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Abstract

In this work we reconsider Harsanyi’s celebrated (1953, 1955, 1977) utilitarian impartial ob-
server theorem. Departing from Harsanyi’s individualistic centered approach, we argue that,
when societal decisions are at stake, postulates must not be drawn from individualistic be-
havior. Rather, they should be based on societal norms. Hence, notions like societal fairness
should explicitly be the guiding principles. Continuing this line of thinking, we state and
prove a utilitarian result that, rather than being based on the independence assumption, is
based on the notion of procedural fairness and on similar treatment of societal and individual

lotteries.



“An axiomatic justification of utilitarianism would have more content to it if it
started off at a place somewhat more distinct from the ultimate destination” (Sen

1976, page 251)

1 Introduction

In this work we reconsider Harsanyi’s celebrated (1953, 1955, 1977) utilitarian impartial
observer theorem. We propose an approach that puts more emphasis on procedural fairness
and we offer a utilitarian result that does not use the independence assumption.

Harsanyi analyzed a society that needs to choose among alternate social policies, each
of which is a probability distribution over a given set of social actions, where the latter
associate outcomes with the society’s members. Every social lottery ¢ induces a lottery ¢; on
individual 7. Individual ¢’s preferences »=; are known and different individuals may possess
distinct preferences.

To help determine the optimal social policy, Harsanyi suggested that every individual is
endowed with social preferences. Individuals may develop these preferences by adopting the
role of an impartial observer, thus disregarding their true identities and acting behind “a
veil of ignorance”. Therefore, the impartial observer faces not only a lottery ¢ over social
actions, but also a lottery v over identities. By assumption, the impartial observer is able to
compare situations in which two individuals get two different outcomes, under two disjoint
social actions.

Harsanyi argued strongly for “Bayesian rationality”. That is, he assumed that (among
the other Bayesian postulates) all individuals satisfy the independence assumption of the
expected utility theory, both at their personal and social preference layers. Harsanyi claimed
that this “sound” axiom, together with the so-called acceptance principle (that an impartial
observer fully adopts individual i’s preferences if she imagines becoming that individual for
sure), would force the impartial observer to be a (weighted) utilitarian. More formally, over
all extended lotteries (y,¢) in which the identity and the action lotteries are independently

distributed, the impartial observer’s preferences admit the following representation:



V(v 0) = Z V:Ui(4:)

i€
where «; is the probability of assuming person ¢’s identity and U;(¢;) := > w;i(x){;(z) is
person ¢’s von Neumann-Morgenstern expected utility.

Like Harsanyi, most authors who derived modifications of the utilitarianism result within
the impartial observer framework always assumed the independence axiom (see the works
of Weymark (1991), Karni (1998) and Grant, Kajii, Polak and Safra (2010; henceforth
GKPS)).! Notable exceptions within the related social aggregation framework are Blackorby,
Donaldson and Mongin (2004) and Mongin and Pivato (2015).

Interestingly, Harsanyi’s entire emphasis on Bayesian rationality was based on an indi-
vidual centered approach. Firstly, he assumed that rational individuals must satisfy the
independence assumption and secondly, he claimed that society, by its need to be at least
as rational as its members, must also satisfy independence (Harsanyi 1975). We disagree
with Harsanyi on this. Instead we argue that when societal decision problems are at stake,
postulates must not be drawn from individualistic behavior. Rather, they should be based
on societal norms. Hence, when social preferences are formed, issues like societal fairness
and equity should explicitly be the guiding principles.

In this work we focus on procedural fairness. This principle was first advocated by Dia-
mond (1967) and was strongly supported by Sen (e.g., 1977). Its essence can be illustrated
by the following example, which is an adoption of Diamond’s example from the social ag-
gregation framework to the impartial observer one. Consider a society that needs to decide
on how to allocate an indivisible good between two individuals, 1 and 2, and let action a’
denotes allocating it to individual 7. Suppose, as Diamond did, that u;(a’) = 1 for both ¢
and u;(a’) = 0 for ¢ # j (that is, both individuals like the good, receive a utility of one

unit from having it and zero otherwise). Also assume that the impartial observer considers

L A similar observation holds for most of the literature dealing with Harsanyi’s social aggreagtion theorem.
See Zhou (1997), Dhillon and Mertens (1999), Gilboa, Samet and Schmeidler (2004) and Fleurbaey and

Mongin (2012).
2Unlike the other works (including the current one), these authors consider both ex post and ex ante

analyses (and thus are able to employ Gorman’s (1968) separability theorem).



equiprobable identity lotteries (that is, she imagines having equal chance of being either in-
dividual), evaluates all four outcomes in full agreement with the two individuals and adopts

their utilities. The example can be described by the table

al  a?
11 0
210 1

where individuals 1 and 2 correspond to the rows, actions a! and a? correspond to the
columns and the entries represent the impartial observer’s utilities. The impartial observer
has two policies at hand: Policy (1), which allocates the good to individual 1 (this policy
is equivalent to choosing action a' and facing the first column of the table) and Policy
(2), which allocates the good to one of the individuals, depending on the outcome of a
toss of a fair coin (this policy is equivalent to the action lottery %al + %az). The value of
Policy (1) for Harsanyi’s utilitarian observer is % x 1+ % x 0= %, as is the value of Policy
(2): (3 x144x0)+1(3x0+3x1) =131 Hence, the impartial observer is indifferent
between the two policies.> However, Diamond and Sen argued that policy (2) provides both
individuals with a “fair shake” and hence the impartial observer might prefer it.* This
notion of procedural fairness is expressed in our work by the notion of convexity over action
lotteries: if, given an identity lottery 7, two individuals disagree on the ranking of action
lotteries ¢ and ¢', then mixtures of these lotteries are weakly preferred over the less favorable
one.’

Working in a framework in which the basic building blocks are two different types of
lotteries, those over identities and those over actions, raises a natural question: should these
separate types be treated similarly? Harsanyi, by applying the independence axiom to all
possible pairs of identity-action lotteries, implicitly assumed that they should. Furthermore,
in his own response to Diamond’s concern about fairness, Harsanyi (1975) argued that even

if randomizations were of value for promoting fairness (which he doubted), any explicit

3Note that the impartial observer is also indifferent between a' and a?.
4A long list of real-life applications supporting Diamond’s fairness consideration is provided by Elster

(1989).
SUnlike Epstein and Segal (1992), we do not assume strict preference becuase, as was agrued by Sen

(1977), mixture is not always superior.



randomization is superfluous since “the great lottery of (pre-)life” may be viewed as having
already given each child an equal chance of being each individual. That is, it does not
matter whether a good is allocated by a (possibly imaginary) lottery over identities or by a
(real) lottery over actions. Put it differently, Harsanyi argues that we need to be indifferent
between “accidents of birth” (identity lotteries) and real “life chances” (action lotteries).
On this issue we follow the steps of Harsanyi and make this assumption explicit. We call it
source indifference.

