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Abstract

This paper considers tests and confidence intervals based on a test statistic that has
a limit distribution that is discontinuous in a nuisance parameter or the parameter of
interest. The paper shows that standard fixed critical value (FCV) tests and subsample
tests often have asymptotic size—defined as the limit of the finite sample size—that
is greater than the nominal level of the test. We determine precisely the asymptotic
size of such tests under a general set of high-level conditions that are relatively easy
to verify. Often the asymptotic size is determined by a sequence of parameter values
that approach the point of discontinuity of the asymptotic distribution. The problem
is not a small sample problem. For every sample size, there can be parameter values for
which the test over-rejects the null hypothesis. Analogous results hold for confidence
intervals.

We introduce a hybrid subsample/FCV test that alleviates the problem of over-
rejection asymptotically and in some cases eliminates it. In addition, we introduce
size-corrections to the FCV, subsample, and hybrid tests that eliminate over-rejection
asymptotically. In some examples, these size corrections are computationally challeng-
ing or intractable. In other examples, they are feasible.

Keywords: Asymptotic size, finite sample size, hybrid test, over-rejection, size correc-
tion, subsample confidence interval, subsample test.
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1 Introduction

THIS INTRODUCTION IS QUITE PRELIMINARY. IN PARTICULAR, REF-
ERENCES TO THE LITERATURE ARE NOT INCLUDED. SUGGESTIONS FOR
RELEVANT REFERENCES ARE WELCOME.

In this paper, we show that if a sequence of test statistics has an asymptotic distri-
bution that is discontinuous in the true parameter, then a subsample test based on the
test statistic does not necessarily yield the desired asymptotic level. That is, the limit
of the finite sample size of the test can exceed its nominal level. The same is shown to
be true for a standard fixed critical value (FCV) test. Analogous problems arise with
subsample and FCV confidence intervals (ClIs) and confidence regions.

Examples where the asymptotic distribution of a test statistic is discontinuous in
the true parameter include (i) models where a parameter may be on a boundary, (ii)
models where a parameter may be unidentified at one or more points, e.g., as occurs
in an instrumental variables model with weak instruments and in models where some
parameters are only set identified, rather than point identified, (iii) models where the
“degree of identification” of a parameter differs across parameter values causing dif-
ferent rates of convergence of estimators, as occurs in an autoregressive model with
possible unit root, and (iv) models where shrinkage or post-model selection procedures
are employed.

The intuition for the result stated above for a subsample test is roughly as follows.
Suppose for a parameter 6 we are interested in testing Hy : 0 = 0, a nuisance parameter
~ appears under the null hypothesis, and the asymptotic distribution of the test statistic
of interest is discontinuous at v = 0. Then, a subsample test statistic based on a
subsample of size b, << n behaves like it is closer to the discontinuity point v = 0
than does the full-sample test statistic. This occurs because the variability of the
subsample statistic is greater than that of the full-sample statistic and, hence, its
behavior at a fixed value v # 0 is harder to distinguish from its behavior at v = 0.
In consequence, the subsample statistic can have a distribution that is close to the
asymptotic distribution for v = 0, whereas the full-sample statistic has a distribution
that is close to the asymptotic distribution for v #£ 0. If the asymptotic distribution of
the test statistic for v # 0 is more disperse than for v = 0, then the subsample critical
value is too small typically and the subsample test over-rejects the null hypothesis.
On the other hand, if the asymptotic distribution of the test statistic for v # 0 is
less disperse than for v = 0, then the subsample critical value is too large and the
subsample test is not asymptotically similar. More precisely, the limit of the finite-
sample size of a subsample test depends on the whole range of behavior of the test
statistic and subsample statistic for parameter values close to v = 0.

The intuition laid out in the previous paragraph is made rigorous by considering
the behavior of subsampling tests under asymptotics in which the true parameter, ~,,,
drifts to the point of discontinuity v = 0 as n — co. Since the finite-sample size of a
test is based on the supremum of the null rejection rate over all parameter values v for



given n, the limit of the finite sample size of a test is always greater than or equal to
its limit under a drifting sequence {+,, : n > 1}. Hence, if the limit of the null rejection
rate under a drifting sequence exceeds the nominal level, then the limit of the exact
finite-sample null rejection rate exceeds the nominal level. Analogously, if the limit of
the null rejection rate under a drifting sequence is less than the nominal level, then the
limit of the exact finite-sample measure of nonsimilarity must be positive.

We show that there are two different rates of drift such that over-rejection and/or
under-rejection (compared to the nominal level) can occur. The first rate is one under
which the full-sample test statistic has an asymptotic distribution that depends on a
localization parameter, h, and the subsample critical values behave like the critical
value from the asymptotic distribution of the statistic under v = 0. The second rate is
one under which the full-sample test statistic has an asymptotic distribution that is the
same as for fixed v # 0 and the subsample critical value behaves like the critical value
from the asymptotic distribution of the full-sample statistic under a drifting sequence
with localization parameter h.

The results of the paper provide conditions under which sequences of these two
types determine the limit of the finite-sample size of the test. In particular, under
these conditions, we obtain necessary and sufficient conditions for the limit of the
finite—sample size of a subsample test to exceed its nominal level. The paper gives
corresponding results for standard tests that are based on a fixed critical value.

The paper introduces a hybrid test whose critical value is the maximum of a sub-
sample critical value and a certain fixed critical value. The hybrid test has advantages
over both the subsample test and a fixed critical value test in terms of its asymptotic
size. In particular, in comparison to using the subsample critical value alone, we show
that taking the maximum over the fixed critical value is either irrelevant asymptotically
or it reduces over-rejection asymptotically somewhere in the null hypothesis. In some
scenarios, the hybrid test has correct asymptotic size. In other scenarios, it does not.

We suggest three solutions to the asymptotic over-rejection problem discussed
above. One solution is a size-corrected (SC) FCV test whose asymptotic size equals the
desired nominal level. The second and third solutions are SC subsample and SC hybrid
tests. These solutions can be computationally challenging and may be intractable in
some contexts. But, they are feasible in some contexts. In some cases, these solutions
do not work at all—i.e., the assumptions under which the solutions work are violated.
Examples of this considered below include a CI based on a shrinkage estimator and
tests and Cls in an IV regression model where the IVs are not completely exogenous.

We show that the SC-FCV test may be uniformly more powerful than the SC-
subsample test or vice versa or the two tests cannot be unambiguously ranked, de-
pending upon the shape of the quantile function of the asymptotic distributions of the
test statistics (as a function of parameters of the model). The SC hybrid test has the
nice power property that it is asymptotically equivalent to the SC-FCV test in the
context where the SC-FCV test is uniformly more powerful than the SC-Sub test, and
it is asymptotically equivalent to the SC-Sub test in the context in which the SC-Sub



test is uniformly more powerful than the SC-FCV test.

The potential problem of subsampling tests, the hybrid procedure, and the SC
methods outlined above carry over with some adjustments to confidence intervals (CIs)
by the usual duality between tests and ClIs. Some adjustments are needed because the
limit of the finite-sample level of a CI depends on uniformity over § € © and v € T,
where © and I" are the parameter spaces of 6 and -y, respectively, whereas the limit of
the finite-sample size of a test of Hy : § = 0y only depends on uniformity over v € T’
for fixed 6.

The paper considers general test statistics, including t, LR, and LM statistics. The
results cover one-sided, symmetric two-sided, and equal-tailed two-sided t tests and
corresponding confidence intervals. The t statistics may be studentized (i.e., of the
form 7,(0, — 0o)/0y for an estimator 6,, a scale estimator On, and a normalization
factor 7,,) or non-studentized (i.e., of the form 7,(6,,—0y)). Non-studentized t statistics
are often considered in the subsample literature, see Politis, Romano, and Wolf (1999)
(PRW). But, studentized t statistics are needed in certain testing situations in which
non-studentized statistics have rates of convergence that are parameter dependent.
This occurs with unit root tests, see Romano and Wolf (2001), and with tests in the
presence of weak instruments, see Guggenberger and Wolf (2004).

The results in the paper also apply to the case where the limit distribution of a test
statistic is “continuous” in a nuisance parameter. In this case, sufficient conditions are
given under which FCV, subsample, and hybrid tests and Cls have asymptotic levels
(defined to be the limit of their finite sample levels) equal to their nominal levels. To
the best of our knowledge, results of this sort are not available in the literature—results
in the literature are pointwise asymptotic results.

NEED TO ADD DETAILS REGARDING THE EXTENSION OF THE RESULTS
OF THE PAPER TO COVER THE m < n BOOTSTRAP BY ADJUSTING AS-
SUMPTION B1 AND/OR B2 BELOW.

The main results given in the paper employ high-level assumptions. These assump-
tions are verified in several examples.

2 Basic Testing Set-up

We are interested in tests concerning a parameter # € R? in the presence of a
nuisance parameter v € I'. Of special interest is the case where d = 1, but the results
allow for d > 1. The null hypothesis of interest is Hg : § = 0y. The alternative
hypothesis of interest may be one-sided or two-sided.

2.1 Test Statistic

Let T},(6p) denote a test statistic based on a sample of size n for testing Hy : 0 = 0y
for some 6y € R%. The leading case that we consider is when T,(fp) is a t statistic, but
the results also allow T},(6p) to be an LR, LM, or some other statistic. Large values of



T, (0p) indicate evidence against the null hypothesis, so a test based on T, (6y) rejects
the null hypothesis when T,,(6y) exceeds some critical value.

When T,,(0p) is a t statistic, it is defined as follows. Let @n be an estimator of a
scalar parameter 6 based on a sample of size n. Let 7, (€ R) be an estimator of the
scale of 0,. For alternatives of the sort (i) Hy : 6 > 6, (i) Hy : 0 < 6o, and (iii)
Hiy : 0 # 0y, respectively, the t statistic is defined as follows:

o~

Assumption t1. (i) T,(00) = Tn(0n — 00)/Tn, or (ii) Tn(0o) = — (0 — 00)/0p, or
(iii) T (00) = |Tn(0n, — 00) /T n|, where 7, is some known normalization constant.

In many cases, 7, = n/2. For example, this is true in boundary examples and even in
the unit root example. Note that 7, is not uniquely defined because 7,, could be scaled
up or down to counteract changes in the scale of 7,. In practice this is usually not an
issue because typically there is a natural definition for 7,,, which determines its scale.

A common case considered in the subsample literature is when T),(6p) is a non-
studentized t statistic, see PRW. In this case, Assumption t1 and the following as-
sumption hold.

Assumption t2. 7, = 1.

There are cases, however, where a non-studentized test statistic has an asymptotic
null distribution with a normalization factor 7,, that depends on a nuisance parameter
~. This causes problems for the standard theory concerning subsample methods, see
PRW, Ch. 8. In such cases, a studentized test statistic often has the desirable property
that the normalization factor 7,, does not depend on the nuisance parameter . This
occurs with tests concerning unit roots in time series, see Romano and Wolf (2001), and
with tests in the presence of weak instruments, see Guggenberger and Wolf (2004). The
set-up that we consider allows for both non-studentized and studentized test statistics.
Note that under Assumption t2 the order of magnitude of 7, is uniquely determined.

The focus of this paper is on the behavior of tests when the asymptotic null dis-
tribution of 73,(0p) depends on the nuisance parameter v and is discontinuous at some
value(s) of 7. Without loss of generality, we take the point(s) of discontinuity to be =y
values for which some subvector of 7 is 0.

2.2 Fixed Critical Values

We consider two different types of critical value for use with the test statistic T;,(0p).
The first is a fized critical value (FCV) and is denoted cpiz(1 — «), where a € (0, 1) is
the nominal size of the FCV test. The FCV test rejects Hy when

Tn(ao) > CFi:c(l — a). (2.1)

The results below allow cpi, (1 — «) to be any constant. However, if the discontinuity
(or discontinuities) of the asymptotic null distribution of T},(6p) is (are) not taken into
account, one typically defines

criz(1 — @) = co(1 — @), (2.2)



where co(1 — a) denotes the 1 — o quantile of Jy and J is the asymptotic null
distribution of 7,,(0g) when ~ is not a point of discontinuity. For example, when
Assumption t1(i), (ii), or (iii) holds, ce(1 — ) typically equals 21-q, 21—a, OF 21_q/2,
respectively, where z1_, denotes the 1 —a quantile of the standard normal distribution.
If T,,(6p) is an LR, LM, or Wald statistic, then coo(1 — ) typically equals the 1 — «
quantile of a x? distribution, denoted x3(1 — «).

On the other hand, if a discontinuity at v = h" is recognized, one might take the
FCV to be

criz(1 — @) = max{coo(l — @), cpo(l — )}, (2.3)

where ¢;0(1 — «) denotes the 1 — o quantile of Jyo and Jyo is the asymptotic null
distribution of T,,(6p) when v = h?. The FCV test based on this FCV is not likely to
be asymptotically similar, but one might hope is that it has asymptotic level a. The
results given below show that often even the latter is not true.

2.3 Subsample Critical Values

The second type of critical value that we consider is a subsample critical value. Let
{bp : 1 > 1} be a sequence of subsample sizes. For brevity, we sometimes write b, as
b. Let {T}, 4 :i=1,...,qn} be certain subsample statistics that are based primarily on
subsamples of size b, rather than the full sample. For example, with iid observations,
there are g, = n!/((n — by)!b,!) different subsamples of size b, and T, 3 ; is determined
primarily by the observations in the ¢th such subsample. With time series observations,
say {X1,..., X}, there are ¢, = n — by, + 1 subsamples of b, consecutive observations,
eg., Y; ={X;, ..., Xitp,—1}, and T}, ; is determined primarily by the observations in
the ¢th subsample Y;.

Let Ly p(x) and cpp(1 — a) denote the empirical distribution function and 1 — «
sample quantile, respectively, of the subsample statistics {fn,b,i :1=1,...,qn}. They
are defined by

Ly, —qnlz nblgx ) for x € R and
Cnp(l —a) = 1nf{$ : Ln,b( ) >1—a}. (2.4)
The subsample test rejects Hg : 0 = 0 if
Tn(6o) > cpp(l — ). (2.5)

We now describe the subsample statistics {fn,bﬂ- :1=1,...,qn} in more detail. Let
{T0pi(00) : i =1,...,qn} be subsample statistics that are defined exactly as T;,(6p) is
defined, but based on subsamples of size by, rather than the full sample. For example,
suppose Assumption t1 holds. Let (Gn bis On,p,i) denote the estimators (91,, op) applied



to the 7th subsample. In this case, we have

(i) Tnpi(00) = T6(Onpi — 00)/Fnpis OF
(ii) Thp,i(00) = —T6(Onpi — 00)/Fnpi, OF
(iii) T p,i(00) = [T6(Onb,i — 00)/Tnpsil- (2.6)

Below we make use of the empirical distribution of {7}, ,(00) : i =1, ...,qn} defined
by

—qn Z nbz 00 <{L‘) (27)

In most cases, subsample critical values are based on a simple adjustment to the
statistics {1, ,i(fo) : 4 = 1,...,qn}, where the adjustment is designed to yield subsam-
ple statistics that behave similarly under the null and the alternative hypotheses. In
particular, {1}, : ¢ =1, ..., gn} often are defined to satisfy the following condition.

Assumption Subl. Tn i = Dnpni (571) for all i« < n, where /H\n is an estimator of 6.

The estimator Hn is usually chosen to be a consistent estimator of § whether or not the
null hypothesis holds. Assumption Subl can be applied to t statistics as well as to LR
and LM statistics, among others.

If consistent estimation of @ is not possible when v = 0, as occurs when 6 is not
identified when v = 0, then taking {Tnbnz} to satisfy Assumption Subl is not desirable
because 5n is not necessarily close to g when + is close to 0. For example, this occurs in
the weak IV example, see Guggenberger and Wolf (2004). In such cases, it is preferable
to take {Tn,bn,i} to satisfy the following assumption.?

Assumption Sub2. T, ;= Ty}, i(0o) for all i <n.

The results given below for subsample tests allow for subsample statistics {T\nbl}
that satisfy Assumption Subl or Sub2 or are defined in some other way.
2.4 Asymptotic Size

The exact size, ExSz,(0p), of an FCV or subsample test is the supremum over
~v € I of the null rejection probability under ~:

ExSz,(6y) = sullz RP,(60,7), where RP,(00,7) = Pay~(T0(60) > c1-a),
e

Cl—a = CFix(l - 05) Or C1—aq = cn,b(l - Oé), (28)

and Py (-) denotes probability when the true parameters are (6,7).?

2When Assumption t1 holds, subsample statistics {fn,bmi} that satisfy Assumption Sub2 typically
yield nontrivial power because the normalization constant 7, satisfies 74, /75 — 0.

3We remind the reader that the size of a test is equal to the supremum of its rejection probability
under the null hypothesis and a test is of level « if its size is less than or equal to a.



We are interested in the “asymptotic size” of the test defined by

AsySz(0p) = limsup ExSz,(0)). (2.9)
n—od
This definition should not be controversial. Our interest is in the exact finite sample
size of the test. We use asymptotics to approximate this. Uniformity over v € I', which
is built into the definition of AsySz(6y), is necessary for the asymptotic size to give a
good approximation to the finite sample size.*
If AsySz(0y) > a, then the nominal level « test has asymptotic size greater than
a and the test does not have correct asymptotic level.
To a lesser extent, we are also interested in the minimum rejection probability of
the subsample test and its limit:
MinRP,(6y) = inlﬁ RP,(00,v) and AsyMinRP(0y) = liminf MinRP,(0y). (2.10)
S n—00
The quantity o — MinRP,(0y) is the maximum amount of under-rejection of the test
over points in the null hypothesis for fixed n. If « — AsyMinRP(0y) > 0, then the
subsample test is not asymptotically similar and, hence, may sacrifice power.

3 Assumptions

This section introduces the assumptions that we employ. The assumptions are
verified in several examples below.

3.1 Parameter Space

First, we introduce some notation. Let | denote the left endpoint of an interval that
may be open or closed at the left end. Define | analogously for the right endpoint. Let
Ri={z€eR:2>0},R_={z€R:2<0},Ri oo = RtU{oo}, R_ oo = R_U{—00},
Roo = RU{£o0}, RE = Ry x...x Ry (with p copies), and RE, = Ry X ... X Roo (With p
copies). Let cl(I) denote the closure of an interval I = | I3, Is| C R with respect to Roo.
(In particular, if I = |I1,00) for I} > —o0, then cl(I) = [I1,00) U {o0}; if I = (—o0, I2]
for Iy < oo, then cl(f) = (—o0, [o] U {—o0}; and if I = R, then cl(I) = Ry.)

The model is indexed by a parameter v that has up to three components: v =
(71572,73)- The points of discontinuity of the asymptotic distribution of the test sta-
tistic of interest are determined by the first component, v; € RP. Through repara-
metrization we can assume without loss of generality that the discontinuity occurs at
71 = 0. Thus, 7v; determines how close the parameter v is to a point of discontinu-
ity. The value of v, affects the limit distribution of the test statistic of interest. The
parameter space for v, is I'1 C RP.

‘Note that the definition of the parameter space I' is flexible. In some cases, one might want to
define T" so as to bound « away from points in R? that are troublesome. This is reasonable, of course,
only if one has prior information that justifies the particular definition of I'.



The second component, v, (€ R?), of v also affects the limit distribution of the
test statistic, but does not affect the distance of the parameter v to the point of
discontinuity. The parameter space for v, is I's C R9.

The third component, 73, of 7 is assumed to be an element of an arbitrary space 73.
Hence, it may be finite or infinite dimensional. By assumption, the third component 75
does not affect the limit distribution of the test statistic (which is why no structure on
the space 73 is required). For example, in a linear model, a test statistic concerning one
regression parameter may be invariant to the value of some other regression parameters.
The latter parameters are then part of v5. Infinite dimensional 5 parameters also arise
frequently. For example, error distributions are often part of 3. Due to the operation
of the central limit theorem it is often the case that the asymptotic distribution of a
test statistic does not depend on the particular error distribution—only on whether the
error distribution has certain moments finite. Such error distributions are part of ~s.
The parameter space for v5 is I's(7y1,7v2) (C 73), which as indicated may depend on 7,
and 7,.

