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Abstract

This paper studies incentive compatibility with endogenous states. A principal hires
an agent over the infinite horizon, and each period the agent takes an action unobserv-
able to the principal. The principal observes an outcome and makes a payment. The
key feature of the model is that the agent’s action controls the transition probabilities
of the state, which is unobservable to both parties. The paper first develops a dynamic
programming method then applies it to study incentive compatibility. The necessary
and sufficient condition for IC constraints consists of two IC constraints for each history
on the equilibrium path. There is the usual local IC constraint, but the novel finding is
the dynamic IC constraint. The agent’s equilibrium strategy is linked across the infinite
horizon, and it takes into account both direct effects and indirect effects of the agent’s
deviation. When the agent deviates, it leads to a different cost of action and different
transition probabilities this period; but the marginal cost-benefit ratios of the agent’s
subsequent actions also change. Both the dynamic programming method and the nec-
essary and sufficient condition for IC constraints can be applied to a more general class
of models. The IC constraints highlight the difference between exogenous states and
endogenous states. The dynamic IC constraint shows that local IC constraints are no

longer sufficient in this environment.

1 Introduction

Consider an employee accumulating human capital. One can imagine that given the level

of human capital the employee has, his effort together with the current human capital pins
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down the distribution of his human capital in the following period. In a competitive market
setting with a continuum of levels of human capital, this will be Holmstrém (1999) with
endogenous states. If there are two levels of human capital, one can consider an employee
acquiring and maintaining a skill. Once the employee has the skill, his effort determines
the probability he maintains or loses the skill. If the employee doesn’t have the skill, he
can acquire the skill. In these settings, the employer doesn’t always observe the employee’s
effort. Whether the employee has the skill depends on his effort, and it can be thought of
as human capital that neither the employer nor the employee observes perfectly. This is a
dynamic moral hazard problem where the state variable is endogenous and unobservable.

Little is known about dynamic moral hazard with endogenous states. We can ask which
contract maximizes the principal’s payoff, which tax policy maximizes welfare for the social
planner, or in a competitive market setting, what types of dynamics we expect to observe.
Board and Meyer-ter-Vehn (2013) study the competitive market setting, but to the best
of my knowledge, there is no paper in the principal-agent setting. Furthermore, before we
can study optimal contracts, we need to understand the constraints of the optimization
problem, and in particular, we need to understand incentive compatibility.

Specifically, I study the following model. A principal hires an agent over the infinite
horizon, and each period, the agent takes an action. The agent’s action is unobservable to
the principal, so there is moral hazard, and it controls the state transition, so the state is
endogenous. The principal observes an outcome every period and makes a payment. The
state is never observed, and both parties start with a common prior.

The focus of this paper is how incentive compatibility works in this environment. There
are two main results: I develop a dynamic programming method that allows me to study
this problem, and I use this method to characterize the necessary and sufficient condition
for IC constraints on the equilibrium path.

The dynamic programming method uses a different way to express the continuation
value of the agent than the standard method. In the standard dynamic programming, there
will be one value function to express the agent’s continuation value, but in this setting,
because the agent’s belief on the state matters for the continuation value, and the beliefs
of the principal and the agent diverge after the agent deviates, we need to understand and
have a way of expressing the agent’s continuation value as a function of his belief. T use
hypothetical continuation values to linearize the agent’s continuation value. I decompose
the continuation values in a way that the agent’s belief enters his continuation value linearly,
and this allows me to express the agent’s continuation value both on and off the equilibrium
path with the same set of hypothetical continuation values.

I then continue to characterize the necessary and sufficient condition for IC constraints.

I show that two types of IC constraints are necessary after each history. This departs from



usual models where local IC constraints are sufficient and there is only one IC constraint
after each history. The first IC constraint is similar to usual local IC constraints in a sense
that it captures the tradeoff when the agent deviates only once. I consider a deviation
where the agent deviates for one period but he conforms to the principal’s expectation from
the following period on, and the local IC constraint equalizes the marginal cost and the
marginal benefit of this deviation.

The novel finding is the second type of IC constraint. It is a dynamic IC constraint
that takes into account the agent’s equilibrium strategy over the infinite horizon. It is no
longer sufficient to consider local deviations, and in order to make sure that a contract is
incentive compatible, the dynamic IC constraint has to be satisfied. It takes into account
both the direct benefits and indirect benefits of the agent’s deviation. After every history,
the difference in cost from a deviation is the same as usual. But when the agent deviates,
it affects the transition probabilities of the state which is the direct benefit. It also has
a lasting effect in subsequent periods through indirect benefits. When the agent deviates,
the principal and the agent have different beliefs on the state, and in particular, earlier
deviations of the agent change the marginal cost-benefit ratios of subsequent deviations.
Even if it’s not profitable to deviate on the equilibrium path after a particular history, if
the agent has already deviated, then from his perspective, the marginal benefit-cost ratio is
different, and he might find it profitable to deviate again. The agent won’t find it profitable
to deviate in the current period alone, but if he’s going to deviate again in the next period,
then two deviations together could prove to be profitable, and this is why we need to worry
about dynamic incentives.

The necessity of the dynamic IC constraint is new and is a feature of endogenous states.
Detailed comparison to existing literature is in section 5.1, and the difference between
exogenous states and endogenous states are discussed in section 5.2. In short, my paper
can be thought of as Holmstrém (1999) with endogenous states that provides an analogue
of the impulse response function in Pavan, Segal and Toikka (2014). As a result, local IC
constraints are no longer sufficient.

The necessary and sufficient condition I find holds for a general class of models. I discuss
how the model could be extended in section 5.3, and a few cases to note are as follows. The
condition holds regardless of the objective function. Whether the principal is maximizing
his own profit or the social planner is maximizing welfare, the incentive compatibility has to
be satisfied. It also holds for every incentive-compatible contracts; as long as it is incentive
compatible or is an equilibrium, this condition has to be satisfied. It also has to be satisfied
whether it’s a principal-agent setting or a competitive market setting. It holds regardless
of whether a state is absorbing or non-absorbing. It has to be satisfied for both risk-neutral

agents and risk-averse agents. As long as we have continuity at infinity, it has to be satisfied



regardless of the length of the horizon. In particular, it holds for both finite-horizon models
and infinite-horizon models. In short, this is a characterization of incentive compatibility,
and whenever we have incentive compatibility, the necessary and sufficient condition has to
be satisfied.

The rest of the paper is organized as follows. Section 2 describes the model, and the
dynamic programming method is explained in section 3. Section 4 applies the dynamic
programming method to study IC constraints, and the results are further discussed in

section 5. Section 6 concludes.

2 Model

A principal hires an agent over the infinite horizon, t = 0,1,2,---. The principal and the
agent share the common discount factor § € (0,1). Each period, the principal offers a
contract, and the agent decides whether to accept. If the agent accepts, the agent chooses
an effort p € [0,1) which is his private information. An outcome is realized and observed
by both parties. The principal makes a payment, and they move to the next period. If the
agent rejects, the parties receive their outside options and continue in the following period.

