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Abstract

We study frictionless matching and coalition formation environments. Agents
have preferences over coalitions, and these preferences vary with an underlying, and
commonly known, state of nature. Assuming that there is substantial variability
of preferences, we show that there exists a core stable coalition structure in every
state of nature if, and only if, agents’ preferences are pairwise-aligned in every
state of nature. In particular, we establish that there is a stable coalition structure
if agents’ preferences are generated by Nash bargaining over coalitional outputs.
Looking at all stability-inducing rules for sharing outputs, we show that all of them
may be represented by a profile of agents’ bargaining functions, and that agents
match assortatively with respect to these bargaining functions. We thus show
that assortativeness is inherently related to stability, rather than being driven by
particular modeling choices of agents’ sharing of output. The framework allows us
to show that the presence of complementarities and peer effects – two important
phenomena whose analysis was missing from prior theoretical work on matching –
overturns some of the well-known comparative statics of many-to-one matching.
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1 Introduction

Agents form coalitions in numerous environments: two-sided (many-to-one) matching
between students and colleges, or between interns and hospitals, as well as one-sided
formation of private clubs, partnerships, firms, and business alliances. In many of these
environments agents have preferences over coalitions they can join; moreover they may
care about the entire composition of their coalition, but not about other coalitions that
form. The standard solution notion is stability: a partition of agents into coalitions is
(core) stable if there does not exist a counter-factual coalition whose members prefer
it to their coalitions in the partition.1 Stability is an important property of coalition
structures in part because of the empirical evidence that links lack of stability to market
failures (Roth 1984).

We understand only partially when stable matchings or coalition structures exist.
For instance, the literature on many-to-one matching generally assumes after Kelso and
Crawford (1982) that (i) agents on one side of the market (say, firms) view the agents on
the other side (workers) as gross substitutes, and (ii) there are no peer effects – that is,
workers’ preferences depend only on the firm they apply to and not on who their peers
will be. An examination of matching with complementarities and peer effects has been
missing.

The present paper introduces a unified framework to study coalition formation in-
cluding many-to-one matching as well as one-sided coalition formation problems. We
focus attention on matching settings in which each firm has a capacity to hire at least
two workers, as well as on coalition formation problems in which every three agents can
form a coalition.2

The paper aims to understand stability properties of environments, rather than of
particular preference profiles. We thus look at a collection of states of nature, and ask
whether stable coalition structures exist in all of them. In this respect, our approach
resembles the social choice literature. We require that the environment is rich: there is

1Cf. Gale and Shapley (1962), Roth (1984), Roth and Peranson (1999), Buchanan (1965), Farrell
and Scotchmer (1988), Hart and Moore (1990).

2For a firm to perceive two workers as complementary – or for the workers to experience peer effects
– the firm must be able to employ at least two workers. Similarly, in one-sided coalition formation
for an agent to see others as complementary, the coalition must be at least of size three. Hence our
assumptions are without much loss of generality for the analysis of complementarities and peer effects.
The assumptions also simplify the formulation of our other results, and the two main problems we are
excluding – one-to-one matching and the roommate problem – are both fairly well understood.
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enough variability among agents’ possible preference profiles that – roughly speaking –
any fixed agent can rank the coalitions he or she belongs to in all possible ways.

The main result says that there is a stable coalition structure in all states of nature
if and only if agents’ preferences are pairwise aligned in all states of nature. Agents’
preferences are pairwise aligned if the restrictions of any two agents’ preference relations
to the set of proper coalitions to which they both belong coincide. For instance, a firm
prefers a firm-and-one-worker coalition to a larger coalition if, and only if, the worker
does. We further show that if pairwise alignment is satisfied and preferences are strict
then the stable coalition structure is unique except for some cases of one-sided coalition
formation in which there are two stable coalition structures.

As two applications of the main result, the paper analyzes sharing rules in matching
and coalition formation (fully characterizing stability-inducing sharing rules and estab-
lishing an assortative structure that is common to all of them), and offers a tractable
theory of matching with complementarities and peer effects.

In the first application, agents’ payoffs in each coalition are determined by sharing
the output produced by the coalition. A sharing rule is a collection of functions – one
for each coalition and each of its members – that map output to agents’ shares of the
output. In this way, each profile of outputs determines a profile of agents’ preferences
over coalitions. The domain of preference profiles obtained as we vary the outputs is
rich provided the sharing rule functions are continuous, monotonic, and each agent’s
share can be arbitrarily large when the coalition’s output is sufficiently large. Hence, the
main stability results imply that such a sharing rule leads to stable coalition formation
problems if, and only if, it generates pairwise-aligned preference profiles.

Some sharing rules generate pairwise-aligned profiles and others do not. For instance,
preferences are pairwise aligned if agents’ shares in each coalition are determined through
equal sharing, multi-agent Nash bargaining, Tullock’s (1980) rent-seeking game, or egal-
itarian and Rawlsian sharing rules, but not if the shares are determined through the
Kalai-Smorodinsky bargaining solution. Our stability results thus imply that if the shares
are determined through, say, Nash bargaining then there always exists a stable coalition
structure. They also imply that if the shares are determined through Kalai-Smorodinsky
bargaining then there is no stable coalition structure for some output profiles.

To compare the above results to the literature, observe that Farrell and Scotchmer
(1988) established the existence of stable coalition structures for equal sharing, and
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Banerjee, Konishi, and Sönmez (2001) extended it to some other linear sharing rules.3

However, the general connection between pairwise-aligned rules and stable outcomes has
gone unnoticed. Surprisingly, even the fact that Nash bargaining implies stability was
not observed.

The paper offers a useful characterization of the class of pairwise-aligned rules that
share the output efficiently in each coalition. Each such sharing rule may be represented
by a profile of agents’ “bargaining functions.” Similarly to Nash bargaining, the agents
then share output in each proper coalition as if they were maximizing the product of the
bargaining functions. The main thrust of the characterization remains true when the
efficiency assumption is dropped. Furthermore, among efficient and monotonic sharing
rules on proper coalitions, rules that generate pairwise-aligned preferences are precisely
those which are consistent in the sense of Harsanyi (1959) and Thomson and Lensberg
(1989). When translated in terms of consistency, the above characterization extends the
main insight of Lensberg (1987) to many-to-one matching and other environments in our
setting.4

The paper leverages the bargaining function representation of pairwise-aligned – and
hence stability-inducing – sharing rules to show that the resulting stable coalition struc-
tures share some common characteristics. Most notably, the coalition structures gen-
erated by stability-inducing sharing rules are assortative. Agents sort themselves into
coalitions according to the Aumann and Kurz (1977) fear-of-ruin coefficient of their bar-

3Farrell and Scotchmer (1988) study partnerships (coalitions) that share output equally among mem-
bers. Since the per-agent payoff from a coalition is the same for all agents, Farrell and Scotchmer observe
that there is a metaranking of all coalitions that agrees with agents’ rankings. They then conclude that
there exists a stable coalition structure because the coalition at the top of the metaranking cannot be
blocked, and then the top coalition among the remaining agents cannot be blocked, etc. Furthermore,
they show that the resulting stable coalition structure is assortative. When specialized to the sharing
rules setting, our existence results go beyond Farrell and Scotchmer by replacing equal sharing with pair-
wise alignment, and by showing that in this way we obtain the entire class of stability-inducing sharing
rules. A (relaxed) analogue of their metaranking structure is true in our setting; the substance of our
uniqueness argument is the construction of such a relaxed metaranking. Below we discuss the present
paper’s results on assortativeness and compare them to Farrell and Scotchmer’s. None of our other
results (the necessity of pairwise alignment, and – discussed below – the characterization of pairwise-
aligned rules in terms of bargaining functions, comparing stable structures across different sharing rules,
and the applications to many-to-one matching) has a counterpart in Farrell and Scotchmer (1988) or in
subsequent developments of their setting.

4This characterization and, more importantly, establishing the connection between consistency and
stability (and consistency and assortativeness) are the paper’s contributions to the literature on con-
sistency. Prior work on consistency and the core is only superficially related: studies such as Peleg
(1986) examine consistency properties of the core itself, assuming the core is non-empty (cf. Thomson’s
(2009) survey), while our results imply that the consistency of the underlying sharing rule is linked to
the non-emptiness of the resultant core.
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gaining functions. Agents with similar bargaining functions tend to belong to the same
coalitions in the stable structure. Assortative matching has been extensively studied
since Becker (1974), mostly in one-to-one problems, and Farrell and Scotchmer (1988)
demonstrated it for coalition formation with equal sharing. The present paper’s primary
contribution to this literature is to show that assortativeness obtains not only for some
special stability-inducing sharing rules, but instead is inherently linked to stability in
sharing-rule environments.5 Another notable characteristic of coalition structures – dis-
cussed in the concluding remarks – is that the exogeneity of the sharing rule endows
the model with an element of hold-up: some beneficial coalitions may not form because
agents with strong bargaining powers are not able to commit to adequately reward an
agent with relatively weak bargaining power.

Finally, the paper compares stable coalitions across different stability-inducing and
efficient sharing rules. Assuming that outputs are independently drawn from distribu-
tions with monotone hazard rates, the paper shows that the probability of a coalition
being stable is larger when the bargaining functions of coalition members are more equal.
We may conclude that, roughly speaking, more equal societies are more likely to have
large coalitions.

The second application of the main results is to many-to-one matching. We depart
from the standard treatment of many-to-one matching by allowing complementarities
and peer effects, and we show that their presence changes the standard results. In our
setting, firms see workers as complementary when the complementarity is embedded in
the profile of outputs. Workers then care who their peers are. In contrast, as mentioned

5In particular, agents endowed with CRRA utilities and sharing output in Nash bargaining match in a
positive assortative way on risk aversion. This remains true in one-to-one matching, and is of interest in
the context of the large empirical literature on risk-sharing and its recent critique by Chiappori and Reny
(2006). Observing that the literature relies on an implicit assumption that agents match in a positive
assortative way on risk aversion, Chiappori and Reny show that this is impossible in a general model
of one-to-one matching. Their result turns out to hinge on the assumption – shared by the empirical
literature they criticize, but not by this paper – that agents can freely contract on the sharing of output.
Our approach may also be seen as complementary to Legros and Newman’s (2007) recent systematic
study of assortativeness. In their model agents are exogenously ranked by their productivity type,
and costly transfers at the matching stage are allowed. They establish a condition on the production
function and costs of transfer that guarantee that agents match monotonically in their exogenous types.
In contrast, the present paper starts with a sharing rule and shows that agents sort themselves according
to the fear of ruin of their induced bargaining functions. The ordering is thus endogenous to the sharing
rule, but nevertheless defined in a way that is consistent across all stability-inducing sharing rules. There
are other differences between the models. Most importantly, Legros and Newman focus attention on
one-to-one matching, while we look at many-to-one matching and one-sided coalition formation, they
study a uniformly distributed continuum of agents on each side, while we look at any finite configuration
of agents.
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above, main expositions of matching – Gale and Shapley (1962), Kelso and Crawford
(1982), Roth (1985), Roth and Sotomayor (1990), and Hatfield and Milgrom (2005) –
impose variants of two assumptions: gross substitutes and lack of peer effects. Both of
these assumptions are restrictive. The gross substitutes assumption says that if a firm
wants to employ a worker w from a large pool of workers, then the firm wants to employ
w from any smaller pool containing w. While in one-to-one matching this assumption is
essentially equivalent to independence of irrelevant alternatives, in many-to-one matching
it is surprisingly more restrictive. Imagine for instance that you want to hire a cook and
a chauffeur. If both an expert cook and an expert chauffeur are available, you might
want to hire the two of them over a generalist who can both cook and drive reasonably
well. When, however, the chauffeur is not available, you might as well withhold the
offer from the cook, and hire the generalist instead. Or, imagine you want to open a
shop, and to pay the rent you need to hire enough personnel to keep it in operation
throughout the week. If too few qualified candidates apply, you may choose not to hire
anyone. The lack-of-peer-effects assumption says that workers (or students, or doctors)
care only about the identity of the firm they match with, but not about the identity
of their peers. By making this assumption the literature assumed away, for instance,
workers’ concerns about interactions in the workplace and ways in which one’s peers
influence one’s workload. The assumption has also precluded the matching literature
from contributing to the debate on whether peer effects affect schooling outcomes (Case
and Katz 1991, Manski 1993, Sacerdote 2001, Angrist and Lang 2004, Duflo, Dupas, and
Kremer 2009).

We show that allowing complementarities and peer effects changes the standard com-
parative statics of many-to-one matching. For instance, under substitutes retiring an
agent from one side of the market benefits other agents on the same side, and hurts
agents on the opposite side of the market (Crawford 1991). The paper shows that this
result is no longer true in the presence of complementarities. The paper further shows
that – irrespective of whether complementarities are present – as long as the pairwise
alignment condition is satisfied, strategic agents reach a stable matching or coalition
structure on the equilibrium path of a wide variety of algorithms and non-cooperative
games such as the Gale and Shapley deferred acceptance algorithm. This positive finding
also contrasts with the results on matching under the standard gross substitutes condi-
tion where strategic agents may end up in an unstable outcome (Roth 1985, Sönmez
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1999).
The present paper is the first to propose the pairwise alignment assumption and an-

alyze the impact of complementarities on comparative statics and strategic play. Prior
results on complementarities in matching focused on the impossibility of obtaining ex-
istence when complementarities are allowed. For instance, in a very general model of
matching with contracts, Hatfield and Milgrom (2005) and Hatfield and Kojima (2008)
show that a variant of the gross substitutes condition is the most general condition that
– when imposed on preferences of each agent separately – guarantees the existence of a
stable matching.6 Our results are consistent with their conclusion as the pairwise align-
ment assumption is a constraint on the relation between preferences of pairs of agents
rather than on preferences of individual agents. For the study of complementarities,
looking at relations between preferences, or how they are co-determined by the matching
environment, is likely necessary.

