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Abstract

The paper derives a general Central Limit Theorem and asymptotic distributions for moment conditions
related to panel data and spatial models with large n. The results allow for regressors to be only sequentially
rather than strictly exogenous, while at the same time allowing the data to be cross sectionally dependent.
The setup is sufficiently general to accommodate situations where cross sectional dependence stems from
the presence of common factors, which leads to the need for random norming. The limit theorem for
sample moments is derived by showing that the moment conditions can be recast such that a martingale
difference array central limit theorem can be applied. We prove such a central limit theorem by first
extending results for stable convergence in Hall and Hedye (1980) to non-nested martingale arrays relevant
for our applications. We illustrate our result by establishing a generalized estimation theory for GMM

estimators of a fixed effect panel model without imposing i.i.d. or strict exogeneity conditions.

Keywords: Cross-sectional dependence, spatial martingale difference sequence, Central Limit Theorem,

spatial, panel, GMM.



1 Introduction!

In this paper we develop a central limit theory for data sets with cross-sectional dependence. Importantly,
the theory is sufficiently general to cover panel data sets, allowing for regressors that are only sequentially
(rather than strictly) exogenous, while at the same time allowing the data to be cross sectionally dependent.
The paper considers cases where the time series dimension T is fixed. Our results also cover purely cross-
sectional data-sets.

At the center of our results lies a cross-sectional conditional moment restriction that avoids any as-
sumption of cross-sectional independence. The paper proves a central limit theorem for the corresponding
sample moment vector by extending results of Hall and Heyde (1980) for stable convergence of martingale
difference arrays to a situation of non-nested information sets. We then show that by judiciously con-
structing information sets in a way that preserves a martingale structure for the moment vector in the
cross-section our martingale array central limit theorem is applicable to cross-sectionally dependent panel
and spatial models.

The classical literature on dynamic panel data has generally assumed that the observations, including
observations on the exogenous variables, which were predominantly treated as sequentially exogenous,
are cross sectionally independent. The assumption of cross sectional independence will be satisfied in
many settings where the cross sectional units correspond to individuals, firms, etc., and decisions are not
interdependent or when dependent units are sampled at random as discussed in Andrews (2005). However
in many other settings the assumption of cross-sectional independence may be violated. Examples where
it seems appropriate to allow for cross sectional dependence in the exogenous variables may be situations
where regressors constitute weighted averages of data that include neighboring units (as is common in
spatial analysis), situations where the cross sectional units refer to counties, states, countries or industries,
and situations where random sampling from the population is not feasible.

A popular approach to model cross sectional dependence is through common factors; see, e.g., Phillips
and Sul (2007, 2003), Bai and Ng (2006a,b), Pesaran (2006), and Andrews (2005) for recent contributions.
This represents an important class of models, however they are not geared towards modeling cross sectional

interactions.? Our approach allows for factor structures in addition to general, unmodelled cross-sectional
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dependence. Using the GMM estimator for a linear panel model as an example, we illustrate that conven-
tional inference methods remain valid under the conditions of our central limit theory when samples are
not iid in the cross-section. These results extend findings in Andrews (2005) to situations where samples
are not iid even after conditioning on a common factor. Given that our assumptions allow for factor
structures, our limit theory involves and accommodates random norming. Technically this is achieved by
establishing stable convergence in distribution and not just convergence in distribution for the underlying
vector of sample moments. To this end we prove a martingale central limit theorem for stable convergence
by extending results of Hall and Heyde (1980) to allow for non-nested o-fields that naturally arise in our
setting.

Another popular approach to model cross sectional dependence is to allow for spatial interactions
in terms of spatial lags as is done in Cliff-Ord type models. Dynamic panel data models with spatial
interactions have recently been considered by Mutl (2006), and Yu, de Jong and Lee (2007, 2008). All of
those papers assume that the exogenous variables are fixed constants and thus maintain strict exogeneity.
The methodology developed in this paper should be helpful in developing estimation theory for Cliff-Ord
type spatial dynamic panel data models with sequentially exogenous regressors.

While some of the classical literature on dynamic panel data models allowed for cross sectional cor-
relation in the exogenous variables, this was, to the best of our knowledge, always combined with the
assumption that the exogenous variables are strictly exogenous. This may stem from the fact that strict
exogeneity conveniently allows the use of limit theorems conditional on all of the exogenous variables.
There are many important cases where the strict exogeneity assumption does not hold, and regressors,
apart from time-lagged endogenous variables, or other potential instruments are only sequentially exoge-
nous. Examples given by Keane and Runkle (1992) include rational expectations models or models with
predetermined choice variables as regressors. Other example are the effects of children on the labor force
participation of women considered by Arellano and Honore (2001, p. 3237) or the relationship between
patents and R&D expenditure studied by Hausman, Hall and Griliches (1984); see, e.g., Wooldridge (1997)
for further commentary on strict vs. sequential exogeneity.

Motivated by the above, the main aim of our paper is to develop a general central limit theory for
sample moments of a panel data set, where we allow for cross sectional dependence in the explanatory
variables and disturbances (and thus in the dependent variable), while allowing for some of the explanatory
variables to be sequentially exogenous. The setup will be sufficiently general to accommodate cross sectional
dependence due to common factors and/or spatial interactions.

The paper is organized as follows. In Section 2 we formulate the moment conditions, and give our basic
result concerning the limiting distribution of the normalized sample moments. The analysis establishes

not only convergence but stable convergence in distribution. In Section 3 we illustrate how the central



limit theory can be applied to efficient GMM estimators for linear panel models. We derive its limiting
distribution, and give a consistent estimator for the limiting variance covariance matrix. Concluding
remarks are given in Section 4. Basic results regarding stable convergence in distribution as well as all

proofs are relegated to the appendices.

2 Central Limit Theory

2.1 Moment Conditions

In the following we develop a central limit theory (CLT) for a vector of sample moments for panel data,
allowing for regressors that are only sequentially (rather than strictly) exogenous, while at the same time
allowing the data to be cross sectionally dependent. Towards motivating our setup consider the following

exemplary panel data model (i =1,...,n;t=1,...,T):

Yit = $itﬁo + Zityo + 1y + Uit (1)

where y;, x; and z;; denote, respectively, the dependent variable, the sequentially exogenous and strictly
exogenous explanatory variables (conditional on the unobserved components), 0y = (3, 7()’ is the vector
of unknown parameters, y; is an individual specific effect not observed by the econometrician and wu;; is an
unobserved error term. For the purpose of this section we assume that y;; and u;; are scalar valued, and x;;
and z;; respectively are 1 X k, and 1 x k, vectors, and the vectors of parameters are defined conformably.
Since z;; may include lagged endogenous variables the specification covers dynamic models.

For the CLT developed in this section we assume that sample averages are taken over mn, with n
tending to infinity and T fixed. We allow for purely cross-sectional data-sets by allowing 7' = 1 in the
CLT. However, this condition may need to be strengthened to T' > T for some Tj > 1 for specific models
and data transformations.

The central limit theorem is stated for averages over the cross-section of random variables x; =
(i1 i), 20 = (21,5 2i7), and w; = (wi,...,up) for i = 1,...,n. We assume that the random
variables (z;, x;, u;, p;) for i = 1,2, ... are defined on a probability space (2, F, P). Although not explicitly
denoted, the random variables are allowed to depend on the sample size n, i.e., to form triangular arrays.
Our setup accommodates fairly general forms of cross-sectional dependence. In particular, analogous to
Andrews (2005), who considers static models, we allow in each period ¢ for the possibility of regressors and
disturbances (and thus for the dependent variable) to be affected by common shocks that are captured
by a sigma field C; C F. In particular, if \; denotes a vector of common shocks, then C; = o(\;). Alter-

natively or concurrently we allow for cross sectional dependence due to “spatial lags” in the sense that



some of the variables may be weighted cross-sectional averages of some basic variables.? In the following
let 8, = (zi1,. .., %), u$ = (Wi, ..., uy) and Cf = C1 V...V C; where V denotes the sigma field generated
by the union of two sigma fields. For simplicity we will also write C for C% in the following.

