >0 and Vi, >0, then
(iii) V% —a J VX3

(iv) Va(Ves) " V2(L — L) =4 ty.

Theorems 5.2 and [5.3| together provide a means with which to perform feasible asymptotic inference
on p, y, and L.
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5.4.1. Ezample: Smooth kernel (continued). Here 65 = O(K~P/?). Assume that ¢* belongs to a
Holder ball of smoothness s, so that §% = O(K~%/4).

(a) If m is unbounded then 7, x = O(K/y/n) and K may be chosen so that the conditions 7, x =
o(n='/4) and 6 = o(n~1/?) are satisfied provided p > 2d.

(b) If m is bounded then 7, x = O({p(K)(logn)/n) and K may be chosen so that the conditions
finic = o(n~/*) and §x = o(n~'/?) are satisfied provided p > d.

In either case the remaining condition (o(K)max{d},dx} = o(1) is satisfied if s > id. If, for
arguments sake, M is selfadjoint, then ¢* = ¢ and the condition dx = o(nfl/ 2) can be relaxed to
Sk = o(n~*) (Gobet, Hoffmann, and Reif}, 2004, Remark 4.7), in which case it suffices that p > d
if m is unbounded and p > %d if m is bounded.

5.5. Semiparametric efficiency. The semiparametric efficiency bounds for p, ¥ and L are now
derived, and it is shown that the estimators attain their efficiency boundsﬂ The efficiency bound
derivations follow the arguments of |Greenwood and Wefelmeyer| (1995) and Wefelmeyer| (1999)
(see also Bickel and Kwon| (2001)). A tangent space of admissible perturbations to the unknown
transition distribution of the state process is first constructed. A nonparametric version of local
asymptotic normality holds for the perturbed models. The parameters p, y and L are shown to
be differentiable with respect to the perturbation of the transition density and their gradients are
characterized. The efficient influence function of the estimators are determined by projecting their
gradients onto the (closure of the) tangent space. The asymptotic variances of p, § and L are shown

to coincide with the second moment of their efficient influence functions, whence efficiency obtains.

Theorem 5.4. Under Assumptions[{.1}, [5-3 and[5.3, the semiparametric efficiency bounds for
p,y and L are V,, p=2V,, and Vi, and are achieved by p, § and L.

Now consider the somewhat artificial case in which the stationary distribution @ is known but the
dynamics of {X;} are still unknown. In this setting the Gram matrix Gg is known but Mg is

unknown. An alternative estimator for p is
p = Amax(G ' Mk) .

One might expect the asymptotic variance of p to be smaller than that of p because p appears to
make use of the fact that ) is known. The following theorem shows otherwise.

Theorem 5.5. Under Assumptions and[5.3(i)(ii), if V, > 0 then
Vn(p—p) =4 N(0,V, + W,)
where W, = 207 B[(6° (X0)$(Xo) — 1)?] + pPlrvar((6* (X)6(X,) — 1).

"In practice the true SDF is unknown, so the term “limited information bound” may be more appropriate than
“semiparametric efficiency bound”.
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Clearly W, > 0, and the inequality is strict if ¢(z)¢*(x) is non-constant on a set of positive
probability. Therefore, the estimator p is relatively more efficient than p, even though p appears to
incorporate the fact that the density is knownﬁ

6. EXTENSIONS

The estimators and large-sample theory presented in Section |5 is now extended to study (i) the
long-term implications of estimated SDFs, (ii) the long-term implications of SDFs with additional
roughness, and (iii) nonparametric sieve estimation of the marginal utility of consumption of a

representative agent.

6.1. Plugging-in an estimated SDF. Consider the two-stage problem of first estimating a
SDF from data, then extracting its long-term implications. Let the data consist of a time se-
ries {(Xo, Ro), ..., (Xn, Rn)} where Ry = (Riy, ..., Ray) is a vector of returns on dp assets for
each ¢. Assume that the researcher has estimated a SDF, say m, from the data. The SDF estimator
m could be parametric or semi/nonparametric. An example of a parametric SDF estimator m is
the consumption CAPM SDF m(Xy, X1;8,7) = BG,,; evaluated at (E, ~) where (ﬁ, 7) are esti-
mated from {(Xo, Ro),...,(Xn, Rn)}. Semi/nonparametric estimators include the semiparametric
consumption CAPMs studied in |Gallant and Tauchen| (1989) and |Fleissig, Gallant, and Seater
(2000), nonparametric nonlinear factor models (Bansal and Viswanathan) |1993), models with non-
parametric habit formation (Chen and Ludvigson, [2009), and models with recursive preferences
and unknown dynamics (Chen, Favilukis, and Ludvigson) 2013b).

In this case the matrix M is estimated using
e 1 n—1
(37) Mg = > b (X)X, Xpp)b™ (Xeg)'
t=0

The eigenvalue p and eigenfunctions ¢ and ¢* are estimated by solving the matrix eigenvalue
problems and with Mg given by . The estimators of the long-term yield and entropy
of the permanent component of the SDF are

y = —logp
1n—1
L = 1°gﬁ_n;1°gm(X“Xt“)

by analogy with and . Consistency and convergence rates of the estimators follow under
similar conditions to those described in Section [B

Theorem 6.1. Let Assumption hold, and let Assumption hold with MK as in expression
. Then there is a set whose probability approaches one on which p is real and positive and has

multiplicity one, and

(1) |p = pl = Op(0K + 1. x¢)

81f Q is known the semiparametric efficiency bound for p may be different from V,. Consequently, p may not be
semiparametrically efficient when @ is known.
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(ii) 16 = ¢l = Op(3 + 1 )
(iii) 116*/11671| = &* /19" Ill = Op(Bic + 1hxc)-

The requirement that Assumption hold with M K as in expression is an implicit condition
on convergence of m to m.

The asymptotic distribution for p, ¥ and L will be distorted (relative to the case in which m
is known) by the error introduced by replacing m with a first-stage estimator m. The form of
the asymptotic distribution for p, ¥y and L will therefore differ depending on the method used
to construct m. The following high-level assumption is made to establish the asymptotic linear
expansion for p in this setting.

Assumption 6.1. Y07 [i(Xe, Xer1) — m(Xe, Xes1)| (1 + $(Xi1) + 6* (X)) = Op(n¥/2).

The following Theorem establishes the distortion to the limit distribution of p that arises due to
the first-stage estimator . The limit distribution of 5, § and L can then be derived from this
expansion on a case-by-case basis.

Theorem 6.2. Let Assumptz'on and hold with ﬁK as i expression , and let
Assumption hold. Then

n—1
vn(p—p) = \/15 > {¢" (Xoym(Xy, Xi41)9(Xer1) — po*(Xe)p(Xy) }
=0
n—1

+;ﬁ O (X)) (M( X, Xey1) — m(Xe, Xeg1))d(Xeg1) +0p(1) .
=0

Comparing Theorem [6.2] with the expansion for p when m is known shows that the limit distribution
of p will be distorted (relative to the known SDF case) by an additional functional of (m —m). The

following remark deals with the case in which m is estimated parametrically.

Remark 6.1. Let m be known up to a finite-dimensional parameter 6y € © C R% and let m be
estimated by plugging in a first-stage estimator 6 of 0y, i.e.

m(Xe, Xer1) = m(Xy, Xe41500)

m(Xe, Xep1) = m(Xtht—i-l;é\)-
If (a) /n(6 — 6y) = Op(1), (b) O € int(O), (c) for all (zo,z1) € X2, m(zo,71;0) is twice continu-
ously differentiable in 6 on a neighborhood ©¢ C int(O) containing 0y, (d)

om(Xo, X1;60)
00;

Ham (Xo, X1;60)

T i o]

¢*<Xo>¢<xl>] < oo

2
fori=1,...,dp, (e) there exists a g : X x X — R such that

82m(9007 x1;0)

D 9006’

[UAS(SH

< g($07 1'1)
2
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with Elg(Xo, X1)?] < oo and E[g(Xo, X1)¢*(X0)p(X1)] < oo. Then, Assumption is satisfied
and, under the remaining conditions of Theorem [6.2,

n—1
vn(p—p) = \}ﬁ > {#" (Xeo)m( X, Xi1)d(Xer1) — p¢* (Xo)p(Xy) }
=0

om(Xo, X1;0o)

5 V(0 — 6o) + 0p(1) .

+E [¢*(Xo)¢(X1)

The limit distribution for p when m is estimated semi/nonparametrically may be similarly derived
using Theorem

6.2. Roughing-up the SDF. Following Hansen and Scheinkman| (2012} 2013)), consider a class
of economy characterized by a discrete-time (first-order) Markov state process {(X¢,Y;)} defined
on a complete probability space (2, F,{F;},P) where time is again indexed by ¢ € Z and where
Fi=0(Xy, Y, Xi—1,Yi—1,...). Assume that the distribution of (X¢41, Y;+1) conditioned on (X, Y;)
is the same as the joint distribution of (X1, Y;4+1) conditioned on X;. More compactly,

(38) (Xit1, Yer)[(Xe, Vi) =a (Xug1, Yeq) [ Xe

for all ¢, where =4 denotes equality in distribution. The “non-causality” condition is convenient
for dimension reduction: it allows for the SDF to be a function of (X, X¢41, Yi+1) whilst restricting
the class of eigenfunctions to be functions of X only (not functions of (X,Y)).

Let {X;} have support X C R? and let {Y;} have support Y C R%. Assume further that the date-
1-period SDF is now m(Xy, X¢y1, Yzy1) for some m : X x X x ) — R. Define M : L*(Q) — L*(Q)

as the 1-period pricing operator given by
My(z) = Elm(Xe, Xip1, Vir 1) ( X)) | Xy = 2]
The adjoint operator M* is defined as
M*p(z) = E[m(Xe, Xesr, Y1) (X)X = 2]
The positive eigenfunction problems are again
Mé = pg
M*¢* = pot
with ¢ and ¢* positive (almost everywhere). The following regularity conditions are a straightfor-
ward extension of Assumption [4.1

Assumption 6.2. {(X,Y;)} and m satisfy the following conditions:

(i) {(X¢, Y1)} is a strictly stationary and ergodic (first-order) Markov process which satisfies the
non-causality condition (@, and which has support X x Y C R? x R%

(it) the stationary distributions Q of {Xi} and Qy of {Y:} have densities ¢ and q, (wrt Lebesgue
measure) s.t. q(x) >0 and q,(y) > 0 almost everywhere
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(111) (Xo,X1,Y1) has joint density f (wrt Lebesque measure) s.t. f(zo,x1,y1) > 0 almost every-
where and f(xo,21,y1)/(q(x0)q(z1)qy(y1)) is uniformly bounded away from infinity.
(iv) m: X x X x Y — R has m(zg,71,y1) > 0 almost everywhere and E[m(Xy, X1,Y1)?] < .

Nonparametric identification of ¢ and ¢* in this environment follows similarly.

Theorem 6.3. Under Assumption[6.3,

(i) M and M* have unique (to scale) eigenfunctions ¢ € L*(Q) and ¢* € L*(Q) such that ¢ > 0
and ¢* > 0 (almost everywhere)
(ii) p is positive, has multiplicity one, and is the largest element of the spectrum of M.

Given a candidate SDF m and a time series of data {Xo, (X1,Y1),...,(Xn,Ys)}, the positive
eigenfunctions ¢ and ¢* and the eigenvalue p can be estimated by solving the matrix eigenvalue
problems and as before, but with Mg and Mg given by

(39) My = EPX(Xo)m(Xo, X1, Y1)b5 (X1)]
n—1
— 1
(40) Mg = = b (X)m(Xe, Xppr, Vi)™ (X))
t=0
The long-run yield and entropy of the permanent component of the SDF are estimated with
y = —logp
N 1 n—1
L = logp— - Z logm (X, Xiv1, Yie1)
t=0

by analogy with expressions and .

Consistency, convergence rates, and the asymptotic distribution of the estimators follow by argu-
ments identical to the case dealt with in Section [bl However, Assumption does not characterize
the joint weak-dependence properties of {(Xy, Y;)} so an extra assumption is required to establish
the limit distribution of L. For the remainder of this subsection, let V, and Vi, be defined as in
expressions and , but with m(Xy, X¢+1, Yi41) in place of m(Xy, Xyy1). Let
DL (X, X1, Yern) = p 7 0" (Xe)m(Xe, Xt Yer)9(Xern) — 6" (Xe)(Xo)
—logm(Xi, Xit1, Yit1) + Ellogm(Xo, X1,Y1)]
Vi, = lrvar(¢p(Xe, Xig1, Y1)

The following high-level assumption is sufficient to establish the limit distribution of L.
Assumption 6.3. The following regularity conditions hold:

(i) Vi, < o0

(ii) n= 2S00 (X, Xeg, Yir1) —a N(0, VL).

Mean-square convergence rates of the eigenfunction estimators and y/n-asymptotic normality of p,

¥ and L are now established.
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Theorem 6.4. Let Assumption hold, and let Assumption hold with Mg and My as in
exTpressions (@) and (@) Then there is a set whose probability approaches one on which p is real
and positive and has multiplicity one, and

(i) 17~ pl = Op(6xc + )
(ii) 16— 6|l = Op(3xc + 1o 10
(iii) /1161l — & /116" 1l = Op(Bc + . i0)-

If, in addition, Assumptions and hold with m(Xo, X1, Y1) in place of m(Xo, X1) and V, > 0,
then

(iv) v/n(p — p) —q N(0,V,)
(v) Vn(y —y) —q N(0,p2V,).

If, in addition, Assumption [6.3 holds and Vi, > 0, then

(vi) i(L — L) =4 N(0,V1).

The asymptotic variances V), p_QVp and Vg, of p, y and L may be estimated analogously to the
case dealt with in Section That is, YA/p and YA/LOSJ are defined as in expression and ,
respectively, but with m(Xy, Xi41, Yi11) in place of m(X;, Xy+1). The estimators Vp and ﬁZXA/p are
consistent under the conditions of Theorem (iv)(v). Asymptotic inference based on XA/LOSJ follows

under additional regularity.