Notable prior work that derives positive results that go beyond the standard assump-
tions of gross substitutes and lack of peer effects include Echenique and Oviedo (2006)
and Echenique and Yenmez (2007). They are complementary to the present work: rather
than analyzing environments that allow for complementarities, they construct algorithms
that find stable matchings whenever they exist. Two other papers relax the assumption
restricting peer effects. Maintaining substitutability, Dutta and Massó (1997) weakened
the lack-of-peer-effects condition in two separate ways: (i) allowing exogenously “married”
worker couples to prefer any coalition that includes their partner to any other coalition,
and (ii) allowing peer effects to influence workers’ preferences between two coalitions if
the employer (firm) is the same but not otherwise (Revilla 2007 develops further this line
of thought).

2 Example

Before turning to the more general model, let us examine the questions and results of the
paper in the context of a simple matching environment with four agents and two states
of nature. Looking at three illustrative sharing rules, we will get a preliminary sense of
which rules give us stable coalition structures, and which do not. We will also see how
the stable coalition structures depend on the sharing rule.

6Hatfield and Milgrom, and Kojima and Hatfield assume that there are no peer effects. Klaus and
Klijn (2005), and Sönmez and Unver (2010) prove related impossibility results.
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In our example, there are two firms f and g, and two workers 1 and 2. They are
forming coalitions in order to produce output. Each firm can employ either one or both
workers. Agent a derives utility (or profit) Ua (s) from obtaining share s of output. Let
us assume that

Uf (s) = 5s
1
2 , Ug (s) = s, U1 (s) = 16s

1
6 , U2 (s) = 4s

1
2 .

There are two possible states of nature ω1 and ω2. Agents know the state when they form
coalitions; in particular they know the outputs that each coalition can produce if formed.
Denote by y (C, ω) the output of coalition C produced in state ω. We will assume that
coalition {g} produces 0 in state ω1 and 1 in state ω2, and other single-agent coalitions
produce output 0 regardless of state of nature. The outputs of two-agent coalitions do
not depend on the state of nature: coalitions {g, 1} , {g, 2} produce output 1, coalition
{f, 1} produces 27, and coalition {f, 2} produces 25. The remaining two output levels
depend on the state of nature in the following way:

y ({f, 1, 2} , ω1)) = 39, y ({g, 1, 2} , ω1)) = 36,

y ({f, 1, 2} , ω2)) = 27, y ({g, 1, 2} , ω2)) = 43.

The output in each coalition in the resulting many-to-one matching will be divided
according to a sharing rule. One interpretation of the sharing rule setup is that the
coalition formation and production take place on two different dates. On date 1, the
agents learn the state of nature ω ∈ {ω1, ω2} and then form coalitions. On this date,
they cannot make transfers conditional on joining a coalition, and cannot affect the
payoffs they will obtain on date 2. In effect, on date 1, the agents’ preferences over
coalitions reflect their shares of the output produced on date 2.

We will look at the following three sharing rules.

Equal sharing. Agents share output equally. In state of nature ω, the share of agent
i in coalition C is y(C,ω)

|C| .
Agents’ shares of output in the four productive coalitions (rounded to the first decimal

point) are listed in Table 1. Under equal sharing, there is a unique stable matching in
state ω1 and it takes the form {{f, 1} , {g, 2}}. In state ω2 the unique stable matching
is {{f} , {g, 1, 2}}. As first observed by Farrell and Scotchmer in their 1988 study of
partnerships that share profits equally, it is not a coincidence that there is a stable
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Table 1. Output shares and stable matchings for different sharing rules and states

{f, 1, 2} {f, 1} {f, 2} {g, 1, 2} Stable matching
State ω1

Equal Sharing 13.0, 13.0, 13.0 13.5, 13.5 12.5, 12.5 12.0, 12.0, 12.0 {f, 1} , {g, 2}
Nash Bargaining 16.7, 5.6, 16.7 20.2, 6.7 12.5, 12.5 15.4, 5.1, 15.4 {f, 1} , {g, 2}
Kalai-Smorodinsky 14.2, 13.4, 11.4 13.1, 13.9 13.9, 11.1 14.5, 11.7, 9.7 {f, 1, 2} , {g}
State ω2

Equal Sharing 9.0, 9.0, 9.0 13.5, 13.5 12.5, 12.5 14.3, 14.3, 14.3 {f} , {g, 1, 2}
Nash Bargaining 11.6, 3.9, 11.6 20.2, 6.7 12.5, 12.5 18.4, 6.1, 18.4 {f, 1} , {g} , {2}
Kalai-Smorodinsky 9.4, 10.0, 7.5 13.1, 13.9 13.9, 11.1 18.6, 13.0, 11.4 does not exist
Agents’ shares in coalitions are listed in the same order as agents. The highest share of each agent is in bold.

matching in both states of nature when agents share output equally. Since each agent
wants to be in a coalition with output per agent, y(C,ω)

|C| , as high as possible, no agent
wants to change a coalition with the highest output per agent. We can hence set this
coalition aside, and recursively construct a stable coalition structure.

Nash bargaining. Agents share output according to the Nash bargaining solution.
In state of nature ω, members of C obtain shares sa that maximize

max
sa≥0

�

a∈C

Ua (sa)

subject to �

a∈C

sa ≤ y (C, ω) .

We may thus interpret the function Ua as the composition of agent a’s bargaining power
and utility (or profit) function.

In both states of nature there is a unique stable matching: {{f, 1} , {g, 2}} in state
ω1 and {{f, 1} , {g} , {2}} in state ω2. In particular, the stable matching is the same as
under equal sharing in state ω1, but different in state ω2. It turns out that, again, it
is not a coincidence that Nash bargaining leads to stable matchings in both states of
nature. For any profile of outputs, we can construct a stable matching. The construction
does not depend on the special power-function form of the utility functions Ua. Let us
take any increasing, concave, and differentiable utility functions, normalize them so that
Ua (0) = 0, and proceed in three steps. First, observe that the so-called fear-of-ruin
coefficient (Aumann and Kurz 1977) χa (sa) = Ua(sa)

U �
a(sa) is the same for every agent a in any

given coalition C (because the first order condition in the Nash bargaining maximization
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equalizes 1
χa

and the Lagrange multiplier), and denote by χC this common fear of ruin.
Second, observe that each agent’s allocation si is increasing in the common fear of ruin
χC of agents in coalition C. Third, conclude that no agent wants to change a coalition
that maximizes χC and, therefore, we can set a coalition with maximal χC aside and
look at coalition formation among the remaining agents. In this way, one can recursively
construct a stable coalition structure.

Do all sharing rules lead to stable outcomes? The answer is no. Consider our last
illustrative sharing rule.

Kalai-Smorodinsky bargaining. Agents share output according to the Kalai-
Smorodinsky bargaining solution. In state of nature ω, member a of C obtains share

sa =
Ua (y (C, ω))�
b∈C Ub (y (C, ω))

y (C, ω) .

Under Kalai-Smorodinsky bargaining, there is a unique stable matching {{f, 1, 2} , {g}}
in state ω1. In state ω2, however, there is no stable matching. Indeed, any stable match-
ing would need to include one of the coalitions {f, 1} , {f, 2} , {g, 1, 2} because {f, 1, 2} is
dominated by both {f, 1} and {f, 2} and the remaining coalitions produce small or zero
outputs. However, none of the coalitions {f, 1} , {f, 2} , {g, 1, 2} can be part of a stable
matching because

• coalition {g, 1, 2} would be blocked by worker 1 and firm f ,

• coalition {f, 1} would be blocked by firm f and worker 2, and finally,

• coalition {f, 2} would be blocked by worker 2 together with firm g and worker 1.

The above three sharing rules illustrate the results of the paper. First, some sharing
rules consistently lead to stable outcomes, and others do not. The pairwise alignment
of preferences turns out to be the key differentiating factor between equal sharing and
Nash bargaining, which lead to stable outcomes in all states of nature, and the Kalai-
Smorodinsky solution, which does not. Preferences are pairwise aligned for both of
the stability-inducing sharing rules irrespective of the state of nature. The pairwise
alignment fails, however, for the Kalai-Smorodinsky rule in state ω1, as firm f prefers
{f, 1, 2} over {f, 1} while worker 1 has the opposite preference. This is not a coincidence:
our first insight is that pairwise-aligned and stability-inducing rules coincide. Section 4
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demonstrates this result for the more general setting of domains of ordinary preference
profiles.

Second, we show that Nash bargaining is a typical example of stability-inducing
sharing rules. Each of them may be described by endowing agents with a profile of
increasing, differentiable, and log-concave bargaining functions, and letting them share
the output so as to maximize the analog of the Nash product (see Subsection 5.1).

Third, notice that under Nash bargaining worker 2 is weaker than worker 1 and firm
f is weaker than firm g. In both states, the weak worker matches with the weak firm, and
the strong worker either matches with the strong firm, or remains unmatched. Subsection
5.2 shows that such an assortative structure is typical for stability-inducing sharing rules.

Fourth, the large coalition {g, 1, 2} forms under equal sharing but no equally large
coalition forms under the Nash bargaining in state ω2. Again, this is illustrative of a
typical situation. Results of Subsection 5.3 imply that the more equal the sharing among
workers, the more likely such large coalitions are to be part of stable matching or coalition
structure.

Finally, notice that workers 1 and 2 are complementary for firm g in state ω2 under
both equal sharing and Nash bargaining, and that each of the workers cares whether the
other is also hired by the same firm. Hence, the setting encompasses environments in
which there are complementarities and peer effects. We examine matching with comple-
mentarities and peer effects in Section 6.

3 Model

Let A be a finite set of agents and C ⊆ 2A be a set of coalitions. A coalition C is proper if
C �= A. Each agent a ∈ A has a preference relation �a over coalitions C such that a ∈ C.
The profile of preferences of agents in A is denoted �A= (�a)a∈A. All references to a
coalition in this paper will presume that the coalition belongs to C, and all preference
comparisons C �a C � will presume that a ∈ C ∩ C �.

Coalition structure µ is a partition of A into coalitions from C. We will assume
throughout that there are enough coalitions in C so that there exists at least one coalition
structure. This assumption is satisfied if, for instance, every singleton set is a coalition.

We will use the following notion of (core) stability.

Definition 1. A coalition structure µ is blocked by a coalition C if each agent a ∈ C
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strictly prefers C to the coalition in µ that contains a. A coalition structure is stable if
no coalition blocks it.

Let R be a subset of the Cartesian product of sets of preference profiles of agents in
A. We will call R a preference domain. We do not require that R is Cartesian.

Our main existence results formalize the comparison of Section 2 and taken together
say that – with enough coalitions in C and preference profiles in R – all preferences in
the domain admit stable coalition structures if, and only if, the preferences are pairwise
aligned. Pairwise alignment is formally defined as follows.

Definition 2. Preferences are pairwise aligned if for all agents a, b ∈ A and proper
coalitions C, C � that contain a, b, we have

C �a C � ⇐⇒ C �b C �.

Preferences are pairwise aligned over the grand coalition if either A �∈ C, or A ∈ C and
the above equivalence is true whenever C or C � equals A.

Notice that the pairwise alignment means that C ∼a C � iff C ∼b C �, and C �a C � iff
C �b C �. The pairwise alignment of preferences in Nash bargaining was noted already
by Harsanyi (1959), and it is also straightforward for the equal sharing rule. As noted
above, the pairwise alignment fails in state ω1 of Section 2 when agents share outputs
via Kalai-Smorodinsky solution.

To complete the description of the environment, we will define the assumptions on C
and R used in the stability-pairwise alignment equivalence. The assumptions imposed
on the family of coalitions C are as follows

Definition 3. The family of coalitions C is regular if the set of agents A may be par-
titioned into two disjoint, possibly empty, subsets F (firms) and W (workers) so that C
satisfies the following three assumptions:
C1. For any two different agents, there exists a coalition containing them if and only if
at least one of the agents is a worker.
C2. For any workers a1, a2 and agent a3, there exist proper coalitions C1,2, C2,3, C3,1 such
that Ck,k+1 � ak, ak+1 and C1,2 ∩ C2,3 ∩ C3,1 �= ∅.
C3. (i) For any worker w and agent a, if {a, w} is not a coalition then there are two
different firms f1, f2 such that {f1, a, w} and {f2, a, w} are coalitions. (ii) No proper
coalition contains W .
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The partial overlap between C1 and C3(i) allows precise matching between assump-
tions and results: some of the results rely on only one or two of the assumptions. C2
is implied by the following easier-to-interpret requirement: for any agents a1, a2 ∈ W,

a3 ∈ A, there exist a proper coalition containing them.
Assumptions C1-C3 are satisfied in many coalition formation environments. In par-

ticular, the assumptions are motivated by the following two standard environments:

• The unconstrained one-sided coalition formation defined by C = 2A − {∅}, and

• Many-to-one matching defined as follows: the set of agents is partitioned into two
subsets F (interpreted as the set of firms, colleges, or hospitals) and W (interpreted
as the set of workers, students, or doctors), each agent f ∈ F is endowed with a
capacity constraint Mf , and

C = {{f} ∪ S : f ∈ F, S ⊆ W, |S| ≤ Mf} ∪ {{w} : w ∈ W} .

The unconstrained coalition formation satisfies C1-C3 with W = A, F = ∅. We prove C2
by setting C1,2 = C2,3 = C3,1 = {a1, a2, a3}. The remaining assumptions are straightfor-
ward. Many-to-one matching satisfies the assumptions as long as Mf ∈ {2, ..., |W |− 1}
and |F | ≥ 2. Indeed, C1 is straightforward. C2 requires Mf ≥ 2 for all f ∈ F , and is es-
tablished by setting C1,2 = C2,3 = C3,1 = {a1, a2, a3} if a3 ∈ F , and Ck,k+1 = {ak, ak+1, f}
for some f ∈ F if a3 ∈ W . C3(i) requires Mf ≥ 2 for at least two f1, f2 ∈ F , and is true
as {a, w} is a coalition if a ∈ F , and {f1, a, w} and {f2, a, w} are coalitions if a ∈ W .
C3(ii) requires Mf < |W | for all f ∈ F .7

Assumptions C1 and C2 are used to show that pairwise alignment is sufficient for
stability, and assumptions C1 and C3 are used to show that pairwise alignment is nec-
essary for stability. The equivalence between stability and pairwise alignment requires
some assumptions on the family of coalitions, as illustrated by the following example of
the roommate problem.

