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1 Introduction

Financial economists are now in the fortunate situation of having a huge amount of high-
frequency financial data for a large number of assets. Over the past fifteen years the econo-
metric methods to analyze the high-frequency data for a small number of assets has grown
exponentially. At the same time the field of large dimensional data analysis has exploded pro-
viding us with a variety of tools to analyze a large cross-section of financial assets over a long
time horizon. This paper merges these two literatures by developing statistical methods for
estimating the systematic pattern in high frequency data for a large cross-section. One of the
most popular methods for analyzing large cross-sectional data sets is factor analysis. Some
of the most influential economic theories, e.g. the arbitrage pricing theory of Ross (1976) are
based on factor models. While there is a well-developed inferential theory for factor models
of large dimension with long time horizon and for factor models of small dimension based on
high-frequency observations, the inferential theory for large dimensional high-frequency factor
models is an area of active research.

This paper develops the statistical inferential theory for approximate factor models of large
dimensions based on high-frequency observations. Conventional factor analysis requires a long
time horizon, while this methodology also works with short time horizons, e.g. a week. If
a large cross-section of firms and sufficiently many high-frequency asset prices are available,
we can estimate the number of systematic factors and derive consistent and asymptotically
mixed-normal estimators of the latent loadings and factors. These results are obtained for
very general stochastic processes, namely It6 semimartingales with jumps, and an approximate
factor structure which allows for weak serial and cross-sectional correlation in the idiosyncratic
errors. The estimation approach can separate factors for systematic large sudden movements,
so-called jumps factors, from continuous factors.

This methodology has many important applications as it can help us to understand system-
atic risk better. First, we obtain guidance on how many factors might explain the systematic
movements and see how this number changes over short time horizons. Second, we can analyze
how loadings and factors change over short time horizons and study their persistence. Third, we
can analyze how continuous systematic risk factors, which capture the variation during “normal”
times, are different from jump factors, which can explain systematic tail events. Fourth, after
identifying the systematic and idiosyncratic components we can apply these two components
separately to previous empirical high-frequency studies to see if there is a different effect for
systematic versus nonsystematic movements. For example we can examine which components
drive the leverage effect. In a separate paper, Pelger (2015), I apply my estimation method to
a large high-frequency data set of the S&P500 firms to test these questions empirically.

My estimator for the loadings and factors is essentially the well-known principal component



based estimator of Bai (2003), where I just use properly rescaled increments for the covariance
estimation. However, except for very special cases the necessary assumptions and the proofs
cannot be mapped into the long-horizon factor model and hence require new derivations. The
asymptotic distribution results are in general different from the long-horizon factor model.!
Furthermore conventional factor analysis does not distinguish between continuous and jump
risk. Using a truncation approach, I can separate the continuous and jump components of the
price processes, which I use to construct a “jump covariance” and a “continuous risk covariance”
matrix. The latent continuous and jump factors can be separately estimated by principal
component analysis.

This paper develops a new estimator for the number of factors that requires only the same
weak assumptions as the loadings estimator in my model. The basic idea in most estimation
approaches is that the systematic eigenvalues of the estimated covariance matrix or quadratic
covariation matrix will explode, while the other eigenvalues of the idiosyncratic part will be
bounded. Prominent estimators with good performance in simulations? impose the additional
strong assumptions of random matrix theory that imply that a certain fraction of the small
eigenvalues will be bounded from below and above and the largest residual eigenvalues will
cluster. I propose the novel idea of perturbing the eigenvalues before analyzing the eigenvalue
ratio. As long as the eigenvalue ratio of the perturbed eigenvalues is close to one, the spectrum
is due to the residuals. Due to a weaker rate argument and not the strong assumptions of
random matrix theory the eigenvalue ratio of perturbed idiosyncratic eigenvalues will cluster.
The important contribution of my estimator is that it can estimate the number of continuous,
jump and total factors separately and that it can deal with strong and weak factors as we are
focussing on the residual spectrum. The approach is robust to the choice of the perturbation
value. Simulations illustrate the excellent performance of my new estimator.

I extend my model into two directions. First, I include microstructure noise and develop an
estimator for the variance of microstructure noise and for the impact of microstructure noise
on the spectrum of the factor estimator, allowing us to test if a frequency is sufficiently coarse
to neglect the noise. Second, I develop a new test to determine if a set of estimated statistical
factors can be written as a linear combination of observed economic variables. The challenge is
that factor models are only identified up to invertible transformations. I provide a new measure

for the distance between two sets of factors and develop its asymptotic distribution under the

(1) After rescaling the increments, we can interpret the quadratic covariation estimator as a sample covariance
estimator. However, in contrast to the covariance estimator, the limiting object will be a random variable and
the asymptotic distribution results have to be formulated in terms of stable convergence in law, which is stronger
than convergence in distribution. (2) Models with jumps have “heavy-tailed rescaled increments” which cannot
be accommodated in the relevant long-horizon factor models. (3) In stochastic volatility or stochastic intensity
jump models the data is non-stationary. Some of the results in large dimensional factor analysis do not apply to
non-stationary data. (4) In contrast to long-horizon factor analysis the asymptotic distribution of my estimators
have a mixed Gaussian limit and so will generally have heavier tails than a normal distribution.

2E.g. Onatski (2010) and Ahn and Horenstein (2013)



same weak assumptions as for the estimation of the factors.

My work builds on the fast growing literatures in the two separate fields of large-dimensional
factor analysis and high-frequency econometrics.> The notion of an “approximate factor model”
was introduced by Chamberlain and Rothschild (1983), which allowed for a non-diagonal co-
variance matrix of the idiosyncratic component. They applied principal component analysis
to the population covariance. Connor and Korajczyk (1988, 1993) study the use of principal
component analysis in the case of an unknown covariance matrix, which has to be estimated.
The general case of a static large dimensional factor model is treated in Bai (2003). He develops
an inferential theory for factor models for a large cross-section and long time horizons based
on a principal component analysis of the sample covariance matrix. His paper is the closest
to mine from this literature. As pointed out before for general continuous-time processes we
cannot map the high-frequency problem into the long horizon model. Forni, Hallin, Lippi and
Reichlin (2000) introduced the dynamic principal component method. Fan, Liao and Mincheva
(2013) study an approximate factor structure with sparsity. Some of the most relevant estima-
tors for the number of factors in large-dimensional factor models based on long-horizons are the
Bai and Ng (2002), Onatski (2010) and Ahn and Horenstein (2013) estimators.* The last two
estimators perform well in simulations, but their arguments which are based on random matrix
theory seem not to be transferable to our high-frequency problem without imposing unrealisti-
cally strong assumptions on the processes.” Many of my asymptotic results for the estimation
of the quadratic covariation are based on Jacod (2008), where he develops the asymptotic prop-
erties of realized power variations and related functionals of semimartingales. Ait-Sahalia and
Jacod (2009a), Lee and Mykland (2008) and Mancini (2009) introduce a threshold estimator
for separating the continuous from the jump variation, which I use in this paper.® Bollerslev
and Todorov (2010) develop the theoretical framework for high-frequency factor models for a
low dimension. Their results are applied empirically in Bollerslev, Li and Todorov (2015).

So far there are relatively few papers combing high-frequency analysis with high-dimensional
regimes, but this is an active and growing literature. Important recent papers include Wang
and Zou (2010), Tao, Wang and Chen (2013), and Tao, Wang and Zhou (2013) who establish

results for large sparse matrices estimated with high-frequency observations. Fan, Furger and

3Bai and Ng (2008) provide a good overview of large dimensional factor analysis. An excellent and very
up-to-date textbook treatment of high-frequency econometrics is Ait-Sahalia and Jacod (2014).

“There are many alternative methods, e.g. Hallin and Lisak (2007), Aumengual and Watson (2007), Alessi et
al. (2010) or Kapetanious (2010), but in simulations they do not seem to outperform the above methods.

®The Bai and Ng (2002) paper uses an information criterion, while Onatski applies an eigenvalue difference
estimator and Ahn and Horenstein an eigenvalue ratio approach. If the first systematic factors are stronger than
other weak systematic factors the Ahn and Horenstein method can fail in simulations with realistic values, while
the Onatski method can perform better as it focuses only on the residual eigenvalues.

5In an influential series of papers, Barndorff-Nielsen and Shephard (2004b, 2006) and Barndorff-Nielsen,
Shephard, and Winkel (2006) introduce the concept of (bi-)power variation - a simple but effective technique to
identify and measure the variation of jumps from intraday data.



Xiu (2014) estimate a large-dimensional covariance matrix with high-frequency data for a given
factor structure. My results were derived simultaneously and independently to results in the
two papers by Ait-Sahalia and Xiu (2015a+b). Their papers and my work both address the
problem of finding structure in high-frequency financial data, but proceed in somewhat different
directions and achieve complementary results. In their first paper Ait-Sahalia and Xiu (2015a)
develop the inferential theory of principal component analysis applied to a low-dimensional
cross-section of high-frequency data. I work in a large-dimensional setup which requires the
additional structure of a factor model and derive the inferential theory for both the continuous
and jump structures. In their second paper Ait-Sahalia and Xiu (2015b) considers a large-
dimensional high-frequency factor model and they derive consistent estimators for the factors
based on continuous processes.” Their identification is based on a sparsity assumption on
the idiosyncratic covariance matrix. My main identification condition is a bounded eigenvalue
condition on the idiosyncratic covariance matrix which allows me to also consider jumps and
to derive the asymptotic distribution theory of the estimators.

The rest of the paper is organized as follows. Section 2 introduces the factor model. In
Section 3 I explain my estimators. Section 4 summarizes the assumptions and the asymptotic
consistency results for the estimators of the factors, loadings and common components. In
Subsection 4.3 T also deal with the separation into continuous and jump factors. In Section
5 I show the asymptotic mixed-normal distribution of the estimators and derive consistent
estimators for the covariance matrices occurring in the limiting distributions. In Section 6 1
develop the estimator for the number of factors. The extension to microstructure noise is treated
in Section 7. The test for comparing two sets of factors is presented in Section 8. Section 9
discusses the differences with long horizon models and Section 10 presents some simulation
results. Concluding remarks are provided in Section 11. All the proofs are deferred to the

appendices.

2 Model Setup
Assume the N-dimensional stochastic process X (¢) can be explained by a factor model, i.e.
Xi(t)=A F(t)+et) i=1,..,Nandtel0,T]

where A; is a K x 1 dimensional vector and F(t) is a K-dimensional stochastic process in
continuous time. The loadings A; describe the exposure to the systematic factors F, while

the residuals e; are stochastic processes that describe the idiosyncratic component. X (t) will

" Ait-Sahalia and Xiu (2015b) also develop an estimator for the number of factors which is essentially an
extension of the Bai and Ng (2002) estimator to high-frequency data. Ait-Sahalia and Xiu’s techniques assume
continuous processes. I also allow for jumps and my approach can deal with strong and weak factors.



typically be the log-price process. However, we only observe the stochastic process X at M
discrete time observations in the interval [0, T]. If we use an equidistant grid®, we can define

the time increments as Ay = tj41 —t; = % and observe
Xi(tj) = A F(tj) +ei(t;)) i=1,..,Nandj=1,.,M
or in vector notation
X(tj) = AF(tj) +e(tj) j=1,..., M.

with A = (Aq,...,Ax)". In my setup the number of cross-sectional observations N and the
number of high-frequency observations M is large, while the time horizon T and the number of
systematic factors K is fixed. The loadings A, factors F', residuals e and number of factors K

are unknown and have to be estimated.

3 Estimation Approach

We have M observations of the N-dimensional stochastic process X in the time interval [0, 7).
For the time increments Ay = % = tj41 — t; we denote the increments of the stochastic

processes by
Xji=Xi(tjy1) — Xi(ty)  Fj=F(tj) —Ft) e =eiltjr) —ei(t)).
In matrix notation we have

X = F A+ e .

(MxN) (MxK)(KxN) (MxN)
For a given K our goal is to estimate A and F. As in any factor model where only X is
observed A and F are only identified up to K? parameters as FAT = FAA'AT for any
arbitrary invertible K x K matrix A. Hence, for my estimator I impose the K? standard
restrictions that ATTA = Ix which gives us w

matrix, which yields another w restrictions.

restrictions and that F'TF is a diagonal

Denote the K largest eigenvalues of %X TX by Visn. The estimator for the loadings A
is defined as the K eigenvectors of Vj;n multiplied by v/N. The estimator for the factor
increments is F' = %X/A\ Note that %XTX is an estimator for %[X, X] for a finite N. We
study the asymptotic theory for M, N — oco. As in Bai (2003) we consider a simultaneous limit
which allows (N, M) to increase along all possible paths.

8Most of my results would go through under a time grid that is not equidistant as long as the largest time
increment goes to zero with speed O (ﬁ)



The systematic component of X (t) is the part that is explained by the factors and defined
as C(t) = AF(t). The increments of the systematic component C;; = F;A; are estimated by
Gy = FAT.

We are also interested in estimating the continuous component, jump component and the
volatility of the factors. Denoting by F the factors that have a continuous component and by

FP the factor processes that have a jump component, we can write
X(t) = AYFO(t) + APFP(t) 4 e(t).

Note, that for factors that have both, a continuous and a jump component, the corresponding
loadings have to coincide. In the following we assume a non-redundant representation of the
K¢ continuous and K jump factors. For example if we have K factors which have all exactly
the same jump component but different continuous components, this results in K different total
factors and K¢ = K different continuous factors, but in only KP = 1 jump factor.

Intuitively under some assumptions we can identify the jumps of the process X;(t) as the
big movements that are larger than a specific threshold. Set the threshold identifier for jumps
as aA§, for some o > 0 and @ € (0,3) and define Xﬁ = Xjil{x,.|<an2,) and Xﬁ =
Xj7iIl{|iji|>aA%{}.9 The estimators AC, AD, FC and FP are defined analogously to A and 13',
but using X and XP instead of X.

The quadratic covariation of the factors can be estimated by FTE and the volatility com-
ponent of the factors by FCTEC 1 show that the estimated increments of the factors F, FC
and F'P can be used to estimate the quadratic covariation with any other process.

The number of factors can be consistently estimated through the perturbed eigenvalue
ratio statistic and hence, we can replace the unknown number K by its estimator K. Denote
the ordered eigenvalues of XX by A\; > ... > Ay. We choose a slowly increasing sequence
g(N, M) such that *‘](Ni]\’,M) — 0 and g(N,M) — oco. Based on simulations a good choice for
the perturbation term ¢ is the median eigenvalue rescaled by v/N. Then, we define perturbed

eigenvalues e = M + g(N, M) and the perturbed eigenvalue ratio statistic

ERy = U fork=1,..,N — 1.

Ak41

The estimator for the number of factors is defined as the first time that the perturbed eigenvalue

ratio statistic does not cluster around 1 any more:

K(y)=max{k <N —1:ER; >1+~} for v > 0.

9Choices of o and @ are standard in the literature (see, e.g. Ait-Sahalia and Jacod (2014)) and are discussed
below when implemented in simulations.



If ER, < 1+~ for all k, then we set K(¢) = 0. The definition of K€(y) and KP(v) is
analogous but using )\ZC respectively )\iD of the matrices X¢T XY and XPTXP. Based on

extensive simulations a constant v between 0.05 and 0.2 seems to be good choice.

4 Consistency Results

4.1 Assumptions on Stochastic Processes

All the stochastic processes considered in this paper are locally bounded special It6 semimartin-
gales as defined in Definition 1 in Appendix B. These particular semimartingales are the most
general stochastic processes for which we can develop an asymptotic theory for the estimator of
the quadratic covariation. A d-dimensional locally bounded special 1t6 semimartingale Y can

be represented as

t t t
Y, =Yy + / bsds —I—/ osdWs + / / d(s,2)(u —v)(ds,dr)
0 0 0o JE

where b, is a locally bounded predictable drift term, o is an adapted cadldg volatility process, W
is a d-dimensional Brownian motion and f(f [ 0(s, ) (u—v)(ds, dz) describes a jump martingale.
 is a Poisson random measure on Ry x E with (F, E) an auxiliary measurable space on the space
(2,5, (8t)t>0,P). The predictable compensator (or intensity measure) of p is v(ds,dz) = ds x
v(dz) for some given finite or sigma-finite measure on (E,E). These dynamics are very general
and completely non-parametric. They allow for correlation between the volatility and asset price
processes. I only impose some week regularity conditions in Definition 1. The model includes
many well-known continuous-time models as special cases: for example stochastic volatility
models like the CIR or Heston model, the affine class of models in Duffie, Pan and Singleton
(2000), Barndorff-Nielsen and Shephard’s (2002) Ornstein-Uhlenbeck stochastic volatility model
with jumps or Andersen, Benzoni, and Lund’s (2002) stochastic volatility model with log-normal
jumps generated by a non-homogenous Poisson process.

I denote by A;Y the jth observed increment of the process Y, i.e. A;Y =Y (tj11) — Y (t;)
and write AY (t) = Y (¢) — Y (t—) for the jumps of the process Y. Of course, AY(¢) = 0 for
all ¢t € [0,7] if the process is continuous. The sum of squared increments converges to the

quadratic covariation for M — oc:

M
ZAjnAij Ly ik=1,...d
j=1

The predictable quadratic covariation (Y;,Yy) is the predictable conditional expectation of

[Yi, Y], i.e. it is the so-called compensator process. It is the same as the realized quadratic



covariation [X;, Xj] for a continuous process, but differs if the processes have jumps. The
realized quadratic covariation [Y;, Yx]; and the conditional quadratic covariation (Y;, Yy); are
themselves stochastic processes. If I leave out the time index ¢, it means that I am considering
the quadratic covariation evaluated at the terminal time 7', which is a random variable. For
more details see Rogers (2004) or Jacod and Shiryaev (2002).

4.2 Consistency

The key assumption for obtaining a consistent estimator for the loadings and factors is an ap-
proximate factor structure. It requires that the factors are systematic in the sense that they
cannot be diversified away, while the idiosyncratic residuals are nonsystematic and can be di-
versified away. The approximate factor structure assumption uses the idea of appropriately
bounded eigenvalues of the residual quadratic covariation matrix, which is analogous to Cham-
berlain and Rothschild (1983) and Chamberlain (1988). Let ||A| = (tr(ATA))Y/2 denote the
norm of a matrix A and \;(A) the i’s largest singular value of the matrix A, i.e. the square-root
of the 4’s largest eigenvalue of AT A. If A is a symmetric matrix then )\; is simply the 7’s largest

eigenvalue of A.
Assumption 1. Factor structure assumptions

1. Underlying stochastic processes

F and e; are Ité-semimartingales as defined in Definition 1

F(t) = F(0) + /Ot br(s)ds + /Ot op(s)dWs + > AF(s)

s<t

ei(t) = e(0) + /0 be, (s)ds + /0 o¢,; (8)dWs + Z Ae;(s)

s<t

In addition each e; is a square integrable martingale.
2. Factors and factor loadings

The quadratic covariation matriz of the factors X is positive definite a.s.
M
Y B[ 2 [FFlp =S
j=1

and

— — 2| — 0.

ATA
N




where the matriz X5 is also positive definite. The loadings are bounded, i.e. ||A;|| < oo
foralli=1,...,N.
3. Independence of F' and e
The factor process F' and the residual processes e are independent.
4. Approximate factor structure
The largest eigenvalue of the residual quadratic covariation matriz is bounded in probabil-

ity, .e.

As the predictable quadratic covariation is absolutely continuous, we can define the in-
stantaneous predictable quadratic covariation as

(W = Teik (t) + /6ei,k (2)ve(2) =2 Gi k(1)

We assume that the largest eigenvalue of the matrixz G(t) is almost surely bounded for all
t:

AM(G(t) < C a.s. for all t for some constant C.

5. Identification condition All Eigenvalues of XpAXF are distinct a.s..

The most important part of Assumption 1 is the approximate factor structure in point
4. It implies that the residual risk can be diversified away. Point 1 states that we can use
the very general class of stochastic processes defined in Definition 1. The assumption that
the residuals are martingales and hence do not have a drift term is only necessary for the
asymptotic distribution results. The consistency results do not require this assumption. Point
2 implies that the factors affect an infinite number of assets and hence cannot be diversified
away. Point 3 can be relaxed to allow for a weak correlation between the factors and residuals.
This assumption is only used to derive the asymptotic distribution of the estimators. The
approximate factor structure assumption in point 4 puts a restriction on the correlation of the
residual terms. It allows for cross-sectional (and also serial) correlation in the residual terms as
long as it is not too strong. We can relax the approximate factor structure assumption. Instead
of almost sure boundedness of the predictable instantaneous quadratic covariation matrix of

the residuals it is sufficient to assume that

N N

1

v >N AGiptAL <C as. forallt
i=1 k#i

10



Then, all main results except for Theorem 6 and 9 continue to hold. Under this weaker as-
sumption we do not assume that the diagonal elements of G are almost surely bounded. By
Definition 1 the diagonal elements of G are already locally bounded which is sufficient for most
of our results.

Note that point 4 puts restrictions on both the realized and the conditional quadratic co-
variation matrix. In the case of continuous residual processes, the conditions on the conditional
quadratic covariation matrix are obviously sufficient. However, in our more general setup it is

not sufficient to restrict only the conditional quadratic covariation matrix.