The parameter space for vy is

I'={(v1:72:73) : 71 € T1,72 € T2, 73 € T3(71,72) }- (3.1)

In Section 4 below we provide two main theorems. The first theorem relies on weaker
assumptions than the second, but gives weaker results. We label the assumptions
to correspond to these two theorems. An Assumption that ends with 1 is used in
Theorem 1. An Assumption that ends in 2 is used in Theorem 2 and is stronger than
a corresponding assumption that ends in 1. (For example, Assumption A2 implies
Assumption A1l.) All other assumptions are used in both Theorems 1 and 2.

Assumption Al. (i) I satisfies (3.1), where I'1 C RP, T's C R?, and I'3(7y1,7,) C 73
for some arbitrary space 73. (ii) The zero p-vector, 0, is in T';.

Assumption A2. (i) Assumption A1(i) holds. (ii) I'; = H?:l I'y;, where I'1 ; =
laj, b;] for some —oco < a; < b; < oo that satisfy a; <0 <b; for j =1,...,p.

Under Assumption A2, the parameter space I'1 includes the point v; = 0 as well as
values 7, that are arbitrarily close to 0.°

Next, we define an index set for the different asymptotic null distributions of the
test statistic T;,(0p) of interest. Define

p ( Ryoo ifa;j=0
H=H x Hy, H =]][{ R ifbj=0 and Hy = cl(Ty), (3.2)
i=1 | R if a;j <0 and b; > 0,

where cl(I'2) is the closure of I'y with respect to R&. For example, if p = 1, a1 = 0,
and I'y = RY, then Hy = R, o, Hy = RL,, and H = R4 o X RL..

*The results below allow for the case where there is no subvector v, of v, i.e., p = 0. In this case,
there is no discontinuity of the asymptotic distribution of the test statistic of interest, see below.



3.2 Convergence Assumptions

This subsection and the next introduce the high-level assumptions that we employ.
The high-level assumptions are verified in several examples below.

Throughout this section, the true value of 6 is the null value 8y and all limits are
as n — oo. For an arbitrary distribution G, let G(-) denote the distribution function
(df) of G and let C(G) denote the continuity points of G(-). Define the 1 — a quantile,
q(1 — @), of a distribution G by ¢(1 — «) = inf{z : G(z) > 1 — a}. For a df G(-), let
G(xz—) = lima\ o G(v — €), where “lim.\ o” denotes the limit as € > 0 declines to zero.
Note that G(z+) = lim.\ o G(x +¢€) equals G(x) because dfs are right continuous. The
distributions Jp, and Jjo considered below are distributions of proper random variables
that are finite with probability one.

For a sequence of constants {x, : n > 1}, let Ky — [K1,00, k2,00] denote that ki o <
liminf,, o kp < limsup,, o kn < K2,00-

Let » > 0 denote a rate of convergence index such that when the true value of 7,
satisfies n"y; — hq, then the test statistic T,,(0g) has an asymptotic distribution that
depends on the localization parameter hy. In most examples, r = 1/2.

Definition of {v,, : n > 1}: Given » > 0 and h = (h1,h2) € H, let {7, =
(Yn,h,1> Ynoh,2s Ynoh,a) © 1 > 1} denote a sequence of parameters in I' for which n"™y,, , 4 —
his Ynp2 = h2, and v, 5 3 € T3(Vp p1, Ynp2) for all n > 1.

The sequence {7,, 5, : n > 1} is defined such that under {v,,, : n > 1}, the asymptotic
distribution of T},(6p) depends on h and only h, see Assumptions Bl and B2 below. For
a given model, there is a single fixed r > 0. Hence, for notational simplicity, we do not
index {7, : n > 1} by r. In addition, the limit distributions under {v,,, : n > 1} of
the test statistics of interest do not depend on v,, ;, 5, so we do not make the dependence
of v, 5, on 7, 5 3 explicit.

In models in which the asymptotic distribution of the test statistic of interest is
continuous in the model parameters, we apply the results below with no parameter v,
(or Y, p1) 1-€., p = 0. We refer to this as the continuous limit case. On the other hand,
in the discontinuous limit case—which is the case of main interest in this paper, we
apply the results with p > 1.

Given any h = (h1, ho) € H, define h® = (0, ho) € H, where hy € Hs.

We use the following assumptions.

Assumption B1. (i) For some r > 0, some h € RP, some sequence {7, : n > 1},
and some distribution Jy,, T5,(00) —q Jx under {v,, , : n > 1}, and (ii) for all sequences
{Yn,po : 1 > 1} and some distribution Jxo, Tn(60) —4 Jpo under {7,, o : n > 1} (where
7 is the same as in part (i) and h® depends on the vector h given in part (i)).

Assumption B2. For some r > 0, all h € H, all sequences {v,,, : n > 1}, and some
distributions Jg, Tn(60) —q Jp under {v,,, : n > 1}.

If v, , does not depend on n (which necessarily requires h; = 0), Assumption B1(i)
is a standard assumption in the subsampling literature. For example, it is imposed



in the basic theorem in PRW (1999, Thm. 2.2.1, p. 43) for subsampling with iid
observations and in their theorem for stationary strong mixing observations, see PRW,
Thm. 3.2.1, p. 70. If ,, j, does depend on n, Assumption B1(i) usually can be verified
using the same sort of argument as when it does not. Similarly, Assumption B1(ii)
usually can be verified using the same sort of argument and, hence, is not restrictive.
Assumption B2 holds in many examples, but it can be restrictive. It is for this
reason that we introduce Assumption B1l. Theorem 1 only requires Assumption B1,
whereas Theorem 2 requires Assumption B2. In the “continuous limit” case (where
Assumption B2 holds with p = 0 and H = Hs), the asymptotic distribution J;, may
depend on h but is continuous in the sense that one obtains the same asymptotic
distribution for any sequence {7,, , : n > 1} for which 7,, j, 5 converges to hg € Ha.

3.3 Subsample Assumptions

The assumptions above are all that are needed for FCV tests. For subsample tests,
we require the following additional assumptions:

Assumption C. (i) b, — oo, and (ii) b,/n — 0.

Assumption D. (i) {Typ,:(00) : @ = 1,...,qn} are identically distributed under any
v eI forall n > 1, and (ii) Ty, i(60) and T3, (0g) have the same distribution under
any’yEFforallnzl.

Assumption E. For all sequences {v,, € I': n > 1}, Upnp, (z) — Egyy, Unp, () —p 0
under {7, : n > 1} for all z € R.

Assumption F1. For all € > 0, Jyo(cpo(l —a) —¢) < 1—a and Jpo(cpo(l —a) +¢) >
1 — a, where cjo(1 — @) is the 1 — a quantile of Jo and h° is as in Assumption B1(ii).

Assumption F2. For all e > 0 and h € H, Jp(cp(l —a) —¢) <1 —a and Jp(cp(1 —
a)+¢) > 1— a, where ¢, (1 — @) is the 1 — a quantile of Jj.

Assumption G1. For the sequence {7, : n > 1} in Assumption B1(i), Ly, (z) —
Unp, (x) —p 0 for all z € C(Jpo) under {v,,,, : n > 1}.

Assumption G2. For all h € H and all sequences {,, j, : n > 1}, if Upp, ( ) —p Jg(x)
under {~,,, : n > 1} for all z € C(J,) for some g € RE, then Ly, (2) — Upp, (x) —p 0
under {v,,, : n > 1} for all z € C(Jy).

Assumptions C and D are standard assumptions in the subsample literature, e.g.,
see PRW, Thm. 2.2.1, p. 43, and are not restrictive. The sequence {b, : n > 1}
can always be chosen to satisfy Assumption C. Assumption D necessarily holds when
the observations are iid or stationary and subsamples are constructed in the usual way
(described above).

Assumption E holds quite generally. For iid observations, the condition in Assump-
tion E when v,, ; = 0 and (v,, 2, 75,3) does not depend on n (where 7, = (V,,1, V.2 Yn,3))
is verified by PRW (1999, p. 44) using a U-statistic inequality of Hoeffding. It holds
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for any triangular array of row-wise iid [0,1]-valued random variables by the same ar-
gument. Hence, Assumption E holds automatically when the observations are iid for
each fixed v € I" when the subsample statistics are defined as above.

For stationary strong mixing observations, the condition in Assumption E when
Yna = 0 and (¥,,.2,7n,3) does not depend on n (where ,, = (V5,15 Vn2, Yn,3)) is verified
by PRW (1999, pp. 71-72) by establishing L? convergence using a strong mixing co-
variance bound. It holds for any sequence {~, € I": n > 1} and, hence, Assumption E
holds, by the same argument as in PRW provided

sup oy (m) — 0 as m — o0, (3.3)
yel’

where {a,(m) : m > 1} are the strong mixing numbers of the observations when the
true parameters are (6, ).

Assumptions F1 and F2 are not restrictive. They hold in all of the examples that
we have considered. In particular, Assumption F1 holds if either (i) Jjo(x) is strictly
increasing at @ = ¢po(1—a) or (ii) Jpo(z) has a jump at = ¢jo(1 —a) with Jyo(cpo(1—
a)) > 1—aand Juo(cpo(l —a)—) < 1 — a. Sufficient conditions for Assumption F2 are
analogous. Condition (i) holds in most examples. But, if Jy0 is a pointmass, as occurs
with the example of a CI based on a super-efficient estimator with constant a = 0 (see
Section 11.2 below), then condition (i) fails, but condition (ii) holds.

Assumptions G1 and G2 hold automatically when {T\n,bn,i} satisfy Assumption
Sub2.

To verify that Assumption G1 or G2 holds when {T\n,bn,i} satisfy Assumption Subl
and T,,(0y) is a non-studentized t statistic (i.e., Assumptions t1 and t2 hold), we use
the following assumption.

Assumption H. 7, /7, — 0.

This is a standard assumption in the subsample literature, e.g., see PRW, Thm. 2.2.1,
p- 43. In the leading case where 7, = n® for some s > 0, Assumption H follows from
Assumption C(ii) because 7, /Ty, = (bp/n)® — 0.

Lemma 1 (a) Assumptions B1(i), t1, t2, Subl, and H imply Assumption GI.
(b) Assumptions B2, t1, t2, Subl, and H imply Assumption G2.

Comment. Lemma 1 is a special case of Lemma 5, which is stated in Section 10 for
expositional convenience and is proved in the Appendix. Lemma 5 does not impose
Assumption t2 and, hence, covers studentized t statistics.

The assumptions above have been designed to avoid the requirement that Jy(z)

is continuous in x because this assumption is violated in some applications, such as
boundary problems, for some values of h and some values of z.

11



4 Asymptotic Results

The first result of this section concerns the asymptotic null behavior of FCV and
subsample tests under a single sequence {7, , : n > 1}.

Theorem 1 Let o € (0,1) be given.
(a) Suppose Assumption B1(i) holds. Then,

PGo,vn,h(anO) > cpiz(l — a)) = [1 — Jp(cpiz(l — @), 1 — Jp(cpiz(1 — a)—)].
(b) Suppose Assumptions Al, B1, C-E, F1, and G1 hold. Then,
Py (Tn(00) > crp(l — @) — [1 = Jp(cpo (1 — @), 1 — Jpo(cpo (1 — a)—)].

Comments. 1. If 1 — Jp(cpiz(1 — @)) > a, then the FCV test has AsySz(0y) > a,
i.e., its asymptotic size exceeds its nominal level a.

2. Analogously, for the subsample test, if 1 — J,(cpo(1 — @)) > a, then the test has
AsySz(6o) > a.

3. If 1 — Jp(cpiz(1 — a)—) < a, then the FCV test has AsyMinRP(6y) < a and
it is not asymptotically similar. Analogously, if 1 — Jx(cpo(1 — a)—) < «, then the
subsample test has AsyMinRP(0y) < « and it is not asymptotically similar.

4. If Jp(x) is continuous at x = cpiz(1 — o) (which typically holds in applications
for most values h but not necessarily all), then the result of Theorem 1(a) becomes
Poo v,y (Tn(00) > cpiz(1—a)) — 1—=Jp(cpiz(1—a)). Analogously, if Jp(x) is continuous
at ¥ = cpo(1 — a), then the result of Theorem 1(b) becomes Py, , (15 (60) > cnp(1 —
a)) = 1 — Jp(epo(l — ).

5. In the “continuous limit” case, h’ = h because no parameter v, appears. Hence,
the result of Theorem 1(b) for the subsample test is Py, 4, , (T(60) > cnp(l—a)) — a,
provided Jp(x) is continuous at x = ¢;(1 — «). That is, the pointwise asymptotic null
rejection rate is the desired nominal rate a.

6. Typically Assumption B1(i) holds for an infinite number of values h, say h € H*
(C RP). In this case, Comments 1-5 apply for all h € H*.

We now use the stronger Assumptions A2, B2, F2, and G2 to establish more pre-
cisely the asymptotic sizes and asymptotic minimum rejection probabilities of sequences
of FCV and subsample tests. For FCV tests, we define

Ma$Fiz(a) = sup[l - Jh(cFix(l - a))] and
heH

Max g, (o) = Zg}};[l — Jp(criz(1 — a)—)]. (4.1)

9

Define Minpi, (o) and Miny, (o) analogously with “inf” in place of “sup.
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For subsample tests, define

GH = {(gv h’) € HXH: g = (91792)7 h = (h’lth)v g2 = h2 and for ] = 17"'7p7
(i) gi,j = 0if |h17j| < 00, (ii) g1,5 € R+7oo if hl,j = 400, and
(iii) g1, € R—,oo if h17j = —OO}, (42)
where g1 = (g1,1,..-,g1p) € H1 and hy = (h1,1,...,h1p)" € Hi. Note that for (g,h) €

GH, we have |g1 ;| < |hi | for all j = 1,...,p. In the “continuous limit” case (where
there is no ; component of ) GH simplifies considerably: GH = {(g2,h2) € Ho x Hy :

g2 = ha}.
Define
Mazgy(a) = sup [1— Jp(cg(1 — )] and
(g,h)EGH
Mazg,(a) = sup [1— Jp(cg(l —a)-)]. (4.3)
(g,h)EGH

Define Mingu(a) and Ming,, (o) analogously with “inf” in place of “sup.” In the
“continuous limit” case, Maxgyp(c) simplifies to suppep[l — Jp(cp(l — @))], which is
less than or equal to « by the definition of ¢, (1 — «).

Theorem 2 Let o € (0,1) be given.
(a) Suppose Assumptions A2 and B2 hold. Then, an FCV test satisfies

AsySz(0o) € [Marpi(a), Max g, (o)] and
AsyMinRP(0o) € [Minpi.(c), Ming, (o).

(b) Suppose Assumptions A2, B2, C-E, F2, and G2 hold. Then, a subsample test
satisfies

AsySz(0p) € [Margy (o), Maxg,, ()] and
AsyMinRP(0g) € [Mingy (o), Ming,,(co)].

Comments. 1. If J;(x) is continuous at the appropriate value(s) of =, then Max gy ()
= Maxy,, (o) and Maxg(a) = Maxg,, (o) and Theorem 2 gives the precise value of
AsySz(0p) and analogously for AsyMinRP(0y). Even for FCV tests, we are not aware
of general results in the literature that establish the limit of the finite sample size
of tests. REFERENCES WOULD BE WELCOME. WE SUSPECT THAT THERE
MUST BE SOME RESULTS OF THIS SORT IN THE LITERATURE FOR FCV
TESTS.

2. Given Theorem 2(b) and the definition of Maxg,, (), sufficient conditions for
a nominal level a subsample test to have asymptotic level « are the following: (a)
cg(l—a) > cp(1—a) for all (g,h) € GH and (b) Mazg,, (o) = Mazgu(a).® Condition

SUnder these conditions, Mazg,,(a) = Marsu(a) = sup(, nyegull — Julcg(1 — )] < suppepll—
Jn(cn(l —a))] < a.
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(a) necessarily holds in “continuous limit” examples and it holds in some “discontinuous
limit” examples. But, it often fails in “discontinuous limit” examples. Condition (b)
holds in most examples.

3. The same argument as used to prove Theorem 2 can be used to prove slightly
stronger results than those of Theorem 2. Namely, for FCV and subsample tests,

ExSz,(00) — [Mazrype(a), Mazy,,. ()] (4.4)

for T'ype = Fix and Sub, respectively. (These results are stronger because they imply
that liminf,, oo ExSz,(00) > Mazrype(a), rather than just limsup,, ., ExSz,(0g) >
Maxrype(c).) Hence, when Mazrype(a) = Maxyp,, (), we have

nlggo ExS2,(00) = Maxrype(c) for Type = Fixz and Sub. (4.5)

4. Theorem 2 does not provide asymptotic confidence levels of Cls that are obtained

by inverting FCV or subsample tests. The reason is that the level (and asymptotic level)

of a CI depends on uniformity of the coverage probability over nuisance parameters

and over the parameter of interest ¢, whereas the level (and asymptotic level) of a

test concerning 6 only depends on uniformity of the null rejection rate over nuisance

parameters (because the null value of the parameter of interest, 6, is fixed). See Section
9 for analogous results for the asymptotic levels of Cls.

5 Hybrid Tests

In this section, we define a hybrid test that is useful when a test statistic has a
limit distribution that is discontinuous in some parameter and a FCV or subsample test
over-rejects asymptotically under the null hypothesis. The critical value of the hybrid
test is the maximum of the subsample critical value and a certain fixed critical value.
The hybrid test is quite simple to compute, in some situations has asymptotic size
equal to its nominal level «, and in other situations over-rejects the null asymptotically
less than either the standard subsample test or a certain fixed critical value test. In
addition, at least in some scenarios, the power of the hybrid test is quite good relative
to FCV and subsample tests, see Section 7 below.

We suppose the following assumption holds.

Assumption J. The asymptotic distribution Jp in Assumption B2 is the same distri-
bution, call it Joo, for all h = (hi, he)’ € H for which hy; = +oo for all j = 1,...,p,
where hl = (hl,la ceey h17p)/.

In examples, Assumption J often holds when T),(0y) is a studentized statistic (i.e.,
Assumption t1 holds, but t2 does not) or an LM or LR statistic. In such cases, Ju
typically is a standard normal, absolute standard normal, or chi-square distribution.
Let ¢oo(1 — @) denote the 1 — a quantile of Ju.
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The hybrid test with nominal level a rejects the null hypothesis Hg : § = 6p when

T(00) > cp, (1 — ), where
cpp(1 —a) = max{cyp(1 — a),ceo(l — a)}. (5.1)

The hybrid test simply takes the critical value to be the maximum of the usual sub-
sample critical value and the critical value from the J,, distribution, which is usually
known.” Hence, it is straightforward to compute. Obviously, the rejection probability
of the hybrid test is less than or equal to those of the standard subsample test and
the FCV test with cpiz(1 — @) = coo(l — ). Hence, the hybrid test over-rejects less
often than either of these two tests. Furthermore, it is shown in Lemma 3 below that
the hybrid test of nominal level a has asymptotic level a (i.e., AsySz(0y) < «) pro-
vided the quantile function ¢4(1 — @) is maximized at a boundary point. For example,
this occurs if ¢4(1 — «) is monotone increasing or decreasing in g; for fixed gs, where
g = (91,92) (i-e., ¢(gy,99)(1 — @) < €gr g)(1 — @) when g1 < gi element by element or
Cgr,g2) (1 — @) = ¢(gr g,)(1 — ) when g1 < go element by element).
Define

Maml_{yb(a) = ( s;lepGH[l — Jp(max{cy(1 — ), coo(1 — ) }—)]. (5.2)

b

Define Max py(cr) analogously, but without “—" at the end of the expression.
The following Corollary to Theorems 1(b) and 2(b) establishes the asymptotic size
of the hybrid test.

Corollary 1 Let a € (0,1) be given.
(a) Suppose Assumptions Al, Bl, C-E, F1, G1, and J hold. Then,

Boo.1 1, (Tn(00) > 5, 5(1 — @)
— [1 = Jp(max{cpo(l — @), coo(l — a)}),1 — Jpo(max{cpo(l — @), coo(l — a)}—)].

(b) Suppose Assumptions A2, B2, C-E, F2, G2, and J hold. Then, the hybrid test
based on Ty (6o) has AsySz(6o) € [Mazpyp(c), Mazy,, ()]

Comments. 1. If 1 — Jp(max{cpo(l — ), coo(l — @)}) > @, then the hybrid test has
AsySz(6p) > a.