7The marriage problem is a well-known special case of many-to-one matching defined by Mf = 1 for
all f ∈ F . While the marriage problem does not satisfy conditions C2 and C3, it is primarily for the
sake of simplicity of exposition: the equivalence between stability and the pairwise alignment obtains
for the marriage problem. The pairwise alignment of preferences is satisfied for the marriage problem
in a trivial way, and Gale and Shapley (1962) showed that the marriage problem always admits a stable
matching (coalition structure). On the other end of the matching literature, many-to-many matching is
not a coalition formation problem, and our results do not apply.
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Example 1. The roommate problem is the coalition formation problem in which C =

{C ⊆ A, |C| ≤ 2}. Any preference profile in the roommate problem is pairwise aligned,
but the existence of a stable coalition structure is not assured. For instance, there is no
stable coalition structure if A = {a1, a2, a3}, all agents prefer any two-agent coalition to
being alone, and their preferences among two-agent coalitions are such that

{a1, a2} �a2 {a2, a3} �a3 {a3, a1} �a1 {a1, a2} .

The assumptions we will impose on the domain of preferences R are as follows.

Definition 4. A domain of preference profiles R is rich if it satisfies the following
assumptions:

R1. For any profile �A∈ R, any agent a, and any three different coalitions C0, C, C1,
if C0 �a C1 and a ∈ C, then there is a profile ��

A∈ R such that C0 ��
a C ��

a C1, and all
agents’ ��

A-preferences between pairs of coalitions not including C are the same as their
�A-preferences.

R2(i). For any �A∈ R and two different coalitions C, C1, there is a profile ��
A∈ R

such that C ≺�a C1 for all a ∈ C ∩ C1 and all agents’ ��
A-preferences between pairs of

coalitions not including C are the same as their �A-preferences.
R2(ii). For any �A∈ R, any agents a, b, and any three different coalitions C0, C, C1,

if C0 ≺a C ∼b C1, then there is a profile ��
A∈ R such that C0 ≺�a C ≺�b C1, and all

agents’ ��
A-preferences between pairs of coalitions not including C are the same as their

�A-preferences.

The assumptions R1 and R2 formalize the requirement that there is substantial vari-
ability, or richness, among preference profiles. Assumption R1 requires that for any
preference profile in R and any coalition C, there is a (shocked) preference profile in R

in which C is ranked just below another coalition C1 by the relevant agent. Assumption
R2(i) postulates the existence of a shocked profile in which a coalition C is ranked below
another coalition C1 by all relevant agents. Assumption R2(ii) postulates that there
is a shocked profile in which an indifference is broken; this last assumption is trivially
satisfied if agents’ preferences are always strict.

Examples of rich preference domains include the domain of preference profiles gener-
ated in equal sharing and Nash bargaining when we vary output functions y : C → (0,∞).
The domain of profiles generated in Kalai-Smorodinsky bargaining is rich provided each
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agent’s utility is unbounded above (or provided each agent’s utility is bounded above);
the Kalai-Smorodinsky domain might fail condition R1 if some agents’ utilities are un-
bounded above, while others are bounded above. More generally, consider a setting in
which agents’ payoffs are determined by a state of nature ω ∈ ×C∈CΩC , and the payoffs
in coalition C depend only on the C-coordinate of the state of nature. For each coalition
C and agent a ∈ C, consider a payoff mapping Dpayoff

a,C from ΩC to payoffs of agent a.
Then, R1 is satisfied as long as the set of outcomes Dpayoff

a,C (ΩC) does not depend on
coalition C but only on agent a. Assumption R2 is satisfied if we additionally require
that for each C ∈ C, the set ΩC is an open interval in R, and the payoff mapping is
continuous and strictly monotonic. Other examples satisfying both R1 and R2 include
the domain of all strict preference profiles and the domain of all preference profiles.

Assumption R1 is used to show that pairwise alignment is sufficient for stability, and
assumption R2 is added to show that pairwise alignment is necessary for stability. To see
that the relation between stability and pairwise alignment needs some assumptions on
the domain of preferences, recall the Kalai-Smorodinsky sharing rule from Section 2. In
state ω2, there is no stable matching even though, in this state, the pairwise alignment
holds. At the same time, in state ω1 the pairwise alignment fails even though, in this
state, there is a stable matching. The next section and Appendix B provide more details
on the role of assumptions C1-C3 and R1-R2.

4 Main Results: Stability in Preference Domains

Our main existence results are as follows:

Theorem 1. Suppose that the family of coalitions C satisfies C1 and C2, and that the

preference domain R satisfies R1. If all preference profiles in R are pairwise aligned then

(i) all �A∈ R admit a stable coalition structure, and (ii) the stable coalition structure is

unique for any profile of strict preferences �A∈ R that is pairwise aligned over the grand

coalition.

Theorem 2. Suppose that the family of coalitions C satisfies C1 and C3, and that the

preference domain R satisfies R1 and R2. If all profiles from R admit stable coalition

structures, then all profiles from R are pairwise aligned.
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Theorem 1 relies on part R1 of the richness assumption. To develop an understanding
of the role of this assumption let us look again at the failure of stability under the Kalai-
Smorodinsky sharing rule from Section 2. Theorem 1 implies that the preference profile
�{f,g,1,2} of agents using the Kalai-Smorodinsky rule to share outputs in state ω2 cannot
be embedded in an R1-rich domain of pairwise-aligned preference profiles. To check this
corollary notice that if this profile belonged to an R1-rich domain of pairwise-aligned
profiles, then there would exist a pairwise-aligned profile ��

{f,g,1,2} such that

{f, 1} ��
f {f, 1, 2} ��

f {f, 2} ,

and all agents’ ��
{f,g,1,2} -preferences between pairs of coalitions not including C =

{f, 1, 2} would be the same as their �{f,g,1,2} -preferences. Then, the pairwise align-
ment of ��

{f,2} would imply that {f, 1, 2} ��
2 {f, 2} ≺�2 {g, 1, 2}, and the transitivity of

��
2 and the pairwise alignment of ��

{1,2} would give

{f, 1, 2} ≺�1 {g, 1, 2} ≺�1 {f, 1} .

However, then the ��
{f,1}-preferences of agents 1 and f between coalitions{f, 1, 2} and

{f, 1} would violate pairwise alignment. This contradiction shows that �{f,g,1,2} cannot
be embedded in any R1-rich domain of pairwise-aligned preferences.

The first step of the proof of Theorem 1 generalizes the above argument to show that
the pairwise alignment, R1, C1 and C2 imply that there are no 3-cycles for any �A∈ R.
A 3-cycle, or generally, an n-cycle is any configuration of proper coalitions C1, ..., Cn and
agents a1, ..., an such that (subscripts modulo n)

Ci �ai Ci+1 for i = 1, ..., n, with at least one preference strict. (1)

For instance, Section 2 discussion of the Kalai-Smorodinsky rule shows that in state ω2

coalitions {g, 1, 2} , {f, 1} , {f, 2} form a 3-cycle.
The main step of the proof uses the lack of 3-cycles, R1, and C1 to show that lack of n-

cycles implies lack of (n + 1)-cycles, and hence that there are no n-cycles for n = 2, 3, ....
The final step of the proof is to observe that the lack of n-cycles implies both the existence
and – with the added assumptions of strict preferences and pairwise-alignment over the
grand coalition – the uniqueness of stable coalition structure. The uniqueness relies on
the added assumptions. For instance, if |A| ≥ 3 and C = {C ⊆ A, C �= ∅}, then there is
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a domain of pairwise-aligned profiles that contains a strict preference profile that (i) is
not pairwise aligned over the grand coalition, and (ii) allows both the grand coalition A

and a coalition structure of proper coalitions to be stable.
The proof of the necessity of pairwise alignment (Theorem 2) roughly reverses the

steps of the proof of its sufficiency. First, assuming R2 we show that stability implies lack
of 3-cycles C1, C2, C3 such that Cj ∩Ci are singletons for j �= i. Then, assuming C1, C3,
and R1, we show that the lack of such 3-cycles implies pairwise alignment. To get a sense
of this proof, consider the preference profile that obtains in state ω1 when agents share
outputs in Kalai-Smorodinsky bargaining, and assume that the environment contains
a third worker, 3. Since agents f and 1 differ in their preference ranking of coalitions
{f, 1} and {f, 1, 2}, Theorem 2 implies that this preference profile cannot be embedded
in a rich domain of stability-inducing profiles. We will check this claim directly under
an additional assumption that all preference profiles are strict. Any domain satisfying
R1, R2(ii), and containing the ω1-profile, contains a preference profile �A such that
{f, 1} ≺f {f, 3} ≺f {f, 1, 2} and {f, 1, 2} ≺1 {g, 1, 3} ≺1 {f, 1}. Consider the case
{f, 3} ≺3 {g, 1, 3}; the other case is symmetric. In this case, {f, 3} ≺3 {g, 1, 3} ≺1

{f, 1} ≺f {f, 3} is a 3-cycle. Because of R2(i), we may assume that members of coalitions
{f, 3} , {g, 1, 3} , {f, 1} strictly prefer them to any coalition other than these three. Any
stable coalition structure would then need to contain one of these three coalitions, but
each one of them is blocked by one of the other two. Hence, there is no stable coalition
structure.

Appendix A gives the proofs and Appendix B discusses the trade-offs involved in
relaxation of the assumptions. For instance, regularity assumption C2 may be dropped
in Theorem 1 at the cost of replacing pairwise alignment with lack of 3-cycles. In some
problems, such as many-to-one matching, the richness assumptions may be relaxed to
take account of the additional structure of such problems. The results hold true for
other stability concepts such as pairwise stability and group stability in many-to-one
matching. Finally, the above map of the proofs implies that no preference profile in a
rich domain of pairwise aligned profiles admits an n-cycle. Appendix B also demonstrates
that every profile that does not admit n-cycles may be embedded in a rich domain of
pairwise-aligned profiles.
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5 Applications: Sharing Rules

This section applies the existence results of the previous section to an analysis of stability-
inducing sharing rules. As in Section 2, we will look at instances of our general setup,
in which each coalition produces output y (C) ∈ R+ = [0, +∞). The mapping from
coalitional outputs to agents’ preferences is determined by a sharing rule. A sharing rule

is a collection of functions Da,C : R+ → R+, one for each coalition C and each of its
members a ∈ C, that map the output of C into the share of output obtained by agent a.
We will be assuming that the shares are feasible, Da,C (y) ≤ y. A sharing rule is pairwise
aligned if the preference profiles that it generates are pairwise aligned for every profile of
outputs. In Section 2 we have seen two examples of pairwise-aligned sharing rules (equal
sharing and Nash bargaining) and one instance of a sharing rule that violates pairwise
alignment (Kalai-Smorodinsky).

Theorems of Section 4 imply the following

Corollary 1. Suppose that the family of coalitions C satisfies C1-C3 and the sharing rule

D is such that for every a ∈ C ∈ C the function Da,C is strictly increasing, continuous,

and limy→+∞Da,C (y) = +∞. Then, there is a stable coalition structure for each profile

of outputs if, and only if, the sharing rule is pairwise-aligned.

For instance, in the environment of Section 2, the assumptions of the corollary are
satisfied by all three sharing rules. To prove the corollary, first notice that the pairwise
alignment yields stability because the domain of preference profiles generated by D sat-
isfies R1, and hence Theorem 1 is applicable. Second, to prove the converse implication,
notice that the restriction of the sharing rule D to profiles of strictly positive outputs
satisfies R1 and R2, and hence Theorem 2 implies that agents’ preferences over coalitions
with strictly positive outputs are pairwise aligned. This implies that D is pairwise aligned
because all agents strictly prefer any relevant coalition with strictly positive output to
any coalition with zero output, and are indifferent between any two relevant coalitions
with zero output (because Da,C (y) = 0 iff y = 0 for every a ∈ C ∈ C).

5.1 Pareto-efficient sharing rules: a characterization

A sharing rule is Pareto-efficient if
�

a∈C Da,C (y) = y for any C ∈ C and v ≥ 0. The
equal sharing and Nash bargaining are efficient. Efficient pairwise-aligned sharing rules
may be characterized as follows
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Proposition 1. Suppose that the family of coalitions C satisfies C1 and C2, and the

sharing rule D is such that for every a ∈ C ∈ C the function Da,C is strictly increasing,

continuous, and limy→+∞Da,C (y) = +∞. The rule D is pairwise-aligned and efficient

if, and only if, for all a ∈ A there exist increasing, differentiable, and strictly log-concave

functions Ua : R+ → R+ such that
Ua
U �

a
(0) = 0, and

(Da,C (y))a∈C = arg maxP
a∈C sa≤y

�

a∈C

Ua (sa)

for all y ∈ R+ and proper coalitions C.

In the proposition, we allow U �
a (0) = +∞. We will refer to functions Ua as bargaining

functions. In Nash bargaining they are simply agents’ utility (or profit) functions. As
illustrated at the end of the next subsection, the main thrust of the result remains true
when we drop the efficiency assumption. Also, an inspection of the proof shows that
the representation remains true if C equals the grand coalition A provided that A ∈ C
and agents’ preferences are additionally pairwise aligned over the grand coalition. In
what follows, we will use the term regular sharing rule to refer to sharing rules which are
aligned over the grand coalition, and such that all functions Da,C are strictly increasing,
continuous, and limy→+∞Da,C (y) = +∞.