There are three state variables in each period: they are the underlying state, the agent’s
action and the outcome. There are two states, w; and wy. The states are unobservable
to both the principal and the agent, and the parties start with a common prior in the
beginning of period 0. The agent’s action is his private information which leads to moral
hazard, and it controls the transition probabilities of the state. When the agent chooses
p, the probability of going from wsy this period to w; next period is p. The probability of
staying in wy is r(p) € [0, 1], where r(-) is differentiable. Let P(p) be the transition matrix
for the states; P;;(p) is the probability of going from state i to state j next period. When
the agent chooses p, P(p) is given by

( r(p) 1-r(p) )
p 1-p )
The cost of effort for the agent is ¢(-) which is differentiable, weakly convex, increasing
and ¢(0) = 0. Since the transition probabilities are controlled by the agent’s action, the
underlying state is endogenous.
The last state variable is the outcome y € Y C R. The probability of each outcome
is pinned down by the underlying state. Let fi(y), f2(y) be probabilities of outcome y in
states 1 and 2, respectively. I assume that there is no atom and that fi(y), fa(y) > 0 for

all y € Y. The state transition depends on the current state and the agent’s effort, and the

outcome only depends on the current state. This is not a restriction which I'll comment
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Figure 1: Timing within period ¢

on after describing the timing. The timing of the game is described in Figure 1. When
the agent accepts, the state changes at the end of the period after the principal makes a
payment. If the agent rejects, the state doesn’t change. I chose this timing because it’s
closer to models with exogenous states, but an alternative timing, which allows the state
to change first then allows the outcome to be realized, gives exactly the same results. The
outcome distribution is further discussed in section 5.2.

The outside options for each party are normalized to 0. The principal is risk neutral,
and the agent’s utility function is w(-) which is increasing, concave and u(0) = 0. I can
allow the agent to be risk neutral, and it is discussed in section 5.3.

No one observes the state, and the agent knows his effort and the outcome. The principal
only observes the outcome each period, and he offers payments conditional on the history
of all outcomes. I consider pure-strategy sequential equilibria of the game, but the strategy
space is not restricted otherwise. I assume that the principal has no commitment power
when he offers a contract; this can be generalized to allow different degrees of commitment
power, and I discuss it in section 5.3.

Specifically, let pt, y¢, w: be the agent’s action, the outcome and the payment in period
t. d; = 1(0) denotes that the agent accepts (rejects) the contract in period ¢. The public his-
tory, which coincides with the principal’s history, at period t is h* = (do, yo, wo, d1, Y1, w1, -+ ,d¢, yt) €
HE. If d; = 0, then y; = 0 = wy. The set of public histories is H = U H!. The agent’s pri-
vate history at period ¢ is h* = (do, po, Yo, wo, d1, 1, Y1, W1, - - - s i1, D1, Yt—1,Wi—1) € .
The set of agent’s private histories is H = Utoi(ﬂ:lt. The principal’s strategy is 0 : H — R,
and the agent’s strategy is 6 : H — {0} U [0,1). If the agent chooses 0, d; = 0. If the
agent chooses p € [0,1), then d; = 1 and p; = p. Throughout the paper, tilde denotes the
agent’s true private history/strategy, and hat denotes the agent’s private history/strategy
the principal believes is the true history/strategy.

I focus on undetectable deviations in this paper. I assume that after a deviation is
detected, the principal and the agent repeat the static Nash equilibrium. The principal
makes no payments, and anticipating no payment, the agent puts in zero effort. The parties

are indifferent between taking their outside options and no effort. Since the contract offered



by the principal, the agent’s decision to accept or reject and the principal’s payment are all
observed by both parties, I focus on incentive compatibility of the agent’s choice of effort.

This model can encompass many different settings. There are only two states, but r(-)
is not restricted. For example, it can allow for both absorbing states and non-absorbing
states. The set of outcomes ) can be any subset of R, and in particular, it allows for a
continuum of outcomes. The set of actions is also a continuum, [0,1). The agent can be

risk neutral or risk averse. Section 5.3 further discusses how the model could be extended.

3 Decomposition of Continuation Values

This section describes the main building block for results in section 4. The results I derive
in section 4 use an unconventional dynamic programming method, and I will describe how
it’s done in this section.

The key to my dynamic programming method is the decomposition idea. Instead of con-
sidering one continuation value for a given history of outcomes, I decompose it into a linear
combination of hypothetical continuation values. The number of hypothetical continuation
values I need depends on the number (cardinality) of the states and the outcomes.

Before going into detail, let me describe how standard dynamic programming would
approach this problem, and why it doesn’t give us the results in this model. In order to
use dynamic programming, we need to be able to express the continuation value of the
agent by some value function. But we also need an expression for the deviation payoff of
the agent as we need to compare the two in the IC constraint. In this class of models, we
can’t use the same value function on and off the equilibrium path, that only depends on the
principal’s history. Given a history of outcomes, we know what’s the payment the principal
is going to make. However we also need to know what’s the cost of action for the agent,
and more importantly, we need to know the probability of reaching each history. Suppose
we know what the agent is going to do in the continuation game. Given a continuation
strategy of the agent, we know the cost of action, but we still need to know the probability
of reaching each history. The value function needs the agent’s belief on the state as one
of its arguments. Furthermore, once the agent deviates, the principal and the agent have
different beliefs on the state and the principal doesn’t even know the agent’s belief on the
state.

Let me illustrate the last point a bit more. Suppose the belief on the state in the
beginning of period t is w'. The agent’s equilibrium strategy is to choose p. When an

outcome y is realized, the belief on the state is updated to

20 _ ( 7t f1(y) 5 fa(y) >
T fi(y) + 75 fa(y) T fily) + T fa(y) )




If the agent takes action p, both the principal and the agent believe

L Opoy mif1(y) w5 f2(y) r(p) 1-r(p)
ST @wuw+@ﬁwwﬂﬁ@ww@aw)<;a 1= )

in the beginning of period t + 1. However, if the agent deviates to p’ # p, the principal still

t+1

believes 77+, but the agent believes

#H:ﬁmm:( mf1(y) m5f2(y) )(MM Lw@))

T fi(y) + 75 fa(y)” 7 fi(y) + 75 fa(y) i 1—yp

In order to know the agent’s deviation payoff, we need to understand how the value function
depends on the belief on the state, and this problem becomes even more complicated when
the agent deviates multiple periods. At the bottom line, we cannot use the same value
function on and off the equilibrium path.

The decomposition idea circumvents this problem by representing the agent’s contin-
uation value, both on and off the equilibrium path, by a linear combination of a set of
hypothetical continuation values. The agent’s belief on the state enters the linear combi-
nation as weights on hypothetical continuation values. The agent’s action also enters the
linear combination as weights.

To give a concrete example, suppose there are two outcomes. The probability of a high
outcome is py € (0, 1] in the good state and 0 < p;, < p, in the bad state. The continuation
payoff of the agent from period ¢t + 1 on depends on continuation strategies of the principal

and the agent and the agent’s belief 7*1.

The deviation payoff of the agent from period
t + 1 on depends on the continuation strategy of the principal conditional on observing
outcome ¥, the continuation strategy of the agent after having deviated to p’ # p and the
agent’s belief 7111,

Now I can decompose the continuation values as follows. Suppose (i) an outcome y is
realized in period ¢, (ii) the state in period ¢ + 1 is w; and (iii) the agent’s continuation
strategy coincides with what the principal expects him to do. If the agent hasn’t deviated
up to period t, point (iii) just means that the agent follows his equilibrium strategy. If
the agent has deviated at some point in the first ¢t + 1 periods, point (iii) could mean that
the agent deviates from his strategy conditional on his private history; but conforming
to the principal’s expectation is an available strategy for the agent, and suppose for the
moment that’s the agent’s continuation strategy. Furthermore, this strategy includes many
of the local IC constraints discussed in the literature. If the agent diverts cash only for
this instance and doesn’t divert any more in the future, or if the agent misreports his type

only this period and reports truthfully from next period on, the strategy I just described



includes these strategies.

