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ABSTRACT

For an all-pay sealed-bid auction of an item for which each bidder’s realized
value can depend on every bidder’s privately observed signal, existence of
equilibria in behavioral strategies is established using only the assumption
that bidders’ value functions and the density function of signals are posi-
tive and continuous on a product of intervals. Such equilibria have atomless

distributions of bids and thus are not affected by how tied bids are resolved.
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ABSTRACT. For an all-pay sealed-bid auction of an item for which each bidder’s realized
value can depend on every bidder’s privately observed signal, existence of equilibria in
behavioral strategies is established using only the assumption that bidders’ value functions
and the density function of signals are positive and continuous on a product of intervals.
Such equilibria have atomless distributions of bids and thus are not affected by how tied
bids are resolved.

1. INTRODUCTION

The theory of auctions developed initially without general theorems on existence of equi-
libria. Recently, Jackson and Swinkels [5] establish existence for a wide variety of auctions
and double auctions with private values, i.e. those in which each bidder observes directly his
values of traded items. For auctions with interdependent values, the prevalent tactic follows
Milgrom and Weber [7] in assuming that each bidder’s private information is represented
by a real-valued signal, his realized value of the item is a continuous monotone function of
all signals, and the joint density of signals satisfies the affiliation inequality. Because these
assumptions yield monotone pure strategies, and thus exclude atoms in the distribution of
optimal bids, they circumvent payoff discontinuities due to tie-breaking rules. For a first-
price sealed-bid auction of a single item, the most general existence theorem using a similar
formulation is by Reny and Zamir [8]. However, de Castro [1] emphasizes that affiliation
is a strong assumption." The most general analysis with weaker assumptions is by Jack-
son, Simon, Swinkels, and Zame [4], who establish existence of an equilibrium when ties
are resolved endogenously based on bidders’ reports of their observed signals, and truthful
reporting is incentive compatible.
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!The affiliation inequality requires essentially that signals are non-negatively correlated on every product
of intervals. De Castro [1, Theorem 3.1] proves that the subset of continuous density functions that violate
the affiliation inequality is open and dense. He examines several weaker properties and establishes for some
that there need not exist equilibria in monotone pure strategies.
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This paper considers an all-pay auction of a single item with an exogenous tie-breaking
rule. Rather than assuming symmetry and affiliation as in Krishna and Morgan [6, §4], we
assume only that bidders’ value functions and the density function of signals are positive
and continuous. The main result establishes existence of equilibria in which for every bid
there is zero probability of a tie, and thus the tie-breaking rule has no effect. As in [2, 3] for
a first-price auction, these equilibria of an all-pay auction are obtained as essential equilibria
of a modified auction obtained by slightly altering how bidders respond to possibilities of
tied bids.

2. THE AucTiON GAME

We consider an N-player game G that represents an all-pay sealed-bid auction of a single
item. In the extensive form of the game, first Nature specifies a profile s = (s,...,sy) of
signals, one for each bidder n = 1,..., N, according to a distribution F. Then each bidder
n observes his own signal s,, and chooses a bid b,(s,). He wins the item if his bid is strictly
higher than others’ bids; or when tied with others’ bids, if he is selected by an exogenous
tie-breaking rule. Finally, bidder n’s payoff is v, (s) — b,(s,) if he wins the item and —b,,(s,,)
otherwise.?

We impose the following assumption on the joint distribution of signals.

Assumption: [Distribution of Signals]

(1) The set of possible signal profiles is a product set S =[], S,. Each bidder’s set of
possible signals is the same closed real interval, say S, = [0, 1].

(2) The distribution F' of signal profiles has a density f : S — R that is continuous and
positive.?

For each n let S,, be the collection of Borel measurable subsets of S,, and let )\, be the

Lebesgue measure on S,,. Similarly, S_, is the Borel measurable subsets of S_,, =[], 4n S

and A_, is the Lebesgue measure on S_,,.

For each bidder n and his signal s,,, let F},(+]s,) be the conditional distribution of the signals
s_, of n’s opponents, and let f,(-|s,) be its density function. Assumption (2) ensures that
bidder n’s conditional densities f,(+|s,) : S_, — R indexed by his signal s, € S, are an
equicontinuous family.

We impose the following assumption on bidders’ value functions.

Assumption: [Bidders’ Value Functions]

2If Nature also chooses unobserved components @ of a bidder’s realized value @, (s,@) then his value is
v (8) = E[v,(s,0)]s].

This assumption can be weakened: the distribution F' needs only to be absolutely continuous w.r.t. the
product of its marginal distributions.
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(3) The set of possible profiles of realized values is the product set V' = [] V,. Each
bidder’s set of possible values is the same closed real interval, say V,, = [v,, v*], where
0 < v, <v*,

(4) The joint valuation function v : S — V is continuous.

(5) For each n and signal s, € S, bidder n’s value v,(s,,-) is positive outside of a set

with \_,, measure zero in S_,.*

In view of Assumption (3) it suffices to assume that for each bidder the feasible set of bids
is the interval B = [0,v*]. Denote the collection of Borel measurable subsets of B by B.

Because the game has perfect recall, we specify a bidder’s strategy in behavioral form
as mixtures over bids conditional on his signals. A behavioral strategy for bidder n is a
transition-probability function o, (+|-) : B xS, — [0, 1] such that for each signal s,, o, (-|s,)
is a probability measure on B; and for each event A € B, 0,(A|-) is a measurable function
on S,.> Let 3, be n’s set of behavioral strategies, and define ¥ = IL, %,

For each n let ¥_, = [] Y and B, =[] B. For each n and 0_, € X_,,

define a transition-probability function 6_, : B_, x S_, — [0,1] by 6_,(B_,|s_n) =

m#n m#n

IL. 4n Om(Bm|sm) for every product B_,, = [],, 4n Brm of measurable sets. This is a homeo-
morphism of ¥_,, onto its image, so to reduce notation we use o_,, for the function ¢_,, as

well. And, we write 0_,,(C) when B,, = C for every m # n.

k

We endow behavioral strategies with the topology of weak convergence; i.e. a sequence o,

of strategies in >, converges to o, iff for every continuous function n : B — R and each

event W, € S,,,
/ / n(b) dot (bls.) ds, — / / n(b) dow (bls,) ds,, .
nJ B wJ B

With this topology, 3, is a compact (metrizable) space.® 7

Say that a bid b is a point of continuity of n’s strategy o, if o,({b}|-) is zero \,-a.e. on

Sp. That is, for almost no signal s,, does n bid b with positive probability. Similarly, say

4This assumption is imposed for expositional simplicity. Without it, there might be an equilibrium with
positive probability of ties at the bid zero, but in this event each bidder’s value is zero, so any tie-breaking
rule would suffice.

SStrictly speaking, a behavioral strategy is an equivalence class of transition-probability functions, where
oy, is equivalent to o), if 0, (¢|sn) = 0),(-|sn) An-a.e. on Sy,.

6This definition is weaker than requiring (A,-a.e. on S,,) pointwise weak convergence of the sequence of
distributions o*(-|s, ). An equivalent definition requires that the displayed integral be u.s.c. (resp. ls.c.) for
each function 7 that is u.s.c. (resp. Ls.c.).

"Instead of the Lebesgue measure A_,, on S_,,, if one uses the measure F,(+|s,) for some signal s, € S,
then it represents bidder n’s interim belief after receiving his signal s,. By Assumption (2) on F, for every
signal s,, the induced topology on the profiles o_,, is the same.
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that b is a point of continuity of o_, if o_,({b}|-) = 0 A_,-a.e. on S_,. In particular, the
probability is zero that b is the highest bid among n’s opponents.
For the auction game G the expected payoff to a bidder n when his signal is s,,, he bids b,

and each m # n uses strategy o, € X,, is
Tn(Sn, b,0_) = / Vn(Sns 8—n) Pu(5-nlb,00) fu(s_n|sn) ds_n — b,

where P,(s_p|b, 0_,) is his probability of winning. If ties are broken with equal probabilities
for all high bidders then this probability is

Putsoalti) = 3 /i) (T ontt0dls) ) IT onliomlsn)).

MCN\n meM me¢ M

with the convention that if the subset M of opponents who bid b is empty then the first
product above is 1, or if M = N \ n then the second product is 1. If opponents’ strategies
do not generate atoms in the distribution of the maximum of their bids then this expected

payoft simplifies to

(5 by 0 ) = / ) vn(sn,s_n)( 11 am([O,b)|sm)) Fa(snlsn) dsn—b.

m#n
3. THE AUXILIARY GAME

This section specifies an auxiliary game G* that is exactly the same as the auction game
G specified in Section 2 except for a change in the way a bidder responds to the possibility
of tied bids.

For each bidder n, bid b, and profiles s_,, and o_,, of opponents’ signals and strategies,
define the following two probabilities:

a0 |sn) = Ham ([0, 6])|8m) and (07 |52n) = Hom [0,0)[8m)
m#n m#n

which differ only in opponents’ probabilities of the bid b. We use these to define the following
alternative payoff functions. For each (s,,b,0_,) € S, X B x ¥_,,

ﬂ-:(sna b: O—n> - / 'Un<8n, S—n)g—n(b+|S—n)fn(3—n|sn) ds—n - b7

7 ($m,b, 0 ) = / Un(5m5-2)0 (5 150) fa(5nlsn) s — b.