Despite its innocuous appearance, the conjunction of this assumption with procedural
fairness turns out to be rather forceful. More precisely, the main result of this work shows
that, assuming impartiality, convexity, source indifference and a stronger notion of acceptance
are necessary, and sufficient, for utilitarianism.

Since the independence axiom is not assumed here, this result is novel and quite un-
expected. Paraphrasing Sen’s quote, we believe that one could hardly find an axiomatic
justification of utilitarianism that starts off at a place that is more distinct from the ulti-
mate destination than ours.

Lastly, our result implies that source indifference cannot hold if societies wish to exhibit
strict inclination towards procedural fairness. Therefore, to accommodate views of authors
like Diamond and Sen, the impartial observer must display preference for action lotteries
over identity ones. We elaborate on this in the concluding section.

This work is organized as follows: Section 2 sets up the framework, Section 3 presents the
assumptions, Section 4 states, and explains, the utilitarian result and section 5 concludes.

Finally, proofs are given in Section 6.

2 Setup and Notation

Let X = [Zmin, Tmax] C R be a compact interval representing all possible outcomes and let
A(X) denote the set of outcome lotteries, endowed with the weak convergence topology.
With slight abuse of notation, we will let = denote the degenerate outcome lottery that
assigns probability 1 to outcome x. Let T be a denumerable set of potential individual

types, where each type t € T is characterized by a preference relation »=; defined over



A(X). We assume throughout that each =; is complete, transitive, continuous (in that
the weak upper and lower contour sets are closed in the product topology), increases with
respect to first-order stochastic-dominance and its asymmetric part >; is nonempty. The
set of individuals under consideration is Z = U;erZ;, where Z; is a denumerable (infinite)
set of type t individuals. A society [ is a finite subset of Z. Note that, even though we
allow for societies in which some individuals are of the same type, these individuals may
receive different outcomes and hence they need not be treated similarly. Also note that our
framework departs from Harsanyi’s in that, instead of working with one fixed finite society,
we consider all finite subsets of Z.6

A social policy, or an action, associates an outcome with every individual and hence is
represented by a function a : Z — X. The set of all actions, endowed with the corresponding
product topology, is denoted by A (two extreme actions, amax and amin, defined by apax (1) =
Tmax aNd Amin (1) = zmin for all 4, respectively, will be used in the sequel). Let A(A) denote
the set of simple lotteries (lotteries with finite support) over actions, with typical elements
denoted by ¢. With slight abuse of notation, we will let a denote the degenerate action
lottery that assigns probability 1 to action a. A lottery £ € A(A) is sometimes written as
t= Zaesupp(@ t(a)a.

Following Harsanyi, an observer imagines herself behind a veil of ignorance, uncertain
about which identity she will assume in the given society. Let A(Z) denote the set of simple
identity lotteries on Z, where typical elements are denoted by v (where ~, is the probability
assigned by the identity lottery v to individual 7). These lotteries represent the imaginary
risks in the mind of the observer of being born as someone else. With slight abuse of notation,
we will let ¢ denote the degenerate identity lottery that assigns probability 1 to individual

i. An imaginary lottery v € A(Z) is sometimes written as v = ) v, When the

i€Supp(y)
observer is faced with pairs of identity and action lotteries, it is assumed that they are
independently distributed.

The observer is endowed with a preference relation = defined over the space of all product

lotteries A(Z) x A(A). We assume throughout that = is complete, transitive, continuous

and that its asymmetric part > is nonempty. These assumptions imply that > admits

6The need for an infinite set of individuals is clarified in the proof of the theorem.



a (nontrivial) continuous representation V' : A(Z) x A(A) — R. That is, for any pair
of product lotteries (v,¢) and (v, ¢), (v,¢) = (7/,¢) if and only if V (v,£) > V (v/,¢).
Note that the observer might prefer situations in which she imagines herself being a less
privileged individual and receiving some amount x, over situations in which she imagines
herself becoming a more privileged individual and receiving a larger amount 2’ (this may
happen, for example, if she values affirmative action policies). As a result, there exists
no objective natural order over the set of basic identity-outcome pairs (i, x) and, therefore,
monotonicity with respect to first-order stochastic-dominance cannot be assumed. Instead,

we require a weaker notion of monotonicity, based on the observer’s subjective ranking over

1 x X.

Definition 1. Monotonicity: For any pair of product lotteries (v, a) and (v, a’),

Z v (1) < Z v (i) forallveImV = (v,a) = (7,d)

{#:V (i,a)<v} {i:V(i,a')<v}

That is, a product lottery (v, a) is preferred over another product lottery (7/,a’) (both
having degenerate action lotteries), if the probability of getting identity-action pairs with
utilities not greater than v is always smaller under the first product.

For a given society I, let A(I) denote the set of identity lotteries over 1.

Definition 2. Utilitarianism: The observer is a wutilitarian if, for every society I C Z, her

preferences restricted to A(1) x A(A) admit a representation of the form

Vi(v,0) = Z Y:Ui (4:)
i€l
where ¢; € A(X) is the lottery faced by individual ¢ (in which outcome a (7) is assigned a
probability of ¢(a)) and, for each individual i, U; (¢;) := > 1 u; (2){; (x) is an expected
utility (EU) representation of 3=;.

