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Devwudfw

Zh frqvlghu wkh g|qdplf sulydwh surylvlrq ri ixqgv wr surmhfwv wkdw jhqhudwh  rzv

ri sxeolf ehqh?wv1 Sduwlflsdqwv kdyh frpsohwh lqirupdwlrq derxw wkh hqylurqphqw/

exw lpshuihfw lqirupdwlrq derxw lqglylgxdo dfwlrqv= hdfk shulrg wkh| revhuyh rqo| wkh

djjuhjdwh frqwulexwlrq1 Hdfk sod|hu pd| frqwulexwh dq| dprxqw lq dq| shulrg ehiruh

wkh frqwulexwlqj krul}rq lv uhdfkhg1 Doo Qdvk htxloleulxp rxwfrphv duh fkdudfwhul}hg1

Lq pdq| fdvhv wkh| duh doo dovr shuihfw Ed|hvldq htxloleulxp rxwfrphv1 Li wkh krul}rq

lv orqj/ li wkh sod|huv* suhihuhqfhv duh vlplodu/ dqg li wkh| duh sdwlhqw ru wkh shulrg

ohqjwk lv vkruw/ shuihfw Ed|hvldq htxloleuld h{lvw wkdw hvvhqwldoo| frpsohwh wkh surmhfw1

Lq vrph ri wkhp wkh frpsohwlrq wlph vkulqnv wr }hur zlwk wkh shulrg ohqjwk 8 h!flhqf|

lv dfklhyhg lq wkh olplw1

Nh|zrugv= sxeolf jrrgv/ sulydwh surylvlrq/ yroxqwdu| frqwulexwlrq/ g|qdplf jdphv

MHO Qxpehuv= K74/ F:6

Fruuhvsrqghqw= Surihvvru Vwhyhq D1 Pdwwkhzv/ Ghsduwphqw ri Hfrqrplfv/ Xql0

yhuvlw| ri Shqqv|oydqld/ 6:4; Orfxvw Zdon/ Sklodghoskld/ SD 4<437095<:1 Hpdlo=

vwhyhpdCvvf1xshqq1hgx1 Skrqh= +548, ;<;0::7<1 Id{= +548, 8:60538:1

úZh wkdqn wzr uhihuhhv/ S1 Erowrq/ O1 Frkhq/ F1 Ihuvkwpdq/ S1 Ohjurv/ F1 Ohx}/ E1 Olspdq/ J1 Pdf0

Grqdog/ J1 Pdlodwk/ M1 Prujdq/ M1 Shfn/ Z1 Shvhqgruihu/ D1 Wudqqr|/ M1 Ydolpdnl/ dqg dxglhqfhv dw wkh

QVI0QEHU Ghfhqwudol}dwlrq Frqihuhqfh dqg vhyhudo xqlyhuvlwlhv1 Pdwwkhzv wkdqnv wkh QVI iru vxssruw1
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4 Lqwurgxfwlrq

Wlph lv dq hvvhqwldo lqjuhglhqw ri pdq| yroxqwdu| frqwulexwlrq vfkhphv wkdw ?qdqfh sxe0

olf surmhfwv1 Ixqg gulyhv wr vxssruw sxeolf whohylvlrq ru idplqh uholhi/ ru wr exlog fkxufk

frpsoh{hv/ sdun v|vwhpv/ ru oleudu| froohfwlrqv/ jhqhudoo| wdnh sodfh ryhu shulrgv ri zhhnv

ru |hduv1 Wkh sxeolf lv jhqhudoo| nhsw lqiruphg ri krz pxfk kdv ehhq frqwulexwhg wr gdwh/

exw qrw ri hdfk lqglylgxdo*v frqwulexwlrq klvwru|1 Frqwulexwlrqv duh jhqhudoo| qrquhixqgdeoh/

dqg lqglylgxdov duh iuhh wr frqwulexwh pruh wkdq rqfh dqg dw dq| wlph gxulqj wkh gulyh1 Wkh

prgho ri wklv sdshu lv lqwhqghg wr fdswxuh wkhvh ihdwxuhv1

Wkh uhvxowv duh idluo| srvlwlyh1 Doorzlqj frqwulexwlrqv wr eh pdgh vorzo| ryhu wlph

hqkdqfhv h!flhqf| lq vrph htxloleuld/ hyhq wkrxjk lqglylgxdo frqwulexwlrqv duh sulydwh lq0

irupdwlrq1 Qhduo| h!flhqw shuihfw Ed|hvldq htxloleuld h{lvw surylghg Eðä wkh sod|huv hydoxdwh

wkh sxeolf jrrg vlploduo|/ Eððä wkh qxpehu ri shulrgv lv odujh/ dqg Eðððä glvfrxqwlqj lv orz

ru wkh shulrg ohqjwk vpdoo1 Wkh rqo| lqh!flhqf| lv wkhq d frpsohwlrq ghod|/ zklfk ydqlvkhv

lq vrph htxloleuld dv wkh shulrg ohqjwk vkulqnv wr }hur1 G|qdplfv fdq wkxv doohyldwh wkh

zhoo0nqrzq lqh!flhqflhv ri vwdwlf frqwulexwlrq jdphv14

Wkhvh srvlwlyh uhvxowv duh whpshuhg e| wkh idfw wkdw rxu jdph jhqhudoo| kdv rwkhu htxl0

oleuld lq zklfk qr frqwulexwlrqv duh pdgh1 Rq wkh rwkhu kdqg/ srvlwlyh uhvxowv duh vxusulvlqj

lq ylhz ri wkh iroorzlqj lqwxlwlrq= doorzlqj sod|huv wr frqwulexwh uhshdwhgo| fdq zruvhq lq0

fhqwlyhv e| fuhdwlqj ixwxuh sod|huv xsrq zklfk fxuuhqw sod|huv fdq iuhh ulgh1 Wklv lv wkh orjlf

ehklqg wkh qhjdwlyh uhvxowv ri Ihuvkwpdq dqg Qlw}dq +4<<4, dqg Dgpdwl dqg Shuu| +4<<4,1

Lq wkhlu prghov d sod|hu fdq vrphwlphv udlvh wkh ohyho ri ixwxuh frqwulexwlrqv e| orzhulqj klv

fxuuhqw frqwulexwlrq/ zklfk jlyhv klp dq lqfhqwlyh wr iuhh ulgh rq ixwxuh sod|huv1 Rxu jdph/

lq frqwudvw/ kdv htxloleuld lq zklfk d sod|hu lv ghwhuuhg iurp frqwulexwlqj wrr olwwoh lq rqh

shulrg ehfdxvh grlqj vr fdxvhv wkh rwkhu sod|huv wr frqwulexwh qrwklqj lq wkh qh{w1