Our central limit theory is focused on providing general results concerning the limiting distribution of

a vector of sample moments of the form

n
—-1/2
mey = n 2y m, (2)
i=1
!/
mi = (haul, .. hreuty),
with 7T < T, where hy; = (2%,%) denotes a vector of instruments corresponding to ¢, and u:r =

+ + : . + _ T ,
(uil, ...,ul.TJr) denotes a vector of transformed disturbances with u;, = > ., mysuss, where for the mo-

ment, for ease of presentation, we treat the m;s as nonstochastic constants. The class of transforma-

tions considered includes first differences, u; = Ujt4+1 — Ui, as well as the Helmert transformation,
uf = o fuip — (i1 + ... +wir) /(T —t)], o2 = (T —t)/(T —t+1), for t = 1,...,T. As a special
case we also have u;; = u;, for t = 1,...,T. Given the fairly general formulation of the sample moments

our CLT should be helpful in establishing the limiting distribution of a broad class of estimators. Further
generalizations of the setup covering more general formulations of the instruments and transformations
are discussed in a remark at the end of this section.

For the subsequent discussion it proves convenient to express the transformed disturbances more com-
pactly as u;“' = Iu; where IT is a T x T matrix with ¢, s-th element ;5. Observe that the lower diagonal

elements of II are zero. Furthermore, let H; = dz’aggl(hit), then we can express the moment vectors as

T
t=1
where 7; denotes the t-th column of II. Clearly, given the adopted setup, we have H z{ﬂ't = [m1chity - o Tl 0]'.

We next state a set of mild regularity conditions. The conditions accommodate sequentially exogenous
and strictly exogenous regressors, and allow those regressors to be cross-sectionally dependent. As one

potential source of cross-sectional dependence the conditions account for the possibility of common shocks.

Definition 1 Define the following sub-o-fields of F:

_ o o n
Bpit=o {(:Utja Zjy Ut—145 Mj)jzl ,u,u} )

$We note that spatial lags will generally depend on the sample size, which motivates why the variables are allowed to form

triangular arrays.



with U4t = (ult, ceey Ui—1t, Uit 1ty ...unt)and (7, = 1, ey n)
Fn,O = C7
0 " i—1
Fni=o0 (xjp Zj, Mj) % (ujl)jzl v,

j:
—1
Fon+i =0 { (%’ Zj, Uy, Mj) g (ujQ);':l} Ve, (4)

n

j=

n

i—1
Fo(T-1)n+i =0 { (963% Zj,Ug p_q,s Mj>j:1 ) (UJT);-1} VC.
We maintain the following assumption.

Assumption 1 For some § > 0 and some finite constant K (which is taken, w.l.o.g., to be greater then
one) the following conditions hold for allt =1,...,T,i=1,...,n, n > 1:
(a) The 2 + § absolute moments of the random variables x, zit, ui, and p; exist, and the moments are

uniformly bounded by K. In addition,
B ([ | Bus v C| < K. (5)
(b) The following conditional moment restrictions hold:
E[uit | Bnit VY] =0. (6)

(c) Let V(n) = Z;‘FZI Vin with Vi = n~ 30 | F [uZ, | Fot—1yn+i) HimimiH;.  There exists a matriz
V= Zle Vi, where V' has finite elements and is positive definite a.s., Vi is C measurable, and ‘Z&,n—Vt 2o

as n — OoQ.

Assumption 1(a) ensures the existence of various expectations considered subsequently. The condition
in Assumption 1(b) that the conditional mean of the disturbances is zero implies, of course, that F [u;] =0
and that cov(ui, u;s) = 0 for ¢ # j and/or t # s. Most importantly, observing that m-;h;r for 7 < ¢ and

thus H/m; are B, ;+ V C{ measurable, this cross-sectional conditional moment condition implies that
E[mj] = 0. (7)
Furthermore, in light of this condition we have FE [mzm;} =0 for ¢ # j, and
T

E [mimj) = > F [uguisHjmw, H] = Y E [u}HjmwiH;| (8)
t=1 s=1 t=1



since FujusHmn . H; = E{E [uit ] Fny(t,l)nﬂ] uiSHZ{mﬂ’SHi} = 0 for s < t. The requirement in As-
sumption 1(a) that the conditional 2 + é moments are bounded could be replaced by an assumption that
bounds higher order moments of the unconditional distribution.

Towards interpreting Assumption 1(c) consider the matrix of second order sample moments
n
Vin) = n~t Z mim. (9)
i=1

Then in light of (8) and since E [uf, H{mywiH;| = E{E [u}, | Fp t—1)n+i| Himm;Hi} we have E [Vi,] =
E [ff(n)} Assumption 1(c) holds under a variety of low level conditions with

n
Vi = plimn~! ZE [uZHmm H; | C],
i=1
given that E{E [u}, | F,, t—1yn+:] HimemiH; | C} = E [uHmywiH; | C]. An example of such a low level
condition is the conditional i.i.d. assumption of Andrews (2005), in which case V; = E [uf,H]m;m H; | C].
Alternatively, one could postulate explicit factor structures for the elements of h;; and allow for cross-
sectional mixing. A third possibility is to postulate cross-sectional stationarity and appeal to the ergodic

2 is constant, we have Vin =

theorem. If in addition one assumes that £ [uft | fm(t,l)nﬂ-] = 02, where o
o?n~1 Z?:l H{Tmr%Hi and f/}n 7 2,0 can then be implied solely from convergence assumptions on
the second order sample moments of the instruments h;;. We allow for the possibility that there are no
common factors by allowing for C; = {0, Q} . In that case, V is a matrix of fixed coefficients.

The moment condition (6) in Assumption 1(b) is formulated for a situation where the common factors
are only sequentially exogenous. The next condition strengthens (6) by requiring that the common factors

are orthogonal to all innovations.

Assumption 2 The following conditional moment restrictions hold:
E [uit ‘ Bn,i,t V C] =0. (10)

Remark 1 Condition (10) implies (6) because By i+ NV C{ C Byt V C. The moment condition (10) is
satisfied in models where the common factors are strictly exogemous. As remarked, our analysis includes
the important case where no common factors are present by allowing Cy = {0,Q}, as is typical in the spatial
literature.* In this case conditions (6) and (10) are identical, and Assumption 2 is automatically implied
by Assumption 1. An xample of a model for w;, where u;; depends on common shocks Ay and satisfies (10)

is uir = e\ where (e5;) and (N¢) are independent and E [ey | By i) = 0.

1See, e.g., Baltagi at al. (2003, 2009), Kapoor et al. (2007), Lee and Yu (2010a), and Yu et al. (2007, 2008). For recent
reviews, see, e.g., Anselin (2010) and Lee and Yu (2010b).



Remark 2 To further illustrate the relevance of the key conditional moment restrictions postulated above
Kuersteiner and Prucha (2009) consider a class of private information games recently analyzed by Rust
(1994), Aguirregabiria and Mira (2007) and Bajari, Benkard and Levin (2007). Estimators discussed by
these authors rely on independent samples from repeated play of the same game. Kuersteiner and Prucha
(2009) show how to formulate moment conditions that are suitable for our central limit theory and avoid

the need for independent sampling.

When (6) holds but not (10) several cases leading to different limiting distributions for the central limit
theorem below can be distinguished. To establish general results for a limit theory for the sample moment

vector we consider the following basic conditions.

Assumption 3 Let m; = (E [hiluz ]Fn,i] o B [hTﬂu;ﬁﬂ. | fn’(T+_1)n+i])/ and b, = n71Y " My
One of the following statements holds:

(a) by 2 b where b is finite a.s. and C measurable.

(b) /nb, 2 b where b is finite a.s. and C measurable.

(¢) /nby, 2 0.

Remark 3 Assumption 2 implies that b, = 0, and thus Assumption 2 automatically implies Assumption

3(c). If no common shocks are present, Assumption 3(c) is also automatically implied by Assumption 1.