As is well-known, the main behavioral property that characterizes EU preferences is

independence:

Definition 3. Independence: Let =* be a preference relation on A(X). Then, for all
p,q,r € A(X) and for all 8 € [0, 1],

pEq = Bp+(1—=p8)r=" Bg+(1-p)r
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3 Assumptions

We make the following assumptions on »=:

Axiom 1. Impartiality: For any two individuals 7,5 € Z,

(1) forall ¢ € A(A), = =%, and ;=0 = (i,0)~ (j,0)

(2) (7’7 amax) ~ (]7 amax) and (Z, amin) ~ (]7 amin)

Part (1) of this axiom states that, given an action lottery ¢, if two individuals ¢ and j with
identical preferences are faced with the same action lottery, then the observer is indifferent
between facing ¢, while being individual ¢, and facing ¢, while being individual j. This
requirement seems quite natural. Part (2) says that being individual ¢ and getting the most
preferred outcome ., is assumed ethically equivalent to being individual j and getting the
(same) most preferred outcome Zpa,. As was convincingly explained by Karni (1998) who,
in a different framework, employed a stronger axiom to derive utilitarianism “This value
judgment ... is obtained by default. The methodological framework of revealed preference
provides no ground for preferring one individual’s most preferred alternative over that of
the other. Consequently, strict preference in either direction is either biased or involves
considerations other than the rank order of the alternatives”. Clearly, the same applies to
the worst outcome xp,;,. A similar notion lies behind Segal’s (2000) dictatorship indifference
axiom.

Henceforth we assume that the observer preferences satisfy the impartiality axiom. To

emphasize it, we call her an impartial observer.

Axiom 2. Strong acceptance: For all i € 7 and (,{' € A (A) satistying Vj # i (; = (}, if
v; > 0 then

This axiom states that the impartial observer sympathizes with individual ¢ and fully
adopts his preferences when she imagines herself being this individual with a positive prob-
ability, and when all other individuals are unaffected by her choice. This axiom strengthens

Harsanyi’s acceptance principle, according to which this sympathy holds for v, = 1. Axiom



2 also is equivalent to an axiom called strong Pareto, a version of Harsanyi’s Pareto prin-
ciple that was used in his aggregation analysis (see Harsanyi (1955), Weymark (1991) and
Epstein and Segal (1992)).” To see the connection between our axiom and the strong Pareto
principle note that, by sequentially applying our axiom, the following property holds: for
any £, 0 € A(A), if ¢; =; €. for all i € Supp () then (v,£) = (7,£).% In a sense, strong
acceptance unifies two of Harsanyi’s main ideas, taken from his two famous analyses of social
choice theory. Finally, our axiom is analogous to Karni’s (1998) sympathy assumption.

The strong acceptance axiom enables us to express the impartial observer’s function V'
as a social welfare function. That is, V' can be expressed as a function W that, instead of the
action lottery ¢, depends on the individuals’ utilities associated with their induced lotteries /;.
More formally, let V; (¢;) := V (i,£) be a representing utility the impartial observer attaches
to individual ¢ preferences. Note that, by impartiality, V; (Zmin) = V; (Tmin) = Ummn and
Vi (max) = V; (Tmax) = Umax, for all 7, j € Z, and hence by continuity, the image of V;, for
all 7, is equal to the closed interval [Umin, Umax|. Then, strong acceptance implies that V (v, ¢)
can be written as W (7, 1% (6)), where W is defined over A([vUmin, Umax|), the set of lotteries
over all attainable utility values in which, for all i € Supp (), 7, = =, is the probability of
attaining (17 (€)> = V; (¢;). To see how W is constructed assume, for expositional clarity,
that Supp (7) :Z{l,...,n}. Then, given V and V;, for any v € A({1,...,n}) and ¥ =
(U1, ey V) € [Umin, Umax) ", define W by W (7,70) := V (v,£), for the imaginary lottery ~
satisfying v, = 4, and for any ¢ satisfying v; = V; (¢;), for all i € {1,....n}. By strong
acceptance, W is well defined. Furthermore for a given 7, W is monotonic increasing with

respect to v; whenever 7, > 0. Note that, by construction, W satisfies W (1,v) = v, for all

(S [Umina Umax]~

The following properties will be used in the sequel.

"Strong Pareto: For a given society I, (1) for all lotteries £,¢' € A (A), if ¢; 3=; ¢; for all i, then £ 3= ¢’

and (2) if, furthermore, there exists an individual ¢’ such that ¢;; >=; £, then ¢ > (.
8To see it, assume without loss of generality that Supp (v) = {1,2,...,n} and note that

(/yvf) = (’Y» (617627 7€n)) F (77 (5’1’22’ JETL)) F (’)/, (£/17£/27 7€n)) o E ('77 (€l17€/27 76;)) = (776/)



Lemma 1. Assume the observer satisfies impartiality and strong acceptance. Then

(a) for all £,¢' € A(A),

= and G=0 = (i,0)~ (j,0)

(b) for all (v,¢) € A(Z) x A(A),
(5,6) ~ (G,0) forall ij € Supp(1) = (1,0) ~ (k,£), for all k € Supp (")

(c) for all (v¢,0), (v, ¢') € A(Z) x A(A), where Supp (v¢) = {1,...,n} and ¢ = Y"1, if

i=1n

there exists a permutation 7 on {1,...,n} such that (i,¢;) ~ (7r (7) ,E;(i)) for all 7, then
(V5 0) ~ ()

The proof appears in Section 6.1.

Axiom 3. Convexity: Consider two lotteries ¢, ¢ € A(A) for which there exist two indi-
viduals 7 and j satisfying ¢; =; £; and {; <; £}. Then, for any v € A(Z) satisfying v, > 0,
7v; > 0 and for any § € (0, 1),

(7. 0) = (v l) = (,Bl+1=0)0) %= (7.1)

That is, if two (participating) individuals disagree on the ranking of two action lotteries,
then mixtures of these lotteries are weakly preferred over the less favorable one. As was
explained in the introduction, this axiom is an expression of procedural fairness and is in
agreement with Diamond’s critique.

We include the requirement of having two individuals with opposing preferences since
procedural fairness has greater appeal when real conflict exists. However, it is straightforward
to verify that, with continuity, this requirement can be omitted. Hence, in situations where
only one individual faces distinct lotteries under the action lotteries ¢ and /', convexity
implies that his preferences must also be convex.

Convexity is also related to social stability. Consider a society I C Z, whose set of

available actions is given by a finite A C A. For a given identity lottery v € A([I), the



impartial observer’s aim is to find the optimal action lottery that maximizes her utility.

That is, the impartial observer seeks to solve the problem

[ V (7, 0)

For societal stability, it is desirable that the set of optimal action lotteries does not change
drastically when only minor changes occur. That is, we want this set to be upper hemi-
continuous and convex valued with respect to the set of available actions A. Clearly, the
continuity of = implies upper hemi-continuity, while convexity is equivalent to the optimal

set being a convex valued correspondence.
Axiom 4. Source indifference: For all societies {i1, ..., i, } and for all sets of available actions
{a',...,a"}, if there exists k € {1,...,n} such that (i;,a") ~ (iy,a’) for all j, then
(767 ak) ~ (ilm ge)
where 7¢ = 37" | Lij and (¢ =", /.