2. Assumption J is not actually needed for the results of Corollary 1 to hold—in
the definition of ¢}, ,(1 — @)), coo(1 — a) could be any constant. Assumption J is just
used to motivate the particular choice of ¢ (1 — @) given above, as the 1 — o quantile

"THybrid tests can be defined even when Assumption J does not hold. For example, we can define
cnp(1—0a) = max{cnp(1 — @), sup,cy Cho (1 — )}, where e, (1 —a) is the 1 — a quantile of Jp_, and,
given h € H, hoo = (Moo, 1,15 -5 Roo,1,p, Roo,2) € H is defined by heo,1,j = 00 if h1j > 0, heo,1,; = —00
if h1; <0, hoo,1,j = +00 or —oo (chosen so that he € H) if h1; =0 for j = 1,...,p, and heo,2 = ha.
When Assumption J holds, this reduces to the hybrid critical value in (5.1). We utilize Assumption J
because it leads to a particularly simple form for the hybrid test.
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of Js. Assumption J also is used in results given below concerning the properties of
the hybrid test.

3. Corollary 1 holds by the proof of Theorems 1(b) and 2(b) with c¢,4(1 — @)
replaced by max{c, (1 — @), ceo(1 — )} throughout using a slight variation of Lemma
6(b) in the Appendix.

The hybrid test has better size properties than the subsample test for the following
reason.

Lemma 2 Suppose Assumptions A2, B2, C-E, F2, G2, and J hold. Then, either (i)
the addition of ceo(1 — ) to the subsample critical value is irrelevant asymptotically
(i.e., ep(l—a) = co(1—a) for allh € H, Mazp,, (o) = Mazg,,(a), and Maz gy (o) =
Maxgyp()), or (ii) the nominal level v subsample test over-rejects asymptotically (i.e.,
AsySz(0p) > «) and the hybrid test reduces the asymptotic over-rejection for at least
some parameter values.

Theorem 3 in Section 7 below shows that the nominal level o hybrid test has asymp-
totic level av (i.e., AsySz(6p) < «) if ¢5(1 — ) is monotone increasing or decreasing
in h (see Comment 1 to Theorem 3). Here we show that if p = 1, which occurs in
many examples, then the hybrid test has correct size asymptotically under the more
general condition that cj,(1 — a) is maximized at either h° or h*, where h* = (oo, h})’
or (—oo,hb). For example, the latter condition is satisfied if ¢;(1 — «) is monotone
increasing or decreasing in h1, is bowl-shaped in h;, or is wiggly in h; with global max-
imum at 0 or +oo. The precise condition is the following. (Here, “Quant” abbreviates
“quantile.”)

Assumption Quant0. Either (i) (a) for all h € H, ¢oo(1 — ) > ¢p(1 — a) and (b)
suppepr[l = Jn(coo(1 — @)=)] = suppep[l — Ju(coo(l —a))]; or (i) (a) p = 1, (b) for
all h € H, cpo(l — a) > cp(l — @), (¢) Joo(Coo(l — @)—) = Joo(Coo(l — ), and (d)
suppep[l — Ju(en(l — @)=)] = suppep[l — Ju(cn(l — a))].

(In Assumption Quant0(ii), h® = (0, hs) given h = (h1, h).) The main force of As-
sumption Quant0 is parts (i)(a), (ii)(a), and (ii)(b). Parts (i)(b), (ii)(c), and (ii)(d)
only require suitable continuity of Jp.

Lemma 3 Let o € (0,1) be given. Suppose Assumptions A2, B2, C-E, F2, G2, J, and
Quant0 hold. Then, the hybrid test based on T,,(0y) has AsySz(0y) < a.

6 Size-Corrected Tests

In this section, we use Theorem 2 to define size-corrected (SC) FCV, subsample,
and hybrid tests. These tests are useful when a test statistic has a distribution with
“discontinuous limit.” The SC tests only apply when Assumption B2 holds. Typically
they do not apply if the asymptotic size of the FCV, subsample, or hybrid test is one.
The method of this section applies to Cls as well, see Section 9 below.
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The size-corrected fixed critical value (SC-FCV), subsample (SC-Sub), and hybrid
(SC-Hyb) tests with nominal level «v are defined to reject the null hypothesis Hy : 6 = 6y
when

Tn(00) > cv(1l — a),
Tn(00) > cpp(l —&(a)) and
Tn(00) > cpp(1 =& (), (6.1)

respectively, where cv(1 —a), {(a) (€ (0,a]), and £*(«) (€ (0, a]) are constants defined
such that

sup [l — Jp(cv(1 —a)-)] < a,
heH
Maxg,,(§(a)) < a and
Mazg,,(€°(0)) < o, (6.2

respectively. If more than one such value cv(1l — «) exists, we take cv(l — a) to be
the smallest value.® If more than one such value () (or £*(a)) exists, we take &(a)
(or £*(a), respectively) to be the largest value.? If supcp[l — Ju(criz(1 — a)—)] < a
(or Mazg,,(a) = a or Maxy,(a) = «), then (i) no size correction is needed, (ii)
cv(l—a) = cpiz(1 —a) (or £(a) = a or £*(a) = a, respectively), and (iii) the SC-FCV
test (or SC-Sub test or SC-Hyb test, respectively) is just the uncorrected test.!”

We assume that cv(1 — ), {(«), and £*(a) values exist that satisfy (6.2):

Assumption K. Given a € (0,1), there exists a constant cv(1 — a) < oo such that
supperll — Jn(co(l —a)-)] < .

Assumption L. Given a € (0, 1), there exists {(a) € (0, a] such that Mazg,,({(a)) <
a.

Assumption M. Given a € (0, 1), there exists {*(a) € (0, o] such that Mazy,, (" (a))
< a.

Assumptions K, L, and M usually are not restrictive given Assumption B2. On the
other hand, Assumption B2 is restrictive and may be violated in some examples of
interest. In such cases, it may not be possible to construct size-corrected tests.

In most cases, Assumption K holds with

cv(l —a) = sup ep(l — ). (6.3)
heH

81f no such smallest value exists, we take some value that is arbitrarily close to the infimum of the
values that satisfy (6.2).

91f no such largest value exists, we take some value that is arbitrarily close to the supremum of the
values that satisfy (6.2).

""Note that Maxg,,(a) < « or Mazy,, (o) < o is not possible because (R°,h%) € GH and
Jpo(epo(1 —a)=) <1 —a for any h° = (0,h3) € H for some h3 € H.
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A sufficient condition for this is the following.

Assumption KK. (i) cv(1 — a) = suppcg cp(l — @) < oo and (ii) for any h € H for
which ¢;(1 — a) = cv(1 — «), Jp(x) is continuous at x = cv(1l — «).

Lemma 4 Assumption KK implies Assumption K.

If Assumptions L and M hold and Maxyg,,;(¢) and Mazy,,(£) are continuous for £ in

(0, ], then Assumptions L and M hold with Maxzg,,({(a)) = o and Maz g, (£ () =
a for some ¢(a) and £*(a) in (0, ] by the intermediate value theorem.

The following Corollary to Theorem 2 shows that the SC tests have asymptotic size
less than or equal to their nominal level a.

Corollary 2 Let a € (0,1) be given.

(a) Suppose Assumptions A2, B2, and K hold. Then, the SC-FCV test has AsySz(0o)
< a.

(b) Suppose Assumptions A2, B2, and KK hold and supcp cn(1 — o) is attained
at some h* € H. Then, the SC-FCV test has AsySz(0y) = .

(c) Suppose Assumptions A2, B2, C-E, G2, and L hold and Assumption F2 holds
with o replaced by (). Then, the SC-Sub test has AsySz(0p) < «. In addition,
AsySz(6y) = a if Mazgup(é(a)) = .

(d) Suppose Assumptions A2, B2, C-E, G2, J, and M hold and Assumption F2
holds with « replaced by £*(a). Then, the SC-Hyb test has AsySz(0p) < a. In addition,
AsySz(0o) = a if Maxgy(§* (o)) = o

Comments. 1. The conditions in parts (b)-(d) under which AsySz(fy) = « hold in
most applications.

2. Projection-based tests (e.g., see Dufour and Jasiak (2001)), typically have as-
ymptotic size less than their nominal level—often substantially less. Because SC tests
typically have asymptotic size equal to their nominal level, they have potentially sub-
stantial power advantages over projection-based tests.

3. A CI for 8 constructed by inverting an SC test does not necessarily have asymp-
totic confidence level greater than or equal to 1 — a. The reason is that the level of a
CI depends on uniformity over both # and + whereas a test of Hg : 8 = 0, such as a
SC test, only requires uniformity over 7. See Section 9 for SC Cls.

4. Corollary 2(a) follows from Theorem 2(a) applied with ¢y (1 — @) = cv(1 — @)
because in this case Maxzy,, () = sup,cy[l — Jp(cv(l — a)—)] < a by Assumption K.
Corollary 2(b) holds by Assumption KK and (12.22) in the proof of Lemma 4 with h
replaced by h* using the assumption in part (b). Corollary 2(c) holds by Theorem 2(b)
with a replaced by £(a) because in this case AsySz(0g) < Maxg,,(&(e)) < o using
Assumption L. Corollary 2(d) holds by Theorem 2(b) with («, ¢, (1 — @)) replaced by
(€ (), c;, ,(1=€"(a))) throughout, because in this case AsySz(0y) < Mazy,, (£ (@) <
« using Assumption M.
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To compute cv(l — ) = suppcy cn(l — @), one needs to be able to compute the
1 — a quantile of Jp for each h € H and to find the maximum of the quantiles over
h € H. Computation of quantiles can be done analytically in some cases, by numerical
integration if the density of Jj is available, or by simulation if simulating a random
variable with distribution Jj is possible. The maximization step may range in difficulty
from being very easy to nearly impossible depending on how many elements of h affect
the asymptotic distribution Jj, the shape and smoothness of ¢, (1 — «) as a function of
h, and the time needed to compute c;(1 — «) for any given h.

In some examples cv(1 — «) can be tabulated for selected values of . Once this is
done, the SC-FCV test is as easy to apply as the non-corrected FCV test.

To compute {(a) for the SC-Sub test, one needs to be able to compute Maxg,,(§)
for £ € (0,a]. For this, one needs to be able to compute ¢, (1 — &) for h € H. Next,
one needs to be able to maximize 1 — Jp,(cq(1 — &)—) over (g,h) € GH. Depending on
how many elements of h affect the asymptotic distribution J, and on the shape and
smoothness of Jy(cqg(1 —§)—) as a function of (g, h), this is more or less difficult to do.

Given a method for computing the function Maxg,,(£), the scalar {(a) can be
computed using a halving algorithm because Maxg,,(£) is nondecreasing in ¢ and
£(a) € (0,a).t! The halving algorithm has an error bound of /2%, where a is the
number of evaluations of Maxg,,(£). Hence, a = 7 yields a percentage error in the
computed value of £(a) of less than 1%.

In some examples, £(a) can be tabulated for selected values of «. In other examples,
tabulation of {(«) is difficult.

Computation of *(a) for the SC-Hyb test is analogous to computation of () with
1 — Jp(max{cg(l — ), coo(l — ) }—) in place of 1 — Jp(cq(1 — a)—).

7 Power Comparisons of Size-Corrected Tests

In this section, we compare the asymptotic power of the SC-FCV, SC-Sub, and SC-
Hyb tests. Since all three tests employ the same test statistic 7,,(0p), the asymptotic
power comparison is based on a comparison of the magnitudes of cv(1—a), ¢, (1—E(ar)),
and ¢}, (1 — £*(a)) for n large. The first of these is fixed. The latter two are random
and their large sample behavior depends on the particular sequence {v,, € ' : n > 1}
of true parameters and may depend on whether the null hypothesis is true or not.
We focus on the case in which they do not depend on whether the null hypothesis is
true or not. This typically holds when the subsample statistics are defined to satisfy
Assumption Subl (and fails when they satisfy Assumption Sub2). We also focus on
the case where Assumption KK holds, so that cv(1 — a)) = supp,cp cn(l — ).

From the definitions of the critical values ¢, (1 — £(v)) and ¢, (1 — £*(«v)) of the
SC-Sub and SC-Hyb tests and Lemma 7(e) (in the Appendix), the possible limits of

"'The halving algorithm starts with the potential solution set being (0,q]. First, one computes
Maxg,,(a/2). If it exceeds «, the solution set becomes (0, /2] and one computes Maxg,,(a/4); if
not, the solution set becomes [/2, &) and one computes Maxg,,;, (3c/4). One continues to convergence.
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the critical values are

cg(1 —&(v)) and c;’oo(l —&*(a)) for g € H, where
Cgo0(l — @) = max{cy(1l — a), coo(1 — a)}. (7.1)

Hence, we are interested in the relative magnitudes of cv(l — ), ¢4(1 — &(a)),
and ¢ (1 — §"(a)) for g € H. These relative magnitudes are determined by the
shapes of the quantiles ¢;(1 — a) and c;(1 — &(«)) as functions of h € H. Theorem
3 below essentially shows that (i) if ¢4(1 — () is monotone decreasing in g € H, then
cg(1=&(a)) = ¢ oo (1=E"(a)) < cv(1—a) for all g € H with strict inequality for some g,
(ii) if ¢4(1 —&(@v)) is monotone increasing in g € H, then cv(l1 —a) = ¢j (1 -£*(a)) <
cg(1 —&(av)) for all g € H with strict inequality for some g, and (iii) if c4(1 — §(a)) is
not monotone in g € H, then one can have cv(1 — a) < ¢4(1 — {(a)) for some g € H
and cv(l — a) > ¢g(1 — §(a)) for some g € H with strict inequalities for some g.

In case (i), the SC-Sub and SC-Hyb tests are equivalent and are more powerful than
the SC-FCV test; in case (ii), the SC-FCV and SC-Hyb tests are equivalent and are
more powerful than the SC-Sub test; and in case (iii), the SC-FCV and SC-Sub tests
cannot be unambiguously ranked.

These results show that the SC-Hyb test has some nice power properties. When
the SC-Sub test dominates the SC-FCV test, the SC-Hyb test behaves like the SC-Sub
test. And when the SC-FCV test dominates the SC-Sub test, SC-Hyb test behave like
SC-FCV test.

We now state three alternative assumptions concerning the shapes of ¢, (1 — «) and
cn(1 —&(a)), which correspond to cases (i)-(iii) above. (“Quant” refers to “quantile.”)

Assumption Quantl. (i) ¢(1 — @) > cp(1 — a) for all (9,h) € GH, and (ii)
Maxg,, (o) = Maxgyu(a).

Assumption Quant2. (i) c4(1 — ) < ¢(1 — @) for all (g,h) € GH, and (ii) ¢4(1 —
() <cp(1=¢(a)) for all (g,h) € GH.

Assumption Quant3. (i) ¢;(1 —«) is maximized over h € H at some h* = (h], h}) =
(P17, s hY o h3) € H with h7 ; # 0 and hj ; # +oo for some j = 1,...,p, (ii) cp-o(1 —
a) < cp(1 — ), where h*0 = (0, h3), (iii) Jup«(x) is continuous at x = ¢+ (1 — a), and
(iv) cpt(1 — €()) < cp(1 — @) for some hl = (h{,h%) = ((hi’l, ...,h{yp,hg) € H with
th # 0 and hJ{,j # too for some j =1,...,p.

Theorem 3 (a) Suppose Assumptions J, KK, L, M, and Quantl hold. Then, (i)
cv(1 — a) = suppepy cpo(1 — @) (where h® = (0, he) given h = (h1, h2)), (i) £(a) = a,
(iii) £"(a) = a, (iv) €5 o(1 = & (@) = ¢o(1 = &(a)), and (v) cg(1 = () < cv(l — a)
forall g € H.

(b) Suppose Assumptions J, KK, L, M, and Quant2 hold. Then, (i) cv(l — «)
coo(l — ), (i) (o) = a, (iii) ¢ (1 = () = cv(l — a), and (iv) cv(l — a)
cg(1 —&(wv)) forall g € H.

IA
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(c) Suppose Assumptions KK, L, and Quant3 hold. Then, (i) cv(1—a) = cp+(1—a),
(ii) epr (1 — &(a)) > cv(l — ), and (iii) ¢t (1 — €(a)) < cv(l — a).

Comments. 1. Theorem 3(a)(ii) shows that the standard subsample test (without
size correction) has correct asymptotic size when the quantile function ¢4(1 — «) is
monotone increasing in g € H. Theorem 3(a)(iii) and (b)(ii) show that the hybrid test
has correct asymptotic size when the quantile function ¢,(1 — ) is monotone increasing
or decreasing in g € H.

2. If Assumption Quantl(i) holds with a strict inequality for (g,h) = (h°, h) for
some h = (h1,hy) € H, where h® = (0, h2) € H, then Theorem 3(a)(v) holds with a
strict inequality with g equal to this value of h. If Assumption Quant2(ii) holds with a
strict inequality for (g, h) = (h°, h) for some h = (hy, hy) € H, where h® = (0, hy) € H,
then the inequality in Theorem 3(b)(iv) holds with a strict inequality with g equal to
this value of h.

3. Assumption J is not needed in Theorem 3(a)(i), (ii), and (v).

The results above are relevant when the subsample statistics satisfy Assumption
Subl (because then their asymptotic behavior is the same under the null and the al-
ternative). On the other hand, if Assumption Sub2 holds, then the subsample critical
values typically diverge to infinity under fixed alternatives (at rate b}/ ? << n'/2 when
Assumption t1 holds). Hence, in this case, the SC-FCV test is more powerful asymptot-
ically than the SC-Sub test for distant alternatives. For brevity, we do not investigate
the relative magnitudes of the critical values of the SC-FCV and SC-Sub tests for local
alternatives when Assumption Sub2 holds.

8 Equal-tailed t Tests

This section considers equal-tailed two-sided t tests. There are two reasons for
considering such tests. First, equal-tailed tests and Cls are preferred to symmetric
procedures by some statisticians, e.g., see Efron and Tibshirani (1993). Second, given
the potential problems of symmetric t tests documented in Section 4, it is of interest
to see whether equal-tailed tests are subject to the same problems and, if so, whether
the problems are more or less severe than for symmetric procedures.

We suppose Assumption t1(i) holds, so that T,,(0p) = 75 (0, — 00)/Frn. An equal-
tailed FCV, subsample, or hybrid t test of Hy : 6 = 6y versus Hj : 6 # 0y of nominal
level a (€ (0,1/2)) rejects Hp when

T.(0p) > C1—q/2 OF Th(0p) < Ca/2; (8.1)

where ¢1_q is defined in (2.8) for FCV and subsample tests. For hybrid tests, the
critical values in (8.1) are

Clmaj2 = Cnp(l —/2) = max{cnp(1 — a/2),co(l — a/2)} and
Caj2 = Cnp(@/2) = min{c,p(a/2), co(/2)}. (8.2)
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The exact size, ExSz,(0p), of the equal-tailed t test is

ExSzn(6o) = Sup (Poo.r (Tn(00) > c1-as2) + Fagr(Tn(00) < capp)) - (8.3)
¥
The asymptotic size of the test is AsySz(0y) = limsup,,_,o, FxSz,(6p). The minimum
rejection probability, MinRP,(0y), of the test is the same as FxSz,(0y) but with
“sup” replaced by “inf” and AsyMinRP(0y) = liminf, . MinRP,(0p).
For equal-tailed subsample t tests, we replace Assumptions F'1 and F2 by the fol-
lowing assumptions, which are not very restrictive.

Assumption N1. For all ¢ > 0, Jpo(cpo(k) —¢) < k and Jypo(cpo(k) +¢) > K for
k=a/2and k = 1 — /2, where cjo(1 — ) is the 1 — a quantile of J4o and h is as in
Assumption B1.

Assumption N2. For all e > 0 and h € H, Jy(cp(k) —¢) < k and Jp(cp(k) +€) > K
for Kk = a/2 and kK = 1 — /2, where ¢, (1 — @) is the 1 — a quantile of Jj,.