6.3. Application: nonparametric Euler equation estimation. The results of Section [6.2] may
be used to establish the large sample properties of nonparametric sieve estimators of the marginal
utility of consumption of a representative agent, as outlined in Section [2.I] The sieve approach
outlined below is an alternative to the kernel-based procedure analyzed by |Linton, Lewbel, and
Srisuma (2011). As in Linton, Lewbel, and Srisuma/ (2011), the process {(X;, Ris+1)} is required
to be stationary and ergodic. This requirement restricts the forms of utility compatible with this

analysis. Consider, for example, MU of the form
(41) MUy = MU (Cy, Cy—1, Zy)

where C} is aggregate consumption at date t and X; = (Cy, Ci—1, Z;). A conventional assumption is
that aggregate consumption {C}} is nonstationary but growth in aggregate consumption {C;/Cy_1}
is stationary (see, e.g., [Hansen and Singleton (1982); Gallant and Tauchen (1989)). Under this
assumption, MU of the form is incompatible with the stationarity requirement. If MU in

expression is homogeneous of degree zero in its first two arguments, M U; may be rewritten as
(42) MU, = MU(C/Cy—1,Zy) .

Marginal utility of the form may then be estimated as described below, provided the process
{(Ct/Ct=1,Zs, Ri141)} is strictly stationary and ergodicﬂ

9Chen and Ludvigson| (2009) use a similar homogeneity assumption to rewrite a semiparametric habit formation
model in terms of consumption growth (rather than levels of consumption).
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Assume MU; = MU(X;) where {(X¢, R;;)} is strictly stationary and ergodic (here {(X, Ri¢)}
does not need to be a Markov process). Given data {Xo, (X1, Ri1),...,(Xn, Rin)}, 8 and MU can
be estimated by solving
Gy 'Tixc=p5""¢
and setting MU (z) = b5 (z)'¢, where B~1is the largest eigenvalue of (A?r[_(l’i‘Z Kk and
Tix = 1 ”z_:l O (Xy) Rig 410" (Xi41)
, n 2 :
Let MU* solve E[Rl t+1MU*(Xt)|Xt+1] BIMU*(X;41). Then MU* may be estimated by solv-
ing G, 1T’ L KC = = B~12* and setting MU~ (z) = b (x)er.

The large sample properties of B‘l, MU and MU* follow from Theorem Normalize MU
and MU* so that E[]MU(X)? = 1, E]MU(X)MU*(X)] = 1. Without confusion, let @ denote
the stationary distribution of {X;}. Replace Assumption with (a) T; : L3(Q) — L*(Q) is
Hilbert-Schmidt, and (b) T;MU = B~ 'MU where MU € L*(Q) and f~' > 0 is the largest
eigenvalue of T; and has multiplicity one. Also let Assumptions n . and |5.3 hold with T;, TZ K
Tix = [bK(Xt)RZ 1108 (X)), MU, and MU* in place of M, MK, MK, gb and qb* Theorem -
(iii) establishes consistency and convergence rates of B ! M U and MU . The limit dlstrlbutlon
for ﬂ is more subtle. Let G, = o(X¢, Ri¢, Xi—1, Rigt—1,-..). If (X1, Rie+1)| Xt =a (Xig1, Rit41)|Gt
for all ¢, then

V(B = B) =4 N(0, B*E[{MU (Xy11) Ry 1 MU*(X;) — B~ MU (X;) MU*(X,)}?)

by Theorem [6.4{iv) and the delta method. Otherwise, simple modification of the proof of Theorem
yields, under regularity,

V(B = B) =a N(0, W)
where W = Irvar({MU(Xy 1) Rigp1 MU*(X,) — BMU (X)) MU*(X,)}).

7. MONTE CARLO SIMULATION

The following Monte Carlo (MC) exercise explores the performance of the estimators when applied
to a stylized consumption CAPM. The SDF is

m(X¢, Xiq1) = Bexp(—=v9gi4+1)

where [ is the time preference parameter, -y is the risk aversion parameter, and g1 is log consump-
tion growth from time ¢ to ¢t + 1. The state variable is simply X; = g;. The data are constructed to
be somewhat representative of U.S. real monthly aggregate consumption growth. Log consumption

growth evolves as the Gaussian AR(1)

Git1 — 1= K(geg1 — 1) + o€y

where the e; are i.i.d. N(0,1) random variables. Gaussianity of the disturbances ensures that the

process {g:}22_ o is time reversible (see, e.g., Weiss| (1975)), which is used to obtain a closed-form
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Ficure 1. MC plots for qASf with v = 25. Each panel shows the true ¢ (solid red
line), pointwise MC median (solid blue line), and pointwise MC 90% confidence
bands (dashed lines). Results are presented for Hermite polynomial (left) and B-
spline (right) sieves of dimension 6 (top), 10 (middle) and 14 (bottom).

solution for ¢*. The positive eigenfunction and adjoint positive eigenfunction are

2,2 2

- YR WYR alalel
9o9) = exp (‘1%9+ 1-r (1—n2)(1—ﬂ>2>

$*(g) = exp <—1jﬁg+ 1“_714; 1 _K’ijf_,{)Q {RQ — ;(1+n)2}>

where both ¢ and ¢* have been normalized so that E[¢?(g)] = 1 and E[¢(g)¢*(g9)] = 1. Their
eigenvalue p is

1 2
p = Bexp <—7M+2(1_ﬁ)20 > .
The parameters for the simulation are y = 0.002, x = 0.3, and o0 = 0.01/ V1 — k2, which are similar
in magnitude to the parameters of the U.S. real per capita consumption growth series investigated
in the next section. The sample length is set to 500, and 10000 simulations are performed. The
time preference parameter (8 is set to 0.998, and ~ is varied from 0 to 30. Two choices of sieve are
used, namely Hermite polynomials and cubic B-splines, with dimension K = 6, 10 and 14. For each
simulation, the Hermite polynomial sieve was centered and scaled by the sample mean and sample
standard deviation of g, and the knots of the cubic B-spline sieve were placed at the empirical

quantiles. Cosine bases of dimension J = 10 and 15 were used to compute the OSLRV estimator.

MC results &\f and gg*f for v = 25 are presented in Figures |1f and |2 respectively. Each panel
shows the true ¢ (or ¢*) for g € [u — 20, + 20] (solid red lines) together with the pointwise

~

MC median ¢ (or ¢*) (solid blue lines) and pointwise MC 90% confidence bands (the pointwise
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Ficgure 2. MC plots for qg*f with v = 25. Each panel shows the true ¢ (solid
red line), pointwise MC median (solid blue line), and pointwise MC 90% confidence
bands (dashed lines). Results are presented for Hermite polynomial (left) and B-
spline (right) sieves of dimension 6 (top), 10 (middle) and 14 (bottom).

.05 and .95 quantiles of the estimator approximated by simulation; dashed lines). Both <$ and 5*
are normalized feasibly as in Corollary The estimators have negligible bias. The width of the

“variance term”

confidence bands increases with the sieve dimension K, which illustrates that the
M,k is increasing in K. Other simulations (not reported) show that increasing/decreasing v also

increases/decreases the width of the MC confidence bands.

Table [I| shows the MC coverage probabilities for 90% and 95% confidence intervals (Cls) for p
and y, and Table 2| shows the MC coverage probabilities for 90% and 95% ClIs for L. To construct
the MC coverage probabilities, for each simulation p, y, and L were estimated and their 90% and
95% confidence intervals estimated using the variance estimators ‘7p, p“QTA/p, and ?ESJ Gaussian
critical values were used for the Cls for p and y, and t; critical values were used for the Cls for
L. The MC coverage probabilities are the proportion of simulations for which the estimated Cls
contained the true parameter values. Table [I| shows that the 90% and 95% CIs for p and y have
MC coverage probabilities that are very close to their nominal coverage probabilities, for all sieve
choices and all levels of v. The MC coverage probabilities for L presented in Table [2| show that the
CIs corresponding to a B-spline sieve are too narrow, especially at high values of . The coverage
probabilities for the Cls corresponding to a Hermite polynomial sieve are close to their nominal
values with both J = 10 and J = 15. The MC coverage probabilities for p, y and L appear generally
robust to the dimension K of the sieve space, especially when a Hermite polynomial sieve is used.
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90% CI for p 95% CI for p
K=6 K=10 K=14 K=6 K=10 K=14
vy=295 | 89.60  89.64 89.75  94.82  94.78 94.79
H-Pol v=15| 89.86  89.91 90.04 9452  94.54 94.60
v=25| 89.43  89.53 89.39 93.63  93.59 93.61
¥y=95 | 89.63 §89.60 89.54 9482  94.75 94.74
B-Splv=15| 89.80 89.63 89.57 9450 94.51 94.39
v=25| 89.28  88.64 88.41 93.51 93.27 92.95
90% CI for y 95% CI for y
K=6 K=10 K=14 K=6 K=10 K=14
vy=5 | 89.70  89.66 89.74  94.81 94.80 94.77
H-Pol v =15 | 89.91 89.90 90.02 94.62 94.60 94.61
v=25| 89.44  89.58 89.50  93.78  93.76 93.79
vy=5 | 89.68  89.58 89.39 94.80  94.68 94.53
B-Spl y=15| 89.78  89.53 89.42 9453 94.50 94.18
v=25| 89.33  88.68 88.24  93.67 93.35 92.91

TABLE 1. Monte Carlo coverage probabilities for 90% and 95% asymptotic confi-
dence intervals for p and y based on the asymptotic distribution in Theorem [5.2] and
the consistent variance estimators V and p 2V Results are presented for Hermite
polynomial (H-Pol) and B-spline (B- Spl) sieves of varying dimension K.

90% CI for L 95% CI for L
K=6 K=10 K=14 K=6 K=10 K=14
vy=5 | 91.66 91.70 91.80  95.92  95.96 95.90
H-Pol, J =10~y =15 90.35  90.34 90.30 9491  94.96 94.98
v=25| 88.69 8847 88.28  93.67  93.53 93.18
vy=5 | 9295 93.06 93.03 96.74  96.80 96.84
H-Pol, J=15~v=15] 91.11  91.20 91.08  95.47  95.52 95.53
v=25] 89.41 89.11 88.94  94.27  93.98 93.86
vy=25 | 83.26  88.20 87.84 9298 92.71 92.62
B-Spl, J=10y=15| 86.69  86.12 85.87  91.556  91.16 90.80
v=25| 8447 83.63 83.09 89.36  88.96 88.51
vy=5 | 89.72  89.67 89.51  93.99  93.83 93.70
B-Spl, J=15y=15| 8749  86.98 86.75  92.29  91.83 91.66
v=25] 85.29  84.58 84.10 89.93  89.48 88.97

TABLE 2. Monte Carlo coverage probabilities for 90% and 95% asymptotic con-
fidence intervals for L based on the asymptotic distribution in Theorem and
the OSLRV estimator V%, which was computed with a cosine basis of dimension

J = 10 and J = 15. Results are presented for Hermite polynomial (H-pol) and
B-spline (B-Spl) sieves for of varying dimension K.

8. EMPIRICAL ILLUSTRATION

The long-run implications of the consumption CAPM are now investigated using the tools intro-
duced in this paper. The consumption CAPM has been the basis for a vast amount of research,
from the seminal works of Hansen and Singleton| (1982) and Mehra and Prescott| (1985)) though to
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recent rare disasters-based investigations of Backus, Chernov, and Martin (2011) and |Julliard and
Ghosh| (2012)). The SDF to be investigated is

(43) m(Xe, X413 8,7) = Bexp(—7ge+1)

where ( is the time preference parameter, v is the risk aversion parameter, and g;41 is log con-
sumption growth from time ¢ to t+ 1. As shown in Bansal and Lehmann| (1997)), Hansen| (2012)) and
Backus, Chernov, and Zin! (2013), the SDF has the same permanent component (and therefore
entropy of the permanent component) and implies the same long-term yield as SDFs of the form

(44) m(Xe, Xetv1;68,7) = BeXp(_rngl)hf(L)(()?:)l)

where h is a positive function. For example, h(X;) may capture a limiting version of recursive
preferences as in|{Hansen| (2012). Alternatively, h(X;) may be an external habit formation component
as in |(Chen and Ludvigson| (2009). The following analysis therefore applies to a wider class of

consumption-based asset pricing models than simply the consumption CAPM.

Three specifications of the state process are investigated, namely X; = ¢+, X; = (g¢, get) where
e, denotes the growth in corporate earnings from time ¢ — 1 to time ¢, and X; = (g¢,7f,)" where
rft = log Ry ¢41 denotes the short-term risk-free rate at date t. Corporate earnings growth is
included as a state variable in line with Hansen, Heaton, and Li (2008) who, in a different but
related application, model log consumption and log corporate earnings jointly using a Gaussian
vector autoregressionm The risk-free rate is included in the state process for comparison with Case

I of Bansal and Yaron| (2004)), in which log consumption growth is modeled as

(45) gi+1 = M+ Tp+ Oglii
Ti+1 = PTt+ OzMit1

where z; is a latent predictable component of consumption growth and e;11 and 741 are mutually
independent and i.i.d. N(0,1). When p € (—1,1) the state vector X; = (g¢,2¢)" is a strictly sta-
tionary and ergodic first-order Markov process. The risk-free rate in Case I of |Bansal and Yaron
(2004) is an affine function of x;. Therefore, in Case I of |Bansal and Yaron| (2004) the observable
vector (g¢,7¢+) and the partially latent vector (g;, x;)" contain the same information: one can simply
rewrite x; as an affine function of 7. Both Hansen, Heaton, and Li| (2008) and Bansal and Yaron
(2004)) assume a representative agent with Epstein-Zin-Weil recursive preferences. The SDF (43|
is a restricted parameterization of the recursive preferences SDF used in these models (obtained
by setting the elasticity of intertemporal substitution equal to y~!). As is common practice, it is

assumed that the household decision interval coincides with the sampling interval.

8.1. Data. The data span 1947:Q2 to 2012:Q4 (263 observations). Data on aggregate consump-
tion, corporate earnings, and population size were sourced from the National Income and Product
Accounts (NIPA) tables. The consumption growth series is formed by taking seasonally adjusted
consumption of nondurables and services data (NIPA Table 2.3.5), deflating by the implicit price
10Haunsen7 Heaton, and Li| (2008) model log consumption and log corporate earnings as a cointegrated, fifth-order

Gaussian vector autoregression. By contrast, here log consumption growth and log earnings growth are modeled
jointly as a first-order (possibly nonlinear) Markov process.
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g rf Je

Mean 0.0053 0.0030 0.0115
Std Dev | 0.0055 0.0069 0.0733
Skewness | -0.4631 -0.4747 -0.1722
Kurtosis | 4.2770 5.3039 8.2600
AR(1) 0.2859 0.7446 0.0016

TABLE 3. Summary statistics for quarterly U.S. per capita (log) growth in con-
sumption of nondurables and services g, risk-free rate r¢, and quarterly growth in
corporate earnings g.. AR(1) denotes the first order autocorrelation coefficient. The
data span 1947:Q2-2012:Q4.

deflator for personal consumption expenditures (PCE; NIPA Table 2.3.4), and then calculating per
capita growth rates using the deflated series and population data (NIPA Table 2.1). After-tax cor-
porate earnings data (NIPA Table 1.12) were used because dividends are paid out to stockholders
on an after-tax basis (Longstaff and Piazzesi, 2004). The risk-free rate was taken as the three-month
Treasury bill rate (from CRSP). The earnings growth and risk-free series were both converted to
real rates using the PCE deflator data.