Assumption 2. Weak dependence of error terms

The row sum of the quadratic covariation of the residuals is bounded in probability:

N
3 lewseill = 0p(1)  Vk=1,...N

i=1

Assumption 2 is stronger than A\ ([e, e]) = Op(1) in Assumption 1. As the largest eigenvector
of a matrix can be bounded by the largest absolute row sum, Assumption 2 implies A1 ([e, e]) =
Op(1). If the residuals are cross-sectionally independent it is trivially satisfied. However it
allows for a weak correlation between the residual processes. For example, if the residual part
of each asset is only correlated with a finite number of residuals of other assets, it will be
satisfied.

As pointed out before, the factors F' and loadings A are not separately identifiable. However,
we can estimate them up to an invertible K x K matrix H. Hence, my estimator A will estimate
AH and F will estimate FH . Note, that the common component is well-identified and
FAT = FHT 'HTAT. For almost all purposes knowing AH or FH T 1 is as good as knowing
A or F' as what is usually of interest is the vector space spanned by the factors. For example
testing the significance of F' or FH ! in a linear regression yields the same results.'”

In my general approximate factor models we require N and M to go to infinity. The rates of
convergence will usually depend on the smaller of these two values denoted by § = min(N, M).
As noted before we consider a simultaneous limit for NV and M and not a path-wise or sequential
limit. Without further assumptions the asymptotic results do not hold for a fixed N or M.
In this sense the large dimension of our problem, which makes the analysis more complicated,
also helps us to obtain more general results and turns the “curse of dimensionality” into a
“blessing” .

Note that Fj is the increment A;F and goes to zero for M — oo for almost all increments.
It can be shown that in a specific sense we can also consistently estimate the factor increments,

but the asymptotic statements will be formulated in terms of the stochastic process F' evaluated

9For a more detailed discussion see Bai (2003) and Bai and Ng (2008).
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at a discrete time point ¢;. For example Frr = Z]J\/il F}; denotes the factor process evaluated at
time 7. Similarly we can evaluate the process at any other discrete time point T, = m - Ajs as
long as m - Ay does not go to zero. Essentially m has to be proportional to M. For example,
we could chose T;,, equal to %T or %T. The terminal time T can always be replaced by the time

T, in all the theorems. The same holds for the common component.

Theorem 1. Consistency of estimators:
Define the rate § = min(N, M) and the invertible matrizc H = + (F'F) (ATA> M]l\, Then

the following consistency results hold:

1. Consistency of loadings estimator: Under Assumption 1 it follows that

. 1
AN—H'A =0 () )
D \/S

2. Consistency of factor estimator and common component: Under Assumptions 1 and 2 it
follows that

V6 V6

3. Consistency of quadratic variation: Under Assumptions 1 and 2 and for any stochastic

N 1 A 1
Fr— H_IFT = Op <> , CT,i — CT,i = Op <> .

process Y (t) satisfying Definition 1 we have for Y5 VM 0 gnd § — oo

>

~ _ 1T _
JE =H7YF FlpH™ ' +0,(1), VY; = H YF,Y]r + 0,(1)

ﬁj>

M
7j=1 j=1
M M
Zéj,iéj,k = lei ex] +0p(1) , Z [e5, Y] + op(1)
j=1 j=1
M A A M
> CiiChn = [Ci, Crl + 0p(1) Z = [Ci, Y] + 0p(1).

7j=1

fori,k=1,...,N.

This statement only provides a pointwise convergence of processes evaluated at specific
times. A stronger statement would be to show weak convergence for the stochastic processes.
However, weak convergence of stochastic processes requires significantly stronger assumptions'!

and will in general not be satisfied under my assumptions.

HGee for example Prigent (2003)
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4.3 Separating Continuous and Jump Factors

Using a thresholding approach we can separate the continuous and jump movements in the
observable process X and estimate the systematic continuous and jump factors. The idea is
that with sufficiently many high-frequency observations, we can identify the jumps in X as
the movements that are above a certain threshold. This allows us to separate the quadratic
covariation matrix of X into its continuous and jump component. Then applying principal
component analysis to each of these two matrices we obtain our separate factors. A crucial

assumption is that the thresholding approach can actually identify the jumps:

Assumption 3. Truncation identification
F and e; have only finite activity jumps and factor jumps are not “hidden” by idiosyncratic

jumps:
P (AX,-(t) =0 if A(A] F(t)) £ 0 and Ae;(t) £ o) = 0.

The quadratic covariation matriz of the continuous factors [F¢, FC] and of the jump factors
ACTAC AP TAD
N — and

[FP,FP] are each positive definite a.s. and the matrices each converge in

probability to positive definite matrices.

Assumption 3 has three important parts. First, we require the processes to have only finite
jump activity. This mean that on every finite time interval there are almost surely only finitely
many jumps. With infinite activity jump processes, i.e. each interval can contain infinitely many
small jumps, we cannot separate the continuous and discontinuous part of a process. Second,
we assume that a jump in the factors or the idiosyncratic part implies a jump in the process
X;. The reverse is trivially satisfied. This second assumption is important to identify all times
of discontinuities of the unobserved factors and residuals. This second part is always satisfied
as soon as the Lévy measure of F; and e; have a density, which holds in most models used in
the literature. The third statement is a non-redundancy condition and requires each systematic
jump factor to jump at least once in the data. This is a straightforward and necessary condition
to identify any jump factor. Hence, the main restriction in Assumption 3 is the finite jump
activity. For example compound poisson processes with stochastic intensity rate fall into this

category.

Theorem 2. Separating continuous and jump factors:

Assume Assumptions 1 and 3 hold. Set the threshold identifier for jumps as aAY; for some o >
0andw € (0, %) and define chl = Xjil{x; |<anz,y and XJDl = Xjil{x; [>an%,}- The estima-
tors A€, AP, FC and FP are defined analogously to A and F, but using X and XP instead of
X. Define HE = % (FCTFO) (ACTAC) Vi ™" ana HP = & (FPTFP) (APTAP) v, "
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1. The continuous and jump loadings can be estimated consistently:
AC _ gCTaC AD _ DT D
Ay =HY Ay +0,(1) , A7 =H" Ay +o0p(1).

2. Assume that additionally Assumption 2 holds. The continuous and jump factors can only

be estimated up to a finite variation bias term

FS = Hc_ng + 0,(1) + finite variation term
EP = HD71F7€) + 0,(1) + finite variation term.
3. Under the additional Assumption 2 we can estimate consistently the covariation of the

continuous and jump factors with other processes. Let Y (t) be an Ité-semimartingale

satisfying Definition 1. Then we have for ‘/TM — 0 and § — oco:

M M

A —1 ~ -1
Y EY;=HOT[FOYIr+o(1) Y EPY;=HPT[FP Y] +0p(1).
j:l j:l

The theorem states that we can estimate the factors only up to a finite variation term,
i.e. we can only estimate the martingale part of the process correctly. The intuition behind
this problem is simple. The truncation estimator can correctly separate the jumps from the
continuous martingale part. However, all the drift terms will be assigned to the continuous
component. If a jump factor also has a drift term, this will now appear in the continuous part

and as this drift term affects infinitely many cross-sectional X;, it cannot be diversified away.

5 Asymptotic Distribution

5.1 Distribution Results

The assumptions for asymptotic mixed-normality of the estimators are stronger than those
needed for consistency. Although asymptotic mixed-normality of the loadings does not require
additional assumptions, the asymptotic normality of the factors needs substantially stronger
assumptions. This should not be surprising as essentially all central limit theorems impose
restrictions on the tail behavior of the sampled random variables.

In order to obtain a mixed Gaussian limit distribution for the loadings we need to assume
that there are no common jumps in or and e; and in 0., and F. Without this assumption
the estimator for the loadings still converges at the same rate, but it is not mixed-normally
distributed any more. Note that Assumption 1 requires the independence of F' and e, which

implies the no common jump assumption.
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Theorem 3. Asymptotic distribution of loadings
Assume Assumptions 1 and 2 hold and define § = min(N,M). Then

VM (Ai — HTAi) =Visn (%) VMF e; + 0, <\/6M>

1 If M 0, then

VM(A; - HTA) E5 N (0,v71QriQTv )

1 1 N
where V' is the diagonal matriz of eigenvalues of XX pX{ and plim ATA Q

=
N,M—oc0
1
V%TTU}? with Y being the eigenvectors of V. The entry {l,g} of the K x K matrix

T'; is given by

T
Lirg = / 0'F17Fgagids + ZAFZ(S)AFQ(S)O'gi(S) + ZAe?(s')aFg’Fz(s’).
0

s<T s'<T

F! denotes the l-th component of the the K dimensional process F and OpL pg are the
entries of its K x K dimensional volatility matriz.
2. Ifliminf YM > 7 > 0, then N(A; — A;H) = Op(1).

The asymptotic expansion is very similar to the conventional factor analysis in Bai (2003),
but the limiting distributions of the loadings is obviously different. The mode of convergence is
stable convergence in law, which is stronger than simple convergence in distribution.'? Here we
can see very clearly how the results from high-frequency econometrics impact the estimators in

our factor model.

Assumption 4. Asymptotically negligible jumps of error terms

Assume Z is some continuous square integrable martingale with quadratic variation (Z,Z);.
Assume that the jumps of the martingale ﬁZz]\il ei(t) are asymptotically negligible in the
sense that

T T/,D _D
A[ej\,{thﬁMZ’Zﬁ’ Alen el ny s,

Assumption 4 is needed to obtain an asymptotic mixed-normal distribution for the factor
estimator. It means that only finitely many residual terms can have a jump component. Hence,
the weighted average of residual terms has a quadratic covariation that depends only on the

continuous quadratic covariation. This assumption is essentially a Lindeberg condition. If

2For more details see Ait-Sahalia and Jacod (2014).
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it is not satisfied and under additional assumptions the factor estimator converges with the
same rate to a distribution with the same variance, but with heavier tails than a mixed-normal

distribution.
Assumption 5. Weaker dependence of error terms

e Assumption 5.1: Weak serial dependence

The error terms exhibit weak serial dependence if and only if

E ejiejrzelizesr < C||Elejiejr ]|l ||E Zelizelr

I#j  s#i £ s#

for some finite constant C' and for all i,7 = 1,...,N and for all partitions [ti,...,ty] of
[0,77].
e Assumption 5.2: Weak cross-sectional dependence

The error terms exhibit weak cross-sectional dependence if and only if

M 1 N N 1
> L Elde] =0 (3)
j=1 i=1r=1

foralli,r =1,...,N and for all partitions [t1,...,tprr] of [0,T] for M, N — oo and
N
Z |Gri(t)] < C a.s. forallk=1,..,N and t € (0,T] and some constant C.
i=1

Assumption 5 is only needed to obtain the general rate results for the asymptotic distribution
of the factors. If % — 0, we don’t need it anymore. Lemma 1 gives sufficient conditions for
this assumption. Essentially, if the residual terms are independent and “almost” continuous

then it holds. Assumption 5 is not required for any consistency results.

Lemma 1. Sufficient conditions for weaker dependence

Assume Assumptions 1 and 2 hold and that

1. e; has independent increments.
2. e; has 4th moments.
3. E Z’fil<€iD7eiD> < C for some constant C' and for all N.

4. Zf\il |GL,i(t)] < C a.s. forallk=1,...,N andt € (0,T] and some constant C.

Then Assumption 5 is satisfied.
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Theorem 4. Asymptotic distribution of the factors:
Assume Assumptions 1 and 2 hold. Then

VN (FT — H’lFT) = \/1N6TAH+ Op (g) +0, (@)

If Assumptions 4 and 5 hold and \/WN — 0 or only Assumption 4 holds and % —0:
VN (FT - H—lFT) i (o, Q‘thI)TQ‘1>

.
with ®p = plimAi]@A.
N—o00

The assumptions needed for Theorem 4 are stronger than for all the other theorems. Al-
though they might not always be satisfied in practice, simulations indicate that the asymptotic
distribution results still seem to provide a very good approximation even if the conditions are
violated. As noted before it is possible to show that under weaker assumptions the factor esti-
mators have the same rate and variance, but an asymptotic distribution that is different from
a mixed-normal distribution.

The next theorem about the common components essentially combines the previous two

theorems.

Theorem 5. Asymptotic distribution of the common components
Define Cr; = AiTFT and CA’TJ; = AZTFT Assume that Assumptions 1 - 4 hold.

1. If Assumption 5 holds, i.e. weak serial dependence and cross-sectional dependence, then

for any sequence N, M

Vo (éT,i - CT,i)

\/%Wm + Vi,

B N(0,1)

2. Assume £ — 0 (but we do not require Assumption 5)

VN (%CT> B N(0,1)

with

Wr; = A St erE A,
Vi = FL S TS0 Pre
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5.2 [Estimating Covariance Matrices

The asymptotic covariance matrix for the estimator of the loadings can be estimated consistently
under relatively weak assumptions, while the asymptotic covariance of the factor estimator
requires stricter conditions. In order to estimate the asymptotic covariance for the loadings,
we cannot simply apply the truncation approach to the estimated processes. The asymptotic
covariance matrix of the factors runs into a dimensionality problem, which can only be solved

under additional assumptions.

Theorem 6. Feasible estimator of covariance matrix of loadings

Assume Assumptions 1 and 2 hold and ‘/TM — 0. Define the asymptotic covariance matriz of
the loadings as O ; = V1QT;QTV L. Take any sequence of integers k — oo, % — 0. Denote
by I(j) a local window of length % around j. Define the K x K matrix I by

M /CAQ COAN T -CA 2
. XCA C' | . XCPA .

N
7j=1
M Mk (XPAN (XPRYT xR\
+ = Z J J Z thz_ h A;
2% N N , ATTN
j=k+1 hel(j)
M-k oD A 2 SO soi\ T
X XDPA . XOA\ [ XCA
+% Z XDz _ A; Z h h
2k 7 N ) N N
j=k+1 hel(y)

Then a feasible estimator for Oy ; is (:)A,i = VA}}Vf’lVA}}V LN O, and
VMO — HTA) 25 N (0, Ix) .

Theorem 7. Consistent estimator of covariance matrix of factors
Assume the Assumptions of Theorem 4 hold and N (FT — H_lFT> L n (0,0F)
[

N
with O = plim HT%H. Assume that the error terms are cross-sectionally independent.
N,M—o00

Denote the estimator of the residuals by é;; = X;; — Cj;. Then a consistent estimator is
OF = =N Al e A 25 OF and

A~

VNOMA(Fr — H ' Pr) 25 N(0, Ix).

The assumption of cross-sectional independence here is somewhat at odds with our general
approximate factor model. The idea behind the approximate factor model is exactly to allow
for weak dependence in the residuals. However, without further assumptions the quadratic

covariation matrix of the residuals cannot be estimated consistently as its dimension is growing
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with N. Even if we knew the true residual process e(t) we would still run into the same problem.
Assuming cross-sectional independence is the simplest way to reduce the number of parameters
that have to be estimated. We could extend this theorem to allow for a parametric model
capturing the weak dependence between the residuals or we could impose a sparsity assumption

similar to Fan, Liao and Mincheva (2013). In both cases the theorem would continue to hold.

Theorem 8. Consistent estimator of covariance matrix of common components
Assume Assumptions 1-5 hold and that the residual terms e are cross-sectionally independent.

Then for any sequence N, M

1. 1.\ ”
<NWT,i + MVT,i> (CT,i - CT,Z') = N(0,1)

~ PN N ~ A A\ —1 . A A\ —1 A
with Wr; = A OpA; and Vip; = Ff (FTF) I (FTF) Pr.

6 Estimating the Number of Factors

I have developed a consistent estimator for the number of total, continuous and jump factors,
that does not require stronger assumptions than those needed for consistency. Intuitively the
large eigenvalues are associated with the systematic factors and hence the problem of estimat-
ing the number of factors is roughly equivalent to deciding which eigenvalues are considered
to be large with respect to the rest of the spectrum. Under the assumptions that we need for
consistency I can show that the first K “systematic” eigenvalues of X' X are Op(N), while
the nonsystematic eigenvalues are Op(1). A straightforward estimator for the number of factors
considers the eigenvalue ratio of two successive eigenvalues and associates the number of factors
with a large eigenvalue ratio. However, without very strong assumptions we cannot bound the
small eigenvalues from below, which could lead to exploding eigenvalue ratios in the nonsys-
tematic spectrum. I propose a perturbation method to avoid this problem. As long as the
eigenvalue ratios of the perturbed eigenvalues cluster, we are in the nonsystematic spectrum.
As soon as we do not observe this clustering any more, but a large eigenvalue ratio of the

perturbed eigenvalues, we are in the systematic spectrum.

Theorem 9. Estimator for number of factors
Assume Assumption 1 holds and O (%) < O(1). Denote the ordered eigenvalues of X ' X
by A1 > ... > An. Choose a slowly increasing sequence g(N, M) such that g(NiA’,M) — 0 and

g(N, M) — oco. Define perturbed eigenvalues

Ak = M + g(N, M)
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and the perturbed eigenvalue ratio statistics:

ER; = M fork=1,.,N—1

k+1

Define

K(y)=max{k <N —-1:ER, >1+~}
for~y>0. If ER, < 1+~ for all k, then set K(v) = 0. Then for any v > 0
Ky 5% K.

Assume in addition that Assumption 8 holds. Denote the ordered eigenvalues of XCeTxe by
A > > X and analogously for XPTXP by AP > AR, Define K€(v) and KP(v) as above
but using )\Z-C respectively )\Z-D. Then for any v > 0

K°() 5 K KP(y) B KP
where K€ is the number of continuous factors and KP is the number of jump factors.

Some of the most relevant estimators for the number of factors in large-dimensional factor
models based on long-horizons are the Bai and Ng (2002), Onatski (2010) and Ahn and Horen-
stein (2013) estimators. The Bai and Ng (2002) paper uses an information criterion, while
Onatski applies an eigenvalue difference estimator and Ahn and Horenstein an eigenvalue ratio
approach. In simulations the last two estimators seem to perform well.'® My estimator com-
bines elements of the Ahn and Horenstein estimator as I analyze eigenvalue ratios and elements
of the Onatski estimator as I use a clustering argument. In contrast to these two approaches
my results are not based on random matrix theory. Under the strong assumptions of random
matrix theory a certain fraction of the small eigenvalues will be bounded from below and above
and the largest residual eigenvalues will cluster. Onatksi analyses the difference in eigenvalues.
As long as the eigenvalue difference is small, it is likely to be part of the residual spectrum
because of the clustering effect. The first time the eigenvalue difference is above a threshold,
it indicates the beginning of the systematic spectrum. The Ahn and Horenstein method looks
for the maximum in the eigenvalue ratios. As the smallest systematic eigenvalue is unbounded,
while up to a certain index the nonsystematic eigenvalues are bounded from above and below,
consistency follows. However, if the first systematic factor is stronger than the other weak sys-

tematic factors the Ahn and Horenstein method can fail in simulations with realistic values.'*

3See for example the numerical simulations in Onatski (2010) and Ahn and Horenstein (2013).
14 Their proposal to demean the data which is essentially the same as projecting out an equally weighted market
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In this sense the clustering argument of Onatksi is more appealing as it focusses on the residual
spectrum and tries to identify when the spectrum is unlikely to be due to residual terms. For
the same reason my perturbed eigenvalue ratio estimator performs well in simulations with
strong and weak factors.

My estimator depends on two choice variables: the perturbation g and the cutoff v. In
contrast to Bai and Ng, Onatski or Ahn and Horenstein we do not need to choose some upper
bound on the number of factors. Although consistency follows for any g or v satisfying the
necessary conditions, the finite sample properties will obviously depend on them. As a first
step for understanding the factor structure I recommend plotting the perturbed eigenvalue ratio
statistic. In all my simulations the transition from the idiosyncratic spectrum to the systematic
spectrum is very apparent. Based on simulations a good choice for the perturbation is g = v/N -
median({A1, ..., An}). Obviously this choice assumes that the median eigenvalue is bounded
from below, which is not guaranteed by our assumptions but almost always satisfied in practice.
In the simulations I also test different specifications for g, e.g. log(N) - median({A1, ..., AN}).
My estimator is very robust to the choice of the perturbation value. A more delicate issue is
the cutoff v. Simulations suggest that v between 0.05 and 0.2 performs very well. As we are
actually only interested in detecting a deviation from clustering around 1, we can also define
1+ v to be proportional to a moving average of perturbed eigenvalue ratios.

What happens if we employ my eigenvalue ratio estimator with a constant perturbation
or no perturbation at all? Under stronger assumptions on the idiosyncratic processes, the

eigenvalue ratio estimator is still consistent as Proposition 1 shows:

Proposition 1. Onatski-type estimator for number of factors

Assume Assumptions 1 and 3 hold and % — ¢ > 0. In addition assume that

1. The idiosyncratic terms follow correlated Brownian motions:
e(t) = Ae(t)

where €(t) is a vector of N independent Brownian motions.

2. The correlation matrix A satisfies:

(a) The eigenvalue distribution function FAAT converges to a probability distribution
function F4.

(b) The distribution Fa has bounded support, w(F) = min(z : F(z) = 1) and u(FA4") —
u(Fa) > 0.