Note that 7 (s,, b, 0_,) envisions winning if n’s bid b exceeds or matches his opponents’ bids,

whereas 7, (s, b, 0_,) envisions winning only if n’s bid b exceeds his opponents’ bids. Since



6 SRIHARI GOVINDAN AND ROBERT WILSON

the valuation function is non-negative, 7, and =, represent best- and worst-case payoffs
from ties.

If o_,, has no points of discontinuity then both 7" and 7, agree with n’s payoff function
T, in the auction game G. More generally, if b* | b then 7, (s,,, 0%, 0_,) and 7, (s,,b",s_,)
converge to 7, (s,,b,0_,), and if b¥ 1 b then they converge to 7, (s,,b,0_,).

Now define the auxiliary game G* as follows. Given o_,, € ¥_,,, say that n’s bid b is an
optimal reply when his signal is s, if 77 (s,,b0,0_,) = 7, (sp,¢,0_,) for all bids ¢ € B. That
is, the best-case payoff from b must be as large as the worst-case payoff from any other bid.

The following lemma establishes the continuity properties of the best-case and worst-case

payoffs. Its proof is an immediate consequence of the choice of topology.

Lemma 3.1. The payoff functions w7 and w, : S, x B x ¥_, — R are upper and lower

semi-continuous respectively.

For each (s,,0_,) € S, x ¥_,, let ¢, (s,,0-,) C B be the set of bidder n’s optimal replies

to o_,, when his signal is s,,.

Lemma 3.2. The correspondence ¢, : S, X ¥_, — B is upper semi-continuous and has

nonempty and compact images.

Proof. For each s, and o_,, the function ;" is upper semi-continuous in b and hence attains
a maximum over B. Any maximizer of m is trivially an optimal reply and hence ¢, has
nonempty images. The other two properties follow from the fact that = is u.s.c. while 7

is L.s.c. ]

Let &, : ¥_,, — X, be the correspondence that assigns to each strategy o_, of n’s
opponents the set of n’s strategies o,, such for each signal s,, € S,, the support of o,(-|s,)
is a nonempty subset of ¢,(s,,0_,). Then @, is an u.s.c. correspondence with nonempty,
compact, and convex images. And so too is the optimal-reply correspondence ® : ¥ — X
obtained as the product ®(o) = [], ®,(0_,). By the Fan-Glicksberg fixed-point theorem,
therefore, ® has a fixed point that is an equilibrium of the auxiliary game G*.

An equilibrium of G* is not necessarily an equilibrium of the auction game G. However,

those equilibria of G* with nonatomic distributions of bids are equilibria of G.
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4. EXISTENCE OF EQUILIBRIA FOR THE AUCTION GAME

This section establishes that an equilibrium exists for the auction game G, regardless of
the tie-breaking rule. This is done by showing that the auxiliary game G* has an equilibrium

with nonatomic bid distributions that is then an equilibrium of the auction game G.%

Theorem 4.1. The auction game G has an equilibrium in behavioral strategies. In partic-

ular, it has an equilibrium in which ties among the highest bids occur with zero probability.

The remainder of this section is devoted to proving this existence theorem. One begins with
the observation that the optimal-reply correspondence ® defined above has essential sets of
fixed points. An essential set has the property that every sufficiently small perturbation of ®
has a fixed point arbitrarily close to the set. To exploit this property we construct a sequence
of perturbed auxiliary games G* that induce a sequence of perturbed correspondences ®*.
We then show that the limit points of equilibria of the perturbed games, obtained as fixed
points of the perturbed correspondences, are equilibria of both G* and the auction game G.
The perturbed games G* are obtained simply by supposing that a bidder’s bid is distorted
by noise before it is received by the auctioneer.

The sequence of perturbed games G* is constructed as follows. For each positive integer k,
the strategy sets in the game G* are the same as in the auction game G and in the auxiliary
game G*. However, when bidder n bids b the auctioneer perceives n’s bid as the sum of b
and a random variable uniformly distributed on the interval [—1/k, 1/k]. Thus, the payoff
functions are defined as follows. First, for each bid b € B let pf be the uniform distribution
over the interval [b — 1/k,b+ 1/k]. Next, for each strategy oF of each bidder n, define a
transition-probability distribution 6% from S, to B* = [~1/k,v* 4+ 1/k] via its distribution

function
b
vk bs) = [ [ @) doicls,).
BJ-1/k

Then 6%([—1/k,b]|s,) is the probability that the bid from n received by the auctioneer is
no more than b, given that bids are subject to noise. For each n and each strategy profile
0_n, the corresponding product profile induces a product transition-probability function over
B* . Finally, the payoff to bidder n when his signal is s,, he bids b, € B, and his opponents
play the strategy-profile o_,, is

T (5msby o) = / 7 (5,55, diib ()
Bk

8We actually prove the following weaker property: for every bid b, there is at least one bidder n for whom
b is a point of continuity of o_,,. This property is equivalent to the statement that the probability is zero of

b being the highest bid among n’s opponents. Thus, at every bid there is zero probability of a tie.
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where the domain of 7, (s,,, c,0_,) is extended now to include bids in B¥\ B in the obvious

way.?

k

» is continuous in n’s bid b and therefore, as in the previous section,

The payoft function 7
the correspondence ¢F that assigns to each (s,,0_,) the set of bids that are optimal for n
when his signal is s, in reply to opponents’ strategies o_,, in game G* is an u.s.c. corre-
spondence with nonempty and compact images. The induced optimal-reply correspondence
d* . ¥ — X satisfies the conditions for existence of a fixed point, which is then an equilibrium
of G*.

Hereafter, select a sequence of k’s for which a subsequence ¥ of equilibria of G* converges

to some profile o* € .

Lemma 4.2. Let (s¥ b¥) € S,, x B be a subsequence converging to (s,,b). Then:

T (8n,b,0%,) = limsup ¥ (s b7 0% ) > limkinf (kb ot ) = (s, 0,07 ).
k

k

Proof. Fix ¢ > 0. Since 7, is upper semi-continuous and the sequence (s* b* o* ) con-
verges to (s,,b,0%,,), there exists K large enough such that for all k > K, 7 (sk ¥ oF ) <
75 (sp,b,0%,) +eforall b € [b—1/K,b+ 1/K]. The payoff n¥(s* b* o* ) is obtained as
the average of values of 77 (sk ¥ % ) for b in a smaller interval, so when k is very large
this implies that 7, (s,,b,0%,) + & > limsup, 7¥(sk % 0% ). Since € was arbitrary, this
establishes the first of the claimed inequalities. The proof for the inequality involving 7, is

similar. O

For each k and each bidder n let % : S, — R be the function that assigns to each signal

s, the corresponding equilibrium payoff for n from the equilibrium o* of game G*.

Lemma 4.3. The family of functions 6% is bounded and equicontinuous, and has a subse-

quence that converges to a continuous function 0},

Proof. For each signal s,,, bidder n’s equilibrium payoff 6%(s,) is in the interval [—1/k,v*].
Therefore, the %’s are uniformly bounded. Equicontinuity follows from the continuity of v,
and the equicontinuity property of the conditional densities f,(-|s,). Since the #*’s are both
bounded and equicontinuous, they are totally bounded; hence there is a Cauchy subsequence

that is convergent. 0
We assume hereafter that for each bidder n the sequence % is itself the Cauchy subsequence
identified in the above lemma.

9In this definition, one could equivalently replace 7 with 7, or, indeed, any function that agrees with
7 at bids that are points of continuity of op,.
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Lemma 4.4. For \,-a.e. signal s, of bidder n, every bid b in the support of o} (:|s,) is an

optimal reply to o*, in the auxiliary game G* and 7, (s,,b,0%) = 6% (s,).

Proof. We first show that m, (s,,b,0*) < 60%(s,) for all s, and b. Indeed, if this is not
true for some (s,,b), then if necessary by replacing b with a slightly higher bid, we can
assume that b is a point of continuity and 7, (s,,b,0%) = 7, (s,,b,0%) > 0%(s,). There is
now a closed neighborhood T;, of s, such that the corresponding inequality is strict for all
t, € Ty,. Therefore, for all large k, 7%(t,, b, a*) > 0%(t,,) for all t,,: indeed, otherwise there is a
sequence t* converging to some t,, € T, such that limy, 7%(t,, b, %) = 7} (t,, b,0%) < 0% (t,),
which is impossible by construction of T,. Since 6%(t,) is the equilibrium payoff of ¢, in
the game G*, the inequality 7*(t,,b,o%) > 0F(t,) is itself impossible, which proves that
7 (Sn, b, 8*) < 0%(s,) for all s, and b.

Let X, be the set of (s,, b) such that 7 (s,,b,0*,) = 0%(s,). By the upper semi-continuity

of 7t and the continuity of 6%, it follows from the previous paragraph that X, is a closed

set and that if b is a best reply for s, against ¢* then (s,,b) € X,. We claim that for
each (sn,b) ¢ X, there exists an open neighborhood W x C' such that [, o7 (C|s,) ds, = 0,
which would complete the proof of the Lemma. To prove this claim, choose any open
neighborhood W x C' of (s,,b) such that its closure is contained in (S, x B) \ X. We
assert that for all large k, 7% (s!,c,a” ) < 65(s!) for all (s!,,c) € W x C. Indeed, otherwise
there exists a sequence (sk k) converging to some (s, ¢) in the closure of W x C' and such

that 7k (sk ¥ o* ) = 0F(sF) for all k, and then limy, ¥ (s* % o* ) = 07(s)). But that is
impossible since, by Lemma 4.2, limy, 7%(s*, % o* ) < 7t (s!, ¢, 0*,), while by construction,
(sl e,0%,) < 0%(s)). Therefore, for all large k, n¥(s!,c,o* ) < 0%(s)) for all (s, c) €
W x C as asserted. Since the bids in C' are suboptimal against o*  for signals in W for all
large k, it follows that [, 0%(C|s,)ds, = 0 for all such k. By the lower semi-continuity of

the indicator function on the open set C, [, 0(Cls,)ds, = 0, which proves the claim. [

Thus ¢* is an equilibrium of the auxiliary game G*. The final lemma shows that ¢* is also

an equilibrium of the auction game G.
Lemma 4.5. For the equilibrium o*, at every bid there is zero probability of a tie.