Define

Max'gp pi,(a) = sup[l — Jp(criz(1 = @/2)) + Jp(criz(a/2) )],

heH
Maxr,pi(@) = sup[l = Ju(era(l = a/2)=) + Ju(epic(e/D))
Max'yy g (@) = sup [1 = Jn(cg(1 — a/2)) + Ju(cy(a/2)—)], and
(g,h)EGH
Maap g(@) = sup  [1—Ja(eg(1 = /2)=) + Jn(eg(@/2))]. (8.4)
(g,h)EGH
Here “r—" denotes that the limit from the left “—” appears in the right summand in the

expression for Maxp p,.(a). Analogously, “—" denotes that it appears in the left sum-
mand in the expression for M amtgﬂ Fpig(@). Define Max'pr (o) and M axgEny (@) as
Max'yy g,4(a) and Mam%}’sub(a) are defined, but with max{cy(1—0/2), cso(1—/2)}
in place of ¢4(1 — a/2) and with min{cy(a/2), cso(a/2)} in place of c4(a/2). Define
MinE_T’Fim(a), ...,Mm%_T’Hyb(a) analogously with “inf” in place of “sup.”

In the “continuous limit” case, Max',; g, (@) simplifies to supyep [l — Jp(cp(l —
/2)) + Ju(cn(a/2)—)] and likewise for Maz'y, SupQ)-

The proofs of Theorems 1 and 2 can be adjusted straightforwardly to yield the
following results for equal-tailed FCV, subsample, and hybrid t tests.

Corollary 3 Let a € (0,1/2) be given. Let T,,(00) be defined as in Assumption t1(i).
(a) Suppose Assumption B1(i) holds. Then, an equal-tailed FC'V t test satisfies

Poo v, (Tn(00) > cpiz(1 — a/2) or T, (0o) < cpiz(/2))
— [1 = Jn(cpic(1 = a/2)) + Jn(cpiz(a/2)—),
1 — Jp(cpiz(1 — a/2)=) + Jp(criz(a/2))].
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(b) Suppose Assumptions Al, B1, C-E, G1, and N1 hold. Then, an equal-tailed
subsample t test satisfies

Poo i (Tn(00) > cnp(l — /2) or Tp(0o) < cnp(cr/2))
— [1 = Jn(cpo(1 — a/2)) + Jp(epo(a/2)=), 1 — Jp(cpo(1 — a/2)—) + Jp(cpo(a/2))].

(c) Suppose Assumptions Al, B1, C-E, G1, J, and N1 hold. Then, the result of
part (b) holds for an equal-tailed hybrid test with cpp(1 —/2), cpp(/2), cpo(l—a/2),
and cpo(c/2) replaced by ¢, (1 —a/2), ¢ (a/2), max{cpo(l —/2),co0(l —/2)}, and
min{cpo(/2), coo(/2)}, respectively.

(d) Suppose Assumptions A2 and B2 hold. Then, an equal-tailed FCV t test satisfies

AsySz(0o) € [Mawg},Fix(a)?Maw%},Fix(a)] and
AsyMinRP(0y) € [MianTT,Fix(a)’MineE},Fix(a)]‘

(e) Suppose Assumptions A2, B2, C-E, G2, and N2 hold. Then, an equal-tailed
subsample t test satisfies the result of part (d) with Sub in place of Fix.

(f) Suppose Assumptions A2, B2, C-E, G2, J, and N2 hold. Then, an equal-tailed
hybrid t test satisfies the result of part (d) with Hyb in place of Fix.

Comments. 1. If Ju(x) is continuous at the appropriate value(s) of z, then
Maz'pr pi(a) = M axgEa rig(@) etc. and Corollary 3 gives the precise value of
AsySz(6o).

2. By Corollary 3(e) and the definition of M axgE}’Sub(a), sufficient conditions
for a nominal level a equal-tailed subsample test to have asymptotic level a are the
following: (a) c¢g(1—a/2) > cp(1—a/2) for all (g, h) € GH, (b) ¢q(a/2) < cp(a/2) for all
(9,h) € GH, and (c) suppepr[1—=Jn(cn(1=/2)=)+Jn(cn(a/2))] = suppep[l—Jn(cn(1—-
a/2))+Jp(cp(a/2)—)]. Conditions (a) and (b) automatically hold in “continuous limit”
cases. They also hold in some “discontinuous limit” cases, but often fail in such cases.
Condition (c) holds in most examples. (Note that conditions (a)-(c) are not necessary
for a subsample test to have asymptotic level a.)

3. Theorems 1 and 2 give results concerning the null rejection rates for each tail
separately of an equal-tailed t test. If one is interested in an equal-tailed t test, rather
than a symmetric t test, such rates are of interest.

Size-corrected equal-tailed subsample t tests can be constructed by finding &(«) such
that M a:lcgﬂ sup(§(@)) < . In particular, The equal-tailed SC-Sub test is defined by
(8.1) with ¢1_q /2 = cnp(1—E(a)/2) and cq /2 = ¢ p(€(r/2)). Analogously, size-corrected
equal-tailed FCV and hybrid t tests can be constructed by finding ;. () and £* (),
respectively, such that Maa:KE_T’Fix@Fix(a)) < o and Maz'y, (€7 (@) < a. In each
case, this guarantees that the “overall” size of the test is less than or equal to a. It does
not guarantee that the maximum rejection probability in each tail is less than or equal
to a/2. If the latter is desired, then one should size correct the lower and upper critical
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values of the equal-tailed test in the same way as one-sided t tests are size corrected
in Section 6. (This can yield the overall size of the test to be strictly less than « if
the (g, h) vector that maximizes the rejection probability is different for the lower and
upper critical values.)

The equal-tailed SC-FCV, SC-Sub, and SC-Hyb t tests based on {p;,.(a), {(a),
and £*(a), respectively, have AsySz(0p) < « under assumptions guaranteeing the ex-
istence of the size-correcting values &p;, (), &(), and £*(a) and under the assump-
tions in Corollary 3(d), (e), and (f), respectively (with Assumption N2 holding for
(1 —-¢&(a)/2,&()/2) and (1 — £*()/2,&"(«)/2) in place of (1 — a/2,a/2) in parts (e)
and (f), respectively).

9 Confidence Intervals

In this section, we consider Cls for a parameter § € R* when nuisance parameters
n € R® and 73 € 73 may appear. To avoid considerable repetition, we recycle the
definitions, assumptions, and results given in earlier sections for tests, but with 8 and 7
defined to be part of the vector . In previous sections, 8 and - are separate parameters.
Here, 0 is a sub-vector of . The reason for making this change is that the confidence
level of a CI for 6 by definition depends on uniformity over both the nuisance parameters
1 and 73 and the parameter of interest 6. In contrast, the level of a test concerning 6
only depends on uniformity over the nuisance parameters and not over 6 (because 0
is fixed under the null hypothesis). By making 6 a sub-vector of +, the results from
previous sections, which are uniform over v € I', give the uniformity results that we
need for Cls for 6. Of course, with this change, the index parameter h, the asymptotic
distributions {Jy : h € H}, and the assumptions are different in any given model in
this CI section from the earlier test sections.

Specifically, we partition 6 into (07, 65)’, where 6; € R% for j = 1,2, and we partition
n into (ny,m5)’, where n; € R% for j = 1,2. Then, we consider the same set-up as in
Section 2 where v = (71, v, v3) with v; = (01,7]) and v4 = (65, 75)’, where p = d; +s1
and q¢ = pa+ s2. Thus, 6 and n are partitioned such that 6; and n; determine whether
is close to the point of discontinuity of the asymptotic distribution of the test statistic
T,(0), whereas 62 and 71, do not, but they still may affect the limit distribution of
T,,(0). In most examples, either no parameter 0, or 6 appears (i.e., do = 0 or d; = 0)
and either no parameter 7, or 1y appears (i.e., s = 0 or s; = 0).

9.1 Basic Results for Confidence Intervals

We consider the same test statistic T,,(0p) for testing the null hypothesis Hy : § = 6y
as above. Fixed, subsample, and hybrid critical values are defined as above. We obtain
CIs for 0 by inverting tests based on T),(6p). When a fixed critical value is employed,
this yields a FCV CI. When a subsample or hybrid critical value is employed, it yields
a subsample or hybrid CI, respectively. Let © (C R?) denote the parameter space for
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0 and let I' denote the parameter space for . The CI for 6 contains all points 0y € ©
for which the test of Hy : 6 = 0q fails to reject the null hypothesis:

Cl,={60€0:T,(00) <ci—a}, (9.1)

where ¢1_q is a critical value equal to criz(1 — @), cnp(l — ), or ¢, (1 — ).

For example, suppose T, (0g) is a (i) upper one-sided, (ii) lower one-sided, or (iii)
symmetric two-sided t test of nominal level « (i.e., Assumption t1(i), (ii), or (iii) holds).
Then, the corresponding CI of nominal level « is defined by

~

cl, = [0, — T,:lﬁncl,a,oo),

R .
CI, = (—00,0, + T, 0nCi—qal, OF

~

Cl, = [0p — 7, 0nC1—a,0n + ), 0nci_al, (9.2)

respectively.
The coverage probability of the CI defined in (9.1) when + is the true parameter is
P,(0 € CI,) = Py(Th(0) < c1—a) :=1— RP,(v), (9.3)

where probabilities are indexed by v = ((61,71})', (05,75),73) here, whereas they are
indexed by (6, ) in earlier sections. The exact and asymptotic confidence levels of C'I,,
are

ExCL, = inlﬁ(l — RP,(v)) and AsyCL = liminf ExC Ly, (9.4)
e

n—oo
respectively. Note that the confidence level depends on uniformity over both 6 and 7

because v = (’717/}/2773) = (( ,1777,1)/7( /1777/1),773)'
We employ the same assumptions as in Section 3 but with the following changes.

Assumption Adjustments for CIs: (i) 6 is a sub-vector of v, rather than a separate
parameter from 7. Tn particular, ¥ = (71,72,73) = ((61,71)', (63, m2)',7s) for 0 =
( 1’??)/ and n = (7’/1777/2), o )

(ii) Instead of the true probabilities under a sequence {7, 5 : n > 1} being { Py, 5, , (") :
n > 1}, they are {P, () :n > 1}

(iii) The test statistic T5,(0g) is replaced in the assumptions under a true sequence
{’}/n,h :n > 1} by Tn(en,h)’ where Tnh = (/Yn,h,lv Yn,h,2> 7n,h,3)/ = ((9;7}1717 ﬁ%,h,ﬁ'»
(6, nh2) )

n,h,2: Tnp2)  Tn,h3):

(iv) In Assumption D, 6y in T4, :(00) and Ty, (6) is replaced by 6, where § =
(61,05)" and v = (71,72, 73) = ((61,m1)", (05, m5)", 73).

(v) 6o is replaced in the definition of Uy, 4(x) in (2.7) by 6, when the true parameter
is v, = (7n,177n,277n,3) = ((0;1,1’ 77%,1)/7 (0;1,2’ 77%,2)/7771,3) and 0,, = (( ;’L,17 ;L,Z)/'

With these changes in the assumptions and corresponding changes in the proofs,
the proofs of Theorems 1 and 2 go through.'? This yields the following results for FCV,
subsample, and hybrid ClIs.

2Tn the proofs of Corollary 4(d) and (e), AsySz(fo) is replaced by 1 — AsyCL, RP,(6o,7) is re-
placed by RP.(v), and one makes use of the fact that infren Ju(criz(1 — @)—) = 1 — Mazy,, (o),
inf(y negu Jn(cg(1 —a)=) =1 - Mazg,, (o), etc.
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Corollary 4 Let o € (0,1) be given. Let the assumptions be adjusted as stated above.

(a) Suppose Assumption B1(i) holds. Then, Py ,(Tn(Onp) < criz(l — a)) —
[Jn(cria(1 — a)=), Jn(criz(1 — a))].

(b) Suppose Assumptions Al, B1, C-E, F1, and G1 hold. Then, P,anh(Tn(Hn’h) <
np(1—a)) = [Jn(cpo (1 — a)=), Jn(cpo (1 — a))].

(c) Suppose Assumptions Al, B1, C-E, F1, G1, and J hold. Then, the result of part
(b) holds with c;, (1 — @) and max{cyo (1 — @), coo(1 — )} in place of cnp(l — o) and
cpo (1 — @), respectively.

(d) Suppose Assumptions A2 and B2 hold. Then, the FCV CI satisfies AsyCL €
[infrem Jn(criz(1 — a)=),infren Jn(criz(1 — @))].

(e) Suppose Assumptions A2, B2, C-E, F2, and G2 hold. Then, the subsample CI
satisfies AsyC'L € [inf g pyeqr Ju(cg(1 — a)=),inf g pyear Jnlcg(1 — a))].

(f) Suppose Assumptions A2, B2, C-E, F2, G2, and J hold. Then, the hybrid CI
satisfies the result of part (e) with max{cy(1l — @), coo(1 — @)} in place of cg(1 — v).

Comment. The result of part (a) shows that if J(cpiz(1 — @) < 1 — « for some
h € RPT4 then the FCV CI has asymptotic level less than its nominal level 1 — a:
AsyCL < 1—q. Similarly, if Jp(cpo(1—a)) < 1—a or Jp(max{cpo(l—a),co(l—)}) <
1 — a, then parts (b) or (c) show that the subsample or hybrid CI, respectively, has
asymptotic level less than its nominal level 1—a: AsyCL < 1—a. Parts (d)-(f) establish
AsyCL precisely.

9.2 Equal-tailed t Confidence Intervals
An equal-tailed FCV or subsample t CI for € of nominal level « is defined by

~ ~

CIn == [en - T;la'\nclfa/g, Qn — ’T;la'\nca/g]. (95)

The following result for such CIs follows from Corollary 3(d)-(f) for equal-tailed t tests,
but with the assumptions adjusted as above. For brevity, we do not give analogues of
Corollary 3(a)-(c) for CIs.

Corollary 5 Let a € (0,1/2) be given. Let the assumptions be adjusted as described
above Corollary 4.
(a) Suppose Assumptions A2 and B2 hold. Then, an equal-tailed FCV t CI satisfies

AsyCL € [1 — Max%}fm(a), 1 = Max'gy gy, ()]

(b) Suppose Assumptions A2, B2, C-E, G2, and N2 hold. Then, equal-tailed sub-
sample t Cls satisfy the result of part (a) with Sub in place of Fix. If Assumption J
also holds, then the equal-tailed hybrid t Cls satisfy the result of part (a) with Hyb in
place of Fix.

26



9.3 Size-Corrected Confidence Intervals

Size-corrected Cls are defined as in (9.1), but with their critical values ¢1_, defined
as in Section 6 for SC tests. The assumptions are altered as in the paragraph preceding
Corollary 4. Hence, the asymptotic distributions Jp(-) and quantiles ¢, (1 — «) that
arise in the formulae for the critical values are those that apply when v = (v, 72, 73) =
(07,71, (05,15),v5) (and typically are different from those that apply in the testing
sections which rely on the unaltered assumptions).

The SC Cls satisfy the following properties, which follow from Corollary 2.

Corollary 6 Let o € (0,1) be given. Let the assumptions be adjusted as described
above Corollary 4.

(a) Suppose Assumptions A2, B2, and K hold. Then, the SC-FCV CI satisfies
AsyCL > 1 — a, and AsyCL =1 — « if Assumption KK holds and suppcp cp(l — )
1$ attained at some h* € H.

(b) Suppose Assumptions A2, B2, C-E, G2, and L hold and Assumption F2 holds
with o replaced by &(a). Then, the SC-Sub CI satisfies AsyCL > 1 — «, and AsyCL =
1 —a if Mazg,,(§(a) = Mazs,s(¢(a)) = a.

(c) Suppose Assumptions A2, B2, C-E, G2, J, and M hold and Assumption F2
holds with « replaced by £*(«). Then, the SC-Hyb CI satisfies AsyCL > 1 — «, and
AsyCL =1 — a if Maxy,,((a) = Marpy(§(@)) = a.

10 Studentized t Statistics

In this section we provide sufficient conditions for Assumption G2 for the case
when T), is a studentized t statistic and the subsample statistics satisfy Assumption
Subl. This result generalizes Lemma 1 because Assumption t2 is not imposed. The
results apply to models with iid, stationary and weakly dependent, or nonstationary
observations. R

Just as Tp, p,, i(0o) is defined, let (0,5, i, On.p,,i) be the subsample statistics that are
defined exactly as (gn,ﬁn) are defined, but based on the ith subsample of size b,. In
analogy to Upy, (x) defined in (2.7), we define

qn
UZy (@) = ¢, Y 1(dy,Gnp,.i < o) (10.1)
i=1

for a sequence of normalization constants {d, : n > 1}. Although Uy, (x) depends on
{d,, : n > 1}, we suppress the dependence for notational simplicity.

We now state modified versions of Assumptions B2, D, E, and H that are used with
studentized statistics when Assumption Subl holds.

Assumption BB2. (i) For some r > 0, all h € H, all sequences {7,,; : n > 1}, some
normalization sequences of positive constants {a, : n > 1} and {d, : n > 1} such that

~

Tn = Gn/dp, and some distribution (Vi,, W3,) on R2, (an (0, — 00), dnorn) —a (Vi, Wh)
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under {v,, : n > 1}, (i) Py, ,({Tnp,: > 0 for all i = 1,...,¢,}) — 1 under all
sequences {7, 5 : 7 > 1} and all h € H, and (iii) Wy(0) =0 for all h € H.

Assumption DD. (i) {(gn,bn,iaan,bn,i) i1 =1,...,qn} are identically distributed un-
der any v € T" for all n > 1, and (ii) (Onp,,1,0np,,1) and (0y,,0s,) have the same
distribution under any v € I for all n > 1.

Assumption EE. For all & € H and all sequences {7, : n > 1} with corresponding
normalization {d, : n > 1} as in Assumption BB2, U7, (z) — Ep, 5, Uy ,(x) —p O
under {7, :n > 1} for all v € R.

Assumption HH. a3, /a, — 0.

The normalization sequences {a,, : n > 1} and {d,, : n > 1} in Assumption BB2 may
depend on {7, : n > 1}. (For notational simplicity, this dependence is suppressed.)
For example, this occurs when the observations may be stationary or nonstationary de-
pending on the value of . In particular, it occurs in an autoregressive model with a root
that is less than or equal to one. In a model with iid or stationary strong mixing obser-
vations, one often takes d,, = 1 for all n, W}, is a pointmass distribution with pointmass
at the probability limit of &,, and a, = n'/2. MAY NEED TO DELETE THE FOL-
LOWING SENTENCE IF IT TURNS OUT THAT ASSUMPTION HH CANNOT BE
CHANGED. REASON: IF a, IS DEFINED AS IN THE FOLLOWING SENTENCE,
THEN ASSUMPTION HH WILL FAIL FOR SOME SEQUENCES OF ¢, VALUES.
Alternatively, in a such a model one can take d,, = 1/0, and a,, = nl/2 /0w, where o,
is the population analogue of &,, and W}, is a pointmass distribution at one. This is
useful to handle cases in which o,, — 0 as n — oo.

Assumption BB2 implies Assumption B2 (by the continuous mapping theorem us-
ing Assumption BB2(ii)). Note that there is a certain redundancy of normalization
constants in Assumption BB2. Without any loss of generality, one could absorb d,
into the definition of 7,, and take d,, = 1 for all n. We do not do this for two reasons.
First, if there is a conventional definition &, then this may preclude its use. Second,
it is convenient to keep the assumptions as close as possible to those of PRW.

Assumption DD implies Assumption D. Assumption DD is not restrictive given the
standard methods of defining subsamples. Assumption EE holds automatically for iid
observations and for stationary strong mixing observations under the condition in (3.3)
when the subsamples are constructed as described in Section 3 (for the same reason
that Assumption E holds in these cases). Assumption HH holds in many examples
when Assumption C holds, as is typically the case. However, it does not hold if 0 is
unidentified when v = 0 (because consistent estimation of € is not possible in this case
and a, = 1 in Assumption BB2(i)). For example, this occurs in a model with weak
instruments.

The following Lemma generalizes Lemma 1. It does not impose Assumption t2.

Lemma 5 Assumptions t1, Subl, A2, BB2, C, DD, EE, and HH imply Assumption
G2.
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Comments. 1. Given Lemma 5, the result of Theorem 2(b) holds for studentized t
statistics under Assumptions t1, Subl, A2, BB2, C, DD, E, EE, F2, and HH. These
Assumptions imply Assumptions B2, D, and G2.