(c) timinf. o2t [154)  dFa(N) = ka > 0.

portfolio does not perform well in simulations with a strong factor. The obvious extension to project out the
strong factors does also not really solve the problem as it is unclear how many factors we have to project out.
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Denote the ordered eigenvalues of XX by A1 > ... > An. Define

. A
KON () = max{k < KON . ks fy}
Ak+1

KON

for any v > 0 and slowly increasing sequence Kgg( s.t. == — 0. Then

KN(y) & K.

Under the Onatski assumptions in Proposition 1, we could also set g = C' to some constant,
which is independent of N and M. We would get

ERg = Oy(N)
)\k+0 P ON
FRy = ——— 51 ke K+1, K.\
T Neg1 + C [ ]

However, the Onatski-type estimator in Proposition 1 fails if we use the truncated data XC or
XD, Proposition 1 shows that Theorem 9 is in some sense robust to the perturbation if we are
willing to make stronger assumptions. The stronger assumptions are needed to use results from

random matrix theory to obtain a clustering in the residual spectrum.

7 Microstructure noise

While my estimation theory is derived under the assumption of synchronous data with negligible
microstructure noise, I extend the model to estimate the effect of microstructure noise on the
spectrum of the factor estimator. Inference on the volatility of a continuous semimartingale
under noise contamination can be pursued using smoothing techniques. Several approaches
have been developed, prominent ones by Ait-Sahalia and Zhang (2005b), Barndorff-Nielsen et
al. (2008) and Jacod et al. (2009) in the one-dimensional setting and generalizations for a noisy
non-synchronous multi-dimensional setting by Ait-Sahalia et al. (2010), Podolskij and Vetter
(2009), Barndorff-Nielsen et al. (2011), Zhang (2011) and Bibinger and Winkelmann (2014)
among others. However, neither the microstructure robust estimators nor the non-synchronicity
robust estimators can be easily extended to our large dimensional problem. It is beyond the
scope of this paper to develop the asymptotic theory for these more general estimators in the
context of a large dimensional factor model and I leave this to future research.

The main results of my paper assume synchronous data with negligible microstructure noise.
Using for example 5-minute sampling frequency as commonly advocated in the literature on
realized volatility estimation, e.g. Andersen et al. (2001) and the survey by Hansen and Lunde

(2006), seems to justify this assumption and still provides enough high-frequency observations
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to apply my estimator to a monthly horizon.

Here I extend the model and show how the microstructure noise affects the largest eigenvalue
of the residual matrix. The estimation of the number of factors crucially depends on the size
of this largest idiosyncratic eigenvalue. This theorem can be used to show that the estimator
for the number of factors does not change in the presence of microstructure noise. It can also
be used to derive an estimator for the variance of the microstructure noise. This is the first
estimator for the variance of microstructure noise that uses the information in a large cross-
section. If we do not use microstructure noise robust estimators for the quadratic covariation
matrix, the usual strategy is to use a lower sampling frequency that trades off the noise bias
with the estimation variance. This theorem can provide some guidance if the frequency is

sufficiently low to neglect the noise.

Theorem 10. Upper bound on impact of noise

Assume we observe the true asset price with noise:
Yi(t;) = Xi(t;) + &

where the noise €;; is i.i.d. (0,02) and independent of X and has finite fourth moments.
Furthermore assume that Assumption 1 holds and that % — ¢ < 1. Denote increments of the
noise by €;; = €j41; — €j;. Then we can bound the impact of noise on the largest eigenvalue of

the idiosyncratic spectrum:

(e+e)(e+e) ele . Y'Yy 1
Ml——————") M=) < As
! < N "\~ )= se[KrJPll,rJ{/—K} N 1+ cos (%ﬂ')

2 (%)2 +op(1).

The variance of the microstructure noise is bounded by

2 < ¢ min A ! 1 + 0,(1)
g —_— s
7 2(1 — /)% se|[K+1,N-K] N ) 1+ cos (33tLn) P

where Ag (LNY> denotes the sth largest eigenvalue of a symmetric matric YTTY

Remark 1. For s = %N — K — 1 the inequality simplifies to

() o (5) s () (1)
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respectively

5 c <YTY
o; <

——— A k1| —— 1).
21— o VK1 Ty >+0p( )
Hence, the contribution of the noise on the largest eigenvalue of the idiosyncratic part and the
microstructure noise variance can be bounded by approrimately the median eigenvalue of the

observed quadratic covariation matriz multiplied by a constant that depends only on the ratio
of M and N.

8 Identifying the Factors

This section develops a new estimator for testing if a set of estimated statistical factors is the
same as a set of observable economic variables. As I have already noted before, factor models
are only identified up to invertible transformations. Two sets of factors represent the same fac-
tor model if the factors span the same vector space. When trying to interpret estimated factors
by comparing them with economic factors, we need a measure to describe how close two vector
spaces are to each other. As proposed by Bai and Ng (2006) the generalized correlation is a
natural candidate measure. Let F' be our K-dimensional set of factor processes and G be a Kg-
dimensional set of economic candidate factor processes. We want to test if a linear combination
of the candidate factors G can replicate some or all of the true factors F'. The first generalized
correlation is the highest correlation that can be achieved through a linear combination of the
factors F' and the candidate factors G. For the second generalized correlation we first project
out the subspace that spans the linear combination for the first generalized correlation and then
determine the highest possible correlation that can be achieved through linear combinations of
the remaining K — 1 respectively K — 1 dimensional subspaces. This procedure continues
until we have calculated the min(K, Kg) generalized correlation. Mathematically the gener-
alized correlations are the square root of the min(K, Kg)' largest eigenvalues of the matrix
[F,G]7'[F, F|[G,G]7'|G,F]. If K = K¢ = 1 it is simply the correlation as measured by the
quadratic covariation. If for example for K = K = 3 the generalized correlations are {1,1,0}
it implies that there exists a linear combination of the three factors in G that can replicate two
of the three factors in F.'6 I show that under general conditions the estimated factors F, FC

and F'P can be used instead of the true unobserved factors.

15Using min(K, Kg) instead of maxz(K, Kg) is just a labeling convention. All the generalized correlations
after min(K, Kg) are zero and hence usually neglected.

16 Although labeling the measure as a correlation, we do not demean the data. This is because the drift term
essentially describes the mean of a semimartingale and when calculating or estimating the quadratic covariation
it is asymptotically negligible. Hence, the generalized correlation measure is based only on inner products and
the generalized correlations correspond to the singular values of the matrix [F, G] if F and G are orthonormalized
with respect to the inner product [.,.].

24



Unfortunately, in this high-frequency setting there does not seem to exist a theory for confi-
dence intervals for the individual generalized correlations.!” It is well-known that if F' and G are
~2_ 2
observed and 4.i.d. normally distributed then % A N(0,1) for k =1,...,min(Kp, Kg)
k
18

where pj is the kth generalized correlation. The result can also be extended to elliptical
distributions. However, the normalized increments of stochastic processes that can realistically
model financial time series are neither normally nor elliptically distributed. Hence, we cannot
directly make use of these results as for example in Bai and Ng (2006). However, I have devel-
oped an asymptotic distribution theory for the sum of squared generalized correlations, which
I label as total generalized correlation. With the total generalized correlation we can test if a
set of economic factors represents the same factor model as the statistical factors.

The total generalized correlation denoted by p is defined as the sum of the squared gener-

alized correlations p = rkn;r;(KF Ke) p2. It is equal to

p = trace ([F, F]"'[F,G]|G,G]'[G, F]).

The estimator for the total generalized correlation is defined as

5 = trace ((FTF)—l(FTG)(GTG)—l(GTF)) .
As the trace operator is a differentiable function and the quadratic covariation estimator is
asymptotically mixed-normally distributed we can apply a delta method argument to show
that v/M(p — p) is asymptotically mixed-normally distributed as well.

A test for equality of two sets tests if p = min(Kp, Kg). As an example consider Kp =
Kg = 3 and the total generalized correlation is equal to 3. In this case F(t) is a linear
transformation of G(t) and both describe the same factor model. Based on the asymptotic
normal distribution of p we can construct a test statistic and confidence intervals. The null
hypothesis is p = min(Kr, K¢).

In the simple case of Kr = K¢ = 1 the squared generalized correlation and hence also the
total generalized correlation correspond to a measure of R?, i.e. it measures the amount of
variation that is explained by G in a regression of F} on GG;. My measure of total generalized
correlations can be interpreted as a generalization of R? for a regression of a vector space on

another vector space.

Theorem 11. Asymptotic distribution for total generalized correlation
Assume F(t) is a factor process as in Assumption 1. Denote by G(t) a Kg-dimensional process

satisfying Definition 1. The process G is either (i) a well-diversified portfolio of X, i.e. it can

17 Ait-Sahalia and Xiu’s (2015a) distribution results on the eigenvalues of estimated quadratic covariation
matrixes can potentially be extended to close this gap.
18See for example Anderson (1984)
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be written as G(t) = %Zﬁl w; X;(t) with ||w;|| bounded for all i or (ii) G is independent of
the residuals e(t). Furthermore assume that @ — 0. The M x Kg matriz of increments is
denoted by G. Assume that'®

F'F F'@ [F,F] [F,G]\\ L-s
m((GTF GTG> - ([G,F] [G,G])) ~ NI

Then

VM (p—p) 5 N(0,2)  and

with = = ¢ 'TI¢ and

¢ = vee ((_ (IF. F)'[F.GIIG, G) (G, FIIF, F] ™)' F. FI"'[F,G)[G,G] ! >> |
[G, G}fl[G,F] [F7 F]*l _ ([G, G]fl[G,F] [F, F]fl[F, G][G, G]*l)T

Here a I present a feasible test statistic for the estimated continuous factors. A feasible test

for the jump factors can also be derived.

Theorem 12. A feasible central limit theorem for the generalized continuous cor-
relation

Assume Assumptions 1 to 8 hold. The process G is either (i) a well-diversified portfolio of
X, i.e. it can be written as G(t) = %Zi\il w; X;(t) with ||w;|| bounded for all i or (ii) G is
independent of the residuals e(t). Furthermore assume that @ — 0. Denote the threshold
estimators for the continuous factors as FC and for the continuous component of G as GC.

The total generalized continuous correlation is
o = trace ([FC, FO|'[FC, 69)[6, GO GC, FO))
and its estimator is

~ AT A ~ T A AT A ~ T A
¢ = trace <(FC FOHFC G9Y(GC G ~YGe FC)>

'9As explained in for example Barndorff-Nielsen and Shephard (2004a) the statement should be read as
F'F F'@ [F,F] [F,G] L-s . L
v M (vec ((GTF aTe — vec G.F] (GG — N(0,II), where vec is the vectorization opera-
tor. Inevitably the matrix II is singular due to the symmetric nature of the quadratic covariation. A proper
formulation avoiding the singularity uses vech operators and elimination matrices (See Magnus (1988)).
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Then

Define the M x (K + Kg) matriz Y = (FC @C) Choose a sequence satisfying k — oo and

ﬁ — 0 and estimate spot volatilities as
k-1
o M
07" = 7 Z YirriYjtir
=1
The estimator of the (Kr + Kg) x (Kp + K¢) quarticity matriz 1IC has the elements

1 9 M—k+1

C o LT mmn wn_rm

s -0 (K pt Ko it m-1)(Kp+Ke) = 3f <1 B k) > (“j v Y )
j=1

fori,rm,n=1,.., Kp + Kg. Estimate é() = vec(S) for the matrix S with block elements

Sip=— <<FCTFC)_1 FOTAC (GCTGC>_1 GOT fC (FCTFC) _1)T
Sig— (FCTFC>’1 FOTAC (GCTGC)’l
S = (GCTGC) Lot po (FCTFC) -1

Spo = — ((éCT@C)‘l GOT frC (FCTFC>_1 FOTAC (GCTGC>_1>T'

The estimator for the covariance of the total generalized correlation estimator is =20 = éCTﬂCéC.

The assumption that G has to be a well-diversified portfolio of the underlying asset space
is satisfied by essentially all economic factors considered in practice, e.g. the market factor or
the value, size and momentum factors. Hence, practically it does not impose a restriction on
the testing procedure. This assumption is only needed to obtain the same distribution theory

for the quadratic covariation of G with the estimated factors as with the true factors.

9 Differences to Long-Horizon Factor Models

The estimation approach of my high-frequency factor model can in general not be mapped
into Bai’s (2003) general long-horizon factor model. After rescaling the increments, we can
interpret the quadratic covariation estimator as a sample covariance estimator. However, in

contrast to the covariance estimator, the limiting object will be a random variable and the
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asymptotic distribution results have to be formulated in terms of stable convergence in law,
which is stronger than convergence in distribution. Models with jumps have “heavy-tailed
rescaled increments” which cannot be accommodated in Bai’s (2003) model. In stochastic
volatility or stochastic intensity jump models the data is non-stationary. Some of the results
in large dimensional factor analysis do not apply to non-stationary data. In contrast to long-
horizon factor analysis the asymptotic distribution of my estimators have a mixed Gaussian
limit and so will generally have heavier tails than a normal distribution.

I start with a simple case where the high-frequency problem is nested in the long-horizon

model. First, I assume that all stochastic processes are Brownian motions:

AH e AIK WF1 (t) Jg11 - 0 Wel (t)
X1 = R : : + | . : I
AlK ANK WFK(t) 0 ONN WeN(t)

where all Brownian motions Wr, and W, are independent of each other. In this case the

quadratic covariation equals

o2 - 0
(X, X]|=A[F,FIA" +[e,e] =AAN"T+ | : . = |T

2
0 - oy

Under standard assumptions AAT is a N x N matrix of rank K and its eigenvalues will go to
infinity for N — oo. On the other hand [e, e] has bounded eigenvalues. The problem is the
estimation of the unobserved quadratic covariation matrix [X, X] for large N. Although, we
can estimate each entry of the matrix with a high precision, the estimation errors will sum up
to a non negligible quantity if N is large. In the case of a large-dimensional sample covariance
matrix Bai (2003) has solved the problem. If we divide the increments by the square root of the

length of the time increments Ay; = T'/M, we end up with a conventional covariance estimator:

M M 2
T A X; A X; ..
D (AX)? = i (J%) with \/JAi ~ii.d. N0, AA] +02).
- M M

Jj=1 Jj=1

These rescaled increments satisfy all the assumptions of Bai (2003)’s estimator.
However, for general stochastic process we violate the assumptions in Bai’s paper. Assume

that the underlying stochastic processes have stochastic volatility and jumps. Both are features
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that are necessary to model asset prices realistically.

F(t) = /0 op(s)dWg(s) + Z AF(s) e(t) = /0 oe(s)dWe(s) + Z Ae(s).

s<t s<t

First, if X; is allowed to have jumps, then it is easy to show that the rescaled increments jﬁ
do not have fourth moments. However, Bai (2003) requires the random variables to have at
least 8 moments.?’ Second, the quadratic covariation matrices evaluated at time 7" will now be

random variables given by?!

T

T
7P = /0 o2 (s)ds + 3 AF2(s)  [esen] = /0 Gern ()5 + 3 Aci(s)Aex(s).

s<T s<T

and [X, X] = A[F, F]JA" +[e, ¢]. The high-frequency estimator is based on path-wise arguments
for the stochastic processes, while Bai’s estimator is based on population assumptions. Third,
the mode of convergence is now stable convergence in law, which is stronger than simple conver-
gence in distribution.?? Although the estimator for the quadratic covariation is v/ M consistent,

it has now an asymptotic mixed-Gaussian law:

3

j=1 s<T s'<T

M T
VALY Fie;i 50w o, /0 ototds + S AF(5)o (5) + 3 Acd(s)ob(s)

This directly affects the distribution of the loadings estimator. Similar arguments apply to the

factor estimator.

10 Simulations

This section considers the finite sample properties of my estimators through Monte-Carlo sim-
ulations. In the first subsection I use Monte-Carlo simulations to analyze the distribution of
my estimators for the loadings, factors and common components. In the second subsection I
provide a simulation study of the estimator for the number of factors and compare it to the
most popular estimators in the literature.

My benchmark model is a Heston-type stochastic volatility model with jumps. In the general

20 Assumption C in Bai (2003)
21Here I assume that there is only one factor, i.e. K = 1.
22 Assumption F in Bai (2003).
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case I assume that the K factors are modeled as
dFy(t) = (p — 0%, ())dt + prop, ()dWE, (8) + /1 — phor, () dWE, (t) + JrdNF, (1)
da%k (t) = kp (aF - o%k (t)) dt +roF, (t)dWFk (t)
and the N residual processes as

dei(t) = peoe;(t)dWe,(t) + /1 — pZoe, (t)dWEi (t) + Je;dNe, (1) — E[Je
do? (t) = Ke (ae - O'i. (t)) dt + YeOe; (t)dW(ii (t)

€

|vedt

i

The Brownian motions Wg, Wg, W, W, are assumed to be independent. I set the parameters
to values typically used in the literature: Kp = ke = 5, vp = v, = 0.5, pr = —0.8, pe = —0.3,
p=0.05, ap = a, = 0.1. The jumps are modeled as a compound Poisson process with intensity
vp = Ve = 6 and normally distributed jumps with Jp, ~ N(—0.1,0.5) and J., ~ N(0,0.5). The
time horizon is normalized to T' = 1.

In order to separate continuous from discontinuous movements I use the threshold 36 x () A%,
The spot volatility is estimated using Barndorff-Nielsen and Shephard’s (2006) bi-power volatil-
ity estimator on a window of v/M observations. Under certain assumptions the bi-power esti-
mator is robust to jumps and estimates the volatility consistently.

In order to capture cross-sectional correlations I formulate the dynamics of X as
X(t) = AF(t) + Ae(t)

where the matrix A models the cross-sectional correlation. If A is an identity matrix, then
the residuals are cross-sectionally independent. The empirical results suggest that it is very
important to distinguish between strong and weak factors. Hence the first factor is multiplied
by the scaling parameter ogominant- If OCdominant = 1 then all factors are equally strong. In
practice, the first factor has the interpretation of a market factor and has a significantly larger
variance than the other weaker factors. Hence, a realistic model with several factors should set
Odominant > 1.

The loadings A are drawn from independent standard normal distributions. All Monte-
Carlo simulations have 1000 repetitions. I first simulate a discretized model of the continuous
time processes with 2000 time steps representing the true model and then use the data which
is observed on a coarser grid with M = 50, 100, 250 or 500 observations. My results are robust
to changing the number of Monte-Carlo simulations or using a finer time grid for the “true”

process.
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10.1 Asymptotic Distribution Theory

In this subsection I consider only one factor in order to assess the properties of the limiting

distribution, i.e. K =1 and 04ominant = 1. 1 consider three different cases:

1. Case 1: Benchmark model with jumps. The correlation matrix A is a Toplitz matrix
with parameters (1,0.2,0.1), i.e. it is a symmetric matrix with diagonal elements 1 and
the first two off-diagonals have elements 0.2 respectively 0.1.

2. Case 2: Benchmark model without jumps. This model is identical to case 1 but
without the jump component in the factors and residuals.

3. Case 3: Toy model. Here all the stochastic processes are standard Brownian motions
X(t) = AWr(t) + We(t)

After rescaling case 3 is identical to the simulation study considered in Bai (2003).

Obviously, we can only estimate the continuous and jump factors in case 1.

In order to assess the accuracy of the estimators I calculate the correlations of the estimator
for the loadings and factors with the true values. If jumps are included, we have additionally
correlations for the continuous and jump estimators. In addition for ¢ = T and i = N/2 1

calculate the asymptotic distribution of the rescaled and normalized estimators:

N M
CLTp = VNO ' (Fp — H ' Fy)
CLTy = VMO, /*(A; — HTA)

1. 1.\,
CLTc = <VT,i + WT,z‘) (CT,Z‘ - CT,z‘)

Table 1 reports the mean and standard deviation of the correlation coefficients between Fr
and Fp and f\i and A; based on 1000 simulations. In case 1 I also estimate the continuous
and jump part. The correlation coefficient can be considered as a measure of consistency.
For the factor processes the correlation is based on the quadratic covariation between the
true and the estimated processes. I run the simulations for four combinations of N and M:
N = 200,M = 250, N = 100,M = 100, N = 500,M = 50 and N = 50, M = 500. The
correlation coefficients in all cases are very close to one, indicating that my estimators are
very precise. Note, that we can only estimate the continuous and jump factor up to a finite
variation part. However, when calculating the correlations, the drift term is negligible. For
a small number of high-frequency observations M the continuous and the jump factors are
estimated with a lower precision as the total factor. This is mainly due to an imprecision in the
estimation of the jumps. In all cases the loadings can be estimated very precisely. The simpler

the processes, the better the estimators work. For sufficiently large N and M, increasing M
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N=200, M=250 N=100, M=100

Case 1 Case 2 Case 3 Case 1 Case 2 Case 3
Total Cont. Jump Total Cont. Jump
Corr. Fr 0.994 0.944 0.972 0.997 0.997 0.986 0.789 0.943 0.994 0.997
SD Fr 0.012 0.065 0.130 0.001 0.000 0.037 0.144 0.165 0.002 0.000
Corr. A 0.995 0.994 0.975 0.998 0.998 0.986 0.966 0.949 0.994 0.998
SD A 0.010 0.008 0.127 0.001 0.000 0.038 0.028 0.157 0.002 0.000
N=500, M=50 N=50, M=500
Case 1 Case 2 Case 3 Case 1 Case 2 Case 3
Total Cont. Jump Total Cont. Jump
Corr. Fr 0.997 0.597 0.926 0.999 0.999 0.973 0.961 0.954 0.988 0.990
SD Fr 0.006 0.196 0.151 0.001 0.000 0.067 0.028 0.141 0.005 0.002
Corr. A 0979 0.921 0.906 0.987 0.990 0.991 0.997 0.974 0.999 0.999
SD A 0.027 0.051 0.175 0.005 0.002 0.053 0.002 0.128 0.001 0.000

Table 1: Mean and standard deviations of estimated correlation coefficients between FT and
Fp and A; and A; based on 1000 simulations.

improves the estimator for the loadings, while increasing N leads to a better estimation of the

factors. Overall, the finite sample properties for consistency are excellent.