Remark 4 The specification of the instruments as hy = (2%, z;) was chosen for expositional simplicity.
Clearly the above discussion also applies if the vectors of instruments hy are more generally allowed to be
o [{17%721:}?:1] measurable functions of the regressors. (The dimension of the vectors may depend on t,
but not on n.) The above discussion also applies if the mg, s < t, depend on 0y and are measurable w.r.t.
o [{xft, zi};;l] VC?. The crucial property, pertaining to the instruments and the data transformation, that
is used in establishing the moment condition (7) is that H{m is Bpit V C{ measurable, which clearly is the
case even under the above generalized specifications. We note further that the sample moment vector (2)
is a function of the true disturbances w;, and thus the specific functional form of the model (1) does not
enter in the derivation of the limiting distribution of the sample moment vector. (Of course, it affects the
limiting distribution of a corresponding GMM estimator.) Thus the central limit theory developed below
should be a useful basic module for establishing the limiting distribution of GMM estimators for a fairly
general class of possibly nonlinear dynamic models with cross sectional dependencies, and a fairly general

class of data transformations, including forward transformations that allow for time-varying unit specific
effects.’

’Examples include forward looking variants of transformations considered by Ahn, Lee and Schmidt (2001,2006).



2.2 Central Limit Theory

In this Section we establish the limiting distribution of the moment vector m,) = n~1/2 > i, m; and

then give a discussion of the strategy by which the result is derived. In fact, we not only establish
convergence in distribution of m,), but we establish C-stable convergence in distribution of m,), which
allows us to establish the joint limiting distribution for (m(n), A) for any matrix valued random variable
A that is C measurable. Establishing joint limits is a requirement for the continuous mapping theorem
to apply.® Applying the continuous mapping theorem allows us then to establish the limiting distribution
of transformations of m,), e.g., of Am,) or m’(n)Am(n), which is important for establishing the limiting
distribution of typical estimators and test statistics. In particular, the developed limit theory allows us
to accommodate random norming, where the need for random norming arises from the presence of the
common factors represented by C.

To prove stable convergence in distribution of m,) we first establish a general central limit theorem
for zero mean, square integrable martingale arrays {Sp; Fpni, 1 < ¢ < k,,n > 1} with differences X,;, which
we expect to be useful in many other contexts. We next present a formal definition of stable convergence

in distribution, cp. Daley and Vere-Jones (1988, p. 644).

Definition 2 Let (2, F ,P) be a probability space and let B (RP) denote the Borel o-field on RP. If
{Z, :n =1,2,...} and Z are RP-valued random wvectors on (Q,F ,P), and Fy is a o-field such that
Fo C F, then

Z, % 7z (Fo-stably)

if for allU € Fo and all A € B(RP) with P(Z € 0A) =0,
P({Z,e A}nU)—=P({Ze A}nU)
asn — 0.

Remark 5 In the following we will apply Definition 2 to establish stable convergence for Z, = Spk, . The
definition generalizes the definition of Hall and Heyde (1980, p. 56) to allow for stable convergence on a
sub o-field Fo rather than on F. Restricting stable convergence to Fo is important in our setting because
o-fields Fpi do not satisfy condition (3.21) maintained by the central limit theorem of Hall and Heyde
(1980, p. 58). We note that when Fo={0,Q}, Fo-stable convergence in distribution is convergence in

distribution. Thus the former always implies the latter.

We now present the central limit theorem for martingale arrays. The theorem extends results in Hall

and Heyde (1980) by establishing stable convergence without requiring that the o-fields F,,; are nested in

%See, e.g., Potscher and Prucha (2001), pp. 207, for discussions and examples of this requirement.



the sense of Hall and Heyde’s condition (3.21). This can be achieved by restricting stable convergence to
a 'small’ sub-o-field Fy C F. In our application, Fy can be taken to equal C. The central limit theorem

then provides exactly the type of stable and joint convergence we need.

Theorem 1 Let {Syp; Fni,1 < i < kp,n > 1} be a zero mean, square integrable martingale array with dif-
ferences Xp;. Let Fo = N Fno with Fpo C Fp1 for each n and E [Xp1]|Fno] = 0 and let n* be an a.s.

finite random variable measurable w.r.t. Fy. If

max | Xpi| 2 0, (11)
kn
30X 2o 12
i=1
and
E (max ng) is bounded in n (13)
then
kn
Snk, = ZXm- 4 7 (Fo-stably)
i=1

where the random wvariable Z has characteristic function E [exp (—%n2t2)]. In particular, Sy, <, né
(Fo-stably) where & ~ N(0,1) is independent of 1 (possibly after redefining all variables on an extended
probability space).

In the following let V() = n=' > ", mym] as defined above, and let p = T (T + 1)k, /2 + Tk]
denote the dimension of m,). We now state the main result of the paper, a central limit theorem for the

moment vector m;,).

Theorem 2 (a) Suppose Assumptions 1 and 2 hold. Then

M () <, v1i/2¢ (C-stably), (14)

where § ~ N (0,1p), and £ and C (and thus & and V') are independent.
(b)Let A be some p, X p matriz that is C measurable with finite elements and rank p. a.s.. Suppose

Assumption 1 and either Assumption 2 or 3(c) hold, then
Amy S (AV AN ¢, (15)

where £, ~ N (0,1,,), and &, and C (and thus &, and AV A’) are independent. If Assumptions 1 and 3(a)
hold, then
A(mpy — Vb,) 5 (AV A%, (16)

9



and Am,) diverges. If Assumptions 1 and 3(b) hold then

Ay 5 (AVA) 2, + A (17)

(c) Suppose Assumption 1 and either Assumption 2 or 3(c) hold. Suppose furthermore that

n
n~t ZuituisHZ{mﬂ;Hi )| for t#s, (18)
i=1

then Vi) =V 2,0 and V;l/g

d
(n) m(n)—>£~N(O,Ip).

The proof of Theorem 2 employs Theorem 1 for martingale difference arrays and employes Propositions
A.1 and A.2 in the Appendix in conjunction with the Cramer-Wold device. We illustrate the proof strategy

here and assume for the remainder of this section that Assumption 2 holds to simplify the argument. A

detailed proof is given in the appendix. Let A = (A}, A5, ..., L_p+)/ be some nonstochastic vector, where \;

is of dimension (tk, + k.) x 1 and where A’\ = 1. Then
ANy = n~1/?2 Z chug (19)
i=1

where
CI- = (Cih ce 7CiT) = )\/Hl{ﬂ.

(2

Given that the lower diagonal elements of the T x T matrix II are zero it follows that c¢;; = \ Hlmy =
Zmin(t,T+)

=1 Tst\shig, and thus ¢; is a function only of 9, z;, and elements of A and II.7 Next, let Xn1 =0,

s'"18)
and for ¢ = 1,...,n define

-1/2
Xpiv1 = n~Y2eu,

—1/2
Xnntit1 = n~ Y 2eipuio,

(20)
X (T—1yntit1 =1 erur,
such that we can express \’ m(p) as
Tn+1
Ny = > Xno. (21)
v=1
Towards establishing the limiting distribution of Zfﬁfl Xp,» through the martingale difference array CLT

we need to construct appropriate information sets. This is accomplished in Definition 1 where F, , is
defined.

"More generally the proof also holds if we allow for h;; and the 74 to be as discussed in the remark at the end of the last

sub-section.

10



Clearly the construction of the information sets is such that 7, ,—1 C Fy 4, Xpn is Fp -measurable,
and E [Xpy | Fpp—1] = 0 in light of Assumption 2 and observing that 7, (;_1)n+i € Bn,itVC. The proof of
the first part of Theorem 2 in the appendix proceeds by verifying that under the maintained assumptions
the martingale difference array {X,,, Fnp,1 < v < Tn + 1,n > 1} satisfies all remaining conditions
postulated by Theorem 1. Given that this CLT delivers stable convergence in distribution (and not just
convergence in distribution) the claims in (14) and (15) then follow from Propositions A.1 and A.2.