When the three conditions are met, we can express the agent’s continuation value by
some number V. Since we fixed the strategies of the principal and the agent, we know the
agent’s action and the principal’s payment after each history. If we know the agent’s action
each period and the state in period ¢ + 1, we know the probability of each history from
period ¢ 4+ 1 on and can find the continuation value of the agent. I call Vj,, a hypothetical
continuation value for (y,w;) because it is conditional on getting outcome y this period and
going to state w; in the following period. Neither the principal nor the agent observes the
state, and even if they happen to be in state w; in the following period, they will never
know that the agent’s true continuation value is V. Nevertheless, we can compute the
hypothetical continuation value for each pair of (y,w;).

The next step is to express the agent’s continuation value from period ¢ on in terms of

Vyw:’s. Consider the following figure: There are two outcomes, H or L in period ¢, and there

: VHuw,
: VHw,
: Vi,

© Vi,

Figure 2: Decomposition with two outcomes

are two states we could be in period ¢ + 1, w; and ws. We can use the above figure to write
down the agent’s continuation value with Vi, , VEw,, Viw,, Viw,, but we can decompose it
one step further, and I think it helps with intuition.

Essentially, even though the principal and the agent don’t know the state they’re in, if
they knew which state they are in, they know the exact probabilities of outcomes H and
L and the transition probabilities of the state. This explains the probabilities of events in
the figure. What needs a bit more attention is the continuation values from period ¢ + 1
on. There are eight cases to consider: there are two states and two outcomes in period
t, and there are two states in period ¢t + 1. My claim is that the agent’s hypothetical
continuation value doesn’t depend on the current state. The payment in period ¢ depends
on the outcome, but not the actual state in period ¢. Once we factor out the effects of the
state on probabilities in period ¢, the state in period ¢t no longer affects the continuation

value from period ¢ 4+ 1 on. The continuation value from period ¢ + 1 on only depends
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Figure 3: Decomposition with two outcomes (2)

on the continuation strategies and probabilities of each history from that point on; the
continuation strategies depend on the history, not the state in period ¢, and once we consider
hypothetical continuation values conditional on the state in period t 4 1, the current state
no longer matters. Therefore, if the outcome is y and the state in period t 4+ 1 is w;, then
the agent’s continuation value is Vj, regardless of the current state, and we can express

the agent’s continuation value as follows:

= ¢(p) + mi(pg(w(w(H)) + 0(r(p) Vi, + (1 = 7(p))Viw,))
+(1 = pg) (u(w(L)) + 6(r(p)Viw, + (1 = 7(p))Viw,)))
+m2(po(w(w(H)) + 6(pPViw, + (1 = p)Vaw,)) + (1 = po) (w(w(L)) +0(pViw, + (1 = p)Viw,)))

where w(y) is the payment for outcome y in period ¢.
This idea generalizes to more than two outcomes. We need one more notation for the
agent’s strategy. Given the principal’s history hf, there exists a private history of the agent

ht that the principal believes is the agent’s true private history. The agent’s deviation

/

strategy I described above is formally Tt ey = Ot e’

Proposition 1. Suppose in period t, the agent accepts the contract and chooses p € [0,1).
Let V., be the hypothetical continuation value of the agent from period t +1 on if (i) an
outcome y is realized in period t, (ii) the state in period t+ 1 is w; and (iii) the agent’s con-

tinuation strateqy coincides with what the principal expects him to do. (0—|/f~Lt,dt,p’ = 5| Wty e )



Given the agent’s belief w in the beginning of period t, the agent’s continuation value from

period t on is given by

—0(p)+7r1/U(W(y))+5(r(p)vyw1+(1—T(p))Vyw2)dF1+7r2/U(w(y))+5(pVyw1+(1—p)Vyw2)dF2-

Hypothetical continuation values conditional on history up to period t — 1 are

Vi= —c(p) + / w(w(y)) + 60(0)Vir + (1 — () Vi AP

Vo= —ep) + [ () + 6pViur + (1= p)Vy )P

The above expression uses more than one hypothetical continuation values to express the
agent’s continuation value, but its advantage is that we can express the agent’s deviation
payoffs using the same hypothetical continuation values. Because both the agent’s prior
and the agent’s action enters the continuation value of the agent as weights on hypothetical
continuation values, we just need to change the weights to express deviation payoffs, and
there’s no longer any need for additional value functions. If the agent has a different prior

7, the agent’s continuation value from period ¢ on would be

—c(p)+m / w(w(y))+0(r(p) Vywr +(1=7()) Vs )1 +72 / w(w(y))+0(PVyu, +(1-p) Vyw, )d Fo.

If the agent deviates to p’ # p in period ¢, the agent’s deviation payoff would be

()t / w(w(y))+3(r (0 ) Vi + (1= () Vi) dFr 475 / w(w(y))+0(p Vysy +(1—p') Vysn ) dF.

Now we'’re ready to discuss the IC constraints.

4 Incentive-Compatibility Constraints

This section presents main results of the paper. I show that two types of IC constraints
are necessary and sufficient to characterize the agent’s equilibriums strategy. The first IC
constraint is more standard and says that the marginal cost of a local deviation equals the
marginal benefit. The second IC constraint is dynamic and new; it links the agent’s actions
over the infinite horizon. When the agent deviates, it changes the transition probabilities
going into the next period, and it both changes the underlying environment and creates
information asymmetry between the principal and the agent. In particular, earlier deviations
change the marginal cost-benefit ratios of subsequent deviations. If we only consider the

first type of IC constraints, there could be profitable multi-period deviations, and it is no

10



longer sufficient to consider one local IC constraint after each history.

First consider the following deviation. The agent hasn’t deviated in the first ¢ periods.
He deviates in period t but conforms to the principal’s expectation from period ¢t + 1 on.
Note that this is different from the usual one-step deviation. The agent’s strategy might
dictate that after a deviation, the continuation strategy of the agent is different from what
the principal expects him to do. If the agent conforms to the principal’s expectation from
the following period on, this could mean that the agent deviates from his strategy infinitely
many times. But in any case, if the agent follows this strategy, the agent’s IC constraint

looks like the following:

o)+ m1 [ u(w) + 5@V + (1= 10V )F
+ o / w(w(y)) + 5oV, + (1= p) Vi )dF>
>~ c(p) +m [ ulw®) + 30V + (1= 1) Vo) Fs
b2 [ u(w(0)) + 50/ Vi + (1= )V )dE (1)

/
|;Lt7dt)p,
express the agent’s continuation values on and off the equilibrium path. Since we consider

Remember the agent follows a strategy o = (}| Wty e I’ve used Proposition 1 to
a deviation where the agent conforms to the principal’s expectation from t 4+ 1 on, we can
express the agent’s payoffs in a tractable way. However, as I'll show later, IC constraints
we get with these strategies turn out to be both necessary and sufficient. For now, we only
know that this is a necessary condition. Because the agent is allowed to follow this strategy,
this type of IC constraint has to be satisfied after every history.