Proof. Suppose to the contrary that a tie occurs with positive probability at some bid b € B.
For each bidder n let T,,(b) be the subset of n’s signals s, such that o*({b}|s,) > 0.
Let N(b) be the set of bidders n such that T,,(b) has positive measure. By supposition,
IN(D)| = 2, and since b might be a highest bid, [, 7,([0,b)]s;) dsy, > 0 for all m ¢ N(b).

Let T'(b) = HneN(b) T(b) HngéN(b) Sh-
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Choose ¢ > 0 such that the points b & ¢ are points of continuity of ¢* and such that for
each n € N(b) and s, € T,,(b),

25</ (b)vn(sn,s_n) H or ([b£e]|sm) H o ([0,b+€|5m) | @n(5-n)fn(5_nl|sn) ds_n,

n#meN (b) mgN(b)

where [b £ €] is the interval [b — ¢,b + €], for every measurable function g, : 7_,(b) — [0, 1]

such that its conditional expectation satisfies

Sy 00(5-) (Tsomeny On([b £ €ll30)) (Mg 0106+ llsi) ) s vy —
fT_n(b) <Hn;ﬁm€N(b) O';%([b + 8] "Sm) Hm¢N(b) 0-21([07 b+ 5] |Sm)) ds_p, g N( )

Assumption (5) assures that such an e exists since if not then there exists a sequence &'

converging to zero, for some n € N(b) a sequence s’ in T, (b) converging to some s,,, and
a sequence ¢!, converging to some g, satisfying the conditional expectation inequality and
such that

/ Un (8, 8_p) H o (b]sm) H o ([0,0]|sm) | @n(s—n)fr(s—n|sn)ds_n, =0,
T-n(b) n#méeN (b) mgN (b)
which implies that v, (s,,-) is zero on a subset of T_,(b) with positive Lebesgue measure,
contradicting Assumption (5).
For each k, n € N(b), and s_,, € T_,,(b), let

o* (s_n) = I oo b+e+1/klsm)— [ ohb£ellsn) | [] ok(0.b+e+1/E]|sm) .
nmeN (b) ntmEN (b) mgN(b)
For each n € N(b), let 7* be a transition function from T;,(b) to [b + €] given by 7%(:|s,) =
ok (-|s,) and let 7% be its normalized transition-probability function given by 7%(:|s,) =
(T ([b % €]|sn)~ Tn *(-|s,). Because b4 ¢ are points of continuity of o and o*({ b }|s,) > 0 for
all s, € T,,(b), the limit 7* is well-defined and given by 7*(-|s,) = (¢ ([b £ €]|s,) % (-|sn).
Also, for each b € [b+ (¢ + 1/k)] and n € N(b), define 7*(V/|s,,) by

(b |s,) = / / dur(b") dr¥(c|s,) .
celbte] Jb—e—1/k
Finally, observe that for each s € T'(b) and n € N(b),

= II =% Ob+€+1/k|sm/

mEN (b) c€[bte] /b'e[bi (e+1/k)]

( 11 :i(b’\sm)) Ay () dry(clsn)

n#meN (b)
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is the probability that when the signal profile is s € T'(b), all bidders in N(b) choose a bid in
[b+¢], all bidders not in N (b) bid at most b4+c+1/k and n has the highest bid among the bid-

ders in N(b). Note that >y ph(s) = [Lienvgy ™ *([bEe]ls,) [lgnw o k(0,b+e41/K]|sn).
Let p*(s) be the normalized probability obtained as p* (s) = (2 mene) Pk (s))” pn(s). Extend
the definition of p¥(-) and p¥(-) to product subsets T(b) of T'(b) as follows:

AEO) = [ phs)ds

T(b)

and let p*(T'(b)) be the normalization of pf(T(b)). By going to a subsequence, we obtain
well-defined limit functions p} and p}.

Now observe that if n € N(b), s, € T,,(b), bidder n plays the strategy 7*(-|s,) in the game
G*, and 1/k < ¢, then the payoff 7*(s,,, 7%, 0% )—which equals s,,’s equilibrium-payoff 6% (s,,)
in G*—is no more than the payoff bidder n would get if the following events occur: (0) all
his opponents “intend” to bid no more than b+ ¢ + 1/k (i.e. their bids before perturbation
are no more than b 4 ¢); (1) the bid n pays is at least b — ¢; and (2) he wins in one of the
following three mutually exclusive events:

(a) s—n ¢ T_n(D); or

(b) s_, € T_,(b) but at least some bidder m € N (b) intends with positive probability to
bid outside [b =+ €]; or

(¢) s, € T_,,(b) and each opponent m € N (b) intends to bid in [b+ €] and the outcome
of the perturbed game G* is that n’s bid is the highest among the bidders in N (b).

The gross payoff (before subtracting the cost of the bid that is at least b—¢) from event (2a)

is:
/ 0a(8)0 (10,1 -+ £ + 1 /][5 ) /(5 _nlsn) ds o
s—n&T—n(b)

from event (2b), it is:

/ U (8)6% (50 F(5_nlsn) ds_n;
S_n€T_p(b)

and from event (2c) it is:

/ . (b)vn(s) I oh@£elsm) IT o506+ e+ 1/KIsm) | B5()f(s-nlsn) ds_ .

n#meN (b) mé¢N (b)

Going to the limit, we have that for each s,, € T,,(b) the gross payoff from bidding according

to 7* equals limg 78 (s, 75, 0%) + (b — ) = 0%(s,) + (b — €) and is no more than the limit
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of the sum of the above three terms. Observe that this limit would be exactly the gross
payoff from bidding b + ¢, i.e. would equal 7} (s,,b+ €,0%) + b+ ¢ if pi(sp,5_,) = 1 for
all s_, € T_,,(b). However, p!(T,(b)) < 1/N(b) for some n € N(b), since necessarily these
probabilities sum to 1. Therefore, for this n and signals s, in a subset T/2(b) of T,,(b) with
non-zero measure, p(s,, T_,(b)) < 1/N(b). Given any s, € T2 (b), for each s_,, € T_,(b),
define ¢, (s_n) =1 — P! (Sn, 5—n). Then

~—

Syt 0 5n) (Togmens 7010 lsm) (Thmein om0, +lsm) dsn vty 1
fT_n(b) (Hmémezv(b) on([bEelsm) [ Lngne om(0,0+ €]|Sm)> ds_, ~ N(b)

Let 7* (s,,) be the limit of event (2¢) and let 77 (s,,) be the limit with 7% (s) replaced uniformly

by 1 (as were n surely to win). Then 7} (s,) — 7 (s,) equals

/ o | TL nelion | | TT 000+ el | auls-a)f(s-alse)dso,

n#meN (b) me¢N (b)

which is strictly greater than 2e due to the choice of € > 0. Therefore, 7 (s,) > m(s,) + €.
But this implies that for each signal s, € T;7(b) the bid b+ ¢ is a better reply against o*
than b, which contradicts Lemma 4.4. Hence the probability of a tie at the bid b must be

Zero. O

Lemma 4.4 establishes that ¢* is an equilibrium of the auxiliary game G*, and Lemma 4.5
verifies that it is also an equilibrium of the auction game G because ties have zero probability.

This completes the proof of Theorem 4.1.

5. CONCLUDING REMARK

This paper fills a gap in the literature on auctions by proving existence of equilibria for
an all-pay sealed-bid auction of a single item for which bidders have interdependent values,
using only the assumption that payoffs and the signal density are positive and continuous on
a product of intervals. Since these equilibria have atomless bid distributions, the probability
of tied bids is zero, and therefore they are immune to tie-breaking rules. Because the method
of proof circumvents discontinuities due to tied bids, it may be useful in other specifications
of auctions’ payment rules. The gist is that a slight modification of how bidders respond
to possibilities of tied bids yields a well-defined fixed-point problem for which fixed points
in an essential set have atomless bid distributions, and thus those in essential sets are also

equilibria of the auction regardless of the tie-breaking rule.
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ABSTRACT

For two symmetric bidders, weak monotonicity conditions are shown to imply
existence of an equilibrium in mixed behavioral strategies for a sealed-bid
first-price auction of an item for which each bidder’s value depends on every
bidder’s observed signal. Such an equilibrium has atomless distributions of

bids and thus is unaffected by how tied bids are resolved.



EXISTENCE OF EQUILIBRIA IN AUCTIONS
WITH INTERDEPENDENT VALUES:
TWO SYMMETRIC BIDDERS

SRIHARI GOVINDAN AND ROBERT WILSON

ABSTRACT. For two symmetric bidders, weak monotonicity conditions are shown to imply
existence of an equilibrium in mixed behavioral strategies for a sealed-bid first-price auction
of an item for which each bidder’s value depends on every bidder’s observed signal. Such an
equilibrium has atomless distributions of bids and thus is unaffected by how tied bids are
resolved.