The claim that V) —V 2,0 in the second part of the theorem follows in essence as a by-product of
the proof of the first part, observing that V(,,) = 2?21 n~US wd Himw,H; + op(1) in light of (18). As
remarked above, under Assumption 1(b) we have E [u;zu;s H!mynl, H;] = 0 for ¢t # s, condition (18) will hold

again under a variety of low level conditions.

Remark 6 The above construction of the information sets F,, _1ynyi s crucial. At first glance it may
seem unusual to include (u]tm);;ll in the information set Fy, (t_1)n4i, and one may be tempted to use the

n
information sets By vV C where B, = o { (x?t, 2, U541, uj) } instead. However, we emphasize that it
I j:1

is precisely because of the inclusion of (u]tm);;ll that X, is indeed Fy, ,-measurable for all v, as required
by the CLT.® Using By V C for the sequence of information sets would have lead to a violation of this
measurability condition. Alternatively, one may have been tempted to use By ;i V C for the sequence of
information sets, i.e., to include u_;; in place of (ujtn);;ll However this would have lead to a violation

of the assumption that the information sets are non-decreasing.

3 GMM Estimators

In this section we illustrate the use of the CLT for the GMM estimator of the commonly used panel data
model (1) with fixed effects. For the subsequent discussion it proves convenient to rewrite the model more
compactly as
Yir = witbo + p; + Ui, (22)
where wi; = (241, zit) and 0y = (8(,74)’-
As discussed in the introduction, much of the dynamic panel data literature maintains that the data are

distributed i.i.d. in the cross sectional dimension. That is, let v; = (yi1, ..., %), i = (i1, ..., i), 2i =

8Within the context of establishing the limiting distribution of linear quadratic forms composed of independent disturbances
Kelejian and Prucha (2001) employed somewhat related ideas; cp. also Yu et al. (2007, 2008). However their setups
differ substantially from ours, and these papers do not consider sequentially exogenous covariates, nor common factors and

corresponding stable convergence.

11



(zi1y- .-, 2zi), and u; = (u;1, ..., u;7r), then in this setting (z;, z;, ;, u;) or equivalently (y;, 4, i, u;) would
be distributed independently and identically across i. As discussed, this assumption is appropriate for
many micro-econometric applications but problematic in many other situations, e.g., where ¢ corresponds
to countries, states, regions, industries, etc. Also in many spatial settings it would not make sense to
assume that z; and/or z; are independent over i because elements of z; and /or z; may be weighted
averages of characteristics of neighboring units, i.e., be spatial lags in the sense of Cliff and Ord (1973,
1981).”

It is of interest to compare Assumption 1 with those typically maintained under the assumption that
(x4, 2iy pi;, ui) is 1.i.d.. For this discussion we also assume the absence of common factors for simplicity.
Clearly, under cross sectional independence the conditions in Assumption 1(b) can be stated equivalently

by replacing the conditioning sets by x%, zi, f1;, u%,_;. In particular, Assumption 1(b) simplifies to
E [uit | 25, i, iy ufy_y] = 0. (23)
This is in contrast to the assumption that
Eluig | 2, zi, ] = 0, (24)

which is typically maintained in the literature under cross sectional independence. Clearly condition (23)
rules out autocorrelation in the disturbances, even if x;; does not contain a lagged endogenous variable,
while condition (24) does not.!’ Of course, if the model is dynamic and linear also condition (24) rules
out autocorrelation in the disturbances. In this case conditions (23) and (24) are equivalent, since then
xf, already incorporates the information contained in uf,_; through the lagged values of the dependent
variable. We note that the need to include u$,_; in the conditioning information set stems from the use
of a martingale difference CLT, while the i.i.d. case can simply be handled by a CLT for i.i.d. random
vectors.

We consider moment estimators that are based on first differences of (22) such that
E [hj_1;Auy] =0fort=2,...,T, (25)

where A is the difference operator. Let H; = diag (hs1, ..., hi—1) be the (T'— 1) x (T' = 1) [Tky/2 + k]

matrix containing the 7' — 1 instrument vectors, and let D be the (7' — 1) x T' matrix such that Du] =

9As noted, to allow for situations where, e.g., a regressor variable corresponding to unit 4 is a cross sectional weighted
average of some basic variable, we allow all variables to be triangular arrays. For example, if the dependent variable is wages
and 7 corresponds to regions, then a regressor may be a weighted average of the unemployment rate of region ¢ and the
unemployment rates of surrounding regions, with weights declining with distance. To save on notational cost, we do not

explicitly account for the dependence of the observations on n.
198pecific forms of autocorrelated disturbances such as AR(1) disturbances could be accommodated by reformulating the

moment conditions w.r.t. to the basic innovations entering the disturbance process.
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Au; = (Augo, ..., Auir)’. The sample moment vector m(y) corresponding to the above moment conditions
is then given by (2), where m; is as in (3) with Il = D and T" = T — 1. For the following discussion it
proves helpful to define Ay; := (Ays2, ..., Ayir)” and Aw; == (Awly, ..., Awly)'.

The GMM estimator corresponding to the moment conditions (25) is defined as

On = (G120Gn)  GuZnga
where G, = n~ 'S | HIAw;, g, = n~ ' S0 HIAy;, and Z,, is some weight matrix. The above expression
for the GMM estimator is consistent with expressions given in the dynamic panel data literature under the
assumption of cross sectional independence of the observations; compare, e.g., Arellano and Bond (1991).

The asymptotic distribution of the GMM estimator 0,, is well established in case the observations
are i.i.d. In case all explanatory variables (outside of time lags of the dependent variable) are strictly
exogenous, cross sectional dependence between the explanatory variables across units can also be handled
readily by performing the analysis conditional on all strictly exogenous variables, i.e., by conditioning on
21,...,2n. This is essentially the approach taken in the early literature on static panel data models. This
approach was also taken by Mutl (2006), and Yu, de Jong and Lee (2007, 2008) in analyzing Cliff-Ord type
spatial dynamic panel data models. However, as discussed, strict exogeneity rules out many important
cases where u;; affects future values of the regressor.

In the following we utilize the theory developed in Section 2 to derive the asymptotic distribution
of 0,, for situations where some or all regressors are allowed to be only sequentially rather than strictly
exogenous, while at the same time allowing the data to be cross sectionally dependent. Correspondingly
our analysis will postulate Assumption 1, which also accommodates cross sectional dependence due to
sequentially exogenous common factors.

For completeness we discuss the structure of the matrices in Assumption 1(c) as implied by the
moment conditions (25). The matrices f/m are readily seen to be block diagonal of the form f/}n =
n-1 Yoy diag(0,...,0,8:4,0,...,0) with S;; = o2 hlyhit,

Su= o [ hig_1hig—1 —hi,_qhit ] p
—hhi—1 hl hie
and S;7 = J?Thgnyth-,T_l,where o} = E [uZ | ]:n,(t_l)nﬂ]. (Note that there is partial overlap between
the non-zero blocks of f/tn and f/t_l,n.) If we assume additionally Assumption 2, the limiting matrices cor-
responding to f/tn will typically be of the form V; = plim,,_,.on~1 Y"1 | diag(0,...,0,E[Si | C],0,...,0),
where by a iterated expectations argument it is seen that E [Si | C] = E [uf hi1hi1 | C],

B i hig1 —R, i hi
B[Sy |C]=E{u3 | "1 R e oo T,
*hithi,tfl hithit
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and E[Sir | €] = E [u2phl b | C|.

The next theorem establishes the basic asymptotic properties of the GMM estimator 6,, when common
factors are either strictly exogenous or have an asymptotically negligible effect on the estimator bias.
Under the same conditions we also give a result in Theorem 5 that can be utilized to establish the limiting
distribution of test statistics, allowing for random norming corresponding to the common factors captured
by C.

Theorem 3 Suppose Assumption 1, and either Assumption 2 or 3(c) hold, and that G, 2 a =, 5=,
where G and Z are C-measurable, G and Z have finite elements and G has full column rank and = is
positive definite a.s.