Common components Factors Loadings
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Figure 1: Case 1 with N = 200 and M = 250. Histogram of standardized common components
CLT¢, factors CLTr and loadings CLTy. The normal density function is superimposed on the
histograms.

Table 2 and Figures 1 to 3 summarize the simulation results for the normalized estimators
CLT¢, CLTr and CLTy. The asymptotic distribution theory suggests that they should be
N(0,1) distributed. The tables list the means and standard deviations based on 1000 simula-
tions. For the toy model in case 3 the mean is close to 0 and the standard deviation almost
1, indicating that the distribution theory works. Figure 3 depicts the histograms overlaid with

a normal distribution. The asymptotic theory provides a very good approximation to the fi-
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N=200, M=250 CLTc CLTr CLT\ N=100, M=100 CLTc CLTr CLT\

Case 1 Mean 0.023 0.015 0.051 Case 1 Mean -0.047 0.025 -0.006
SD 1.029 1.060 1.084 SD 0.992 1.139 1.045
Case 2 Mean 0.004 -0.007 -0.068 Case 2 Mean -0.005 0.030 0.041
SD 1.040 1.006 1.082 SD 1.099 1.046 1.171
Case 3 Mean 0.000 0.002 0.003 Case 3 Mean 0.024 -0.016 -0.068
SD 1.0563 1.012 1.049 SD 1.039 1.060 1.091
N=500, M=50 CLTo CLTrp CLT\ N=50, M=500 CLTo CLTrp CLTy
Case 1 Mean -0.026 -0.012 -0.029 Case 1 Mean -0.005 -0.044 0.125
SD 0.964 1.308 1.002 SD 1.055 4.400 1.434
Case 2 Mean -0.028 -0.009 0.043 Case 2 Mean 0.012 -0.018 -0.020
SD 1.120 1.172 1.178 SD 0.989 1.038 1.178
Case 3 Mean -0.064 0.003 0.018 Case 3 Mean 0.053 0.030 -0.013
SD 1.079 1.159 1.085 SD 1.015 1.042 1.141

Table 2: Mean and standard deviation of normalized estimators for the common component,
factors and loadings based on 1000 simulations

nite sample distributions. Adding stochastic volatility and weak cross-sectional correlation still
provides a good approximation to a normal distribution. The common component estimator is
closer to the asymptotic distribution than the factor or loading estimator. Even in case 1 with
the additional jumps the approximation works well. The common component estimator still
performs the best. Without an additional finite sample correction the loading estimator in case
1 would have some large outliers. In more detail, the derivations for case 1 assume that the time
increments are sufficiently small such that the two independent processes F(t) and e;(t) do not
jump during the same time increment. Whenever this happens the rescaled loadings statistic
explodes. For very few of the 1000 simulations in case 1 we observe this problem and exclude
these simulations. I have set the length of the local window in the covariance estimation of
the loadings estimator to k = v/M. The estimator for the covariance of the factors assumes
cross-sectional independence, which is violated in the simulation example as well as Assumption
5. Nevertheless in the simulations the normalized statistics approximate a normal distribution

very well. Overall, the finite sample properties for the asymptotic distribution work well.

10.2 Number of Factors

In this subsection I analyze the finite sample performance of my estimator for the number of
factors and show that it outperforms or is at least as good as the most popular estimators in the
literature. One of the main motivations for developing my estimator is that the assumptions
needed for the Bai and Ng (2002), Onatski (2010) and Ahn and Horenstein (2013) estimator
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Figure 2: Case 2 with IV = 200 and M = 250. Histogram of standardized common components
CLT¢, factors CLTr and loadings CLTy. The normal density function is superimposed on the
histograms.
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Figure 3: Case 3 with N = 200 and M = 250. Histogram of standardized common components
CLTg, factors CLTFr and loadings C'LTy. The normal density function is superimposed on the
histograms.

cannot be extended to the general processes that we need to consider. In particular all three
estimators assume essentially that the residuals can be written in the form BEA, where B is
a T x T matrix capturing serial correlation, A is a N x N matrix modeling the cross-sectional
correlation and E is a T' x N matrix of i.i.d. random variables with finite fourth moments.
Such a formulation rules out jumps and a complex stochastic volatility structure.

In the first part of this section we work with a variation of the toy model such that we can

apply all four estimators and compare them:
X(t) = AWi(t) + 0AW. (1)

where all the Brownian motions are independent and the N x N matrix A models the cross-
sectional dependence, while 6 captures the signal-to-noise ratio. The matrix A is a Toplitz

matrix with parameters (1,a,a,a,a?), i.e. it is a symmetric matrix with diagonal element 1
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and the first four off-diagonals having the elements a, a, a and a®. A dominant factor is modeled
with ogominant > 1. Note, that after rescaling this is the same model that is also considered
in Bai and Ng, Onatski and Ahn and Horenstein. Hence, these results obviously extend to
the long horizon framework. In the following simulations we always consider three factors, i.e.
K =3.

I simulate four scenarios:

1. Scenario 1: Dominant factor, large noise-to signal ratio, cross-sectional correlation
Tdominant = V10, = 6 and a = 0.5.

2. Scenario 2: No dominant factor, large noise-to signal ratio, cross-sectional correlation
Odominant = 1, 6 = 6 and a = 0.5.

3. Scenario 3: No dominant factor, small noise-to signal ratio, cross-sectional correlation
Odominant = 1, 6 = 1 and a = 0.5.

4. Scenario 4: Toy model

Odominant = 17 0 =1and a=0.

My empirical studies in Pelger (2015) suggest that in the data the first systematic factor is
very dominant with a variance that is 10 times larger then those of the other weaker factors.
Furthermore the idiosyncratic part seems to have a variance that is at least as large as the
variance of the common components. Both findings indicate that scenario 1 is the most realistic
case and any estimator of practical relevance must also work in this scenario.

My perturbed eigenvalue ratio statistic has two choice parameters: the perturbation g(N, M)
and the cutoff 4. In the simulations I set the cutoff equal to v = 0.2. For the perturba-
tion I consider the two choices g(N, M) = VN - median{\1, ..., \n} and g(N, M) = log(N)
median{A1, ..., An}. The first estimator is denoted by FRP1, while the second is ERP2. All
my results are robust to these choice variables. The Onatski (2010) estimator is denoted by
Onatski and I use the same parameters as in his paper. The Ahn and Horenstein (2013) es-
timator is labeled as Ahn. As suggested in their paper, for their estimator I first demean the
data in the cross-sectional and time dimension before applying principal component analysis.
Bai denotes the BIC3 estimator of Bai and Ng (2002). The BIC3 estimator outperforms the
other versions of the Bai and Ng estimators in simulations. For the last three estimators, we
need to define an upper bound on the number of factors, which I set equal to ke = 20. The
main results are not affected by changing k,q,. For ERP1 and FRP2 we consider the whole
spectrum. The figures and plots are based on 1000 simulations.

Obviously there are more estimators in the literature, e.g. Harding (2013), Alessi, Barigozzi
and Capasso (2010) and Hallin and Liska (2007). However, the simulation studies in their
papers indicate that the Onatski and Ahn and Horenstein estimators dominate most other

estimators.
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Error in estimating the number of factors
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Figure 4: RMSE (root-mean squared error)
for the number of factors in scenario 1 for
different estimators with N = M.
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Figure 5: RMSE (root-mean squared error)
for the number of factors in scenario 2 for
different estimators with N = M.

ERP1 ERP2 Onatski Ahn Bai
RMSE 0.32 0.18 0.49 4.00 3.74
Mean 2.79 2.88 2.76 1.00 1.09
Median 3 3 3 1 1
SD 0.52 0.41 0.66 0.00 0.28
Min 1 1 1 1 1
Max 3 4 5 1 2

ERP1 ERP2 Onatski Ahn Bai
RMSE 148 0.87 1.99 0.73 3.99
Mean 2.39 2.62 2.31 2.56 1.00
Median 3 3 3 3 1
SD 1.05 0.85 1.23 0.73 0.06
Min 0 0 0 1 1
Max 4 4 6 4 2

Table 3: Scenario 1: N = M =125, K = 3.

Table 4: Scenario 2: N = M =125, K = 3.

Figures 4 to 7 plot the root-mean squared error for the different estimators for a growing

number N = M and show that my estimators strongly outperform or are at least as good as the

other estimators. In the most relevant Scenario 1 depicted in Figure 4 only the ERP1, ERP2

and Onatski estimator are reliable. This is because these three estimators focus on the residual

spectrum and are not affected by strong factors. Although we apply the demeaning as proposed

in Ahn and Horenstein, their estimator clearly fails. Table 3 shows the summary statistics for

this scenario. Ahn and Bai severely underestimate the number of factors, while the FRP1
and EFRP2 estimators are the best. Note, that the maximal error for both ERP estimators is

smaller than for Onatski. In Figure 5 we remove the strong factor and the performance of Ahn

drastically improves. However ERP1 and ERP1 still show a comparable performance. In the

less realistic Scenarios 3 and 4, all estimators are reliable and perform equally well.
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Error in estimating the number of factors
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Figure 7: RMSE (root-mean squared error)
for the number of factors in scenario 4 for
different estimators with N = M.

ERP1 ERP2 Onatski Ahn Bai ERP1 ERP2 Onatski Ahn Bai
RMSE  0.00 0.01 0.06 0.00 0.00 RMSE  0.00 0.00 0.05 0.00 0.00
Mean 3.00 3.01 3.03 3.00 3.00 Mean 3.00 3.00 3.03 3.00 3.00
Median 3 3 3 3 3 Median 3 3 3 3 3
SD 0.03 0.08 0.24 0.00 0.00 SD 0.00 0.03 0.22 0.00 0.00
Min 3 3 3 3 3 Min 3 3 3 3 3
Max 4 4 7 3 3 Max 3 4 7 3 3

Table 5: Scenario 3: N = M = 125, K = 3.

Table 6: Scenario 4: N = M =125, K = 3.

Figures 8 and 9 show ERP1 applied to the benchmark model Case 1 from the last subsection.

The first dominant factor has a continuous and a jump component, while the other two weak

factors are purely continuous. Hence, we have K = 3, K ¢ =3, KP =1 and ogominant = 3

I simulate 100 paths for the perturbed eigenvalue ratio and try to estimate K, K¢ and KP.

We can clearly see that ERP1 clusters for k£ > 3 in the total and continuous case respectively

k > 1 in the jump case and increases drastically at the true number of factors. How the cutoff

threshold + has to be set, depends very much on the data set. The choice of v = 0.2, that

worked very well in my previous simulations, would potentially not have been the right choice

for Figures 8 and 9. Nevertheless, just by looking at the plots it is very apparent what the right

number of factors should be. Therefore, I think plotting the perturbed eigenvalue ratios is a

very good first step for understanding the potential factor structure in the data.
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Figure 8: Perturbed eigenvalue ratios (ERP1) in the benchmark case 1 with K = 3, K¢ = 3,
KP =1, 0gominant = 3, N = 200 and M = 250 for 100 simulated paths.
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Figure 9: Perturbed eigenvalue ratios (ERP1) in the benchmark case 1 with K = 3, K¢ = 3,
KP =1, 0gominant = 3, N = 100 and M = 100 for 100 simulated paths.

11 Conclusion

This paper studies factor models in the new setting of a large cross section and many high-
frequency observations under a fixed time horizon. I propose a principal component estimator
based on the increments of the observed time series, which is a simple and feasible estimator. For

this estimator I develop the asymptotic distribution theory. Using a simple truncation approach
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the same methodology allows to estimate continuous and jump factors. My results are obtained
under very general conditions for the stochastic processes and allow for cross-sectional and serial
correlation in the residuals. I also propose a novel estimator for the number of factors, that can
also consistently estimate the number of continuous and jump factors under the same general
conditions. In two extensions I propose a new test for comparing estimated statistical factors
with observed economic factors and a new estimator for the variance of microstructure noise.
In an extensive empirical study in Pelger (2015) T apply the estimation approaches developed
in this paper to 5 minutes high-frequency price data of S&P 500 firms from 2003 to 2012. 1
can show that the continuous factor structure is highly persistent in some years, but there is
also time variation in the number and structure of factors over longer horizons. For the time
period 2007 to 2012 I estimate four continuous factors which can be approximated very well
by a market, oil, finance and electricity factor. The value, size and momentum factors play
no significant role in explaining these factors. From 2003 to 2006 one continuous systematic
factor disappears. Systematic jump risk also seems to be different from systematic continuous
risk. There seems to exist only one persistent jump factor, namely a market jump factor. Using
short-maturity, at-the-money implied volatilities from option price data for the same S&P 500
firms from 2003 to 2012 I analyze the systematic factor structure of the volatilities. There there
seems to be only one persistent market volatility factor, while during the financial crisis an
additional temporary banking volatility factor appears. Based on the estimated factors, I can
decompose the leverage effect, i.e. the correlation of the asset return with its volatility, into a
systematic and an idiosyncratic component. The negative leverage effect is mainly driven by
the systematic component, while the idiosyncratic component can be positively correlated with
the volatility. These findings are important as they can rule out popular explanations of the
leverage effect, which do not distinguish between systematic and non-systematic risk.
Arbitrage pricing theory links risk premiums to systematic risk. In future projects I want
to analyze the ability of the high-frequency factors to price the cross-section of returns. Fur-
thermore I would like to explore the possibility to use even higher sampling frequencies by

developing a microstructure noise robust estimation method.
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A Structure of Appendix

The appendix is structured as follows. Appendix B specifies the class of stochastic processes
used in this paper. In Appendix C I collect some intermediate asymptotic results, which will
be used in the subsequent proofs. Appendix D proves the results for the loading estimator.
Appendix E treats the estimation of the factors. In Appendix F I show the results for the
common components. In Appendix G I derive consistent estimators for the covariance matrices
of the estimators. Appendix H deals with separating the continuous and jump factors. The
estimation of the number of factors is in Appendix I. Appendix J proves the test for identifying
the factors. Last but not least I discuss the proofs for microstructure noise in Appendix K.
Finally, for convenience Appendix L contains a collection of limit theorems. In the proofs C is

a generic constant that may vary from line to line.

B Assumptions on Stochastic Processes

Definition 1. Locally bounded special It6 semimartingales
The stochastic process Y is a locally bounded special Ito semimartingale if it satisfies the fol-
lowing conditions. Y s a d-dimensional special Ité semimartingale on some filtered space

(2,5, (8t)t>0,P), which means it can be written as

t t t
Vi =Yy + / bsds —I—/ osdWs + / / d(s,z)(pn — v)(ds,dx)
0 0 0o JE

where W is a d-dimensional Brownian motion and p is a Poisson random measure on Ry X B
with (E,E) an auziliary measurable space on the space (2, F, (§t)t>0,P). The predictable com-
pensator (or intensity measure) of p is v(ds,dz) = ds x v(dx) for some given finite or sigma-
finite measure on (E,E). This definition is the same as for an Ité semimartingale with the
additional assumption that || fot S 0(s,2) 1 s5>13v(ds, dz)|| < oo for all t. Special semimartin-
gales have a unique decomposition into a predictable finite variation part and a local martingale
part.

The coefficients by(w),o1(w) and §(w,t,x) are such that the various integrals make sense
(see Jacod and Protter (2012) for a precise definition) and in particular by and oy are optional
processes and 6 is a predictable function.

The volatility oy is also a d-dimensional Ité semimartingale of the form

t t t t B
oy =09 + / bsds + / osdWs + / oLdW! + / / ]l{‘|5||<1}6(5, x)(p —v)(ds,dx)
0 0 0 0 JE -

t
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where W' is another Wiener process independent of (W, ). Denote the predictable quadratic co-
variation process of the martingale part by fg asds and the compensator of fg I5 ﬂ{IISH>1}S(S’ x)p(ds, dx)
by fot asds.

1. I assume a local boundedness condition holds for'Y :

o The process b is locally bounded and cadlag.

e The process o is cadlag.

o There is a localizing sequence T, of stopping times and, for each n, a determin-
istic nonnegative function Ty, on E satisfying [T'n(2)%v(dz) < oo and such that
|0(w,t, 2)|| A1 < Ty(2) for all (w,t, z) with t < 7, (w).

2. The volatility process also satisfy a local boundedness condition:

e The processes b a and @ are locally bounded and progressively measurable
o The processes & and b are cadlag or caglad

T

3. Furthermore both processes co' and Jt,atT_ take their values in the set of all symmetric

positive definite d X d matrices.

More details on high frequency models and asymptotics can be found in the book by Ait-
Sahalia and Jacod (2014).

C Some Intermediate Asymptotic Results

C.1 Convergence Rate Results

Proposition C.1. Assume Y is a d-dimensional Ité-semimartingale satisfying Definition 1:
t t t
Y=Y, Jr/ by(s)ds Jr/ O’y(S)dWy(S) Jr/ oy * (,LL — I/)t
0 0 0

Assume further that Y is square integrable. Assume Zy = ﬁ Zf\il Z;, where each Z; is a

local Ito-martingale satisfying Definition 1:
t
Zi(t) = / 02,(8)dWi(s) + 6z, * 1z, — vz,)e
0
and each Z; is square integrable. Assume that [Zn,ZN]r and (Zy,ZN)T are bounded for all

N. Divide the interval [0, T] into M subintervals. Assume further that'Y is either independent

of Zn or a square integrable martingale.
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Then, it holds that

M
VM | S MY A Zy — Y, ZN]r | = 0,(1)

J=1

Proof. Step 1: Localization

Using Theorem L.1 and following the same reasoning as in Section 4.4.1 of Jacod (2012), we can
replace the local boundedness conditions with a bound on the whole time interval. I.e. without
loss of generality, we can assume that there exists a constant C' and a non-negative function I'
such that

ozl < C, 1Z:() <C, |6z )* <T, /F(Z)Vzi(dz) <C
oyl < C, y@l<c, |év)|*<T, /F(Z)VY(dZ) <C
oy < C

07y 07, and vz are defined by

¢
2. 2n)i= [ (3,004 [ 8, oo (4) as
Given our assumptions, we can use wlog that
loz, I <C, Zn@l <C, 05, II<T, /F(Z)VZN(dZ) <C

Step 2: Bounds on increments
Denote the time increments by Ay = T/M. Lemmas L.4, L.5 and L.6 together with the bounds
on the characteristics of Y and Zy imply that

E| sup [[Yis — Y

0<s<Aps

t+A t+Anr
<CAME [ / ||by<s>||2ds} L CE [ / oy (s)]%ds
t t

er[ [T [1vts o] <

and similarly

[ <

Sje

sup || Zn(s+1t) — Zn ()|
0<s<A

Step 3: Joint convergence
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Define Gy = VM (Z]]Vil AjYAjZN —[Y, ZN]T>. We need to show, that Ve > 0 there exists

an n and a finite constant C such that
P(||GMNH>C)§6 VM,N>7”L

By Markov’ s inequality, if E [[|Gan]?] < oo

P(|Gun| > C) < @E G |?]

Hence it remains to show that E [[|Gan]?] < oo for M, N — oc.
Step 4: Bounds on sum of squared increments

By It6’s lemma, we have on each subinterval

B _ ljt1 _ i1 _ _
AYAZy - A2y = [ () - Y(6)dZu(s) + [ (Zn(s) - Zu()aY (o)
t t
As Zy is square integrable and a local martingale, it is a martingale. By assumption Y is either
independent of Zy or a martingale as well. In the first case it holds that

E[AYA; Zy — MY, ZN)I8e, ]| = B [AY 5] E[AjZN[S,] =0

In the second case both stochastic integrals fot (s)dZn(s) and fo Zn(s)dY (s) are martingales.
Hence in either case, A;YA;Zy — A,;[Y, Zx] forms a sequence of martingale differences and we

can apply Burkholder’s inequality for discrete time martingales (Lemma L.2):

M
E[IGun]?] < MY E[IAYA;Zy — A;1Y, ZN]|]

j=1
M +1 tit+1 _

<MY E|| / (t)dZn(s) + [ (Zn(s) - Zu(t)ay (o)
j=1 b
M ]+1 ti+1 _

<MY E|] / (t))dZx(5)]? +MZE 1] nts) = Zntepav )P
j=1 tj

It is sufficient to show that E [H ft’;ﬁl(y(s) — Y(tj))dZN]ﬂ = % and E [H Li7+1(ZN(s) — ZN(tj))dYuz}
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7. By Lemma L.3 and step 1 and 2:

<| [ Ve - veplPazy)

tj

E[/OTHY(t) Y(t,) ||2<aZ ) /5 e ))dt}

H / Y @) - Y(t)dzZy?