1. INTRODUCTION

This paper studies a sealed-bid first-price auction of a single item. It introduces a new
method to prove existence of an equilibrium in mixed behavioral strategies. An indirect con-
struction yields an equilibrium with nonatomic distributions of bids, thereby circumventing
discontinuities due to tie-breaking rules.

First one establishes existence of equilibria for a modified formulation with a novel specifi-
cation of how bidders choose their bids. For this modified formulation there is a well-defined
fixed-point problem for which equilibria are the solutions. Moreover, there exist essential sets
of fixed points for which every small perturbation of the problem has a nearby fixed point.
The second step considers such perturbations derived by perturbing bidders’ payoffs. One
then establishes that limit points of equilibria for these perturbed versions have no atoms in
the distributions of bids. The probability of tied bids is therefore zero, which implies that
these limit equilibria are equilibria of the original auction regardless of the tie-breaking rule.
For the proof here it suffices to consider perturbations in which each bidder anticipates that

his submitted bid will be slightly distorted by noise before it is received by the auctioneer.

Date: February 2010. This paper can be downloaded from
gsbapps.stanford.edu/researchpapers/library/RP2057.pdf.

Key words and phrases. auction, bidding, signals, interdependent values, common value, equilibrium
strategies, existence.

JEL subject classifications: C72, D44.
We are grateful to Philip Reny for comments. Wilson’s work was funded partly by a grant from the
U.S. National Science Foundation.
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This method is applied to establish existence of equilibria in behavioral strategies when
bidders’ values are interdependent.! That is, each bidder n observes a private signal s,,
submits a bid b,(s,), and then obtains a payoff that is nonzero only if his bid wins, in which
case his payoff is v,(s1, S, ...) — bu(sy,), where his realized value v,, depends on the signals
S1, 82, ... observed by all bidders. Interdependent values occur, for example, when bidders’
signals are informative about an unobserved common-value component. The existence theo-
rem, Theorem 4.1 below, assumes that (a) the joint distribution of signals has a positive and
continuous density on a hypercube, (b) bidders’ value functions are continuous and nonde-
creasing over the same domain and range, and (c) a family of conditional expectations of a
bidder’s value are strictly increasing in his signal (see Assumption 6 below).

For simplicity here we consider only the case of two bidders who are symmetric ex ante and
establish existence of a symmetric equilibrium. The extension to auctions with N asymmetric

bidders is provided in a separate paper.

2. THE AucTiON GAME

We consider a two-player game G that represents a first-price sealed-bid auction for a
single item. In the extensive form of the game, first Nature specifies a profile s = (s, $2)
of signals, one for each bidder n = 1,2, according to a distribution F'. Then each bidder n
observes his own signal s,, and chooses a bid b,(s,). Finally, bidder n’s payoff is v,,(s) —b,,(s,)
if he wins the item and zero otherwise. He wins if his bid is strictly higher than others’ bids,
or when tied with others’ bids, if he is selected by a tie-breaking rule.

We impose the following assumptions on the distribution of signals.

Assumption: [Distribution of Signals]

(1) The set of possible signal profiles is a product set S =[], S,. Each bidder’s set of
possible signals is the same real closed interval, say S, = [0, 1].

(2) The distribution F' of signal profiles has a density f that is positive and continuous

on S.2

For each n, let §,, be the Borel measurable subsets of .S,, and let A\, be the Lebesgue measure
on S,.
When considering bidder n, his opponent is denoted m. For each bidder n and his signal

Sn, let F,(-|s,) be the conditional distribution of the signals s,, of n’s opponent, and let

'For the special case of private values, [3] provides a simpler proof.
2This assumption can be weakened considerably: the distribution F need only be absolutely continuous
with respect to the product of its marginal distributions.
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fn(+|8n) be its density function. Assumption (2) ensures that bidder n’s conditional densities
fn(:lsn) : Sm — R indexed by his signal s, € S,, are an equicontinuous family.
We impose the following assumptions on bidders’ value functions.

Assumption: [Distributions of Values]

(3) The set of possible profiles of realized values is a product set V' = [[ V,. Each
bidder’s set of possible values is the same real closed interval, say V,, = [v,, v*], where
v < U

(4) The joint valuation function v : S — V' is continuous.

(5) For each bidder n his value function v, : S — V,, is nondecreasing in his opponent’s
signal s,,.

(6) For each bidder n and each non-null, measurable set T, of S,,, the conditional ex-

pectation of n’s value given T, and n’s signal s,, namely®

me Un(Sn; 8m) fr(Sm|sn) dsm
me fr(8mlsn) dsp, 7

is strictly increasing in n’s signal s,,.
Assumption (6) is stronger than requiring that bidder n’s value v, is strictly increasing in his
signal s,,. It requires that a higher signal implies a higher expected value even when bidder n
conditions on an informative event about his opponent’s signal. The following lemma shows
that Assumption (6) is equivalent to a seemingly stronger property, which is used in our

proofs.
Lemma 2.1. Assumption (6) holds iff for each non-null measurable function B, : S,, —
[0, 1],

fsm UTl(Snv Sm>ﬁm(3m>fn<5m|3n) dsm,
fsm ﬁm(sm)fn(smysn) dsp, ’

is strictly increasing in n’s signal s,,.

Proof. Sufficiency is obvious. As for the necessity of the condition, suppose Assumption (6)
holds. Fix a non-null measurable function 3, : S,, — [0,1] and two signals s < s’. The
functions vy, (5p, ) fn(:|5,) and f,(:|8,) for 5, = sp, s, induce non-atomic measures on .S,
(via the Lebesgue measure on S,,). By a standard purification theorem (see for instance,

2, Theorem 4]) there exists a non-null, measurable function f,, : S, — [0,1] that is an

3Here and later the integral is computed using the Lebesgue measure on .S,,.
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/

indicator function and such that for each s, = s, s/,

Js. vn(3ns 5m) Bin(8m) fu(8m|3n) dsim _ S Un (s 8m) B (Sm) fu (Sm5n) dsimg
fgm B (Sm) fr(Sm|8n) dsm fgm Bm(sm)fn(5m|§n) A,

Y

which proves the result. 0

Lastly, the present exposition requires that bidders are symmetric ez ante.

Assumption: [Symmetry of Players]

(7) The distribution function F' and the joint valuation function v are symmetric with

respect to bidders.

In view of Assumption (3) it suffices to assume that for each bidder the feasible set of bids
is the interval B = [v,,v*], the same as the interval of the bidder’s possible values. Denote
the Borel measurable subsets of B by B.

Because the game has perfect recall, we specify a bidder’s strategy in behavioral form
as mixtures over bids conditional on his signals. A behavioral strategy for bidder n is a
transition probability function o, (+]-) : B x S,, — [0, 1] such that for each signal s,, o, (-|s,)
is a probability measure on B; and for each event A € B, 0,(A|-) is a measurable function
on S,.* Let 3, be the set of behavioral strategies of bidder n.

Endow behavioral strategies with the topology of weak convergence; i.e. a sequence o* of

strategies in X, converges to o, iff for every continuous function n : B — R and each event

0, €38,
/H/Bﬂ(b) dok (b]s,) dsn—>/n/Bn(b) do (b]sn) s, -

With this topology, X, is a compact (metrizable) space.® Instead of the Lebesgue measure
An on Sy, if one uses the measure F,(|s,,) for some signal s,, € S, of bidder m # n then it
represents bidder m’s interim belief after receiving his signal s,,. By Assumption (2) on F,
for all m and s,, the induced topology on ¥, is the same.

Remark: It is convenient here to work with behavioral strategies rather than distributional
strategies. Note however that given a behavioral strategy o, of bidder n and a signal s,, of
bidder m # n there is for bidder m a well-defined conditional belief that is the distributional

4Strict1y speaking a behavioral strategy is an equivalence class of transition probability functions, where
oy, 1s equivalent to o, if 0y, (+|85) = 0},(*|Sn) An-a.e. on S,.

5This definition is weaker than requiring (a.e. on S,) pointwise weak convergence of the sequence of
distributions 0% (-|s, ). An equivalent definition requires that the displayed integral be u.s.c. (resp. ls.c.) for
each function n that is w.s.c. (resp. lL.s.c.).
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strategy <,(oy, ) defined on S,, x B by

SOy $m) (O, x C) = / 0n(Cl8n) frn(Sn|Sm) dsn

n

where O,, x C'is the event that n’s signal s, € O,, € S,, and n’s bid is in C' € B. The family
of distribution functions ¢, is continuous on 3, X S,,; in particular, the expectation w.r.t.
Sn(On,y Sm) of any real-valued continuous (or u.s.c. or l.s.c) function on S, x B is continuous
(or u.s.c. or Ls.c., respectively) w.r.t. (o, Sy,). ®

Say that a bid b € B is a point of continuity of n’s strategy o, if 0,,({ b }|s,) is zero \,-a.e.
on Sy, i.e. for almost no signal does n bid b with positive probability. The set of bids that
are not points of continuity of o, is countable. Moreover, if o¥ is a sequence of strategies
converging to o, and b is a point of continuity of o, then, since the indicator function for
bis us.c., [y ok({b}]sn)ds, converges to zero. Therefore there exists a subsequence such
that o®({b}|-) converges \,-a.e. on S, to zero.

For the auction game G the expected payoff to a bidder n when his signal is s,, he bids

b,, and m uses strategy o,, € ¥,, is

1

Wn(sm bns Um) = /S [Un(sm Sm) - b] [Um([v*a bn)|5m) + iam({ br, }|5m)]fn<5m|3n) dsp, .