Summary statistics of the consumption growth, risk-free rate and corporate earnings growth series
are presented in Table [3] All series exhibit negative skewness and excess kurtosis. The consump-
tion growth and risk-free rate series are positively autocorrelated. Earnings growth exhibits little

persistence, but is much more volatile than consumption growth.

8.2. Implementation. The time preference parameter was set at 5 = 0.9983. The risk aversion
parameter was varied between v = 0 (risk neutrality) and v = 30. Hermite polynomial bases were
formed for each series (centering and scaling by the sample mean and standard deviation of each
series). A sieve spaces of dimension K = 8 is used for X; = ¢;, and sieve spaces of dimension
K =16 are used for X; = (g¢,7¢4) and Xy = (g¢, get)'. The sieve spaces for bivariate state vectors
are formed by taking the tensor product of two univariate bases of dimension four. The OSLRV
estimator VL °; was implemented with a cosine basis of dimension J = 10. The estimates were
insensitive to both the dimension of the sieve space and the dimension of the basis used to compute
the OSLRV estimators.

8.3. Results. Flgure I dlsplays the estimates qS and qﬁ* with v = 5, v = 15, and v = 25 for the
case X; = g¢. The estimates g[) and qu* are more acutely sloped for higher levels of . The estimated
positive eigenfunctions are decreasing in g, which implies that the price of long-horizon assets is a
decreasing function of aggregate consumption growth.

The estimated long-run yield i and entropy of the permanent component L are plotted in Figure
for Xy = g; and in Figure |5 for X; = (g¢, get)’. The entropy of the permanent component of
the SDF is independent of 8. The long-run yield depends on both 8 and ~. The solid blue lines
present the pointwise estimates, and the dashed blue lines are 90% pointwise confidence bands.

Comparison of Figures [] and [5] show that very similar estimated long-run yields and permanent
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FIGURE 4. Estimated long-run yield y and entropy of the permanent component
of the SDF L for the consumption CAPM at different levels of risk aversion +, for
B = 0.998% (solid blue lines). The state variable is X; = g;, where g; is quarterly
real U.S. per capita (log) consumption growth. Dashed blue lines are pointwise
asymptotic 90% confidence bands. The dashed black line represents the estimated
average quarterly excess return on equities relative to long-term bonds.
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component entropies are obtained for X; = g; or Xy = (¢¢, ge,t)’ . Similar results are also obtained

for the specification X; = (g¢,7+) (not presented).
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FIGURE 5. Estimated long-run yield § and entropy of the permanent component
of the SDF L for the consumption CAPM at different levels of risk aversion -+,
for B = 0.998% (solid blue lines). The state variable is X; = (g¢, get)’, where g; is
quarterly real U.S. per capita (log) consumption growth and g.; is quarterly real
U.S. corporate earnings growth. Dashed blue lines are pointwise asymptotic 90%
confidence bands. The dashed black line represents the estimated average quarterly
excess return on equities relative to long-term bonds.

The entropy of the permanent component of the SDF is an upper bound for the average return on
risky assets relative to long-term bonds (see equation ) An average excess return of 1.17% per
quarter was estimated from the quarterly return on the NYSE/AMEX/NASDAQ combined index,
including dividends, relative to the quarterly return on 30-year bonds over the sample period (both
return series were sourced from CRSP)H The estimates presented in Figures 4| and [5| show that
one requires v > 15 for the estimated entropy of the permanent component of the consumption
CAPM SDF to exceed 1.17%. As the bound applies to all risky assets (not just the aggregate
market), the lower bound for the entropy of the permanent component of the SDF would be at least
as large as 1.17% if information on other assets was taken into account. A larger v would then be
required to generate and estimated entropy that was compatible with a higher bound. This analysis
suggests that the level of risk aversion required for the entropy of the permanent component of the
consumption CAPM SDF to be compatible with historical average returns on equity to relative to
long-term bonds is substantially higher than the threshold of 10 imposed by [Mehra and Prescott
(1985)).

UThe effect of coupon payments is ignored. Ignoring coupon payments is unlikely to have any substantial effect on
the qualitative implications of these findings, however. The estimated quarterly premium for the combined index in
excess of the three-month T-bill rate was 1.46% over the sample period. Historical data show that the term premium
is small. For example, Backus, Chernov, and Zin| (2013]) suggest that the absolute value of the average yield spread
is unlikely to exceed 0.1% monthly (see also |Alvarez and Jermann| (2005)).
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FIGURE 6. Estimated entropy of the SDF and entropy of the permanent compo-
nent of the SDF for the consumption CAPM at different levels of risk aversion -+,
for B = 0.998% (solid red and blue lines). The state variable is X; = g;, where g; is
quarterly real U.S. per capita (log) consumption growth. Dashed lines are pointwise
asymptotic 90% confidence bands. The dashed black lines represent historical av-
erage quarterly excess returns on equities relative to short-term bonds (left panel)
and relative to long-term bonds (right panel).

As Figures {4] and [5| show, the estimated long-term yield is much larger than historical average
long-term yields when -« is set sufficiently high to rationalize the average return on equities relative
to long-term bonds. For v > 15 the estimated long-term quarterly yield is at least 6% per quarter.
By contrast, the average real yield on the longest maturity Treasury bond over the period February
1959 to December 2012 was 0.76% per quarterB Decreasing the time preference parameter (3
further increases the estimated long-term yields. Under the restriction v > 15, estimates of the
long-term yield in line with historical average yields on long-term bonds were only obtainable with
B > 1. Again, very similar results are obtained with X; = (g¢,7¢+) (not presented)

These findings provide evidence of a long-term version of the equity premium and risk-free rate
puzzles under the restrictions 8 € (0,1) and « € [0,10] imposed by Mehra and Prescott| (1985),
at least to the extent that U.S. aggregate consumption growth can be described as a stationary
Markov process with low-dimensional state vector. Similar qualitative results are obtained with
monthly dataﬁ

2hig yield is estimated by taking the maximum treasury constant maturity yield available each month (either 20
or 30 years) from the Federal Reserve H-15 release, adjusting to a quarterly yield, and deflating using the implicit
price deflator for personal consumption expenditures in the NIPA tables.

13Bakshi and Chabi-Yo (2012)) estimate a monthly return premium in excess of long-term bonds of 0.41% per month,
from U.S. market data spanning January 1932 to December 2010. With monthly data (spanning February 1959—
December 2012), the level of 7 required to generate an estimated entropy compatible with this bound was in excess
of 20 for X; = g; and X; = (g1, 7y,)" (corporate earnings are not available at the monthly frequency). Moreover, the
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How does the entropy of the SDF in the consumption CAPM compare with the entropy of its
permanent component? Figure [f] presents estimates of the entropy of the consumption CAPM SDF
(left panel) and the entropy of its permanent component (right panel), together with their 90%
pointwise confidence bands["] The dashed horizontal lines are the estimated average returns on
equities relative to short-term bonds (left panel) and relative to long-term bonds (right panel)
over the sample period[] The entropy of the SDF is an upper bound for the average return on
risky assets relative to short-term bonds (see expression ) Figure |§| shows that the level of risk
aversion required to generate an entropy of the SDF that rationalizes the historical average return
on equities relative to short-term bonds is considerably larger than the level required to generate
an entropy of the permanent component that rationalizes the historical average return on equities
relative to long-term bonds. It may be possible to augment the consumption CAPM SDF by a term
of the form h(X;y1)/h(X;) as in expression so as to rationalize the premium relative to short
term bonds at lower levels of risk aversion. However, such transitory distortions will not alter the

permanent component of the SDF.

9. CONCLUSION

The long-run implications of a dynamic asset pricing model are jointly determined by both the
functional form of the SDF and the short-run dynamics, or law of motion, of the variables in
the model. The econometric framework introduced in this paper treats the dynamics as an un-
known nuisance parameter. This paper introduces nonparametric sieve estimators of the positive
eigenfunction and its eigenvalue (which are used to decompose the SDF into its permanent and
transitory components), the long-term yield, and the entropy of the permanent component of the
SDEF. The sieve estimators are particularly easy to implement, and may also be used to numeri-
cally compute the long-run implications of fully specified models for which analytical solutions are
unavailable. Consistency and convergence rates of the estimators are established, together with a
means of performing asymptotic inference on the eigenvalue, long-run yield and entropy of the per-
manent component of the SDF. The estimators of the eigenvalue, long-run yield and entropy of the
permanent component are shown to be semiparametrically efficient. Nonparametric identification
conditions are presented for the positive eigenfunction in stationary discrete-time environments,
and a version of the long-run pricing result of [Hansen and Scheinkman| (2009) is shown to obtain

under the identification conditions.

There are several ways in which the research reported in this paper may be extended. One such
extension is to study nonparametric identification and estimation in environments in which the
state variable contains latent components or is measured with error. Data-driven methods for

choosing the sieve space dimension would provide a more objective means for choosing the sieve

estimated long-run yields were at least 3% per month for values of « larger than 20. By contrast, the average real
yield on the longest maturity Treasury bond over the sample period is around 0.25% per month.

MThe entropy of the SDF is estimated by replacing the expected values in expression by their sample averages.
Confidence bands for the estimated entropy of the SDF are computed using the OSLRV estimator with a cosine basis
of dimension J = 10.

15The return relative to short-term bonds is estimated from the quarterly return on the NYSE/AMEX/NASDAQ
combined index, including dividends, relative to the three-month T-bill rate.
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space dimension than the ad hoc approach used in this paper. Confidence bands for the estimated
eigenfunction and the asymptotic distribution of functionals of the estimated eigenfunction would
be useful for performing inference on the estimated eigenfunction. These extensions are currently
being investigated by the author.
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APPENDIX

This appendix contains supplementary results and proofs. Appendix [A] presents high-level sufficient
conditions for nonparametric identification of the positive eigenfunction. Versions of the long-term
pricing result of [Hansen and Scheinkman| (2009) are also shown to obtain under the identification
conditions. Appendix [B] briefly reviews some relevant concepts from spectral theory. Appendix [C]
establishes consistency and convergence rates for nonparametric sieve estimators of the positive
eigenfunctions of a collection of operators and their adjoints. Useful results on the convergence of

random matrices are also presented in Appendix [C] All proofs are in Appendix [D]

Notation: Let (A, <7, ) be a measure space and let p € [1, 00]. The space LP(A, <7, u) is abbreviated
as LP(u). Let || - | z»(,) denote the LP(x) norm when applied to functions and the operator norm
when applied to linear operators on the space LP(u). Let a.e.-[u] denote almost everywhere with
respect to the measure p and a.e.-[u ® u| denote almost everywhere with respect to the product
measure i ® p. Let T'(d, A) denote the positively oriented circle (in the complex plane) centered at
A with radius 0. Let B(d, A) denote the open ball (in the complex plane) centered at A with radius
d. Finally, let d(z, A) = infeea |z — (| for z € Cand A C C.

APPENDIX A. IDENTIFICATION AND LONG-TERM PRICING

This appendix provides primitive sufficient conditions for the identification of the positive eigen-
function and adjoint eigenfunction in stationary discrete-time environments for which M may be
represented as an integral operator with positive kernel. Existence is achieved by application of
the Perron-Frobenius theorem for positive integral operators. Identification is then established by
a type of Krein-Rutman theorem. A restatement of the long-term pricing result of [Hansen and
Scheinkman| (2009) is shown to obtain under these conditions.

Basic regularity conditions are first introduced. Let 2™ be the Borel o-algebra on X. The following

conditions are sufficient for existence and nonparametric identification of ¢.

Assumption A.1. {X;} is a strictly stationary and ergodic (first-order) Markov process supported
on a Borel set X C R?, and its stationary distribution Q has density q with respect to Lebesque
measure, with q(x) > 0 for almost every x € X.

Assumption A.2. M : LP(Q) — LP(Q) is bounded and M is compact for some T > 1.
Assumption A.3. M may be written as in (@ with integral kernel K as in (@) such that:

(i) K(z,y) 20 a.e-[Q® Q]
(i) [4e [4am(z,y)f(z,y)dzdy >0 for every A e 2" with 0 < Q(A) < 1.

Assumption is the same as Assumption (1) Assumptions and are higher-level con-
ditions in place of Assumptions ii)—(iv). Assumption only requires some power of M to be
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compact and is weaker than requiring M itself to be compactm Assumption is trivially satisfied
if K(z,y) > 0 a.e.-[Q®Q]. Assumption [4.1]is sufficient for Assumptions[A.1}[A.2] and[A.3|for p = 2.

Let spr(M) denote the spectral radius of M (see Appendix . Existence of ¢ follows by Theorem
V.6.6 of |Schaefer| (1974)).

Theorem A.1 (Schaefer| (1974)). If Assumptions|A.1}, [A.2 and|A.5 hold for some p € [1,00], then
there exists a ¢ € LP(Q) with ¢(x) > 0 a.e.-[Q] such that M = pp with p = spr(M) > 0, and ¢ is

the unique (to scale) eigenfunction of M corresponding to the eigenvalue p.

If, in addition, K > 0 a.e.-|[Q ® Q] then any other eigenvalue X\ of M has modulus |\| < p.

If 1 < p < oo let the dual index p’ for LP(Q) be defined as p~' +p'~! = 1 with p’ = oo if p = 1. The
dual space of LP(Q) can be identified with the space L” (Q) under the evaluation E[t)(X)¢*(X)]
for 1 € LP(Q), ¥* € L (Q). The adjoint operator M* : L (Q) — L¥ (Q) is defined such that

Ep (XM (X)] = E[y" (X)M(X)]

for ¢ € LP(Q) and ¥* € LP/(Q). Let (X, 21, Q1) denote the completion of (X, 2", Q) as described
on p. 296 of Dunford and Schwartz (1958). The dual space of L>°(Q) can be identified with the
space ba(X, 21, Q1) of signed measures on (X, .27) which are absolutely continuous with respect
to Q1, under the evaluation ¢*(¢)) = [, ¥ dvy- for ¢ € L>°(Q) and v+ € ba(X, 21, Q1) (Dunford
and Schwartz, |1958, p. 296).