J

IN

i+l
< CE / 1Y (8) — Y (t,)|dt
tj
9| 1
<CE| sup |Y(@)—-Y()|| —
1 <t<tji1 M
C
=

Similarly using Lemma L.4 for the drift of Y and L.3 for the martingale part, we can bound
the second integral:

E [n [ o - antenavie| <e [n [ - ZN@J-))bydtH?]

J

+E|| / _tj+1<ZN<t> — Zn(ty)) (oydWy + Sy d(p — v)) dt||2]

< Lleom / ?“(ZN@) - ZN<tj>>2uby<t>||2dt]

wop | [ @) - 2ne)P (Jov @ + [ 1017y () dt]
<Llem /t %j+1(ZN(t) Zn ))th]

vom | [ @n - 2n ) <>dt]

< CE sw (Zn(t) — _N(fj))2] %

.o

<

Putting things together, we obtain:

Moc
E[|GunlPl <MY — <C
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which proves the statement. O

Lemma C.1. Assumption 1 holds. Then

1 1
—FeA =0, | ——
N ! <¢MN>
Proof. Apply Proposition C.1 with Y = F and Zy = ﬁ Z,]CVZI Agey. O

Lemma C.2. Assumption 1 holds. Then

1 N M 1
— E ejieik — leiser] | Ak = Op | ——=
N =t it~ leer] | A =Op <\/MN>

k=1 =

Proof. Apply Proposition C.1 with Y =¢; and Zy = \/% Z;ﬂvzl Agey. O

Lemma C.3. Assume Assumption 1 holds. Then

= gAiei(T) _o, <\/1N>

Proof. By Burkholder’s inequality in Lemma L.3 we can bound

1 & ’ 1 C
T

based on Assumption 1. O
Lemma C.4. Assume Assumption 1 holds. Then

M

Z ejiejk — leiex)T = Op <1>

j=1 VM
Proof. Apply Theorem L.2. O

Proof of Lemma 1:

Proof. If e; has independent increments it trivially satisfies weak serial dependence. The harder

part is to show that the second and third condition imply weak cross-sectional dependence. We
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need to show

N

S Ly y sl -o(})

j=1 i=1 r=1

Step 1: Decompose the residuals into their continuous and jump component respectively:

Mo, NN ,
> Y E (el (5, + el

J=1 i=1r=1

M LY 2 42 2 pn2 2 p2
<03 23 (B 4[] ¢ 6%

7=1 i=1 r=1

+E [ec eD ec 2] +E [ejclejDZeff] +E [efieﬁe%efr] >

. .M 1 N N 2 02] 1
Step 2: To show: > ;7 1> > E [egi eJCJ } =0, (3)
This is a a consequence the Cauchy-Schwartz inequality and Burkholder’s inequality in Lemma

L.3:

2 o2 4]1/2
B[’ <CB[eS"] TR [,

M N N 2 2
Step 3: To show: Zj:l ﬁ Zi:l Zr:lE [ ]DZ yDr i| = OP (%)

S S B[R] < maxled - S B[]

=1 j=1

[y
<
—_

where we have used the Second and third condition.
Step 4: To show: Zg 1 N2 Zz 1 Zr IE |: jCz jDz ]CrejDr} = OP (%)
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M 1 N N N N
>z 2L D Elefiefiefie] < ZZ Z|e [[eP |sup(|e ¢S )
j i=1 r=1

J=1 i=1r=1 J=1 26T
NN o V2 1/2
1 D2 D 2 C 2
<O 2 E || D e ejr | sup(egi)
i=1 r=1 j=1 j=1 Jsi
2 C
< CE |sup(eS, < —
— JJP( J5? ) — M
Step 5: The other moments can be treated similarly as in step 2 to 4. O

Proposition C.2. Consequence of weak dependence
Assume Assumption 1 holds. If additionally Assumption 5, i.e. weak serial dependence and

weak cross-sectional dependence, holds then we have:

szpeﬂzeh_ ()

=1 j=1

Proof. By the localization procedure in Theorem L.1, we can assume without loss of generality

that there exists a constant C such that
e <C  or®<C  [[FOI<C  16p(t2)]* <T(2) /F(Z)’UF(dZ) <C

loe, I <C el <C I, (t,2)II* < T(=) /F(Z)vei(dZ) <C

We want to show

1 1
L3S e -0, (1)
i=1 j=1
where €;(T) = Zl]‘i 1 eii- 1 proceed in several steps: First, I define
.1 M
7 = N ZZ F eﬂe, Ej [b]FAJ<61,€Z>])

i=1 j=1

with the notation E;[.| = E[.|§,] as the conditional expectation and bF ftJ“ bF'(s)ds as the
increment of the drift term of F. The proof relies on the repeated use of different Burkholder
inequalities, in particular that bf =0, (ﬁ) JAj(es,e) =0, (ﬁ) and IE[FJQ] < %
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Sl
SN—

Step 1: To show % Zf\il Zjﬂil E; [bfA](ei, ei)] =0, (

1 N M 1 N M
~ > D E; [0 Ajles )] | < sup [E;b Al ZZ Ajles,e)]| <0, <M> O,(1)
i=1 j=1 i=1 j=1

Step 2: To show: Z = O, (%)
Note that by the independence assumption between F' and e, the summands in Z follow a

martingale difference sequence. Thus, by Burkholder’s inequality for discrete time martingales:

~ M 1 N 2
E|2?] <cE |} (NZ FjejiexT)—Ej[bfoei,ez-ﬂ))

= =1
M 1 N N 1 N N
<CE Z WZZFf@JZe]T@Z 5 ZZ bF *E;[Ajei, e)|E;[Aj(er, er)] )
]:1 i=1 r=1 i=1 r=1
1
- Nz (Fjejiei(T)E;[b] TB; (A (er, €,)] + Fiejrer (TVE;[b5 1B [A (s, €3)])
=1 r=1
The first term can be written as
[ v | NN
5|30 D0 FeseyenDen(r)
_]:1 i=1r=1
Y | NN Mo
=E > 5z 2D Fieicir ) ey ew| +E ZNz Z Fjejef,
| J=1 i=1 r=1 I#j s#j i=1 r=1
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Under the assumption of weak serial dependence in Assumption 5 the first sum is bounded by

M 1 N N
B> 33 2 D Feieir ) eu) e

j=1 i=1 r=1 I#j  s#j

Mo, NN
<C ZWZZE ||Elejiejr]| |E ZeliZSST
j=1 i=1r=1 | 1#] s#j
Mo, NN
<C Z 2ZZE ||Elejiejr]| |E Zelielr
7=1 i=1 r=1 _175]'
| Mo NN
SCMZWZZ‘E (ei, er)]
j=1 i=1 r=1
M N N
<Y LY / <s>ds]\
7j=1 =1 r=1
cls L[y G (o)
<(C— _
o1

j=1 i=1 r=1
C M 1 N N
S37 > el > D Elehie,]
j=1 i=1 r=1
C
<
— M6

In the last line, we have used weak cross-sectional dependence in Assumption 5. The third term

can be bounded as follows

M . N N c 1 N N M C C
= YO BB PE (A (e, e)]Ej[Aj (er, )] < — ~z YD 5 <—
j=1 i=1 r=1 i=1 r=1 j=1
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The final two terms can be treated the same way:

M 1 N N
Z m Z Z E [Fjejiei(T)Ej [bfA] <6Z’, 6i>H
j=1 i=1 r=1
M 1 N N
<3 5 20 S E (BB E ejies(T)E; [Ajer, )]
j=1 =1 r=1
<> E[FE/[p/)]E ~ > ejiei(T)| By N > Ajer, er>] ]
j=1 i=1 r=1
c &l & C
SM3/2 ZE N Zeﬁel(T) M
j=1 i=1
C 1 C
SM?’/QN ;E Heﬂu < W

O

Lemma C.5. Convergence rate of sum of residual increments: Under Assumptions 1
and 2 it follows that

1 1
L im0, (2)
=1

Proof. We apply Burkholder’s inequality from Lemma L.3 together with Theorem L.1:

1 tir1
AT/ G(s)dsA

< ¢
- NM

N 2
1 1
E <N E Aiejﬂ) S CE |:]V2ATAJ-<€,6>A:| S CE
i=1

J

which implies

1Y 1
- Aie~i:O r———
N 2 A P(m)

C.2 Central Limit Theorems

Lemma C.6. Central limit theorem for covariation between F' and ¢;
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Assume that Assumptions 1 and 2 hold. Then
M
VMY Fjeji 5° N(0,T)
j=1
where the entry {l, g} of the K x K matriz T'; is given by

T
Tiig :/ ol Fga ds + ZAFZ YAFI(s )+ ZA@ )opg pi(s')
0 s<T §'<T

F' denotes the I-th component of the the K dimensional process F and Opi pg are the entries

of its K x K dimensional volatility matriz.

Proof. Apply Theorem 1.2 using that independence of F' and e; implies [F,e;] = 0. O

Lemma C.7. Martingale central limit theorem with stable convergence to Gaussian
martingale
Assume Z™(t) is a sequence of local square integrable martingales and Z is a Gaussian martin-

gale with quadratic characteristic (Z,Z). Assume that for any t > 0
1. fg le|>€ 2207 (ds, dz) B 0 Ve € (0,1]
2. [z, 2", 5 (2, 2),

Then 2" 5" Z.

Proof. The convergence in distribution follows immediately from Lemma L.1. In order to show
the stable weak convergence in Theorem L.4, we need to show that the nesting condition for
the filtration holds. We construct a triangular array sequence X" (t) = Z"([tky]) for 0 <t <1

and some k, — co. The sequence of histories is §} = ﬁk'n]; 0 <t <1, where $H" is the history
of Z™. Now, t, = \/}T is a sequence that satisfies the nesting condition. ]

Lemma C.8. Martingale central limit theorem for sum or residuals
Assume that Assumption 1 is satisfied and hence, in particular e;(t) are square integrable mar-
tingales. Define Zy = ﬁ Zfil Ae(t). Assume that for any t > 0
1. 2AT (e, e)PA B0
2. +AT[e,e]PA 20
3. AT [e,eA 5 &,
Then, conditioned on its quadratic covariation Zpy converges stably in law to a normal distri-

bution.

Zn 5E N0, D))

o1



Proof. By Lemma C.7 Zy Las 7 , where Z is a Gaussian process with (Z, Z); = ®;. Conditioned

on its quadratic variation, the stochastic process evaluated at time ¢ has a normal distribution.
O

D Estimation of the Loadings

Lemma D.1. A decomposition of the loadings estimator
Let Vyny be the K x K matriz of the first K largest eigenvalues of %XTX. Define H =
% (FTF) ATAVA}JI\,. Then we have the decomposition

Vi (A . HTAi> -

2|~
»—AMZ

1 1 & 1 &
Axleisexlr + > Aroni + N > A + N > Akt
k=1 k=1 k=1
with

M
Gri = Y _ ejicjk — [ei, k)T
—

M
mi = Ay Y Fyei

j=1
M
.
i =AY Fiej
j=1

Proof. This is essentially the identity in the proof of Theorem 1 in Bai and Ng (2002). From
LxTx) A=AV
N = AVuyN
it follws that %X X AVA}}V = A. Substituting the definition of X, we obtain
(A - AH) Varw = —eTeh + —~AFTFATA + —eTFATA + —AFTeA — AHVary
N N N N
H is chosen to set
1 .
NAFTFATA — AHVyn = 0.

O]

Lemma D.2. Mean square convergence of loadings estimator Assume Assumption 1
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holds. Then

1 Y 1
il A A2 — -
N;”Az H AzH OP <5)

Proof. This is essentially Theorem 1 in Bai and Ng (2002) reformulated for the quadratic
variation and the proof is very similar. In Lemma D.4 it is shown that ||[Vasn| = Op(1). As
(a+b+c+d)? <4a®+ b+ 2+ d?), we have |A; — A HI? < (ai + bi + ¢; + di) - Op(1) with

| N
a4 = 755 > Agler, el
k=1

LN

bi = 3l > Ardnil®
k=1
| X

¢ = WH ZAknkiH2
k=1

Lo
di = WH > Argrl?
k=1

Step 1: To show: % Zfil a; = Op (%)

1 & 1 N1 X
NZ%‘SNZ<2HZA’€€’W€Z )
=1 =1 k=1
1 (1 N , | N
<5 | AP ) {5 D0 D leweil?
k=1 =1 k=1
1
“o,(2)

The first term is & SN IAR]1? = O,(1). The second term can be bounded by using the norm
equivalence between the Frobenius and the spectral norm. Note that Zf\; 1 Z,i\[:l[ek,ei]% is
simply the squared Frobenius norm of the matrix [e, e]. It is well-known that any N x N matrix
A with rank N satisfies ||A||r < vV N||A||2. Therefore

LNy

=1

lex, it < llle, e]13 = Op(1).

Mz

i
I

Step 2: To show: 3 ZN bi = Op (ﬁ)

53



1 & 11 &,
szi < NZ <J\72HZA1€¢1€1H )
: k=1
L NN N
N N2 Z o> Al Midridu

@
I
-
~.
Il
_

<
i=1 k=1 I=1
1 (1 XX N 1/2 | NN /X 2
<% mZZ(AkA>> NQZZ(Z(%%)
k=1 1=1 k=1 1=1 \i=1
L NN 1/2 | NN /X 2\ 1/2
<L (Nz; ) £ (z ¢m¢h>

4
As Qbil = (Zj\g ejkejr — [k, 65]) =0, (ﬁ) we conclude

N
1 1 N 1
72 < =
N & bi < NOP <M> O (M)

Step 3: To show: % Zfil ci = Op (ﬁ)

N N
. Z [ gAmﬂHQ < *Z |FTer]? (}sz ||Ak\2> (}sz HAkH2>

<4 (g HFTeirQ) 0,1 <0, (4 )

The statement is a consequence of Lemma C.6.
Step 4: To show: + SN di=0, (37)

NZHZA;@AP N2HZZAkA Fen”

k=1 j=1
N

1Y 1 M
< A2 (NZ ||Ak|2> Y Fenl?
k=1

k=1 j=1



The statement follows again from Lemma C.6.

Step 5: From the previous four steps we conclude

il 1
Z a2+bi+ci+di):Op (5)

= \

Lemma D.3. Convergence rates for components of loadings estimator
Under Assumptions 1 and 2, it follows that
"N Zk 1 Axlex, eilr = O, (ﬁ)
2§ iy Ao = 0y <T1\75)
3. % ZkN:1 Apnii = Op (%
N =

4 & S Atei = 0y (55)
Proof. This is essentially Lemma A.2 in Bai (2003). The proof follows a similar logic to derive
a set of inequalities. The main difference is that we use Lemmas C.1, C.2, C.4 and C.6 for

determining the rates.
Proof of (1.):

N N

1 N 1 -

NZA ek, €] = Z (Ak —HTAk) €k, €i] ZH Aglex, €]
k=1 k:l

The second term can be bounded using Assumption 2

N
1 1
N}; H T Agleg, €] < maxHAk\HHH;H e eil|| = <N>

For the first term we use Lemma D.2:

N 1/2 S 1/2
< ( Z|Akz_HTAk”2) Ve (Z[ek,ei]z)

-0 () () -0 ()

The local boundedness of every entry of [e, e] and Assumption 2 imply that

N

1
NZ (Ak—H Ak ek,el
k=1

N N

> llew elll* < mazizy, v llen e | Y lllex eilll = Op(1)

k=1 k=1
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Proof of (2.):
1 & 1 & 1 &
N > Arri = v > i (Ak - HTAk) t > H' Aoy
k=1 k=1 k=1
Using Lemma C.4 we conclude that the first term is bounded by

1/2

= ) A, = HTA|? =)D ejieir — [ 2 =0 <>0 (>
(N | A kH) N 2 | j:16] ejk — [ei, ekl v\ 5 ) P\ ot

k=1

The second term is O, (ﬁ) by Lemma C.4.
Proof of (3.):

1 X 1 X 1
~ Z A = N Z (Ak - HTAk) ApTFTe; + ¥ Z HTAALTF e,
k=1 k=1 -1

Applying the Cauchy-Schwartz inequality to the first term yields

1/2

N N 1/2 N
1 A T 1 A Ta 12 1 9
N;(Akz_H Ak)ﬁkiﬁ N;HAk—H Al N;nm’
1/2
0, (%) ( Z T E T u?)

()0 50 )

For the second term we obtain the following bound based on Lemma C.6:

IN

N N
1 1 1
— Z HTAkAkTFTei = HT ( Z AkAkT> (FTei) < Op <>
Ni= Ni= VM
Proof of (4.): We start with the familiar decomposition

N

N N
ZA Epi = Z (Ak - HTAk) ki + %ZHTM&&
N4 =1

k: 1
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The first term is bounded by

N 1 N 1/2 1 N 1/2
A T TT A T 2 T 2
Iy 2= (B = a0 ATF e < (N;rrAk—H Aku) (N;HF el ) ]

L 1/2
() (NZ ||FTeku2>
k=1

o (75v)

The rate of the second term is a direct consequence of Proposition C.1:

N
1 1
N HTArel FA; = O <)
N ; K%k P\VMN

This very last step is also different from the Bai (2003) paper. They essentially impose this last

=| -
IN
Q
- Sl

IN

conversion rate as an assumption (Assumption F.2), while I derive explicit conditions for the

stochastic processes in Proposition C.1. O

Lemma D.4. Limit of Vy;y
Assume Assumptions 1 and 2 hold. For M, N — oo, we have

Leir (1 o7 A D
NA <NX X)A—VMN—>V

and

TA ATA
— FTF> .
v N VY
. . : : 12T 1/2
where V' is the diagonal matriz of the eigenvalues of ¥\~ XpX )
Proof. See Lemma A.3 in Bai (2003) and the paper by Stock and Watson (2002b). O

Lemma D.5. The matrix @
Under Assumptions 1 and 2

_ ATA
plimys N oo N Q

1/2

where the invertible matrix Q) is given by Vl/QTTE; with Y being the eigenvector of E}F/QEAZ}F/Q

Proof. The statement is essentially Proposition 1 in Bai (2003) and the proof follows the same
logic. Starting with the equality %XTX./A\ = AV, we multiply both sides by %(FTF)lﬂAT

57



to obtain

T T A
(FTF)Y Q%AT (XNX ) A= (FTF)/? (ANA) Vin

Plugging in X = FAT + e, we get

with

dnay = (FTF)2 (ATJFAT[\ ATA FTeA ATeTeA)

N N + N N + N2
Applying Lemmas C.1 and C.2, we conclude dypas = 0p(1). The rest of the proof is essentially

identical to Bai’s proof. O

Lemma D.6. Properties of ) and H Under Assumptions 1 and 2

1. plimyy n oo = Q71
2. QTQ =13,
3. plimys n oo HHT = 537

Proof. Lemma D.5 yields H = (F'F) (ATTA> V-1 2 55QTV ! and the definition of V is

-
TVY' = E}/ ) AZ;/Q. Hence, the first statement follows from

H'Q=V'QSrQ" +0y(1)
-
— VYT ey 2 v o (1)
=V W 4 0,(1) =T+ 0,(1)

The second statement follows from the definitions:

07O = Z;l/QTTVl/QVI/QTTE;/Z
~1/2T 1727 1/2¢—1/2
R D D /9 >y et

The third statement is a simple combination of the first two statements. ]

Proof of Theorem 3:
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Proof. Except for the asymptotic distribution of /M F "e;, the proof is the same as for Theorem
1 in Bai (2003). By Lemma D.3

(Ai—HTAi)vMNzo,)(\/%)+Op(wlﬁ>+op<\/1ﬂ>+op<\/]1m>

The dominant term is % Z,ivzl [\kﬁkz‘- Hence, we get the expansion

A T LT T VM
VM (A= H'A) = Vit DA VMF e+ 0, | =

k=1 0
If \/TM — 0, then using Lemmas C.6 and D.5, we obtain
VMA; — HTA) 28 N (o, V‘lQFiQTV‘l)

Ifliminf@27>0, then
" N VN N N
NN -ANH) =0, | —= | +0, | —= | +0, | = | +Op | ——=] = 0,(1
i aam) =0, (o) (ﬁ) (i) + o (vazs) =00

Lemma D.7. Consistency of loadings

Assume Assumption 1 holds. Then

N 1
Ai—HTA; =0 <>
"\Vo

Proof. If we impose additionally Assumption 2, then this lemma is a trivial consequence of

Theorem 3. However, even without Assumption 2, Lemma D.3 can be modified to show that

o () 01((5) 0 () 0 ) 0 ()
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E Estimation of the Factors

Lemma E.1. Assume that Assumptions 1 and 2 hold. Then

M1 o 1

Z —F(A-AHHTA=0, 5

7=1

Proof. The overall logic of the proof is similar to Lemma B.1 in Bai (2003), but the underlying

conditions and derivations of the final bounds are different. It is sufficient to show that

%(A _AH)TA=O, (;) .

First using Lemma D.1 we decompose this term into

—(A=AH)TA = — = Apdir+ =Y Agles =S A+ — Y Arge | AT
RS ] £ SIS NGRS SR RS L

=I+IT+1II+1V

We will tackle all four terms one-by-one.