(a) Then

n%(6, — 6o) <, Ul2¢ asn — oo,
where & is independent of C (and hence of ¥), € ~ N (0, I, 1. ), and
U = (G'ZG)"'G'EVEG(G'ZG)

If in addition, E [u | Fn,(t—l)n—l—i] = o2 for a constant 6? holds, then'V = o plim,, ., (n"* 31| H/DD'Hj).

(b) Suppose B is some q X ky + k, matriz that is C measurable with finite elements and rank q a.s.,
then
Bn'/(8, — 60) % (BUB')%,,

where £, ~ N (0,1,), and &, and C (and thus &, and BUYB’) are independent.

The next result considers cases where the common factors are only sequentially exogenous, i.e., only (6)
but not necessarily (10) holds, and where the resulting effect on the bias of the estimator is asymptotically
non-negligible. The first part of the theorem considers a case where the estimator is inconsistent and
converges to a random limit while the second part of the theorem covers a case where the estimator is

root-n consistent but not asymptotically mixed normal.

Theorem 4 Suppose Assumption 1 holds, and that G, EN G, =, 2, =, where G and = are C-measurable,
G and =2 have finite elements and G has full column rank and Z is positive definite a.s.

(a) If in addition Assumption 3(a) holds then
n'2(8, — 0y — (G'EG) ' G'Zb,) L W/2¢
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and 0,, — 0y 2> (G'EG) ' G'Eb.
(b) If in addition Assumption 3(b) holds then

nY2(8, — 00) % W2 1 (G'=G) L G'Eb.

For efficiency (conditional on C) we can select Z = V! in which case ¥ = (G'V~1G)~1. To construct

a feasible efficient GMM estimator consider the following estimator for V'

n
~ ~ ~
Vam) = n! Z H!Aw;Au,H;
i=1
where Avuz = Avuig, .. .,AvuiT) with &J,it = Ayt — Awitén, and 0, is the initial GMM estimator with
weight matrix =, = I, or some other consistent estimator for y. The GMM estimator with weight matrix
2, = VA_(IH) is then given by,

On = (G VatyGn) CGaTst g
The above expression for the GMM estimator 0, is again consistent with expressions given in the dynamic
panel data literature under the assumption of cross sectional independence of the observations.

By Theorem 3 the limiting variance covariance matrix of 0,, is then given by ¥ = (G'V~1G)~1, which
can be estimated consistently by U, = (G;IV/A_(Z)GH>_1, provided it is shown that ﬁA(n) is indeed a
consistent estimator for V. Next let R be a ¢ X (k; + k) full row rank matrix and r a ¢ X 1 vector, and

consider the Wald statistic )

T, = H <R¢1R’>_1/ * (Rl — 1)

to test the null hypothesis Hy : ROy = r against the alternative Hy : ROy # r. The next theorem establishes
the consistency of ‘N/A(n), and shows that T, is distributed asymptotically chi-square, even if ¥ is allowed

to be random due to the presence of common factors represented by C.

Theorem 5 Suppose the assumptions of Theorem 3 hold, that V{,) = n1 Yo HIAwAuH; — V 2 0,
that 0,, & 0o, and that the fourth moments of ui, xi+ and z; are uniformly bounded by a finite constant.
Then VA(n) -V 20, and

s ~ d

U2 /0, — 0g) S € ~ N(0, Iy, 1. )-
Furthermore

P (T, > ngl_a) —

where Xil_a is the 1 — « quantile of the chi-square distribution with q degrees of freedom.
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A sufficient condition for Vi,y —V %, 0 is given in Theorem 2. Theorem 5 extends results of Andrews
(2005) to the case of generally dependent cross-sectional samples. It establishes that conventional statistical

tests remain valid under the postulated assumptions.

4 Conclusion

Most of the literature on dynamic panel data models either assumed independence in the cross sectional
dimension, or treats regressors as strictly exogenous when allowing for cross sectional correlation. While the
assumption that observations are independently distributed in the cross sectional dimension is appropriate
for many applications, there are many applications where this assumption will likely be violated. Also, as
discussed in the introduction, there are many important cases where the strict exogeneity assumption does
not hold, and regressors, apart from time-lagged endogenous variables, or other potential instruments are
only sequentially exogenous.

Against this background the paper develops a new CLT for martingale difference sequences, and applies
it to develop a general central limit theory for the sample moment vector (and transformation thereof) of a
dynamic panel data model, where the regressors may be cross sectionally correlated as well as sequentially
exogenous (but not necessarily strictly exogenous). The paper shows how the new CLT can be utilized in
establishing the limiting distribution of GMM estimators in the generalized setting.

The specification of cross sectional dependence is kept general. In particular, the methodology devel-
oped in this paper will have natural application within the context of spatial/cross sectional interaction
models. A widely used class of spatial models originates from Cliff and Ord (1973, 1981). In those models,
which are often referred to as Cliff-Ord type models, spatial/cross sectional interaction and dependencies
are modeled in terms of spatial lags, which represent weighted averages of observations from neighboring
units. The weights are typically modeled as inversely related to some distance. Since space does not have
to be geographic space, those models are fairly generally applicable and have been used in a wide range
of empirical research; for a collection of recent contributions including references to applied work see, e.g.,
Baltagi, Kelejian and Prucha (2007). The methodology developed in this paper also allows for common

factor as a potential source of cross sectional dependence.

16



A Appendix A: Proofs for Section 2

A.1 Stable Convergence in Distribution

The following proposition is proven in Daley and Vere-Jones (1988), p. 645-646.

Proposition A.1 Let{Z, :n=1,2,...}, Z and Fy be as in Definition 2. Then the following conditions
are equivalent:
(i) Zn % Z (Fo-stably).
(ii) For all Fo-measurable P-essentially bounded random variables ¢ and all bounded continuous functions
h:RP — R,

E[Ch(Z,)] — E[Ch(Z)] as n — oo.

(111) For all real valued Fy-measurable random variables ¥, the pair (Zy, V) converges jointly in distribution
to the pair (Z,9).
(iv) For all bounded continuous functions g : RP x R — R, and all real valued Fy-measurable random
variables 19,

9(Zn,9) % (Z2,9) (Fo-stably).

(v) For all real vectors t € RP and all Fo-measurable P-essentially bounded random variables ¢
E [Cexp(it'Z,)| — E [Cexp(it' Z)] as n — oo.

The following proposition is helpful in establishing the limiting distribution of random vectors under

random norming.

Proposition A.2 Let {Z, :n=1,2,...}, and Fy be as in Definition 2, and let V be a Fy-measurable,
a.s. finite and positive definite p x p matriz. Suppose for X\ € RP with X'\ = 1 we have

N Zn S 0)2¢, (Fo-stably),

with vy, = NV, where &, is independent of Fo (and thus of V') and £, ~ N(0,1), and consequently the
characteristic function of vi/2f>\ is given by ¢5(s) = E [exp{—3(N'VA)s?}], s € R.
(a) Then

Zn 5 VY2 (Fy-stably),
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where ¢ is independent of Fo (and thus of V') and where { ~ N(0,1y). The characteristic function of V12

is given by ¢(t) = E [exp{—1(t'V1)}].
(b) Let A be some py X p matriz that is Fo-measurable, a.s. finite and has full row rank. Then

AZ, & AVY2%¢
where £ is as defined in part (a), and hence also
AZy % (AV A%,

where &, is independent of Foy (and thus of AVA') and where £, ~ N(0,1I,,). The characteristic function
of AVY2¢ and (AV A')Y/2¢, is given by ¢ _(s) = E [exp{—3(sSAVA's)}], s € RP~.