Consistent with the assumed symmetry of the bidders, the coefficient % assumes that the
tie-breaking rule gives the bidders equal chances of winning in the event of a tie at the bid

b,, but actually the tie-breaking rule has no role in the sequel.

3. THE AUXILIARY GAME

This section specifies an auxiliary game G* that is exactly the same as the auction game
G specified in Section 2 except for a change in the way a bidder responds to the possibility
of tied bids.

Before specifying the game G*, first define for each bidder n the following alternative
payoff functions. For each (s,,b,,0m) € Sy X B X 3,

Tn(Sn, bny Om) = /S [Un (81, Sm) = bnlom([Vs, bn)|[5m) fr(Sm|Sn) dsm
T (Spy by O) = / [V (S0, 8m) — U] TTm ({ by Hsm) fr(Sm|5n) dSim
Sm

T (Sny bny o) = / [0 (Sns Sm) — bu) " Tm({ bn Hsm) fr(Sm|Sn) dSm -
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Note that 7, (s, bn, o) envisions winning if n’s bid b, strictly exceeds m’s bid, whereas
T (Sny b, 0m) and 7, (8y, by, 04 ) envision only the event that n’s bid b, is tied with m’s bid.
The latter two differ according to whether n receives the positive or negative part of the
payoff v,,(Sn, $m) — by, corresponding to the best and worst scenarios.

Now define w7 = 7, + 7,f and 7, = &, + 7,,. Then 7} and =, represent the best and
worst payoffs from ties. Note that if m’s strategy o,, does not generate any atoms in the
distribution of m’s bids then 7,7 = 7, = 0 and therefore both 7,7 and 7, agree with n’s
payoff function m, in the auction game G. The following lemma establishes the continuity

properties of the best and worst payoff functions 7! and =, .

Lemma 3.1. The payoff functions 7,7 and 7, : S, x B x ¥,, = R are upper and lower

semi-continuous, respectively.

Proof. Let (s bk 0% ) be a sequence converging to (s,, by, 7,,). Let S° be the set of signals

n’ n’
0

of m such that v,(s,,s%) = b,. SY is a closed interval [s%,5°] since n’s value v, is

m m m’m

continuous and nondecreasing in s,,. Fix € > 0. Take the ¢ interval around S° and choose
0 < 0 < e such that for k large enough, b* belongs to the interval b, =6 and v,,(s*, 5,,,) — b, +6

is negative if s, < 8% — ¢ and positive if s, > 3% + . Then

(s Z?bﬁa ) < f8m<§9n_a[v (3];273”1) — by +5] m([0x; b, — )|5m)fn(5m’5k)d5m
- fsm%?nﬁ[vn(sﬁ,sm) b + 00k ([ve, b + 6]|8m) [ (Sm|S5) dsim
+ fs?nﬁ:e[vn(sﬁa Sm) — bn + 6| fn([vwbn + 5]|3m)fn(5m|5n) dSm .
k bk

k bE o) replaced by its limit. Now choose a

TL’ n’

Going to the limit, one sees that limsup, m' (s o) on the left side is no more than
the right side of the above inequality with (s
sequence of £’s and thus 0’s decreasing to zero. Then one obtains 7, (S, by, o) as the limit
of the right-hand side, which proves that 7 is upper semi-continuous. The proof of the

lower semi-continuity of 7, is similar. O

Now define the auxiliary game G* as follows. Given m’s strategy o,,, say that n’s bid b, is
an optimal reply when his signal is s, if 7 (s,, by, 0m) = 0, (Sn, ¢, 0p) for every bid ¢ € B.
That is, the best payoff from b, must be as good as the worst payoff from any other bid.

For each (s,,0.,) let ¢,(s,,0m) be the set of bidder n’s optimal replies to ¢, when n’s

signal is s,,.

Lemma 3.2. The correspondence ¢, : V, x X,, — B is upper semi-continuous and has

nonempty and compact images.

Proof. For each signal s,, of bidder n and strategy o, of m, the function 7" is upper semi-

continuous in n’s bid b and hence attains a maximum over B. Any maximizer of 7, is
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trivially an optimal reply and hence ¢, has nonempty images. The other two properties

follow from the fact that =" is w.s.c. while 7, is L.s.c. O

Let &, : 3, — X, be the correspondence that assigns to each strategy o,, of m the set of
n’s strategies o, such for each signal s,, € S,, the support of ,(+|s,) is a nonempty subset of
®n(Sn, 0m). Then &, is an upper semi-continuous correspondence with nonempty compact
and convex images. And so too is the optimal-reply correspondence ® : ¥ — X obtained
as the product of ®,, and ®,,. The Fan-Glicksberg fixed-point theorem therefore implies
that ® has a fixed point. Hence the auxiliary game G* has an equilibrium. The symmetry
of the bidders implies further that there is a symmetric fixed point and thus a symmetric
equilibrium of G*.

An equilibrium of G* is not necessarily an equilibrium of the auction game . However,

those equilibria of G* with nonatomic distributions of bids are equilibria of G.

4. EXISTENCE OF EQUILIBRIA FOR THE AUCTION GAME

This section establishes that a symmetric equilibrium exists for the auction game G,
regardless of the tie-breaking rule. This is done by showing that the auxiliary game G* has a
symmetric equilibrium with nonatomic bid distributions that is then a symmetric equilibrium

of the auction game G.

Theorem 4.1. The auction game G has a symmetric equilibrium. In particular, it has a

symmetric equilibrium with no atoms in the distribution of any bidder’s bids.

The remainder of this section is devoted to the proof of this existence theorem. Through-
out, by a fixed point or an equilibrium we mean a symmetric one. One begins with the
observation that the optimal-reply correspondence ® defined above has essential sets of fixed
points. Each one of these sets has the property that every sufficiently small perturbation
of ® has a fixed point arbitrarily close to the set. To exploit this property we construct
a sequence of perturbed auxiliary games G* converging to G* that induce a sequence of
perturbed correspondences ®* converging to ®. We then show that limit points of equilibria
of the perturbed games, obtained as fixed points of the perturbed correspondences, have
nonatomic bid distributions. Hence, these limits points are equilibria of both G* and the
auction game G. The perturbed games G* are obtained simply by supposing that a bidder’s
bid is distorted by noise before it is received by the auctioneer.

The sequence of perturbed games G* is constructed as follows. For each positive integer k,
the strategy sets in the game G* are the same as in the auction game G and in the auxiliary

game G*. However, when bidder n bids b the auctioneer perceives n’s bid as the sum of b
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and a random variable uniformly distributed on the interval [—1/k, 1/k]. Thus, the payoff
functions are defined as follows. First, for each bid b € B let uf be the uniform distribution
over the interval [b—1/k,b+1/k]. Next, for each strategy o* of bidder m, define a transition
probability distribution 6% from S, to B¥ = [v, — 1/k,v* +1/k| via its distribution function

b
GF (o, — 1/k,b)[sm) = duf (') dot (cls,,) .
b =1/ B = [ k) dok el

Then 6* ([v, — 1/k, b]|s,,) is the probability that the bid from m received by the auctioneer
is no more than b, given that bids are subject to noise. Finally, the payoff to bidder n when

his signal is s,, he bids b, € B, and his opponent plays the strategy o, is
7 (50, b, ) = / 7 (50, 6%) (),
Bk

where the domain of 7} (s, ¢, 0,,) is extended now to include bids in B* \ B in the obvious

way.°

k

¥ is continuous. As in the previous section, therefore, the correspon-

The payoff function =
dence ¢ that assigns to each (s,,0,,) the set of bids that are optimal for n when his signal
is s, in reply to m’s strategy o, in game G* is an u.s.c. correspondence with nonempty
and compact images. The induced optimal-reply correspondence ®F : ¥ — ¥ satisfies the
conditions for existence of a fixed point, which is then an equilibrium of G*.

Select a subsequence of ks diverging to infinity for which a sequence o* of equilibria of the
perturbed games G* converges to some strategy profile o* € ¥. Lemmas 4.4 and 4.5 below
establish first that ¢* is an equilibrium of the auxiliary game G*, and then that it is also an
equilibrium of the auction game G because the probability of tied bids is zero. Preceding
these are two preliminary lemmas that establish bounds on the equilibrium payoffs in G*
and G*, and continuity of bidders’ equilibrium payoff functions as functions of their signals.
In the course of these lemmas, convergent subsequences are selected to ensure regularity

properties.

Lemma 4.2. Let (s, bF) be a subsequence converging to (s,,b,). Then:

n’-n

n’n? n» - n? m

T (8n, bny o) = limsup 7¥ (sF 08 0% ) > limkinf mh sk bE oF ) > 1 (sn, bay 07)
k

Proof. Fix any small € > 0. Since 7, is upper semi-continuous and (s*,b* oF ) converges

n n)Tm

to (Sn,bn,0%,), there exists K large enough such that for all & > K, mf(sk b ok) <

n’» - n?

75 (Sp, by, o) + € for all b, € [b, — 1/K, b, + 1/K]. The payoff 7% (s* bk o* ) is obtained as

n» n)-m

SIn this definition, one could equivalently replace 7 with 7, or, indeed, any function that agrees with
7 at bids that are points of continuity of op,.
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the average of values of m(s* 0/, ok ) for ¥/, in a smaller interval, so when k is very large

n) n)
k bk:

sk bF k). Since e was arbitrary, this

this implies that 7} (s,,b,,07) + & > limsup, 75(s
establishes the first of the claimed inequalities. The proof for the inequality involving 7, is

similar. O

For each k and each bidder n let 6% : S, — R be the function that assigns to each signal

s, the corresponding equilibrium payoff of bidder n from the equilibrium ¢* of game G*.