Term I: The first term can again be decomposed into

N N , NN N N
Z > At = N2 S (A= H ARgui " + 32 Z > H Aol
i=1 k=1 = =1 k=1

i=1 k=1

Due to Lemmas C.2 and D.2 the first term of I is bounded by

WE

| N , 1/2 LN, 1/2
QZZ (A — HTAp) i T < (N HAk—HTAkHQ> (NZHNZ@kAiTHZ>

i=1 k=1 k=1 b=l =l
1/2

1 1 1 ALl T2

< BN a ,

=0 <\/5> N — N ;; ejieji — [eir ex]) A ||
1 1

=0, —=1]0

(%) ()
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Now we turn to the second term, which we can bound using Lemma C.2 again:

Z ZHTAMA T < IIHHIIf ZAk Z dindi ||

i=1 k=1
N 1/2 . L 1/2
2 T2
( > lAx] ) (NZHNZ@’“AZ' | >
k=1 k=1 i=1
<0 ( v)
Hence, I is bounded by the rate O, ( 1\1/1N>
Term II: Next we deal with I1:
| NN 1 N | NN
]\TZ Ak[eiaek]AiT: ﬁzz Ak—H Ax)lei, ex] A FZZ klei, ex]A
i=1 k=1 i=1 k=1 i=1 k=1
Cauchy-Schwartz applied to the first term yields
L NN | X 1/2 LN X 1/2
el DO (Ap— HTAp)[es e A < (N > Ak - HTAk\2> (N > I > les, 6k]Az‘TH2>
i=1 k=1 k=1 k=1 i=1

=9 (w)

We used Lemma D.2 for the first factor and Assumption 2 in addition with the boundedness
of ||A; || for the second factor. By the same argument the second term of II converges at the

following rate

L NN | X 1/21N1N 1/2
N2 SN HTAplesen]Ai T < (N > \Ak||2> (N > I+ Z[eivek]AiTHz>

i=1 k=1 k=1
1
<or(v)

Thus, the rate of I1 is O, (%) Next, we address I11.

Term III: We start with the familiar decomposition

N N . 1 N N 1 N N
Z Z Ak77kz W Z Z (Ak - H Ak> mﬂ Ni Z Z Alcnlm
=1 k=1 k=1 i=1

=1 k=1
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We use Lemmas C.1 and D.2 and the boundedness of ||Ag||. The first term is bounded by

1/2
N /

. N | X 1/2 LN N
— Ap— H A) AT < [ =STAL— HTAL? — N = AT Fiesi||?
NQZZ(k k) Mk <N;H k k:||> N;HN;; ko Fjejilil]

i=1 k=1
1
ONM

The second term is bounded by

1/2

N N N 1/2
NLZZ HT AT < (}VZHHTAkP) —Z I+ ZZAJF jilki]?
k=1 i=1 k=1

i=1 j=1

o)

This implies that 11 is bounded by O
Term IV: Finally, we deal with I'V:

1 N N . 1 N N . . . N N . :
N;;AkfkiAi ZWZZ(M—H Ak>§k¢Ai +FZZH Al

i=1 k=1 1=1 k=1

» (i)

The first term can be bounded using Lemmas D.2 and Lemma C.6:

1NNA LA 1/21]\/1]\/ 1/2
Nz 3 (Ak - HTAk) Galhi T < (N > lAx - HTAk||2> (N > I+ ZAz’TFTeiAiTHQ)

i=1 k=1 =1

—_

<0 (i)

For the second term we need the boundedness of A; and a modification of Proposition C.1:

N N | N | N
ZZ HAp&rali || = I+ YN HTArejF) (N ZAiAz‘T> |
=1

i=1 k=1 k=1 j=1
1 N 1 N M
<| (NZAM) I 22D Fregeh L H]
i=1 k=1 j=1
<O< = >
- "\WVMN/’
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In conclusion, IV is bounded by O, (

N—

1 . .
—— Putting things together, we get

(A~ AH)TA =0, (\/ﬁ) +0, 11v> +0, (%) +0, (\/ﬁ) ~0, (;) .

==

Lemma E.2. Assume that Assumptions 1 and 2 hold. Then

M N 1 . 1 1 N M M
Sy (i) e =0, (5) 40,00 | 5 XX B Y
j=1k=1 i=1 j=1 =1

Without further assumptions the RHS is O), (%) + 0, (ﬁ)

Proof. The general approach is similar to Lemma B.2 in Bai (2003), but the result is different,
which has important implications for Theorem 4.
Note that e;(T") = Ejj\il eji. We want to show:

1 N X N M M
NZ(AZ*HTAz)ez(T):O <5>+O ZZFeJZZe“
i=1 i=1 j=1 =1

We substitute the expression from Lemma D.1:

1 Y 1 X 1
NZ(A HTA) WZZA’CE”%Q + ZZ

=1 i=1 k=1 %

| NN | NN
+ 52 Z > Apmines(T 5> > M&irei(T)
—1 k=1 i=1 k=1
=1+1I+1IT+1V

Term I: We first decompose I into two parts:

FZZ klei, exlei(T ZZZ Ay — HTA)| ez,ek]e,(T)—I—WZZHTA,C[eZ—,ek]ei(T).
i=1 k=1

i=1 k=1 i=1 k=1

Lemma D.2, Assumption 2 and the boundedness of e;(T") yield for the first term of I:
L NN | X 1/2 LA 1/2
N2 ZZ (A, — HTAp)[es, ex]es(T)]| < (N Z |Ay — HTAkH2> (N Z HN Zei(T)[ei’ek]‘|2>
pt ,

=1 k=1
< (

e
\_/
/_\

=~
v



Using Assumption 2 , we bound the second term
1 L 1
o 2 2 o) =0 )

Hence, I is O, (%)
Term I1: We split 1] into two parts:

1 N N . 1 N
Ni ZZA ¢2kez ﬁ ZZ Ak - H Ak ¢zke7, 2 Z H Akd’zkez )
i=1 k=1

i=1 k=1 1=1 k=1

As before we apply the Cauchy-Schwartz inequality to the first term and then we use Lemma
C.4:

;| NN 1/2
WZZ (Ap — HTAp)piges(T)]| S( ZHAk_HTAkHQ>

i=1 k=1 k=1

1/2
M /

1L 1
N > I doa(T) | D ejies —lener] | |
k=1 i=1 j=1
1 1
<Op| —= |0, —=
- <\/3> g (¢M>
The second term can be bounded by using a modification of Lemma C.2 and the boundedness
of €; (T)

N N
1 1
3 ; EZ: HTA, Zeﬂe]k leisex) | ei(T) < Op (W) )

. 1
Thus, 11 is O, <\/W)
Term [71: This term yields a convergence rate different from the rest and is responsible for

the extra summand in the statement:

1 N N A 1 N N ) N N
N2 Z > Apmines(T =2 SN (Ak - HTAk) nikei(T Z > H Agmiges(T)
=1 1=1 k=1

k=1 i=1 k=1
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The first term can be controlled using Lemma D.2 and Lemma C.6:

L NN | X 1/2 LN X M 1/2
DD (Ak —H Ak) nwes(T)| < (N S IAy - HTAk||2> Sl YA Y Freill?
i=1 k=1 k=1 k=1 i=1 j=1
1 1
<O, | —=)0p | —
<o () o ()
Without further assumptions, the rate of the second term is slower than of all the other sum-
mands and can be calculated using Lemma C.6:
| NN M | NoM M 1
32 2D AT Y Fieie) = Ol1) | 323 FrewY-en | =00 ()
i=1 k=1 j=1 i=1 j=1 I=1
Term IV: We start with the usual decomposition for the last term:
| NN TN N N
N2 Z D Aipes(T) = e DY (Aw = H'Ap)éinei(T Z Z HT Ap&ires(T)
i=1 k=1 1=1 k=1 =1 k=
For the first term we use Lemma D.2 and Lemmas C.6 and C.8:
L NN L& 1/2 LA M 1/2
59 SIS P NCRCTEYES S0 B E5 RS oCN) SEH
i=1 k=1 k=1 k=1 i=1 j=1

1
SO”( 5MN>'

Similarly for the second term:

N N 1 N 1 N M
ZZ TAwgwed(T) = 7 D HT Ay (NZe,-(T)AiT> > Fieji
i=1 k=1 i

=0 (3

- PA\VMN

In conclusion, IV is O, (ﬁ) Putting the results together, we obtain

perennev o, (1) vo (L) vo (L) eo () <0, (D)o, (L),

Term I11 is responsible for the low rate of convergence. O

Proof of Theorem 4:
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Proof.

. 1 .
FoFH ' = —XA—Fg1"
N
. . 1 .
= (F(A = AE +AE)T + o)A - FEHT
~ 1 T.14+ 1 T ~ 1 T
—FAA— —FH ' ATA— 1+ FH! A~ —FH !
N N tely

1 A ~ 1
= _FA-AHHTA+ ~eA

N
1 - ~ 1 . 1
= —F(A-AH Y TA+ —e(A - AH) + —eAH.
N ( ) A+ Ne( )+ e
By Lemmas E.1 and E.2, only the last term is of interest
M LM . T LM .

o _g-lp ) — A _g-1'A A A, )
I GEVETH RS 35 S IS WP 5 DI (T I
J=1 J=1k=1 j=1k=1

| MoN
-
5 ) prarees
Jj=1k=1

Under Assumption 5 Proposition C.2 implies (% Zfil Z]]\il Fiej; Z;\il eli) = 0, (%) If

‘@N — 0 then

A - 1 &
VN (Fj ~H 1Fj) = op(1) + ;HTAM(T)

j=1

By Lemma C.8, we can apply the martingale central limit theorem and the desired result
about the asymptotic mixed normality follows. In the case (% Zf\i 1 Z]]Vil Fjej; Elj\i 1 €li) =
O, (ﬁ), the arguments are analogous. O

Lemma E.3. Consistency of factors
Assumptions 1 and 2 hold. Then Fr — H 'Fp = O, (%)

Proof. The Burkholder-Davis-Gundy inequality in Lemma L.3 implies %GTAH =0, (\/%)

In the proof of Theorem 4, we have shown that Assumptions 1 and 2 are sufficient for

S (B-H'F)=0, (2) +0, <\/1M) + %eTAH.

J=1
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Lemma E.4. Consistency of factor increments

Under Assumptions 1 and 2 we have

3 1
F,=H'F;+0, <5)

Proof. Using the same arguments as in the proof of Theorem 4 we obtain the decomposition

-1 RS TR T 1 ¢ A T 1 T
F’j—H Fj :NZAR (Ak—H Ak) Fj—FNZEjk (Ak—H Ak)—i-NZH Akejk.
k=1 k=1 k=1

Lemma E.1 can easily be modified to show that
N
1 A 4T+ \ " 1
A (Ak—H 1 Ak> F; =0, <5> .
k=1

Lemma E.2 however requires some additional care. All the arguments go through for ¢; ; instead

of Zl]\i 1 e1,; except for the term (% Zfi 1 Z]J‘/il Fjeﬁeli) Based on our previous results we have

Zj]\/i1 Fieji= 0, (ﬁ) and e;; = O, (ﬁ) This yields

N M
1 1 1

LSS ) —o (1) =0, ()

i=1 j=1
Therefore

1 Y A 1

N Ze]-k (Ak — HTAk) = Op (5) .

k=1

Lemma C.5 provides the desired rate for the last term % Z}ngd HTAkejk =0, (%) 0

Lemma E.5. Consistent estimation of factor covariation
Under Assumptions 1 and 2 we can consistently estimate the quadratic covariation of the factors
if @ — 0. Assume Y (t) is a stochastic process satisfying Definition 1. Then

1T
Sl

M
|ETE—H M EFE | =0)1) |3, EY; — HEY]| = 0,(1)
j=1
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Proof. This is a simple application of Lemma E.4:

M M - 1 M M 1
N EF =H ') FF |H' +0, (5> STIFI+D> 0, (52>
j=1 j=1 j=1 j=1
1 S T 1T VM M
=H 'Y FEF'|H ' +0, 5 |+ 0 <52)
j=1

By Theorem L.2

M

;FjFJT —[F,Flr =0, <\}g>

The desired result follows for @ — 0. The proof for [F,Y] is analogous. O]

F Estimation of Common Components

Proof of Theorem 5:

Proof. The proof is very similar to Theorem 3 in Bai (2003). For completeness I present it here:
A A AN ot AT (£ 1
Cr;—Cr; = (Ai —H AZ') HFr+ A (FT —H™ FT) .

From Theorems 3 and 4 we have
V5 (A — HTA»> = @/iv—1 1 EJV:AkAT\/MFTe- +0 (1)
7 7 M MNN Pt k 1 p \/S

Vo (Fr-H7'F) = \/Ei H Aier; + 0, (@) +0, (%) .
=1

If Assumption 5 holds, the last equation changes to

. B § 1
Vo (Fr-H7'R) = \/;z; H Ajer; + 0, <\/g> .

In the following, we will assume that weak serial dependence and cross-sectional dependence

holds. The modification to the case without it is obvious. Putting the limit theorems for the
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loadings and the factors together yields:

We have used
AT (FT . H*lFT) — A H(Fr— H'Fr) + (AZ - AZTH> (FT - H*IFT>

= A H(Fr — H'Fr) + 0, <(15> .

By the definition of H it holds that

H v <A;A> = (FTF)A.

Using the reasoning behind Lemma D.6, it can easily be shown that

HH' = iATA 71+0 1
- \N P\¢§ )"
Define

~1
ENM :qu (FTF) VMFe;

a7 (Lama) g
QZ)NM—Az’ (NAA \/NA er

By Lemmas C.6 and C.8, we know that these terms converge stably in law to a conditional

normal distribution:
L=s L—s
Enm = N(0,Vry) , énm = N0, Wr;)

Therefore,

R 1) 1) 1
Vo (CT,Z' - CT,i) = \/;gNM + \/;QSNM + O, (\/§>

Envr and ¢ are asymptotically independent, because one is the sum of cross-sectional random

variables, while the other is the sum of a particular time series of increments. If % and

2| 2o

converge, then asymptotic normality follows immediately from Slutzky’s theorem. % and
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are not restricted to be convergent sequences. We can apply an almost sure representation

theory argument on the extension of the probability space similar to Bai (2003). O

Lemma F.1. Consistency of increments of common component estimator

Under Assumptions 1 and 2 it follows that
A 1
Cji=Cji+Op (5>

1
éj,i =e€j5;+ Op <(5>

~

with éjﬂ' == Xjﬂ' - C]z

)

Proof. As in the proof for Theorem 5 we can separate the error into a component due to the

loading estimation and one due to the factor estimation.
N X T o N
Cj7i — ij = (Al — HTAZ> Hile + A;r (Fj — Hile) .
By Lemmas D.7 and E.4 we can bound the error by O, (%) O

Lemma F.2. Consistent estimation of residual covariation Assume Assumptions 1 and
2 hold. Then if @ — 0 we have for i,k =1,...., N and any stochastic process Y (t) satisfying
Definition 1:

M
€€k = [ei, ex] + op(1), Z C = [Cj, Cy] + 0p(1).
J

NE

<.
Il
—

)

M
€Y = [ei, Y]+ o0p(1), Z =[C;, Y]+ 0p(1).

NE

1

<.
Il

Proof. Using Lemma F.1 we obtain

Ze”ejk_zeﬂe]kJrZO <52>+Z|eﬂ|0 < ) 26]726]]@4-0]3 (1) = [es, ex] + 0,(1).

The rest of the proof follows the same logic. O
Proof of Theorem 1:

Proof. This is a collection of the results in Lemmas D.7, E.3, E.5, F.1 and F.2. ]
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G Estimating Covariance Matrices

Proposition G.1. Consistent unfeasible estimator of covariance matrix of loadings
Assume Assumptions 1, 2 and 3 hold and @ — 0. By Theorem 1

VM(A; — HTA;) 5 N (0,0,)
with
Opi =V IQIQTV !

where the entry {l, g} of the K x K matriz T'; is given by

T
I :/ O R Fga ds + ZAFZ JAFI(s )+ ZAe )opg pi(s).
0 s<T §'<T

F' denotes the I-th component of the the K dimensional process F and Opi pg are the entries
of its K x K dimensional volatility matriz. Take any sequence of integers k — oo, % — 0.
Denote by I(j) a local window of length % around j with some o > 0 and w € (0, %)

Define a consistent, but unfeasible, estimator for I'; by

IV ME F/FY egzﬂ{|Fl|<O¢AM,|F9|<OCAM,|6M|§aA;{}

7=1
M-k
% 2o B Lrzang, (mizangy | 2o hillend<ary,)
] k+1 hel(j)
M M-k
o Y Gilfluzansy | Do FAFNL(m <oy, [F|<ans,)
Jj=k+1 hel(j)

Then

L (ATAN L [ATA

Proof. The Estimator for I'; is an application of Theorem L.3. Note that we could generalize
the statement to include infinite activity jumps as long as their activity index is smaller than
1. Finite activity jumps trivially satisfy this condition. The rest follows from Lemmas D.4 and
D.5. O

Proof of Theorem 6:
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Proof. By abuse of notation the matrix elyx|<an® ) has elements €jil{|x; ;|<an®} and the
matrix Fﬂ{|X|§aA§;{}AT has elements Fjﬂ{‘XMSQA%}A;r. A similar notation is applied for
other combinations of vectors with a truncation indicator function.

. . 1L YCA N CAA o 1
Step 1: To show: XA — Doict Lix;.<ansy—n-H Fj = Op (3)

We start with a similar decomposition as in Theorem 4:

XCA LTATA 1 ST A
N~ Flixicaag B S5 = xicaag) (A= AHT) At Gelgxcang (A —AH)

1
+N€]1{\X|<QA }AH
It can be shown that
! A—AEt) A !
v Eil{xi<ang) ( —AH ) =0 {5
1 Ao A 1
Nolixizasgy (A —AH) =0, ( 5
1 C 1
Nej]l“XlSaAJM}AH = N€] AH + — N <631{|X\<O¢A“ } — €. ) AH O 5
The first statement follows from Lemma E.1. The second one can be shown as in Lemma E.4.
The first term of the third statement can be bounded using Lemma C.5. The rate for the

second term of the third equality follows from the fact that the dlfference ejil{|x; |<an®,} —

is equal to some drift term which is of order O, (M) and to —gyey; if there is a jump in X -

¢
AAT
Step 2: To show: NXDA Zz 1 1{x; i >an% }TZH le:Op (3)

As in step 1 we start with a decomposition

XPA TATA 1 CoONT 1 A
T _F]l{|X|>aA }H N NFH{|X|>04A“’} (A—AH > A+N6]1{|X|>QALIDM} (A—AH)
1
+ N el ang M

It follows

1 AT 1
S FL(x15aa,) (A—AH ) A=o0, <5>

1 A 1

N LixI>aa8,) (A - AH) =0p <5>
1 NI DY o 1
N paag M = ey A + (ejﬂﬂxwam —€j> H=0p {5

The first rate is a consequence of Lemma E.1, the second rate follows from Lemma D.7 and the

third rate can be derived using similar arguments as in step 1.
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N XCA ;
Step 3: To show: X]CZ — A — Gj,iﬂ{\xj’i\gaAﬁ/,} =0p (%)

By a similar decomposition as in Lemma F.1 we obtain

X¢ A[\ 1 (A —HTA) B :
Ji €1 {|X;i<ang,y = \ i — i JH{1X5,:1<aAg, }

- ATX cT
+ A’L <N - H F l{lszl<aAw }>

1 1
=0y (55 ) I L, izasipl 404 ()
1 1
() 3)

The first rate follows from Lemma D.7 and the second rate can be deduced from step 1.

A XDPA -
Step 4: To show Xﬁ- — 5N — ¢jil{|x; [>ang,} = =0, ( ) +0, (%) ||Fj11{\Xj,i\>aA§(/I}||
A similar decomposition as in the previous step yields

XD A AA A TA ) -1
Xji el pangy = (A~ HTA) B FiLxg pang,)

. ATXDT
+ A (N —H” Fﬂ{|x”|>aAM}>

1 1
< Op (\[> 1F51(x, 15an2,3 ] + Op (5)

where the first rate follows from Lemma D.7 and the second from step 2.
s N T . 2
CA ¢ - CA ~
Step 5: To show: szle <X]JV ) (X]]VA> <XJCI - Xj\,A Z>

i
— M -1, ,

=M (H FnﬂﬂFﬂSa%}) (H Filp <ang, }) ( €5l {lej il<0ng, })+0p(1)
Step 1 and 3 yield

CA SCAN | O A 2
X A XjA XCA_XJ' A]\.
N wo N
M

. T /N oo
AAT MNAT )
Z(Zﬂ{xmm j) <Z 1Xil<angy - F) (ejvz‘ﬂﬂxj,nswﬁ/f})+0p(1>
— =1

||M

We need to show

RAT
N H F H™ F]l{{\F|<o¢A }_Op ()

S

N
D X, l<abd )

i=1
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By Mancini (2009) the threshold estimator correctly identifies the jumps for sufficiently large
M. By Assumption 3 a jump in Xj;; is equivalent to a jump in A;—Fj or/and a jump in e;;.