2. The proof of Lemma 5 is a variant of the proofs of Theorems 11.3.1(i) and
12.2.2(i) of PRW to allow for nuisance parameters {7, : n > 1} that vary with n and
t statistics that may be one- or two-sided.!?

11 Examples

11.1 Testing with a Nuisance Parameter on the Boundary

Here we consider a testing problem where a nuisance parameter may be on the
boundary of the parameter space under the null hypothesis.
Suppose {X; € R?:i < n} are iid with distribution F,

' 2
X; = < §Zl ) , ErX; = < z ) , and Varp(X;) = < 1 0%02[) > . (11.2)

01020 03

The null hypothesis is
Hy:0=0, (11.3)

i.e., 0 = 0. (The results below are invariant to the choice of 6y.) The parameter space
for the nuisance parameter p is R .

We consider lower and upper one-sided tests and symmetric and equal-tailed two-
sided tests of nominal level . Each test is based on a studentized test statistic 15, (6o),
where T, (60) = Ty (00), =1}, (o), or [T, (o), T (00) = Tn(0n — 00)/Tn1 and 7, = nl/2.
The estimators (0,,,0,1) of (0,01) are defined below. We consider subsample, FCV,
and hybrid versions of all of these tests. The FCV tests employ the usual standard
normal critical values that ignore the fact that 4 may be on the boundary.

The size properties of the tests are given in Table I (as described in more detail
below) and are summarized as follows. For the one-sided tests, we find large size dis-
tortions for the subsample tests, very small size distortions for the FCV tests, and no
size distortions for the hybrid tests for all nominal sizes a € [.01,.2] that we consider.
(Only results for a = .05 are reported.) The upper (lower) one-sided subsample test
over-rejects the null most when the correlation p is close to —1 (respectively, 1). Monte
Carlo simulations of its asymptotic null rejection probabilities indicate that its asymp-
totic size equals 1/2 for all nominal sizes a € [.01, .2] that we consider. The symmetric
two-sided subsample, FCV, and hybrid tests are all size-distorted. The Monte Carlo
simulations for a € [.01,.2] suggest that AsySz(0p) = 2« for all version of these tests,

YLemma 5 does not assume 74, /7 — 0 (only Assumption HH), although PRW’s results do. A
careful reading of their proof reveals that the assumption as,, /a, — 0 is enough to show that U, ,(z)
and Ly »(z) have the same probability limits.
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so size correction is possible. Finally, for the two-sided equal-tailed tests, we find ex-
treme size distortion for the subsample test, no size distortion for the hybrid test (up
to simulation error), and AsySz(fy) is approximately 2« for the FCV test.

We now define the estimators (0y,,5,1) of (6,01) used in the test statistic T, (o).
Let 01,002, and p,, denote any consistent estimators of o1, 09, and p. Define (0, 1i,,)
to be the Gaussian quasi-ML estimator of (0, ) under the restriction that z,, > 0 and
under the assumption that the standard (kaviations and correlation of X; equal 0,1, 0po,
and p,,. This allows for the case where (0, 1i,,, On1,0n2, p,) is the Gaussian quasi-ML
estimator of (0, i, 01, 02, p) under the restriction f,, > 0. Alternatively, o1, 0pn2, and p,,
could be the sample standard deviations and correlation of X;; and X;3. A Kuhn-Tucker
maximization shows that

/én = Ynl - (,Bnanl) min(()»Yn?/an?)’ where

Xnj=n Y0, X, forj=1,2. (11.4)
Define the vector of nuisance parameters v = (v1,72,73) by 71 = p/02, V9 = p,
and v5 = (01,092, F). Let r = 1/2. In Assumption A2, set I'y = Ry, I's = (—1,1), and
F3(’71¢’72) = (07 OO) X (Oa OO) X ~7:(M70>(717 02)7 where
F(p,p.o1,02) = {F : Bpl|Xi|*** < M, EpX; = (0,p), Varp(Xa) = of,
VarF(Xig) = Jg, & COT’T’F<X¢1,X1'2) = ,O} (11.5)
for some M < oo and § > 0.1 Then, H = Ry o x [—1,1].
The following results are all under the null hypothesis, so the true parameter 6

equals zero. For any h = (h1,hg) € H with h; < oo and any sequence {v,,; : n > 1}
of true parameters, consistency of (o1, 0n2,p,,) and the CLT imply

nY2(Xp1/Gn1, Xna/Gn2) —a (0,h1) + Zn,, (11.6)

where Zp, = (Zhy,1, Zhy2) ~ N(0, Vh,) and V3, is a 2x 2 matrix with diagonal elements
1 and off-diagonal elements ho. (For this and the results below, we assume that 7,1, op2,
and p,, are consistent in the sense that 7,,;/0j,n —p 1 for j = 1,2 and p,, — p,, 5, —p 0
under {7y, , = (On,h, Py (10,85 T2m,h, Frpp)) = 1 > 1}.) By the continuous mapping
theorem, we obtain

T3 (00) = 020, /51 —aq Jj; under {v,,,,}, (11.7)
where J} is defined by
Zhy1 — hamin(0, Zp, 2 + h1) ~ Jj. (11.8)

For h € H with hy = oo, we have @1 = X1 wp—1 under {'yn?h} because n1/27n2/3n2
—p 0o under {,, ,}. (The latter holds because n1/2'yn’h,1 =n'2p, [ops — 00, nY (X o

"“The condition Er||X;||*"® < M in F(u, p, 01, 02) ensures that the Liapunov CLT applies in (11.6)-
(11.10) below. In F(p, p,01,02), ErX;1 = 0 because the results given are all under the null hypothesis.
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—EX2)/0n2 = Op(1) by the CLT and 6p2/0n2 —p 1, and nl/QEYng/ang = nl/Q,un/ang
—p 00.) Therefore, under {v,, ;,} with h; = oo, we have

T, (00) —a J5, where J5 is the N(0, 1) distribution. (11.9)

Note that the limit distributions J; and JZ% do not depend on 3 = (03,03, F).
For T,,(00) = T¥(60), —T;¥(00), and |T;:(0p)|, we have

T(00) — Jp under {7, ,}, where J, = Jy, —J, and |J;|. (11.10)

(If Y ~ Jj, then by definition, =Y ~ —J; and |Y'| ~ |J;|.) Note that J; is stochastically
increasing (decreasing) in hy for hy < 0 (he > 0). Likewise, —J} is stochastically
decreasing (increasing) in hj for he < 0 (ha > 0).

The critical values for FCV tests are given by 21—, 21—, and z;_q /2, respectively,
for the upper, lower, and symmetric versions. For subsample tests, critical values are
given by ¢, (1 — a) obtained from the subsample statistics {1}, ,i(0n) : ¢ < gy}, defined
in (2.6) (i)-(iii) for upper, lower, and two-sided symmetric tests, respectively.'® For the
hybrid tests, critical values are given by max{c, (1 — ), z1—o} for the upper and lower
one-sided tests and by max{c, (1 — @), 21_q/2} for the symmetric two-sided test. For
equal-tailed two-sided tests described in (8.1), critical values (cq/2,c1—q/2) for FCV,
subsample, and hybrid tests are given by (z4/2, 21—a/2); (cnp(@/2), cnp(l — a/2)), and
(min{cnp(/2), 2q/2}, max{cnp(1 — a/2),21_q/2}), respectively.

Below we verify Assumptions A2-G2, J, and N2. By Theorem 2 (a)-(b), Corol-
lary 1(b), and continuity of the distribution functions Jp, the asymptotic size of the
lower and upper one-sided and symmetric two-sided tests is given by AsySz(6y) =
Mazrype(a) for Type = Fix, Sub, and Hyb. By Corollary 3(d)-(f), the asymp-
totic size of the two-sided equal-tailed versions of the test is given by AsySz(6y) =
Max%}?Type(a) in (8.4) for Type = Fix, Sub, and Hyb.

We first discuss upper one-sided tests. Given that Jj, = Jj is stochastically increas-
ing (decreasing) in hj for fixed ho < 0 (hy > 0), we can show that

Mazpiz(a) = sup[l — Jy(criz(1 —a))] = sup (1 — Jiony)(21-0a)),

heH h2€[0,1]

Mazgsu(a) = sup [L—Jp(cg(l—a))l = sup (1= Joo(Cony) (1 — ))),
(9,h)eGH ha€[—1,0]

Maxgyp(a) = a. (11.11)

The results for lower one-sided tests are analogous with hy € [0,1] and he € [—1,0]
replaced by hy € [—1,0] and he € [0, 1], respectively. To obtain the expression for
Mazxgyp(a) in (11.11), we use
inf Jp(cg(l — o
(9,h)EGH:h2€[0,1] e )

o inf ’ inf Jo 1—
mln{hle[o,olor)l,hze[ﬂ,l] h1€[0,olor]1,h2€[0,1] (G ) (1 = )}

=min{l —a,l —a}=1—aq, (11.12)

Jn(cny) (1 —a))

15The same results also hold under Assumption Sub2.
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because Jj, = J; is stochastically decreasing in h for fixed hy > 0.

The values of Maxpi;(a) and Maxgyy(a) for the upper and lower one-sided tests
are obtained by simulation. (All simulation results are based on 50,000 simulation
repetitions and when maximization over h; is needed the upper bound is 12 and a grid
of size 0.05 is used.) Table I reports 1 — Jig p,)(21-a) and 1 — Jo(c(opy) (1 — ) for
various values of hy and @ = .05 for upper one-sided tests. Because the results for
lower one-sided tests are the same, but with hy replaced by —hs, the results for lower
one-sided tests are not reported in Table I. Simulation of AsySz(fp) is very fast because
the two-dimensional maximization over (hi, he) has been reduced to a one-dimensional
maximization over hg in (11.11).

For the symmetric two-sided case, where Jj, = |J}|, we have

Mazpiz(a) = sup[l — Jp(21-a/2)];
heH

Mazxgyp(a) = max{ sup [1 = Jn(co,ny) (1 — a))l,
hle[0,00),hQG[—l,l]

sup [1 = Joo(C(hy no) (1 — )]}, (11.13)
h1€[0,oo},h2€[—1,1}

and similarly for Mazpyp(a) with cgp,) (1 — a) and cx(1 — «) replaced by
max{c(o,n) (1 — @), 21_q/2} and max{cy(l — @), 21_a/2}, respectively. We use Monte
Carlo simulation to calculate those quantities. Table I reports the values of supy, ¢(g o] [1—
J(h1,ho) (1—a/2)] appearing in Maxpi(a) for a range of p (= hz) values in [—1,1] and
a = .05. Note that these are the maximum asymptotic null rejection probabilities given
p (= h2), where the maximum is over h; with hy fixed. Table I also reports the anal-
ogous expressions that depend on p (= hg) for the subsample and hybrid tests. The
Table strongly suggests that AsySz(6y) = 2« for all three types of symmetric two-sided
tests. This implies that the tests are size-distorted but that size correction is possible
by taking the nominal size equal to «/2.

Finally, for the equal-tailed two-sided tests, we calculate Mazr p,, () in (8.4)
for T'ype = Fiz, Sub, and Hyb. Table I reports the maximum asymptotic null rejection
probabilities for these tests given p (= hg) for a range of p values in [—1, 1] and a = .05.
(The maximum is over h € H or (g,h) € GH with hs fixed.) We find extreme size
distortion for the equal-tailed subsample test, correct size for the hybrid test, and
AsySz(6y) = 2« for the FCV test.

We now verify Assumptions A2-G2. Assumptions A2, C, and D clearly hold. As-
sumption B2 follows immediately from (11.7), (11.8), and (11.9) with J; equal to
Jy,—J5, and |J;|, respectively, for upper, lower, and symmetric tests. Assumption
E holds by the general argument given in Section 3. For all A € H, the distribu-
tion functions Jp(z) are continuous for x > 0 and increasing at all of their quan-
tiles ¢p(1 — a) for a < 1/2. This establishes Assumptions F2 and N2 and shows that
Max;ype(oz) = Maxpype(a) for any o < 1/2 for Type = Fix, Sub, and Hyb. As-
sumption G2 follows by Lemma 5 noting that Assumptions BB2 and HH hold with
an = n1/2/01?n7h, dn = 1/01np, Tn = n1/2, Vi, = Jp, and W}, equal to pointmass at
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one. NEED TO FIX THE LAST STATEMMENT. ASSUMPTION HH DOES NOT
NECESSARILY HOLD IF a,, = n'/2/01 ,, , BECAUSE 61 /01, ,» COULD BE ILL-
BEHAVED.

11.2 CI Based on a Super-Efficient Estimator

Here we show that the standard FCV, subsample, and hybrid CIs (of nominal level
1 —a for any o € (0, 1)) based on a super-efficient estimator have AsyCL = 0 in a very
simple regular model.

The model is

X; =0+ U;, where U; ~iid F fori=1,...,n, (11.1)

where F' is some distribution with variance one. The super-efficient estimator, gn, of 6
and the test statistic, T, (6p), are defined by

where X, = n! ZXi’
i=1
Tu(00) = [n"/?(0n — 00)|, (11.2)

9 — X, if ’711‘ >n /4
el 5 A AP

and 0 < a < 1. The constant a is a tuning parameter that determines the magni-
tude of shrinkage. The test statistic is a two-sided non-studentized t statistic, so that
Assumptions t1(iii) and t2 hold with 7, = n'/2.

The CI for 6 is given by the third equation in (9.2) with ¢;_, equal to the standard
normal 1 — a/2 quantile for the FCV CI: cpiz(1 — a) = 21_q/2. For the subsample CI,
C1—q is equal to the subsample critical value ¢, (1 — ) based on subsample statistics
{Tn,bn,i(/én) 24 =1,...,qn} defined in equation (iii) of (2.6) with &, = 1. Note that
Assumption Subl holds. (The results given below also hold if Assumption Sub2 holds.)
For the hybrid CI, ¢1-4 is equal to the maximum of ¢, (1 —a) and coo(1 — ) = 21_q/2-
We take {b, : n > 1} so that Assumption C holds.

We apply Corollary 4(a)-(c) with v = v; = 6 = 6, € R, p = d = 1, and
I' =Ty = © = R. (No 7y, 73, 02, or n parameters appear in this example.) The
assumptions of Corollary 4(a)-(c) are verified below. We take r = 1/2 and v,
(= Onp) = hn~1/2 where h € R, in Assumption Bl. When the true value is Onhs
6, = aX, with probability that goes to one as n — oo (wp— 1), see (11.7) below.
Hence, wp— 1, we have

Tn(Onp) = [nY*(aXp = 0np)]
lan*/?(X,, — 0,5) + (a — 1)A]

)

—q |aZ + (a — 1)h| ~ Jp, where Z ~ N(0,1) and (11.3)
7 [ @Y r+ (1 —-a)h)—®(a(~x+ (1—a)h)) ifac(0,1)
h(x) - 1((L’Z ‘h|) ifa=0 ’
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using the central limit theorem. Given that p = d = 1, we have h® = 0 and Jj,0 = Jy. For
€ (0,1), we have Jy(z) = ®(a '2) — ®(—a~'z) and cpo (1 —a) = co(1 —a) = azi_a)2-
For a =0, Jo(z) = 1(x > 0) and cpo(l — ) = ¢o(1 — ) = 0.
For a € (0, 1), Corollary 4(a)-(c) implies that the limits of the coverage probabilities
of the FCV, subsample, and hybrid Cls under +,, , (= 0n) = hn~1/2 are

Jn(criz(l — a)) = Jn(21-a/2)
Jn(epo(1 — ) = Jp(azi_q/2), and (11.4)

Jp(max{cyo(l — a), coo(l — @) }) = Jp(max{azi_q/2, 21-a/2}) = Jn(21-a/2)s
respectively. Using (11.3), for a € (0,1) and £ = 1 or £ = a, we have

Tim (€21 -02) = 0. (11.5)

Hence, for a € (0,1) and h sufficiently large, the asymptotic coverage probabilities of
the symmetric two-sided FCV, subsample, and hybrid Cls is arbitrarily close to zero.
Since h € R is arbitrary, this implies that AsyCL = 0 for these Cls.

For a = 0, the limits of the coverage probabilities of the FCV, subsample, and
hybrid Cls under v,, j, (= On,n) = hn~/2 are

Jh(CFiw<1 )) Jh(zl a/2) = 1(21 a2 > |h’) =0 for |h’ > 2Z1- a/2
Jn(cpo(1 —a)) = Jp(0) = 1(0 > |h|) = 0 for |h| > 0, and
Jp(max{cpo(l — a), coo(l — a@)}) = Jp(max{0,21_q/2}) = 1(21-a/2 = |]) =0

for ‘h‘ > Z1—a/2 (116)

respectively. Hence, for a = 0, AsyCL = 0 for the FCV, subsample, and hybrid ClIs.

We obtain the same result that AsyCL = 0 if one-sided Cls or equal-tailed two-
sided ClIs are considered. Furthermore, the size-correction methods of Section 6 do not
work in this example because Assumptions K, L, and M fail. (For example, Assumption
K fails when a = 0 because (i) H = R in this example and (ii) for any constant cv,
we have supy,cp[1 — Jp(cv)] = suppeg[l — 1(cv > |h])] = 1.)

PERHAPS MOVE THE NEXT PART TO THE APPENDIX.

It remains to verify Assumptions Al, B1, C-E, F1, and G1 for arbitrary choice of
the parameter h. (We need not verify Assumption J because the result of Corollary 4(c)
does not actually require Assumption J, see Comment 2 to Corollary 1.) Assumption
A1l holds because 0 € I' = R, Assumption C holds by assumption, Assumptions D
and E hold because the observations are iid for each fixed § € R, Assumption H
holds because 14, /Tn, = b%/ 2 /n'/?2 — 0 by Assummption C, and Assumption G1 holds
by Lemma 1(a) using Assumption H. For a € (0,1), Assumption F1 holds because
Jpo(z) = ®(a™'z) — ®(—a~'x) is strictly increasing at cpo(1 —a) = azi_q - For a =0,
Assumption F1 holds because Jyo(x) = 1(z > 0) has a jump at z = cp(l —a) =0
with Jpo(cpo(l1—a)) =1>1—a and Jpo(cp(l —a)—)=0<1— .
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Next, we verify Assumption B1l. For any true sequence {v,, : n > 1} for which
n'/2y, (=n'?6,) = O(1), we have

P'Yn(‘Y"’ < n_1/4) = P’Yn(‘nlﬂ(yn - en) + n1/29n’ < n1/4)
= P, (10p,(1) +0(1)| < n'/4) — 1 and
1,

Py (0, = aX,) — (11.7)
where the second equality uses the fact that n'/2 (X, —0,,) has mean zero and variance
one and the second convergence result uses the definition of 0, in (11.2). For the
particular sequence v, , (= Onn) = hn~1/2 in Assumption B1(i), (11.3) and (11.7)
imply that Assumption B1(i) holds with Jp(x) defined as above. For any sequence
{Yno i1 > 1} as in Assumption B1(ii), we have ,, o (= 0n0) = o(n~1/?) since r = 1/2.
Hence, Py, (0 = aX,) — 1 by (11.7), [n'/20,,0| = o(1), and the same argument as
in (11.3) but with A = 0 implies that Assumption B1(ii) holds with Jyo(z) = Jo(z)
defined as above.

11.3 CI for a Restricted Regression Parameter

Here we consider a multiple linear regression model where one regression parameter
0 (€ R) is restricted to be non-negative. We consider a studentized t statistic based
on the least squares estimator of 6 that is censored to be non-negative. We show that
lower one-sided, symmetric two-sided, and equal-tailed two-sided subsample Cls for 6
based on the studentized t statistic do not have correct asymptotic coverage probability.
In particular, these three nominal 1 — a CIs have asymptotic confidence levels of 1/2,
1 —2a, and 1/2 — a/2, respectively. Size-correction (of the type considered above) is
possible for the symmetric subsample CI, but not for the lower one-sided or equal-tailed
two-sided subsample CIs. We also show that upper and lower one-sided, symmetric
two-sided, and equal-tailed two-sided FCV and hybrid CIs have correct AsyCL.