Zh frqvlghu wkh prgho erwk zlwk dqg zlwkrxw glvfrxqwlqj1 Lq wkh qr0glvfrxqwlqj yhuvlrq/

d sod|hu*v sd|r> lv uhfhlyhg lq wkh ?qdo shulrg ri wkh ixqg gulyh1 Lw lv wkhq htxdo wr wkh sod|hu*v

4Vwdwlf frqwulexwlrq jdphv duh vwxglhg/ h1j1/ e| Dqguhrql +4<;;,/ Ehujvwurp/ hw do1 +4<;9,/ Ehuqkhlp

+4<;9,/ Fruqhv dqg Vdqgohu +4<<9,/ Prruh hw1 do1 +4<<8,/ Sdoiuh| dqg Urvhqwkdo +4<;7,/ dqg Yduldq +4<<7,1



ehqh?w iurp wkh sxeolf jrrg/ zklfk ghshqgv rq wkh wrwdo ri doo sdvw frqwulexwlrqv/ ohvv wkh

vxp ri wkh sod|hu*v rzq sdvw frqwulexwlrqv1 Wklv sd|r> lv dssursuldwh iru prgholqj vkruw

ixqg gulyhv/ vxfk dv d wzr0zhhn sxeolf udglr gulyh ru d wzr0gd| whohwkrq wr udlvh prqh|

iru phglfdo uhvhdufk1 Lq vxfk fdvhv rqo| wkh ?qdo fxpxodwlrqv pdwwhu 8 wkh wlph sdwk ri

frqwulexwlrqv lv luuhohydqw iru sd|r>v/ dqg qr ehqh?wv duh uhfhlyhg xqwlo wkh gulyh lv ryhu1

Wkh glvfrxqwlqj yhuvlrq ri wkh prgho lv pruh dssursuldwh iru orqj ixqg0udlvlqj gulyhv/

vxfk dv pxowl0|hdu fdpsdljqv wr udlvh prqh| wr exlog d fdwkhgudo/ d eulgjh/ d frpsoh{ ri

xqlyhuvlw| exloglqjv/ d uhjlrqdo urdg qhwzrun/ ru d froohfwlrq ri errnv iru d qhz oleudu|1 D

sod|hu*v sd|r> lv wkhq d glvfrxqwhg vxp ri frvwv dqg ehqh?wv1 Klv frvw lq d shulrg lv klv

frqwulexwlrq wkdw shulrg> klv ehqh?w lv ghwhuplqhg e| wkh fxpxodwlyh sulru frqwulexwlrqv ri

doo wkh sod|huv1 Li wklv ehqh?w lv dq lqfuhdvlqj ixqfwlrq ri wkh fxpxodwlrq/ sduwldo ehqh?wv duh

uhfhlyhg zkloh ixqgv duh vwloo ehlqj udlvhg1 Wklv lv wkh fdvh li wkh surmhfw lv frpsohwhg dqg

xvhg lq vwdjhv1 Iru h{dpsoh/ wkh ?uvw exloglqjv lq wkh qhz xqlyhuvlw| frpsoh{ fdq eh exlow

dqg sxw lqwr vhuylfh ehiruh hqrxjk kdv ehhq grqdwhg wr exlog wkh hqwluh frpsoh{> wkh ?uvw

urdgv lq wkh qhz urdg qhwzrun fdq eh frqvwuxfwhg dqg xvhg ehiruh wkh wrzqv wr eh frqqhfwhg

kdyh frqwulexwhg hqrxjk wr exlog wkh ?qdo urdg> wkh ?uvw errnv iru wkh qhz oleudu| fdq eh

sxufkdvhg dqg ordqhg wr uhdghuv ehiruh doo wkh prqh| uhtxluhg iru wkh oleudu| froohfwlrq kdv

ehhq udlvhg1 Dowhuqdwlyho|/ wkh surmhfw pd| eh 3elqdu|4 lq wkdw lw jhqhudwhv qr ehqh?wv xqwlo

lw kdv ehhq frpsohwhg/ dqg wkhq |lhogv d frqvwdqw ehqh?w  rz1 Wkh wh{werrn h{dpsoh lv wkh

exloglqj ri d eulgjh 8 qr ehqh?wv duh jhqhudwhg xqwlo wkh odvw jlughu lv lq sodfh1

Wkh ehqh?w ixqfwlrqv zh frqvlghu udqjh iurp elqdu| rqhv wr frqwlqxrxv rqhv wkdw ulvh

olqhduo| zlwk wkh fxpxodwlyh frqwulexwlrq xs wr vrph 3frpsohwlrq srlqw14 Lq lqwhuphgldwh

fdvhv ehqh?wv ulvh zlwk wkh fxpxodwlrq dqg mxps xs dw wkh frpsohwlrq srlqw1 Wkh exloglqj

ri d urdg qhwzrun lv d sodxvleoh h{dpsoh= ehqh?wv lqfuhdvh zlwk wkh qxpehu ri urdgv wkdw

duh exlow dqg sxw lqwr vhuylfh/ dqg wkh| ulvh glvfrqwlqxrxvo| dw wkh frpsohwlrq srlqw zkhq

wkh olqnlqj urdg lv ?qlvkhg1 Dqrwkhu h{dpsoh lv d fkdulw| fdpsdljq dlphg dw idplqh uholhi ru

glvhdvh suhyhqwlrq= ehqh?wv lqfuhdvh zlwk wkh qxpehu ri ylfwlpv wkdw duh ihg ru wuhdwhg/ exw

wkh elj sd|r> frphv zkhq wkh fdxvh ri wkh idplqh lv holplqdwhg ru d fxuh iru wkh glvhdvh lv
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glvfryhuhg1 Pdq| fkdulw| ixqg gulyhv h{klelw d ehqh?w mxps dw wkhlu frqfoxvlrq iru d gl>huhqw

uhdvrq= d zhdowk| grqru fuhdwhv wkh mxps e| kdylqj frpplwwhg wr frqwulexwlqj d 3fkdoohqjh

erqxv4 zkhq wkh frqwulexwlrq jrdo ri wkh gulyh lv uhdfkhg +Iluhvwrqh/ 4<<;,1 Wkxv/ d ehqh?w

mxps dw frpsohwlrq pd| eh gxh wr sulru ghvljq ru wr whfkqrorj|1

Wkh vwdwlf yhuvlrq ri rxu prgho lv d frruglqdwlrq jdph li hdfk sod|hu*v ehqh?w mxps lv