Hence, it is sufficient to show that

N NA]
> {mPA=0.eP=0, P10} 37 +Z fe! D 20,/FP|=0} = 0p(1)
=1

Note that
I ti+1
P (ej’i #0)=E { ;éo} / /R dte, (ds, dx)
0

tit+1 tit1 1
=E / / dve,(ds,dz)| < C’/ ds =0 () .
t; R_o ts; M

J
It follows that ZZ]\LI ﬂ.{eD#O}% =o0p(1) as

N A ~

AAT

E|> Lipso -
£

and

PN 2
al MATYT|
> Lers | | =E
=1

N
1 N A oA A
7z 2o 2 MATAA T ep 01 {Ds«éO}]

X

1/2

1 C
SO|E | 532D Gindt <
t.

TN
N2 Z Z 126197&0}1?6

i=1 k=1

1 N
7 0D IAAT AAT 2

Il
é‘:

By the same logic it follows that Zfil Lyep 4o pp|=0y = 0p(1). Last but not least
7, [

N AAT iA]
3
[ 'Elﬂ{FJDAiO,eiDOJFJD#O} N ‘<Hzl{|FD|¢0} ~
1=

AAS 1
< Lo Z <Oy (\/M) :

On the other hand there are only finitely many j for which ejil{x; |<an® } # €jil{je; /| <an®,

and the difference is O, ( —= ), which does not matter asymptotically for calculating the mul-
PAVM
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tipower variation.

I T 2
XDA XDPA A XCA 4
Step 6: To show: 5 ZJ k+1< N )( N > (Zhg[(j) <X}?Z e z> )

T
Dy (H_le]l{|Fj\>aA§J}) (H_le]l{|Fj|>aA§°W ) (Zhez(j) (e%,il{\eh,ilgaAfW}))+Op(1)
We start by plugging in our results from Steps 2 and 3:

M-k DA SDAN | SO R 2
Z X A XjA Z X,?—XhAAZ-
2%k N & N

j=k+1 hel(y)

N A A A A~
M A A/ A; A .
ﬁ (Z ]]'{|X] i|>alg, N ) (Z ]]-{|X]z|>o<A j)
j=k+1

i=1

(eiﬂﬂxmgm@ ) + op(1).
hel(y)

W N LV e RS o _ 1 .
e need to show that > ., Lyx; >angy—~-H Fj = H Fjlypsang,y +0p (5 ). This

follows from

N

~oa N N
AAT
> (1{|FJDA1->0} N IKIL{F%O}) = 2 P a0 P 1s0.cb =0t K + D Lpep 2oy =3
=1 i=1 i=1

NA]
N :Op(l)

which can be shown by the same logic as in step 5.

R oNT
XDPA 4 XCA XCA
Step 7: To show: 5 Z] k+1 <XD N z) (Zhe[(y < )( N ) )

-
_MNM-k 2 _ -1 _ -1 _

T2k Zj:kﬂ <ej,i]l{lej,i\>aﬁﬁf ) (Zhel(j) (H Fhl{anISQA?»}}) (H Frl{ip,|<ang, >>+0p(1)
In light of the previous steps we only need to show how to deal with the first term. By step 4

XDA XCAY (XCA\ '
2k Z ‘ Z N N
J=k+1 hel(y)
1 1 2
=5 Z ¢jilix;i>angy +O0p | 5 ) +OP 7 1F5Lq1x; 150081 |

jedJ

we have

.
) (H_thﬂ{\FhmAm) (H_th]l{\Fh\SaAm) +op(1)
hel(y)

where J denotes the set of jumps of the process X;(¢). Note that J contains only finitely many

elements. The difference between e;; 1y, I>an%y and el s one g 18 of order O, (f) as
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there might be increments j where there is a jump in the factors but not in the residuals. As

we consider only finitely many increments j the result follows. O
Proof of Theorem 7:

Proof. Under cross-sectional independence of the error terms the asymptotic variance equals

N
@F — plzm HT Zi:l A'L [61‘, eZ]A”LT H
N,M—00 N

By Lemmas D.7 and F.2 we know that Z]]Vil €;i€jk = e, ex]+op(1) and A = HTA;+0, (%)

and the result follows immediately. O

H Separating Continuous and Jump Factors

Lemma H.1. Convergence rates for truncated covariations

Under Assumptions 1 and 3 and for some a > 0 and @ € (0, %) it follows that
1 1
*Z | ZFGJ, Lox; <anepll = AT +0p(
1 1
N Z | Zﬂej,i]l{|Xj,i|>aA%1}H =0p Nevi

i=1 j=1

M
1 1
1Y (cssesalipn, e L izas ~ €0eE1) 1= 0, () 400 ()

H
zMz

M
1
1 (ejze],k]l{\XﬂbaA VL1x, o>y — e e ]) | = <\/M) -

=1

2| =
M=

=1

<.

Proof. 1 will only prove the first statement as the other three statements can be shown analo-

gously. By Theorem L.6

1
ZF% L{j 7yl <0, Jejil<ang} = Op (1ﬁM>'

7j=1

However, as F' and e; are not observed our truncation is based on X. Hence we need to

characterize

ZFa‘ejvi( {IFj|<ang, le;i|<adg} — L{IX;il<ang, })
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If there is a jump in X, there has to be also a jump in e; or F. By Assumption 3 if there is
a jump in e; or A;FF, there has to be a jump in X. However, it is possible that two factors
Fi. and F; jump at the same time but their weighted average AiTF is equal to zero. Hence, we
could not identify these jumps by observing only X;. This can only happen for a finite number

of indices i as limy_ o0 AN = YA has full rank. Hence

N
1 1
NZ ZF@H (l{uF I<alg,, eji<ang} — L{|x,|<ang, ) =0p <N>

i=1 —

In the reverse case where we want to consider only the jump part, |X;;| > aAY, implies that

either AZ-TFj or e;; has jumped. If we wrongly classify an increment e;; as a jump although

the jump happened in AZTF j, it has an asymptotically vanishing effect as we have only a finite

number of jumps in total and the increment of a continuous process goes to zero with the rate
1

O (). 0

Proof of Theorem 2:

Proof. T only prove the statement for the continuous part. The proof for the discontinuous part
is completely analogous.

Step 1: Decomposition of the loading estimator:

First we start with the decomposition in Lemma D.1 that we get from substituting the definition
of X into %XCTXC/A\CV]SN_:[ = A®. We choose HC to set %ACFCTFCACT[\C = ACHV]SN.

NE
Mz

T 1 A
VMN (A - H¢ AC) N A &3, ke]’]]'ﬂXJ i| SaAF X k| <aAS, }

<.
I
—_
I
Il

rcact o
AFAL Fyejilyx; |<an%, X, <oA%}

+
2]~
e
M= I0=

+
2|~

<

Il
—
£

Il
—

e \C L, pC
Afej i Fy ]l{lX]l|<aAM,|X]-,k|§oaA7’w}Ai + R

7



with

D, DT _ _AC
AP einE (X, ,1<ang, |X; b <and, 1A

Iny)
Q
I
+
2]~
1=

ACADT D . )
A AR Firejilx, |<ang, |X;  |<an%,}

+
i

<
Il
—

ACADT oD DT . D
A Ay FPFT 1x; 1<ang, |X; kl<ang, 1A

+
2|~

<
Il
—

ACACT 2O DT . D
AFAY FyF 1, 1<an%, X, o <and 3N

<.
Il
-

ACADT C DT . Ne
AR Ay FYET 1yix; 1<ang, X, d<ang 1

+
z| =

<
Il
—_

A~

caCT -CrCT ) _aC
AR A FP Y 1yx; i 1<ang, |, xl<ang, 1N

<
I
—

+ +
= =
M= M=

1= 1= 1= I1= I1= TM= 1=

ACAY T FOFC T AL

!
=

<

Il
i
B

Il
—

=op(1)

The convergence rate of R would be straightforward if the truncations were in terms of F and
e; instead of X. However using the same argument as in Lemma H.1, we can conclude that

under Assumption 3 at most for a finite number of indices ¢ it holds that Fjly X;i|<aA%,} —
Fily Fj||<and,} = O, (%) for M sufficiently large and otherwise the difference is equal to O.
Likewise if there is no jump in F €jil{x; 1<an®,} = €jil{e; |<ans,} except for a finite number
of indices. Hence, we have a similar decomposition for (f\lc —H CTA?) as in Lemma D.1 using

only truncated observations.
Step 2: A — HOTAC = 0, (&)
We need to show Lemmas D.2 and D.3 for the truncated observations. Note that Proposition
C.1 does not hold any more because the truncated residuals are not necessarily local martingales
any more. For this reason we obtain a lower convergence rate of O, (%) instead of O, (%)
The statement follows from a repeated use of Lemma H.1.

Step 3: Convergence of Frg — Hc_lFrF:
We try to extend Theorem 4 to the truncated variables. By abuse of notation I denote by

ATFH{‘XKQA%[} the matrix with elements A;-er]lﬂXj [1<an% } and similarly el{x|<an%, is the
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matrix with elements ejil{x; 1<ans,}-

1

FC _ pogett CAC _ popetT

-2

T T A -17
=~ (FOLx12ang) AT + FPLx1cang) AP +€lxicang,) ) AC = FOHC

=

B o ) cTic c i CilT c ) CflT
= Lixicaag A7 A — FULgx|<ang 1 H + x| <ang 1
1
TN
1 o cT c-1T:cT)\ AcC c ¢\ g¢
=N Hixieagy (AT —HT AT A +<F Hixizoagy = )H

D aDTio 1 e Cpc—1T

1. pT L . pT (4
+ FP 1y x1<ans,) (NAD ACHC> + FP1x<ang 1A (A = ACHO)

1 ic ool L CpC
+ Neﬂ{\XEOCA%} (A —A"H ) + Ne]l{‘X|SOéA§(4}A H>.
Using the result AiC—H CTAZC =0, <%> and a similar reasoning as in Lemma H.1, we conclude
that

T
BE —~ HOT RS =o,(1) + <;,ADTACHC> FP1{x|<ang,) + %HCTACT%MM@A?M}
The term FTDH{\X|§o¢A§4} (%ADTACHC) goes to zero only if F'P has no drift term or AP is
orthogonal to A®. Note that in general F'P can be written as a pure jump martingale and a
finite variation part. Even when F'P does not jump its value does not equal zero because of
the finite variation part. Hence in the limit F:,QIIHXKQALXI} estimates the drift term of FP. A
similar argument applies to %eT]l {IX|<a A%}ACH C. By definition e; are local martingales. If
the residuals also have a jump component, then this component can be written as a pure jump
process minus its compensator, which is a predictable finite variation process. The truncation
estimates the continuous part of e; which is the continuous martingale plus the compensator
process of the jump martingale. Hence, in the limit e; 1 {1X]|<aA%,} is not martingale any more. In
particular the weighted average of the compensator drift process does not vanish. In conclusion,
if the jump factor process has a predictable finite variation part or more than finitely many
residual terms have a jump component, there will be a predictable finite variation process as

bias for the continuous factor estimator.

Step 4: Convergence of quadratic covariation:
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The quadratic covariation estimator of the estimator F'¢ with another arbitrary process Y is

M M N M
- -1 1 T,0T
Y FCY;=HC Y F{Y+op(1) + N YD HO AT €Yilx, j<ang,
j=1 j=1 i=1 j=1
1 L T T
Ty 22 HY ATAY FPY Ly, <aag)-
i=1 j=1

The first term converges to the desired quantity. Hence, we need to show that the other two

terms go to zero.

N M N

1 cT.icT 1 cT. ot ¢

N Z Z H Az ej,injﬂ{\iji\gaA% :N Z H Az [ei aY]T
i=1 j=1

i=1
1 L T.oT
cTrc . )
Ty 2 HO AT ) (1120 ~ Tgepisant,})
i=1 j=1
1 & v
+ N Z HC Alc Z ej»i}/j]]‘ﬂej,ﬂfaA%{} - [eica Y]T
i=1 j=1

The last two term are op(1) by a similar argument as in Lemma H.1. Applying the Cauchy

Schwartz inequality and Assumption 1 to the first term yields

N
1 T,.cT 1 T,cT 1
I S HETAL Tl VrlP < 351 TACTeC. A B | [¥.¥il = 0 ()
=1

VN
follows from that fact that the quadratic covariation of a predictable finite variation process

Thus Assumption 1 implies that 3 ZZJL Zj]\il HCTAiCT[eiC, Yir =0, <i> The last result

with a semimartingale is zero and FjD 1 {|FP|<an%,} converges to a predictable finite variation
Pl<

term:

N M N M
1 cTACADT D 1 cTACADT D
N2 2 HT ATAY FPYilgx cangy = 3y 2D HO ATAY FPYilyrpj<ang,) + 0op(1)

M
i=1j=1 i=1 j=1

= op(1)

I Estimation of the Number of Factors

Lemma I.1. Weyl’s eigenvalue inequality
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For any M x N matrices Q; we have

K
Niy b i — (K1) (Z Qk> <A (Q1) + -+ Aigg (Qk)
k=1

where 1 < iy, ....ig <min(N,M)), 1 <i1+..+ixg — (K —1) <min(N, M) and X\;(Q) denotes

the ith largest singular value of the matrix Q.
Proof. See Theorem 3.3.16 in Horn and Johnson (1991). O

Lemma I.2. Bound on non-systematic eigenvalues
Assume Assumption 1 holds and O (%) < O(1). Then

M(XTX)<0,(1) fork>K+1.

Proof. Note that the singular values of a symmetric matrix are equal to the eigenvalues of this

matrix. By Weyl’s inequality for singular values in Lemma 1.1 we obtain
Me(X) < A(FAT) + i (e).
As M\e(FAT) =0 for k > K + 1, we conclude
M(XTX) < M(ee) for k> K+1
Now we need to show that \z(e'e) < O,(1) Vk € [1, N]. We start with a decomposition

)\k(eTe) = Ak(eTe - [67 6] + [6, 6])
< Ai(e'e— [ese]) + Ax(le, €]).

By Assumption 1 [e, e] has bounded eigenvalues, which implies A;([e, €]) = Op(1).
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Denote by V the eigenvector of the largest eigenvalue of (e'e — [e, €]).

A1 (eTe - [e,e]) =V’ (eTe — e, e]) V

N N
= ZZVQ (eiTez - [61'761]) Vi

=1 =1

N /N N2 /N 3
<> (Z(ejel - [%@])W) (Z Vf)
i=1 \i=1 =1
N 2\ 2
<> <Z(€¢T€l - [fﬁ,el])Vl)
i=1 \[=1

as V is an orthonormal vector. Apply Proposition C.1 with Y = ¢; and Z = Zf\i 1 elV;. Note
that [Z,Z] = V "[e,e]V is bounded. Hence

S (et~ lenel) Vi=0, (jM) .

~
—_

Therefore

Lemma 1.3. Bound on systematic eigenvalues
Assume Assumption 1 holds and O () < O(1). Then

M(XTX)=0,(N)  fork=1,.,K
Proof. By Weyl’s inequality for singular values in Lemma I.1:
Me(FAT) < Xp(X) + A (—e)
By Lemma 1.2 the last term is A;(—e) = —An(e) = Op(1). Therefore
Me(X) = Me(FAT) 4+ 0y(1)

which implies A\, (X " X) > O,(N) as (FTFATTA> has bounded eigenvalues for k =1, ..., K. On
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the other hand
Me(X) < A(FAT) + i (e)

and A1 (e) = O,(1) implies \y(X TX) < Op(N) for k=1, ..., K. O

Lemma I.4. Bounds on truncated eigenvalues

Assume Assumptions 1 and 3 hold and O (%) < O(1). Set the threshold identifier for jumps
as oAy, for some a > 0 and w € (O7 %) and define X'JCZ = Xjilyx;j<ans,y and X]Dl =
Xj,iﬂ{|Xj7i|>aA‘;’;4}' Then

M (XCTXC) = 0,(N) k=1,.. Ko
A (XCTXC) < 0,(1) k=Kc+1,.,N
M ( ADTXD) = 0,(N) k=1,..Kp
Ak (XDTXD) < 0,(1) k=Kp+1,.,N

where K€ is the number of factors that contain a continuous part and KP is the number of

factors that have a jump component.

Proof. By abuse of notation the vector ]l{\e\SaA‘fw}e has the elements 1y [|<an® €5 e is the

continuous martingale part of e and e” denotes the jump martingale part.

T
Step 1: To show: A\ ((H{|€|<OAX1 e) (]l{|e<aA"fw}€)> < Op(1) for k=1,...,N.
By Lemma I.1 it holds that

Me(L{je1ang, }€) < M (L{<ans ye — ) + Ar(e®)

Lemma 1.2 applied to ¢ implies A\r(e”) < O,(1). The difference between the continuous
martingale part of e and the truncation estimator 1 {le|<an®,}€ — e® equals a drift term from

the jump martingale part plus a vector with finitely many elements that are of a small order:
1 o ve; — e = be, + de,
{|6i|SCEA?\"/1}e'L eZ € €

where b, is a vector that contains the finite variation part of the jump martingales which is
classified as continuous and d, is a vector that contains the negative continuous part —ejc’l- for the
increments j that are correctly classified as jumps and hence are set to zero in Iy <a A% VEji-
Using the results of Mancini (2009) we have 1 {eD=0} = Lyje, ;|<an=} almost surely for sufficiently

large M and hence we can identify all the increments that contain jumps. Note, that by

83



Assumption 3 we have only finitely many jumps for each time interval and therefore d.,has only

finitely many elements not equal to zero. By Lemma 1.1 we have
>‘1(]]-{|e|§aA‘]‘_’w}e — CC) < )\1 (be) + )\1 (de)

It is well-known that the spectral norm of a symmetric N x N matrix A is bounded by N times

its largest element: ||A|l2 < N max; |A;x|. Hence

1 N
(bl b)) <N - max |be.be, | < N - O, <M> <0, <M> < 0,(1)

where we have use the fact that the increments of a finite variation term are of order O, (ﬁ)
Similarly

A (dee) < N-max|d d |<N-0, (L) <0, (X)) <0,0)
e — ki e; ekl — p M — p M — ¥p

as de; has only finitely many elements that are not zero and those are of order O, (ﬁ)

T
Step 2: To show: )\k ((H{XK&AUK/[}(B) (]]_{|XSQALIT\J/I}6)) < Op(l) for k = 1, ,N
Here we need to show that the result of step 1 still holds, when we replace 1 {lej.i| <oA%} with

Lix,|<an®,}- It is sufficient to show that

At (eiei<ans) — €lxi<ansy) = A(h) = Op(1)

As by Assumption 3 only finitely many elements of h are non-zero and those are of order

O, (ﬁ), it follows that

it < N s Tl < 0, (31 < 0,00

Step 3: To show: A\ (XCTXC) < 0,(1) for k > K¢ + 1.

By definition the estimated continuous movements are
-C _ C _ C pure jump _ pure jumpT _
X" = F 1{xj<ans A + F Ljix|<ang 1A +el{x|<ang)

where FPUeJWmp denotes the pure jump factors that do not have a continuous component and
APUTe JUMP are the corresponding loadings. By Weyl’s inequality for singular values in Lemma

1.1 we have

~ . . T
A1 (X C) <A (F Cﬂ{\xga%}f\o) + A1 (F PRI L xcang p AP ) + A1 <6ﬂ{|X|SaA%f )
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For k > K + 1 the first term vanishes \; (FCIL{|X|SQA]@V[}AC> = 0 and by step 2 the last term
is \p (eﬂ{|x|§aA§°V,}> = Op(1). The second term can be bounded by

pure jump pure jumpT 2 pure jumpT pure jump |2
A1 <F 1 x|<ans A ) <|lA A 12

T
ure jum ure jum 2
| (Fp ! p]l{|X|§aA‘71(4}) FPEETEL L v 1<ang 2

The first factor is ||AP"® jump T A pure jump |2 — O(N), while the truncated quadratic covariation
in the second factor only contains the drift terms of the factors denoted by bpp which are of
order O, (ﬁ)

. T , 2 1
H (Fpure "umpﬂ{msw%}) FPUe Py o vicang y|| < [lopn Tbpol3 < Oy <M>
2

T
Step 4: To show: )\k <<ﬂ{|X|>aA§"W 6) (:H.{X|>QAL}JW}6>> < Op(l) for k = 1, ...,N.

We decompose the truncated error terms into two components.
D D
Ak(Lijep>an®,1€) > AM(Lijesanz ye — €7) + Ap(e”).

By Proposition C.1 the second term is Op(1). For the first term we can apply a similar logic as
in step 1. Then we use the same arguments as in step 2.

Step 5: To show: A\ (XCTX'C) = Op(N) for k=1,..., K°.

By Lemma 1.1 the first K¢ singular values satisfy the inequality

T % ure jum ure jump |
Hence by the previous steps
- T
Ak (XC) > A <Fc]l{|X‘§aAz]:‘;/I}AC ) + Op(l).

By Assumption 1 for k= 1,..., K¢

T T oACTAC
A2 (FCAC ):)\k (FC FO=— )N:OP(N).