If we look at the IC constraint more closely, one can see that this equalizes the marginal

cost and the marginal benefit. (1) is equivalent to

§(mi(r(p) —r(p)) / Viwr — Viyws dF1 + ma(p — ') / Viwr — Vo dF2) > c(p) — c(p').  (2)

Since the agent can deviate to any p’ € [0, 1], we need to consider both the cases p’ > p and
p < p. If (2) is satisfied for all p/, then

11 0) [ Vi = ViaFs 72 [ Vi = VindFe) = (0) Q
must hold for p # 0. Let [V, — VyuodE; = W;. In (3), Viyw, — Vi, is the marginal benefit

of going to wy rather than we in t 4+ 1. Therefore, W7 is the expected benefit of going to wy

when the outcome in t hasn’t been realized yet and they’re in w; in t. Wa is the analogue

11



for wy in t. When the agent deviates to p’ # p, the cost of effort is different, but it also
changes the transition probabilities into the next period. The left-hand side of (3) is the
marginal benefit of increasing p, and the right-hand side is the marginal cost of effort. If
the agent conforms to the principal’s expectation from ¢+ 1 on, the IC constraint for a local

deviation equalizes the marginal benefit and the marginal cost.

Proposition 2. Suppose the agent’s prior in the beginning of period t is w. Any incentive-
compatible contract must satisfy the local IC constraint after every history on the equilibrium

path:

S(m1r! (p)Wy + maWs) = ' (p), Vp # 0,
(5(71’17'/(0)W1 + 7T2W2) < C/(O).

Now consider the following deviation. The agent hasn’t deviated in the first ¢ periods.
He then deviates two periods in a row, in ¢t and ¢ + 1, and conforms to the principal’s
expectation from ¢+ 2 on. In ¢, the agent deviates to p’ # p, and in t + 1, the agent deviates
to p'(y) # p(y). Consider expanding Figure 3 one more period allowing for the continuum

of outcomes.
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Figure 4: Decomposition for two periods

With a slight abuse of notation, let V,.; be the agent’s continuation value if outcomes
in period ¢ and ¢t + 1 are y and z, respectively, and the state in ¢t + 2 is w;. Let W,; =

f Vyz1 — Vyz0dFi(2). If we expand the continuation value of the agent from Proposition 1

12



for one more period, this is what we get:

—e(p) +m / w(w(y)) + 8(r(p) (—c(p(y)) + / w(w(2)) + 8 (p() Ve + (1 — 1(p(1)) Vyson)dF:
(1= ) (~e(0) + [ uw() + 0p)Visa + (1= p6)Vyoun AF2)F
T / w(w(y)) + 5(p(—c(p(y)) + / w(w(2)) + 5P (1) Vieun + (1= 7(p(9)) Vyeusp)AF:

+ (1 = p)(—clp(y)) + /U(w(Z)) +6(P(Y) Viyzwy + (1 = p(Y)) Viyzw, ) dF2)d .

If the agent deviates two periods in a row, the IC constraint looks like

—elp) 1 [ () + 5B —clp) + [ ulw(z) + 5B Vymar + (1= 1P Vi) dF
+ (1 =r(p)(—clp(y)) + /U(w(Z)) +0(p(y) Vyzur + (1 = p(y)) Vyzw, ) dF2)dFy
s [uwm) +8p(-cpw) + [ uw:) + 50 E0) Vo + (1~ r(pu)Visan)4F)
(1= D) (—epw) + [ ulw(z) + 50(0)Vysar + (1= p(4))Vyen}AF2)dF
>~ o)+ m [ ulw(@) + 50 e ) + [ ulw() + 50 ) Vmn + (1= 10 (0)Visa)aFs
=)~ W) + [ ) + 000V + (= F () Vi) dF2)F
b [uwm) + 00 (e ) + [ uw) + 5 ) Vymar + (1= 10 () Vi) 4F)

+ (1= p)(—cp'(y) + /u(w(z)) + 0P (Y)Vyzr + (1= 1'(9)) Vo, )dF2) ) dF. (4)
(4) looks complicated, but it can be simplified in the following way.

S(mi(r(p) — (")W1 + m2(p — p')Wa)

e / (+p(y)) — (o () Wy (ur(0))AFL + mop'dF)
e / (0(y) — 7 @)Wyl (1 — r(p))dF) + (1 — p)dF)

>e(p) — ep') + 6 / e(p(y)) — e (1)) (m1dFy + madF). (5)

(5) tells us that the first deviation changes the marginal benefit of the second deviation.
When (3) is satisfied, the agent’s deviation in period ¢ alone is not profitable. However it
changes the marginal benefit of the period-(¢ + 1) deviation through w17 (p")dFy + mop'dFy
and 71 (1 — r(p'))dF1 + m2(1 — p')dF», and it might become profitable to deviate in ¢ + 1.
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Looking at (5) more closely, one can see that W is the marginal benefit of increasing
the probability of being in w; in the following period, conditional on being in w; this
period. Ws is the marginal benefit of increasing the probability of being in w; in the
following period if they’re in wo this period. Wy is the marginal benefit of increasing the
probability of being in w; in t + 2, conditional on the history up to ¢ and being in w; in
t + 1. When the agent deviates to p'(y) # p(y), it changes the probability of being in w;
int+2, and (r(p(y)) — r(p'(y))) Wy is the benefit of deviating to p(y) if they’re in wq in
t + 1. Furthermore, if the agent deviated to p’ # p in period ¢, mir(p')dFy + mop'dFy is
the probability of having y in period ¢t and being in wy in ¢t + 1. Therefore, from period-
t perspective, the benefit of period-(¢t 4+ 1) deviation conditional on being in wy in ¢ + 1
is 62 [(r(p(y)) — (@' (y)))Wy1 (m1r(p')dFy + mop'dFy), which depends on both the period-
t deviation and the period-(t 4+ 1) deviation. Similarly, Wy, is the marginal benefit of
increasing the probability of being in w; in ¢ + 2, conditional on the history up to t and
being in we in ¢t + 1. From period-t perspective, the benefit of period-(t + 1) deviation
conditional on being in ws in t+1is 82 [(p(y) —p'(y)) Wy (m1 (1 —r(p))dF) + 7o (1 —p)dF).

If the agent only deviates in t + 1, it wouldn’t be profitable, but because of period
t deviation, now it might become profitable. Even if (3) for all histories are satisfied, it

doesn’t automatically imply

5 / ((p(y)) — (7 () Wyt (1 (0 )AEL + o/ dF)
6 / (0(y) — ') Wya(mr (1 — r(p)dF) + mo(1 — )dFy)

> [ clo) = el ) mdFs + madF)

if the agent deviates to p’ # p in period t. This is why these dynamic IC constraints are
also necessary, and if these are not satisfied, (3) alone is not sufficient.