It follows from Theorem by a version of the Krein-Rutman theorem due to |Schaefer| (1960)
that ¢ is the unique non-negative eigenfunction of M.

Theorem A.2. If Assumptions|A.1,[A.9 and|A.5 hold for some p € [1,00], then p is an eigenvalue
of M of multiplicity one, ¢ is the unique (to scale) eigenfunction of M with ¢(x) > 0 a.e.-[Q] and:

(i) If p € [1,00) there exists a ¢* € LPI(Q) with ¢*(x) > 0 a.e.-[Q] such that M*¢* = po*, and
¢* is the unique (to scale) eigenfunction of M* with ¢*(z) > 0 a.e.-[Q]

(ii) If p = oo there exists a unique (to scale) nonzero ®7 € ba(X, Z1,Q1) such that ®i(A) >0
for all A € Z with Q(A) >0 and

/ Mi() d®(z) = p / () 47 ()
X
for all ¢ € L>®(Q).

Versions of the long-run pricing result

lim p "M, (X,) = E(X)/6(X)](X,)

T—00

of Hansen and Scheinkman| (2009) hold under the identification conditions just presented. First con-

sider the case 1 < p < co. The positive eigenfunction and adjoint positive eigenfunction exist under

16There are several sufficient conditions for this compactness condition. For 1 < p < oo this is satisfied if there is a
7 > 1 such that M, maps L*(Q) into L>(Q), for p = 1 if there is a 7 > 1 such that M, maps L'(Q) into L"(Q) for
some r > 1, and for p = oo if there is a 7 > 1 such that M. has a continuous extension that maps L"(Q) into L*(Q)
for some r < 0o (Schaefer, (1974} p. 337).
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Assumptions [A.1} [A.2] and |A.3] Impose the normalizations E[¢(X)P] =1 and E[¢(X)¢*(X)] =1,
and let P : LP(Q) — LP(Q) be defined as

Pi(z) = E[p(X)¢"(X)]¢(x) .

Theorem A.3. If Assumptions |A.1], |A.2 and |A.5 hold for some p € [1,00) with K(x,y) > 0
a.e.-[Q ® QJ, then there exists ¢ > 0 such that ||p~ ™M — P||rpq) = O(e™") as T — oo.

Now consider the space L*°(Q). Under Assumptions [A.1} [A.2| and [A.3| the positive eigenfunction
exists, together with a nonzero measure ®; € ba(X, 27, Q1) such that ®;(A) > 0 for all A € 2~
with Q(A) > 0. Normalize ¢ and @] so that ®;(X) = 1 (making ®] a probability measure) and
S #d®} =1. Let P: L>®°(Q) — L>°(Q) be defined as

Pua) = ([ vast) o).

Theorem A.4. If Assumptions|A.1], |A.9 and[A.5 hold for p = oo with K(z,y) > 0 a.e.-[Q ® Q],
then there exists ¢ > 0 such that ||p~ ™M — P||pe(q) = O(e™ 7).

Both Theorem and Theorem [A-4] show that versions of the long-run pricing result hold in
operator norm with the approximation error vanishing exponentially with 7. The theorems also show
how to calculate the twisted probability measure @ used to calculate the unconditional expectation
E when 1 < p < oo. Specifically, the Radon-Nikodym derivative of the twisted measure Q with
respect to @) is

dQ(x)
dQ(z)
Therefore, the twisted expectation E may be recovered by solving the eigenfunction problems
M¢ = pg and M*¢* = pg*.

(46) = ¢(x)¢"(x) -

APPENDIX B. BRIEF REVIEW OF SPECTRAL THEORY

Relevant concepts from spectral theory are briefly reviewed. Definitions are as in Kato| (1980), unless
stated otherwise. Let F be a Banach space and T : E — FE be a bounded linear operator. The
definitions are presented in the case that E is a Banach space over C. When F is a Banach space
over R, the definitions are applied to the complex extension of T', given by T'(x+iy) = T(x)+iT(y)
for x,y € F, on the complexification of E, namely E 4 iF of E.

The resolvent set res(7") C C of T is the set of all z € C for which the resolvent operator R(T, z) :=
(T — zI)~! is a bounded linear operator on E (where I : E — E is the identity). The spectrum
o(T) is defined as the complement in C of res(T), i.e. o(T) := (C\res(T)). If S : E — E is another
bounded linear operator and z € res(7") U res(S) then the so-called second resolvent equation
obtains:

(47) R(S,2) — R(T,2) = R(S, 2)(T — §)R(T, 2) .
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The spectral radius spr(7') of T is spr(7) = sup{|A| : A € o(T)}. The Gelfand formula shows that
spr(T) = lim,, o0 || T™||*/™. The point spectrum 7(T) C o(T) of T is the set of all z € C for which
the null space of (T' — zI) is not 0. When 7(T") is nonempty, each A € w(T) is an eigenvalue of T
and any nonzero 1 in the null space of (7' — AI) is an eigenvector of T' corresponding to A. The

dimension of the null space of (T'— A\I) is the geometric multiplicity of the eigenvalue .

An eigenvalue A € (T is said to be isolated if inf,cq(7)..2x [2 — A| > 2¢ for some € > 0, in which
case the spectral projection of T' corresponding to A can be written as
-1

(48) P = 27 Jrien R(T,z)dz.

The dimension of PFE is the algebraic multiplicity of A. The algebraic multiplicity is the order of
the pole of R(T,z) at z = X and is at least as large as the geometric multiplicity of A (Chatelin,
1983). The term multiplicity is used for eigenvalues whose algebraic and geometric multiplicity are
equal. Suppose that X is an isolated real eigenvalue of T'. Then A is an isolated real eigenvalue of
the adjoint T™ of T', and the algebraic and geometric multiplicities of A are the same for T and T™.
If, in addition, A has multiplicity one, then P = x ® z* with where (z ® *)y = x*(¢)x and where
x and x* are eigenvectors of 7" and T™ corresponding to A, and z*(x) = 1 (Chatelin) 1983, p. 113).
If, in addition, F is a Hilbert space then P = (x ® x*) is given by (x ® x*)y = (¢, 2*)x where z*
is an eigenvector of T corresponding to A, ||z|| = 1 and (z,2*) = 1. In this case | P|| = [|z*| > 1,
with 2* = z and ||P|| = 1 if P is an orthogonal projection (which is the case when T is selfadjoint).

APPENDIX C. ADDITIONAL RESULTS FOR ESTIMATION

C.1. Estimation of eigenvalues and eigenfunctions. Let {X;} be a strictly stationary (not
necessarily Markov) process with stationary distribution @ and whose support is a Borel set X C R,
Consider a set of operators {M,, : a € A} indexed by an arbitrary parameter a € A, where each
M, : L*(Q) — L?(Q) is given by

Matp(z) = Elm(Xt, Xe1; )0 (Xe1)| X = 7]

for some m(-,;a) : X x X — R. This setup trivially nests the case dealt with in the body of
the paper in which A is a singleton. Suppose each M, has a isolated eigenvalue p, = spr(M,) and
unique positive eigenfunction ¢, corresponding to p, (so each M} has a unique adjoint eigenfunction
¢ ). Uniform (in «) convergence rates of nonparametric sieve estimators of (pa, ¢a, @)) are now
established.

The following analysis is conducted in L?(Q) as in the body of the paper. Let Bx be the sieve
space spanned by the basis functions {bx1,...,bxx} and let HZI’( be the orthogonal projection onto
By . Under regularity conditions, for K sufficiently large the largest eigenvalue p,, i of H’}{Ma will
be real and positive and have multiplicity one for all o € A. Let ¢, x € Bg be an eigenfunction
of T1%M, corresponding to p, . Similarly, the adjoint in L2(Q) of I15M, will have a unique
eigenfunction ¢Z’ x corresponding to pa,x, and the adjoint in By of H%MOA Bx : Bk — Bk will
have an eigenfunction gbg’ x € Bk corresponding to po r. As all quantities are defined up to sign
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and scale, impose the sign normalizations E[¢ax(X)¢a(X)] > 0, E[¢}, (X)¢5(X)] > 0 and

B¢}, (X)¢5(X)] > 0 and the scale normalizations Elpax(X)? = 1, Elpa,k(X), (X)] =1
and E[pa,x (X)¢h 5 (X)] = 1.

Let the Gram matrix G and its estimator G be as in the body of the paper. For each o € A let
M, i be as defined as in with m(-, -;«) in place of m(-,-) and let M, g be a K x K matrix
estimator of M, g (i.e. a measurable function of the sample data). Under regularity conditions,

with probability approaching one G K 1is invertible and for each o € A the eigenvector problems

~ = =R A
GK Ma,KCoc = Pala
N—In A o o~ ok
Gy MOL’KCOC = pPaC,

are solvable, where p, = )\max((/ii_(lﬁa,K) is real and positive. Then for each a € A, p, is the
estimator of po, ¢o = b5 (z)'¢, is the estimator of ¢4, and ¢ = b (x)'C; is the estimator of
or,. As these eigenfunction estimators are only defined up to scale, impose the sign normalizations

E[QASQ(X)¢Q7K(X)] > 0 and E[ggg(X) ;< (X)] = 0 and the scale normalizations ||$a|| = 1 and
E[¢a(X)$5(X)] = 1.

Some definitions are required before introducing the regularity conditions. As in Section let bE
denote the vector of orthonormalized basis functions and let

~

1 n71~ ~
Gr=—Y (X (Xy) .
K= PO ()

For each o € A define

Mo i = G "My kG2

The orthonormalized estimators éK and I\A/LLK are infeasible and do not actually need to be
constructed, but it makes the asymptotic arguments easier to work with them in place of G x and
MQ’K. Note that any ¢ € By can be written as 1 (z) = ¢x ()b (2) for some ¢x (1) € RE. The

space By is therefore isomorphic to RX endowed with the Euclidean inner (dot) product, since
B[ty (X)92(X)] = Cxc (1) ED ()0 (2) |k (42) = e (v1) e (102) -

Therefore the matrix spectral norm || - |2 when applied to the orthonormalized matrices in R¥*%

is isomorphic to the operator norm for linear operators on B.

The spectrum o(-) and resolvent R(-, z) are defined in Appendix Let o,k Cp, j¢ € RX be such that

V¥ (2) Ca e = ba,x and X (2)E o = ¢F - Let {0x, 65, Mo s T2 K> Mon K Mo i+ 1 K > 1}
be sequences of positive real values to be defined in the following assumptions. In the event of
measurability issues, outer probabilities are used below implicitly in place of probabilities.

Assumption C.1. The set of operators {M, : a € A} satisfies:

(i) for each o € A, M, : L*(Q) — L?*(Q) is a bounded linear operator and p, = spr(My) is an
isolated eigenvalue of M, of multiplicity one
(ii) supyea IMa|| < 0o and € := infoe 4 d(pa, (M) \ {pa}) > 0.

Assumption C.2. The sieve approximation error satisfies:
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(i) supye 4 ||T%M, — My, || = O(0k) where 5 = o(1) as K — oo
(it) supge (Mg Ma — Ma)dal = OOk ), supaea (M — M3)0%/ 0411 = O(5%).

Assumption C.3. There exists a continuous decreasing function r : (0,00) — (0,00) such that for
each a € A:

(1) [R(Ma, 2)|| < r(d(z
(ii) | R Ma| 5, 2) |

z,0(Ma))) for all z € (B(E, pa) \ 0(Ma))
< r(d(z, 0 (MMl g, ) for all 2 € (B(E pa) \ o (I3 Malpy))-

Assumption C.4. The matriz estimators and their population counterparts are such that:

(1) Anin(Gk) > 0 for every K > 1
(i)
IGk —Ikls = Op(Minx)

SUP HMaK MaK||2 = Op(Mn,K)
acA

where M,k = Max{M n. Kk, N2n K} = o0(1) as n, K — oco.

(iii)

sup [(Gx — Gr)eaxlz = Op(ninx)
acA
sup H(GK Gr)e /e klllllz = Oplmmi)
acA
sup [|(Ma.ic — Mo g)eaxlls = Op(neni)

acA

—

sup [[(Mg, g — My, k)¢ i/ 1S5,k |l2]l2
acA

Op(n2,n.K) -

Assumption [C.1|(i) ensures the positive eigenfunction of M, exists and is identified for each a € A.
Part (ii) of Assumption ensures the operators are uniformly bounded and the eigenvalues {p,, :
a € A} are uniformly well separated from the rest of the spectrum of {M, : o € A}. Assumption
C.1fii) is implicitly satisfied by Assumption [C.1{i) if A has finite cardinality. Assumption
ensures the ranges of the operators M, are uniformly well approximated over the sieve space as K
increases. Assumption is required to ensure the spectrum of each Hl}(Ma remains sufficiently
continuous as the dimension of the sieve space increases, and is trivially satisfied with r(z) = ! if
M, and HZ}(MCY | B, are normal or selfadjoint operators. Bounds are also available for common classes
of compact operators, such as Hilbert-Schmidt and other Schatten-class operators (see Bandtlow
(2004)). If T is a linear operator on a Hilbert space the lower bound ||R(T, z)|| > d(z,0(T))~! for
all z € res(T) obtains generically. Assumption [C.4(i) is a standard condition for nonparametric
estimation with a linear sieve space and is made to ensure that G is invertible uniformly in K.
Assumption [C.4[(ii) defines the rate of convergence of the matrix estimators. Assumption [C.4](ii) is
sufficient for Assumption (iii) with m n x = Minx and N2 Kk = 2.0,k (by the relation between
the spectral and Euclidean norms) but may lead to improved rates of convergence for $a and <$;§

in certain circumstances.
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The following two Theorems calculate the “bias” and “variance” components of the rates of conver-
gence separately. These are proved by extending arguments in |Gobet, Hoffmann, and Reif| (2004)
to estimate the eigenfunction and adjoint eigenfunctions of nonselfadjoint operators.