Lemma 4.3. The family of functions 0% is bounded and equicontinuous, and has a subse-

quence that converges to a continuous function 0, : S, — R.

Proof. For each signal s,,, bidder n’s equilibrium payoff is clearly in the interval [—1/k, v* —

+ 1/k]. Therefore, the 0%’s are uniformly bounded. Equicontinuity follows from the
continuity of v, and the equicontinuity of the conditional densities f,(-|s,). Since the 6%’s
are both bounded and equicontinuous, they are totally bounded; hence there is a Cauchy

subsequence that is convergent. O

Assume hereafter that for each n the sequence 0" is itself the Cauchy subsequence identified
in the above lemma. The next lemma establishes that ¢* is an equilibrium of the auxiliary

game G*.

Lemma 4.4. For a.e. signal s, of bidder n, every bid b in the support of o%(:|s,) is an
optimal reply to o}, in the auxiliary game G*.

Proof. Let X, be the set of (s,,b) € S, x B such that 7, (s,,b,07,) = 0%(s,). By the upper
semi-continuity of 7 and the continuity of 6%, X,, is a closed set. We claim that for each
(Sn,b) & X, there exists an open neighborhood W,, x C' such that fW *(Csp) dsy = 0. This

suffices to prove the lemma since 7, (s,, ¢, 07,) < 07 (s,) by Lemma 4.2. To prove this claim,

choose any open neighborhood W,, x C' of (s, b) such that its closure is contained in (.5, x

B)\ X,,. We assert that for all large k, 75 (s’ , c, o) < 6%(s!) for all (s, ¢) € W,, x C. Indeed,

k

otherwise there exists a sequence (s¥,c¥) in W, x C converging to some (s/,, ¢,,) in the closure

of W,, x C and such that 7¥(sk ¥ ok) = 0%(s!) for all k, and then limy, 7¥(sk ck oF) =
07 (s). But that is impossible since, by Lemma 4.2, limy 7% (s* & o* ) < 7h (s, c,, 0%),

while by construction, 7} (s), c,,0%) < 0%(s!). Therefore, for all large k, 7*(s/,c,ok) <
0% (s!) for all (s/,c) € W, x C as asserted. Since the bids in C' are suboptimal against o¥, for
signals in W, for all large , it follows that [, oy *(C|s,) ds, = 0 for all such k. By the lower
semi-continuity of the indicator function on the open set C, [, o5 (Cls,)ds, = 0, which

proves the claim. O
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0 Parameter t 1

FIGURE 1

We now prove the key lemma, which asserts that in the equilibrium ¢* of G* each bidder’s

strategy induces a nonatomic distribution of his bids.
Lemma 4.5. Every bid b is a point of continuity of oy, i.e. [¢ o5,({b}[sm)dsy = 0.

Proof. Fix a bid b € B. For each bidder m let W,, C S,, be the set of signals s,, such
that oy, ({0 }[sm) > 0. Suppose to the contrary that [, o7,({b}sm)dsm =n > 0 for some
bidder m. Since we are considering a symmetric equilibrium, the same holds for his opponent

n as well. For each bid ¢, and for each 7 = k or * define the bid distribution functions

Hj(c):/ ol ([vs, ]|Sm) dSm and Hj(c_):/ 07 ([Us, €)|Sm) dSp, -

m

In particular, H*(b) = H*(b~) +n. Also for each k define the expectation

Hc)= | H*()dug(c).
Bk

Based on the Lebesgue measure of signals, H7 is the distribution function of bids by bidder
m when he plays the strategy o7, and H* is the expectation of H*¥ when m’s received bids
are perturbed via the k-th uniform distribution. Clearly H* is a continuous function on B*.

We now study the supposed atom of o}, of size  at b by zooming in on small intervals
around it that shrink as k — oo. On these intervals we study the equilibria o* of the
perturbed games G* to establish that their limit, the equilibrium ¢* of G*, has no atoms
in the distribution of bids. The gist of the proof is to show that if k is large then bidder
n’s optimal replies avoid bidding b, instead preferring to bid more or less than 0. For the

following construction it may be helpful to refer to the illustrative example in Figure 1.
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Consider a sequence n* in the interior of the unit square. Represent each n* as the pair
(%0, n*1). Let b*° be the highest bid ¢ such that H*(c) = H*(b~) 4+ n*°, and similarly b*!
is the lowest bid ¢ such that H*(c) = H*(b~) 4+ n*'. Hereafter suppose that the sequence is
such that n* converges to (0,7) and both b¥° and b*' converge to b. Define b*0 = pF0 —3/k
and bF! = b1 4 3/k, which also converge to b.

Define 6% = bF1 — b*0 and F = 1/(kdé*). Then §* > 6/k and 0 < ¥ < 1/6. Now select a
subsequence such that e converges to some limit point £* in [0,1/6]. Observe that e* = 0 iff
k[o% — 0] diverges to infinity. Define the intervals T% = [2¢¥,1—2¢e*] and T* = [2¢*, 1—2¢7].

Next rescale bids in the interval [b*0, b%1] using instead the parameter ¢t € T' = [0, 1]. For
each k, define the linear function ¢* : T — [b0 051 via ¢¥(t) = b*0 + §%¢. In the following a
bid b in the interval (050, b%1] is represented by the parameter # for which b= ¢k (t) and we
refer to b and £ interchangeably.

For a bid parameter ¢ € [gF,1 — &*], the bid ¢*(¢) is in the interval [b*0 + 1/k, b5 — 1/k].
Recall that if the bid ¢*(¢) is chosen then the bid received by the auctioneer is ¢*(t) plus
a noise term that is uniformly distributed on the interval [—1/k,1/k]. Hence the uniform
distribution of received bids in the interval [¢¥(t) — 1/k,¢*(t) + 1/k] induces via ¢* a dis-
tribution vF over corresponding parameters ¢ in T, where the distribution v/ is uniform

over the interval [t — &¥ t + *]. If t € [0,&"], then define v/} to be the distribution that

¥ — 1) on zero and assigns the rest of the probability uniformly

places probability (2€k)_1(5
on (0,¢ + &*]. The distribution v} for t € [1 — ¥ 1] is similarly defined, by having a mass
point at 1. Hereafter, v¥ plays the role of the distribution of the received bid ¢’ conditional
on the chosen bid t. For each t € T, as k goes to infinity one obtains a well-defined limit
distribution v; that is uniform over the interval ¢ = ¢* if t € I*.

The following definitions employ this rescaling.

For each k, from m’s strategy o® construct the induced transition function 7% : T'x S, —

[0, 1] via its conditional distribution function

T ([0, t][3m) = o7, (1¢"(0), C* (1)]5m) ,

which is the conditional probability given his signal s,, that m’s bid parameter is in the
interval [0, 7). Also let 7% (|s,,) = (75 (T|sm)) 7% (|smm) be the normalized probability when
7* (T'|sm) > 0, and otherwise let it be zero. Then 7% is a probability transition function on
Sy, with the measure on S, that assigns to each S’ , the probability 7% (T'|S’.)/7* (T|S,,).
Select a further subsequence of the k’s such that m’s induced bid distribution 7* and the

normalized version 7%

e . .
- converge to limits 7,7, and 7, respectively.
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Observe that fs ([2¢%,1 — 3e¥]|spm) dspm = 0Pt — n*0) and since n®! — n™Y converges
to 1, also [ 7 26 .1 — 3¢*]|spm) ds,, = n. This follows from the fact that for each k,
H* (bR — 1/k) < H*(b™) 4+ 10 (since otherwise H*(b%%) > H*(b~) + n*°) and H*(0*') >
H*(b™) + nkl.

For each j = k or #, each parameter ¢ € [¢/,1 — £/], and each signal s,, € S,,, define
the conditional probability that m’s received bid parameter is in the interval [0,] by its

conditional distribution function:

7 (0,1)|5) = [ 1] / duy() dr (1]

Also define for each bid parameter t € TV = [2¢7,1 — 2¢7] and m’s signal s,, € S,, the

conditional expectation of 77, with respect to the induced noise distribution v of bidder n:
hlthsn) = [ F(0.0)fs) A (2).
[0,1]

Note that 77 ([0,]|s,,) and 7J (t|s,,) are weakly increasing in ¢ for each signal s,,, since
77.([0,#]|smm) has that property and 1} is a family of distributions for which higher ¢ implies
first-order stochastic dominance.

Observe that from bidder n’s perspective, in the perturbed game G*, if he chooses ¢t and
thus the bid ¢*(¢) then his probability of winning when m’s signal is s,, and chooses a bid
parameter in T is 77 (t|s,,). (Because of the noise, the probability is zero that both bidders’
received bid parameters are any t' € T'.)

Finally, for each k and each pair (s, s,,) of the bidders’ signals, denote by p£(s,,, s,,) the
probability that n wins when he chooses a bid in T = [2¢*, 1 — 2¢¥] given his signal s,, and

m chooses a bid parameter in T given his signal s,,. That is,

Phlsmsn) = [ 3hitlsn) drilels).
Tk

Then

HTS([ZEk,l e¥1s,) < an Sny Sm.) HT:(T‘SH).