(5) generalizes to any N-period deviation:

t+N—-1

S0t S () )W)
+ 75 (pah") = P () Walh™)) = (elpa (b)) = e(p), ("))dG = 0.

where 7 is the agent’s belief given his private history in the beginning of period n and G is
the CDF of the outcome given the agent’s private history. h™ is the agent’s private history
at the beginning of period n, and h™ is what the principal believes is the agent’s private
history. p, is the agent’s equilibrium strategy, and p/, is the deviation strategy. We also

know that the N-period IC constraint is sufficient for the (N —1)-period IC constraint, and
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if we take the limit as NV — oo, then we get

25“/5(7??(7“(%(’3")) = r(p, ()W (")
+ 75 (pn (") = P (W) Wo (A1) = (c(pu(h™)) = e(p), (h")))dG = 0. (6)

Proposition 3. Suppose the agent’s prior in the beginning of period t is w. Any incentive-
compatible contract must satisfy the dynamic IC constraint after every history on the equi-

librium path:

S0 [ rlalh) = rlol FPW ()
+ 75 (pa) = P () Walh™)) = (elpalh) = e(p), ("))dG = 0.

Before analyzing the implication of the multi-period IC constraint, I’ll first show that
the local IC constraint and the dynamic IC constraint are necessary and sufficient conditions

for all IC constraints on the equilibrium path.

Proposition 4. Suppose the agent’s prior in the beginning of period t is w. The following IC
constraints are necessary and sufficient conditions for all IC constraints on the equilibrium

path:

S(mr! (p)Wh + maWa) = (pt), ¥p # 0
5(7T17“/(0)W1 + 7T2W2) < C,(O),

o0

25”_t/5(ﬁ?(r(pn(ﬁ”)) — (g (W))W (")
+ 75 (pa(h") = P, (") Wo (™)) = (e(pa(h™)) — e(ph, (™)))dG > 0.

Since the agent is always allowed to deviate to the strategies described above, we already
know that these IC constraints are necessary. The main idea of the proof for sufficiency is
somewhat related to the proof of one-step deviation principle. Suppose there is a profitable
deviation ¢’ for the agent that satisfies both of these IC constraints. Suppose o’ gives an
e-higher payoff to the agent than his equilibrium strategy. In a pure-strategy sequential
equilibrium, we have continuity at infinity, and there exist N sufficiently large and another

deviation strategy ¢” such that the agent’s payoff from o’ is at least €/2 higher than his
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equilibrium payoff and

o (ht, hk) =o' (A, hE) for k=10,--- ,N —1,

" -
Ulﬁt)ﬁN 7O-|ht7hN

In o”, the agent deviates for N periods as in ¢/, but after N periods, the agent conforms
to the principal’s expectation for the rest of the infinite horizon. However, this contradicts
(6), and there does not exist a deviation strategy ¢’ that gives at least ¢ > 0 more to the
agent than his equilibrium payoff.

I’ve shown so far that the two IC constraints for each history are necessary and sufficient
conditions to characterize the agent’s equilibrium strategy. There are a few things to note
here. First, the dynamic IC constraint is new. To the best of my knowledge, the only other
paper that looks at unobservable actions with endogenous states and ex-ante symmetric
uncertainty is Board and Meyer-ter-Vehn. They consider Markov strategies while I allow
for fully history-contingent strategies. I'll also compare to papers on exogenous states in
section 5.1, but I would like to highlight that the dynamic IC constraint doesn’t exist in
the literature. The literature on dynamic moral hazard with ex-ante symmetric uncertainty
has focused on models where local IC constraints are sufficient for all IC constraints. My
result shows that once we move to endogenous states, we naturally have to consider dy-
namic incentives and multi-period deviations. This is related to the sufficiency of local IC
constraints which I will discuss further in section 5.1.

Each term in the dynamic IC constraint takes into account the difference in costs and
the direct benefit of affecting the transition probabilities into the next period. If the agent
deviates one period and conforms to the principal’s expectation from next period on, the
agent’s continuation value conditional on the state in the following period is the same as
what the principal thinks he provides the agent with. The only difference is that the agent’s
deviation can affect the probability of being in each state in the following period, and the
effect through transition probabilities this period is captured in each term.

However there is also an indirect effect because 711dG depends on all past efforts, and
a deviation in period ¢ has lasting effects. More specifically, the direct effect in the above
paragraph are the differences (r(p) — 7(p'))Wy1 and (p — p')Wy2. Hypothetical continua-
tion values are the same as on the equilibrium path, but the agent affects state transition
probabilities. We can also see in the expression that these direct benefits are integrated
with respect to the cdf G, which depends on the sequence of actions the agent has taken,
and the priors 7; and 72 are also multiplied to these terms. These priors are the agent’s
priors conditional on his private history. Therefore, if the agent deviates in period ¢, the

agent affects the transition probabilities only in period ¢, but his action changes 71, 7o, dG
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in all subsequent periods. Different 71, 7o imply that earlier deviations change the marginal
cost-benefit ratio of the agent; how these effects aggregate all together depends on dG.

Therefore, with endogenous states, we have a new type of IC constraint that hasn’t
existed in the literature. The dynamic IC constraint captures both direct effects and indirect
effects of agent’s deviations. I'll comment more on how these relate to papers on exogenous
states and other papers with endogenous states in section 5.

Before comparing these IC constraints to the existing literature, let me comment on
one more aspect of the dynamic IC constraint. Omne might think that the dynamic IC
constraint takes into account the sequence of agent’s equilibrium actions against a sequence
of agent’s deviations. But this dynamic IC constraint is stronger than that. For example, if
we assume that the good state is absorbing and the cost function is quadratic, ¢(p) = %pz,

we can simplify the two-period IC constraint as follows:

51— 28 [ clply)) (madFs + madF).

This has to be satisfied after every history on the equilibrium path.

Corollary 1. Suppose r(p) =1 for all p € [0,1) and c(p) = %pz. After every history on

the equilibrium path, if p,p(y) # 0, the following two-period I1C constraint must hold:

(1 —p)2 > 5/p(y)2(7T1dF1 + 7T2dF2).

Note that this IC constraint is completely in terms of the agent’s equilibrium strategy.
We already saw from the local IC constraint that it only depends on the agent’s equilibrium
strategy, but it still takes into account the hypothetical continuation values. The dynamic
IC constraint can be simplified to expressions only using equilibrium strategies, and the
two-period IC constraint above is only in terms of the agent’s actions in two subsequent
periods. This shows that there are natural dynamic considerations that one needs to take
into account.

Lastly, I'll also comment more on this in the following section, but we can compare the
dynamic IC constraint with the impulse response function in Pavan-Segal-Toikka (2014).
Their model is about dynamic adverse selection, and what I capture with the dynamic IC
constraint here is how to think about dynamic moral hazard. This is not an orthogonaliza-
tion because the effect of agent’s past actions are not orthogonalized; it works through the
agent’s beliefs and probabilities of each history, but we can think of direct benefits versus

indirect benefits.
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5 Discussion

This section discusses the IC constraints derived in section 4. I will first compare the
results to existing literature and then compare the difference between exogenous states and
endogenous states. It helps to discuss the existing literature first to understand exactly
what changes when the states are endogenous.

I’ll then discuss how my results extend to a more general class of models. Because 1
characterize the necessary and sufficient condition for IC constraints, it has to be satisfied
for every incentive-compatible contract or an equilibrium. It also holds for any objective
function of the principal, and it holds for competitive-market settings. As long as I have
continuity at infinity, I can consider any degree of commitment power, and the results also
hold for finite horizon models. Whether the state is absorbing or non-absorbing doesn’t

matter for my results, and the risk attitude also doesn’t matter.