odujh/ dv lq wkh elqdu| fdvh1 Hdfk sod|hu lv wkhq zloolqj wr frqwulexwh li wkh rwkhuv frqwulexwh

deryh d fhuwdlq ohyho1 Wkh vwdwlf jdph kdv dq lqh!flhqw htxloleulxp lq zklfk qr sod|hu

frqwulexwhv/ dqg h!flhqw htxloleuld wkdw frpsohwh wkh surmhfw exw gl>hu lq wkh glvwulexwlrq ri

frqwulexwlrqv1 Lq wklv fdvh wkh lqwhuhvwlqj txhvwlrq lv zkhwkhu h!flhqw rxwfrphv duh dfklhyhg

e| shuihfw Ed|hvldq htxloleuld li wkh sod|huv fdq vsuhdg wkhlu frqwulexwlrqv ryhu wlph1 Wkh

dqvzhu lv qhjdwlyh lq wkh jdph ri Dgpdwl dqg Shuu| +4<<4,/ zklfk kdv d elqdu| ehqh?w

ixqfwlrq> hdfk ri lwv wzr sod|huv kdv wrr vwurqj dq lqfhqwlyh wr ohw wkh rwkhu frqwulexwh lq wkh

ixwxuh +vhh rxu Vhfwlrq :,1 Exw lq rxu prgho/ doorzlqj hyhq dq lq?qlwh qxpehu ri frqwulexwlqj

shulrgv grhv qrw holplqdwh wkh h!flhqw htxloleuld1 Zh suryh wklv e| frqvwuxfwlqj htxloleuld

wkdw lpsrvh wkh pd{lpdo srvvleoh sxqlvkphqw rq d xqlodwhudo ghyldwru 8 wkh qrq0ghyldwruv

vwrs frqwulexwlqj iruhyhu1 Jlyhq dq| htxloleulxp sur?oh ri wkh vwdwlf jdph/ wkh wkuhdw ri wklv

sxqlvkphqw lq wkh g|qdplf jdph lqgxfhv wkh sod|huv wr frqwulexwh wkdw sur?oh lq wkh ?uvw

shulrg1 D qrq0ghyldwru lv zloolqj qhyhu wr frqwulexwh djdlq hlwkhu ehfdxvh kh h{shfwv wkh

ghyldwru lpphgldwho| wr frpsohwh wkh surmhfw dorqh/ ru wkh surmhfw lv vr idu iurp frpsohwlrq

wkdw qr sod|hu zdqwv wr frqwulexwh jlyhq wkdw wkh rwkhuv gr qrw frqwulexwh1 Wkh gholfdwh

sduw ri wkh dujxphqw lv wr vkrz wkdw wkhvh vwudwhjlhv fdq eh lpsohphqwhg hyhq wkrxjk wkh

lghqwlw| ri d ghyldwru qhhg qrw eh frpprq nqrzohgjh> eholhiv duh frqvwuxfwhg wkdw doorz wkh

sod|huv wr frruglqdwh wkhlu sxqlvkphqw vwudwhjlhv1

Wkh pruh lqwhuhvwlqj fdvh lv wkdw lq zklfk wkh ehqh?w mxpsv duh vx!flhqwo| vpdoo wkdw wkh

vwdwlf jdph grhv qrw kdyh dq htxloleulxp lq zklfk frqwulexwlrqv duh pdgh1 +Wkh vwdwlf jdph

lv d sulvrqhuv* glohppd li wkh mxpsv duh qrqh{lvwhqw 8 frqwulexwlqj qrwklqj lv d grplqdqw

vwudwhj|1, Qrz wkh txhvwlrq lv zkhwkhu pdnlqj wkh jdph g|qdplf fuhdwhv shuihfw Ed|hvldq

htxloleuld lq zklfk wkh sod|huv frqwulexwh1 Xqghu fhuwdlq frqglwlrqv lw grhv1 Wr suryh wklv
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zh djdlq frqvwuxfw htxloleuld wkdw sxqlvk d ghyldwru e| kdylqj wkh qrq0ghyldwruv qhyhu

frqwulexwh djdlq1 Exw qrz wkh sod|huv frqwulexwh rqo| d vpdoo dprxqw hdfk shulrg1 Wklv

lqfuhdvhv wkh lqfhqwlyhv wr frqwulexwh iru wkh iroorzlqj uhdvrqv1 Rq wkh rqh kdqg/ wkh frvw

wr d sod|hu ri ghyldwlqj lq wkh fxuuhqw shulrg lv lqfuhdvhg e| vkliwlqj vrph ri wkh rwkhu

sod|huv* uhpdlqlqj frqwulexwlrqv wr wkh ixwxuh/ wr eh frqwulexwhg frqwlqjhqw rq qr ghyldwlrq

kdylqj ehhq ghwhfwhg1 Wklv fdxvhv d ghyldwlrq lq wkh fxuuhqw shulrg wr uhgxfh wkh ixwxuh

frqwulexwlrqv ri wkh rwkhuv1 Rq wkh rwkhu kdqg/ wkh jdlq wr d sod|hu iurp iuhh ulglqj lq wkh

fxuuhqw shulrg lv ghfuhdvhg e| vkliwlqj vrph ri wkdw sod|hu*v uhpdlqlqj frqwulexwlrq wr wkh

ixwxuh vlqfh klv fxuuhqw frqwulexwlrq lq wkhq uhgxfhg1 Wkh frqwulexwlrqv vkliwhg wr wkh ixwxuh

fdq eh dgmxvwhg vr wkdw wkh jdlq iurp iuhh ulglqj lq wkh fxuuhqw shulrg lv dozd|v ohvv wkdq lwv

frvw1 Wklv pd| uhtxluh wkdw vl}deoh frqwulexwlrqv eh srvwsrqhg1 Exw li wkh glvfrxqw idfwru

lv kljk/ wkh udwh ri frqwulexwlqj fdq eh nhsw odujh hqrxjk wkdw wkh fxpxodwlyh frqwulexwlrq

dssurdfkhv/ dqg lq vrph fdvhv uhdfkhv/ wkh frpsohwlrq srlqw1

Li wkh ehqh?w ixqfwlrqv duh frqwlqxrxv/ wklv orjlf lv wkh rqo| zd| wr lqgxfh frqwulexwlrqv