Proof of Proposition A.2. (a) In light of Proposition A.1(v), for all real vectors s € R and all Fy-
measurable P-essentially bounded random variables ( we have E [C exp(iS/\'Zn)] — F [C exp(isvi/ 25 /\)} as

n — oo. Since ¢ and V are Fp-measurable, and £, ~ N(0, 1) we have

FE Cexp(isv}\ﬂf)\)} =F {CE [exp(isv}\ﬂf)\) | fg” =F [C exp{;(SQXV)\)}} ,

and thus
E [¢exp(is)N Z,)] — E {g exp{—;(s2)\'V)\)}} . (A1)

Now consider some ¢ € RP, then by analogous argumentation as above, E [¢ exp(it' V/2¢)] = E [Cexp{—3(#'V1)}].
In light of Proposition A.1(v) it thus suffices to show that

E [Cexp(it'Z,)] — E [C exp{—;(t'Vt)}] . (A.2)

Choosing A and s be such that ¢ = s\, this is seen to hold in light of (A.1).

(b) Since A is Fp-measurable it follows from Proposition A.1(iii) that (Z,, A) converge jointly in distribu-
tion to (V1/2§, A). Hence by the continuous mapping theorem AZ,, LA AVY/2¢. The characteristic function
of AV1/2¢ is given by

¢.(s)

E [exp (is’AV1/2§>] -y {E [exp <is’AV1/2§) | J—"g} }

E [exp {—;SIAVA,S}] )

observing that AV'/2¢ conditional on Fy is distributed multivariate normal (0, AV A’). Recognizing that

¢_(s) is also the characteristic function of (AV A’)1/2¢, completes the proof. [
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A.2 Proof of Martingale Central Limit Theorem

Proof of Theorem 1. The proof follows, with appropriate modifications, the strategy used by Hall and
Heyde (1980, pp. 57-58 and pp. 60) in proving their Lemma 3.1 and Theorem 3.2. First suppose that n?
is a.s. bounded such that for some C' > 1,

P(n*<C)=1. (A.3)
Define X/, = {ZZ Lx2 < 20} with X); = X1, and S}, = Y20 X/, for 1 < i < k.

By assumption {Sp;, Fni, 1 < i < kp,n > 1} is a zero mean, square integrable martingale array with differ-
ences Xp;, i.e., (i) Sp; is measurable w.r.t. Fp;, (ii) E[Spi] = 0 and E [S2;] < oo, (iii) E [Sni | Fnj] = Snj
a.s. for all 1 < j < 4. The differences are defined as X1 = Sp1, and X,;; = Sp; — Spi—1 for 2 < i < k,,.
Clearly for any j <4 the random variable X,,; is measurable w.r.t. to F,;, since F,; C F,;. Furthermore

EXpi| Fnjl=0for 0 <j<iand 1<1i<k,,since E[X,1 | Fno] =0 by assumption, and for 2 < j <1

E[Xni | Fnj]l = E[Sni = Sni-1 | Fnjl = E[E[Sni — Sni-1 | Fri-1] | Fnyl
= E[(Sni-1 — Sni-1) | Fnjl = 0.

We now establish that {S’ ., Fp;, 1 < i < ky,,n > 1} is also a zero mean, square integrable martingale array

na’
with, by construction, differences X/ .. Since the random variables X,,1,. .., X,,; are measurable w.r.t. Fy;,
clearly S Zj 1 X Zj anjl {Z] 1X2 < QC’} is measurable w.r.t. Fp;. Also, since |S],;| <
| S clearly E[S2] < E [an] < 00. Next observe that E [X]; | Fno]l = E [Xn1 | Fno] = 0 by assumption,

and for 2 < j <14
i1
E[X); | Fuj] = E[B(X} | Faic1) | Fug] = B |[B(Xpi | Faic1)] 14> X2, <2C ¢ | Foj| = 0.

By iterated expectations E [X].] = 0 and thus E[S],;] = 0. Furthermore for 1 < j <1

J
nz‘FTLJ ZE 7,’Ll|‘7:n]]:ZX7l’Ll:
=1

This verifies that {S’., Fp;, 1 <i < ky,n > 1} is indeed a zero mean, square integrable martingale array.

ne?

Next let U2, = Ek” X2, then clearly P(U2, > 2C) — 0 in light of (12). Consequently

79

P(X,; # Xy; for some i < k,) < P(UZ,, > 2C) — 0, (A.4)
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which in turn implies P(S], # Snk,) — 0, and furthermore

E [|¢exp(itSyy,,) — ¢ exp(itSk,)|] — 0

for any P-essentially bounded and Fy-measurable random variable (. Consequently by Proposition A.1(v),
SnkniZ (Fo-stably) iff S;k"iZ (fo—stably) Observe furthermore that in view of (A.4) the martingale
differences {X'} satisfy that max; |X/,| 2 0 and Zk” X2 2 p2. Since |X’;| < |Xni| condition (13)

implies furthermore that £ [maxi Xﬁ] is bounded in n.

We now show that S’;kniZ (Fo-stably). Let U2, = Zj 1X2 and T) (t) = H?gl (1 + itX;Lj) with

min {i < k,|U2, >2C} if U2, >2C
Jn = " .
kn, otherwise

Observing that X},; = 0 for j > J,,, and that for any real number a we have (1 + ia)? = (1 + a?) and
exp(1 + a?) > 1 + a?, it follows that

Jn—1 ]
E[\Té (t)ﬂ = E[]‘[fgl (1+t2X,’3j)] <B{exp |23 X2 | (1+£2X2)
j=1 ]

< {exp(2Ct?)} 1+ #E[X/ ]).

Since E [X? | < E [X2, ] is uniformly bounded it follows from the above inequality that £ |T7'1 (t)ﬂ is
uniformly bounded in n. ]

Now define I,, = exp (itS),, ) and W,, = exp (—ftz S X2 Sy (tX;”)) where r (.) is as defined
in Hall and Heyde (1980), p. 57. Then

I, = T)(t) exp (—n*t?/2) + T, (t) (W, — exp (—1°t/2)). (A.5)
By Proposition A.1(v) for S;lkniZ (Fo stably) it is enough to show that
E (In¢) — E [exp (—772t2/2) ¢] (A.6)

for any any P-essentially bounded Fp-measurable random variable . Because Fy C Fy; it follows that

exp (—12#2/2) ¢ is Fr-measurable for all n and i < k,. Hence,
E [T, 0 exp (—1?2/2) ] = B [exp (~n*2/2) CIT}" (1+itX7,) |
{ [exp ?2/2) (T (1+ itX0,) |fnkn,1} }
= B {exp (=n22/2) CTI (14 itX,) B [(1+itX)y,.) | Fuk, 1] |
{

exp (—n*t2/2) C[T5 " (1 —H‘tX;Lj)}

= FE {exp (—772t2/2) CE[(1+itX)) |Fno] } = E [exp (—772t2/2) ¢].
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Thus, in light of (A.5), for (A.6) to hold it suffices to show that
E [T},(t) (W — exp (—n°t?/2)) ¢] — 0. (A7)

Let K be some constant such that P(|¢| < K) =1, then E UT,Q (t) exp (—nt?/2) C‘Q] < K’E [|T7’L (t)ﬂ is
uniformly bounded in n, since E [|T 4 (t)|2} is uniformly bounded as shown above. Observing that |I,| =1

we also have E [\Indﬂ < K?2. In light of (A.5) it follows furthermore that

E [{T/L(Wn — exp (—77%2/2))(\2} <2F [ungﬂ +2F [|T;L (t) exp (—n2t2/2) gﬂ

is uniformly bounded in n, it follows that T, (¢) (W,, — exp (—772152 / 2))C is uniformly integrable. Having
established uniform integrability, Condition (A.7) now follows since as shown by Hall and Heyde (1980,
p. 58), W, —exp (—7]2752/2) 2,0 and thus T (Wn — exp (—772152/2)) ¢ 2 0. This completes the proof that
Stk gz (Fo-stably) when 7? is a.s. bounded.

The case where n? is not a.s. bounded can be handled in the same way as in Hall and Heyde (1980,
p.62) after replacing their I (F) with (.