Proposition 1 extends the main insight of Lensberg (1987) onto our setting, and onto
many-to-one matching in particular. Lensberg constructed a representation resembling
that of Proposition 1 for consistent and efficient sharing rules (consistency and pairwise
alignment of sharing rules are closely related as discussed in the introduction). Proposi-
tion 1 does not follow from the earlier result because Lensberg effectively required agents’
preferences to be pairwise aligned across a substantially larger space of output-sharing
problems than are available in our context.8

The above results imply the following

Corollary 2. Suppose that the family of coalitions C satisfies C1-C3 and the sharing

8The results are logically independent. On one hand, Lensberg imposes neither monotonicity nor our
limit assumption; thus his result is not implied by Theorem 1. On the other hand, Lensberg’s result
cannot be applied in the present context because his sharing rules are defined for (i) any finite subset of
an infinite set of agents (excluding for instance many-to-one matching in which two firms cannot form a
coalition) and (ii) for all convex choice sets as opposed to choice sets below a hyperplane (in other words
he looks at sharing rules that are well-behaved across all choice problems with non-transferable utility,
while the present paper assumes only that the sharing rules are well-behaved across choice problems
with transferable utility). Both of these differences mean that Lensberg requires the sharing rules to be
well-behaved across a substantially larger space of problems than are available in our context.
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rule D is regular. There is a stable coalition structure for each preference profile induced

by the sharing rule if, and only if, for all a ∈ A there exist increasing, differentiable, and

strictly log-concave functions Ua : R+ → R+ such that
Ua
U �

a
(0) = 0, and

(Da,C (y))a∈C = arg maxP
a∈C sa≤y

�

a∈C

Ua (sa)

for all y ∈ R+ and coalitions C.

As an illustration of the above characterization results, consider a linear sharing rule

Da,C (y) = da,Cy

where shares da,C are positive constants such that
�

a∈C da,C = 1. Corollary 1 implies
that the linear sharing rule admits stable coalition structures in all states of nature if,
and only if, the shares da,C satisfy the proportionality condition

da,C

db,C
=

da,C�

db,C�

for all C, C � �= A and a, b ∈ C∩C �.9 This observation may be rephrased in terms of Nash
bargaining. The Nash bargaining example of Section 2 leads to linear sharing of value
if agents’ utilities are Ua (s) = sλa for some agent-specific constants (bargaining powers)
λa. The resulting shares satisfy the above proportionality condition, and any profile
of shares {di,C}C∈C−{A} that satisfies the proportionality condition may be interpreted
as generated by Nash bargaining. Thus, a profile of shares {di,C}C∈C−{A} guarantees
the existence of stable matching for all y : C → R+ if, and only if, the shares may be
represented as an outcome of Nash bargaining.

5.2 Assortative matching and coalition formation

When shares are divided by a stability-inducing sharing rule, agents sort themselves into
coalitions in a predictably assortative way. Let us start by looking at Nash bargaining
in which each agent a is endowed with an increasing, concave, and differentiable utility
function Ua normalized so that Ua (0) = 0. In this setting, agents sort themselves into

9In the context of one-sided coalition formation, Banerjee, Konishi, and Sönmez (2001) proved a
slightly weaker variant of one of the above implications: assuming the proportionality condition for all
coalitions C, C � they show that a stable coalition structure exists. The converse implication is new.
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coalitions according to their fear of ruin and their productivity. Recall that Aumann
and Kurz’s (1977) fear-of-ruin coefficient is defined as Ua(s)

U �
a(s) . We will say that agent a

has higher fear of ruin than agent b if Ua(s)
U �

a(s) ≥
Ub(s)
U �

b(s)
for all s > 0, and agent a has strictly

higher fear of ruin if strict inequality holds for all s > 0.
We will assume that each agent a ∈ A is endowed with productivity type θa from

a space Θ of types, and the output y (C) is fully determined by the size of C and
productivity types of members of C. In particular, if Ca and Cb = Ca ∪ {b} − {a} are
coalitions and θa = θb, then y (Ca) = y (Cb). We will furthermore assume that the space
Θ is endowed with a partial ordering on types, and that the output is strictly increasing
in the partial ordering on θa ∈ Θ (keeping productivity types of agents in C − {a}
constant). Finally, we will assume that the family of coalitions is symmetric, that is for
any agents a and b who are on the same side of the market, if a coalition C contains a

but not b, then (C ∪ {b})− {a} is a coalition. We say that two agents are on the same
side of the market if both are workers or if both are firms.

In this environment, the resulting stable coalition structure is assortative: agents with
high productivity and high fear of ruin form coalitions together. Formally,

Proposition 2. Assume that the family of coalitions is symmetric and that the outputs

are increasing in agents’ productivity. Let C1 and C2 belong to the same stable coalition

structure. For any agents a1, b1 ∈ C1 and a2, b2 ∈ C2 such that a1 and a2 are on the

same side of the market and b1 and b2 are on the same side of the market, if a1 is more

productive and has higher fear of ruin than a2, with at least one of the relations being

strict, then it is not possible that b2 is more productive and has higher fear of ruin than

b1, with at least one of the relations being strict.

The proof of Proposition 2 is by a straightforward indirect argument. Assume that
there are coalitions C1, C2 and agents a1, a2, b1, b2 that falsify the proposition. Denote by
sa the share of output of agent a. Recall from the analysis of Nash bargaining in Section
2 that Ua(s)

U �
a(s) takes a common value χC1 for all agents in C1, and a common value χC2 for

all agents in C2, and that agents always prefer coalitions with higher χ. Because of the
symmetry between assumptions on C1 and C2, we may assume that χC1 ≥ χC2 . Moreover,
by symmetry of the family of coalitions, C = (C1 − {b1}) ∪ {b2} is a coalition. Since b2

is more productive and more risk averse than b1, with at least one of the relations being
strict, we must have χC > χC1 . Because agents’ preferences over coalitions are aligned
with χ, all agents in C ∩C1 prefer it to C1, and agent b1 prefers C to C2. Thus, C would
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be a blocking coalition, a contradiction. QED
As an example of an application of Proposition 2, consider the case of agents endowed

with identical utility functions who differ in their productivity types θa ∈ Θ. Such agents
sort themselves in terms of productivity. This case of Proposition 2 generalizes the main
result of Farrell and Scotchmer (1988).10

As another example, consider the case when y (C) depends on C only through its
cardinality |C| and agents have power utilities, Ua (s) = sλa . Then the coefficients λa

may be interpreted as agents’ bargaining powers, and the result says that agents sort
themselves on bargaining powers: for any two coalitions in the stable coalition structure,
the largest bargaining power of a worker in one of them is weakly lower than the smallest
bargaining power of a worker in the other coalition; and similarly for firms. As an aside,
notice that the assortative structure implies that the differences among bargaining powers
of agents within coalitions of a stable coalition structure are suppressed relative to the
differences of bargaining powers among all agents.

Provided the coalition structure satisfies C1-C3, the assortative structure of Propo-
sition 2 remains true for all stability-inducing and efficient sharing rules characterized
in Corollary 1 and Proposition 1. Proposition 1 allows us to define analogues of Ua for
all such sharing rules, and the above proof of Proposition 2 extends to the more general
case without any changes. Furthermore, the assortative structure remains true for all
stability-inducing sharing rules if – in addition to agents’ impact on productivity – we
explicitly account for agents’ impact on the inefficiency. This is so because the ineffi-
cient sharing rules may be viewed as dividing the effective output (defined as the sum
of agents shares) in an efficient way. Proposition 1 allows us thus to find the bargaining
functions for the induced efficient sharing rule, and – productivity and inefficiency factors
held constant – agents sort themselves according to the fear-of-ruin coefficient of their
bargaining functions. Finally, if the fear-of-ruin coefficients of two bargaining functions,
Ua, Ub, are not comparable because the relation between Ua

U �
a
(s) and Ub

U �
b
(s) depends on

the stake s, then agents still sort themselves according to their fear of ruin calculated at
relevant stakes.

10Farrell and Scotchmer analyzed the equal sharing rule (which corresponds to assuming all agents
are endowed with identical utility functions) and imposed a linear relationship between outputs and
one-dimensional productivity types.
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5.3 Comparative statics: how inequality among members of a

coalition decreases the chances the coalition is stable

We will study how the sharing rule impacts the formation of any given coalition L.
We will assume that outputs y (C) are independently drawn from absolutely continuous
log-concave distributions on R+. Log-concavity means that the logarithm of the c.d.f. is
concave, and is equivalent to a monotone hazard rate condition. Many of the distributions
studied in economics, including the uniform distribution on [0, 1] and the exponential
distribution, satisfy this property. We will allow the distribution of y (C) to depend on
C through its cardinality |C| but not otherwise. Finally, we will impose the following
symmetry assumption on the family of coalitions: for any workers a and b, if a coalition
C contains a but not b, then (C ∪ {b})− {a} is a coalition.

As we will see, under these assumptions the equal sharing rule maximizes the prob-
ability of coalition L being stable in the case L = A.11 An analogue of this claim holds
true for any other coalition L �= A, but its formulation requires some care. There are two
forces that increase the probability that L �= A belongs to a stable coalition structure:
equality among workers in L and the relative bargaining strength of members of L when
compared to other agents. The probability of L being stable is maximized as we approach
the limit in which workers in L share the output equally, but would get nothing in any
coalition containing an agent from A − L. Since no regular sharing rule accomplishes
this limit, we will prove the maximal property of equal sharing while controlling for the
relative strengths of members of L vis-à-vis other agents.

Proposition 3. Assume that the family of coalitions C is symmetric and satisfies C1-C3,

that L is a coalition, and that outputs y (C) are independently drawn from size-dependent

log-concave distributions on R+. There is a partition of the class of stability-inducing,

efficient, and regular sharing rules such that each element of the partition contains a

unique sharing rule D that equalizes shares of workers in L for all output levels, and the

probability of L being stable under D is weakly higher than under any other sharing rule

from the element of the partition (and strictly higher if the distributions are strictly log-

concave). In particular, if L = A, then the equal sharing rule maximizes the probability

of A being stable among all stability-inducing, efficient, and regular sharing rules.

11We will be studying regular sharing rules. For such rules, the probability of a particular coalition
structure is well defined when y (C) are drawn from continuous distributions. Theorem 1 implies that
the stable coalition structure is generically unique when the sharing rule is regular, and it is easy to
extend the argument to conclude that in the current setting it is unique with probability 1.
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The proof of Proposition 3 allows us to construct a partial ordering on all stability-
inducing efficient sharing rules, such that the probability of L being stable is increasing
in the partial ordering. In lieu of a heuristic of the proof, let us look at such an ordering
restricting attention to the following class of linear sharing rules: each agent a is endowed
with bargaining power λa > 0, and coalition C divides output y so that the share of agent
a is

Da,C (y) =
λa�
b∈C λb

y.

The probability of coalition L forming is then decreasing in inequality among bargaining
powers of workers in L. Denote by λ(i) the i-th highest value of λw, among workers
w ∈ L. We will keep the bargaining powers of firms and of agents not in L proportional
to

�
w∈L∩W λw, and assess the inequality among workers in L with the following partial

order
(λw)w∈L∩W ≥ (λ�w)w∈L∩W ⇐⇒

λ(i)

λ(i+1)
≥

λ�(i)
λ�(i+1)

, i = 1, ..., |L ∩W | ;

the ordering is strict if at least one of the above inequalities is strict.

Proposition 4. Assume that the family of coalitions is symmetric, and that outputs y (C)

are independently drawn from size-dependent log-concave distributions on R+. Then,

the probability that the coalition L is stable is decreasing in the above-defined partial

order on the profiles of bargaining powers. The probability is strictly decreasing if output

distributions are strictly log-concave on R+.

Let us sketch the proof for the case of L = A. The appendix gives omitted parts of the
argument. First note that rescaling all bargaining powers by a constant changes neither
the ordering nor agents’ payoffs, and hence we may assume that

�
a∈A λa =

�
a∈A λ�a.

Assume that there are two workers, say a and b, whose bargaining powers differ, λa < λb.
Take any coalition C. If a, b ∈ C or a, b �∈ C then a small increase in λa and an
offsetting decrease in λb that keeps the sum of the two powers constant does not change
the probability that A is blocked by C. If a ∈ C but b �∈ C then C ∪ {b} − {a} is a
coalition by the symmetry of the family of coalitions, and we use the log-concavity of the
distributions to show that the above adjustment of the two bargaining powers decreases
the joint probability that A is blocked. Hence, the above adjustment of bargaining powers
increases the product of probabilities that A is not blocked by any coalition, and hence
the probability that A is stable. To conclude the proof we then show that if one profile
of bargaining powers is dominated by another in the above partial ordering, then there
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is a finite sequence of adjustments of bargaining powers that connects the two.

6 Applications: Matching

6.1 Complementarities in matching

The results of the preceding sections are applicable to many-to-one matching situations
with complementarities and peer effects. In the example of Section 2, we have seen that
firm g but not firm f treats the two workers as complementary in state ω2 both under
equal sharing and Nash bargaining, and that each worker cares whether the other one
works for the same firm. In general, under equal sharing or Nash bargaining, the firm’s
preferences may treat two or more workers as complementary as no assumption is needed
on the profile of outputs y. The peer effects are inherent to both equal sharing and Nash
bargaining: workers care about which other workers belong to their coalition.

The presence of complementarities means that some of the standard comparative
statics derived in the theory of many-to-one matching under the standard assumptions
of gross substitutes and lack of peer effects no longer hold true.12 A major standard
comparative static result says that removing an agent from one side of the market weakly
increases the payoffs of the other agents on the same side of the market, and weakly
decreases payoffs of agents on the other side (Crawford 1991). In contrast, even if we
assume that agents’ payoffs are determined in equal sharing or in Nash bargaining and
that the stable matching is unique, removing a worker may lead to a change of the stable
matching that results in some firms obtaining higher payoffs, and some workers obtaining
lower payoffs. For instance, consider equal sharing in state ω2 of the example of Section
2. The unique stable matching is {{f} , {g, 1, 2}} when all agents are available, and
{{f, 2} , {g}} when worker 1 is not available. Thus, firm f benefits and worker 2 loses
when worker 1 is removed. Similarly, removing a firm may increase the payoffs of some
workers, and decrease the payoff of some firms as illustrated below.