Consider the linear model with dependent variable Y; € R and regressors X; € R*
and Z; € R:

for i = 1,...,n. Assume {(U;, X;, Z;) : ¢ > 1} are iid with distribution F' and satisfy
E FU@? = O'2U > 0 and ErU;(X/, Z;) = 0. We also assume conditional homoskedasticity,
that is, EpUZ(X], Z;) (X}, Z;) = 0%,QF, where Qp = Ep(X}, Z;)'(X], Z;) > 0. Decom-
pose QQr into matrices Qxx, @xz, Qzx, and (Qzz in the obvious way. Denote by
Y,Z,U € R* and X € R™** the matrices with rows Y;, Z;, U;, and X!, respectively, for
1=1,...,n.

We consider inference concerning the parameter ¢ when the parameter space for ¢
is R, and that for 8 is R*. Denote by 6,, the censored LS estimator of . That is,

~

0n = max{gLs,O}, where
Ors = (Z’MxZ) ' Z’MxY and Mx =1 — X(X'X)"'X. (11.9)

35



We have R
n*2(0,, — 0) = max{n'/?(Z'Mx 2) "1 Z' MxU, —n'/?0}. (11.10)

By the law of large numbers and the CLT,

n2(Z'Mx Z) "1 Z' MxU —4 ¢, ~ N(0,77), where
7 = 0t(Qzz — QzxQxxQx2) ", (11.11)

under F. Denote by 7),, the consistent estimator of 7 that replaces population moments
by sample averages and 02U by

oL =", U?/n, where U; = Y; — X183, — Zibn, (11.12)

and (Enﬁn) are the LS estimators of (3,0) subject to the restriction 6 > 0.

Consider sequences {Vn,h = (’7n,h,17 7n,h,277n,h,3) = (en,hv M, (ﬁn,h: Fn,h)) ino= 1}
of true parameters (0,7, (3, F))" that satisfy hy = lim, n1/20n7h, ha = limy 00 Ny, ps
Bnp € RF, and F, ), € F(npp) (defined below) for all n > 1. Let h = (h1,hg) €
Ry oo X [n1,my] for some 0 < 1y, < 7y < oo. Under a sequence {7, 1}, the Liapunov
CLT, the continuous mapping theorem (CMT), and standard asymptotic calculations
imply that the t statistic 77 (60) = n/2(6, — 0o)/7,, satisfies

T, (On,n) —a max{(, —h1/ha}, where ¢ =, /n~ N(0,1). (11.13)

Note that there are no sequences {6, ,} of true parameters 6 for which hy < 0. The dis-
tribution of max{(, —hj/ha} depends on h only through hj/ho. Define the distribution
J; by

max{(, —hi/ha} ~ Jj. (11.14)

As defined, J; is standard normal when h; = co. When h; = oo, we also write J3, for
Jr.
For Ty, (6o) = T};(00), =17 (o), and [T77(6o)|, we have

T0(0nn) —a Jn, where J, = Jy, —Jp, and |J;|, (11.15)

respectively, using the CMT. (Here —J} and |J}| denote the distributions of —S and
|S| when S ~ J.) The dfs of J;, —J}, and |J};| are given by

<y _ | O for © < —hy/hs o | ®(z) for xz < hi/hy
Ti@) = { ®(x) for x> —hy/hs’ (=Jn)w) = { 1 for x > hy/hg, ’ and
0 forx <0
|Jp|(z) = ¢ 2@(z) —1 for 0 <x < hy/hy, (11.16)
() for @ > hi/hs

where ®(x) is the standard normal df. A key property of J; for the asymptotic prop-
erties of subsample CIs is that J; is stochastically decreasing in hi/ho and —J} and
| /| are stochastically increasing in hy/hso.
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We consider upper and lower one-sided and symmetric and equal-tailed two-sided
1 — « ClIs for 0 for a < 1/2. First, we discuss construction of these CIs. For upper and
lower one-sided and symmetric two-sided Cls, FCV CIs for § are given by the three
equations of (9.2) with ¢1—o = 21-a; C1—a = 21-a, and c1-a = 21_q/2, respectively,

1/2

On =My, and 7, = n'/*. For subsample CIs, ¢1_, in (9.2) equals ¢, (1 — o) obtained

from subsample statistics Tn,b,i(/én)a defined in equations (2.6) (i)-(iii) for upper and
lower one-sided and two-sided symmetric Cls, respectively.' For the hybrid Cls, we
take ¢1—q = max{c, (1 — @), z1_o} for the upper and lower one-sided CI and ¢i_o =
max{cpp(l — a), z1_q 2} for the symmetric two-sided CI.

The equal-tailed two-sided FCV, subsample, and hybrid CIs are defined in (9.5) with
(caj2:C1-as2) = (2a/2:21-as2); (enp(/2), cnp(l — @/2)), and (min{c,p(a/2), za/2},
max{cpp(1 —/2),21_q/2}), respectively. Here the subsample quantiles ¢, 5(1 — ) are

~

obtained from T}, 4 ;(65) (or Tp,5:(60)) defined in equation (2.6) (i) with o, = 7,,.

The parameter spaces for 6, 1, and 3 are © = Ry, [n,,ny], and R¥, respectively.
The parameter space for the distribution F' of (U;, X;, Z;) is

F(n) = {F: Ep|U;|*"® < M, ErU? >0, EpUi(X!,Z;) =0, Qp >0, (11.17)
EpUX(X], Z))(X], Zi) = ErU?Qr, 0t/(Qzz — QzxQxxQxz) ' =1’}

for some § > 0 and 0 < M < oo. (The condition Ep|U;|>**® < M in F(n) guarantees
that the Liapunov CLT applies for sequences {v,, ,} in (11.13).) Hence, the parameter

space for v = (v1,72,73) = (0,7, (3, F)) is

I = {v=0u7273)=00,n,8,F)):v1=0¢€ Ry,v9 =n€ [ng,ny),
& v3=(B,F) € R x F(n)}. (11.18)

We take r = 1/2 and H = Ry o X [0, ny]-

We now apply Corollaries 4 and 5 to determine AsyCL for each CI. Assumptions
A2-G2 and N2 are verified below.

For upper one-sided ClIs, Jy(-) (= J;(+)) is continuous at all > 0 for all h1 € Ry
and ha € [nr,ny) using (11.16). Because the 1 — o quantile of J;, is positive for any
h € H given a < 1/2, the intervals for AsyCL in Corollary 4(d)-(f) collapse to points.
By Corollary 4(d)-(f), we find that the upper one-sided FCV, subsample, and hybrid
CIs all have AsyCL = 1—« for a < 1/2 because the 1 — « quantile of Jj, for any h € H
equals z1_, using (11.16).

For the lower one-sided FCV CI, Corollary 4(d) implies that AsyCL € [infrey
In(z1—a—),infpcmg Jp(21—a)|. In this case, J, (= —J}) is stochastically increasing in
hi/he. Hence, infrery Jn(21—a) = Joo(21—a) = ®(21-a) = 1 — a using (11.16). Thus,
AsyCL = 1 — « for the lower one-sided FCV CI. For the lower one-sided hybrid CI, we
have max{cy(1 — ), coo(1 — )} = coo(l — ) = 21— for all g € H because Jj, (= —J})

161 the definition of Tn,b,i@n) the role of &, 1, is played by the analogously defined expression /ﬁn,b,i'
The results also hold under Assumption Sub2 in which case the subsample statistics are Tr,5,:(6o)-
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is stochastically increasing in hj/hg. Hence, by Corollary 4(f) and the above result for
the FCV CI, AsyC'L =1 — « for the lower one-sided hybrid CI.
For the lower one-sided subsample CI, Corollary 4(e) implies that AsyCL €

[inf (g nyecr Jn(cg(l — a)=),inf(y nyecr Jn(cg(1 — a))]. We have

(g’}i)nefGH Jh(cg(l —a)) = }}glf{ Jh(cpo(l — ) = hlgg Jn(0) = J(0) =1/2, (11.19)

where the first and third equalities hold because Jj, (= —J};) is stochastically increasing
in hy/hg, the second equality holds because h® = (0, h)" and Jyo(z) = 1 for all z >
0 using (11.16), and the last equality holds because Joo(z) = ®(x) using (11.16).
Therefore, AsyCL = 1/2 for the lower one-sided subsample CI.

We now discuss the results for symmetric two-sided CIs. By Corollary 4(d), we have
AsyCL € [infrep Jp(21—aj2—), infrenm Jn(21-q/2)] for the FCV CI. Because Jj (= |J}])
is stochastically increasing in hy/hg and using (11.16), we have infrey Jn(21-a/2) =
Joo(21—ay2) = 2®(21—a/2) — 1 =1 — a. Hence, AsyC'L = 1 — « for the symmetric two-
sided FCV CI. For the hybrid CI, we have max{cy(1 — ), coo(l — @)} = coo(l — ) =
Z1_qy2 for all g € H because Jj, (= |J};]) is stochastically increasing in h1/h2 and using
(11.16). Thus, using Corollary 4(f) and the above result for the FCV CI, we have
AsyCL =1 — « for the symmetric two-sided hybrid CI.

For the symmetric two-sided subsample CI, Corollary 4(e) implies that
AsyCL € [inf g pyeqr Jn(cg(1 — a)=),inf g nyear Jalcg(1 — a))]. We have

inf  Jp(cg(1 —a)) = }}glfi Jn(cpo(l — ) = }%gﬁl Jn(z1—a) = Joo(21-a) = 1 — 2a,

(9,h)eGH
(11.20)
where the first and third equalities hold because J, (= |J}|) is stochastically increasing
in hi/hg, the second equality holds because h® = (0, he)’ and Jyo(x) = ®(x) for all
x > 0 using (11.16), and the last equality holds because J(z) = (|J%])(x) = 2®(z) —1
using (11.16). Equation (11.20) holds with ¢4(1 — «)— in place of ¢4(1 — «). Hence,
the (nominal 1 — «) symmetric two-sided subsample CI has AsyCL = 1 — 2a and
under-covers by a. An SC subsample CI can be constructed by taking &(a) = /2.
Next, we discuss the results for the equal-tailed two-sided Cls. Here, J;, = J;. By
Corollary 5, AsyCL € [1— Maa:%}jype(a), 1-— Maa:’ET’Type(a)] for Type equal to Fix,
Sub, and Hyb for the FCV, subsample, and hybrid ClIs, respectively. For the FCV CI,
(ca/27clfa/2) = (Zoz/27 Zlfa/2) yields

Max'py g (@) = sup[l — Jp(21-a/2) + Jn(za/2—)]

heH
= Sup|l = ®(z1-a/2) + Jn(Za/2=)] = /2% Joo(Zaj2 )
€
=a/2+ P(z42—) = a, (11.21)

where the second equality holds by (11.16), the third equality holds because Jy, (=
Jy) is stochastically decreasing in hi/hg, and the fourth equality holds by (11.16).
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Analogously, M amé}jype(a) = «. It follows that AsyC'L = 1 — « for the equal-tailed
FCV CIL

For the equal-tailed hybrid CI, the quantities max{cq(1 — /2), cso(1 — @/2)} and
min{cgy(/2), coo(/2)} that appear in MaxZTT’Hyb(a) equal z)_o/2 and 2,7, Tespec-
tively, because cy(1 — a/2) = 21_q/p for all g € H provided a < 1/2 using (11.16) and
cg(a/2) > coo(@/2) = 247 for all g € H using the fact that J, (= Jj) is stochastically
decreasing in hi/hy and (11.16). Hence, Mazgy g, (@) = Max'py gy, (@) and likewise
with £ in place of r. In consequence, the result that AsyCL = 1 — « for the equal-tailed
FCV (I yields the same result for the equal-tailed hybrid CI.

Lastly, for the equal-tailed subsample CI, we have

Mazgy gy(@) = sup [l = Jn(21-a/2) + Ja(cg(@/2)=)]

(9:h)eGH
= sup [l = ®(z1_q/2) + Jnlcg(a/2)-)] = /2 + sup J(0-)
(9,h)EGH heH
— /24 Joo(0—) = /2 + B(0) = /2 + 1/2, (11.22)

where the first equality holds because c,(1 — a/2) = z;_,/p for all g € H provided
a < 1/2 by (11.16), the second equality holds as in (11.21), the third equality holds
because ¢4(a/2) < 0 with equality when g = (0, h)’ for v < 1/2 using (11.16), the
fourth equality holds because Jj, (= J}) is stochastically decreasing in hq/hg, and the
fifth equality holds because Jo, = J& = ® using (11.16). Likewise, Maa:gEfT sup() =
/2 + 1/2. Therefore, AsyCL = 1/2 — a/2 for the equal-tailed subsample CI. Clearly,
size-correction (of the type discussed in the paper) is not possible here.

We now verify the assumptions needed to apply Corollaries 4 and 5. First, consider
the case of an upper one-sided CI based on T,,(0p) = T,(6p). Assumption A2 holds by
definition of I'. Assumption B2 follows from (11.13). We choose {b,, : n > 1} so that As-
sumption C holds. Assumption D holds by the iid assumption. Assumption E holds by
the general argument given in Section 3. Assumption F2 holds because J(x) = J; ()
is strictly increasing for x > 0 and ¢ (1—a) > 0 for a < 1/2 by (11.16). Assumption G2
follows by Lemma 5 under Assumption Subl and follows trivially under Assumption
Sub2. The assumptions for Lemma 5 are verified as follows. Assumption BB2 holds
with (an,d,) = (7p, 1), where V}, is the distribution of max{hs(,—h1}, and W}, is a
point mass distribution at hy > 0 under sequences v, ;, = (0,1, N ps (B> Fn,n))' such
that h1 € R4 » and hy > 0. Assumptions DD and EE hold by the same arguments
as for Assumptions D and E. Assumption HH holds because a, = 7, = n'/2. The
verification of the assumptions for the lower one-sided and two-sided cases is analogous
with the exceptions of Assumptions F2 and N2. Using (11.16), one can verify that As-
sumption F2 holds for J, = —J; and Jj, = |J;;| and Assumption N2 holds for J;, = J};
because for all h € H either (i) Jy(z) is strictly increasing at = = ¢ (1 —«) or (ii) Jp(x)
has a jump at = ¢;(1 — ) with Jp(cp(1 —a)) > 1 —a and Jp(cp(l —a)—) <1 -«
provided a € (0,1).
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11.4 Confidence Region Based on Moment Inequalities

Here we consider a confidence region (CR) for a true parameter 6y (€ © C R?) that
is defined by moment inequalities and equalities. The true value need not be identified.
The CR is obtained by inverting tests that are based on a generalized method of
moments-type (GMM) criterion function. This method is introduced by Chernozhukov,
Hong, and Tamer (2002) (CHT), who use subsampling to obtain a critical value.!”
Shaikh (2005) also considers this method and shows that the limit of finite sample size
is the nominal level in one-sample and two-sample mean problems when a subsample
critical value is employed. In this section, we show that this result holds quite generally
for subsample CRs of this type—mno specific assumptions concerning the form of the
moment functions are necessary even though the asymptotic distribution of the test
statistic is discontinuous (in the sense discussed above). Note that the results given
here are for CRs for the true parameter, rather than for the “identified set.”

We also consider CRs based on fixed and “plug-in” critical values—defined below.
These critical values are bounded above as n — 0o, whereas subsample critical values
diverge to infinity at a rate that depends on the subsample size b,,. Hence, the use of
fixed or plug-in critical values leads to more powerful tests and smaller CRs asymptot-
ically than subsample critical values. Furthermore, the plug-in critical values (PCV)
lead to more powerful tests and smaller CRs than the fixed critical values (FCV).
Hence, the results here indicate that PCV is the best choice of critical value.

The test statistic considered below is similar to those considered by (i) Moon and
Schortfheide (2004), who consider an empirical likelihood version of the GMM criterion
function and assume identification of 6y, (ii) Soares (2005), who allows for the plug-in
of preliminary estimators in a GMM and/or empirical likelihood criterion function,
and (iii) Rosen (2005), who considers a minimum distance version of the test statistic.
By similar arguments to those given below, one can show that the limit of the finite
sample size of a subsample CR based on any one of these test statistics equals its
nominal level. The results for fixed and plug-in critical values also extend to these test
statistics. Hence, for these versions of the test statistics as well, we find that the PCV
has the best properties. For brevity, we only outline the arguments.

The model is as follows. The true value 8y (€ © C R?) is assumed to satisfy the
following moment conditions:

Erm;(W;00) > 0for j=1,...,p and
Epm;j(Wifo) = 0for j=p+1,...p+s, (11.23)

where {m;(-,0) : j =1,...,p+ s} are scalar-valued moment functions and {W; : i > 1}
are stationary random vectors with joint distribution F.

Y"CHT focus on CRs for the identified set, rather than the true parameter. By definition, the
identfied set, Oy, is the set of all § € © that satisfy the moment inequalities and equalities when the
true value is 6p. Also, CHT consider a more general criterion function than that considered below.
Their asymptotic results do not establish that the limit of the finite sample size of the CR for the true
value is the nominal level, which is one of the results shown in this section.
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The sample moment functions are

n
T (0) =n~" > mj(W;,0) for j =1,....p+s. (11.24)
i=1
The test statistic that we consider for testing Hy : 8 = 6y is a Anderson—Rubin-type
GMM statistic that gives positive weight to the moment inequalities only when they
are violated:

p p+s
To(00) = 1> (M j(00)/5nj(00)% +n Y (Mn;(60)/5n,;(00))%, where
Jj=1 j=p+1
z ifz<O0
(z)- = { 0 ifz>0 (11.25)

and afw.(eo) is a consistent estimator of 0%7].((90) = limy, 00 Varg(n!/?m, j(0o)) for
j=1,...,p+s. For example, with iid observations, one can define 3%7]-(00) =n 130,
(m;j (Wi, 00) — Tin;(00))>.

The subsample statistics are constructed such that Assumption Sub2 holds. (No
consistent estimator of the true parameter exists when the latter is unidentified, so a
subsample procedure that satisfies Assumption Subl is not available.)

We now specify v = (71,79, 7v3) for this example. The moment conditions in (11.23)
can be written as

U;,?(QO)Eij(WhQO) — 71,50 = 0for j=1,..,p and
75 (00) Epm; (Wi, o) = 0 for j=p+1,...p+s (11.26)

for some 71 o = (71.1,0: - V1p0) € RY. Let Qo = limy, o0 Corrp(n 127, (00)), where

Mn(00) = (Min1(00), -, Minpis(00)) and Corrp(n'/?m,(09)) denotes the (p+s) x (p+s)
correlation matrix of n'/?7, (). Let 1, 2, and 0 denote generic parameter values
corresponding to the true null parameter values v, o, {20, and o, respectively. We take
v = (71,72, 73) such that 71 € RY, vy = (v51,73,2) = (¢',vech.(Q)')" € RY, where
vech,(€2) denotes vech(€2) with the diagonal elements of €2 deleted, ¢ = d+ (p+ s)(p +
s—1)/2, and 75 = F.

We take 7 = 1/2 and h = (hy, ha), where hy € RY ., hg = (kb 1, hy5)', ha1 €cl(©),
h22 €cl(I'z2), and T’y 2 is some set of vectors 7, o such that 55 = vech.(C) for some
(p+5) x (p+ s) correlation matrix C. Hence, H = R, _ xcl(©) xcl(I'z2). Note that
hy corresponds to 7; and, hence, h; measures the extent to which the j = 1,...;p
moment inequalities deviate from being equalities. Also, ha 1 corresponds to ¢ and hg o
corresponds to vechs ().

The parameter spaces for v, and v, are '} = Rﬁ and I'y = © x I'y 9, respectively.
For given (v;,75) € I't x I'y, the parameter space for F' is

F(y1,72) = {F : 05 5(0)Epmi(Wi,0) — v, ; =0 for j=1,..,p,  (11.27)
Erpm;(W;,0) =0for j =p+1,..,p+ s},
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such that {F(y1,72) : (71,72) € T'1 x 'y} satisfies the following “convergence condi-
tion.” By definition, the convergence condition restricts {F(v1,72) : (71,72) € 't xI'2}
so that under any {v,,, = (v n15 (05 > veche(Qnp)')s Fop) 2 n > 1} for any h € H,
we have

(A, Anprs) —a Zhyo ~ N(0,Vh,,) as n — oo, where

Anj =012, (Onn) = EF, g (0n,1)) /0, 1,5 (0n), and
Onj(Onn)/oF, ,j(Onn) —plasn — oo (11.28)

for j = 1,...,p+ s, where V4, , is the (p + s) x (p + s) correlation matrix for which
vechy(Vi, ,) = ha2. For example, if the observations {W; : i > 1} are iid under a fixed y
and /U\ij (0) is defined as above, the convergence condition holds if Eg|m;(W;, )2+ <
M and op;(6) > 62 for j = 1,..., p+s for some constants M < oo and 61, 62 > 0 that do
not depend on F. (This holds by straightforward calculations using the CLT and LLN
for inid random vectors that satisfy a uniform 2 + ¢; moment bound.) For dependent
observations, one needs to specify a specific variance estimator 8721]' (0), such as a HAC
estimator, before a primitive convergence condition can be stated. For brevity, we do
not do so here.