Let £ ~ N(0,1) be some random variable independent of Fy, and hence independent of 7 (possibly
after redefining all variables on an extended probability space), then for any P-essentially bounded Fp-
measurable random variable ¢ we have F [ exp(itnf)] = E [C exp(—%thQ)] by iterated expectations, and
thus Sy, <, n& (Fo-stably) in light of Proposition A.1(v). [

A.3 Proof of Central Limit Theorem for Sample Moments

Proof of Theorem 2. To prove Part (a) of the Theorem we use Proposition A.2 and follow the
approach outlined after the theorem in the text to derive the limiting distribution of /\'m(n). In particular,
we consider the representation X'my,) = Zﬁ’;l Xn with k, = Tn + 1, defined by (20)-(21), and the

corresponding information sets defined in (4). We recall the definitions (t =1,...,T,i=1,...,n)

—1/2
Xp(otymrivn = n Y equ,
n i—1
fn,(t—l)n—&-i = 0 {(nga Zjs u?—lja Mj)j:l ) (ujt)}:]_} vCe
with
min(t,7F)
cr=NHjm = > waXhi,. (A.8)
s=1

and X, ; = 0. In the following, let v = (t —1)n+i+ 1. We also use F, o = C, then clearly F,, o C F, 1 and
Fo =N Fno = C. To prove part (a) of the theorem we verify that {X,, ,, Fny, 1 <v <Tn+1,n>1}

is a square integrable martingale difference array that satisfies the assumptions maintained by Theorem
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1 with n2 = NV ), observing that 1% be an a.s. finite random variable measurable w.r.t. Fy in light of
Assumption 1.

Observing that ¢;; defined in (A.8) is a function of z%, z;, A and II it is readily seen that X, , is
measurable w.r.t. to F, ,. Observing further that 7, ;_1),4; € Bn ¢V C it follows from (10) that

E [Xn,v ’ fn,v—l] = F [Xn,(tfl)nJr'H»l | Fn,(tfl)nJri] (AQ)
= V2B [ui | Fp—tyngs) =0

Next consider some v with 0 <~ < §, then

E [\Xn,v\zﬂ | fmv—l} =E [\Xn,(tq)nﬂﬂfﬂ | fn,(tfl)n#i}

1

= —F {|Cz’tuit|2ﬂ | Fn,(t—l)n—l—z} =

2 2
nlt/2 |cit| E [\Uzt| o ‘ 7:n,(t—1)n+z‘] .

1
nlt+v/2

For v = 0 this implies that

2 1 2 2
E [|Xn,v| | fn,vfl] = ﬁ |Cit| E [|ult| | fn,(t—l)n—&—i] ) (AlO)
and for v = § we have
E [!Xn,v gy fn,v71:| (A.11)
1

246

K
245 245
“E [|Uz‘t\ O Ft—tynri| < e lea| "7

iz l€itl

The last inequality follows from (5), observing again that 7, 4_1y4+s € Bn,it V C.

Let V2 = 2521 E[X2,| Fop-1] and U2, = Zfil X2 . and consider the following conditions:

n,v’

kn
> E [‘Xn,v‘2+5:| — 0, (A.12)
v=1

o
Vi, =2 E[X2 | Fapmt] &0, (A.13)

v=1

kn 1+5/2

sup E [Vj,;f] —swE |3 E[X2,| Fuui] < . (A.14)
" n v=1

We next show that these conditions are sufficient for Assumptions (11),(12), and (13) of Theorem 1. As
discussed by Hall and Heyde (1980, p. 53) Condition (11) is equivalent to:

kn
for any ¢ > 0, ZXTQWI (| Xnol >e) 2 0.
v=1
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Condition (11) is now seen to hold since

2+6} -0

kn kn
ZE 1(1Xnol > )] = DB || Xaal ™ 1 (1 Xnwl > ) / 1 X0l ] <6703 B [1Xs,
v=1 v=1
in light of condition (A.12). By an analogous argument we also have:
for any & > 0, ZE 1(|Xno| > €) | Fap1] 2 0.

Observing that Condition (A.14) implies that V,, is uniformly integrable it now follows from Hall and
Heyde (1980, Theorem 2.23) that
E[|VZ, —Ux.|] —o0. (A.15)

Condition (12) is now seen to hold since for any € > 0

k
P< X2 -
v=1

in light of (A.13) and (A.15). Condition (13) is seen to hold since E [ngn] =F [ngn] is uniformly
bounded in light of Condition (A.14), using Lyapunov’s inequality.

2 28) < P [V, =] = ¢/2) + P (|Vak, = Uni,,| = £/2) =0

We next verify Conditions (A.12), (A.13) and (A.14). Utilizing (A.10) we have
kn T n
D E[XE N Fawma] = D0t Y GRE [uf | Fogeonyni] (A.16)
v=1 t=1 i=1

= > 0 Y Eud | Fpgotynri) N Himm Hix
= NV A BNV =72

by Assumption 1(c). This verifies (A.13).
Next observe that for all ¢ and ¢

T+ T+
e < (TN [ma ok [7H < (T RZNT (Nl hisAs] T (A.17)
s=1 s=1

using inequality (1.4.3) in Bierens (1994), and where K is a bound for the absolute elements of II.
Now let @ = (a) be some non-stochastic p x 1 vector with |ag| < K, and let b = (b;) be some 1 X p
random vector with E [\bk|2+5} < Ky, then

p P
s
E [\a’b’ba\” /2] _ pézZ’ak’l+6/2|al’1+§/2E \bk|1+5/2\bz!1+6/2 (A.18)
I=1 k=1

p2+5K3+5Kb

IN
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using inequality (1.4.3) in Bierens (1994), and observing that

E ’bk|1+5/2 \bz!HJ/Q} < {E|bk\2+5E\bl\2+5 1/2 <K,
by the Schwartz inequality.

Since M\ = 1 all elements of A are bounded by one. Furthermore, by Assumption 1(a) the 2 + §
absolute moments of the element of h;s are uniformly bounded by some finite constant K. Observing
further that the dimensions of A; and h;s are bounded by Tk, + k., it follows from applying inequality
(A.18) that E [Nk hishs] 7% < [Tk, + k.J**° K, and thus in light of (A.17):

S 718

E [\Ciﬁﬂ < (TR [Ty + k> K. (A.19)

Utilizing (A.11) it follows that

kn kn
ZE |XTL,’U|2+6 = ZE {E [|)(n,v|2—"—(s | fn,vfl]} (AQO)
v=1 v=1
TH2H K2H0 [Tk, + k)21 K2
< (") = n1[+5/9§ 2 (Tn+1)—0

as n — oo. This establishes condition (A.12).

Next observe that in light of (A.10) and Assumption 1(a)

kn 1+6/2 Fay 1+6/2
E {Vf,:;‘s] = F ZE [Xa%,v | fn,v—l} =F Z n |Cit|2E [’uit|2 | ]:n,(t—l)n+z}]
v=1 v=1
bn_ 4 1+6/2 p8/2 kn 5
12 n 12+
< KE|3 e ] <Ko 2 [l
V= v=

using again inequality (1.4.3) in Bierens (1994). In light of (A.19) it follows further that

(Tn + 1)'+9/2

nky

_ (TFPPRZY [Tk + ko) K
} = nl1+4/2

(T 4 1)1+5/2(T+)2+6K£+6 [Tkm + kz]2+5 K2’

E [V2+5

IN

which establishes (A.14). Of course, in light of (A.10) and (A.19) the above discussion also establishes
that X, , is square integrable.