5.1 Related Literature

The key aspects of my model are ex-ante symmetric uncertainty, moral hazard and en-
dogenous states. My results hold for both principal-agent settings and competitive-market
settings. I will elaborate on related papers on endogenous states in two paragraphs, but
first of all, ex-ante symmetric uncertainty and moral hazard are related to career concerns.
The competitive-market version of my model can be thought of as Holmstrom (1999) with
endogenous states. The principal-agent version of my model provides an analogue of the
impulse response function in Pavan-Segal-Toikka (2014) for dynamic moral hazard with
ex-ante symmetric uncertainty.

The analogue with exogenous states in the principal-agent setting would be the class
of models where a principal hires an agent and there’s ex-ante symmetric uncertainty and
moral hazard. This literature includes Prat and Jovanovic (2014) and DeMarzo and San-
nikov (2015).! The common finding in these papers is that the principal has to leave infor-
mational rent to the agent, and the second-best contract focuses on the tradeoff between
rent and efficiency. The principal and the agent start with a common prior on the state, and
when the agent deviates, their posteriors on the state diverge. The information asymme-
try after an agent’s deviation persists over time, and the agent collects informational rent
because of the potential information asymmetry off the equilibrium path. The analogue
with exogenous states is also related to experimentation, including Horner and Samuelson
(2013). Section 5.2 discusses the difference between endogenous states and exogenous states
in more detail.

There are few papers with endogenous states when the agent’s action is unobservable.

!See also Bhaskar (2014), He et al (2014) and Kwon (2015).
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Board and Meyer-ter-Vehn (2013) study a competitive-market setting; the firm exerts effort
in continuous time, and with a poisson arrival, the quality of the firm changes. The transi-
tion probability when the firm gets a chance depends on the firm’s effort at the time, and in
that sense, the state (quality) is endogenous. The market (consumers) doesn’t observe the
firm’s effort. The difference from my model is that it’s a competitive-market setting and
the firm knows its own quality. They characterize Markov perfect equilibria while I focus
on incentive compatibility with fully history-contingent strategies in this paper. Fershtman
and Pakes (2012) study experience-based equilibrium where the space of strategies allowed
is different from my model.

In my model, both the underlying state and the agent’s action are unobservable to
the principal. The underlying state is also unobservable to the agent. The literature on
taxation of human capital accumulation mostly considers settings where the state and/or
the agent’s action is observable to the social planner. This literature allows for endogenous
states in the principal-agent setup, but there is no ex-ante symmetric uncertainty or moral
hazard. The relevant papers include Farhi and Werning (2013) and Stantcheva (2015). On
the other hand, Kapicka (2015) and Kapicka and Neira (2015) consider settings where both
the agent’s ability and the agent’s action are unobservable to the planner. But the agent
knows his own ability in their papers. Makris and Pavan (2016) study the setting where
the agent’s productivity depends on his productivity and income in the previous period.

Pavan, Segal and Toikka (2014) provide a necessary condition for the agents’ IC con-
straints for dynamic mechanism design in a general quasilinear environment. They also
provide sufficient conditions when the state is Markov. My results are the analogue of their
impulse response function to dynamic moral hazard and ex-ante symmetric uncertainty. In
my model, the agent’s effort affects the transition probabilities only within a given period,
and the state is both Markov and endogenous. The impulse response function in Pavan,
Segal and Toikka orthogonalize the effect of agent’s report; in my model, it is not an orthog-
onalization, because the indirect effects work through the agent’s belief and the probability
of each history, and the effect of past actions can’t be separated out individually. But it
shows that the agent’s action can be decomposed into residual effects in every period, and
essentially, the effect of the agent’s actions in a particular period is summarized by one
expression. However, there is a crucial difference between their impulse response function
and my result. Their necessary condition is the first-order condition for the IC constraints,
and when they show the sufficient conditions for Markovian states (which is what I have
with endogenous states) the first-order conditions are necessary and sufficient under regu-
larity conditions. I show that the dynamic IC constraint is necessary with moral hazard
and endogenous states. The first-order condition or the local IC constraint people typically

consider is necessary and it is one of many conditions implied by my condition, but it is

19



never sufficient. We must satisfy the dynamic IC constraint in order for a contract to be
incentive compatible. The key difference from their model, and the reason for the necessity
of the dynamic IC constraint is that the agent never knows the state in my model and the
state is endogenous. The principal and the agent start with a common prior on the state,
but because the agent never learns the state and his actions affects transition probabilities,
all of his past actions matter for his belief on the state. Whereas in the Markovian environ-
ment in Pavan, Segal and Toikka, the agent knows his type, and the mechanism designer
knows all of the past allocations, so the relevant uncertainty is the current type.

Because the necessary and sufficient condition for IC constraints requires the dynamic
IC constraint, my result is also related to the literature on sufficiency of local IC constraints.
As mentioned above, it is related to Pavan, Segal and Toikka (2014), but another relevant
paper is Carroll (2012).

5.2 Endogenous States versus Exogenous States

To focus on the difference between endogenous states and exogenous states, one should
compare my results to papers on dynamic moral hazard with ex-ante symmetric uncertainty.
Papers in the principal-agent setup are listed in section 5.1. These papers typically show
the sufficiency of local IC constraints and characterize the properties of the second-best
contracts. Since my results focus on the necessary and sufficient condition for IC constraints,
there are two main differences. First, it is no longer sufficient to consider local IC constraints.
I have shown that the dynamic IC constraint, in addition to the usual local IC constraint,
has to be satisfied after every history on the equilibrium path. Second, the agent’s rent is
no longer purely informational. With exogenous states, the agent can create information
asymmetry between him and the principal off the equilibrium path, and that’s the source
of his rent; the second-best contract focuses on the tradeoff between the informational rent
and efficiency. My results show that if the state is endogenous, then the agent’s rent is more
than informational.

I will focus on the nature of agent’s rent in this section; it also gives intuition for the
necessity of the dynamic IC constraint. Consider the following model with exogenous states.
A principal hires an agent over the infinite horizon, and each period, the agent takes an
action. An outcome is realized, and the principal makes a payment. The principal only
observes the outcomes, and the agent knows his own action and the outcome. The state
is never observed, and the principal and the agent start with a common prior. The state
follows an exogenous Markov chain, and the distribution of outcomes in a given period is
determined by the state and the agent’s action.

In this class of models, when the agent deviates, it leads to a different distribution of

outcomes. The agent knows his own action and updates his belief accordingly. However, the
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principal doesn’t know that the agent deviated and updates his belief using the equilibrium
action of the agent. The principal and the agent have different beliefs on the state after
the agent deviates. Once the beliefs diverge, the difference in beliefs persist over time, and
the agent collects rent in subsequent periods. Since the state is exogenous, the underlying
environment /technology doesn’t change, and the agent’s rent is purely informational.

On the other hand, when the agent deviates in my model, it changes the transition
probabilities of the state in the next period. The agent updates his belief using the action
he took, while the principal updates his belief using the agent’s equilibrium action. In this
regard, the information asymmetry after a deviation is common between endogenous states
and exogenous states. The difference in beliefs persists over time with endogenous states
as well.