Theorem C.1. Under Assumptions|C.1], [C.2, and [C.J(i), there exists K sufficiently large such
that for each K > K, Pa,i s Teal and positive and has multiplicity one and ¢o x and ¢7, ;- are

unique for each a € A, and

(i) SUPaea |Pa — Pa,x| = O(0k)

(i) supea |Pa — da,xill = O(dk)
(i) supaea |9/ |90l = 04,k /195, kIl = O(0%)
(iv) subaea |05 — &5 k|| = O(dk)-

Theorem C.2. Under Assumptions[C.1], [C-3, [C.3 and [C. ], there is a set whose probability ap-
proaches one on which py, is real and positive and ¢, and ¢}, are unique for each o € A, and

(1) supaea |Pa = pa,ic| = Op(in, i)

(i) Supgeq H‘Ea _?mK” = Op(1n,x)
(iti) suPac a4 05/ |10l = 04k /95 kIl = Op(in,ic)
() supaea |95 — 05 kll = Op(nx)-

The assumptions of Theorem [C.2] are sufficient to establish a uniform asymptotic expansion of the

eigenvalue estimators py.

Theorem C.3. Under Assumptions[C.1), [C. 3, [C.3 and[C.],

~—-1= —~
Sug Po — Pa,K — EZ,,K(GK Mo,k — Mo K )Ca,i| = Op(ﬁ?z,K) :
ac
C.2. Additional results on convergence of the matrix estimators. The following Lemmas
are useful to verify Assumption [C.4] Let
= 1Rl ~
M — K K / .
K n Z b (Xt)m(Xt, Xt+1)b (Xt+1)
t=0
The results are presented under different weak-dependence conditions and different assumptions on

the number of moments of m(Xo, X1).
Assumption C.5. A\pin(Gg) > A >0 for all K > 1.
Assumption C.6. {X;}icz is strictly stationary and geometrically beta-mizing.

Assumption C.7. {X;}icz is strictly stationary and geometrically rho-mizing.

Assumption is a standard assumption in nonparametric estimation with a linear sieve. As-
sumptions and are standard weak dependence conditions. Lemma provides primitive
sufficient conditions under which both of these assumptions are satisfied.
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As in the body of the text, let (o(K) = 1/|[b5 (2)'5 (2)|| denote a measure of roughness of the
sieve basis functions. The results for beta—mlxmg data use an exponential inequality for sums of
weakly-dependent random matrix random matrices developed in|Chen and Christensen (2013)). The
results for rho-mixing data follow arguments similar to Gobet, Hoffmann, and Reif} (2004)) with the

necessary modifications.

Lemma C.1. Under Assumptions[C.5 and[C.6, if m is bounded, then
Mg —-M =0, | —F———
Mg Kll2=0p < NG
provided (o(K)logn/\/n = o(1).

Lemma C.2. Under Assumptions and if E[m(Xo, X1)?] < oo, then

||ﬁK — Mgl2 =0, (COE/[;)2> -

If, in addition, m is bounded, then

= C(K)WEK
Mg —M =0, ——— | .
H K K||2 P ( \/ﬁ
Lemma C.3. Under Assumptions and [C.7, if E[m(Xo,X1)?] < 0o and {vg : K > 1} is a

sequence of deterministic constants with v € RE and supy ||vk|l2 < oo, then

- o 2
|(My — Mg)oxlls = 0, (@(j? ) .

If, in addition, m is bounded, then

(M — M )oills = O, <C0(K)) |

NG

—/

Moreover, the same rates obtain for ||(My — MII()’UKHQ.

Rates for the estimator of the Gram matrix are also available. These are proved using arguments
similar to Lemmas and so their proofs are omitted.

Lemma C.4. Under Assumptions[C.5 and[C.6,
|Gk — Ikl2 = O, (

provided (o(K)logn/\/n = o(1).

Co(K\/)%Og n)

Lemma C.5. Under Assumptions and if {vk : K > 1} is a sequence of deterministic
constants with vy € RE and supy ||vk|l2 < oo, then

1Gx — Iz = O, (Cﬂ(}f) |
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APPENDIX D. PROOFS

D.1. Proofs for Section Weak-dependence properties of {X;} are first established under
Assumption [4.1]

Lemma D.1. Under Assumption [4.1)(i)-(iii), {X¢} is geometrically phi-mizing.

Proof of Lemma[D.1 Let E denote the conditional expectation operator associated with {X;}, i.e.
Ey(z) = E[¢(X1)|Xo = z]. A sufficient condition for {X;} to be geometrically phi-mixing is
E™ || 1,00
sup IE79 || oo (@)
ver= @0 Bpx)=0 [¥l=@)
as 7 — oo (Doukhan 1994 pp. 88-89). The inequality
E™ || 1, E™ — E[p(X)]|| e
» . Evliee L JEY = Bl
veL=@w0.Bu(X))=0 1¥ll=@) T pere(@uuzo ()

is immediate. It is therefore sufficient to establish that the right-hand side of (49) is O(e~°") for

some ¢ > 0.

— 0

Theorem [A.4]will be applied to E (by setting m(zo, 1) = 1). It is enough to show that E is compact.
First observe that E : L>®(Q) — L*>(Q) may be continuously extended to have domain L'(Q). For

Y e LYQ),

f(zo, 1)
q(a:o)q(:z:l)‘ /X [ (21)] dQ(a1)

< Cl¥llrig)

for some finite positive constant C', under Assumption (i)f(iii). Therefore E : LY(Q) — L>®(Q)
is continuous, and so E : L*°(Q) — L*>°(Q) is compact (Schaefer, 1974, p. 337).

B[y < sup

Z0,T1

Let f(x) =1 for all x € X. The function f € L*°(Q) and is an eigenfunction of E with eigenvalue
1 because Ef = f. The functional e* : L>(Q) — R defined by e*(¢) = E[¢(X)] = [, ¢(z) dQ(x)
is clearly bounded and linear. Let z* : L°°(Q) — R be a bounded linear functional. The adjoint E*
of E is defined by

(E*2%)(¢) = =" (Ev)
for all ¢p € L*°(Q) and all z* in the dual space of L>(Q). By iterated expectations

(E*e*) () = e (Ey) = /X E(x) dQ(x) = E[p(X)] = ¢* ()

for all ¥ € L*(Q). Therefore e* is an eigenfunction of E* with eigenvalue 1. Define P : L*(Q) —
L>(Q) by PY(z) = E[(X)] for all z € X. Theorem applied to E : L*°(Q) — L>*(Q) yields
the desired result. g

Remark D.1. Phi-mizing implies other notions of weak dependence. Let ar, or, Br and @, denote
the alpha-, rho-, beta-, and phi-mizing coefficients of {X;}. Lemma and the relations

Br < ¢r
pr < 2/or

20,

VANRIVAN

4o,
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imply that {X¢} is geometrically alpha-, rho- and beta-mizing under Assumption [{.1](i)(ii).

Lemma D.2. Under Assumption[{.1], there exists a 6 > 0 such that for any f : X x X — R and
g: XxX — R with E[f(Xo,Xl)] = E[g(X(),Xl)] =0, E[f(Xo,X1)2] < oo and E[g(X(),Xl)Q] < 00,
and any t > 1,

|E[f (X0, X1)g(Xt, Xe1)]| < e "D E[f(Xo, X1)*)Y2Elg(Xo, X1)]/2.

Proof of Lemma[D.3. {X,} is geometrically rho-mixing under Assumption (see Remark ,
so there exists a § > 0 such that |Cov(f1(X;), g1(Xi4r))| < exp™07 E[f1(X0)?|Y2E[g1(X0)?]Y/? for
each 7 > 1 and each f; : X — R and g; : X — R with E[f1(X0)?] < oo and E[g1(X)?] < oo by
the covariance inequality for rho-mixing random variables (Doukhan) 1994} p. 9)
By the Markov property,

Elf(Xo, X1)9(Xe, Xe1)] = E[f(Xo, X1)E[g(Xe, Xe41)|Fe]]
[9(Xo0, X1) E[g(Xt, Xeq1)[Xe]]
= E[E[f(Xo, X1)|G1]Elg(Xy, Xi41)[ X ]]
= E[E[f(Xo, X1)|[X1]E[g(Xt, Xi41)[ X¢]]

Il
S|

)
)
Therefore, by the covariance inequality,

|E[f(Xo0, X1)9(Xt, Xe11)]| = e "UE[BE[f(Xo, X1)|X1)4?E[E[g(Xo, X1)| X0}/

and the result follows by Jensen’s inequality. O

Proof of Theorem [5.1] First verify the conditions of Theorems and for M.
Assumption is satisfied for Ml under Assumption by Theorem

Assumption (1) and the part of Assumption (ii) pertaining to ¢ is trivially satisfied by
Assumptions [5.1](i). The remaining condition in Assumption [C.2ii) is satisfied by Assumption

[.1(iv) because

I(MPTI — MF)g*|| < [IMF[|[ T 6" — ¢*[| = ||| 6" — Tl + hie — ¢*|l < 2/M[l|¢* — hic|
which is O(0%).
Let || - ||zs denote the Hilbert-Schmidt norm and recall |M| gs < co under Assumption The

bound
1 1 M2
HR(Z7M)H < mexp (2 + QW)

obtains for any z € C\ 0(M) (see, e.g. Bandtlow| (2004)). Let {ej : £ > 1} be an orthonormal basis
for L?(Q) such that {e; : 1 < k < K} are an orthonormal basis for B . As Hilbert-Schmidt norms
are invariant to the choice of basis,

K 00 0o
M By 75 = D TG Meg || <Y [T Mex|* < [Mex|* = [[M][3s -
k=1 k=1 k=1
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Therefore, 115 M|, is Hilbert-Schmidt and the bound

1 1 |[MIJ5
R(z, TI%M| 5, || < exp<+2 18
| R(z, T Mg, )| d(z, 0 (ILM|5,.)) 2 d(z,0(1%M]p,))2

obtains for any z € C \ o(II%M]p, ). The function r : (0,00) — (0, 00) given by

1 L, IMlas
== S
r(x) ~ exXP <2 + 2

is continuous and strictly decreasing, verifying Assumption

Assumption [C.4(i) is trivially satisfied by Assumption [5.1](iii). Assumption [C.4{ii) and (iii) are
satisfied by Assumption [5.1{(ii) and definition of 7,k and 7, k-

Parts (i) and (ii) are straightforward applications of Theorems|C.1]and [C.2] For part (iii) it is enough
to show that [|¢%/ll¢% | — ¢%/l¢%ll = O(d}%), which follows from Assumptions [5.1{iv). O

Proof of Corollary[5.1} The rate of convergence of g follows immediately from Theorem by
continuity of log on a neighborhood of p. For E, first write

n—1

- ~ 1
IL-Li<ly—yl+ |- > logm(Xy, Xi11) — Ellog m(Xo, X1)]| -
=0

It is enough to show that the second term on the right-hand side is Op(nfl/ 2). This follows by
Chebychev’s inequality, using the condition E[logm(Xg, X1)?] < oo and Lemma O

Proof of Corollary[5.3. For any fx € By, the sup and L?(Q) norms are related by

I frellZe < Ao (K)? | Il -
By Assumption [5.2)(i) and the triangle inequality

6= dlle < 1l¢— gxlloo + lgx — Plloo

O(6x) + Co(K)A2||gx — ¢

O(6x) + Co(K)A 2 (lgx — ¢l + |6 — oll)
= Op(Go(K)(0k + Mn.xc))

where the final line is by Theorem and the fact that the sup norm dominates the L?(Q) norm.
This proves part (i); the proof of part (ii) is similar. O

IN

IN

D.2. Proofs for Section Several lemmas are first required before proving Theorem
Define the remainder term

1 n—1
(50) Th,K = n;fK,t—ft

fK,t = ¢7((Xt)¢K(Xt+1)m(Xt,Xt+1)—PK¢7((Xt)¢K(Xt)
& = 0"(Xp)o(Xpp1)m( Xy, Xig1) — po™ (Xe)d(Xy) -

Lemma D.3. Under Assumptions and (z)(m), T,k = Op(Co(K) (05 + 0K)/v/n).
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Proof of Lemma[D.5. First write
1
Tn,K = %Sn,K
where S, k = \/n7, k. Note that the summands in S,, x have mean zero and finite second moment.
By Lemma and the inequality (a + b)2 < 2a? + 2b?, there exists a finite positive constant C
such that

E[S: k] < CE[(¢ko— %)
< 20F [(¢%(Xo)or(X1) — ¢*(Xo0)¢(X1))*m(Xo, X1)?]
+2CE[(px ¢ (Xo) ¢ (Xo) — pé*(Xo)$(X0))?]
< AC(E[{(65(Xo) — 6" (X0))* ¢k (X1)? + (¢x (X1) — ¢(X1))*¢*(X0)* }m(Xo, X1)7]

(51) +20% E[(¢% (Xo0) — ¢"(X0))* 0k (X1)°] + 20% E[¢*(X0)* (9K (X1) — ¢(X1))?]
+2(px — p)* E[6"(Xo0)*¢(X1)?]) -
Assumptions and are sufficient to apply Theorem to M (see the proof of Theorem [5.1)).
This yields px —p = O(0k), |ox —¢|| = O(0k) and ||¢}; —¢*|| = O(dx ). Under Assumption [5.2[(ii),
6% — il = M (S5 — i) + gk — 6cll < 2% — gkl < 2Nk — 6"l + 206" — gic|

which is O(6x + 6};) by Assumption (ii) and Theorem It follows by Assumption using
similar arguments to the proof of Corollary that ||[¢% — ¢*|lc = O(Co(K)(0} + dk)) and
lox — &lloo = O(Co(K)dK). Plugging these rates into and using the Holder inequality yields

B[S k] = O(G(K)* (0 + 0k)?) -

The result follows by Chebychev’s inequality. O

Lemma D.4. Under Assumptions and [5.53(i) (i),
n—1
Vi = ) = = 36" (Xm0 K)o (Xie) = o0 (X9} + 0y(1).
t=0

Proof of Lemma[D.4). Assumptions [4.1] and [5.1] are sufficient for the assumptions of Theorem
Application of Theorem yields

—-1= —
(52) p— i = (GI2ei) (G Mic — M) (GY2ei) + Op(7 1)
-1 1
First, using the fact that GK =Irg — GK (GK Ix) gives

Al

GK My — Mg
= — =~-1 = — =~-1 = = —
= MK—MK—GK (Gk — Ig)Mg — Gy (Gg — Ig) (Mg — Mg)
= — ~-1 = ~-1 = —
= MK—MK—(IK—GK (GK—IK))(GK IK)MK GK (GK IK)(MK MK)
~—-1 =~ ~—1 =~

= MK GKMK —I—GK (éK IK)QMK GK (GK IK)(MK MK)
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The leading term in is then
1/2 ~ S 1/2 == N
(GI26) (Mg — GxMg) (G ek) = iMgek — GG Mgk
= c}éMKcK — ch}éaKcK

where the second line is by equation . It remains to show that the remaining part of expression
is Op(ﬁ?% i )- By the Cauchy-Schwarz inequality,