12We consider only many-to-one matchings that satisfy C2: any firm and any two workers can form a
coalition together. For the purposes of our discussion, this is not a strong restriction as complementarities
and peer effects can be present only in many-to-one matching situations in which some firms can be
matched with two (or more) workers. By Theorem 1 the stable matching is unique in our setting if
we adapt the standard assumption that agents’ preferences are strict. The uniqueness implies that the
lattice structure of the set of stable matchings and the so-called rural hospital theorem (Roth 1984, Roth
and Sotomayor 1990) are true in our setting. As usual the properties are not true when indifference is
allowed.
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Example 2. Consider three firms f1, f2, f3 and two workers w1, w2. Assume that agents
share outputs equally, and that the outputs are such that

y ({f1, w1}) = 2, y ({f2, w2}) = 1, y ({f3, w1, w2}) = 2,

and all other outputs equal zero. The unique stable matching is {{f1, w1} , {f2, w2} , {f3}}
when all agents are available, and {{f2} , {f3, w1, w2}} when firm f1 is not available.
Thus, removing firm f1 decreases the payoff of firm f2 and increases the payoff of worker
w2.

Weak versions of the standard comparative statics remain true: it is straightforward
to check that adding a worker weakly improves the payoff for at least one firm, and
adding a firm weakly improves the payoff for at least one worker.

6.2 Strategic play

Under the substitutes condition, the Gale and Shapley (1962) deferred acceptance algo-
rithm produces a stable coalition structure in a many-to-one matching provided agents
act truthfully. However, firms have incentives to be strategic, and in general the out-
come of the coalition formation process depends on the details of the non-cooperative
game agents play, and does not need to be stable (see, for instance, Roth 1985, Roth
and Sotomayor 1990, and Sönmez 1999). The following result shows that under pairwise
alignment the details of the process of coalition formation are less important.

Proposition 5. Consider a non-cooperative game (extensive or normal form) among

agents from A and a mapping µ̂ from agents’ strategies Σ to coalition structures such

that for each coalition C ∈ C there is a profile of strategies σC of agents in C such

that C ∈ µ̂ (σ) for all strategy profiles σ ∈ Σ that agree with σC on C. If the family

of coalitions satisfies C1 and C2, and agents’ preferences come from a rich domain of

pairwise-aligned preference profiles, then for every stable coalition structure µ, there is a

Strong Nash Equilibrium σ such that µ = µ̂ (σ).13

13We are implicitly assuming that each agent’s payoff is uniquely determined by the coalition in µ̂ (σ)
the agent belongs to. A profile of players’ strategies σ is a Strong Nash Equilibrium if there does not
exist a subset of players that can improve the payoffs of all its members by a coordinated deviation,
while players not in the subset continue to play strategies from σ (Aumann 1959). Similar results are
true for the Strong Perfect Equilibrium of Rubinstein (1980), and the Coalition-Proof Nash Equilibrium
of Bernheim, Peleg, and Whinston (1987).
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Proposition 5 relies on the alignment of agents’ preferences but not on the many-
to-one structure. The converse claim that any Strong Nash Equilibrium gives a stable
coalition structure is straightforward and does not require any assumptions on prefer-
ences.

The coalition formation game based on the Gale and Shapley deferred acceptance
algorithm satisfies the assumption of Proposition 5 as does the single-round-of-application
game in which each worker applies for one or no jobs and then each firm selects its
workforce from among its applicants. The assumption is also satisfied by the algorithm
of Echenique and Yenmez (2007) that takes as input agents’ preferences and generates
stable matching whenever it exists. In particular, in our setting truthful reporting is an
equilibrium of the game induced by Echenique and Yenmez’ algorithm.

The proposition shows that the assumption of Cartesian preference profile domain is
crucial for the main result of Sönmez (1999). Assuming that the domain of preference
profiles is the Cartesian product of the domains of agents’ preferences, Sönmez shows
that truthful reporting in equilibrium of a large class of games encompassing coalition
formation is possible only when the core is essentially single-valued, that is only when
the agents are indifferent among all coalitions in the core. As explained after Theorem
1, in general, even if preferences are strict, the core is not essentially single-valued in
Proposition 5 with C = 2A−{∅}. Similarly as in our comparison to Hatfield and Milgrom
(2005), it is the lack of Cartesian structure that explains why Sönmez’ insight does not
extend to our setting.

7 Concluding Remarks

We have seen which sharing rules and, more generally, which preference domains guaran-
tee existence of stable coalition structures, and analyzed properties of such sharing rules
and preference domains. Let us conclude with a brief overview of three possible research
areas to apply the results of the paper.

7.1 Hold-up

Hold-up problems resulting from contractual incompleteness have been studied in some
detail following Grossman and Hart (1986) and Hart and Moore (1990). The hold-up in
this literature results from inadequate specific investments made by coalition members
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(after the coalitions form). Within the constraint imposed by non-contractability of
specific investments, the further assumptions made by the literature force the coalition
structure to be (constrained) efficient.14

Our framework – and non-transferable utility coalition formation in general – gives
rise to a different type of hold-up problem: hold-up caused by inflexible sharing of output.
Consider Nash bargaining with constant bargaining powers. An agent may be better off
with a lower rather than higher bargaining power (other things held equal), as a highly
productive coalition may not form because the high bargaining power makes the agent
unable to compensate other agents on par with their outside options. Relatedly, the
stable coalition structure does not necessarily maximize the sum of agents’ payoffs. For
instance, a highly productive coalition may not form because the lack of side payments
makes it privately suboptimal for an agent with a relatively low bargaining power to join
it. Both of these problems illustrate the hold-up inherent to the model in which at the
matching stage the anticipated sharing of output is fixed, and agents cannot make or
contract on side payments when forming coalitions. In particular, this hold-up problem
may lead to inefficiency in the coalition structure itself.

The hold-up caused by inflexible sharing of output is far from being a solely theoretical
possibility. For instance, Baker, Gibbons, and Murphy (2008) report that a series of
interviews with practitioners involved in formation of alliances (coalitions) among firms
led them to conclude that lack of flexibility in dividing payoffs that accrue directly to
firms in an alliance (“spillover payoffs”) – rather than the alliance itself – is a major factor
determining the form and performance of alliances, more so than the standard hold-up
problems of inadequate specific investments the literature focused on.

The present paper contributes to this research area by showing which hold-up prob-
lems resulting from inflexible sharing of output may be solved for stable outcomes.

7.2 Synergies among start-ups in venture capital portfolios

Sørensen (2007) argues that many-to-one matching between start-ups and (lead) venture
capital firms is an example of a problem that exhibits severe contractual incompleteness.
To model such matching, Sørensen relies on the standard Gale and Shapley (1964) model
of many-to-one matching. This model forces him to assume that there are no synergies

14Reference to coalition structures is in keeping with Hart and Moore’s (1990) general setup; the
subsequent literature focused on their example in which coalitions are effectively formed by two parties
only.
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among start-ups in a venture capital firm’s portfolio; no synergies are allowed in both
the venture capital payoff (complementarities) nor in the start-ups’ payoffs (peer effects).
Synergies among start-ups, if present, would bias upward his estimates of the synergy
between venture capital and start-ups. The model proposed here may lend itself to a
reassessment of synergies among start-ups and venture capital.

7.3 Sharing rules as an instrument of market design

The literature on the design of the matching markets that follows Gale and Shapley (1962)
and Roth (1984) has been primarily concerned with algorithms used in the matching
process. The algorithms were designed with a goal to make the resulting matching
stable. The algorithm used in the centralized matching is the primary tool to achieve
stability, but it is not the only one.

For instance, consider the often-studied environment in which stability matters: the
matching between residents and US hospitals described by Roth (1984) and Roth and
Peranson (1999). The matching is organized by the Association of American Medical
Colleges, the Council on Medical Education of the American Medical Association, and
the American Hospital Association, all playing the role of a social planner. The medical
associations want the resulting matching to be stable because, historically, the lack of
stability led to the unraveling of the resident-hospital matching process. The main instru-
ment used by the associations to achieve stability is the matching algorithm. However,
the associations also regulate the residency system in other ways that influence residents’
and hospitals’ payoffs and thus affect the stability of the matching (even if achieving sta-
bility is not the immediate reason the regulations are agreed on). A recent example is
the 2003 regulation by the Accreditation Council for Graduate Medical Education that
limits residents’ working hours. It affected the agents’ payoffs – the majority of residents
surveyed by Niederee, Knudtson, Byrnes, Helmer, and Smith (2003), and Brunworth
and Sindwani (2006) supported the restriction, while the majority of teaching hospitals’
faculty opposed it.15

The regulations are like sharing rules, or preference domains, in that they influence
payoffs but do not depend on the payoff-relevant factors – states of nature – that are ex

15A well publicized intervention in the residency process was the Bell Commission’s restriction on the
number of consecutive hours residents may work. The restriction was imposed after Libby Zion died in
the New York Hospital while cared for by two sleep-deprived medical residents (cf. Robins (1995)). I
am grateful to Alvin Roth for directing me to these examples.
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ante unknown to the medical associations. While our model lacks the institutional detail
to apply it to the medical matching market, its results may be viewed as a step towards
understanding what tools – other than the matching algorithm – may be employed to
achieve stability in market design.

References

Angrist, Joshua, and Kevin Lang (2004) “Does School Integration Generate Peer Ef-
fects? Evidence from Boston’s Metco Program,” The American Economic Review

94(5), 1613-1634.

Aumann, Robert (1959) “Acceptable Points and General n-Person Cooperative Games,”
in: Contributions to the Theory of Games. Vol. 4., ed. by Robert J Aumann; A.
W. Tucker; and R. Duncan Luce, Princeton University Press.

Aumann, Robert J., and Mordecai Kurz (1977), “Power and Taxes,” Econometrica 45,
1137-1161.

Baker, George P., Robert Gibbons, Kevin J. Murphy (2008), “Strategic Alliances: Bridges
Between ‘Islands of Conscious Power’,” Journal of the Japanese and International

Economies 22(2), 146-163.

Banerjee, Suryapratim, Hideo Konishi, and Tayfun Sönmez (2001), “Core in a Simple
Coalition Formation Game,” Social Choice and Welfare 18, 135-153.

Becker, Gary S. (1973), “A Theory of Marriage: Part I,” Journal of Political Economy

81(4), 813-846.

Bernheim, B. Douglas, Belazel Peleg, and Michael D. Whinston (1987), “Coalition-
Proof Nash Equilibria I. Concepts,” Journal of Economic Theory 42, 1-12.

Brunworth Joseph D. and Raj Sindwani (2006), “Impact of Duty Hour Restrictions on
Otolaryngology Training: Divergent Resident and Faculty Perspectives,” Laryngo-

scope 116(7), 1127-1130.

Buchanan, James M. (1965) “An Economic Theory of Clubs,” Economica 32, 1-14.

30



Case, Anne C., and Lawrence F. Katz, “The Company You Keep: The Effect of Fam-
ily and Neighborhood on Disadvantaged Youths,” National Bureau of Economic

Research Working Papers, No. 3705, 1991.

Chiappori, Pierre-Andre, and Philip Reny, “Matching to Share Risk,” manuscript
http://home.uchicago.edu/~preny/papers/matching-05-05-06.pdf

Chung, Kim-Sau (2000) “On the Existence of Stable Roommate Matchings,” Games

and Economic Behavior 33 (2000), pp. 206–230.

Crawford, Vincent P. (1991) “Comparative Statics in Matching Markets,” Journal of

Economic Theory 54(2), 389-400,

Duflo, Esther, Pascaline Dupas, and Michael Kremer (2009), “Peer Effects, Teacher
Incentives, and the Impact of Tracking: Evidence from a Randomized Evaluation
in Kenya,” Manuscript.

Dutta, Bhaskar, and Jordi Massó (1997), “Stability of Matchings When Individuals
Have Preferences over Colleagues,” Journal of Economic Theory 75(2), 464-475.

Echenique, Federico and Jorge Oviedo (2004), “Core Many-to-one Matchings by Fixed
Point Methods” Journal of Economic Theory 115(2), 358-376.

Echenique, Federico and Mehmet Yenmez (2007), “A Solution to Matching with Pref-
erences over Colleagues” Games and Economic Behavior 59(1), 46-71.

Farrell, Joseph and Suzanne Scotchmer (1988), “Partnerships,” Quarterly Journal of

Economics 103(2), 279-297.

Gale, David, and Lloyd Shapley (1962), “College Admissions and the Stability of Mar-
riage,” American Mathematical Monthly 69, 9-15.

Grossman, Sanford J., and Oliver D. Hart (1986), “The Costs and Benefits of Owner-
ship: A Theory of Vertical and Lateral Integration,” Journal of Political Economy

94(4), 691-719.

Harsanyi, John C. (1959), “A Bargaining Model of the Cooperative n-Person Game.”
In: Tucker, A. W., and R. D. Luce (eds.), Contributions to the Theory of Games

IV. Princeton University Press, 325-355.

31



Hart, Oliver, and John Moore (1990), “Property Rights and the Nature of the Firm,”
Journal of Political Economy, 98(6), 1119-1158.

Hatfield, John William, and Fuhito Kojima (2008), “Matching with Contracts: Corri-
gendum,” American Economic Review 98, 1189-1194.

Hatfield, John William, and Paul Milgrom (2005), “Matching with Contracts,” Ameri-

can Economic Review 95(4), 913-935.

Kelso, Alexander S., Jr., and Vincent P. Crawford (1982), “Job Matching, Coalition
Formation, and Gross Substitutes,” Econometrica 50, 1483-1504.

Klaus, Bettina, and Flip Klijn (2005), “Stable Matchings and Preferences of Couples,”
Journal of Economic Theory 121(1), 75-106.

Legros, Patrick and Andrew Newman (2007), “Beauty Is a Beast, Frog Is a Prince:
Assortative Matching with Nontransferabilities,” Econometrica 75(4), 1073-1102.

Lensberg, Terje (1987), “Stability and Collective Rationality,” Econometrica 55, 935-
961.