8 d sod|hu zloo frqwulexwh lq wkh fxuuhqw shulrg rqo| li wkuhdwhqhg e| wkh zlwkgudzdo ri

ixwxuh frqwulexwlrqv e| wkh rwkhuv1 Wkxv/ lq qr shulrg fdq wkh surmhfw eh frpsohwhg1 Dq

htxloleulxp fdq qrqhwkhohvv eh frqvwuxfwhg wkdw frpsohwhv wkh surmhfw dv|pswrwlfdoo| lq wkdw

wkh fxpxodwlrq frqyhujhv wr wkh frpsohwlrq srlqw> dssur{lpdwh frpsohwlrq rffxuv qhduo|

lqvwdqwo| dv wkh shulrg ohqjwk frqyhujhv wr }hur1

Lq frqwudvw/ li wkh ehqh?w ixqfwlrqv duh qrw frqwlqxrxv/ dqrwkhu orjlf fdq eh xvhg rqfh

wkh surmhfw lv forvh wr frpsohwlrq1 Dv wkh fxpxodwlyh frqwulexwlrq dssurdfkhv wkh frpsoh0

wlrq srlqw/ wkh frvw ri frpsohwlrq ehfrphv vpdoo uhodwlyh wr wkh vl}h ri wkh ehqh?w mxpsv

dw frpsohwlrq1 Wkxv/ zkhq wkh ehqh?w ixqfwlrqv duh qrw frqwlqxrxv/ wkh frqwlqxdwlrq jdph

orrnv pxfk olnh d vwdwlf jdph wkdw kdv dq htxloleulxp lq zklfk wkh surmhfw lv frpsohwhg1

Frqwulexwlrqv fdq wkxv eh lqgxfhg lq hduo| shulrgv e| wkh wkuhdw ri orvlqj ixwxuh frqwulex0

wlrqv/ xqwlo wkh surmhfw lv forvh hqrxjk wr frpsohwlrq wkdw lw fdq eh frpsohwhg lq rqh shulrg1

Vrph htxloleuld ri wklv w|sh frpsohwh wkh surmhfw lq d erxqghg qxpehu ri shulrgv/ dqg vr d

iruwlrul frpsohwh lw lqvwdqwdqhrxvo| dv wkh shulrg ohqjwk frqyhujhv wr }hur1
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Wkh htxloleuld mxvw glvfxvvhg surylgh lqfhqwlyhv e| wkuhdwhqlqj vhyhuh sxqlvkphqwv/ dv d

ghyldwlrq fdxvhv wkh qrq0ghyldwruv qhyhu wr frqwulexwh djdlq1 Exw dssur{lpdwho| h!flhqw

htxloleuld wkdw xvh pruh irujlylqj sxqlvkphqwv dovr h{lvw +djdlq/ jlyhq vlplodu ehqh?w ixqf0

wlrqv/ d vx!flhqw qxpehu ri frqwulexwlqj shulrgv/ dqg kljk glvfrxqw idfwruv,1 Zh lghqwli|

vshfl?fdoo| d nlqg ri Pdunry shuihfw htxloleulxp wkdw zh uhihu wr dv d 3frqwulexwlrq jrdo

htxloleulxp14 Lw lv fkdudfwhul}hg e| dq lqfuhdvlqj vhtxhqfh ri jrdov wkdw wkh fxpxodwlyh frq0

wulexwlrq lv wr dfklhyh1 Lq hdfk shulrg/ wkh vhw ri sod|huv zkr duh wr frqwulexwh lv ghwhuplqhg

e| wkh vpdoohvw jrdo vr idu xqdfklhyhg/ dqg wkhlu frqwulexwlrqv eulqj wkh fxpxodwlrq xs wr

wkdw jrdo1 +Lqfhqwlyhv duh vwurqjhvw li rqo| rqh sod|hu lv uhvsrqvleoh iru dwwdlqlqj hdfk jrdo 8

zh irfxv rq vxfk dq htxloleulxp1, Wkxv/ lq htxloleulxp wkh fxpxodwlrq lv udlvhg vxffhvvlyho|

iurp jrdo wr jrdo1 Sxqlvkphqwv duh irujlylqj lq wkdw d sod|hu zkr iuhh ulghv lq rqh shulrg

vlpso| ghod|v wkh dfklhyhphqw ri wkh fxuuhqw dqg vxevhtxhqw jrdov e| rqh shulrg1 Wkh rxw0

frphv ri wkhvh htxloleuld uhvhpeoh wr vrph h{whqw wkh vxffhvvlyh dwwdlqphqw ri dqqrxqfhg

frqwulexwlrq jrdov lq vrph ixqg gulyhv1

Wkh sdshu vwduwv zlwk d ghvfulswlrq ri wkh prgho lq Vhfwlrq 51 Qdvk htxloleulxp rxwfrphv

duh fkdudfwhul}hg lq Vhfwlrq 61 Vhfwlrq 7 frqfhuqv htxloleuld wkdw gr qrw frpsohwh wkh surmhfw1

Vhfwlrq 8 frqvlghuv htxloleuld wkdw gr frpsohwh lw dqg duh dssur{lpdwho| h!flhqw1 Lq Vhfwlrq

9 zh suhvhqw vx!flhqw frqglwlrqv iru doo Qdvk htxloleulxp rxwfrphv wr eh shuihfw Ed|hvldq

htxloleulxp rxwfrphv1 Uhodwhg olwhudwxuh lv glvfxvvhg lq Vhfwlrq :/ dqg frqfoxvlrqv lq Vhfwlrq

;1 Orqjhu surriv duh lq Dsshqglfhv D dqg E1 Wkh uhodwhg dowhuqdwlqj0frqwulexwlrq prgho ri

Dgpdwl dqg Shuu| +4<<4, lv glvfxvvhg lq Dsshqgl{ F1

5 Wkh Prgho

Wkh jdph kdv wkh iroorzlqj hohphqwv1 Wkh vhw ri sod|huv lv ù ì i�c é é é c ?j/ zlwk ? è 21

Hdfk sod|hu fkrrvhv krz pxfk ri d sulydwh jrrg wr frqwulexwh wr d sxeolf surmhfw lq hdfk

shulrg | è fé Sod|hu ð frqwulexwhv 5ðE|ä lq shulrg |é Frqwulexwlrqv duh qrquhixqgdeoh/ dqg

wkh| fdqqrw eh pdgh diwhu wkh frqwulexwlqj krul}rq/ 7A 94c lv uhdfkhg1 Exgjhw frqvwudlqwv
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duh dvvxphg wr eh qrq0elqglqj1 Wkxv/ dq| 5ð è f lv ihdvleoh lq shulrg | é 7A c dqg rqo| 5ð ' f

lv ihdvleoh lq shulrg | : 7A é

Ghqrwh wkh frqwulexwlrq yhfwru lq shulrg | dv 5E|ä ì E5�E|äc é é é c 5?E|ääc dqg wkh hqwluh

frqwulexwlrq vhtxhqfh dv i5j ì i5E|äj"|'f1 Sod|hu ð*v sd|r>/ LðEi5jäc lv vshfl?hg ehorz1