To illustrate, consider the following matrix

at a® - aF a™
1 Ty
5 T2
. 1 2 n
Zk' y y P z PR y
in Ty

and suppose that the impartial observer is indifferent between the following two options, for
all j: (1) receiving an outcome z; while facing the deterministic action a* and imagining
being individual i;, and (2) receiving an outcome 3’ while facing the deterministic action
a’ and imagining being individual i;,. There are two ways to randomize, with equal prob-
abilities, over these degenerate pairs of equivalent product lotteries. The product lottery
(’ye, ak) randomizes over identity lotteries (for the given action a*), while product lottery

(ix, £¢) randomizes over action lotteries (for the given individual i;). Then, as was argued

10



by Harsanyi in his response to Diamond and was implicitly assumed by him, the impartial

observer should be indifferent between the two randomizations.

The following lemma shows that, given impartiality and strong acceptance, source indif-
ference for equi-probability lotteries v¢ and ¢ implies that this property holds for all lotteries
~v and ¢7. This property will be used later on.

Lemma 2. Assume the observer satisfies impartiality, strong acceptance and source indif-
ference. For all societies {iy,...,7,} and for all sets of available actions {a',...,a"}, if there
exists k € {1,...,n} such that (i;,a*) ~ (iy,a’) for all j, then, for all v = > 17,4 and
= Z?:l Vi a’,

(%ak) ~ (ig, 07)

The proof is relegated to Section 6.1.

4 Utilitarianism

Our main result shows that the preceding axioms force all individuals to be of the EU
type and, in addition, the impartial observer must be a utilitarian. That is, the behavioral
assumptions on the impartial observer preferences induce her, as well as all individuals, to
satisfy the independence axiom. This is achieved without imposing independence explicitly

(neither on individuals nor on the observer).

Theorem. Assume the observer satisfies impartiality. Then her preferences satisfy strong
acceptance, convexity and source indifference if, and only if, all individuals in Z satisfy

independence and the observer is a utilitarian.

The proof, which is relegated to Section 6.2, consists of two parts. First, we prove that
all individuals in Z must satisfy the independence axiom. Then, we demonstrate that the
impartial observer’s preferences can be represented by a function that is additive with respect

to the identity lotteries and that she, too, must satisfy the independence axiom.

11



Comment 1. Consider the Diamond example, represented by the table

al  a?
111 O
210 1

Having the identity lottery ¢ = (%, %), choosing action a’ corresponds to the pair (v¢, a’),
while tossing a fair coin corresponds to the pair (v¢,¢¢) = (fye, %al + %aQ). By source in-
difference, (v¢,a') ~ (1,¢¢) and (74, a') ~ (2,£%). Hence, (1,£¢) ~ (2,£¢) and therefore, by
Lemma 1(b), (1,£¢) ~ (v, £¢). But then, by transitivity, (7¢, a') ~ (7¢, £¢) and the impartial
observer is indifferent between the first action (Policy

(1)) and the mixture (Policy (2)). Put differently, she does not strictly prefer tossing a

1. Moreover, it can now be seen (proof omitted) that, by

fair coin over the pure action a
convexity, any mixture of the two actions a! and a? must be indifferent to a'. This may
seem like a significant step towards proving utilitarianism. However, the derivation of these
‘straight indifference line segments’ from the above extremely symmetric situation does not

extend to the general case and cannot be utilized to derive a utilitarian representation.

Comment 2. As noted in the introduction, Blackorby, Donaldson and Mongin (2004) and
Mongin and Pivato (2015) also derived utilitarianism without imposing independence. Al-
though these authors work within Harsanyi’s aggregation theorem framework, a comparison
to our theorem seems natural and is carried out by focusing on the analysis of Mongin and
Pivato (2015). Consider a given society I, with a set of actions A, and identify every product
lottery (7,¢) with a matrix whose rows correspond to individuals and columns correspond
to actions. Mongin and Pivato’s ex ante analysis is manifested by their row preference as-
sumption, an assumption that is analogous to our strong acceptance axiom. Similarly, their
ex post analysis is manifested by a column preference assumption that, in our model, would
require an improvement in the impartial observer situation whenever an action a is replaced
by a better action a. Together with a coordinate monotonicity assumption, these two as-
sumptions enable Mongin and Pivato to employ Gorman’s (1968) separability theorem and
to derive a fully separable representation of the observer preferences. As can be seen in Sec-

tion 6.2, our proof uses different arguments. Nevertheless, one might conjecture that, since

12



source indifference implies similar treatment of columns and rows, then, together with strong
acceptance, Gorman’s separability theorem could be applied to yield our result. However,
this is not true. As can be seen in Examples 1 and 2 below, strong acceptance and source

indifference are not sufficient to imply utilitarianism.

Comment 3. Another result that is close to ours appears in GKPS (2010). Their Theorem
3 roughly states that an observer is a utilitarian if and only if she satisfies acceptance,
independence over identity lotteries and (their notion) of source indifference. However, as

we do not assume any form of independence, the current result is stronger than theirs.’

The following first two examples demonstrate the necessity of convexity. The third

demonstrates the necessity of source indifference.

Example 1. Here we present a non utilitarian impartial observer who satisfies all axioms
except for convexity. Assume that all preferences ’=; of individuals 7 € 7 belong to the rank-
dependent utility class (RDU; see Weymark (1981) and Quiggin (1982)). Let g : [0,1] —
[0,1] be an increasing and onto function. For a given simple lottery r and z € Supp (r)
define F, (2) :== >, .7 (y), Fr(2-) == X2, _.r(y) and Vg (2;7) := g (F: (2)) — g (£ (22)).
On simple lotteries, RDU preferences are represented by a function of the form V (p) =
Y . u(z) Vg (x;p). When g is the identity function, Vg (z;p) = p (z) and RDU preferences
are reduced to EU preferences. We assume that, in the eyes of the impartial observer,
individual ¢’s preferences are represented by V; (p) = >, u; (z) Vg (z; p), where g is common
to all individuals and, for all i,j € Z, u; (Tmin) = %j (Tmin) and U; (Tmax) = Uj (Tmax). The
observer preferences are also of the RDU type and are represented by
V7 (7,0) =) Vi) Vg (Vi () 57)
icl

Impartiality and strong acceptance are satisfied by construction. To verify that source

indifference is satisfied consider, without loss of generality, a society I = {1,...,n}, a set of

available actions {a', ...,a"} and assume that there exists k for which V" (j,a*) = V" (k,a?)