However, the agent’s rent is more than informational with endogenous states. When
the transition probabilities of the state changes, the agent’s deviation has a direct bene-
fit by changing the production technology. It also has indirect benefits by changing the
marginal cost-benefit ratio of subsequent periods. With exogenous states, because the rent
is informational, one can order the agent’s beliefs in terms of tightness of the IC constraint.
The sufficiency of local IC constraints implies that the IC constraint is the tightest when
the agent has never deviated before, and that’s why it is sufficient to consider the local IC
constraints. If the agent doesn’t want to deviate when he has never deviated, then the agent
doesn’t want to deviate after a few deviations. On the contrary, the dynamic IC constraint
in Proposition 4 shows that local IC constraints are not sufficient with endogenous states.
The marginal cost-benefit ratios in subsequent periods change after a deviation, one can
no longer order the agent’s beliefs in the same way as with exogenous states. Dynamic
incentives and multi-period deviations have to be taken into account.

The last comment on the difference between endogenous states and exogenous states is
about the outcome distribution in my model. I assumed that the transition probabilities
depend on the current state and the agent’s action, and the outcome distribution only
depends on the current state. This isolates the effect of endogenous states. As mentioned
earlier, an alternative timing one can consider is (i) the principal offers a contract (ii) the
agent accepts/rejects (iii) the agent exerts effort (iv) the state changes (v) the outcome is
realized and (vi) the principal makes a payment. This will have an interpretation that the
outcome this period is a signal of the agent’s action this period. I get exactly the same
results with this timing. I kept the timing in section 2 because it’s closer to the timing with
exogenous states, but it doesn’t affect the results in any way. One can also ask what if the
agent’s action affects the outcome distribution in the current period as well. In this case,
the agent’s action affects both the outcome distribution this period and the state transition

into the next period. The principal’s inference on the state is more complicated than what
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I have, but the the principal still infers about one object, the state, from one observation,

the outcome, and the main intuition will go through.

5.3 Extensions

I derived Propositions 1 to 4 for the model described in section 2, but the results hold for
a more general class of models. I would first like to emphasize that this is a necessary
and sufficient condition for incentive compatibility. Any incentive-compatible contract or
any equilibrium has to satisfy these two IC constraints. This has two main implications.
The first implication is that any optimal contract or best equilibrium has to satisfy these
IC constraints. The second implication is that they have to be satisfied regardless of the
objective; they have to be satisfied in a competitive-market setting, but in case of a principal-
agent setting, it has to be satisfied when the principal maximizes his own profit and when
the social planner maximizes welfare.

In terms of commitment power, we essentially need continuity at infinity. As long as
we have continuity at infinity, the results extend to models where the principal has within-
period commitment power, full commitment power or any other variations. If the time
horizon is finite, we need to rule out the trivial case where the agent exerts no effort by
backward induction, but for instance, if the principal has full commitment power over a
finite horizon, my results still hold.

I set up the model with a risk-averse agent, but the results hold with a risk-neutral
agent as well. In case of a risk-neutral agent, it would be good to rule out the case where
the principal sells the firm to the agent, but we can introduce limited liability with risk
neutrality, and we can also consider a competitive-market setting with a risk-neutral agent.

I can also allow the transition probability r(-) to take any form, and in particular, I can
allow the state to be absorbing or non-absorbing. The model can also be generalized to allow
for a continuum of states; checking both IC constraints will be a bit more complicated, but
the main result, that we need both the local IC constraint and the dynamic IC constraint,
holds.

In the principal-agent setting, results are based on the payments the agent receives
after each history. In a competitive-market setting, one needs to make assumptions about
the agent’s per-period payoff based on the public history the market observes. The agent’s
hypothetical continuation values will then be constructed using these per-period payoffs, and
the IC constraints resulting from the hypothetical continuation values are the necessary and

sufficient condition for the competitive-market setting.
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6 Conclusion

In this paper, I considered dynamic moral hazard with endogenous states and characterized
the necessary and sufficient condition for IC constraints on the equilibrium path. To study
incentive compatibility with endogenous states, I first developed a dynamic programming
method. It uses the decomposition idea so that the agent’s continuation value after a given
history is expressed as a linear combination of hypothetical continuation values. It allows
us to express the agent’s deviation payoffs with the same set of hypothetical continuation
values, and the only difference between the continuation values on and off the equilibrium
path are the agent’s belief and the actions which enter the linear combination as weights.
The decomposition itself can be applied to other settings as well. I used it to study en-
dogenous states, but it can be applied to exogenous states with moral hazard and ex-ante
symmetric uncertainty. Kwon (2014) has results on exogenous states.

The necessary and sufficient condition for incentive compatibility consists of two types
of IC constraints. The local IC constraint is similar to the usual local IC constraints, and it
equalizes the marginal cost and the marginal benefit of the agent’s deviation if he were to
deviate for one period and conforms to the principal’s expectation from the following period
on. The dynamic IC constraint is the new feature of endogenous states that hasn’t existed in
the literature. It links the agent’s equilibrium actions over the course of infinite horizon and
captures both direct effects and indirect effects of the agent’s deviation. When the agent
deviates, it changes the transition probabilities of the state in the following period, which
is the direct benefit. But it changes the agent’s belief on the state and also the probability
of each history in all subsequent periods. Even though the agent’s action only affects the
state transition for one period, it changes the marginal cost-benefit ratios of the agent’s
actions in the future. When the local IC constraint is satisfied, a single deviation is not
profitable, but if the agent has already deviated in the past, then an additional deviation
might become profitable. We no longer have the sufficiency of local deviations, and the
dynamic IC constraint is a necessary condition for incentive compatibility.

My results provide an analogue of Pavan, Segal and Toikka (2014) for dynamic moral
hazard with ex-ante symmetric uncertainty. It’s not an orthogonalization as in their impulse
response function, and the agent’s past actions affect a later period through the agent’s
belief and the probability of reaching a particular history. However, local IC constraints are
sufficient with Markov states in dynamic adverse selection while the dynamic IC constraint
is necessary in my model. The dynamic IC constraint also highlights the difference between
endogenous states and exogenous states. The agent’s rent is more than informational when
the state is endogenous.

I’'ve already discussed how the necessary and sufficient condition for incentive compat-
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ibility holds for a more general class of models, but incentive compatibility is the first
step towards understanding endogenous states. Going forward, I could apply the char-
acterization of incentive compatibility to study competitive market settings with general
information structure, or I could also study the second-best contract in the principal-agent
setup. Taxation of human capital, when it accumulates as a result of agent’s action and the

agent’s action is unobservable, would be a good application for the latter.

A  Proofs

Proof of Proposition 1. When the agent conforms to the principal’s expection from period
t + 1 on, the principal and the agent have correct beliefs about the continuation game.
Suppose the principal follows his equilibrium strategy given h! in period ¢, we know the
strategies of both parties from period ¢ + 1 on. Furthermore, conditional on the state in
t + 1, we know the probability of each history. Therefore, there exist V., for each pair of
(y,w;) such that the agent’s continuation value from period ¢ + 1 on conditional on being
in w; in period t + 1 is Vj,. In the beginning of period ¢, if the agent accepts the contract,
he has to choose p € [0,1). The agent’s action affects the probability of (y,w;), and the

agent’s expected payoff is
—c(p)+m /U(w(y))+5(T(P)Vym+(1—7“(P))Vywz)dF1+7r2 /U(w(y))+5(pVyw1+(1—P)Vyw2)sz.
Conditional on the state in ¢, the agent’s hypothetical continuation values are

Vo= —elp) + [ uw)) + 5 (0) Vo + (1 = r(0) Via) 1,

Vo= —elp) + [ u(w)) + 6pViur + (1~ Vi )P

O]

Proof of Proposition 2. Suppose the agent’s prior at the beginning of period ¢ is w. The

agent’s expected payoff from choosing p is

—e(p)+m / w(w(y))+3(r () Vyor +(1=7(0)) Vi )AF 70 / w(w(y))+0(pVyr +(1-p) Vysy )dF.