Given (11.25) and (11.28), Assumption B2 holds because under {v,,, : n > 1} we
have

p p+s
Tn(Onn) =a Y (Zhoog + )2+ > Ziy i~ Jn (11.29)
Jj=1 j=p+1

for all h € H, where Zp, , = (Znyy1, ) Zhyspts) - (Note that Zy,, i + hy jy = 0 for
any j' in {1,...,p} for which hy j; = c0.)
For (g,h) € GH, we have
Jy >s1 Jh. (11.30)

This holds because Y %_;(Zn,,; + g1,5)% >sr > 1 (Zngn g + hi;)? as. for all 0 <
91 < hy due to the (-)_ function and, for all (g,h) € GH, we have 0 < g; < h; and
g2,2 = hgo. Furthermore, Jj, is continuous at its 1 — o quantile for all o < 1/2, see
below. In consequence, by Corollary 4(e) and Comment 2 following Theorem 2, for the
subsample CR, we have

AsyCL = inf l—a)=1-a. 11.31
syC (gJ%)rlGGHJh(Cg( @) o (11.31)

Hence, in this example, discontinuity of the limit distribution does not cause size dis-
tortion for the subsample CR.

We now verify the remaining assumptions needed for Corollary 4. Assumption A2
holds with I" defined as above. Assumption C holds by choice of b,. Assumption D
holds by stationarity and the standard definition of subsample statistics in the iid and

dependent cases. Assumption E holds by the general argument given in Section 3 for iid
observations and stationary strong mixing observations provided sup,cp a, (m) — 0 as
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m — oo. Assumption F2 holds for all @ < 1/2 because if s > 1, then J;, is absolutely
continuous, and if s = 0, then J;, has support R; and the df Jp(x) has a jump of
height greater than or equal to 1/2 at © = 0 and no other jumps. Assumption G2 holds
automatically because the subsample procedure satisfies Assumption Sub2.

Next, we discuss FCV CRs. Corollary 4(d), combined with the continuity results
concerning Jp, given in the discussion of Assumption F2 above and the result above
that J; >g7 Jj, for (g,h) € GH, imply that for a FCV CR

AsyCL = }igﬁl Jh(criz(1 — @) = hzugij J(0,hs) (CFiz(1 — a)). (11.32)

Hence, if ¢pi,(1 — ) is defined such that

h;gf Jo,h) (CFiz(1 — ) =1 —q, (11.33)
then the FCV CR has asymptotic level 1 — «, as desired. By (11.29), the distribution
J(0,ns) Only depends on

ha2 = vech (nh_)rgo Corrpg, , (Mn(0n,pn)))- (11.34)
Hence, determination of the value cp, (1 — ) that satisfies (11.33) only requires maxi-
mization over the possible asymptotic correlation matrices of nt/ le(en,h). For example
if p=1and s =0, then J(gp,) is the distribution of a random variable that is 0 with
probability 1/2 and is chi-squared with one degree of freedom with probability 1/2.
Hence, no unknown parameter appears. If p+s = 2, then J(g p,) depends on the scalar
ha2, which is the asymptotic correlation between n1/2mn 1(0n,n) and nl/?m,, 2(0n.n)-
For general p+ s, one can determine cp;, (1 — ) such that the infimum in (11.32) equals
1 — « via simulation.

Given (11.32), one can design a data-dependent “plug-in” critical value (PCV) that
yields a more powerful test than the FCV test and, hence, a smaller CR, because it is
closer to being asymptotically similar. Let cpyq(ho,2,1 — a) denote the 1 — a quantile
of J(O,hz)(az) (which only depends on hgy ). Let /h\gg,n be a consistent estimator of hg .
The PCV is R

cpiug(h2,2.n,1 — ), (11.35)

where haon, — ha2 —p 0 and, hence, cpug(h22n,1 — @) — cprug(ho2,1 —a) —, 0 as
n — oo under {7, ; : n > 1}. For example, in the case of iid observations, one can take

ﬁzmm=1wdu(ﬁ*”%&»ﬁ<&»D 12(0y)) , where

Va(00) = 712 (Wi, 60) — T (00)) (m(Ws, o) — M (00))',

m(Wz,QO) = (ml<Wi,00),... mp+5(Wi,90))' and
Dy(600) = Diag{53,1(60), - Ty prs(00)}- (11.36)
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The PCV, cpiug (f;g,gm, 1 — @), can be computed by simulation.

The use of the PCV yields a CR for the true value 6y whose finite sample size has
limit equal to 1 — o (using (11.32) with Fiz replaced by Plug). The PCV CR is not
asymptotically similar because the limit of its coverage probability exceeds 1 — «a when
h1 # 0. However, it is closer to being asymptotically similar than the FCV CR is,
because cppug(ha2,1 — a)) < supp, ey, cpiug(h2,2,1 — a) = cpiz(1 — a) for all hy s with
strict inequality for some ho 2.

NEED TO CHECK STATEMENTS IN THIS PARAGRAPH. For an empirical
likelihood-based test statistic, as in Moon and Schorfheide (2004) or Soares (2005), the
asymptotic distribution of the test statistic is the same as the GMM-based statistic
above. Hence, the same argument as above leads to (11.31) and the subsample, FCV,
and PCV CRs have the desired asymptotic level. The PCV CR yields the smallest CR
based on an empirical likelihood test statistic.

Next, suppose the population moment functions are of the form Epm;(W; 0o, 79) >
0 for j = 1,...,p and Epm;(W;00,79) = 0 for j = p+1,...,p + s, where 79 is a
parameter for which a preliminary asymptotically normal estimator 7, (0p) exists, as in
Soares (2005). The sample moment functions are of the form my, ;(0) = ™, ;(0,7,(0)).
In this case, the asymptotic variance of n'/?m, ;(0), as well as the quantities Q and
ha 2, take different values than when 7¢ appears in place of 7,,(0g). But, the form of the
asymptotic distribution given in (11.29) is the same. (This relies on suitable smoothness
of Epm;(W; 09, 7o) with respect to 79.) In consequence, by the same argument as above,
we have J; >g7 Jp, for (9, h) € GH and (11.31), (11.32), and the above PCV CR results
hold. Hence, use of a preliminary estimator in the GMM criterion function does not
cause size distortion for the subsample, FCV, or PCV CRs (provided Jj, is properly
defined and takes into account the estimation of 79 when computing criz(1 — @) or
CPlug(h2,2,n7 1- a))

We now discuss CRs based on a minimum distance test statistic, as in Rosen (2005).
(Rosen (2005) does not consider subsample critical values, but we do here.) The test
statistic is

To(0) = inf n(Mn(0) — )V, (M, (0) — 1), (11.37)
t=(t1,0s)":t1€RY.

where 0, (0) = (Mn,1(8), ..., Mppts(0))" and V,, is a consistent estimator of V =
limy, oo Varg(n'/?m,(0)) when 0 is the true parameter. For this test statistic, v; and
73 are the same as above and vy = (6, vech.(V)’)". In this case, under {7, ; : n > 1},
we have

Tn(ﬂn,h) —d L(h) ~ Jh, where

) . t1— M ' _1< X (tl—h1>)
L(h) = f A — Vv Z — d
( ) t:(ti,OlsI)l':tleRg_ ( ha,z2 < 0s >> ha,2 0s an

Zy,, ~ N(0,V). (11.38)
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If 0 < g1 < hy, then algebra and RS — g1 C R — hy give

/
_ . * o tT —1 * o tT
U= o, (Zne = (ab ) 7 (%= (5])
t* ! t*
< inf Zr  — | 1 vt <Z* —< 1 )) a.s(11.39
T t=(t}",05)t;€R —g1 < hz,2 ( Os >> ha,2 0 ( )

Also, for (g,h) € GH, we have 0 < ¢g; < h; and g2 = hoa. These results imply
that J; >g7 Jp, for (9,h) € GH and (11.31) holds. Hence, discontinuity of the limit
distribution also does not cause size distortion for the CR based on the subsample
minimum distance statistic. Analogous results to those above for the FCV and PCV
CRs also hold.

All of the discussion above takes the parameter space for v; to be I'y = Rﬁ. This
is appropriate when any given moment inequality can hold as an equality regardless of
whether other moment inequalities hold as equalitites or not. On the other hand, in
some examples if one moment inequality holds as an equality, then some other moment
inequality cannot hold as an equality. For example, consider a location model with
interval outcomes. For simplicity, suppose the interval endpoints are integer values.
The model is y = 0y + u; and y; = [yf] for i = 1,...,n, where [y] denotes the integer
part of y, y* is not observed, and y; is observed. The interval outcome [y;,y; + 1)
necessarily includes unobserved outcome variable y;. Two moment inequalities that
place bounds on 6y are (i) —FEg,y; + 0o > 0 and (ii) Ep,y; + 1 — 6o > 0. If the first
inequality holds as an equality, then the second cannot.

Analysis of the interval outcome model can be done using the general results of this
paper as follows. We have (—FEp,y; + 0p) € [0, 1]. We treat the two cases (a) (—FEp,v; +
6o) € [0,1/2] and (b) (—Ep,yi + 0o) € (1/2,1] separately because the asymptotic
distribution of T},(0,, ) is discontinuous both at —FEy,y; + 09 = 0 and at —Eg,y; + 0 =
1. For case (a), we define v, via (—Ep,y; + 6o) + v, = 0 for v; € [0,1/2] and, in
consequence, (Fg,y; +1 — 0p) — (1 — ;) = 0. Using these equalities in place of the
equalities in (11.26), we can analyze this model in the same way as above with p = 2
and s = 0. We obtain the same result as above that the limit of finite sample size
is the nominal level for subsample CRs when (—Fg,y; + 0o) € [0,1/2]. For case (b),
we define v, via (Ep,yi +1 — 6p) — v, = 0 for v; € [0,1/2] and, in consequence,
(=Ep,yi+00)+(1—7,) = 0. Analogously, using these equalities in place of the equalities
in (11.26), we can analyze this model in the same way as above. We obtain the same
result as above that the limit of finite sample size is the nominal level for subsample
CRs when (—Ep,y; +00) € (1/2,1]. Combining the results from cases (a) and (b) gives
the same result for the model in which (—FEg,y; + 0o) € [0, 1].

11.5 Examples under Preparation

EXAMPLES THAT WE HAVEN'T FINSHED YET (OR IN SOME CASES HAVE
NOT EVEN STARTED):
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(1) CIFOR A UNIT ROOT AS IN Ch. 12 OF PRW. (ALTERNATIVE METHODS
TO SUBSAMPLING ARE ANDREWS/STOCK TYPE CI METHODS. MIKUSHE-
VA’s RESULTS ARE RELEVANT HERE.) HAVE RESULTS, INCLUDING SIMU-
LATION RESULTS, BUT NOT WRITTEN UP.

(2) POOR IVS/WEAK EXOGENEITY: TESTS CONCERNING RHS PARAME-
TER ON ENDOGENOUS VARIABLE WHEN CORRELATION BETWEEN IV AND
STRUCTURAL ERROR IS 4. SUPPOSE v = L/n'/2. CLOSELY RELATED TO
MEHMET CANER’s PAPER ON SUBSAMPLING IN THIS CONTEXT. HAVE RE-
SULTS, BUT NOT FINISHED WRITE UP.

(3) WEAK IVs: RELATED TO GUGGENBERGER AND WOLF’s PAPER ON
SUBSAMPLING WITH WEAK IVs. HAVE SOME RESULTS, BUT NOT FINISHED
WRITE UP. SUBSAMPLING, AFTER SIZE-CORRECTION, MAY BE GOOD FOR
SUBSET INFERENCE ON ENDOGENOUS VARIABLES AND INFERENCE ON
EXOGENOUS VARIABLES. NOT BEST FOR INFERENCE ON WHOLE VECTOR
OF ENDOGENOUS VARIABLES—CONDITIONAL TESTS A LA MOREIRA (2003)
ARE BETTER.

(4) TEST STATISTICS BASED ON POST-MODEL SELECTION ESTIMATORS.

(5) INFERENCE IN REGRESSIONS WITH NEARLY INTEGRATED REGRES-
SORS. PRW MENTION THIS AS A POTENTIAL APPLICATION OF SUBSAM-
PLING, p. 288. A BETTER METHOD THAN SUBSAMPLING MAY BE JANSSON
AND MOREIRA’S METHOD.
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12 Appendix of Proofs

The following Lemmas are used in the proofs of Theorems 1 and 2. (The expressions
Kn — [K1,00; K2,00] and G(z—) used below are defined in Section 3.2.)

Lemma 6 Suppose (i) for some df’s L, () and Gr(-) on R, Lp(x) —p Gr(z) for all
x € C(Gr), (ii) T, —q Gr, where T, is a scalar random variable and G is some
distribution on R, and (iii) for alle > 0, G1(coo —€) < 1—a and GL(coo +¢) > 1 —
where ¢ 18 the 1 — « quantile of G, for some o € (0,1). Then for ¢, := inf{zx € R :
Lp(x) > 1—a}, (a) cn —p oo and (b) P(T5, < ¢n) — [Gr(coo—), Gr(co0)]-

Comments. 1. Condition (iii) holds if G (z) is strictly increasing at ¥ = ¢y or if
Gpr(z) has a jump at = coo With GL(cs) > 1 —a and Gr(ceo—) <1 — a.

2. If Gr(x) is continuous at ¢, then the result of part (b) is P(T, < ¢,) —
GT(Coo)-

Lemma 7 Let a € (0,1) be given. Suppose Assumptions A2, B2, C-E, F2, and G2
hold. Let {wn : n > 1} be any subsequence of {n}. Let {7y, = (Yun 1> Vwn,20 Yan,3)
n > 1} be a sequence of points in T that satisfies (i) wyy,,, 1 — h1 for some hy € R,
(ii) by, Yan,1 — 91 for some g1 € RE, and (iii) v, o — ha for some hy € R&,. Let
h = (hi,h2), g = (91, 92), and go = ha. Then, we have

(a) (g, )G GH,

(b) Eoo.1,,, Ui by, ( ) = Jg(@) for all x € C(Jy),
(c) wn,bwn( x) —p Jg(x) for all x € C(Jy) under {v,, :n > 1},
(d) Ly po, () —p Jg(x) for all v € C(Jg) under {~,, :n > 1},
() Cwp,bu, (1 — oz) p Cg(1 — ) under {v,, :n>1},
(6) Prgrye (T (00) = Cun, (1~ ) — [nleg(1 — a)=), Jnlcy(1 — )], and
(g) if |h1]| < oo forallj=1,..,p and w, = n for all n > 1, then parts (b)-(f)
hold with Assumptions A2, B2, F2, and G2 replaced by Assumptions Al, Bl, F1, and
G1 and (g, h) in parts (b)—(f) equal (h°, h) of Assumption B1.

Comment. If J, is continuous at c¢g(1 — @), Payy, (Tw,(00) < cup iy, (1 —a)) —

Jn(cq(1 — a)).

Lemma 8 Let a € (0,1) be given. Suppose Assumptions A2, B2, C-E, F2, and G2
hold. Let (g,h) € GH be given. Then, there is a sequence {7y, = (Yn1;Vn2> Yn3) : 10 =
1} of points in T' that satisfy conditions (i)-(iii) of Lemma 7 and for this sequence parts
(b)-(f) of Lemma 7 hold with w, replaced by n.

Proof of Lemma 6. For ¢ > 0 such that ¢, £¢ € C(G) N C(Gr), we have

Ly(coo —€) —=p Gr(coo —€) < 1 —a and
Ly(coo+€) —=p Grcoo +€) > 1—a (12.1)
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by assumptions (i) and (iii). This and the definition of ¢, yield
P(An(e)) — 1, where A, () = {coo —€ < ¢ < oo + €} (12.2)

There exists a sequence {¢; € C(Gr) NC(Gr) : k > 1} such that ¢ — 0 as k — 0.
Hence, part (a) holds.
Let P(A, B) denote P(AN B). For part (b), using the definition of A, (c), we have

P(T, < oo —&,An(e)) < P(Ty, < ey Ap(e)) < P(T, < oo + ). (12.3)
Hence,
limsup P(7T), < ¢,) = limsup P(T}, < ¢y, An(€))

n—oo n—oo

< limsup P(7T, < ¢ +¢) = Gr(coo +€), and

n—oo
liminf P(7T, < ¢,) = liminf P(T;, < ¢p, Ap(€))
n—oo n—oo
> liminf P(T), < ¢oo — €, An(e)) = Gr(coo —€) (12.4)

using assumption (ii), cx =€ € C(Gr), and (12.2). Given a sequence {ej : k > 1} as
above, (12.4) establishes part (b). O

Proof of Lemma 7. First, we prove part (a). We need to show that g € H, h € H,
g2 = ho, and conditions (i)-(iii) in the definition of GH hold. For j = 1,...,p, if
a; = 0, then g1 j,h1; € Ry o by conditions (i) and (ii) of the Lemma. Likewise, if
bj = 0, then g1 j,h1; € R_ . Otherwise, g1,h1; € Rs. Hence, by the definition
of Hi, g1,h1 € Hj. By condition (iii) of the Lemma, hy €cl(I'y) = Hs. Combining
these results gives g, h € H. By assumption of the Lemma, g = ho. By conditions (i)
and (ii) of the Lemma and Assumption C(ii), conditions (i)-(iii) of GH hold. Hence,
(9,h) € GH.

Next, we prove part (b). For notational simplicity, we drop the subscript 6y from
Py, ~ and Ep, . We have

Gunp,

E’Ywn an,bwn (x) = q’l;i Z P wn (Twn7bwn,i(00) é x)
i=1

= Py, (T, a(00) < 2) = Py, (Th,, (00) < ), (12.5)

where the first equality holds by definition of Uy, s, (), the second equality holds by
Assumption D(i), and the last equality holds by Assumption D(ii).

We now show that P, (Ty, (0o) < z) — Jy(z) for all x € C(Jy) by showing
that any subsequence {t,} of {w,} has a sub-subsequence {sy} for which P, (T3, (o)
<z) — Jy(x).

Given any subsequence {t,}, select a sub-subsequence {s,} such that {bs,} is
strictly increasing. This can be done because b,,, — oo by Assumption C(i). Because
{bs,, } is strictly increasing, it is a subsequence of {n}.
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Below we show that Assumption B2 implies that for any subsequence {u,} of {n}
and any sequence {7y, = (Vi 1, Ve .2 Van.3) € I 1 n > 1}, that satisfies (i') upvy 1 —
g1 and (it') 7} o — g2 € R, we have

Pye (Tu, (00) < y) — J4(y), (12.6)

for all y € C(Jy). We apply this result with u, = bs,, 75, = 7s,, and y = z to obtain
the desired result P, (T, (0o) < z) — Jg(x), where (i') and (ii’) hold by assumptions
(ii) and (iii) on {7, :n >1}.

For the proof of part (b), it remains to show (12.6). Define a new sequence {v;* =
(Ve vies) € Tk > 1} as follows. If k = uy, set 45" equal to ) . If k # uy, define
the7jth éom[;onent of v to be

V1 =0 if g1; =0

Vi = max{k™"g1;,a;/2} if —00<g1; <0&a; <0

775?1,;’ =min{k™"¢1;,b0;/2} f0<g1;<oo&b;j>0 (12.7)
VZfl,j = aj/2 if g1; = —o0

Vi = 0i/2 if g1,; = +00

for j = 1,...,p, define 7%, = '72%’2 (€ I'2), where n = max{¢ € N : uy < k}, and
define 73’5 to be any element of I's(v}*,7;%). Note that the parameters {v;*: k > 1}
are in I for all k > 1 and K" — o1 and 7};*2 — g2 as k — oo. Hence, {7;* : k > 1} is
of the form {v, ,:n > 1} and Assumption B2 implies that P (T (00) < y) — Jg(y)
for all y € C(Jy). Because {uy} is a subsequence of {k} and 7;* = v; when k = up,
the latter implies that Pyx (T, (00) <y) — Jy(y), as desired.