9Tt should also be noted that the notion of source indifference used by GKPS (2010) (they termed it
‘indifference between identity and action lotteries’) is stronger than ours. This is formally stated as Lemma

4 (see Section 6.4).
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for all j. Then, for all j,

Vr(rfa) = Y s (at () Vg (us (a () 7°)

= 3w () Vi (o (e () 17)
= 2wk (@ (1) Vg (o (k)5 6) = V" (k,€9)

as required.

To see that convexity does not hold assume that g is strictly concave and fix j € I.
Let ¢,0 € A(A) be two distinct action lotteries satisfying ¢; = ¢; for all i # j, {; #
¢; and V; (¢;) = V; (¢}) (clearly, such lotteries exist). The strict concavity of g implies
V; (3¢5 + 305) < V; (¢;) and hence, for any v with v; > 0, V" (v, 30+ 30') < V" (7,£).1°

Note that, as the following case shows, non-convexity of ’=; (which is manifested by the
concavity of ¢), is not necessary for the non-convexity of =. For this, let I = {1,...,5},

consider the two actions described by the following matrix (the entries are the utility values)

at  a?
19401 0
210 1
311 1
411 1
o1 1

let g be given by the convex piecewise linear function

0 t<0.2

—;11 + 3t otherwise

10Perhaps the simplest way to see the connection between strict concavity of g and quasi-convexity of V;
is to observe that, for continuous lotteries, V; (¢;) = uj (Tmax) — [, g (F, (2)) uj; (z) dz. This immediately

implies V; (%éj + %4) < Vj (¢;). Similarly, if g is convex then so is =;.
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and note that, by the convexity of g, each >=; is convex.
Clearly,
V' (v%,a’) =g (02) x 0+ (1—g(0.2)) x1=1

for both j = 1,2. Next, consider the lottery %al + %a2. For i € {1,2},

v (% @)+ La? <z~>) = 9(05) X0+ (1-g(05) x 1= 2

while, for i € {3,4,5}, V; (3a' (i) + 2a® (1)) = 1. Hence, for the impartial observer,

1.1 5
\% <76,§a1+§a2) = ¢(0.4) x §+(1—g(0.4)) x 1
1 5 3 29
— ox 2425122
1 s T T s

and convexity is not satisfied.

Example 2. In the two cases described in Example 1, either individual preferences are
non-convex with respect to outcome lotteries (when g is concave) or the impartial observer
preferences are non-convex with respect to identity lotteries (when g is convex). This might
suggest that convexity would be satisfied if all preferences involved were convex. As we now
show, this conjecture is false.

Assume that individual preferences are weighted utility (WU; see Chew (1983)). That
is, for all 7 and p € A(X),

Vilp) =V (p) = ;pkszjw @) (zx)

where u is a strictly increasing utility function and w is a non constant and positive weighting
function. These preferences belong to the betweenness class (see Chew (1989) and Dekel
(1986)), a class that is characterized by the property: for all lotteries p and ¢, p = ¢ if
and only if p = Ap+ (1 —A)q = ¢, for all A € (0,1). Clearly, betweenness implies that
WU preferences are convex. Note that, although individuals have identical preferences over
A(X), they do not necessarily agree on the ranking of action lotteries in A(A).

The impartial observer preferences are of the same type and are given by

Vi) .,
= z% ul( vy @
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As in Example 1, source indifference is satisfied. To see it, assume (for k = 1) V¥ (j,a' (j)) =
V¥ (1,a’ (1)), for all j. That is, u (a* (§)) = u (a’ (1)) or, equivalently, a' (j) = a’ (1), for all
]

Then

s 1_wlton @O gy

VP (%) = nY; b ((w o) (al (4)))
(

)

1 .

sl w0
" 2y et oyt )
)
<

1

B 1 w(a' (1)
N 2”23 %w (a?

= V(L)

u (ai (1))

1))

Next we show that convexity is not satisfied. Consider again the Diamond’s example and
assume that w (v (0)) = 0.1, w (u™' (3)) = 0.6, w (u™' (2)) = 0.75 and w (v (1)) = 0.8.
Then,

Ve (¢, ab) = gw (u" (1)) _ 05x08 8
’ Lo (u (1) + Jw(u ' (0)) 05x08+05x01 9

and
sw (u™t (1)) 0.5 % 0.8 8

V’w e 2 — — =
(7,a%) Lo (0) + sw(w (1)  05x01+05x08 9

Let ¢ = 0.8a* + 0.2a? be a mixture of a' and a?. Then,

V) = 0.8w (u~' (1)) B 0.8 x 0.8 _ 32
YT 08w (ut (1) 402w (ut (0))  0.8x0.8+02x0.1 33
V(ty) = 0.2w (u= (1)) B 0.2 x 0.8 2
702w (w (1) + 08w (w1 (0))  02x08+08x0.1 3

and, for the impartial observer,

w (! (V ()

w @ V() + o (w (V (&)
L1 w(u (V ()

2 T (= (V. () + S (7 (V (B)))

0.75 32 0.6

075106 33 7075106

8
0.835 < —
9

1
V’u) (,ye’g) — 5

2
3

Q
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Hence, convexity is violated.

Example 3. A non utilitarian impartial observer who satisfies all axioms except for source
indifference is the generalized utilitarian impartial observer of GKPS (2010). Consider
VI (v, 0) = Z 7:9; (Ui (4:)]
iel
where ¢, : [Umin, Umax] — R are strictly concave, for all i. It is easy to verify that strong
acceptance and convexity are satisfied while, as was shown in GKPS, this observer deems

identity lotteries inferior to action lotteries.
Comment 4. Consider the following assumption, which is weaker than source indifference.

Preference for identity lotteries: For all societies {i1, ..., i, } and for all sets of available actions

{a',...,a"}, if there exists k € {1,...,n} such that (z'j,ak) ~ (i, a’) for all j, then

(767(116) 7 (ikage)

In Section 6.3 (Lemma 3) we show that this assumption, in conjunction with strong
acceptance and convexity, implies source indifference. Therefore, our theorem could be stated
in a slightly stronger form. The current statement is preferred because source indifference

seems to be more natural than a preference for one type of lotteries over the other.