If the agent deviates to p’ # p but conforms to the principal’s expection from period ¢ + 1
on, his expected payoff is

—e(p)tm / w(w())+5 (Vi + (1)) Vi )AF 41 / w(w() 40 Vigon +(1—5 Vi) dF.
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Since the agent’s strategy from period ¢ + 1 on coincides with the principal’s expectation
from period t + 1 on, the agent’s continuation value conditional on the state in ¢t + 1 is
the same as on the equilibrium path. The agent’s deviation only affects the transition

probabilities in period ¢. Therefore, the local IC constraint is

= ep) 1 [ u(w) + 500V + (1= 1 (0)Vy)F
b2 [ uw(m) + 8BV + (L 9)Vyun)dFy
> =) +m [ ulw(e)) + 50 )Viur + (1= 1)V )AF
42 [ ul(9)) + 50/ Vi + (1= )V F
& 8(m [ 00) = 1) Vs = Vis)AF 4712 [ (0= 0) Vi = Vin)AF2) = cp) = ).

Let W; = f Viywr — Viywo dF;. Since the IC constraint has to hold for all p’, it has to hold for
both the left limit and the right limit as p’ — p, and we have

§(mr! (p)Wy + maWs) = ' (p), Vp # 0.
When p = 0, we only have the right limit, and we get
(5(7T17"/(0)W1 + 7T2W2) < C’(O).

O]

Proof of Proposition 3. Suppose the agent’s prior in the beginning of period ¢ is m and the
agent deviates N periods. After N periods, the agent conforms to the principal’s expec-
tation. Let p(h™) denote the agent’s equilibrium action and p’(h™) denote the deviation.
Conditional on history hf, having no detectable deviations and the agent conforming to the
principal’s expectation from period ¢ + N on, one can express the agent’s expected payoff
as a function of his strategy from period ¢ to t + N — 1, X (P, -+ ,De4n—1). The agent’s IC

constraint is

X(pta' t 7pt+N—1) _X(p;7 7p;5+N—1) Z 07
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which is equivalent to

X(Pta s 7pt+N—1) - X(p;ﬁapt—i—la s 7pt+N—1)
+X(p:‘,7pt+17 s ,Pt+N—1) - X(p;ap:f+1apt+2a s 7pt+N—1)

+X (D4, S PreN_2s PanN—1) — X (Dt D N_1)
> 0.

Let 7™ be the agent’s belief in period n given his private history where n € {t,--- ,t +
N — 1}. If the agent conforms to the principal’s expectation from period n + 1 on, the net

loss from the local deviation is

X(p;» 7p;7,—17pna"' 7pt+N—1) _X(p;a ’p;wanrla"' apt+N—1)~

From Proposition 2, we can rewrite the net loss from the local deviation given history B

as

o7y /(T(pn(ﬁ")) = (P, (R)) (VA (A1) = Vo(h"H))d P,

+ 7y /(pn(ﬁ") = P (B Vi) = Va(h" ) dFy)

= (e(pn(R™)) = c(pn(P™)))
where V;(fz”) is the hypothetical continuation value of the agent conditional on history h
and being in state w; in period n. Let [ Vi (h™) — Va(h™)dF; = W;i(h™). Note that there are
two histories A" and k™. 1 consider a particular deviation strategy such that after one more
deviation, the agent conforms to the principal’s expectation. h™ is the agent’s private history
the principal believes with probability 1. h™ is the agent’s true private history. Furthermore,

the agent reaches h™ with the pdf generated by his true private history. Therefore, from

period—t perspective, the net loss of one more deviation in period n is
5”t/5(7??(7“(1%(ﬁ"))—r(pé(ﬁn)))Wl(ﬁ”“)JrﬁS(pn(ﬁ”)—pé(ﬁ”))%(ﬁ"*l))—(C(pn(ﬁ"))—0(p§1(ﬁ”)))dG-

The N —period IC constraint is

t+N—-1

> 5”_t/5(ﬁ1(7“(pn(ﬁ”)) —r(p, (h"))Wi (h")
n=t

~

+ 72 (pu(A") — (W) Wa(h")) — (c(pa(h™)) — c(pr, (R")))dG = 0.
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This dynamic IC constraint has to be satisfied for any N. Furthermore, given the N —period
IC, we can always let p,, y_; = pryn-1, and the (N — 1)—period IC is implied by the
N —period IC. Therefore, after every history h on the equilibrium path, the following IC

constraint must hold:
Z5n_t/5(7??(T(pn(ﬁ"))—r(p’n(fl")))wl(3"+1)+7~T§(pn(ﬁ”)—p%(ﬁ”))W2(ﬁ"+1))—(C(pn(ﬁ"))—C(piL(ﬁ")))dG-

O]

Proof of Proposition 4. The necessity of the IC constraints follows from Propositions 2
and 3. I'll next show the sufficiency of these two IC constraints. Since the dynamic IC
constraint implies the IC constraint for any N—period deviations, it is sufficient to show
that the agent cannot improve his payoff without violating one of these IC constraints.
Suppose the agent didn’t deviate in the first ¢ periods and has a profitable deviation
strategy 0’;~Zt from period t on. Suppose ¢’ provides € more to the agent than his equilibrium

strategy o. By continuity at infinity, there exists N sufficiently large and another deviation
1

7¢ is at least 5 higher than his equilibrium

strategy Jgt such that the agent’s payoff from o
payoff and

o (ht, hF) =o' (W, h®) for k=0,--- ,N —1,
Uf?ﬁ,ﬁN =0\t N -

(?7?) shows that the agent has another deviation strategy ¢” that coincides with o’ for the
first N periods, coincides with the principal’s expectation from period ¢ + N on and gives
the agent § more than his equilibrium payoff. But this is a contradiction to the assumption
that there exists no profitable IN—period deviation. Therefore, there exists no profitable

deviation strategy. O

Proof of Corollary 1. From (5), we have
S(mi(r(p) — r(p")) Wi + ma(p — p')Wa)
40 [ (o) ~ 10 (0)) Wi (mar () dFs + moplaF)
+0 [ () = § @IWoalm (1= rp)dFy + ma(1 ~ )dE)

a@—@%@ﬁmw—w@wwmwwm.
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When r(p) =1, Vp, and ¢(p) = %pQ, this simplifies to

Sra(p — 1) Wa + &7 / (0(y) — ¥ W) Wyama(1 — ) dF>
1

»* —p?) - 5/ %(p(y)2 — P/ (y)*)(mdFy + madFy) > 0.

DO |

From (3), we have

dmaWo = ¢ (p) = p,

m2f2(y)(1 — p) _
mfi(y) + mafaly) 2

Therefore, the two-period IC constraint becomes

%(p )’ + 5/(11_2;p(y)(p(y) —7'(y) -

S (0(y) = () ) (midFy + madF) 2 .

Since the left-hand side is minimized when

the two-period IC constraint is satisfied if and only if

(1-p)?> 6/p(y)2(7r1dF1 + modFy).
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