On the other hand

T T\ 2 N
M (FOUxicansy AT = FOACT) < 0, <M> < 0,(1)
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where we have used the fact that the difference between a continuous factor and the truncation

estimator applied to the continuous part is just a finite number of terms of order O, (L)

VM
Hence

N (Fcﬂ{\xgaaw}ACT) = Op(N)
Similarly we get the reverse inequality for X¢:
N (X) < (FOrx1anm AT ) 4 A (PP P cansy AP P ) 0 (el caney)
which yields

0,(N) < Xy (XCTXC) < 0,(N)

Step 6: To show: )y (XDTXD) = O,(N) for k=1,..., KP.
Analogous to step 5. O

Proof of Theorem 9:

Proof. T only prove the result for K (7). The results for K€(v) and KP(v) follow exactly the
same logic.
Step 1: ER; for k=K

By Lemmas 1.2 and 1.3 the eigenvalue ratio statistic for k = K is asymptotically

0,(N) 0, (N)
ER), = Ak +g :71’9 —i—l:ipg —|—1: (N)—>oo
Ak+1+ 9 %4_1 op(1) +1 P

Step 2: FR, for k> K +1

Ak
A 5 Tl 1)+1
ER — kt+g :)\g :Op()-l- — 1+ 0y(1).
A1+ 9 SEEL 41 op(1) +1

Step 3: To show: K(y) & K

As E Ry goes in probability to 1 for ¥ > K + 1 and grows without bounds for ¥ = K, the
probability for ERy > 1 goes to zero for k > K + 1 and to 1 for k = K.

Remark: Although it is not needed for this proof, note that for k =1,..., K — 1

Mty Op(N)+g _ Op(1)

ERy, = = =L
g Merit+g  Op(N)+g  Op(1)

1 — 0,(1).

2|2k
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Proof of Proposition 1:

1 oL p AT 1, _1 i
Pl"oof. Apply Theorem L.7 to \/—MXN = \/MFJAZ- + i G Note that 731¢ can be written as

T = Ae with €;; being 7.i.d. (0, 1) random variables with finite fourth moments. O

J Identifying the Factors
Proof of Theorem 11:
Proof. Define

_(F'F F'G s (FTF F'G o (HFTFHTYT HOFTG
~\G¢"F G¢'G \G"F GG -\ GTFHT GTe¢ )’

As the trace is a linear function it follows that v/ M <trace(B) - trace(B)) 2oifvM(B-B) &
0. By assumption H is full rank and the trace of B is equal to the trace of B*. Thus it is
sufficient to show that vM(B — B*) % 0. This follows from

(i) VM ((FTF)—l - (H—lFTFH—lT)—l) 20
(ii) VM (FTG - H—IFTG> EN)
We start with (i). As
(ETEY! (H ' FTFH ) = (FTf)~! (H_IFTFH_IT - FTF) (H_lFTFH_1T>7
it is sufficient to show
— — . - - — — — . ~ + — _ ~ ~ RN
VM (H LpTpE—1T FTF) VMH'FT(FH —F)+ VMH'FT - FOE %0
It is shown in the proof of Theorem 4 that
F-FH' = iF(A —AHHTA + ie(f\ — AH) + Leam
N N N ‘

Hence the first term equals

R 1 A A 1 N 1
~HI'F(F-FH ") = NH_lFTF(A —~AHHTA+ NH_lFTe(A — AH) + NH‘lFTeAH
Lemmas D.2 and E.1 applied to the first summand yield %H’lFTF(A — AH’l)T[A\ =0, (

Lemmas C.1 and D.2 provide the rate for the second summand as %H_IFTe(A—AH) =0, (

).
).

= =
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Lemma C.1 bounds the third summand: %H‘lFTeAH =0, <\/ﬁ>

For the second term note that
(H‘lFT — FT) j (H—lFT - FT) (FH—1T - F) i (H—lFT — FT) FHT

Based on Lemmas D.2 and E.1 it is easy to show that (H_IFT — FT) (FH_1T — F) =0, (%)

Term (ii) requires the additional assumptions on G:

(FT - H—lFT) G = (;AT (A - AH—l) FTa+ % (A - AH)T TG+ %HTATeTG.

By Lemma E.1 it follows that <%IA\T (A — AH‘I)) FTG= O, (%) Now let’s first assume that

G is independent of e. Then Proposition C.1 applies and %H TAeTG = Op (\/ﬁ) Otherwise

assume that G = + SN X = F+ SN A + + SN esw;. Proposition C.1 applies to

N
1 1 1
—H"Ae'F| =D ANw,/ | =0, | ——
N (z\fg1 w’) P \VNM

and

VR G () or -0 ()

separately. As by Assumption 2

N N

N
LT T_ 1 T T 1
;N?H A e, e;]w; :]W(ZZH Agleg, eilw; | = O, N

i=1 k=1

the statement in (ii) follows. The distribution result is a consequence of the delta method for

the function

==

!
Q3

= trace ([F, FI7YF,G)[G,G) G, F))

Qq

]
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which has the partial derivates

6[;]81?] = — (IF. FI7'[F.G)G. GG, FIIF, F )
a[f?fa] = [F, FI"YF,G)G,G) !
a[g{F] — (G, GG, F][F, F]™"
a[g{ca] — _(l6.c1 (G, FIF. ] [E, QG a) )T

Hence
. F F| [FG .
\/M(ﬁ—ﬁ):fTvM vec (R F] (RG] - B —|—\/M-trace(B*—B>
G, F] [G,G]
The last term is O, (@) which goes to zero by assumption. O

Proof of Theorem 12:

Proof. The theorem is a consequence of Theorem 11 and Section 6.1.3 in Ait-Sahalia and Jacod
(2014). O

K Microstructure Noise

Lemma K.1. Limits of extreme eigenvalues
Let Z be a M x N double array of independent and identically distributed random variables with
zero mean and unit variance. Let S = =ZTZ. Then if E[|Z11]*] < 0o, as M — 0o, N — o0,

& —ce(0,1), we have

lm Apin (S) = (1 — \/E) a.s
lim Apax(S) = (1 + \/5)2 a.s
where \;(S) denotes the ith eigenvalue of S.
Proof. See Bai and Yin (1993) O

Proof of Theorem 10:

Proof. Step 1: To show: A\ (%) -\ (iNe) <\ (%) + )\ (% 4 JTE)

This is an immediate consequence of Weyl’s eigenvalue inequality Lemma 1.1 applied to the
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matrix

Step 2: To show: A\ (LNE + GTTE) = 0Op (%)

Let V be the eigenvector for the largest eigenvalue of QNC + JT‘Z Then

T T T T
eTe, e\ _yrele, el
M@V+N>x/Nv+vNy
1 M N N
= QN Z Z Z V;Ej,iEjJ'Vk.

Define €; = sz\il Vie;i and € = Z,ivzl Viej k- As can be easily checked €;e; form a martingale

difference sequence and hence we can apply Burkholder’s inequality in Lemma L.2:

2

M M M C M
El|Y &e| | <CY E[ES] <C) E[GIE[G] < 7> E[d]
j=1 j=1 j=1 j=1
C N 1 ¢
<E<;W@ SM;WM%<C

We have used the Burkholder inequality to conclude E [é?] < CVTE[Aj{e,e)]V < % This
shows that VT%V =0, (&)

Step 3: To show: \; (%) <i@a+ V&)’ M (BTB)o? + 0,(1)
Here we define B as

S =
[S— I
p—
=)
—_
o O

o O
o
o
o
—_ |
—_

and note that e = Bé (up to the boundaries which do not matter asymptotically). Now we can

split the spectrum into two components:
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By Lemma K.1 it follows that

ele
>\1<N> %((1+\f)2 ) + 0p(1).

YTY
Step 4: To show: o2 < = f[)z )\3+K(BTB) +0p(1)

Weyl’s inequality for singular values Lemma 1.1 implies

Nsrr(e+€) < A1 (FAT) + X (Y) < A (Y)

as Ag+1(FAT) = 0. Lemma A.6 in Ahn and Horenstein (2013) says that if A and B are N x N
positive semidefinite matrices, then \;(A) < \;(A+ B) for i = 1,..., N. Combining this lemma
with step 2 of this proof, we get

Lemma A.4 in Ahn and Horenstein (2013) yields
)\N(ng))\s+K(BTB) < /\S+K(€T€)

Combining this with lemma K.1 gives us

Qlr

]
(1= VEPod) 878 + 0,1 < 0 (1)

Solving for 2 yields the statement.

Step 5: To show: \(B'B) =2 (1 + cos (]f,ill ))

BTB is a symmetric tridiagonal Toeplitz matrix with 2 on the diagonal and -1 on the off-

. . N 1
diagonal. Its eigenvalues are well-known and equal 2 — 2 cos ( N ﬁ ) =2 (1 + cos ( Jffil ))
Step 6: Combining the previous steps.

N

A\ <(6+6)T(6+6)> Y <6Te> - (1+\/E>2 2 (1+cos (NLH7T>) N (YTY

N 1—/e 2(1+cos(#w)) N >+0p(1)

1+c\? 2 (YTY)
< As + 0,(1
N <1—\ﬁ> 1+ cos (AL T) N o(1)

for all s € [K + 1, Ng|. Here we have used the continuity of the cosinus function. O
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L Collection of Limit Theorems

Theorem L.1. Localization procedure

Assume X is a d-dimensional Ito semimartingale on (2,5, (§t)t>0,P) defined as

t ¢ t t
X =Xo+ / bsds + / osdWs + / / Ly51<139(s, ) (n — v)(ds, dz) + / / Lyy5>136(s, ) pu(ds, dx)
0 0 0 JE 0 JE

where W is a d-dimensional Brownian motion and p is a Poisson random measure on Ry x B
with (E,E) an auziliary measurable space on the space (Q,F, (§t)t>0,P) and the predictable
compensator (or intensity measure) of p is v(ds,dx) = ds x v(dzx).

The volatility oy is also a d-dimensional Ité semimartingale of the form

t t t t
0 0 0 JE -

0
t ~

where W' is another Wiener process independent of (W, ). Denote the predictable quadratic co-
variation process of the martingale part by fg asds and the compensator of fg I5 ﬂ{IISH>1}S(S’ x)p(ds, dx)
by fg asds.

Assume local boundedness denoted by Assumption H holds for X :

1. The process b is locally bounded and cddldg.

2. The process o is cadlag.

3. There is a localizing sequence T, of stopping times and, for eachn, a deterministic nonneg-
ative function Ty, on E satisfying [ Ty (2)?v(dz) < oo and such that ||§(w,t, 2)|| A1 < Ty(2)
for all (w,t, z) with t < 7,(w).

The wvolatility process also satisfies a local boundedness condition denoted by Assumption K :

1. The processes b, a and a are locally bounded and progressively measurable

2. The process o s cadlag or caglad and adapted

We introduce a global boundedness condition for X denoted by Assumption SH: Assumption

H holds and there are a constant C and a nonnegative function I' on E such that
[ <C () <C  [IX(w) <C  [I6(w,t,2)]| <T(z)

I'z) <C /F(z)Qv(dz) <C.

Similarly a global boundedness condition on o is imposed and denoted by Assumption SK: We

have Assumption K and there are a constant and a nonnegative function I' on E, such that
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Assumption SH holds and also
@) <C el <C  Jawl<C  law)] <C.

The processes U™(X) and U(X) are subject to the following conditions, where X and X' are
any two semimartingales that satisfy the same assumptions and S is any (t)-stopping time:
X=X as Vi< S =

¢ t<S=U"X)=U"X") as.
e the §-conditional laws of (U(X)¢)i<s and (U(X')i)i<s are a.s. equal.

The properties of interest for us are either one of the following properties:

e The processes U™(X) converge in probability to U(X)
e The variables U™(X); converge in probability to U(X);
e The processes U™(X) converge stably in law to U(X)
o The variables U™(X); converge stably in law to U(X);.

If the properties of interest hold for Assumption SH, then they also hold for Assumption H.
Likewise, if the properties of interest hold for Assumption SK, they also hold for Assumption
K.

Proof. See Lemma 4.4.9 in Jacod and Protter (2012). O

Theorem L.2. Central limit theorem for quadratic variation
Let X be an Ito semimartingale satisfying Definition 1. Then the d x d-dimensional processes

Z" defined as

- 1
zZp = A (X, X1} = [X, X]ap/a))

converges stably in law to a process Z = (Zij)1<ij<d defined on a very good filtered extension
(Q, 3, (@t)tzm I@’) of (2,5, (8t)t>0,P) and which, conditionally on §, is centered with independent

increments and finite second moments given by

B [207%] =5 3 (AX;Axf@l +ell) + AXIAXI (A + )

]
s<t

t
LAXIAXE(E 1)+ AXIAXY(cF 4 k>) 4 / (el + clleft) ds
0

with ¢ = atTJt. This process Z is F-conditionally Gaussian, if the process X and o have no

common jumps.
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Moreover, the same is true of the process ﬁ ([X, X" = [X, X]), when X is continuous,

and otherwise for each t we have the following stable convergence of variables
1
VA

Proof. See Jacod and Protter (2013) Theorem 5.4.2.

(X, X]7 — [X, X)) 5° Z

Theorem L.3. Consistent Estimation of Covariance in Theorem L.2

We want to estimate

D; = Z IAX |*(0s_ + 04)

s<t

Let X be an Ité semimartingale satisfying Definition 1. In addition for some 0 < r < 1 it

satisfies the stronger assumption that there is a localizing sequence T, of stopping times and for

each n a deterministic nonnegative function T', on E satisfying [ Tn(2)A(dz) < oo and such

that ||0(w,t, 2)||" A 1 <T,(z) fOT all (w,t, z) with t < 7 (w).

Assume that (2 o) <w< s cmd let ups be proportional to ﬁ Choose a sequence ky, of

integers with the following propeTty:

k— oo £—>
’ M
We set

k-1

M
(.U i = ?

(8j4mX)*L{1a; 4 X[ <unr}
m=0

Define D = Ej k+1 |A X| ]l{m X|>un} (&j—k —|-5‘j+1) Then
DA D
Proof. See Theorem A.7 in Ait-Sahalia and Jacod (2014).

Lemma L.1. Martingale central limit theorem

Assume Z,(t) is a sequence of local square integrable martingales and Z is a Gaussian martin-

gale with quadratic characteristic (Z,7Z). Assume that for any t € (t,T]

1 [y Jopse 22" (ds, du) 20 Ve € (0,1]
2. [Zn, Znlt 5 2, Z),

Then Zn 2 Z fort € (0,T7.
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Proof. See Lipster and Shiryayev (1980) O

Theorem L.4. Martingale central limit theorem with stable convergence
Assume X™ = {(X7",§7:0 < t < 1} are cadlag semimartingales with X' = 0 and histories

§"={30<t<1}

¢ t t t
X{ :Xél—l—/ b? dS—I—/ O‘f dWs+/ / H{HwHﬁl}(MX — X )(ds,dm)+/ / ]l{||x|‘>1},uX (ds,dzx)
0 0 o JE 0 JE
We require the nesting condition of the §": There exists a sequence t, | 0 such that

1

2. V8t = Va 81
Define C' = { g: continuous real functions, zero in a neighborhood of zero, with limits at co }

Suppose

1. D is dense in [0,1] and 1 € D.

2. X is a quasi-left continuous semimartingale.

3. (a) Yt € D sup,, [bX" - b¥| 5 0.
(b) ¥t € D (X" + [y [iyyer 22d™" = X |ADY" 2 B (X + [ Jipyer 220 (ds, da).
(c) YVt e DVgeC fg Jr 9(@)v™*" (ds, dz) 2 fg Jr 9(x)v ™ (ds, dz).

Then
X x
in the sense of stable weak convergence in the Skorohod topology.

Proof. See Theorem 1 in Feigin (1984). O

Lemma L.2. Burkholder’s inequality for discrete martingales

Consider a discrete time martingale {S;,§j,1 < j < M}. Define X1 =51 and X; = S; — S;j—1
for 2 < j < M. Then, for 1 < p < oo, there exist constants Cv and Co depending only on p
such that

M p/2 o p/2
CiE |Y X?| <E|SulP <CE ) X7
j=1 Jj=1
Proof. See Theorem 2.10 in Hall and Heyde (1980). O
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Lemma L.3. Burkholder-Davis-Gundy inequality
For each real p > 1 there is a constant C' such that for any local martingale M starting at

My =0 and any two stopping times S <T', we have

B| sw M- MsP'|§s| < CE (M, Mlr - [M, M]s)"” |§s] .
teR+T:5<t<T
Proof. See Section 2.1.5 in Jacod and Protter (2012). O

Lemma L.4. Holder’s inequality applied to drift term

Consider the finite variation part of the Ité semimartingale defined in Definition 1. We have

T+u T+s
sup || bedr||* < s/ 15| 2 du.
0<u<s T T
Proof. See Section 2.1.5 in Jacod and Protter (2012). O

Lemma L.5. Burkholder-Davis-Gundy inequality for continuous martingales
Consider the continuous martingale part of the Ité semimartingale defined in Definition 1.

There exists a constant C' such that

T+u T+s
E [ sup || O'rdWr||2|ST:| <CFE [/ ||Uu||2du|ST]
T

0<u<s T
Proof. See Section 2.1.5 in Jacod and Protter (2012). O

Lemma L.6. Burkholder-Davis-Gundy inequality for purely discontinuous martin-
gales

Suppose that f(f [ 116(s, 2)||Pv(dz)ds < oo for all t, i.e. the process Y = &% (u—v) is a locally
square integrable martingale. There exists a constant C' such that for all finite stopping times
T and s > 0 we have

T+s
E | sup \|YT+U—YTH2|FT] <CE [/ /Hé(u, z)||2v(dz)du|ST .
T

0<u<s
Proof. See Section 2.1.5 in Jacod and Protter (2012). O

Theorem L.5. Detecting Jumps
Assume X is an Ito-semimartingale as in Definition 1 and in addition has only finite jump

activity, i.e. on each finite time interval there are almost surely only finitely many bounded
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jumps. Denote Ay = % and take a sequence vy; such that

. 1
vy = aAy for some w € (O, 2) and a constant a > 0.

Our estimator classifies an increment as containing a jump if
A]‘X > Unp.

Denote by Ing(1) < ... < Ing(R) the indices j in 1,..., M such that A;X > vpr. Set Tjump(q) =
Ing(q)-App forqg=1,..., R. Let R = sup(q : Tjump(q) < T) be the number of jumps of X within
[0,T]. Then we have

P (R =R Tjunp(0) € Tump(a) ~ At Trump(@)] Vg € {1, R}) 1
Proof. See Theorem 10.26 in Alt-Sahalia and Jacod (2014). O

Theorem L.6. Estimation of continuous and discontinuous quadratic covariation

Assume X is an Ito-semimartingale as in Definition 1 and in addition has only finite jump
activity, i.e. on each finite time interval there are almost surely only finitely many bounded
jumps. Denote Ay = % and take some o € (0, %) and a constant a > 0. Define the continuous

component of X by X© and the discontinuous part by XP. Then

M

1
§:X211 cansy = [XC, X+ 0 <>
i Hixj1<ang,y ; v\
j:1 J M M

M
2 o D D
> X mangy = X7, X HO”(W)'

J=1

Proof. See Theorem A.16 in Ait-Sahalia and Jacod (2014). Actually they make a much stronger

statement and characterize the limiting distribution of the truncation estimators. O

Theorem L.7. Onatski estimator for the number of factors

Assume a factor model holds with
X=FA" +e

where X is a M x N matriz of N cross-sectional units observed over M time periods. A is

a N x K matrix of loadings and the factor matrix F is a M x K matrix. The idiosyncratic
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component e is a M x N matriz and can be decomposed as
e = AeB

with a M x M matriz A, a N x N matrix B and a M x N matriz e.

Define the eigenvalue distribution function of a symmetric N x N matriz S as
1
Fiz)=1- N#{z <N \i(S) >z}

where A\1(S) > ... > An(S) are the ordered eigenvalues of S. For a generic probability distri-
bution having bounded support and cdf F(x), let u(F) be the upper bound of the support, i.e.
u(F) = min{x : (z) = 1}. The following assumptions hold:

1. For any constant C > 0 and § > 0 there exist positive integers Ny and My such that for
any N > Ng and M > My the probability that the smallest eigenvalue of AL AFT 1s below
C is smaller than §.

2. For any positive integers N and M, the decomposition e = AeB holds where
(a) €4, 1 <1 < N, 1<t <M are i.i.d. and satisfy moment conditions Ele; ;] = 0,
E[etzﬂ-] =1 and E[eii} < 00.
(b) FAAT gnd FBB' weakly converge to probability distribution functions Fa and Fp
respectively as N and M go to infinity.

(¢) Distributions F4 and Fp have bounded support, u(FAA") = u(F4) > 0 and u(FBB") —

u(Fg) > 0 almost surely as N and M go to infinity. liminfs_,q 0! fu(f“ s AFA(N) =
ka >0 and liminfs o0~ " f _sdFB(A) =kp > 0.

3. Let M(N) be a sequence of positive mtegers such that —+c>0as N — oo.

(N)
4. Let € either have Gaussian entries or either A or B are a diagonal matrix

Then as N — oo, we have

L r(N)
1. For any sequence of positive integers r(N) such that =5 =

—0as N —ooandr(N)> K
for large enough N the r(N)th eigennvalue of % converges almost surely to u(Fo4B)
where FO4B s the distribution function defined in Onatski (2010).

2. The K- th eigenvalue of X X

3. Let {KN.,.,N € N} bea slowly increasing sequence of real numbers such that K,

tends to infinity in probability.
/N =0

mam

as N — oco. Define
K% =max{i < KN, \i— A\iy1 > 0}

For any fized § > 0 K(é) — K in probability as N — oo.
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Proof. See Onatski (2010).
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