Manski, Charles (1993) “Identification of Endogenous Social Effects: The Reflection
Problem,” Review of Economic Studies 1993, 531-42.

Niederee, Mark J., Jason L. Knudtson, Matthew C. Byrnes, Stephen D. Helmer, and R.
Stephen Smith (2003), “A Survey of Residents and Faculty Regarding Work Hour
Limitations in Surgical Training Programs” Archives of Surgery 138, 663-671.

Peleg, Belazel (1986) “On the Reduced Game Property and its Converse,” International

Journal of Game Theory 15, 187-200.

Pycia, Marek (2005), “Many-to-One Matching without Substitutability,” MIT Industrial
Performance Center Working Paper 008/2005.

Pycia, Marek (2006), “Bargaining and Coalition Formation,” manuscript,
http://pycia.bol.ucla.edu/pycia-bargaining-and-coalition-formation.pdf.

Pycia, Marek (2007), “Many-to-One Matching with Complementarities and Peer Ef-
fects,” manuscript,
http://pycia.bol.ucla.edu/pycia-matching-with-complementarities.pdf.

32



Revilla, Pablo (2007), “Many-to-one Matching when Colleagues Matter,” Fondazione
Eni Enrico Mattei Working Papers, No 146.
http://www.bepress.com/cgi/viewcontent.cgi?article=1148&context=feem.

Robins, Natalie (1995), The Girl Who Died Twice: Every Patient’s Nightmare The

Libby Zion Case and the Hidden Hazards of Hospitals, Delacorte Press, New York,
NY.

Roth, Alvin E. (1984), “The Evolution of the Labor Market for Medical Interns and
Residents: A Case Study in Game Theory,” Journal of Political Economy 92, 991-
1016.

Roth, Alvin E. (1985), “The College Admissions Problem is not Equivalent to the Mar-
riage Problem,” Journal of Economic Theory 36, 277-288.

Roth, Alvin E. and Elliott Peranson (1999), “The Redesign of the Matching Market for
American Physicians: Some Engineering Aspects of Economic Design,” American

Economic Review 89(4), 748-780.

Roth, Alvin E., and Marilda Sotomayor (1990), Two Sided Matching, Cambridge Uni-
versity Press.

Rubinstein, Ariel (1980), “Strong Perfect Equilibrium in Supergames,” International

Journal of Game Theory 9, 1-12.

Sacerdote B. (2001), “Peer Effects with Random Assignment: Results for Dartmouth
Roommates,” Quarterly Journal of Economics 2001, 681-704.

Sönmez, Tayfun (1999), “Strategy-Proofness and Essentially Single-Valued Cores” Econo-

metrica 67(3), 677-689.

Sönmez, Tayfun, and Utku Unver (2010), “Course Bidding at Business Schools,” Inter-

national Economic Review 51(1), 99 - 123.

Sørensen, Morten (2007) “How Smart is Smart Money? An Empirical Two-Sided
Matching Model of Venture Capital,” Journal of Finance 62, 2725-2762.

Thomson, William (2009), Consistent Allocation Rules, Book Manuscript, University
of Rochester.

33



Thomson, William, and Terje Lensberg (1989), Axiomatic Theory of Bargaining With

a Variable Population. Cambridge University Press.

Tullock, Gordon (1980), “Efficient Rent Seeking,” Chapter 6 in Toward a Theory of

the Rent-Seeking Society. J. Buchanan, R. Tollison, and G. Tullock (eds.), College
Station, TX: Texas A&M University Press.

Appendix A. Proofs

Lemma 1. Let �A be a preference profile such that the coalition structure µ �= {A} is

stable and let ��
A be a preference profile such that

C ��
a C � ⇐⇒ C �a C �

for a ∈ C, C � ∈ C − {A}. Then, either {A} or µ is stable with respect to ��
A. Moreover,

if µ is the unique �A-stable coalition structure and C �a A for any a ∈ C ∈ C, then

there are no ��
A-stable coalition structures other than µ and {A}.

Proof. Take any �A-stable coalition structure µ. Because ��
A is equivalent to �A on

C − {A}, hence no coalition other than A can ��
A-block µ. Thus, either µ is ��

A-stable
or is ��

A-blocked by A. In the latter case,

A ��a µ (a) for a ∈ A

where µ (a) denotes the coalition of agent a in coalition structure µ. Now, if {A} were
not ��

A-stable then there would be a coalition C �= A such that

C ��a A for a ∈ C.

The two displayed preferences would then imply that C ��a µ (a) and hence C �a µ (a)

for a ∈ C, contrary to stability of µ. Thus, if µ is not ��
A-stable then A is. The uniqueness

claim is straightforward. QED

Lemma 2. If there are no n-cycles for any n = 3, 4, ... then there is a stable coalition

structure.
16

16The proof shows something more: if there are no n-cycles, n = 3, 4, ..., in which all agents in Ck∩Ck+1

34



Proof. By Lemma 1, to show that lack of n-cycles for any n = 3, 4, .... implies that
there is a stable coalition structure, it is enough to prove this claim under the additional
assumption that either A �∈ C or A is �A-worst choice for each agent. We will proceed
by induction with respect to |A|. For |A| = 1 the claim is true. For the inductive step,
assume that the claim is true whenever the number of agents is less than |A|. By way of
contradiction, let us also assume that there is no stable coalition structure on A. Then,
for any coalition C ∈ C, there must exist a proper coalition C � that blocks C, that is
C ∩ C � �= ∅ and all agents a ∈ C ∩ C � strictly prefer C � to C. Indeed, if there was a
coalition C that is not blocked, then the following coalition structure would be stable:
C and coalitions that form a stable structure on A − C. Hence every coalition can be
blocked. Let us thus start with coalition C1 and find a proper coalition C2 that blocks
C1, and then a proper coalition C3 that blocks C2, etc. Since there is a finite number of
coalitions in C, and all are proper, there is an n-cycle. Moreover, n must be larger than
two, as C2 cannot be blocked by C1. This contradiction completes the proof. QED

Lemma 3. Let C satisfy C1 and C2, and R satisfy R1. If all profiles in R are pairwise-

aligned then no profile in R admits a 3-cycle.

Proof. By way of contradiction, assume that there are proper coalitions C1,2, C2,3, C3,1

and agents a1, a2, a3 such that

C3,1 ≺a1 C1,2 �a2 C2,3 �a3 C3,1.

Condition C1 implies that at least two of the agents a1, a2, a3 are workers, and then
C2 implies the existence of an agent a0 and proper coalitions C �

1,2, C
�
2,3, C

�
3,1 such that

C �
k,k+1 � ak, ak+1 and a0 ∈ C �

1,2 ∩ C �
2,3 ∩ C �

3,1.
If C �

1,2 = C �
2,3 then we can assume that C �

1,2 = C �
2,3 = C �

3,1 = C �. We obtain a
contradiction in the same way as in the analysis of the Kalai-Smorodinsky example

strictly prefer Ck+1 to Ck then there is a stable coalition structure. Also, since lack of n-cycles implies
lack of k-cycles for all k ≤ n, Lemma 2 shows that if there are no n-cycles for odd integers n ≥ 3
then there is a stable coalition structure. For the roommate problem, Lemma 2 follows from Chung’s
(2000) “no-odd-rings” condition; however his proof relies on the structure of the roommate problem.
Lemma 2 also strengthens a result from Farrell and Scotchmer (1988): they assume an existence of a
complete ordering on all coalitions that satisfy an equivalence counterpart of implication 3 from the
proof of Lemma 5 below, and show that there exists a stable coalition structure. Banerjee, Konishi, and
Sönmez (2001) relaxed the Farrell and Scotchmer’s ordering condition to a requirement that among the
coalitions formed by any subset of agents, there is a “top” coalition that is preferred by its members to
all alternatives. A relaxed version of their top coalition property is true in our setting as shown in the
proof of Proposition 5. Their result is logically independent of Lemma 2.
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presented after the statement of Theorem 1.
If C �

1,2, C
�
2,3, C

�
3,1 are all different, then R1 implies that there is a pairwise-aligned

profile ��
A such that

C3,1 ��
a1

C �
1,2 ��

a1
C1,2, (2)

C1,2 ��
a2

C �
2,3 ��

a2
C2,3,

C2,3 ��
a3

C �
3,1 ��

a3
C3,1,

and all agents’ ��
A-preferences between pairs of coalitions not including C �

1,2, C
�
2,3, C

�
3,1

are the same as their �A-preferences. Pairwise alignment of ��
A gives C �

3,1 ��
a1

C3,1, and
thus

C �
3,1 ��

a1
C �

1,2.

Similarly
C �

1,2 ��
a2

C �
2,3, and C �

2,3 ��
a3

C �
3,1.

Because agent a1 strictly prefers C1,2 over C3,1, at least one of the preference relations in
(2) must be strict, and thus at least one preference relation above is strict. Hence, the
pairwise alignment implies that

C �
3,1 ��

a0
C �

1,2 ��
a0

C2,3 ��
a0

C �
3,1,

with at least one preference relation strict, which is a contradiction. QED

Lemma 4. Let C satisfy C1, and R satisfy R1, and n ∈ {3, 4, ...}. If no profile in R

admits a 3-cycle, then no profile in R admits an n-cycle.

Proof. For an inductive argument, fix m ≥ 4 and assume that preferences in R do
not admit n-cycles for n = 3, ...,m−1. We will argue that preferences in R do not admit
m-cycles. By way of contradiction, assume that there is �A∈ R that admits an m-cycle
Cm,1 �a1 C1,2 �a2 ... �am Cm,1. Then a1 or a2 is a worker as otherwise C1 implies that
a1 = a2 and

Cm,1 �a1 C2,3 �a3 ... �am Cm,1

is an (m− 1)-cycle contrary to the inductive assumption. By symmetry, we may assume
that a1 ∈ W . Assumption C1 then implies that there is C such that a1, a3 ∈ C. We will
consider two cases.
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Case C = Ci,i+1, for some i = 1, ...,m. Look at C1,2, C2,3, C and conclude from the
lack of 3-cycles that one of the following three subcases would obtain.

• C1,2 ≺a1 C = Ci,i+1. Then Ci,i+1 �ai+1 Ci+1,i+2 �ai+2 ... �am Cm,1 �a1 Ci,i+1,
and the last preference is strict because Cm,1 �a1 C1,2 ≺a1 C = Ci,i+1. For the
same reason, i �= 1, m. Thus, there would be an (m− i + 1)-cycle, contrary to the
inductive assumption.

• C2,3 �a3 C = Ci,i+1. Then Ci,i+1 �a3 C3,4 �a4 ... �ai Ci,i+1 and the first preference
is strict because C ≺a3 C2,3 �a3 C3,4. For the same reason, i �= 2, 3. Thus, there
would be an n-cycle with n = i− 2 mod m, contrary to the inductive assumption.

• C ∼a1 C1,2 ∼a2 C2,3 ∼a3 C. Then C �a3 C3,4 �a4 ... �am Cm,1 �a1 C with at least
one strict preference inherited from the m-cycle Cm,1 �a1 C1,2 �a2 ... �am Cm,1.
Thus, there would be an (m− 1)-cycle, contrary to the inductive assumption.

Case C �= Ci,i+1 for all i = 1, ...,m. By R1 there is a pairwise-aligned preference profile
��

A∈ R such that all preferences along the m-cycle are preserved and

Cm,1 ��
a1

C ��
a1

C1,2.

We cannot have C ≺�a3
C2,3 for then C ≺�a3

C2,3 ��
a3

C3,4 and hence C ≺�a3
C3,4 ��

a4

... ��
am

Cm,1 ��
a1

C would be an (m− 1)-cycle. Thus, C ��
a3

C2,3, and

C ��
a1

C1,2 ��
a2

C2,3 ��
a3

C.

The lack of 3-cycles implies that all agents above are indifferent. But then C ��
a3

C3,4 ��
a4

... ��
am

Cm,1 ��
a1

C would be an (m− 1)-cycle with at least one strict preference inherited
from the m-cycle Cm,1 �a1 C1,2 �a2 ... �am Cm,1. This contradiction completes the proof.
QED

Lemma 5. If preference profile �A has no n-cycles for n = 2, 3, ..., and agents’ prefer-

ences are strict, then there is at most one stable coalition structure different than {A}.

Proof. Let us define a partial ordering � on proper coalitions as follows: C � C � iff
there exists a sequence of proper coalitions Ci,i+1 ∈ C such that C = C1,2, C � = Cm,m+1,

and for each i = 2, ...,m there is an agent ai ∈ Ci−1,i ∩ Ci,i+1 that weakly prefers Ci,i+1

to Ci−1,i. The relation is strict if for at least one i = 2, ...,m all agents a ∈ Ci−1,i ∩Ci,+1
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strictly prefer Ci,i+1 to Ci−1,i. Notice that all proper coalitions C, C � with a non-empty
intersection are comparable, and

if C � C � then C �a C � for all a ∈ C ∩ C �. (3)

The relation is transitive by construction. It is also acyclic in the sense of preference
theory: given transitivity, a relation is acyclic if there are no coalitions C and C � such
that C � C � and C � C �.

To prove the uniqueness claim, first consider the case A �∈ C. Let C1, C2, ..., Ck be
maximal coalitions in ordering �. By lack of 2-cycles and preference strictness, the coali-
tions C1, ..., Ck are disjoint. By (3) and strictness of preferences, the maximal coalitions
must be a part of every stable coalition structure, and by induction there is a unique
stable coalition structure. Lemma 1 completes the argument for the case A ∈ C. QED

Proof of Theorem 1. The existence claim follows from Lemmas 3, 4, and 2. The
uniqueness claim follows from Lemma 5. QED

Lemma 6. Let R satisfy R2. If all profiles �A∈ R admit a stable coalition structure,

then there is no �A∈ R and 3-cycle C3,1 ≺a1 C1,2 �a2 C2,3 �a3 C3,1 such that Ci−1,i ∩
Ci,i+1 = {ai} for i = 1, 2, 3.