Hdfk sod|hu vhhv rqo| klv rzq sdvw frqwulexwlrqv dqg wkh djjuhjdwh ri wkh rwkhu sod|huv*

sdvw frqwulexwlrqv1 Ohw ~E|ä ìSæMù 5æE|ä eh wkh djjuhjdwh frqwulexwlrq lq shulrg |c dqg ohw

~ðE|ä ì ~E|äý 5ðE|ä1 Sod|hu ð*v shuvrqdo klvwru| dw wkh vwduw ri shulrg | lv wkhq

û|3�ð ì E5ðEôäc ~ðEôää
|3�
ô'fé

Wkh sod|hu*v vwudwhj| pdsv hdfk û|3�ð lqwr d frqwulexwlrq wkdw lv ihdvleoh lq shulrg |é

Wklv gh?qhv wkh frqwulexwlrq jdph zlwk xqrevhuyhg frqwulexwlrqv/ wkh vxemhfw ri prvw ri

rxu uhvxowv1 Dw wlphv zh frqvlghu wkh jdph lq zklfk lqglylgxdo frqwulexwlrqv duh sxeolfo|

revhuyhg/ vr wkdw hdfk sod|hu*v lqirupdwlrq vhwv duh lqgh{hg e| wkh sxeolf klvwrulhv û|3� ì
E5Eôää|3�ô'f1 Wr dyrlg frqixvlrq/ zh dozd|v uhihu wr wklv jdph h{solflwo| dv wkh jdph zlwk

revhuyhg frqwulexwlrqv1 Wkh wzr jdphv duh wkh vdph li ? ' 2é

Sd|r>v ghshqg rq fxpxodwlyh frqwulexwlrqv1 Wkh lqglylgxdo fxpxodwlyh frqwulexwlrq ri

sod|hu ð dw wkh hqg ri shulrg | lv %ðE|ä ì
S

ô9| 5ðEôäé +Vhw %ðEý�ä ì f1, Wkh djjuhjdwh

fxpxodwlyh frqwulexwlrq/ ru pruh vlpso| wkh fxpxodwlrq/ lv fE|ä ìSæMù %æE|äé

Lq wkh yhuvlrq ri wkh prgho zlwkrxw glvfrxqwlqj/ dq| ehqh?wv dqg frvwv eruqh lq d ?qlwh

qxpehu ri shulrgv duh lqfrqvhtxhqwldo1 Wkxv/ li wkh frqwulexwlqj krul}rq 7A lv ?qlwh/ sd|r>v

ghshqg rqo| rq wkh ?qdo fxpxodwlrqv fE 7A ä dqg %ðE 7A äé Wkh wrwdo ehqh?w sod|hu ð uhfhlyhv

iurp wkh surmhfw lq doo wkh shulrgv diwhu 7A lv sðEfE 7A ää/ zkhuh sð lv wkh ehqh?w ixqfwlrq dqg

lv vshfl?hg ehorz1 Wkh frvw ri frqwulexwlqj hqwhuv txdvlolqhduo|1 Wkxv/ sod|hu ð*v sd|r> lq

wkh qr0glvfrxqwlqj yhuvlrq ri wkh prgho/ iru 7A ÷4c lv

LðEi5jä ' sðEfE 7A ääý %ðE 7A äé +514,

Wklv lv dq dssursuldwh sd|r> ixqfwlrq iru prgholqj vkruw ixqg gulyhv/ vxfk dv d wzr0zhhn

sxeolf udglr fdpsdljq1 Lw fryhuv wkh fdvh lq zklfk wkhuh lv qr  rz ri ehqh?wv xqwlo wkh

9



ixqg gulyh lv ryhu/ dv zkhq frqwulexwlrqv duh qrw xvhg ru froohfwhg xqwlo 7A 1 Li wkh krul}rq lv

7A '4c wkh jhqhudol}dwlrq ri +514, lv

LðEi5jä ' *ð4
|<"

dsðEfE|ääý %ðE|äo é5 +515,

Lq wkh glvfrxqwlqj yhuvlrq ri wkh prgho/ sod|huv glvfrxqw ehqh?wv dqg frvwv e| d idfwru

B ' e3oì 5 Efc �oé Wkh glvfrxqw udwh lv o è f dqg wkh shulrg ohqjwk lv ì : f1 +Dv zh

vkdoo vhh/ wkh qr0glvfrxqwlqj yhuvlrq ri wkh prgho lv irupdoo| wkh vshfldo fdvh o ' féä Wkh

frqwulexwlrqv lq d shulrg duh frqyhuwhg lqwr wkh qrq0ghsuhfldwlqj fdslwdo wkh surmhfw xvhv wr

jhqhudwh ehqh?wv lq wkdw dqg vxevhtxhqw shulrgv1 Wkxv/ wkh frvw ri d frqwulexwlrq lv eruqh

zkhq lw lv pdgh1 Wkh wrwdo ehqh?w/ ryhu doo shulrgv/ wkdw wkh surmhfw jhqhudwhv iru sod|hu ð

li wkh fxpxodwlrq lv iruhyhu ?{hg dw f lv vwloo sðEfäé Wkxv/ zlwk glvfrxqwlqj dqg d jurzlqj

fxpxodwlrq/ sod|hu ð uhfhlyhv d ehqh?w ri E�ý BäsðEfE|ää lq shulrg |1 Klv ryhudoo sd|r> lv