5 Conclusion

As stated in the introduction we argue that, when societal decisions are at stake, postulates
must be drawn from society centered behavior. We have chosen to focus on the notion
of procedural fairness (exhibited by convexity) and added to it the requirement that the
impartial observer is indifferent between identity and action lotteries. In our main result we
have shown that these two assumptions (together with strong acceptance) were sufficient to
force the impartial observer to be a utilitarian. Unlike most utilitarian results, no form of
the independence axiom was required here.

In addition to offering a society centered basis for utilitarianism, our result sheds more

light on what is needed in order to always have a strict preference for procedural fairness.
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Since preference for identity lotteries implies source indifference (Lemma 3, Section 6.2),
then, in order to have a strict preference for procedural fairness, the impartial observer
must display a preference for action lotteries. Two such non-utilitarian models exist in the
literature. The first follows from Karni and Safra (2002).!' In their model, which leads to
the representation V' (v,¢) = > .., 7,;Vi ({;), individuals possess a sense of justice and the
preference for procedural fairness is solely manifested by their behavior (their utilities V;
are assumed to be concave). It can easily be verified that this impartial observer displays
a preference for action lotteries. The second model is the generalized utilitarian impartial
observer of GKPS (2010). As mentioned above, GKPS show that a preference for action
lotteries holds if and only if each ¢, is concave, a condition that implies procedural fairness.

For a third model, consider a rank dependent, or a Gini, impartial observer, whose preferences

are represented by

Vi (y,6) = Z o(Ui (6:))Vg (U (4:) :7)
iel
(where each U; is of the EU type and both ¢ and g are concave). As can easily be verified,
a preference for action lotteries follows from Chew, Karni and Safra (1987) while procedural

fairness follows from Quiggin (1993, Section 9.1).

6 Proofs

6.1 Proofs of Lemmata 1 and 2

Proof of Lemma 1
(a) Assume =;='=; and consider /, (" € A(A) satisfying ¢; = £;. Construct an action lottery
¢ that satisfies ¢; = Zj =V, = E;-. Then

(:4) ~ (i.0) ~ (5 €) ~ (5.0

as required (the first and the last indifferences follow from strong acceptance while the second

follows from impartiality).

HSee also Grant, Kajii, Polak and Safra (2012).
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(b) Let v =V (i,¢) = V; (¢;) and note that, by the arguments that precede the statement of
the lemma, V' (v,¢) = W (7, (v, ...,v)) while V' (k, ) = W (1,v). That is, the product lottery
(7,£) is equivalent to a utility lottery with n identical outcomes (where n is the number
of elements in Supp (7)), all equal to v, while (k,¢) is equivalent to the degenerate lottery
that yields v for sure. The two utility lotteries seem identical but, in order to show that the
impartial observer is indeed indifferent between them, the monotonicity property must be
employed.

For this, let ¢; (¢;) € X be individual ¢’s certainty equivalent of the lottery ¢; (that is,
¢; (0;) ~; ;) and consider the action a satisfying a (i) = ¢; (¢;). By strong acceptance,
(7,€) ~ (v,a) and (k,¢) ~ (k,a). Then, as the unique utility value attained by both (v, a)
and (k, a) is v, monotonicity implies that (v, a) ~ (k,a). By transitivity, (v, ¢) ~ (k, ?).

(c) Let (7%, £), (v, ¢') and 7 satisfy the conditions of the lemma. Construct two actions a and
a’ satisfying a (i) = ¢; (¢;) and @’ (i) = ¢; (¢}) where, as above, ¢; is the certainty equivalent
function of individual i. By strong acceptance, (7¢,¢) ~ (7¢,a) and (¢, ¢') ~ (y¢,a’). The
conditions (i, ¢;) ~ <7r (1) ,K;(i)> imply V (i,4;) =V <7r (1) ,E;(i)> for all 4, and hence,

V(i,a) = V(i e () = V(i) = V(7 (i), 6y) = V (7 (i), ey (Gry)) = V (7 (0), @)
By monotonicity, (v¢,a) ~ (v¢,a’) and, by transitivity, (v¢,¢) ~ (v¢,¢'). |

Proof of Lemma 2 Consider, without loss of generality, a society I = {1,...,n}, a set of
available actions A = {a', ..., a"} and assume that (again, without loss of generality) (i, a') ~
(1,a'), for all 7. Let v = (Y1, s Vy)-

First assume that v is rational. That is, 7; = 7=, for all i. Consider a new society
I = {1,2,..} with m;---m, individuals, in which the first n;my---m, individuals are
identical to individual 1 of I, the next mynoms - - - m,, individuals are identical to individual
2 of I, and so on. Similarly, let the set of actions A = {a',a?, ...} consists of m; - - - m,, actions,
in which the first nyms - - - m,, actions are identical to action a' of A, the next minoms---m,
actions are identical to action a? of A, and so on. Finally, let 7¢ and £¢ be the equi-probability
lotteries over I and A, respectively. By construction, (z,a') ~ (1,a’), for all 7. By source
indifference, (3¢,a') ~ (1,£¢). To conclude note that, by monotonicity, (v,a') ~ (5¢,a@")
and, by Lemma 1(a), (1,£°) ~ (1,¢7). Transitivity then implies (v, a') ~ (1,£7).
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Next consider any 7 and let 3, —k—.o v be a sequence of rational lotteries that converge
to 7. By construction, (8;,a') =40 (7,a') and (1,0°) —4_o (1,£7). By the argument
above, (8, al) ~ (l,éﬁk) for all k£ and hence, by continuity, (v,a') ~ (1,£7). [ |

6.2 Proof of the Theorem

The ‘if” part is immediate. The proof of the converse is divided into two parts.

Part I'? In this part we show that all individuals satisfy the independence axiom. Consider
an individual ¢* € 7 and denote his preferences by =*. We want to demonstrate that for all
p,q,r € AX), p~* q= ip+ir ~* g+ ir. This, using Herstein and Milnor (1953), would
imply that =* satisfies the independence axiom. Using the continuity of =*, we can restrict
attention to equi-probability lotteries with the same number of outcomes: p = ((%, ey %) , :1:),
q= ((%, s %) ,y), and r = ((%, . %) ,z) (to see it, note that (1) any lottery with rational
probabilities can be replicated by an equi-probability lottery with not necessarily distinct
outcomes and (2) the set of lotteries with rational probabilities is dense in the space of all

lotteries).