~ ~—1 ~

=~—1 —~ = = —
(Gi2ck) (G (G — IK)* Mk — Gy (G — Ix) (Mg — Mg)) (G cx)|
=-1 = —~ =-1 = = —~
< |oklllexll |Gk (Gr — Ix)* Mk — Gk (Gx — Ix) (Mg — M)
= (6"l + o(1))(lIg]l + o(1)) x Op(7 k)

where the final line is because ||¢x —¢|| = o(1) and ||¢X —¢% || = o(1) (see the proof of Lemma|D.3)),
and the Op(ﬁfl’ ) term follows by the same arguments as the proof of Lemma The expansion
may therefore be reexpressed as

A

2

n—1
pP—pPK = % > Abk (Xe)m(Xe, Xer1)bre (Xen1) — predic (Xe)bre (Xe)} + Op(7h ) -
t=0

Rearranging yields

n—1

p—p=px—p+ % D {o" (X)m(Xy, Xp41)d(Xeg1) — pd*(X0)$(X0)} + Toie + Op(i i) -
t=0

where 7, g is defined in expression . Lemma and Assumption ii) together imply that
V(T i + Op(T_]Z,K)) = 0,(1). Finally, |[px — p| = O(dk) = o(n"'/?) by the proof of Lemma
and the condition dx = o(n~1/2). O

Proof of Theorem [5.3. Part (i): Lemmal[D.4]shows that the representation is valid. Assumption
5.3(i) and the Holder inequality imply V), is finite. The central limit theorem for martingales with
stationary and ergodic differences (Billingsleyl 1961) then yields

Vn(p—p) —a N(0,V,)
whenever V, > 0.
Part(ii): The asymptotic distribution for y then follows by the delta method.
Part (iii): Let £, = n~=1 Y 7 | £(X, X¢41) where
0( Xy, Xiv1) = logm(Xy, Xipy1) — Efllogm(Xy, Xit1)]

By definition of L and the asymptotic linear expansion for p,

~ —

va(L—L) = +/n(logp—logp—{y)

n—1
= ;ﬁ > {1 (X)m(Xe, Xi1)(Xegr) — 6™ (X)o(Xy) — 6(Xy, Xiqa) } + 0p(1) -
t=0
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The summands are strictly stationary geometrically phi-mixing random variables by Assumption
and Lemma have mean zero, and have and finite second moment by Assumptions
Application of Lemma provides that

Vi = lim E (Z {p_ltb (Xe)m( X, Xep1)d(Xiq1) — d"(Xp)p(Xt) — K(Xt’Xt—H)}) < 0.

The result follows by a CLT for strictly stationary phi-mixing sequences (Peligrad, 1985, Corollary
2.2). O

Proof of Corollary[5.3 Part (i): Write 165 — || < |67 — || + |6 — ¢| where ||¢|| = 1. Theorem
gives || — ¢|| = Op(0K + M, K) so it remains to control |6/ — &||. Note that ¢ = ¢/bX where
7Gx =1and ¢/ ="K where &/ = ¢/(¢/G?)'/2. Therefore,
~ ~ 1
f - - = - 1
o7 = ¢ @GR

1
@G 2GK G2

The minimax characterization of eigenvalues of symmetric matrices (Kato, (1980, Section 1.6.10)

implies that

~ ~ ~

Amin(Gx) < (@G 2GK G20 < Apax(Gic) -

Moreover,

~

max{ Amax(Gre) = 1, Pauin(Gic) = 11} = masct Amax(Gic = 1) Amin( Gic — L)}
= |Gk — Ixll
= O0y(hux)
by definition of 7, k. This proves l¢f — ¢|| = Op(Tn.ic)-

Part (iii): By the relation between the L?(Q) norm and sup norm on By and Assumption (i),

167 — 6lle < ATV2G(K)[6F — ol + 116 — dlloo
< A 1/2<0<K>||$f — 8l + 116 — gilloe + llgr — Dlloo
< ATYEG(E) |16 = ol + ATV2(K) 16 — gk |l + lgx — dlloe
< ATV2GE)6T — bl + ATV20(K) |6 — ol + ATV260(K) 6 — gl + lgx — dlloo -

The result follows by Part (i), Assumption [5.2(i), and Theorem

Part (ii): Write ||¢*/ — ¢*|| < [|0*/ — ¢*|| + [|¢* — ¢*|| where E[¢(X)$*(X)] = 1. Theorems [C.1|and
show that ||¢* — ¢*|| = Op(0K + T,k ). It remains to control 6%/ — &*|| = Op (7, k). Note that
¢* = &bX where ?Gxc =1 and ¢/ = 2bK where &/ = (¢ G x?)V/2 /(¢ G ¢). Therefore,

(AIGK )1/2

/\

o — ¢*|| = — 1| [l¢*]

KC
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where HQZ*H = Op(1) by Theorem. (ii), and the proof of Part (i) shows (¢ GKC)1/2 =14+0p(7n,K)-

Moreover,
*'Gge = Gre+"(Gg — Gg)e
— 14+e'GY%(Gx - Ix)GY %
L+ [¢*[1Gx — Ixll2
= 1+0y(1) x Op(in,x)
by Theorem (iii), definition of 7, i, and the normalization ||$|| = 1. Thus ||qA5*f—$*|| = Op(Mn.x)-

IN

Part (iv): Arguing as in the proof of Part (iii) yields

16 = 6" lloo < A™H2G0(K) (167 = 6"+ 272G (F) 6% = ¢ [+ A2 () I6” = g | + [l g7 — 67 loo -
The result follows by Part (ii), Assumption (ii), and [|¢* — ¢*|| = Op(6K + MnK)- O

Proof of Theorem [5.3, Part (i): By addition and subtraction of terms,
1

n

VoV = o3 (B mie bl = aitmiia)
(53) ¥ ; GmE 6y — El6"(Xo)m(Xo, X1)26(X1)?
(54) +;j§_§ (A%*ﬁ 02¢>2‘2¢?>
(55) + S 6267 — PEI (Xo)o(Xo)

-+
Il
o

i
L

g
|
SN
(]

%2 i *
<P¢:f mt,t+1¢{¢{+1 - P¢t2mt,t+1¢t¢t+1)

if
o

i
L

(57) - PO My 19 i1 + 20E[0% (Xo)?m(Xo, X1)B(Xo)p(X1)]

SN

T
o

Terms , and are all 0, 5(1) by the ergodic theorem (the expectations exist by Assump-
tion [5.3[(i)). For term (53),

[y

1 * * n
B3) = — Z ¢t mt t+1 ¢ti1 - ¢?+1] - Z[ tf2 - ¢t2]m?,t+1[¢ﬁ1 - ¢%+1]

n
t=0

1
[0

n

1 2.2 2
‘|‘g — QT Imi 1Pt -
¢

i
=)
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Using the relation (a? —b%) = (a + b)(a — b), the triangle inequality, and the sup-norm convergence
rates established in Corollary

n—1
* — 1 * i~
B3 < Op(G(K) (0% + 0k + 7ln, 1)) (ﬁ Z ¢t2m?,t+1|¢7{+1 + P41
t=0

1 n—1 R . R 1 n—1 R . )
T Z 677 + ¢ ’m?,t+1’¢{+1 + dr1] + o Z 67 + o7 ‘m?,t+1¢t+1> .
t=0 t=0

Writing

611+ Ses1] < 20011 + 1167 — Blloc
and similarly for [g*f7 the condition (o(K)(6}% + 0k + 7n,x) = o(1) (by Assumption (ii)) and
sup-norm convergence rates in Corollary yield

1 n—1 1 n—1
’| < op(1) (25 Z ¢:2m?,t+1¢t+1 + 0p(1 Z ¢ mt 14— Z ¢rmy t+1¢t+1
t=0 "o

1 n—1 1 n—1 1 n—1
+0p(1); Z mi e+ Op(l); Z Grmy e + 0p<1)a Z mi 101
=0 =0 =0

-1 n—1
13- o 2 1 2 2
+25 Z oymi 1951 + Op(l)a Z mt,t+1¢t+1) :
t=0 t=0

All sample averages in this display are of the form

%Z(ﬁ* X)Pm( Xy, Xiy1)20(Xig1)'

with 0 < k,1 < 2, and are therefore all O, (1) by the ergodic theorem (all moments exist by

Assumption [5.3)(i)). Therefore term is 0p(1). Similar arguments show that terms and
are both op(1).

Part (ii): Immediate from Part (i) and consistency of p.

Parts (iii) and (iv): For each j =1,...,J, write

n—1 1l
! E+1 t+1
n;hg< )Att+1+f2h < . >(Att+1 Arii1)

1n1

= Aj+ fzh (tzl>(Att+1 Att41)

where
Appp1=p" (¢ffmt,t+1¢{+1 - P¢:f¢{) — (log my 141 — Eflogm(Xo, X1)])
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Writing out term-by-term gives

n—1
(59) A - (; > (0 1)) Vi(logm, — Ellogm(Xo, X1)))
=0
n—1
(59) s () o - i)
=0
n—1
(60) +?1\}ﬁ Z:;hg (t b 1) (¢F i1 — Of Dr1) Mt 141
(61) +vn(p ! - %Z <t ki 1> OF Prr1My p41 -
=0

Term is op(1) because = >~ 01 hj (L) = O(n~'/2) (by numerical integration, using fol h(u) du =
0) and v/n(logm,, — E[log m(Xo,Xl)]) = O,(1) (by Markov’s inequality, using the fact that {X;}
is geometrically rho-mixing under Assumption and that enough moments exist by Assumption

5.30iii)).
For term , write
n—1
t+1 . e vy C t+1
I Zh ( ) {6161 — 0} & — Elgiou— B 31} + Bloion— o7 31— Zh ( )
The first term in this display is 0,(1) by Assumption [5.4|(i). The second term in this display is 0, (1)
because + 377 o hy (21) = O(n~1/2) and
Eloio— o of)l < Nlo"lllo — 1l + 1167 116" — o

with the first line by the triangle and Cauchy-Schwarz inequalities, and the second line by Corollary
p-3(1) (1)

A similar argument shows term is 0p(1), using Assumption [5.4|(ii) and Corollary [5.3(i)(ii)

For term (61), v/n(p~! — p~1) = Op(1) by Theorem and the delta method. For the remaining
term, write

1 A
(62) EZ ( >¢t¢t+1mt,t+1 =

t=0

n—

1
<’f - 1) (B deimeses — pE6" (X0)o(Xo)]}
t=0
n—1

(63) B9 (X i; ().

Term is O(n~1/2). Consider the process {¢} ¢r+1m1+1 — pE[¢*(X0)d(X0)]} and let Vy denote
its long-run variance. Vy is finite by geometric rho-mixing of {X;} and the moment assumptions in
Assumption [5.3)(i). Moreover, straightforward calculation shows

Vo =V, + 20" E[(¢*(Xo)d(Xo) — 1) + p? 302 E(¢"(X0)$(Xo) — 1)(¢*(X1)$(Xy) — 1)]



ESTIMATING THE LONG-RUN IMPLICATIONS OF DYNAMIC ASSET PRICING MODELS 59

whence V, >V, > 0. Therefore, the process {¢; ¢rr1my 41 — pE[¢* (Xo)d(Xo)]} satisfies an invari-
ance principle under Assumption (which implies the process is phi-mixing); see Corollary 2.2 of
Peligrad| (1985). Functional limit and Wiener integration arguments yield

n—1
\/15 > h (T) {7 bra1mui1 — pE[¢"(X0)d(Xo)]} —a N(0, V)
t=0

since fol h(u)? du = 1. Therefore, term 1) is Op(n~1/?), and so term 1) is op(1).

Finally, the process {A; 11} satisfies an invariance principle under Assumption (which implies
the process is geometrically phi-mixing) and Assumption (which guarantees enough moments);
see Corollary 2.2 of Peligrad (1985). Therefore, by the functional limit and Wiener integration
arguments in Phillips (2005),

~ ~

(\/ﬁ(E—L) Ay - Ay )/ = (ﬁZ?;olAt,m Ay - Ay >/+0p(1)

—d N(O,VL X IJ+1)

and the result follows by definition of the X?] and t; distributions. O

D.3. Proofs for Section [5.5]

Proof of Theorem [5.4 Efficiency bound for p: The tangent space is first characterized as in [Green-
wood and Wefelmeyer| (1995) (see also [Wefelmeyer (1999); |Greenwood, Schick, and Wefelmeyer
(2001))). Let BM(X x X) denote the space of all real-valued bounded measurable functions on
X x X E and define

T={heBMX x X): E[h(Xo,X1)|Xo=2]=0forall z € X}.

Let f(x1|xo) denote the true transition density of X7 = x1 given Xy = x¢ (this exists by Assumption
4.1)). For any h € T there is Nj, € N such that for all n > N}, the function

Fn(@1]20) = f(@r]wo){1 +n~*h(wo, 21)}
is non-negative and integrates to 1 for every xg, and is therefore a legitimate transition density.

Let P, denote the distribution of the sample {X¢, X1,...,X,} under the perturbed transition
density f, n and P, o denote the distribution of the sample {Xg, X1, ..., X} under the true transi-
tion density f. A version of local asymptotic normality is known to obtain for this set of perturbed

transition densities, i.e.

ar,, 1 3 1 )
1 == — Xi, Xi+1) — =FE|h(Xp, X 1
Og dPn7[) \/ﬁ ; h( (2] ’L+1) 2 [h< 0 1) ] + OPn,O( )

1714 suffices to consider bounded measurable functions as the are dense in the space {f : X x X = Rs.t. [ is
measurable and E[f(Xo, X1)?] < oo} (Wefelmeyer, [1999).
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(see |Greenwood and Wefelmeyer| (1995); |Wefelmeyer| (1999); |Greenwood, Schick, and Wefelmeyer
(2001)) where

n—1

\/1,71 Z h(Xi, Xz'+1) —d N(O, E[h(X07 Xl)Q])
1=0

by a central limit theorem for martingales with stationary and ergodic differences (Billingsley,

1961).