Part (c) holds by part (b) and Assumption E.

To prove part (d), we show that Assumptions A2 and G2 imply that

L, b, () = U, by, () —p 0 under {v,, :n > 1} for all x € C(Jy). (12.8)

This and part (c) of the Lemma establish part (d). To show (12.8), define a new
sequence {7y, = (V5 1:Vh2: Vk3) € I 1 k > 1} as follows. If k = wy, set 7} equal to 7,
If k& # wy,, define

712,1,]’ = max{k_'”hl,j, aj/2} if g1, = 0& —o0< h17j <0
’YZ,Lj = min{kiqﬂhlﬂ', bj/2} if g1, = 0&0< hl,j < 0
77;,1,_7' = sgn(hld)(bkk)”"/z if 91,5 = 0& hl’j = +o0

Vi, = max{b;"g1;,a;/2} if —00<g1; <0& hyj=—00 (12.9)
ryz,l,j = min{b,;rgl,j,bj/Q} if 0 < g1, <00 & hl,j = 00

Vi1 = /2 if g1; = h1,j = —00

Vi1 = bj/2 if g1, = h1,; = o0,

where v 1 = (V511575 1p)’, define 75 , = Viwmy 20 where ng = max{{ € N : wy < k},
and define v} 5 to be any element of I'3(7} 1,7% ). As defined, 75 € I' for all & > 1
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and straightforward calculations show that {7} : k > 1} satisfies (i)-(iii) of Lemma
7 with {w,} replaced by {k}. Hence, by Lemma 7(b) with {w,} replaced by {k},
Ukpp () —p Jg(x) as k — oo under {v; : k > 1} for all € C(Jy). In consequence,
because {7} : k > 1} is of the form {v,, : n > 1}, Assumption G2 implies that
Lip, () — Ugp(x) —p 0 as k — oo under {7} : k > 1} for all x € C(Jy). Since
Vi = Yw, for k= wy,, this implies that (12.8) holds.

Parts (e) and (f) are established by applying Lemma 6 with L, (x) = L, b, (*)
and T,, = T, (00) and verifying the conditions of Lemma 6 using (I) part (d), (II)
Tw,(00) —q Jp under {v,, :mn > 1} (which is verified below), and (III) Assumption
F2. The result of (II) holds because {7} : k > 1} in the proof of part (d) is of the form
{Yn,n :m > 1} for h as defined in the statement of Lemma 7; this and Assumption B2
imply that Tj(0o) —q Jp as k — oo under {7 : & > 1}; and the latter and 7§ = v,
for k = w, imply the result of (II).

Part (g) holds because (I) the proof of part (b) goes through with Assumptions A2
and B2 replaced by Assumptions Al and Bl given that |k ;| < oo for all j =1,...,p,
(IT) the proof of part (c) holds without change, (III) part (d) holds immediately by part
(c) and Assumption G1 (in place of Assumption G2) because w,, = n for all n > 1, and
(IV) the proof of parts (e) and (f) holds with Assumptions A2, B2, and F2 replaced by
Assumptions A1, B1(i), and F1 given that |h; ;| < oo for all j = 1,...,p (which implies
that g1 ; = 0 for j = 1, ..., p using conditions (i) and (ii) of the Lemma and Assumption
C(ii)) and wy, =n. O

Proof of Lemma 8. Define v,,; ; as in (12.9) with n in place of k for j = 1,...,p and
let ¥,1 = (Y115 Yn1p) - Define {7, :n > 1} to be any sequence of points in I'
such that 7,5 — ha as n — oo. Let v,, 3 be any element of I's(7,,1,7,2) for n > 1.
Then, v,, = (Vn.1,VYn,2 Yn,3) is in ' for all n > 1 using Assumption A2. Also, using
Assumption C, straightforward calculations show that {v,, : n > 1} satisfies conditions
(i)-(iii) of Lemma 7 with w, = n. Hence, parts (b)-(f) of Lemma 7 hold with w,, = n
for {v,, : n > 1} as defined above. OJ

Proof of Theorem 1. Part (a) holds by Assumption B1(i) and the definition of
convergence in distribution by considering points of continuity of Jj(-) that are greater
than cpi(1 — a) and arbitrarily close to cpi, (1 — ) as well as continuity points that
are less than cpi;(1 — «) and arbitrarily close to it. Part (b) follows from Lemma
7(g) because |hij| < oo for j = 1,...,p, w, = n for all n > 1, g in Lemma 7(g)
equals h® = (0, hs), conditions (i) and (iii) of Lemma 7 hold by the definition of the
sequence {7, : 7 > 1}, and condition (ii) of Lemma 7 holds because n"v,,,; — h1
with [|h1]| < oo implies that b}y, ;1 — 0 using Assumption C(ii). O

Proof of Theorem 2. The proof of part (a) is similar to that of part (b), but
noticeably simpler because cpiz(1 — ) is a constant. Furthermore, the proof of the
second result of part (b) is quite similar to that of the first result. Hence, for brevity,
we only prove the first result of part (b).
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We first show that AsySz(0y) > Maxgyu(a). Equations (2.8) and (2.9) imply that
for any sequence {vy, € I': n > 1},

AsySz(0o) > limsup [1 — Py, (Tn(0o) < cnp(l —a))]. (12.10)

n—oo

In consequence, to show AsySz(6y) > Maxgy(a), it suffices to show that given any
(9,h) € GH there exists a sequence {7,, = (Y1, Vn,2: Yn,3) € L' : m > 1} such that

limsup[l— Py, 5, (Th(00) < cnp(l —@))] > 1 — Jp(cg(1 — a)). (12.11)

n—oo

The latter inequality holds (as an equality) by Lemma 8.

It remains to show AsySz(6p) < Maxg,,(a). Let {7}, = (V1,72 Yn3) €L in >
1} be a sequence such that limsup,, ., RP,(60,7;,) = limsup,,_, sup,er P (60,7)
(= AsySz(0p)). Such a sequence always exists. Let {v, : n > 1} be a subsequence
of {n} such that lim, .. RP,,(0o,7;, ) exists and equals limsup,, ., RP,(00,7},) =
AsySz(0p). Such a subsequence always exists.

Let 7}, 1 ; denote the jth component of ~}, ;. Either (1) limsup,,_, [v;7;, 1 ;1 <00

or (2) limsup,, ., |v57y, 1 ;1 = 00. If (1) holds, then for some subsequence {wy} of {vy}

r *
b, Yuwn,1,; — 0 and

Wy Yw,1,; — hi,j for some hy j € R. (12.12)

‘A

If (2) holds, then either (2a) limsup,, . [0}, 7y, 1,1 < oo or (2b) limsup,, . [0}, 7y, 15
= oo. If (2a) holds, then for some subsequence {w,} of {v,},

r * .
Dwn Yuwn,1,; — 91,7 for some g1; € R and

Wy Ywn1,; — h1j, where hyj = oo or — oo with sgn(hy ;) = sgn(g1,;). (12.13)
If (2b) holds, then for some subsequence {wy,} of {v,},

T * —
bwn'Ywn,l,j — 91,5, where g1, = 00 or — 0o, and

Wy Ywn1,; — h1j, where hyj = oo or — oo with sgn(hy ;) = sgn(gu;). (12.14)
In addition, for some subsequence {w,} of {v,},
Ym.2 — a2 for some ha € cl(I'2). (12.15)

By taking successive subsequences over the p components of vy ; and 7, 5, we find
that there exists a subsequence {w,} of {v,} such that for each j = 1,...,p exactly
one of the cases (12.12)-(12.14) applies and (12.15) holds. In consequence, conditions
(i)-(iii) of Lemma 7 hold. In addition, vy, 3 € I's(7},, 1,74, 2) for all n > 1 because
Yo, € I'. Hence,

RPy, (00.75,) = [1 = Ja(eg(1 = 0)),1 = Juley(1 —a))]  (12.16)
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by Lemma 7(f). Also, (9,h) € GH by Lemma 7(a). Since lim, .. RP,,(60,7;,) =
AsySz(p) and {wy} is a subsequence of {v,}, we have lim, .. RPy, (60,7;,) =
AsySz(0p). This, (12.16) and (g, h) € GH imply that AsySz(6p) < Maxg,, (o), which
completes the proof of the first result of part (b). O

Proof of Lemma 2. If ¢4(1 — a) > coo(l — a) for all h € H, then Mazy,,(a) =
Mazxg,, (o) and Maxgy(a) = Mazgy (o) follows immediately. On the other hand,
suppose “cp(1 — a) > coo(l — @) for all h € H” does not hold. Then, for some g € H,
cg(l1 — @) < ¢o(1 — ). Given g, define hy = (hi1,...,h1p) € Hi by h1; = +oo if
g1 > 0, hy; = —o0 if g1; < 0, h1j = +00 or —oo (chosen so that (g,h) € GH)
if g1; = 0, and define hy = go. Let h = (h1, ha). By construction, (g,h) € GH. By
Assumption J, ¢p(1 — @) = coo(1 — «). Hence, we have

Mazgy(a) > 1 — Jp(cg(l — a)) > a, (12.17)

where the second inequality holds because ¢,(1—a) < coo(1—a) = cp(1—) and ¢ (1—
«) is the infimum of values = such that Jn(x) > 1 — « or, equivalently, 1 — J(x) < a.
Equation (12.17) and Theorem 2(b) imply that AsySz(6y) > « for the subsample test.
The hybrid test reduces the over-rejection of the subsample test at (g, h) from being at
least 1 — Jp(cg(1 —a)) > a to being at most 1 — Jp(coo(1 — ) = 1= Jp(cp(l— ) < o
(with equality if Jy(+) is continuous at ¢, (1 — «)). O

Proof of Lemma 3. Suppose Assumption Quant0(i) holds. Then, we have
Maxy,,(a) = sup [l — Jp(max{cy(l — @), coo(l —a)}—)]

(g,h)EGH
= sup[l — Jp(coo(l — @)—)] = sup[l — Jp(coo(l — a))]
heH heH
< sup[l — Jp(cn(1 — )] < a, (12.18)

heH

where the second equality and first inequality hold by Assumption QuantO(i)(a), the
third equality holds by Assumption Quant0(i)(b), and the last inequality holds by the
definition of ¢;(1 — «).

Next, suppose Assumption Quant0(ii) holds. By Assumption Quant0(ii)(a), p = 1.
Hence, given (g,h) € GH either (I) |hi,1| = oo or (II) |h11]| < oo. When (I) holds,
Jp = Jo by Assumption J and

1 — Jp(max{cy(1 — ), coo(l — ) }—)
<1 —Jselto(l —a)—) =1 - Jo(co(l —a)) < a, (12.19)

where the equality holds by Assumption Quant0(ii)(c). When (II) holds, g must equal
hO by the definition of GH. Hence,

1 — Jp(max{cg(l — ), coo(l —)}—) <1 — Jp(cpo(l —a)—)

< sup[l — Jp(ep(l — a)—)] = sup[l — Ju(en(l — a))] < a, (12.20)
heH heH
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where the second inequality holds because cpo(1 — a) > ¢p(1 — ) by Assumption
Quant0(ii)(b) and the equality holds by Assumption Quant0(ii)(d). O

Proof of Lemma 4. By Assumption KK(i), cv(1 — o) < co. Now, suppose h € H is
such that ¢;(1 — a) < cv(1 — «). Then,

Jp(ev(l —a)=) > Jp(ep(l —a)) > 1 — «, (12.21)

where the first inequality holds because Jp,(x) is nondecreasing and cv(l — a) —e >
cn(1 — «) for e > 0 sufficiently small and the second inequality holds by the definition
of the quantile ¢;(1 — «).

Next, suppose h € H is such that ¢,(1 — a) = cv(1 — «). Then,

Jp(cv(l —a)—) = Jp(cv(l — @) = Jp(en(l — @) =1 — a, (12.22)

where the first equality holds by Assumption KK(ii), the second equality holds by the
definition of h, and the third equality holds by the definition of the quantile ¢;(1 — «)
and Assumption KK(ii). The case h € H and ¢,(1 — o) > cv(1 — «) is not possible
because cv(1 —a) = supgep ¢g(1 — ). Hence, (12.21) and (12.22) combine to show that
forall he H, 1 — Jp(cv(1l — a)—) < a, as desired. J

Proof of Theorem 3. The result of part (a)(i) follows from Assumption Quant1(i)
with g = h0 because h € H implies that (k% h) € GH and cv(1—a) = supp,c g cp(l—a)
by Assumption KK(i). Assumption Quantl(i) also implies that

1-— Jh(Cg(l —a))<1—=Jplep(l—a)) <« (12.23)

for all (g,h) € GH. Hence, using Assumption Quantl(ii), Maxg,,(a) = Maxgu(a) <
a, £(a) = a, and part (a)(ii) holds.
The result of part (a)(iii) (i.e., " (o) = «) follows from

Mazy,,(a) < Mazg,,(a) < o, (12.24)

where the second inequality holds by part (a)(ii).
Next, part (a)(iv) holds because

Choo(l = (@) = €5 o(1 — @) = max{cy(1 — a), coo(1 — @)}
= cg(l —a) =¢c4(1 — &()) (12.25)

for all ¢ € H, where the first through fourth equalities hold, respectively, by part
(a)(iii), the definition of cj (1 — ), Assumption Quant1(i), and part (a)(ii).

Part (a)(v) of the Theorem holds because cg(1 —&()) = cy(1 — ) < cpo(l —a) <
cv(1—a) for all g € H, where g = (g1, g2) and g° = (0, g2), by part (a)(ii), Assumption
Quant1(i), and part (a)(i), respectively.

Next, we prove part (b)(i). Given any g = (91,92) = (91,1, .-, 91,9, 92) € H, let
9%° = (91°, 92) = (973, -+, 955 92) € H be such that g% = +oo if g1; > 0, g75 = —o0
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if g1,; <0, g7 = +0o0 or —o0 (chosen so that ¢>*° € H) if g1 ; =0 for j =1,...,p. By
Assumption Quant2(i), ¢g(1—a) < ¢goo (1—a) because (g, g>°) € GH. By Assumption J,
cgeo(l—a) = coo(1—a) for all g € H. Hence, cv(1 —a) = suppeg cp(l—a) = coo(l — ),
which proves part (b)(i).

We now prove part (b)(ii). Part (b)(i) and ceo(1—a) < ¢ . (1—a) (by the definition
of ¢ (1 —a)), yields cv(1 —a) < ¢j (1 —«a). The latter implies that £*(a) = a, using
the definition of £*(«a), which is the result of part (b)(ii). In turn, *(a) = « gives

Cpooll =& (@) = cj oo(1 — @) = max{cy(1l — a),coo(l — )} < cv(l —a), (12.26)

9,00

where the inequality holds by definition of cv(1 — a). Combining this with the reverse
inequality that is given prior to the displayed equation yields cj . (1-£*(a)) = cv(1-a),
which is the result of part (b)(iii).

We now prove part (b)(iv). By Assumption L, Marg,,(§(a)) = supypyeaull —
Jh(cg(1 —&(a))—)] < a. This implies that

¢(1—£(@)) 2 eh(1—a) (12.27)

for all (g,h) € GH. Given any g € H, define ¢° and ¢* as in the previous three
paragraphs. Equation (12.27) with (g,h) = (¢°,¢>), Assumption J (which implies
that Ch<1 —a) = Coo(l —Oé) for all h = (hl, hg) = (h1,17 ety hl’p, hg) € H with hl,j =400
for all j =1,...,p), and part (b)(i) give

co(l=§(a)) > cgo(l —a) = coo(l — ) = cv(1 — a). (12.28)

By Assumption Quant2(ii), cgo(1 —§(a)) < ¢g(1—¢(av)) for all g € H. This and (12.28)
establish part (b)(iv).

Part (c)(i) and (c)(iii) follow immediately from Assumptions Quant3(i) and
Quant3(iv), respectively. Part (c)(ii) is proved as follows. By (12.27) with (g,h) =
(h*0 h*), and Assumption Quant3(ii), cps0(1 — £(a)) > cpe(1 — @) > cpeo(l — a).
Hence, (o) < a. This, Assumption Quant3(iii), and the result of part (c)(i) gives
(1 —&(@) >eps(l—a)=cv(l — ). O

Proof of Lemma 5. Assume U, () —p Jg(z) for all x € C(J,) under {v,, :n > 1}
for some g € H and h € H. To show L, (x) — Upp(x) —p 0 for all z € C(Jy) under
{Yn.n}> We use the argument in the proofs of Theorems 11.3.1(i) and 12.2.2(i) in PRW.

Define Ry (t) := g 329, 1(]70, (0 — 00) /G p,i] > t). Using
Unp(z —t) — Ro(t) < Lpp(z) < Upp(x +t) + Ra(t) (12.29)

for any ¢ > 0 (which holds for all versions (i)—(iii) of 7},(fp) in Assumption t1), the
desired result follows once we establish that R, (t) —, 0 under {, ,} for any fixed
t > 0. By 7, = ay,/d,,, we have

75, (On — 00) /T, i| = tiff (ap, /an)an|0n — 00| > db, T p, it (12.30)
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provided &, ; > 0, which by Assumption BB2(ii) holds uniformly in ¢ = 1,...,n
wp—1. By Assumption BB2(i) and HH, (ay, /an)an|0, — 00| = 0p(1) under {7, ,}-
Therefore, for any § > 0, Ry(t) < ¢, ' Y7, 1(6 > db, Opp,.it) = UZ,. (6/t) wp—1.
Now, by an argument as in the proof of Lemma 7(a) and (b) (which uses Assumption
EE, but does not use Assumption G2) applied to the statistic d,, 0, rather than T,,, (o),
we have Uy, (z) —p Wy(z) for all z € C(W,) under {v,,;}, where g € H is defined as
in Lemma 7 with {v,, } being equal to {v, }. Therefore, U7, (6/t) —p Wy(é/t) for
6/t € C(Wy) under {v,,;}. By Assumption BB2(iii), W, does not have positive mass
at zero and, hence, Wy(6/t) — 0 as 6 — 0. We can therefore establish that R, (t) —, 0
for any t > 0 by letting ¢ go to zero such that §/t € C(W,). O
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Table I. Testing with a Nuisance Parameter on the Boundary: Maximum Asymp-
totic Null Rejection Probabilities (x100) as a Function of the True Correlation p for
Tests with Nominal Size .05

Upper 1-sided Symmetric 2-sided Equal-tailed 2-sided
P Sub FCV Hyb Sub FCV Hyb Sub FCV  Hyb

-1.00 50.2 5.0 5.0 9.9 10.1 9.9 52.7 10.1 5.0
-.99 42.8 5.0 5.0 9.9 10.1 9.9 43.2  10.1 5.0
-.95 33.8 5.0 5.0 9.9 10.1 9.9 324 10.1 5.0

-.90 27.6 5.0 5.0 9.9 10.1 9.9 254 10.1 5.0
-.80 20.2 5.0 5.0 9.3 10.1 9.3 174 10.1 5.0
-.60 12.3 5.0 5.0 7.4 10.1 7.4 10.0 10.1 5.0
-.40 8.3 5.0 5.0 6.0 10.1 6.0 6.8 10.1 5.0
-.20 6.2 5.0 5.0 5.2 10.1 5.2 5.3 10.1 5.0

.00 5.0 5.0 5.0 5.0 10.1 5.0 5.0 10.1 5.0
.20 5.0 5.6 5.0 5.2 10.1 5.2 54 10.1 5.0
.40 5.0 5.8 5.0 5.9 10.1 5.9 6.7 10.1 5.0
.60 5.0 5.6 5.0 7.5 10.1 7.5 9.9 10.1 5.0
.80 5.0 5.1 5.0 9.6 10.1 9.6 173 10.1 5.0
.90 5.0 5.0 5.0 10.1 101 10.1 25.2 101 5.0

.95 5.0 5.0 5.0 10.1  10.1 10.1 324 10.1 5.0
99 5.0 5.0 5.0 10.1  10.1 10.1 43.0 10.1 5.0
1.00 5.0 5.0 5.0 10.1  10.1 10.1 52.3 10.1 5.0
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