Proof. By way of contradiction, assume that there exist �A∈ R and 3-cycle of
coalitions C1,2, C2,3, C3,1 prohibited by the lemma. Notice that coalitions Ci,i+1 are all
different because if Ci−1,i = Ci,i+1 then Ci−1,i = Ci,i+1 = {ai}, and hence a1 = a2 = a3,
and this agent’s preferences would be cyclic. We will modify the preference profile and
construct a profile in R that does not admit a stable coalition structure. At each step of
the procedure let us continue to denote the current profile by �A.

First, use R2(ii) with C = C1,2 to find a preference profile �A∈ R such that C3,1 ≺a1

C1,2, C1,2 ≺a2 C2,3, and C2,3 �a3 C3,1. Then, use R2(ii) with C = C2,3 to find �A such
that C3,1 ≺a1 C1,2, C1,2 ≺a2 C2,3, and C2,3 ≺a3 C3,1.

Last, one-by-one, for all coalitions C that (i) contain an agent from C1,2 ∪C2,3 ∪C3,1,
and (ii) are different than C1,2, C2,3, C3,1, use R2(i) to find �A∈ R such that C ≺a Ck,k+1

for a ∈ C ∩ Ck,k+1, k = 1, ..., 3.
The resulting profile of preferences belongs to R and does not admit a stable coalition

structure. This completes the proof. QED
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Lemma 7. Assume that R satisfies R1 and no profile in R admits a 3-cycle prohibited

by Lemma 6. If agents a, b, c and coalitions C, C �, Ca, Cb are such that

Ca ∩ C = Ca ∩ C � = {a} ,

Cb ∩ C = Cb ∩ C � = {b} ,

Ca ∩ Cb = {c}

then C �a C � =⇒ C �b C �
for all �A∈ R.

Proof. By way of contradiction, assume that

C �a C � and C � ≺b C.

Because Ca �= Cb, the condition R1 implies that there is �A∈ R (we will continue using
the symbol �A for the new profile) such that

C �a Ca �a C � and C � �b Cb �b C,

and preferences between coalitions other than Ca, Cb are unchanged. Notice that at least
one above preference of b is strict. Assume that

C � ≺b Cb;

the argument in the other case is symmetric. Since C, Cb, Ca cannot form a prohibited
3-cycle we have

Cb �c Ca.

Then, however, the coalitions C �, Cb, Ca form a prohibited 3-cycle; a contradiction that
proves the claim. QED

Lemma 8. Let C satisfy C1 and C3, and R satisfy R1. If no profile in R admits a

3-cycle prohibited by Lemma 6, then all profiles in R are pairwise aligned.

Proof. Take any proper coalitions C, C � such that C �a C �. We are to show the
following claim: C �b C � for any b ∈ C ∩ C �. In particular, we may assume that b �= a

and C � �b C.
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Step 1. We will prove the claim assuming that a, b ∈ W and |F | ≤ 1. Consider two
cases:

(i) Case W � C ∪ C �. Take c ∈ W − (C ∪ C �). By C1 and C3(i), Ca = {a, c} and
Cb = {b, c} are coalitions. The assumptions of Lemma 7 are satisfied, and our claim
follows.

(ii) Case W ⊆ C ∪ C �. By C1 and C3(i), {a, b} is a coalition. Because of R1, we can
assume that

C �a {a, b} �a C �.

By C3(ii), W � C ∪ {a, b}, and thus the first preference above and case (i) imply that
C �b {a, b}. Similarly, {a, b} �b C �. By transitivity C �b C �.

Step 2. We will prove the claim assuming that a or b is in F . The argument resembles
Step 1.

(i) Case W � C ∪ C �. Assumption C1 implies that one of the agents a, b is a
worker. Assume that a ∈ F, b ∈ W ; the argument in the other case is similar. Take
c ∈ W − (C ∪ C �). By C1 and C3(i), Ca = {a, c} is a coalition and either Cb = {b, c} is
a coalition or there is f ∈ F − {a} such that Cb = {b, c, f} is a coalition. In both cases
the assumptions of Lemma 7 are satisfied, and our claim follows.

(ii) Case W ⊆ C∪C �. The argument follows the argument of Step 1(ii) word-by-word.

Step 3. We will prove the claim assuming that a, b ∈ W and |F | ≥ 2. Consider two
cases.

(i) Case F � C ∪ C �. Take c ∈ F − (C ∪ C �). By C1 and C3(i), Ca = {a, c} and
Cb = {b, c} are coalitions, and our claim follows from Lemma 7.

(ii) Case F ⊆ C ∪ C �. By C1, there is c ∈ F − C �, and then C1 and C3(i) imply
that {a, c} and {b, c} are coalitions. If c /∈ C then Lemma 7 concludes the argument.
Consider c ∈ C. By R1 we can assume that

C �a {a, c} �a C � and C � �b {b, c} �b C.

Step 2 applied to {b, c} �b C gives {b, c} �c C, and similarly we derive C �c {a, c} . By
transitivity,

{b, c} �c {a, c} .
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Since we also know that {a, c} �a C � �b {b, c}, the lack of prohibited 3-cycles gives

C � ∼a {a, c} ∼c {b, c} ∼b C �.

Putting together what we have shown above about the preferences of c we see that
C �c {a, c} ∼c {b, c} �c C, and thus, {b, c} ∼c C. Step 2 then implies that {b, c} ∼b C.
This indifference, and the above-displayed indifference of b imply that C ∼b C �. This
ends the proof of the lemma because Steps 1-3 cover all possible situations. QED

Proof of Theorem 2. The theorem follows from Lemmas 6 and 8. QED

Proof of Proposition 1. The assumptions on Ua guarantee that the maximization
problem max(sa)a∈C

log
��

a∈C Ua (sa)
�

is concave and has an interior solution. The re-
sulting sharing rule is pairwise aligned and efficient. The remaining implication is the
non-trivial part of the proposition. Let us thus assume that a sharing rule D is pairwise
aligned and efficient, and construct the Nash-like representation. We will also assume
that W �= ∅ as otherwise C1 would imply that only singleton-sets are coalitions, and the
efficiency of D would imply that any profile of Ua represents D.

For each proper coalition C and agents a, b ∈ C let us define the function tb,a : R+ →
R+ by

tb,a (Da,C (y)) = Db,C (y) , y ≥ 0.

The function maps the share agent a obtains when C produces y into the share agent
b obtains at the same output level. The function is well-defined because Da,C is onto
R+ and the strict monotonicity of Da,C guarantees that Da,C (y) = Da,C (y�) implies
y = y�, and hence Db,C (y) = Db,C (y�). Moreover, function tb,a is strictly increasing and
continuous (by monotonicity and continuity of Da,C and Db,C). Finally, function tb,a does
not depend on C because Da,C (y) = Da,C� (y�) and the pairwise alignment of D imply
that Db,C (y) = Db,C� (y�).

We will now construct Wa = log Ua, a ∈ A, in three steps. Let w∗ be an arbitrary
reference worker. Notice that the function tw∗,b is defined for all agents b, that tw∗,b is
invertible, and the function f : (0,∞) → (0,∞) given by

f (t) = min
b∈A

�
(tw∗,b)

−1 (t)
�− 1

2 , t > 0,

is continuous and strictly decreasing (because tw∗,b are continuous and strictly increasing),
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and f (s) → +∞ as s → 0+ (because the inverse function t−1
w∗,b (s) → 0 as s → 0). Thus,

the auxiliary functions functions ψa : (0,∞) → (0,∞) given by

ψa = f ◦ tw∗,a.

are positive, continuous, strictly decreasing, and ψa (s) → +∞ as s → 0+. Functions ψa

are integrable at 0 because they are positive and bounded above by (0,∞) � s → s−
1
2 .

Define
Wa (s) =

� s

0

ψa (τ) dτ,

and observe that Wa are strictly increasing, strictly concave, differentiable, and W �
a (0) =

lims→0 ψa (s) = +∞. Thus, Ua = exp ◦Wa are strictly increasing, strictly log-concave,
differentiable, and Ua

U �
a
(0) = 1

W �
a
(0) = 0.

It remains to take an arbitrary coalition C and show that (Da,C (y))a∈C is equal to
the solution of the following maximization problem,

arg maxP
a∈C sa≤y

�

a∈C

Wa (sa) .

The maximization problem is concave and hence has a solution. Furthermore, W �
a (0) =

+∞ guarantees that the solution is internal and satisfies the first order Lagrange con-
dition ψa (s̃a) = λ. The first order condition can be rewritten as tw∗,a (s̃a) = f−1 (λ),
or

s̃a = ta,w∗
�
f−1 (λ)

�
.

Since ta,w∗ is strictly monotonic, s̃a is uniquely determined by this equation and the tight
feasibility constraint �

a∈C

s̃a = y

(the constraint is tight because Wa are strictly increasing).
If C does not contain any workers, then C1 implies that C is a singleton coalition,

and the Pareto efficiency of D is enough to yield the claim. Otherwise, fix a worker
w ∈ C and notice that for agents a ∈ C, we have Da,C = ta,w ◦Dw,C . Since C1-C2 and
R1 are satisfied, Lemma 3 implies that ta,w∗ ◦ tw∗,w = ta,w, and hence,

Da,C (y) = ta,w∗ (tw∗,w ◦Dw,C (y)) = ta,w∗ (x)
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for x = tw∗,w◦Dw,C (y). Notice that x does not depend on a, and can be written as f−1 (λ)

for some λ, and thus the system of equations for Da,C (y) is identical to the analogous
equations for s̃a above, and that the Pareto efficiency of Da,C (y) |a∈C is identical to the
tight feasibility constraint on s̃a. The uniqueness of solutions to these equations means
that s̃a = Da,C (y), what was to be proved. QED

Proof of Proposition 3. The representation of Corollary 2 is applicable because
C satisfies C1-C3. Hence all regular, efficient, and stability-inducing sharing rules may
be represented by a profile of agents’ bargaining functions, Ua. Let da be the inverse
function of U �

a
Ua

. Let us refer to functions da as demand functions because da (p) may be
interpreted as the demand of an agent with utility log Ua who faces price p per unit of
output. Notice that agent a’s share sa of output y in coalition C � a satisfies sa = da (p)

where p is determined by the market-clearing condition
�

a∈C da (p) = y. Agents prefer
coalitions with lower market-clearing price p, and the sharing rule is fully characterized
by the profile of demands (da)a∈A. For instance, if Ua (s) = sλa then da (p) = λa

p and the
market clearing price in coalition of such agents is p = 1

y

�
a∈C λa.

Notice that every demand function da : R+ → R+ is a decreasing bijection, and any
decreasing bijection da corresponds to a bargaining function Ua (s) = exp ◦

� s

1 d−1
a (t) dt

that is strictly increasing, differentiable, log-concave, and such that Ua
U �

a
(0) = 0. Con-

sequently, two demand profiles (da)a∈A and
�
d̃a

�

a∈A
represent the same sharing rule if,

and only if, there is an increasing bijection T : R+ → R+ such that d̃a = da ◦ T for every
a ∈ A. We can thus normalize the demand function by assuming that

�
a∈A da (p) = 1

p .
In this way we obtain a one-to-one correspondence between sharing rules and demand
profiles. Let us partition the sharing rules into subclasses such that normalized demands
db, b ∈ F ∪ (W − L), and the sum

�
a∈L da are the same for each rule in the subclass.

It remains to prove that among rules in an element of the partition, the unique rule in
which dw = dw� for workers w, w� ∈ L maximizes the probability that L belongs to a
stable coalition structure.

We may restrict attention to output profiles that result in strict preferences of agents
among subcoalitions of A−L, as this event happens with probability 1. Furthermore, we
may prove the claim conditional on a fixed profile of outputs for L and coalitions of agents
in A − L. Because of strict preferences and the regularity of the sharing rule, Theorem
1 implies that there is a unique stable coalition structure on A− L. Let

�
C1, ..., Ck

�
be

this stable coalition structure. Hence, whenever L belongs to a stable coalition structure,
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the stable structure is
�
L, C1, ..., Ck

�
. We will refer to this event as L being stable.

We will start with any sharing rule (da)a∈A, select a pair of workers w, w� ∈ L∩W , and
adjust the sharing rule so that both workers w, w� are endowed with demand functions
dw+dw�

2 . The resulting demand-function representation is normalized and the resultant
sharing rule belongs to the same element of the partition as (da)a∈A. Let us check that
the probability of L being stable is larger for the adjusted sharing rule (and strictly larger
if the distributions are strictly log-concave). The independence of output distributions
implies that the probability that L is stable equals to the product of probabilities that
L is not blocked by coalitions C �= L such that C ∩ L �= ∅. The adjustment does not
change the probability that L is blocked by C if C contains both or neither of workers
w, w� because the market-clearing prices of L, coalitions disjoint with L, and C, stay the
same in every profile of outputs. We will show that the adjustment increases the joint
probability that L is not blocked by coalitions Cw or Cw� such that w ∈ Cw and w� �∈ Cw

and Cw� = Cw ∪ {w�} − {w}; by symmetry either both sets Cw, Cw� are coalitions or
none is. Let us denote the set Cw − {w} = Cw� − {w�} by S (this set is not necessarily
a coalition), and let p∗ be the minimum among market-clearing prices in coalition L

and these among coalitions Ci, i = 1, ..., k, that have a non-empty intersection with set
S. Coalitions Ca, Cb do not block

�
L, C1, ..., Ck

�
precisely when their market clearing

prices are above p∗. Denote by Fm the c.d.f. of the probability distribution from which
outputs of a coalition of size m are drawn. The probability that before adjustment L is
not blocked by Cw and Cw� equals

F|Cw|

�
y ≤ dw (p∗) +

�

a∈S

da (p∗)

�
F|Cw� |

�
y ≤ dw� (p∗) +

�

a∈S

da (p∗)

�
,

and by concavity of log ◦F|Cw| = log ◦F|Cw� | the probability after adjustment

F|Cw|

�
y ≤ dw + dw�

2
(p∗) +

�

a∈S

da (p∗)

�
F|Cw� |

�
y ≤ dw + dw�

2
(p∗) +

�

a∈S

da (p∗)

�

is higher.
As we repeat the above procedure in such a way that every possible pair of workers a, b

is selected infinitely many times, the demand function of each worker from L converges
point-wise to 1

|L∩W |
�

w∈L∩W dw (the demand functions of other agents do not change).
The probability that L is stable is higher for the sharing rule that is the point-wise
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limit of the procedure than for the original sharing rule (da)a∈A. This is so because the
distributions of outputs are absolutely continuous, demands are decreasing, and hence
the probability of L being stable is continuous in the point-wise metric on the demand
profiles (da)a∈A. QED

Proof of Proposition 4. First consider the case L = A. There are two places in the
sketch of the proof in the main text that require a supporting argument. First consider
coalition C that contains a but not b. We need to show that the probability that A is not
blocked by one (or both) of the coalitions Ca = C and Cb = C ∪ {b}− {a} is decreasing
when we replace λa with λa + � and λb with λb − � so that

λa < λa + � ≤ λb − � < λb.