Consider a society I consisting of n = 2k individuals, all with preferences =; = =*. Let
m = (1,2,...,n), T2 = (2,3,...,1),..., 7, = (n,1,2,...,n — 1) be permutations on {1,...,n}
(where 7;(7) stands for the ith element of the permutation 7;). We concentrate on a set of

actions A = {a',...,a"} available to the society that are defined as follows: for j = 1,....k

]() Z'Trj(i) if 1<Z<l€
a (1) =
Zr;(i—k) if k<i<n
and, for j=k+1,....n
dj (@) _ Zﬂjik(i) if 1 g 1 g k
T, y(imk) if k<i<n

To illustrate, look at the following table

12The proof of this part is similar to that of Dekel, Safra and Segal (1991, Theorem 2). However, dealing

with social multi-person frameowrk, our proof is more general than (and improves upon) theirs.
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al g2 ... ak C'Lk+1 dk+2 an
1 T| To Ty 21 29 2k
2 Ty T3 T Z9 zZ3 Z1
k T T Tp_1 2k 21 Zp—1
k+1| 21 2z --- 2k 1 To - T
k+2 Z9 zZ3 21 T2 I3 T
n k21 Zk—1 Tk a1 Tk—1

Fact 1 (7¢,0°) ~ (74, a).

Since for all 4,j ¢ = (5, impartiality implies (7,(°) ~ (j,¢°) and hence, by Lemma 1(b),
(7%, €¢) ~ (1,€°). Next, since @’ (1) = a' (j) (z; if j < k and z;_; otherwise) then, in both
(1,a7) and (j,a'), the impartial observer faces the same deterministic outcome. By Lemma
1(a), (1,a?) ~ (j,a') for all j € I and, by source indifference, (1,£°) ~ (v¢,a'). Transitivity
then implies (7%, £¢) ~ (v¢,a').

Fact 2 Let (F = | Z . Then (7%, 0%) ~ (7%, £°).

Since all actions @' yield the same outcomes then, using impartiality and monotonicity,
(v¢,a") ~ (7°,a") for all i. By repeated application of convexity, (7, %) = (76, = ;?:1 @ ) =
(7¢,a').1? Hence, by Fact 1 and transitivity, (7 Ek) = (7, L),

For the converse, consider the action lottery ok = m Ly~ P a’. Foralli=1,..,k, Ef, the
lottery individual 7 faces under /%, is identical to o ;, the lottery that individual k + i faces
under /*. By Lemma 1(a), (i, Ef) ~ (k+1i,¢;,,). Similarly, Eﬁ , the lottery individual &k + i
faces under ék, is identical to /¥, the lottery that individual i faces under ¢* and hence, by
Lemma 1(a), <k—|—z’,@,§+i> ~ (i,£F). Therefore, by Lemma 1(c), (ye,gk> ~ (v¢,¢%). Since
0 = %gk + 10%, convexity implies (¢, £°) = (7¢, %).

Hence, (7%, (F) ~ (7¢,£9).

13Note that by continuity, the convexity axiom holds even when there are no opposing individuals (see

Section 3, right after the statement of the convexity axiom).
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Fact 3 p+ 37 ~* 1q+ ir.

By the first part of the proof of Fact 1, (v¢,£¢) ~ (1,¢¢). Therefore, using transitivity and
Fact 2, ('ye, ﬁk) ~ (1,¢¢). Note that in the first lottery, the first k& individuals face the lottery
p and the rest face the lottery r while, in the second, individual 1 is faced with the lottery
%p + %r.

Next consider the same set of individuals I with another set of actions A = {dl, e d%},
that is derived from A by replacing every x; by y;. Clearly, a similar conclusion holds: the
impartial observer is indifferent between the product lottery (fye, gk>, in which the first &
individuals face the lottery ¢ and the rest face the lottery r, and the product lottery <1, Ze> ,
in which individual 1 is faced with the lottery %q + %7“. But as p ~* ¢, all individuals in [
are indifferent between p and ¢ and hence, by strong acceptance, (’ye,fk) ~ (’ye,g’“). By
transitivity, (1,£¢) ~ (1,!76). Hence the impartial observer, while imagining herself being
individual 1, is indifferent between the lotteries %p + %r and %q + %7‘. By strong acceptance,
SPE AT~ g+ g

To conclude Part I, note that allowing k& to go to infinity implies that =* satisfies inde-

pendence over the entire set of lotteries A(X).!

Part II In the second part we show that the impartial observer is a utilitarian. Consider
a society I (without loss of generality, I = {1,...,n}) and let V' (v, ¢) be a representation of
the impartial observer preferences where (‘7 (6)) = Vi(t;) = ¢, (U; (¢;)), v; is monotonic
increasing and, by Part I, U; (¢;) = > .y u;i (%) 4; (Zx) is an EU representation of individual i’s
preferences. Since u; is determined up to (positive) affine transformations, we can assume it
satisfies u; (Tmin) = Vmin a0d U; (Tmax) = Vmax (hence, ©; (Vmin) = Vmin a0d ©; (Vmax) = Vmax,

for all 7).

Fact 4 = can be represented by a separable function V (v,€) = Y"1, v,¢; [U; (6:)].

Choose (7,¢) € A(I) x A(A), denote v; = ¢, (U; (¢;)) and let ¢; (¢;) € X be individual
i’s certainty equivalent of the lottery ¢; (that is, u; (c; (¢;)) = U;(¢;)). Consider a set of
actions A = {a7 | j € {1,...,n}} satisfying a' (i) = ¢; (¢;) and @ (1) = (¢, ouy) " (v;) for
i,j = 1,...,n. By construction, V (i,a') = (¢, ow;) (¢; (¢;)) = v; and V (1,a") = (¢, 0uy) 0

14This is where we make use of the infinity of the set Z.
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(¢ 0u1) " (v;) = v;. Hence (i,a') ~ (1,a%) and, by source indifference, (v,a') ~ (1,07) (£
is the action lottery on A associated with 7). Put differently, V (v,a') = V (1,£7). Note

that by strong acceptance, V (v,£) = V (v, a'). Therefore,
V(v,0) = V(v,a')=V(1L0)=¢ (Ui ()

= © Z%’Ul ((@1 © Ul)_l (Uz))>
= ¥ Z%“Pl_l (Uz)>
= ¢ Z% Yo p,) (U (&)))

Denote V = ;' oV and ¢; = ] ' o, (note that V also represents the impartial observer

preferences and its image iS [Umin, Umax))- By the above,

=D _ i [U: (&)

Fact 5 = can be represented by the affine function V (v, ¢) = Y0, v, Ui (£;).