LðEi5jä ì
"[
|'f

B| dE�ý BäsðEfE|ääý 5ðE|äo c +516,

zklfk lv wkh vdph dv +515, li B ' �é6 Li B ÷ � dqg sðEfE|ää : fc wkh surmhfw jhqhudwhv d ehqh?w

lq shulrg |/ hyhq li pruh frqwulexwlrqv zloo eh pdgh lq vxevhtxhqw shulrgv1 Wklv lv wuxh/ iru

h{dpsoh/ ri orqj0whup ixqg gulyhv2surmhfwv wkdw h{sdqg d urdg qhwzrun/ sdun v|vwhp/ oleudu|/

ru xqlyhuvlw|> wkh ?uvw ri hyhqwxdoo| pdq| urdgv/ sdunv/ errnv/ ru fodvvurrpv duh exlow dqg

sxw lq xvh hyhq wkrxjk pruh grqdwlqj dqg exloglqj zloo rffxu lq wkh ixwxuh1 Dowhuqdwlyho|/

li sðEfä ' f xqwlo f h{fhhgv vrph wkuhvkrog/ ehqh?wv duh qrw jhqhudwhg zkloh frqwulexwlrqv

duh ehlqj froohfwhg xqwlo wkh wkuhvkrog lv uhdfkhg1 Li wkh wkuhvkrog lv wkh frpsohwlrq ri wkh

surmhfw/ ehqh?wv duh jhqhudwhg rqo| diwhu doo frqwulexwlrqv kdyh ehhq pdgh1 Wklv lv wkh fdvh

ri d elqdu| surmhfw/ vxfk dv wkh suryhueldo exloglqj ri d eulgjh1

Li 7A ' fc vr wkdw frqwulexwlrqv duh doorzhg rqo| lq wkh ?uvw shulrg/ +516, ehfrphv

LðEi5jä ' sðE~Efääý 5ðEfäé Wklv vshfldo fdvh lv wkh idploldu vwdwlf jdph lq zklfk wkh sod|huv

frqwulexwh dw prvw rqfh dqg vlpxowdqhrxvo|1

Wkh ixqfwlrq sð lv wkh frpsrvlwlrq ri wkh surmhfw*v surgxfwlrq ixqfwlrq zlwk sod|hu ð*v

hydoxdwlrq ixqfwlrq iru lw*v vhuylfhv1 Wkh elqdu| ehqh?w ixqfwlrq frpprqo| vwxglhg lv }hur

6Wdnlqj ï $ 4 lq +516, |lhogv +515, li il+[+w,,ý {l+w, frqyhujhv/ dv lw grhv li vwudwhjlhv duh xqgrplqdwhg1

:



xqwlo wkh fxpxodwlrq uhdfkhv d fhuwdlq ohyho/ diwhu zklfk lw lv frqvwdqw1 Zh vwxg| d pruh

jhqhudo sdudphwhul}hg fodvv ri ehqh?w ixqfwlrqv1 Rqh sdudphwhu lv d frpsohwlrq srlqw/ fW ÷

4> wkh surmhfw lv frpsohwhg rqfh wkh fxpxodwlrq uhdfkhv fW1 Wkh surmhfw pd| dovr jhqhudwh

ehqh?wv zlwkrxw ehlqj frpsohwhg/ olqhduo| lq wkh fxpxodwlrq1 Wkxv/ iru ð 5 ùc

sðEfä ì
;?= bðf iru f ÷ fW

Tð iru f è fWé
+517,

Wkh sod|hu*v pdujlqdo ehqh?w iurp d qrq0frpsohwlqj frqwulexwlrq lv bð1 Klv ehqh?w iurp wkh

frpsohwhg surmhfw lv Tð1 Wkh ehqh?w mxps dw frpsohwlrq lv Kð ì Tð ý bðfWé

fi (X* )Vi

λ
i X*

X*
X*

bi

Iljxuh 4

Zh dvvxph bð è f dqg Kð è f> wkhvh lqhtxdolwlhv duh htxlydohqw wr

f 9 bð 9
Tð
fW iru doo ð 5 ùé +518,

Wkh srodu fdvh bð ' f |lhogv wkh elqdu| ehqh?w ixqfwlrq1 Wkh rwkhu srodu fdvh/ Kð ' f/

|lhogv wkh frqwlqxrxv ehqh?w ixqfwlrq1 D srvlwlyh Kð uhsuhvhqwv vwurqj lqfuhdvlqj uhwxuqv1 Dv

glvfxvvhg lq wkh lqwurgxfwlrq/ lw pd| eh gxh wr whfkqrorj|/ vxfk dv wkh olqnlqj urdg wkdw

frpsohwhv d qhwzrun ru wkh jlughu wkdw frpsohwhv d eulgjh1 Ru lw pd| eh gxh wr ghvljq/ dv

zkhq vrph sduw| kdv sxeolfo| frpplwwhg wr frqwulexwlqj d ?{hg dprxqw li dqg zkhq wkh

jrdo ri d ixqg gulyh lv dfklhyhg1 +Li ehqh?wv htxdo b wlphv wkh grooduv frqwulexwhg/ dqg î

grooduv zloo eh frqwulexwhg li wkh jrdo fW lv phw/ wkh ehqh?w mxps lv K ' bîéä

Sd|r>v fdq qrz eh zulwwhq lq d zd| xvhixo iru g|qdplf surjudpplqj1 Jlyhq i5jc wkh
frpsohwlrq shulrg A Ei5jä lv wkh vpdoohvw | iru zklfk fE|ä è fW/ zlwk A Ei5jä ' 4 li wkh

;



surmhfw lv qrw frpsohwhg17 Uhihu wr i5j dv zdvwhohvv li fE|ä 9 fW iru doo |1 Li lw lv zdvwhohvv/

+516, dqg +517, lpso|

LðEi5jä '
SA

|'f B
| dbð~E|äý 5ðE|äo n

S"
|'A B

| dE�ý BäKðo

'
SA

|'f B
| dbð~E|äý 5ðE|äo n BA Kðc

+519,

zkhuh A ' A Ei5jäé Wklv h{suhvvhv wkh sd|r> dv d glvfrxqwhg vxp ri ehqh?wv dqg frvwv wkdw

duh hdfk eruqh lq mxvw rqh shulrg> lw lv dv wkrxjk bð~E|ä ý 5ðE|ä lv uhfhlyhg lq hdfk shulrg

sulru wr frpsohwlrq/ dqg E� ý BäKð lv uhfhlyhg lq hdfk vxevhtxhqw shulrg1 Li bð ' fc +519,

ehfrphv BATð ý
SA

|'f B
|5ðE|ä1 Li lqvwhdg Kð ' fc lw ehfrphv

SA
|'f B

| dbð~E|äý 5ðE|äo/ zklfk
orrnv olnh wkh sd|r> ri d uhshdwhg jdph zlwk vwdjh jdph sd|r>v bð~ ý 5ðé Exw wkh jdph lv
qrw d uhshdwhg jdph= d sod|hu*v lqwhuydo ri srvvleo| xqgrplqdwhg frqwulexwlrqv lq shulrg |c

dfc fWýfE|ý�äo/ ghshqgv rq sulru frqwulexwlrqv/ dqg wkh frpsohwlrq shulrg lv hqgrjhqrxv1