Define pf(sn, 5m) = (P (sns $m) + Phy(5my50)) (50, 5m).
Analogously, for each pair of measurable subsets (gn, S’m) of the bidders’ signals, define
the probability

p:,(‘gna gm) = / pﬁ(snv Sm) dsn dsm y
Sn X Sm
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and P} (S, Sn) = (D5 (Sus Sin) + Dby (S $0)) 95 (S i),
The remainder of the proof is broken into five steps. Step 1 shows that the limit of the

parameterized version accurately represents a bidder’s limit strategy o} .

Step 1. We claim that when viewed as sequences in L. (S,, A,), the space of bounded
\,-measurable functions on S,, in the weak*-topology: (a) 7%(T|-) converges to o*({b}|-),
and (b) o ([v*,bk 9]-) converges to o ([vs,b)|-). To prove this, given a measurable subset
S, of Sy, let n(S,) be J5 on({b}]sn)ds, and let n~ (S,) = [ on([ve;b)]s,) ds,. For each
€ > 0, choose bids l_), b that are points of continuity of ¢ such that b < b < b and such that

/ 07 ([t B)|$n) dsn > 77 (S,) — ¢ and / 07 ([0F][50) dsn < 717 (8) + 1(50) + ¢

n n

For all large k, b < b*0 and ' < b. Therefore,

lim sup/ T5(T|s,) ds, < 1(Sn) + 2 and limkinf ok ([vs, B0 50) dsn = 17 (S,) — .
k ~n

Since € was arbitrary,

lim Sup/ 7H(T|s,) ds, < n(S,) and limkinf o ([0s,150)[5n) dsn =17 (S,,) .
k ~n

For an arbitrary ¢/ > 0 and all large k,

/ T,’f([%k, 1 —3¢¥]s,) ds, >0 —€'/2,

while

/ (T |s,) dsn < / (T |sp) ds, +€'/2.
Sp\Sn Sn\Sn
Therefore, [ 75([eF, 1 — €¥]|s,) ds, = n(S,) — €. Thus,

liin i Tf([sk,l—skﬂsn)dsn:/ an({b}|sn)ds, .

Sm m

Finally, for the ¢ chosen at the beginning of this step, for large k
[ okt sa) + 7Tl ds, < 7 (52) + n(Sa) <.
Sn

Hence, using the fact that 7% converges to 77,

limsup/aﬁ([v*,bk’oﬂsn) ds, <17 (S,) + <.
k
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Therefore, since € was arbitrary,
lim sup/afl([v*, b50)|s,.) ds,, <17 (Sh) .
k

As seen above, liminfy, 0% ([v,, °)|s,.) ds, > 1~ (S,,), so this completes Step 1. o

Recall that W,, C S, is the set of n’s signals s,, such that o ({ b }|s,) > 0 and by hypothesis
W, has positive measure 1. From Step 1 it follows that 7 (T'|s,) = 0 for a.e. s,, € S,, \ W,
while 75([2e*, 1 — 3e*]|sn) = o ({b}|s,) for ae. s, € W,,. Also, by selecting a convergent
subsequence, p* converges to a function p¥ and pF converges to p*, with the property that
for each pair (S,,S,,),

H/ ([2¢*,1 — 3¢™]|sp) ds, = an s S

To prepare for the next steps, for each k, signal s,,, and a probability distribution p over
Tk, define

ksn, = Un(Sn, Sm —bﬂfltsm n(SmlSn) dsy, du(t) ,
st = [ [ enton 5w = Bt ol ds st

which is approximately the portion of n’s expected payoff from bidding close to b when his
signal is s, and his bid is matched against bids of his opponent that are also close to b.

When n chooses the strategy 7%(-|s,), then this payoff is:

P (5 75 C[350)) = (7H(T]s)) ™" / 050 5m) — DD (5 5m) o (Sonl50)

m

Similarly, for a distribution p over T', define

pr(sn,p) = sup  limsup pf(sy, u*).

(sk.pk)—(s,p) K

Because of the equicontinuity of f and the continuity of v, we could take the sequence s* in
the above definition to be the constant sequence of s,,.
Finally, let

€2 (50) = / [0(5ms $m) — D10 ([0 5) 502) o (Sl 50) i,

which is n’s expected payoft based on m’s limit strategy o from bidding b and winning only
if m bids less.

Define V% (s,) = 6%(sn) — & (sn). Thus 9% (s,) is the amount by which the equilibrium
payoff 0% (s,) exceeds the payoff from bidding b and winning only if m’s bid is strictly less.

Hence 9% (s,,) is n’s incremental payoff from winning with the bid b when matched with the
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same bid b by m. Steps 2 and 3 show that the incremental payoff ¥ (s,) bounds the limit
0% (8, 1) of his payoff from bids close to b when his signal is s,, and his bid is matched against
m’s bids close to b, and show that in fact these two payoffs are equal and positive if ¢ is in
the support of his limit strategy 7.%(-|s,) for those signals s, € W, for which n bids b with
positive probability in the equilibrium o*.

Step 2. We claim that 9% (s,) = p!(sn,p) for each signal s, and p. More specifically,
if (s* u*) is a sequence converging to (s,,u*), then limsup p¥(s*, u*) < 9%(s,); and this
inequality holds as an equality if, letting ¢*(1*) be the distribution over bids induced by "
via CF, wk(sk ¢ (u*)) = 0% (s,)—which is true, for e.g., if s¥ is generic and the support of
p* is contained in the support of 7%(-|s*). To prove this claim, consider a sequence (s, 1i¥)

converging to (s,, ). Analogous to the definition of ¢ above, define

gk (sk) = / (05 $00) — DJ0% ([00s B0) | $10) Fa(SunlsE) i
Sm

Since o* ([v,, b*0)|s,,) converges to o ([vs, b)[sm), £¥(sF) converges to £ (s,).

The difference (s, ¢*(u*), 0% ) — £5(sk) — pk(sk, ) is
/ / / b — ()] [0 ([0 1) [800) + 750, ) 530) ] Fo (Sunls¥) dia(t') i ().
T J S0 J[0,1]

As k goes to infinity, ¢¥(#') converges to b for all ¢’ € [0, 1] and hence this difference converges
to zero. Therefore, for each s, and ¢, since 7% (s*, C*(1*), b) < 0F(s*), it follows that £*(s,,) +
lim supy, pf (s*, u*) < 07 (s,) = & (sn) + 9% (s,) and this inequality holds with equality under

the given conditions as well. o

Step 3. For a.e. s, € W,,:

0 <3650 = (mrls) ([ 0 (so) = 5050 5 ) ).

As in the previous step, it is easy to see that for each W),

lim (T |sn) [ (50, C* (T (Tsn)), 00,) = E8(5n) — P (80, Ty (] 5n))] disp = 0
Wy,

where (*(7%(T|s,)) is the distribution over bids induced by 7. Since the strategies in
C*(7¥(T|s,)) are optimal for each s,,, 7 (s,,, C*(7%([0,1]|s,,), 0%))) = 0F(s,,). Also, the equicon-

tinuity of 8% and &* imply that the left-hand side of the above equation equals:

/W /1 <T;<T|sn>[e;:<sn> e (s)] /S Lo (su5) = i Sm)) £ (omlsn) ds..
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As 0% (s,) = &(sn) + U5 (sn), and W) is an arbitrary subset of W,,, the claimed equality
follows.

To prove the positivity of 9 a.e. on W,,, we first show that it is non-negative. Suppose,
to the contrary, that 9% (s,) is negative for some s,. Then £*(s,) > 0%(s,). Obviously now
b > v,, since otherwise *(s,) = 0 and thus 6 (s,) would be negative, which is impossible.
Observe then that £*(s,,) is the limit of 7% (s, b', %) for a sequence b' of bids approaching b
from the left that are points of continuity of ¢,. Therefore, one can choose b’ < b such that
b is a point of continuity of ¢}, and 7} (sp, V', o)) > 0 (s,), which is impossible for generic
Sp. Thus, 9% (s,) is non-negative a.e.

Now fix a subset W/ of W,, with positive measure. Then p} (W, S,,) > 0 since by symmetry
pr(W! W!) =1/2. Also for each s, € W/, 9% (s,) = 0. Therefore,

fw;L fsm vn(sna Sm)pZ(Sn, Sm)fn(8m|8n) ds,, ds,,
fW;Z me pv*m(sm Sm)fn(5m|5n) dsm dSn

By Assumption (6) therefore, for each s, that is greater than the essential supremum of W) :

fW’ me U”(S”’ Sm)p:;(s;w Sm)fn(3m|3n) ds, ds;z
fW,’l me p:L(S;“ Sm)fn<3m|3n> dSm dsln

Therefore, limy, p¥ (s,, 78(:|W')) > 0, i.e. by mimicking the strategy of W/, in the limit s,

obtains a positive payoff. By Step 2, this implies that 9 (s,) > 0 such an s,. Since W/
was an arbitrary set of W,, with positive measure, we have that for all s, greater than the
essential infimum of W,,, ¥ (s,) > 0. e

Step 4. We claim that for a.e. s, € W, pf(s,,-) is weakly decreasing almost everywhere
on W,,. To prove this claim, for a subset W, of W, with positive measure and z € [0, 1], let
5m(x, W,) be the essential supremum of the set of m’s signals s, such that 7 (W,, s,,) > z.
If the claim is not true then there exists a set W, of positive measure and z € (0, 1] such that
there is a positive measure of signals s, in [0, 5, (x, W,,)] N W,, for which g (W, s,n) < .
Choose two closed and disjoint subsets W and W} of [O Em(a: W,)] N W,, such that both
sets have positive measure and: (i) for each s, € W0 sl € W!, 0 < sk (il)
(W, W) < & and 55 (W, W) > . Therefore, pm(Wﬁl, Wn) — gt (WL W,) > 0.