Having verified all conditions of Theorem 1 it follows from that theorem that )\ M) < v/l\/ Z \ (C-
stably), where vy = XNV )\, Z, is independent of C (and thus of V) and Z, ~ N(0,1), possibly after

redefining all variables on an extended probability space.
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To prove Part (b) of the theorem we note that for @y = i — E [uj | ]—"n7(t,1)n+i] it follows by

construction that w; is Fy, (4—1)n4i+1 measurable, £ [ﬂit | fn7(t_1)n+i] =0 and

E [|ﬂit\2+5 | fn,v—l} < E [(|uit! + | E [wit | Fot—1)n+i) ‘)2+5 | fn,(tfl)n+z}

21 E [|uit|2+5 + | B [wit | Fot—1ynti) |2+6 | fm(t—l)nﬂ}

IN

< 22tip [|Uz‘t!2+6 | ]_-n’(til)nﬂ} < 2H0

such that the proof in Part (a) can be applied to an(t_l)nﬂ«“ = X (t—1)n+it1—E [an(t_l)nﬂ«ﬂ | Fn7(t_]_)n+i:|
to show that, given Assumption 1 holds,

N (mny — V/nby) 5 0)/*Zy (C-stably). (A.21)

Note that when additionally Assumption 2 holds, E [Xn,(t—l)n+i+l | Fn,(t_l)nﬂ] = 0 and thus b, = 0, the
result follows trivially from Part (a). Of course, (A.21) implies further that v/l\/ ®Z, has the characteristic
function ¢y(s) = Eexp{—%(N'VA)s?}, s € R. By Proposition Proposition A.2 it follows from (A.21) that

(m(ny — V/nby) 4, V1/2¢ (C-stably), (A.22)
where ¢ is independent of C' (and thus of V') and where § ~ N(0,1,), and that
A (mmy — V/rby) S (AV A2, (A.23)

The claim in (15) holds observing that under Assumption 2 /nb, = 0 and under Assumption 3(c) we have
Am,y = A (m,) — v/nby) + 0p(1). Obviously (A.23) also established the claim in (16) under Assumption
3(a). The claim that under Assumption 3(a) Am,) diverges is obvious since under this assumption by, b
and thus Am,) = A (m(n) — /nby) + /nAb, = O,(n'/?), observing that the first term on the r.h.s. as
well as Ab, are Op(1). To verify the claim in (17) under Assumption 3(b) observe that by Proposition
A.1(iii)

(M) — /by, b, A) (V1/2§, b, A) .

Since /nb, — b 2 0 it follows furthermore that

(Mny = Vnbn, /by — b,b, A) KA (Vl/Qg,o,b, A) .

Having established joint convergence in distribution the claim in (17) now follows in light of the continuous

mapping theorem.

To prove Part (c) we next show that V() 2, V. Since Vin) and V are symmetric it suffices to show
that N’ VimA L NV, where ) is defined as above. Observe that

)\' =n ! i Z Zultuw)\ Hlmyn! Hi\ = Z » +op(1

i=1 t=1 s=1
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since = o1 wyuis Himn, H; %5 0 for t # s by assumption. As shown after (A.15), Zﬁll X2, at

n? = NVA. Consequently, \'Vi,)A L. NV, and thus Vin) 2, V. In light of Assumptionl(c) we have

V(;)l /2 2 y=1/2 Since by part (a) m,) converges C-stably in distribution to a random vector, it follows

that (‘/(;)1/2 - V_1/2)m(n) = 0p(1) and hence ‘/(;)1/2m(n) = V_l/Qm(n) + 0p(1) 4, (VIRy Y- =¢. m

B Appendix B: Proofs for Section 3

Proof of Theorem 3. From the definition of the GMM estimator and the model given in (22) we have

n'?(0, — 00) = (GéénGn) GLEn (),
B - -1 ~

mey = n'Pgy =020 Hidw =02 YL H T,

with IT = D. It now follows directly from part (a) of Theorem 2 that m,,) converges C-stably in distribution

to a random vector. Thus

n*2(0,, — 6o) (G'2G) ' G'Emyy + 0,(1), (B.1)
Bn'?(8, —09) = B(G'ZG)"'G'Em,) + 0,(1).

First assume that Assumption 2 holds. Observing further that by assumption =, G, B and V are C-
measurable and that under the maintained assumptions =,, % = and G,, & G it follows from Part (a) of

Theorem 2 and Proposition A.1(iii) that, jointly,
(én _=,G, -G, B,E, G,m(n)) < (o, 0,B,=,G, v1/2g) (B.2)

where & ~ N(0, Iy, 1. ). Because G'ZG is positive definite a.s. and ¥ = (G'ZG)"!G'ZVEG(G'ZG) ™! is

positive definite a.s., it follows furthermore from (B.2) and the continuous mapping theorem that

nt/2(0, — 00) > w2,
Bn'?(8,, — 69) % (BUB)Y/%¢,,

where £ and &, ares independent of C, and & ~ N (0, I, 45, ) and &, ~ N(0,1,). If E [u?, | fn7(t_1)n+z~] =02,
then V = plim, s ‘7(11) = o2plimy_oo n /2 > H/DD'H; as claimed.
Now assume that Assumption 3(c) hold. Then it follows from (A.22) and Proposition A.1(iii) that

(20— 2.Gu — G, B.E, Gy — Vb, Viiby ) % (0,0, B,Z,G,V1/2,0).
The remainder of the argument follows in the same way as in the first part of the proof. ]
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Proof of Theorem 4. As in the proof of Theorem 3 we still have (B.1). For Part (a) we observe
that in light of (A.22) and Proposition A.1(iii)

(én —Z,Gn — G, B,E,G, (m, — \/ﬁbn)> LN (0, 0,B,E,G, V1/2§> :

The result then follows immediately from (B.1) and the continuous mapping theorem. For Part (b) we

observe that in light of (A.22) and Proposition A.1(iii)
(én -3, Gn — G7 E, Ga (m(n) - \/ﬁbn) ) b) i <O> 0,B,=, G: V1/2§7 b)
and the result again follows from (B.1) and the continuous mapping theorem. ]

Proof of Theorem 5. We first show that VA(n) L, v, Since &Lit = Auy — Awit(én — 6p) we have

Vam) = _1ZH’Au1AuH Vin _1ZH’A1U1 (6, — 6o) AulH;
=1 =1

—n"1Y " H{Aui(0 — o) AwjH; + 171> H]Aw;(By — 00) (0 — 00) Aw]H.
i=1 1=1

By assumption V() 2 V. For the (T — 1) x (T — 1) matrix n=' 7| H/Aw;(8,, — 6o) Au}H; consider the
typical ¢, s-block given by

n~ " hiphisAuis Awie (6, — 60) (B.3)

= n! Z h;thisuiswit(én —to) — nt Z h’ithisuis_lwit(én —0o)

=1 =1
_1ththzsulswzt 1(9 _90 1ththzsuzs 1Wit— 1(0 _90)
i=1 i=1
where
[t S Blhistsawia(Ba = 00)|| < [|Pn = 80| n 7 STy (Bighis| sl el
and

IN

B (Il ”] " B [ st ]

1/4 1/4 1/4 1/4
EIall’] " B [Ihil] B [Jual*] B [l
by repeated application of the Cauchy-Schwarz inequality. By the boundedness of fourth moments all ex-

|-

0p(1) it follows that n~! Sty hithisuiswit(én —0p) = 0, (1). The other terms appearing in B.3 can

E [Hh;thisu || sztH]

IN

pectations are bounded and thus n =t >"" ||kl his| [wis| [|wit]| = Op(1). Since by assumption ‘ On
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- . ~ -1
be treated in the same way. Therefore V() 2, V as claimed, and furthermore U,, = (G%VA_(L)G,O 2,
U= (G'Vig) "L

By part (a) of Theorem 3 it now follows that

n'/2(8, — 0) % /%, (B.4)

where ¢ is independent of C (and hence of W), &€ ~ N (0, I, +1.). In light of (B.4), the consistency of W,,,

and given that R has full row rank ¢ it follows furthermore that under Hy
. -1/2 . . —-1/2 .
(R\IIR’) e (R\IJR') P [nl/Q(en - 90)}

— (RUR)’R [nl/Q(én - 90)} +op(1).

Since B = (RYR’ )_1/ ? R is C-measurable and BUB = I it then follows from part (b) of Theorem 3 that

~ -1/2 A
(R\I/R’) 2RO, —7) L, (B.5)
where £, ~ N (0,1,). Hence, in light of the continuous mapping theorem, 7}, converges in distribution to
a chi-square random variable with ¢ degrees of freedom. The claim that ¥;, Y 2\/ﬁ(@n —6o) 4, ¢ is seen to
hold as a special case of (B.5) with R = I and r = 6. [
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