The gradient of p is now characterized in terms of the transition density. For any h € T define the
perturbed pricing operator M, 5, : L?(Q) — L?*(Q) by

o) = [ i P20 00 a00)
and let its kernel be defined as
Fualylz)

Kn,h(yax) = m($ay) q(y)

Whenever h € T
/X /X (K, 2) — Kop(,2))2 dQ(2)AQ(y) < C Efm(Xo, X1)2h(Xo, X1)?

for some finite positive constant C' under Assumption This implies that [|[M—M,, ;| = O(n~'/?)
since the Hilbert-Schmidt norm dominates the operator norm. Application of Lemma shows

that for n sufficiently large, the maximum eigenvalue p,, ;, of M, ;, is real and positive and
pug = p -+ E[¢" (Xo) My — M)$(Xo)] + o(n™/?).
By this and the law of iterated expectations,

V(pnn — p) = El¢"(Xo)m(Xo, X1)o(X1)h(Xo, X1)] + o(1)
where the expectation is finite for all A € 7 under Assumption [5.3(i). The gradient of p is
¢*(xo)m(xo,x1)¢(x1) and its projection onto (the closure of) T is
bolzo,x1) = ¢ (zo)m(zo, 21)d(x1) — B¢ (Xo)m(Xo, X1)$(X1)| X0 = o]
= ¢ (wo)m(wo, z1)p(x1) — ¢" (w0)Mo(x0)
= ¢"(wo)m(wo, x1)d(x1) — pd*(z0) (o) -

Therefore ﬂp(xo,xl) is the efficient influence function and E[K/;p(X(),Xl)2] =V, is the efficiency
bound for p. Theorem shows p attains this bound. Efficiency bound for y: follows (by continuity)
from the efficiency bound for p.
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Efficiency bound for L: As shown in |Greenwood and Wefelmeyer| (1995) and Wefelmeyer (1999)H
the efficient influence function for estimating E[logm(Xo, X1)] is

Um (T, 1) = logm(xo,:rl) — Ellog m(Xo, X1)|Xo = x0)

+Z [log m(Xy, X¢11)| X1 = 1] — Ellog m(Xys, Xi41)| X0 = z0)) .

The efficient influence function for L is therefore, by linearity and continuity of log,

Vr(wo, 1) = p~"p(x0,21) — Ym(T0, 71) -

Note that
Vi =p 2V, =20 Cpp + V),
where
Vi = Zfi_oo E[(logm(Xo, X1) — E[logm(Xo, X1)])(log m(Xy, Xi+1) — E[logm(Xo, X1)])]

Com = E[(¢"(Xo)m(Xo, X1)(X1) — p¢*(X0)p(Xo)) log m(Xo, X1)] -
The efficiency bound for L is then

E[br(Xo, X1)? = p 2V, + Ebm(Xo, X1)%] — 20" E[1h,(Xo, X1)0m (X0, X1)]
= p 2V, + Vi — 2/)_1E[QEP(XO7Xl)&m(Xle)]

since E[thm(Xo, X1)?] = Vi (Wefelmeyer, [1999). Using the fact that E[t),(Xo, X1)|Xo] = 0,

E[Y,(Xo, X1)¥m(Xo, X1)]
= [logm(Xo,Xl)q/Zp(XO,Xl)]

+ZE llog m( Xy, X 11)| X1 E[,(Xo, X1)| X1 ]]
= E[log m(Xo, X1){¢"(Xo)m(Xo, X1)p(X1) — p¢*(Xo)#(Xo0)}]
+ Z pE[Elogm(Xy, X11)| X1](6*(X1)o(X1) — E[¢*(Xo)d(X0)| X1])]

= E[logm(XO,X1)¢> (Xo)m(Xo, X1)o(X1)] — p lim Ellog m(X¢, Xi11)¢" (Xo)o(Xo)]
= Com

where the second equality is by definition of ¢*, the fourth is by telescoping series, and the fifth is
by Lemma Therefore, E[t)y, (X0, X1)?] = V. Theorem shows L attains this bound. O

Proof of Theorem [5.5 Application of Theorem |C.3| with Gx in place of G yields

P i = (G) (G My — Mg)(G2cx) + Oy ) -

1&Greenwood and Wefelmeyer| (1995) prove efficiency of sample averages for estimating the expectation of bounded
measurable functions of (Xo, X1). Wefelmeyer]| (1999)) extends this to the class of functions of (Xo, X1) with finite
second moment.
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Using the fact that G = Ix and G;(lMKcK = prck yields

n—1
12 _
p—px = — g O3 (Xe)m(Xe, Xe41) Ok (Xeg1) — prc + Op(ii i) -
=0

n

Applying the same arguments as in the proof of Theorem yields

n—1
Vn(p—p) = \/lﬁ ;{Qﬁmt,tﬂ@eﬂ —pttop(1).

The summands are strictly stationary phi-mixing random variables by Assumption and Lemma
have mean zero, and have and finite second moment by Assumption [5.3] It follows by Corollary
2.2 of Peligrad, (1985) that

Vn(p—p) —a N(O,Irvar(¢;my t 11641 — p)) -
By definition,

Irvar(¢fme 11641 — p) = El(¢fmoadr — p)?]

64
(4 +23 72, E[(¢gmo,1é1 — p)(dfmitis10e41 — p)]

where

E[(¢5mod1 — p)°] =V, + p*E[(¢"(Xo)d(Xo) — 1)7]

and, for each t > 1,

E[(¢5moidr — p)(drmesr1dea1 — p)] = p*El(¢1d1 — 1) (¢ ¢y — 1)]
= P’ El(¢00 — D(¢i_1¢1-1 — 1)].
Substituting into yields

lvar (¢ me 1941 — p) = Vp + 202 E[(¢560 — 1)) + p’levar (6 ¢ — 1))

as required. 0

D.4. Proofs for Section [6.1l
Proof of Theorem [6.1. Follows identical arguments to the proofs of Theorem O
Proof of Theorem [6.3. Repeating the arguments in Lemma [D.4] shows

n—1
P pic = S AGCXOR(X Xe )b (Xir) = predie (X)orc(X0)} + Ol 1.
t=0
Therefore,

n—1

(65p—p = px—p+ % > {ek (X)m(Xe, Xip1)dx (K1) — pr bk (X)éx (X)} + Op(M2 )
t=0

n—1
(66) S G X)X, Xi) = (X, Xisn))rc(Xin).
t=0
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Expression is controlled as in the proof of Lemma It follows from the uniform convergence
rates established in Corollary [5.2] and Assumption [6.1] that

% Z<f> (Xe) (M (Xe, Xepr) = m(Xe, Xei1))@(Xer1) + 0p(1) -

The result follows. O
D.5. Proofs for Section [6.2]

Proof of Theorem [6.3. The proof is analogous to the proof of Theorem Note that M : L?(Q) —
L?*(Q) can be represented as an integral operator with integral kernel K(xg,z1) given by

K(zo,z1) = {/ym($0afﬂlayl)f($layl|$0)d?/l}q(il)

_ - f(zo,71,91)
= {/y (o, 1’y1)q<xo>q<x1>qy<y1>de(y”}‘

The positivity conditions in Assumption imply that K(xg,x1) > 0 a.e-[Q ® Q].

To check square-integrability of IC, observe that

//ICQ(xo,xl)dQ(xg)dQ(xl)
X JX

_ /X/X{/ym(xo,xhyl)q(f(:ro,:m,yl) de(yl)}2 dQ(z0) dQ(x1)

20)q(1)qy (Y1)

2
x""E?
< ///m(l’o,ml,yl)z f@o, @1,41) dy1 dzo daq

(20)q(z1)qy(y1)
< C/ / /m 37071'173/1 f<1'071'17y1)dy1 dxo dzy
= (X07X17Y1) ] < o0

for some finite positive C, by virtue of boundedness of f(xo,z1,v1)/(q(x0)q(z1)qy(y1)), and As-
sumption [6.2(iv). The result follows by Theorem O

Proof of Theorem [6.4. Follows identical arguments to the proofs of Theorems [5.1] and 5.2} noting
that in this case Ml may be rewritten as

Mip(z) = E[E[m(Xo, X1, Y1)|Xo, X1]9(X1)|Xo = 2]

where clearly E[m(Xo, X1, Y1)|Xo, X1] is a function of (Xo, X7). O

D.6. Proofs for Appendix All of the following definitions are as in [Schaefer| (1999). Let
E denote the Banach lattice LP(Q) for 1 < p < oo, and let E* denote its dual space. For f €
E, f* € E*, define the evaluation (f, f*) := f*(f). Let E4 denote the positive cone of FE, i.e.
E.={f€eE:f>0ae-[Q]} An element f € E; belongs to the quasi-interior E, of E if
{g € E:0<g< f}isatotal subset of E. If E = LP(Q) with 1 < p < co and f € E is such that
f>0ae-[Q]then f € B, . If E=L*>®(Q) and f € E is such that essinf f > 0 then f € F, . The
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dual cone EY := {f* € E* : (f, f*) > 0 whenever f € E,} is the set of positive linear functionals
on E. An element f* € E7 is strictly positive if f € E, and f # 0 implies (f, f*) > 0. The set of
all strictly positive elements of £ is denoted E7 . Recall that the adjoint M* : E* — E* of M is
defined as M*(f*) = f* oM, i.e. f*oM: E — R is a bounded linear functional for each f* € E*.
The operator M is irreducible if MR(M, z) : (E;+ \ {0}) — E,4 for each z € (spr(M), co) where
R(M, z) is the resolvent of T'. In what follows, unique means unique up to scale.

Proof of Theorem[A.2 Theorem shows that M has an eigenfunction ¢ € E corresponding to
the eigenvalue p = spr(M). Moreover spr(M) an isolated eigenvalue because M" is compact for
some 7 > 1 under Assumption (Dunford and Schwartzl, 1958, Theorem 6, p. 579).

Part (i), 1 < p < oco: M is irreducible (by the proof of Theorem V.6.6 in Schaefer| (1974))) and so
¢ € E41 and ¢* € £ and spr(M) is a pole of R(M, z) of order one, so spr(M) has algebraic and
geometric multiplicity one (Schaefer,|{1999, p. 318). Therefore, spr(M) is an eigenvalue of multiplicity

one of Ml and M* (algebraic and geometric multiplicities are preserved by taking adjoints: see |Kato
(1980), Remark II1.6.23).

Suppose 1 € (E4\{0}) is a nonnegative eigenfunction of M with eigenvalue A such that ¢ and ¢ are
linearly independent. Note that A # spr(M) because spr(M) is an eigenvalue of M of multiplicity
one. Also note that (1, ¢*) > 0 because ¢* € £, and ¢ € (&4 \ {0}). Then,

A1, ¢") = (M, %) = (¢" o M)(¢) = M"(¢")()) = spr(M)¢*(¢) = spr(M)(, ¢*)

which contradicts A # spr(M). A similar argument shows that ¢* is the unique eigenfunction of M*
belonging to 7.

Part (ii) p = oo: the preadjoint of M on L'(Q) is irreducible (by the proof of Theorem V.6.6 in
Schaefer| (1974))). The proof for L!(Q) applied to the preadjoint of M provides that ¢ € E, ., ¢ is
the unique eigenfunction of M belonging to E, and that p is an eigenvalue of Ml of multiplicity
one. g

Proof of Theorem[A.3 The positive eigenfunction and adjoint eigenfunction are unique (by Theo-
rems and , and p is an eigenvalue of M of multiplicity one.

Let M = p~'M. The condition K(z,y) > 0 a.e.-[Q®Q] implies that any eigenvalue A of M with \ # 1
has |A| < 1 (by Theorem A.1)). By construction, P is the spectral projection of M corresponding to
the eigenvalue 1.

Consider the bounded linear operator M — P. Let € = inf, o w).0e1 |z — 1| and note that € > 0.
Define g : C — R such that g(z) = 1 for all z € C with |z — 1| < ¢/2 and g(z) =0 for all z € C
with |z — 1] > ¢/2. Let f : C — R be given by f(z) = z — g(z). Then

_ -1 _ -1 _
M-P = — zR(M, z)dz — — R(M, z) dz
270 J1(1+4¢,0) 210 Jr(Len)
1 _

= — f(z)R(M, z)dz
270 Jr(146,0)
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(Dunford and Schwartz, (1958, Theorem 10, p. 560) since the only singularity of R(M, z) within
F(%e, 1) is at z = 1. By the spectral mapping theorem (Dunford and Schwartz, 1958, Theorem 11,
p. 569) o(M — P) = f(o(M)). Therefore spr(M — P) < 1 because f(1) = 0 and f(\) = X for any
A € o(M) with \ # 1.

By the Gelfand formula (Dunford and Schwartz, 1958, p. 567),

(67) spr(f — P) = lim ||(M— P)7| g, < 1.

Let {7, : k > 1} C N be the maximal subset of N for which |[(M — P)™||»(q) > 0 for each 7. If
this subsequence is finite then the proof is complete for suitable choice of c. If this subsequence is
infinite, then by expression ,

0.

log [|(M — P)™
lim sup gI( )| Lr (@) _
T—00 Tk

Therefore, there exists a finite positive constant C such that for all 73, large enough,
log (M — P)™ || 1r(q) < —=C7y, .

Finally observe that (M — P)T = M — P = M, — P since M and P commute (Kato, (1980, pp.
178-179) and MPvy = E[¢(X)¢*(X)|M¢ = Py for all ¢ € LP(Q). O

Proof of Theorem[A.4] Follows the same arguments as the proof of Theorem O

D.7. Proofs for Appendix [C| Several lemmas are needed first before Theorems and
are proved. Parts (i) and (ii) of the following Lemma are a straightforward modification of
two results in |Gobet, Hoffmann, and Reif} (2004); parts (iii) and (iv) deal with estimation of the
adjoint eigenfunction and are new. Lemma [D.6]is the key lemma from which the asymptotic linear

expansion is derived.