Since for each i = 0,1, §* (Wi, W,) converges to 5, (W W,), we have that for a subse-
quence there exists for all k a pair (s%7, %) converging to some (557, ¢>*0) such that: (i)

ski e Wi for all k; (ii) t*% is in the support of 7% (-|sk?) for all k; (iii) letting 7(¢t>>%|-) be
the limit of 77¢(¢|-), an 7000(400]g ) — 7o0b(20L |5, ) ds,, > 0. Obviously 50 > %! for all k

Sn) — 7201 (11 s,) ds, > 0 as well.

one has s

ooO(

and hence |, s
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1

ﬁ:(sna S'In)

Win(2) = {8m | Py, (80, 8m) > x}

W

FIGURE 2

Letting s‘x” be the limit of s%! we have from the previous step that p (s

Js [m (5057, 50) = V70 (t55" 50) frm (8] 555") dsn = O (s757"). This implies, for i = 1, that

fs Um(SOO1 Sn)ﬁ(sn)fm(5n|3?r?’l)d3n <
fs (8n) frm(Sn|sm’ )dsn

00,1 tooz) —
m?m -

where 5(s,) = 75°( $p) — 7°(t°1|s,). By Assumption (6), the same expression using
520 in place of s°! would be a strict inequality since s2° < 21, Thus, limy, pf (k0 t%1)

is strictly greater than limy, p& (s0 #%0) which is the desired contradiction. e

It is easy to show using the previous step that the support of 77 is a singleton for a.e.
s, € W, and that this function is then weakly increasing, a fact not used below.

We come now to the final step. For those signals s, € W, for which n bids b in the
equilibrium ¢* of G*, Step 5 shows that the amount 97 (s, ) by which the equilibrium payoff
0% (s,) exceeds the payoff ¥ (s,) from bidding b and winning only if m’s bid is strictly less,
cannot be so large as to imply always winning when m also bids b, and that therefore bidder
n prefers to bid slightly more than b. Thus Step 5 obtains a contradiction to the conclusion
of Lemma 4.4 that o* is an equilibrium of G*, and thereby a contradiction to the initial

hypothesis that m’s strategy o}, induces an atom at the bid b.
Step 5. Fix a generic signal s,, € W,,. By Steps 2 and 3, ¥} (s,) and p}(s,, W,,) are both

positive. The incremental payoff is

07 (sn) :/ [Un(Sny Sm) — blT (T|80) D (Sns Sm) [ (S| Sn) dSim -

For each = € [0, 1], define the set W, (z) = { s, € Wi | D (Sn, Sm) = « }. Figure 2 illustrates

a possible form of p:(sy, $;») and W, (z) for the case that W, is an interval.
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By Step 3, W,,,(x) is monotonically nonincreasing in x. One can therefore express 97 (s,,)

as the double integral
0 (sp) = / /[ ][vn(sn, Sm) = 011w, () (Sm) Ton (T 51m) fr (S| Sn) dx dsppy,
m J[0,1

where 1y, (2)(-) is the indicator function for Wi, (x). For each x and signal s,,, define
Un(x, Sp) = / [Un(Sny Sm) — 01T (T'|Sm) fro (S| Sn) dSpm -
Win(x)
Then reversing the order of integration above yields the alternative formula
U5 (Sn) = / U (2, sp) dx .
[0,1]

If u,(x,s,) > 0 for some x then for all 71 < = < =9, uy(x1,8,) = up(T2,s,), with the
inequality being strict if W,,(x1) \ W, (z2) has positive measure. To prove this, let S, (z)
be the essential supremum of W,,(z). Since u,(x,s,) > 0, W,,(z) has positive measure
and 5,,(z) is well-defined. Also, v,(sp,5m(x)) > b, since otherwise by Assumption (5),
Un(Sn, Sm) < b for all s, € W,,(z) and then u,(x,s,) < 0. Fix ;1 < = < x5 and for
each i = 1,2, let 5,,(z;) be the essential supremum of W,,(x;). By the monotonicity of
Wi (4), Sm(x1) = Sp(x2), where the inequality is strict if W, (x1) \ W,,(z2) has positive
measure. Observe that for each 5,,(x) < s, < Sin(21), Vn(Sn, Sm) > b, and thus u,(z1, s,,) is
strictly positive. If u,(z2,s,) is non-positive then one is done. Otherwise, if w,(zs,s,) > 0,
then vy, (S, Sm(z2)) > b and thus, again by Assumption (5), for all 5,,(z2) < s, < Sp(21),
Un(Sn, Sm) > b. Thus, u, (21, $,) > u, (22, 85).

Since 9% (s,,) is greater than zero, wu,(z,s,) > 0 for some x. Therefore, the preceding

paragraph implies that u,(x,s,) < u,(0, s,) for all z, and hence
0 (sp) < / [Un(Sns Sm) — BT (T'|Sm) fro(Sm|Sn) dSp -

Observe that this inequality must be strict for a.e. s, € W,,. Otherwise, when n’s signal
is s, he wins with probability one against every signal s,, € W,, of bidder m, which in an
equilibrium is not possible outside a set of measure zero in W,,.

To finish the proof, we show that when the above inequality is strict bidder n with signal s,,
prefers some bid ' > b for all large k. Indeed, first observe that b < v*, since otherwise, the
payoff 6% (s,) < 0 (the maximum value is v* and if it equals the bid b, then bidder n cannot
make a profit in any event). Then, observe that the total payoff £*(s,) + me [Un(Sn, Sm) —
bl ([0, 1]]8m) fr(Sm|Sn) dsm is the right-hand limit of 7, (s,,b,07%). So, if the inequality is
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strict then one can choose ¥’ > b that is a point of continuity and such that =} (s,, V', o) >
&5(sp) + ¥:(s,). But that is impossible since by definition &*(s,) + 9% (s,) = 6%(s,) and

*

+ /
therefore 1 (s,, b, o,

) > 0%(sy), contradicting the initial supposition that 6%(s,) is n’s
equilibrium payoff when his signal is s,,. ®

The contradiction obtained in Step 5 implies the falsity of the initial hypothesis that
bidder m’s strategy induces an atom at the bid b, and thereby concludes the proof of Lemma

4.5. 0

In sum, Lemma 4.4 establishes that a limit point o* of the equilibria ¢* of the auxiliary
games G* is an equilibrium of G*, and Lemma, 4.5 establishes that o* does not induce atoms
in the distribution of any bidder’s bids. Hence the probability of tied bids is zero and
therefore o* is also an equilibrium of the auction game G, regardless of the tie-breaking rule.
This verifies Theorem 4.1.

Remark. Assumptions (5) and (6) are invoked only in Steps 2, 3, and 4 of Lemma 4.5.
Without these assumptions, the proof shows how to generate an endogenous tie-breaking
rule, as in [4]. For each bid b at which there is an atom, of which there is a countable
number, the limiting probabilities p%(s,, $,) and pk, (Sm, sn) give the relative odds of s, or
Sy, winning if both bid b and then report their signals truthfully. In the event of a tie at
such a bid b, the incentive to truthfully report one’s signal is obtained from the fact that
the limit payoff 9% (s, ) maximizes p%(s,,t) and that misreporting one’s signal, say s, € W,
instead of s, obtains limy, p¥ (s,,t*) as the payoff, where #* is a sequence converging to a
in the support of 7(:|3,), and for which ¢* is in the support of 7¥(-|3*) for a sequence of 5¢

converging to §,.

5. CONCLUDING REMARKS

In auction theory, most existence theorems focus on equilibria in pure strategies that
are strictly increasing in bidders’ signals. Like Theorem 4.1 here, monotone pure-strategy
equilibria obviate discontinuities due to tie-breaking rules because they induce nonatomic
distributions of bids. However, these theorems rely on unrealistically strong assumptions
about the joint distribution of signals, such as affiliation.” In contrast, the theorem here

establishes existence of an equilibrium in mixed strategies using weak assumptions about

De Castro [1, Theorem 3.1] proves that the subset of continuous density functions that are not affiliated
is open and dense. He examines various plausible weaker properties and establishes for some that there need
not exist equilibria in increasing pure strategies. He also shows that an auction with private values jointly
distributed according to a density that is piecewise constant has pure-strategy equilibria, and an example
for which no pure strategy equilibrium is increasing.
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the distribution of bidders’ signals and their value functions.® In general we see advantages
to distinguishing between those assumptions sufficient for existence of equilibria, and those
that ensure pure strategies and monotonicity.

The proof of Theorem 4.1 brings additional advantages. One is that the auxiliary game
induces a well-defined fixed-point problem in the space of behavioral strategies, a feature
absent from previous work. This problem necessarily has essential sets of fixed points for
which every perturbation of the problem has a nearby fixed point. As shown by the proof
in Section 4, limit points of these nearby fixed points are equilibria of both the auxiliary
game and the auction game. Because essential fixed points are those for which the Leray-
Schauder index is nonzero, there is the further possibility of distinguishing between those
with positive and negative indices, since it is known that in finite games those with positive
and negative indices are dynamically stable and unstable, respectively, under monotone

adjustment processes.
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SWe hope in later work to establish existence of an equilibrium in pure strategies.
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