Zh uhvwulfw dwwhqwlrq wr wkh fdvh lq zklfk iuhh ulglqj lv dq lvvxh/ zklfk lv gh?qhg e|

Tð ÷ f
W ÷

?[
æ'�

Tæ iru doo ð 5 ùé +51:,

Wkh ?uvw lqhtxdolw| lqvxuhv wkdw qr sod|hu lv zloolqj wr frpsohwh wkh surmhfw dorqh1 Wkh

vhfrqg lqvxuhv wkdw wkh surmhfw lv zruwkzkloh1 Dvvxpswlrqv +518, dqg +51:, wrjhwkhu lpso|

bð ÷ �= wkh pdujlqdo ehqh?w wr dq| sod|hu ri d qrq0frpsohwlqj frqwulexwlrq lv ohvv wkdq lwv

pdujlqdo frvw1 Wkh sod|huv wkxv kdyh lqfhqwlyhv wr iuhh ulgh/ exw h!flhqf| uhtxluhv wkhp wr

frpsohwh wkh surmhfw zlwkrxw zdvwh dqg/ li B ÷ �c zlwkrxw ghod|1

6 Qdvk Htxloleuld

Zh uhvwulfw dwwhqwlrq wr sxuh0vwudwhj| htxloleuld1 Lq wklv vhfwlrq zh fkdudfwhul}h wkh Qdvk

htxloleulxp rxwfrphv> lq Vhfwlrq 9 zh vkrz wkdw xqghu d udqjh ri sdudphwhuv/ hdfk ri wkhp

lv dovr d shuihfw Ed|hvldq htxloleulxp rxwfrph1

7Iru W @4> wkh frqyhqwlrq ehorz lv wkdw ïW @ 3 iru doo ï é 4=

<



Wkh vwdwlf jdph surylghv d ehqfkpdun1 Gursslqj wkh wlph dujxphqw/ d vwudwhj| sur?oh

lq wklv jdph/ E5�c éééc 5?äc |lhogv dq djjuhjdwh frqwulexwlrq ~ dqg sd|r>v sðE~äý 5ðé Jlyhq d

frqwulexwlrq ~ð ÷ fW e| wkh rwkhuv/ sod|hu ð*v ehvw uhso| frqwulexwlrq lv hlwkhu wkh frpsohwlqj

dprxqw/ fW ý ~ðc ru qrwklqj1 +Lqwhuphgldwh dprxqwv duh lqihulru ehfdxvh bð 9' �1, Klv

pdujlqdo ehqh?w iurp frpsohwlqj wkh surmhfw lv sðEfWäýsðE~ðä ' Tðýbð~ð/ dqg klv pdujlqdo
frvw ri grlqj vr lvfWý~ð1 Wkh iruphu h{fhhgv wkh odwwhu li dqg rqo| li wkh frpsohwlqj dprxqw
lv ohvv wkdq wkh sod|hu*v fulwlfdo frqwulexwlrq=

SWð ì
Tð ý bðfW

�ý bð '
Kð

�ý bð é +614,

Wkxv/ wkh sod|hu vkrxog frpsohwh wkh surmhfw li dqg rqo| li wkh dprxqw uhtxluhg grhv qrw

h{fhhg klv fulwlfdo frqwulexwlrq1 Wkh uhdfwlrq ixqfwlrq/ iru ~ð ÷ fWc lv

5-ð E~ðä ì
;?= f li fW ý ~ð : SWð
fW ý ~ð li fW ý ~ð ÷ SWð é

+615,

Li sð lv frqwlqxrxv/ wkhq SWð ' f dqg frqwulexwlqj qrwklqj lv wkh sod|hu*v grplqdqw vwudwhj|>

wkh vwdwlf jdph lv d sulvrqhuv* glohppd li doo wkh ehqh?w ixqfwlrqv duh frqwlqxrxv1 Lq jhqhudo/

dv +51:, lpsolhv SWð ÷ f
Wc rqh htxloleulxp ri wkh vwdwlf jdph lv dozd|v wkh qr0frqwulexwlrq

sur?oh Efc éééc fä1 D frpsohwlqj htxloleulxp h{lvwv li dqg rqo| li fW lv qrw ohvv wkdq wkh vxp

ri wkh fulwlfdo frqwulexwlrqv18 Frpsohwlqj htxloleuld wkxv h{lvw li doo wkh ehqh?w ixqfwlrqv duh

elqdu|/ dv wkhq
S

ðMù S
W
ð '

S
ðMù Tð : f

W> wkh vwdwlf jdph lv wkhq d frruglqdwlrq jdph lq

zklfk hdfk sod|hu lv zloolqj wr frqwulexwh li wkh rwkhuv frqwulexwh1 Wkhruhp 3 vxppdul}hv1

Wkhruhp 3 Rqh htxloleulxp ri wkh vwdwlf jdph lv dozd|v Efc éééc fä1 Dq| rwkhu E5�c éééc 5?ä lv

dq htxloleulxp li dqg rqo| li
S

ðMù 5ð ' f
W dqg f é 5ð 9 SWð iru doo ð 5 ù 1

Zh lqgh{ wkh sod|huv khqfhiruwk e| wkh vl}h ri wkhlu fulwlfdo frqwulexwlrqv=

SW� è SW2 è ééé è SW?é

8Wkh sur?oh
í
fúl[

ú@
S
m5Q f

ú
m

ì
l5Q

lv dq htxloleulxp ri wkh vwdwlf jdph l>
S
m5Q f

ú
m è [ú=
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Ehfdxvh SWð lv sod|hu ð*v pd{lpxp srvvleoh htxloleulxp frqwulexwlrq lq wkh vwdwlf jdph/ lw

surylghv d phdvxuh ri klv lqfhqwlyh wr iuhh ulgh1 Wkh vpdoohu lv SWð c wkh odujhu lv klv lqfhqwlyh

wr iuhh ulgh1 E| wklv phdvxuh/ +614, lpsolhv wkdw wkh lqfhqwlyh wr iuhh ulgh ghfuhdvhv lq Kðc

kroglqj wkh pdujlqdo ehqh?w bð ?{hg1 Exw wkh lqfhqwlyh wr iuhh ulgh lqfuhdvhv lq bðc kroglqj

Tð ?{hg/ vlqfh wkh sod|hu*v pdujlqdo ehqh?w iurp frpsohwlqj wkh surmhfw/ Tð ý bð~ðc idoov dv
klv ehqh?w bð~ð iurp frqwulexwlqj qrwklqj lqfuhdvhv1