We will refer to such changes of bargaining powers as an (λa, λb, �)-adjustment. We will
show that (λa, λb, �)-adjustment increases the probability that A is not blocked condi-
tional on the output of A being equal to an arbitrary y ≥ 0. The argument follows the
same logic as an analogous argument in Proposition 3. Denote by Fk the c.d.f. of the
probability distribution from which outputs of a coalition of size k are drawn. Condi-
tional on the output of A being equal to y, and keeping the original bargaining powers,
the grand coalition is not blocked by either Ca and Cb if

y�
i∈A λi

≥ y (Ca)�
i∈Ca

λi
and

y�
i∈A λi

≥ y (Cb)�
i∈Cb

λi
.

By independence, the conditional probability of these two inequalities is equal to the
product

F|Ca|

��
i∈Ca

λi�
i∈A λi

y

�
F|Cb|

��
i∈Cb

λi�
i∈A λi

y

�
.

Similarly, the conditional probability that A is not blocked after we adjustλa and λb

equals

F|Ca|

�
� +

�
i∈Ca

λi�
i∈A λi

v

�
F|Cb|

�−� +
�

i∈Cb
λi�

i∈A λi
v

�
,

and is higher than the probability before adjustment because of the assumption that
log ◦F|Ca| = log ◦F|Cb| is concave. The probability increase is strictly positive if log ◦F|Ca| =

log ◦F|Cb| is strictly concave.
The remaining supporting argument is given by the following
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Claim. If
�

a∈A λa =
�

a∈A λ�a and (λa)a∈A > (λ�a)a∈A then there exists a finite
sequence of (λa, λb, �)-adjustments that transforms (λ�a)a∈A into (λa)a∈A (that is there
are bargaining power profiles λk ∈ RA

+, k = 1, ..., n ≥ 2 such that λ1 = λ�, λn = λ, and
λk+1 equals λk except for two coordinates a, b ∈ C such that λk

a < λk+1
a ≤ λk+1

b < λk
b ,

and λk+1
a − λk

a = λk
b − λk+1

b ).
Proof. We may assume that λ�1 < ... < λ�n because the ordering between λ� and λ

is independent of permutation (or, renaming) of agents in A. Then also λ1 < ... < λn

because λ > λ�. Notice that λ1 > λ�1 as otherwise λi ≤ λ�i for all i = 1, ..., n with some
inequalities strict, contrary to λ and λ� having the same sum of coordinates. Similarly,
λn < λ�n.

Let λ1 = λ� and define a to be the maximal subscript such that λ1
a = λ1

1 and b be the
minimal subscript such that λ1

b = λ1
n. Let � = min

�
λ1

b − λ1
b−1, λ

1
b − λ1, λ1

a+1 − λ1
a, λ1 − λ1

a

�
.

Let λ2 be given by the (λ1
a, λ

1
b , �)-adjustment of λ1 (in words, the adjustment is raising the

a-coordinate and lowering the b-coordinate as long as λ2
a is weakly lower than λ1

a+1, λn,
and λ2

b weakly higher than λ1
a+1and λ1). Notice that

λ1 < λ2 ≤ λ,

and �

i=1,...,n

��λi − λ1
i

�� >
�

i=1,...,n

��λi − λ2
i

�� .

If λ2 �= λ then we construct λ3 via the same procedure with λ2 substituted for λ1. The
analogues of the above-displayed relations continue to hold. Since all λk

a, λ
k
b come from a

finite grid, the iterations terminate with some λk = λ. This ends the proof of the claim.
Finally, consider the case L �= A. Again, we may assume that

�
a∈L λa =

�
a∈L λ�a.

The argument that �-adjustments increase the probability of L being stable follows the
same lines as an analogous argument in the proof of Proposition 3. The analogue of
the above claim on sequences of �-adjustments remains true, and concludes the proof.17

QED
17We can define a similar partial ordering on all regular, efficient, and stability inducing sharing rules.

Take, for instance, L = A and represent the sharing rule in the demand form of the proof of Proposition
3. The ordering is then such that (da)a∈A dominates (d�a)a∈A if d(i)(p)

d(i+1)(p) ≥
d�
(i)(p)

d�
(i+1)(p) , i = 1, ..., |A| ; where

the order statistics d(i), d
�
(i), are taken point-wise (independently for every price p). The comparison of

probabilities of A being stable under the two sharing rules would follow the construction from Proposition
4 with the proviso that (da, db, �)-adjustments would be defined for functions � : R+ → R+ that preserve
monotonicity of da + � and db − �.
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Proof of Proposition 5. Fix agents’ preference profile and a stable coalition struc-
ture {C1, ..., Ck}. To show that the coalition structure is implementable as a Strong Nash
Equilibrium consider first the case C1 = A. By (ii) there is a profile of strategies of agents
σ such that A ∈ µ (σ); this profile must be a Strong Nash Equilibrium. If C1 �= A then
all coalitions Ci are proper. By Lemmas 3 and 4, there are no n-cycles for n = 2, 3, ....

Notice that this implies that at least one of the coalitions C1, ..., Ck is weakly preferred by
its members to all other proper coalitions. Indeed, if not then let C �

1 be a proper coalition
that is strictly preferred to C1 by an agent a1 from C1 ∩C �

1. Since {C1, ..., Ck} is stable,
there must be a coalition Ci and agent a�1 that weakly prefers Ci to C �

1. We could repeat
the procedure, and define C �

2 to be a proper coalition that is strictly preferred to Ci by
at least one agent a2 ∈ Ci ∩ C �

2. Since there are a finite number of coalitions, in this
way we would eventually construct an n-cycle. The contradiction proves that there is a
coalition Ci1 that is weakly preferred by all its members to any other proper coalition.
We can recursively re-index coalitions Ci1 , Ci2 , ..., Cik so that Cij is weakly preferred by
all its members to any proper coalition of agents in A−

�
Ci1 ∪ ... ∪ Cij−1

�
. By (ii), there

is a profile σCi of strategies of agents from Ci that leads to formation of Ci. Profiles σCi

put together form a Strong Nash Equilibrium. QED

Appendix B. Material for Online Appendix

Properties of profiles in rich pairwise-aligned domains

Proposition 6. If the family of coalitions satisfies C1 and C2, then a preference profile

�A belongs to a rich domain of pairwise-aligned profiles iff �A admits no n-cycles, n =

2, 3, ....

Proof. One implication follows from Lemmas 3, 4 of the proof of Theorem 1. To
prove the remaining implication, we will show that the domain of all preference profiles
that do not admit n-cycles, n = 2, 3, ... satisfies R1 and R2. Fix a profile �A that does
not admit n-cycles, n = 2, 3, ....

To prove that R1 is satisfied, we will use an extension of the partial ordering �
constructed in the proof of Lemma 5 (the construction did not rely on the strictness of
preferences assumed in Lemma 5). We will recursively construct the extension so that
all proper coalitions are comparable while maintaining transitivity and acyclicity. Let
relation �k⊂ C×C be a transitive and acyclic extension of �. Take any C and C � that are
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not comparable under �k (if there are no such coalitions then the extension is complete).
Let �k+1⊂ C×C be the smallest transitive extension of �k ∪ {(C, C �)}. Relation �k+1 is
transitive by definition and it is acyclic as otherwise either �k would violate acyclicity or
C and C � would be comparable under �k. Since there is a finite number of coalitions this
process will terminate producing the postulated extension of �. The extension satisfies
relation (3) from the proof of Lemma 5 because all pairs of proper coalitions C and C �

with non-empty intersection are comparable under �.18 In the remainder of the proof
let us refer to the extension as �.

To prove R1, we will take three different coalitions C0, C, C1 and agent a such that
C0 �a C1, and construct a preference profile ��

A whose existence is postulated in R1.
At least one of the coalitions C0, C1 is proper, and because of symmetry we may assume
that C1 �= A. Define the preference profile ��

A so that it coincides with �A for pairs of
coalitions C �, C �� ∈ C− {C}, and for coalitions C � ∈ C− {C} and a ∈ C � ∩C let C � ≺a C

if C � = A, and otherwise let

C ≺�a C � if C1 � C �,

C ��a C � if C1 � C �,

C ∼�a C � otherwise.

The profile ��
A proves R1 because C0 ��

a C ∼�a C1 and ��
A does not admit n-cycles. The

latter claim is true because if there was an n-cycle Cm,1 ≺�a1
... ��

am−1
Cm−1,m ��

am
Cm,1

then C �
m,1 � ... � C �

m−1,m � C �
m,1 for coalitions C �

i,i+1 = Ci,i+1 when Ci,i+1 �= C and
C �

i,i+1 = C1 when Ci,i+1 = C. This is however impossible as � is acyclic.
To prove R2(i), take two different coalitions C, C1 and define the preference profile

��
A so that it coincides with �A for pairs of coalitions C �, C �� ∈ C − {C}, and C ≺�a C �

whenever C � ∈ C − {C} and a ∈ C � ∩ C. If ��
A admitted an n-cycle Cm,1 ≺�a1

... ��
am−1

Cm−1,m ��
am

Cm,1 then one of the coalitions Ck,k+1| mod m, k = 1, ...,m would need to be
C (since �A does not admit n-cycles), but C is not weakly preferred to any coalition.

To prove R2(ii), take three different coalitions C0, C, C1 and agents a, b such that
C0 ≺a C ∼b C1, and define the preference profile ��

A so that it coincides with �A for pairs
of coalitions C �, C �� ∈ C−{C}, and for C � ∈ C−{C} and a ∈ C �∩C let C ≺�a C � if C �a C �

and C ��a C � otherwise. If ��
A admitted an n-cycle Cm,1 ≺�a1

... ��
am−1

Cm−1,m ��
am

Cm,1

18The resultant ordering may be seen as a weak counterpart of the ordering constructed by Farrell
and Scotchmer (1988) for equal sharing.

48



then we would need to have C = Cm,1 (as otherwise the coalitions would form an n-cycle
under �A), and hence Cm,1 ≺�a1

... ��
am−1

Cm−1,m ≺�am
Cm,1 (as no agent is ��

A -indifferent
between C and another coalition). Then, however, Cm,1 �a1 ... �am−1 Cm−1,m ≺am Cm,1

would be an n-cycle, a contradiction. QED
The above argument shows, in particular, that a preference profile �A belongs to an

R1-rich domain of pairwise-aligned profiles iff �A admits no n-cycles, n = 2, 3, .... The
argument may be adapted to show that the domain of all strict preference profiles that
do not admit n-cycles is also rich.

Relaxing assumptions on the family of coalitions C and the room-

mate problem

We may relax C2 and C3 at the cost of replacing pairwise alignment by less transparent
conditions. For instance, for families of coalitions satisfying C1 and preference profile
domains satisfying R1, if no profile admits a 3-cycle, then all profiles admit a stable
coalition structure (by Lemmas 2 and 4). For the roommate problem, assumption R2
and Lemma 6 provide the reverse implication, and we obtain:

Corollary 3. Suppose that C = {C ⊆ A, |C| ≤ 2} and that domain of preferences R

satisfies R1 and R2. Then, the following three statements are equivalent:

* All profiles in R admit a stable matching.

* No profile in R admits a 3-cycle.

* No profile in R admits an n-cycle, n = 3, 4, ....

Cardinal vs. ordinal formulation

The richness conditions R1 and R2 imposed on the domain of preferences capture the
properties of monotone and surjective sharing rules (see Corollary 1) that are needed
for the equivalence between pairwise alignment and stability. Richness is weaker than
monotonicity and surjectivity. In fact, some R1 and R2 rich domains of ordinary profiles
cannot be reinterpreted in terms of cardinal utilities. An example is given in the working
paper draft, Pycia (2005).
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Relaxing richness in matching

In many-to-one matching, one might expect that the division of output in coalitions of
a firm and a worker is different than the division of output in larger coalitions if workers
compete against each other in the internal bargaining. We can take this into account,
by imposing an R1-like condition only on coalitions with two, or more, workers.

Proposition 7. Assume that R is a domain of preferences in a many-to-one matching

problem satisfying C2, and that for any �A∈ R, any agent a ∈ A, and coalitions C, C �

such that a ∈ C, C �
and |C| , |C �| ≥ 3, there exists a profile ��

A∈ R such that C ∼�a C �

and all agents’ ��
A-preferences between pairs of coalitions not including C are the same

as their �A-preferences. If all preference profiles in R are pairwise-aligned, then they

admit stable coalition structures.

The working paper draft, Pycia (2007), gives the proof. In particular, the proof shows
that there is a stable matching if in any subset of agents either there is a coalition that
is weakly preferred to by all its members to all other coalitions of agents in the subset,
or there is a group G of one- and two-member coalitions that are weakly preferred by all
their members to any coalition of agents in the subset that is not in G.

Other stability concepts

The existence results of this paper are not specific to core stability of Definition 1. The
results hold true for other stability concepts such as pairwise stability and group stability
in many-to-one matching. The working paper draft, Pycia (2007), gives details.
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