Lemma D.5. Let {Ty, T, : o € A} be a collection of linear operators on a real Hilbert space such
that T, has an isolated real eigenvalue A, of multiplicity one for each a € A. Let f, denote the
eigenfunction corresponding to Ao normalized so that || fo| = 1. Suppose there exists a T < oo such
that sup,e 4 | Tall < T and there exists a § > 0 such that inf,c,(1,)2 21, |2 — Aa| > 6 for all a € A.
Let 7 = (supaea SUPzers g 1T, 2N IfF < 0o and supye g || T — Taell < %f, then

(i) The only element of o(Ty,c) within I'(5, Ao) is an real eigenvalue Ao of multiplicity one, and
suPaed Ao = Aael < (T+ 57)V8F + 1) supaea [(Ta = Tae) fall
(i) Each T, e has an eigenfunction fo . corresponding to Ao normalized so that || fae| = 1, and
suPaea | fa = faell < VB supaes (T — Toe) fol
(i4) Each Ty . has an eigenfunction fy . corresponding to Ao normalized so that (f3 ., fa.e) =1,

and sup e | /1l = fo e/ | Fallll < V8F supaea (o — T ) f/ Il falll
(iv) Moreover, supyea || fo — ;EH <2571 (V2r Tt +1) SUPne | To — Taell-
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Proof of Lemma[D.5. Parts (i) and (ii) are a straightforward modification of Proposition 4.2 and
Corollary 4.3 of |Gobet, Hoffmann, and Reif3] (2004). Note that

sup  sup ||R(Ta, 2)|||Te — Ta,e
a€A zeT'(6,\a)

<

N |

holds. This implies that I'(d, \o) contains precisely one eigenvalue of T;, . by Theorem IV.3.18 of
Kato| (1980) and the discussion in Section IV.3.5 of Kato| (1980). Therefore each A,  must be real-
valued (if it were complex-valued its conjugate would also be in I'(d, A, ), which would contradict
there being only one eigenvalue of T, in I'(, A\y)).

For part (iii), existence of the f; . follows from the fact that each A, is an eigenvalue of multiplicity
one. Applying part (ii) with 7% in place of T, (using the fact that an operator and its adjoint have
the same norm, and that R(T, z) = R(T,, z)) yields part (iii).

For part (iv), let P, denote the spectral projection of T, corresponding to A, and let P, . be the
projection of T;,  corresponding to A,.. Note that both of these may be expressed as a contour
integral over I'(d, Ao) (cf. equation (48])). Therefore,

-1 / R(Ty,2) — R(Ty(, z) dz
T'(6,Aa)

sup ||Py — Paell = sup
acA

acA 27TZ

1
< S—-2mdsup sup HR(Taa Z) - R(Ta,ea Z) H
27 a€A zeT'(5,\a)

< Gowp swp BT 2)ITa — Todlll R(Tar )]
a€A zel(5,\a)

where the second inequality is by expression . The condition sup,c 4 |To — Ta.l| < %f, together
with expression , also implies that

[R(Tae 2)|| < 2| R(Tas 2|
and so
(68) SUp || P — Pae|| <207 sup ||Te, — Toe|| -
acA acA

Note that Py = fo ® f5 and Py e = fa,e ® f5 o with || Po|| = || fa]] and || Pacl| = || 5 c]|- Tt follows by
the forward and reverse triangle inequalities and and part (iii) that

* *
f()! Q€

Ifall (11 el
« e

< <sup !f:iH) V8 sup (T = T ) fa/ Il Fallll + 267 sup (| To — Taell
acA acA acA

=l < 1 H

] =

< 207 N (V2F 4 1) sup || T — Te
acA

where the final line uses the fact that ||f¥|| = ||P.|| < 67 ! and the definition of the operator

norm. O

Lemma D.6. Let {T,,T, . : a € A} be a collection of bounded linear operators on a real Hilbert

space such that T,, has an isolated real eigenvalue Ao, of multiplicity one for each o € A. Let f, and
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fx denote the eigenfunctions of T, and T corresponding to A, normalized so that || fa| = 1 and
(fas f&) = 1. Suppose there exists a § > 0 such that inf,c,(7,)..2x, |2 — Aa| > 0 for each a € A. Let
7 = infacainf,errn) (1R(To, 2)|||[Ta — Tocll) ™t If 7 > 1 then the only element of o(Ty,c) within

I'(0, A\a) is a real eigenvalue A\ of multiplicity one, and
, )
21613 ‘)\a,e — Ao — <fou (Ta,e - Toa)fa)’ < m .
Proof of Lemma[D.@ Foreachz € Rand a € Adefine Ty, ((z) = Tp+x(To,c—T,). By the discussion
on p. 379 of Kato| (1980), the unique element of o (T, (z)) within I'(d, o) is an eigenvalue of
multiplicity one, say Aq.(x), for each |z| < 7, for each a € A. Let P, denote the spectral projection
of T, corresponding to \,. By the error estimates in Section I1.3.1 of Kato (1980),

|Z]? sup,ersag) 12 = Aal _ |z|?6
T(r — |z|) T(r — |zl)

Aae(@) — Ao — 2xtr{ (T — Ta)Pa}| <

for each |z| < 7, for each o € A (each T,, and Ty, . are bounded so the results from finite-dimensional
perturbation theory can be applied, see Section VII.3.2 of Kato| (1980))). The result follows by setting
0 =1 and using the relation tr{(Toc — 7o) Po} = {(Ta,e — To)(fa ® f2)} = (f3, Tae —Ta)fa). O

Lemma D.7. Under Assumptions|C.1), |C.2, and|C.5(i), there exists K sufficiently large such that
for each K > K, infaea ianEU(H;;{Ma):#pa,K |2 = pa,r| > %g,

Proof of Lemma[D.7]. By Theorem there is Ky sufficiently large that sup,c .4 |pa — pa, x| < iE
for all K > Kj. By Theorem 1V.3.18 of |[Kato| (1980) and the discussion in Section IV.3.5 of Kato
(1980), each F(%, Po) encloses precisely one eigenvalue of HI}(MQ provided

sup  sup HR(Mmz)HHHg{Ma — M, < 1.
A€ €T (3ep0)

By Assumptions [C.1[(ii), [C.3|i) and

sup  sup || R(Ma, 2)|[|[ T} Ma — M| < 7(3€) x o(1) = o(1)
a€A zel(§€,0a)

and S0 SUPe 4 SUP,cr (e ) [R(Ma, 2) ||| T M, — M, || < 1 for all K > K for some K;. The result
g 6P
follows by setting K = max{Ky, K;}. O

Lemma D.8. Under Assumptions|C.1|(ii) and [C.j(ii),

~>—-1= —
sup [|Gg Mo,k — Mg,k = Op(iln,k)
acA 2

o> —1=/ —~
sup (Gg My g =My k|| = Op(ink)-
acA 2

Proof of Lemma[D.8. First note that since Ma, K is isomorphic to Hl]’(Ma\ By
T b b
Mo,k ll2 = [T Ma| g || < [[HxMall < [Ma -

Therefore, sup,e 4 |[Ma.x |2 is bounded uniformly in K by Assumption (ii).
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The condition |G g — Ixllz = op(1) implies the eigenvalues of G are bounded between 3 and 2
on a set whose probability is approaching one. Working on this set,

~—1= — ~-1 = = —
GxMyx—Myxg = (IK -Gy (Gg — IK)) M, x — Mgk

— ~—1 ~ ~—1 ~ —~

= Myrx—Myx —Gg (Gg — IK)Ma,K — Gg (Gg — [K)(Ma,K = Ma,K)

for each o € A. The result follows by the triangle inequality and Assumption (ii), noting that

=-1 =

|Gk [l2 < 2 whenever the eigenvalues of Gg are bounded between 3 and 2.

—l=/

The proof for G k M, g follows similar arguments, using the fact that an operator and its adjoint

have the same (operator) norm. 0
Lemma D.9. Under Assumptions[C.1|(ii) and [C-4|(iii), if 7n,x = o(1) then
=-1= —~
sup |[(Gg Mo,k — Mo,k )Co, K = Op(1n,K)
acA 2
o —~
!
sup | (G Msc ~ M e/ sl = Oplm),
a 2

Proof of Lemma[D.9. The same arguments as the proof of Lemma give
=—-l= —~

(Gg Mo,k — Mo k)Cok| = Op(n2ni) + Op(Min,Kx) + Op(,n,x) X Op(M2,n, k) -

2

sup ‘
acA

The result follows by definition of 7, x and 7, x and the condition 7, x = o(1). The proof with

—~

M, i is the same. U

Proof of Theorem [C.1. Apply of Lemma with M, = T,, HI}{MQ = T, on the Hilbert space
L2(Q). Set T'(3,A\a) = I'(3€, pa). The resolvent bound in Assumption i) shows that for each
a € Aand z € T(3€, pa)

1
2 l=— " < RMy, 2)|| < r(d(z,pa)) <7 lg
Ty < IR0 )] < 7l p) < (30
which implies
0<r(3e'<r<ie<oco.
Assumption (1) implies that supge 4 |[II%M—M, | = o(1) thus sup,e 4 [[TT5M—M,|| < 17 holds
for all K sufficiently large. u

1

Proof of Theorem [C.3. Apply Lemma |D.5| with Ma,K =T, Gg Ma,K = T, on the Hilbert space
R (with the Euclidian inner (dot) product). Set I'(6, \a) = I'(3€, pa,x). By Lemma there is
a K sufﬁcientlzfvlarge that infaeq inszU(Hg(Ma):Z¢pa7K |2 — pa.x| > %E for all K > K. Take K > K.
The fact that M, x and HI;(MCJ By are isomorphic and the resolvent bound in Assumption (ii)
shows that for each o € A and z € I'(3€, pa, k)

1
get = — = <||R(I%M,|p,., 2)|| < r(d(z,pa)) < r(ie
d(z,me)_H (Mo |pg, 2) || < 7(d(z, pa)) < (7€)
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which implies
0<r(3e'<r<ie<co.
~—1—

Lemma [D.8| provides that sup,¢c 4 ||éK MQ,K —MQ,KHQ = Op(7n,x ). This and the condition 7, g =

o(1) implies the condition

Al 1
sup < -r
acA 2 2

holds on a set whose probability is approaching one. Application of Lemma on this set proves

GK Ma,K - Ma K

)

parts (i) and (ii), with 7, x given by Lemma
=/

Part (iii) follows by repeating this argument with M, ,and M; x in place of Ma, x and Ma, K-

For part (iv), write

~ b x
sup (|95 — ¢o il < sup [l9f k|l ||= + sup [ o
acA acA lo% I ||¢5 KH
< sup |65 x|l X Op(mn,ic) + sup |10 xcll — &% il
acA acA
where the second line is by part (iii). Theorem shows that supae 4[|}, i || < supaea |94l +0(1)
and it is easy to see that sup,c 4 ||¢% || < co. The remaining term sup,¢ 4 |H$’&KH — 1% x|l can be
shown to be O, (7, k) using a similar argument to the proof of part (iv) of Lemma [D.5 0
p\Thn,

~—1—

Proof of Theorem [C.3. First apply Lemma|D.5 with T, = Ma x and Tp . = G M, . By Lemma
there is a K sufficiently large that inf,e .4 infzeg(nb Ma):2%pe i |2 — pa,k| > 56 for all K > K.

Take K > K. Then ||R(MQ,K, z)| < r(3€) for all z € T(3€, pa,k) by Assumption (ii). The

condition

/\_1/\

holds on a set whose probability is approaching one, since ||G g Mg, x — Ma K||2 = 0p(1) by Lemma
[D.§ and the condition 7, x = o(1). Therefore, the condition

~—l—

o= infinf (|[RMa, 2) 2 G Mok = Maxlo) ™ > 1
O[EA ZEF( 7pa,K)
holds on a set whose probability is approaching one, on which Lemma provides that
~ _1/-\ _

€
SUP |Pa ik — Po — Cou G -M c. <
aeE\ Po, K — Pa ( K M, K a,K) o, K| > 4rn,K(Tn,K — 1)

uniformly for a € A. The result follows by noticing that

1
. — W
rn,K(TmK _ 1) p(nn,K)

by definition of 7, x and Lemma O

D.7.1. Proofs of additional results on convergence of the matriz estimators.
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Proof of Lemma[C.1]. Let M be a finite positive constant such that m(xg,z1) < M. Let My 41 =
m(X¢, X¢41). Consider the K x K random matrix

Zpn = 0 (B (X0 me b (Xii1) = EBE (Xo)mo b (X1)] )
where clearly E[=;,] = 0. Assumption and definition of (y(K) imply that

2¢o(K)2M

(69) [Ztnll2 < e

By the triangle and Cauchy-Schwarz inequalities, for any u,v € RE with «'u = 1 and v'v = 1,
n2EW/E 2, 0] < BB (X)md (Xen) 05 (Xgp1)msb™ (X))
+|E[U’ZK(Xo)mogK(Xl)'}E[EK(Xl)mogK(Xo)'U]\
EfJu/8 (X0)|[b" (Xe41) D5 (Xo1) |05 (X,) 0]
+M2 Lo (K)? El(u'b" (X)) /2 (0" (Xo) v)?] /2
AT M Go(K) B[(w/D" (X0))?) /2 E[(" (Xo0)'v)?] /2
< 20T MPG(K)?

IN

where the final line is because E[(u/b%(X0))?] = v/ E[bx (Xo)bx (Xo)|u = v'u = 1 for any u € RE
with w'u = 1. Since ||All2 = sup, ,erK .wu—1,pv=1 ' Av for any K x K matrix A,

2M?%((K)?
HE[“tn“sn]Hz An2
and similarly for || E[Z} ,,Zs n]|2-
The result follows by Corollary 5.2 of |Chen and Christensen (2013]). O

Proof of Lemma[C-2 By geometric rho-mixing there exists a finite positive C' such that

n—1

> b(Xe, Xi11)

t=0

Var < CnE[b(Xo, X1)?]

uniformly for all measurable b : X x X — R such that E[b(Xo, X1)?] < 0o (see Lemma [D.2). By

the relation between the spectral and Frobenius norms,

PP NERES o St

k=11=1

Zbk (XOb( (Xe41)m (Xt7Xt+1)]

< % Z Z E [(’Bg(XO)Z{f(Xl)m(Xo, Xl))ﬂ
k=11=1
< CCO ZE [ b (Xo) (XoyXl))Q}

where

)\_1 K 2EmX ,X 2
iE[@f(Xo)m(Xo,Xl))ﬂg AT G(K)“Blm(Xo, X1)7]

k=1 K sup,, ., |m(zo, z1)|? if m is bounded.
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The result follows by Markov’s inequality.

Proof of Lemma[C.3 By the arguments in the Proof of Lemma [C.2]

K
= 1
E[[(Mg — Mg)ugl3] < EZV“”
k=1

n—1
Zgi((Xt)(ZK(Xt—&-l)/UK)m(Xt, Xt+1)]
t=0

K

< O3 B [F (X)X v m(Xo, X1)’]
k=1

< COU b (% (1) o) om0, X ]

for some finite positive constant C', where

A Lo (K)2||vk ||ZE[m(Xo, X1)?
E[((ZK(Xl)/UK)zm(Xo,Xl)ﬂ < o pEm o, T

vk |3 $up,y 2, [m(z0, 21)]? if m is bounded.

/

The result follows by Markov’s inequality. The proof with M ) 1s identical.

71
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