To conclude, we show that for all i, V; = ¢, o U; is affine which, given ¢; (Umin) = Umin and
©; (Vmax) = Umax, implies V; = U;. Take ¢,¢' € A (A). Since U; is of the EU type, we have
that for all A € [0, 1],
Vil + (1 =0 6) = ¢ [Ui (Al + (1= X) )] = ¢, [AU; (&) + (1= N) Ui (€))]

=y D (e (6)) + (1= N g (e ()] = 6, U (i (6) + (1= X) s ()]
= ViA@' @)+ (1 =N (@) =V (i,Ma" + (1 -\ &)

for actions @’ and @’ satisfying @’ (i) = ¢; (4;), @’ (i) = ¢; (¢}) (note that the element Ac; (¢;) +
(1 — A) ¢; (£)) that appears in the second line is a lottery, not an outcome). Defining @’ (j) =

(6 015) ™" 0 (6 0us) (ci (¢)) we get
V (j.d) = (¢, 0u;) 0 (6;0u;) " o (¢, 0uw) (i (£) = (¢, 0w) (ci (£)) =V (i)
and hence, by source indifference and for 7y satisfying v, = A, 7; = 1—X and v, = 0 otherwise,
V(i d+(1=Na) =V (N+(1-N)ja)
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(note that actions a* for k # 4, j are irrelevant but can easily be defined so as to fit with

the requirements of the axiom). Now, by the structure of V' and by using the equation

V(j.a') =V (i,a),

V(Ni+1=XNja) = AV (i,a)+(1-NV(ja)=AV(i,a')+ (1 =NV (i,a)

Summarizing,

V(M + (1= X)) = AV (6) + (1= AV (£)

and the affinity of V; is established.

Hence,
V(y,0)= Z v, Ui (4:)
i=1

as required. (]

6.3 Preference for identity lotteries vs source indifference

Lemma 3 If the impartial observer preferences satisfy strong acceptance, convexity and

preference for identity lotteries then they satisfy source indifference.

Proof Consider, without loss of generality, a society I = {1,...,n}, a set of available actions
A ={a',...,a"} and assume that (again, without loss of generality) V' (i,a') = V (1,a") := v,
for all 7. Without loss of generality we can assume that all v; are pairwise different and that
v; > vy for all i < n. Fori,j € {1,...,n}, let ;; € X’ be defined by V; (745) = v, (), where
7; is a permutation on {1,...,n} (as defined in the proof of the theorem), and note that, by
the monotonicity of each V; with respect to the outcomes of X', V; (z11) > Vi (212) > -+ >
Vi(x1n), Va(xen) > Vo (x91) > Vo(xga) > -+ > Vh (:Ug(n,l)),...,vn (Tn2) > Vi (Tpg) > -+ >
Voo (Tnn) >V, (zn1). Consider a new set of actions A = {a',...,a"} satisfying @ (i) = z;;.

By construction,
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and

%4 (1, C_LZ) = ‘/1 (1’10 = Uﬂ—i(l) =V; = \%4 (1, ai)

which implies that, by strong acceptance, V (7%, a') = W (7¢, (vy,...,v,)) = V (74, a') and
V (1,¢¢), given A, is equal to V (1,£¢), given A. Hence it is sufficient to restrict atten-
tion to A and to show that V (v¢,a') = V (1,£°) (given A). For this note that: (i)
since V (v4,a") = W (7, (v1,...,v,)) for all 4, we have V (v¢,a') = V (7%,a’), for all 4, j;
(i7) by construction, for every k € {1,...,n}, V (i,a") = V (k,a’), for all i; (iii) V (1%, £°) €
[min; V' (i, ¢¢) ,max; V (i, £¢)] and hence, if V' (v¢, £¢) = max; V (i, £°) then V' (y¢,0¢) = V (i,¢¢) =

“n+2—1i n+2-1 _

V (j,€°), for all i,j; and (iv) individual ¢ strictly prefers action a (where a
a" := @') over all other actions and, by the monotonicity of V; with respect to first-order
stochastic-dominance, he strictly prefers action @’ over all mixtures of the other actions.

Therefore,
V(y,a') =maxV (y",a") > maxV (k. (%) >V (,£) > V (1", a')

where the equality follows from (i), the first inequality follows from (i7) and from preference
for identity lotteries, the second inequality follows from the first part of (iii) and the last
inequality follows from (iv) by repeated application of convexity (note that ¢¢ = % > a’).
Since the first and the last elements are identical, max; V' (k, (¢) = V (v, ¢¢) which, by
the second part of (iii), implies that V (1,¢¢) = max V (k, ¢¢) and, therefore, V (1,¢¢) =
V (7¢,a'). Hence the impartial observer is indifferent between identity and action lotteries.

6.4 GKPS’s (2010) source indifference implies ours

Lemma 4 Assume (as in GKPS 2010) that the impartial observer satisfies the following

property:
Vy,v € AT), V0,0 € A(A) and V3 € (0,1),

Then the impartial observer exhibits source indifference.
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Proof. The proof is by induction. Without loss of generality, consider a society I =
{1,...,n}, the set of available actions A = {a',...,a"} and assume that (1,a") ~ (i,a'), for
all 7.

First let n = 2. By the GKPS. condition, (1, a?) ~ (2,a') implies
(%1 + %2, a') ~ (1, %al + %a"’)
as required.

Next assume it holds for n — 1 and consider n. Assume, without loss of generality,
that the acts of A satisfy (i,a’) ~ (i + 1,a’7?) for all i € {1,...n—1}, j € {2,....,n}.
Consider the society 1™ = {2,...,n} and the set of actions A>" = {a!,...;a"'}. By con-
struction, (2,a’) ~ (i + 1,a') for all i = 1,...,n — 1 and hence, by the induction hypothesis,
(537 i,at) ~ (2,1 37 a?). Next apply the same argument to ™" = {1,...,n — 1}
and A" = {a!, ...,a" 1}, where (2, a’) ~ (i, a?) for all i, to get (2, 25 S " af) ~ (=15 S0, a?).
Finally, apply it to 1™ = {1,...,n — 1} and A = {d?,...,a"}, where (1,a""!) ~ (i,a?) for
all 4, to get (15 Srlia?) ~ (1, -3, a'). By transitivity,

n

=2 i=2
To conclude, mix both sides of the last indifference with (1, a') and, by the GKPS. condition,
obtain (o, a') ~ (1,¢¢) for I = {1,....,.n} and A = {a', ..., a"}, as required. |
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