Zh qrz wxuq wr wkh g|qdplf jdph1 Ohw } ' iE}�E|äc éééc }?E|ääj"|'f eh d vhtxhqfh ri

qrqqhjdwlyh frqwulexwlrqv1 Wkh fruuhvsrqglqj djjuhjdwh frqwulexwlrq lq shulrg |/ dqg wkh

djjuhjdwh ri doo frqwulexwlrqv exw wkdw ri sod|hu ðc duh

CE|ä ì
?[
ð'�

}ðE|ä dqg CðE|ä ì CE|äý }ðE|äé

Wzr qhfhvvdu| frqglwlrqv iru } wr eh dq htxloleulxp rxwfrph duh wkdw lw eh ihdvleoh/ vr wkdw

CE|ä ' f iru doo | : 7A c dqg zdvwhohvv/ dv gh?qhg lq wkh suhylrxv vhfwlrq1 Uhihu wr } dv d

fdqglgdwh rxwfrph li lw lv erwk ihdvleoh dqg zdvwhohvv1

D fdqglgdwh rxwfrph } lv d Qdvk htxloleulxp rxwfrph li dqg rqo| li qr sod|hu zlvkhv

xqlodwhudoo| wr ghyldwh iurp lw zkhq grlqj vr lv phw e| d pd{lpdo ihdvleoh sxqlvkphqw1

D vwudwhj| sur?oh lq zklfk doo wkh rwkhu sod|huv qhyhu frqwulexwh lpsrvhv wkh pd{lpdo

frqfhlydeoh sxqlvkphqw rq d xqlodwhudo ghyldwru1 Wklv sxqlvkphqw lv lpsrvhg e| wkh julp0}

vwudwhj| sur?oh lq zklfk } lv sod|hg hyhu| shulrg xqohvv dq hyhqw ri wkh irup ~E|ä 9' CE|ä lv
zlwqhvvhg/ lq zklfk fdvh qr sod|hu hyhu frqwulexwhv djdlq1 Wklv vwudwhj| sur?oh lv ihdvleoh/

hyhq wkrxjk lqglylgxdo frqwulexwlrqv duh xqrevhuyhg/ ehfdxvh lw lv edvhg rqo| rq djjuhjdwhv1

Wkxv/ } lv d Qdvk htxloleulxp rxwfrph li dqg rqo| li wkh julp0} sur?oh lv d Qdvk htxloleulxp19

Wklv revhuydwlrq ohdgv wr dq lqwxlwlrq iru zk| pruh frqwulexwlrqv pd| eh rewdlqhg zlwk d

orqjhu frqwulexwlqj krul}rq1 Frqvlghu d frqwulexwlrq yhfwru 5 ' E5�c é é é c 5?ä wkdw frpsohwhv

wkh surmhfw/ exw lv qrw dq htxloleulxp ri wkh vwdwlf jdph1 Vr/ li wkh rwkhuv frqwulexwh ~ð/

vrph sod|hu ð suhihuv wr frqwulexwh qrwklqj wkdq wr frqwulexwh 5ð=

bð~ð : Tð ý 5ðé +616,

9Lw iroorzv wkdw wkh jdph zlwk revhuyhg frqwulexwlrqv kdv wkh vdph Qdvk htxloleulxp rxwfrphv1
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Vr/ 5 lv qrw d ?uvw0shulrg htxloleulxp frqwulexwlrq yhfwru hyhq li 7A : f1 Li wkh rwkhuv frq0

wulexwh ~ð lq wkh ?uvw shulrg/ wkh uljkw vlgh ri +616, lv vwloo sod|hu ð*v sd|r> iurp frqwulexwlqj

5ðc dqg wkh ohiw vlgh lv d orzhu erxqg rq klv sd|r> li kh ghyldwhv wr }hur 8 lw lv klv sd|r>

li qr sod|hu frqwulexwhv diwhu wkh ghyldwlrq1 Qrz/ frqvlghu dq rxwfrph } lq zklfk wkh frq0

wulexwlrqv lq 5 duh pdgh lq vwdjhv ryhu pxowlsoh shulrgv1 Dvvxplqj qr glvfrxqwlqj/ } vwloo

jlyhv sod|hu ð sd|r> Tð ý 5ðé Exw klv sd|r> iurp ghyldwlqj wr }hur lq wkh ?uvw shulrg/ jlyhq

wkdw lw vwrsv ixwxuh frqwulexwlrqv/ lv bðCðEfäé Vr wkh sod|hu zloo qrw ghyldwh iurp wkh julp0}

sur?oh lq wkh ?uvw shulrg/ jlyhq wkdw lw lv sod|hg wkhuhdiwhu/ li wkh frqwulexwlrqv ri wkh rwkhuv

lq shulrg f duh vr vpdoo wkdw

bðCðEfä ÷ Tð ý 5ðé +617,

Wklv vkrzv wkdw d sod|hu zloo frqwulexwh lq wkh ?uvw shulrg li wkh rwkhuv frqwulexwh rqo| d

vpdoo dprxqw wkhq/ vkliwlqj wkh exon ri wkhlu frqwulexwlrqv wr wkh ixwxuh wr eh pdgh rq d

frqwlqjhqw edvlv1

Wkh jhqhudol}dwlrq ri +617, wr rwkhu shulrgv dqg glvfrxqw idfwruv lv

bðCðE|ä 9 BA E}ä3|Kð n bð
A E}ä[
ô'|

Bô3|CðEôäý E�ý bðä
A E}ä[
ô'|

Bô3|}ðEôäé +618,

Jlyhq wkdw wkh rwkhuv sod| wkh julp0} vwudwhjlhv dqg qr ghyldwlrq kdv rffxuuhg/ sod|hu ð

suhihuv wr frqwulexwh dffruglqj wr } lq shulrg | dqg wkhuhdiwhu/ udwkhu wkdq wr ghyldwh wr

}hur/ li dqg rqo| li +618, krogv1 Wkh ohiw vlgh lv wkh fxuuhqw ydoxh ri wkh sod|hu*v sd|r> li kh

ghyldwhv wr }hur lq shulrg | dqg wkhuhdiwhu/ gursslqj wkh whupv gxh wr suhylrxv frqwulexwlrqv

+vhh +519,,1 Wkh uljkw vlgh lv klv sd|r> li kh grhv qrw ghyldwh/ gursslqj wkh vdph whupv iurp

suhylrxv shulrgv dqg djdlq glvfrxqwlqj wr shulrg |é Qrwh wkdw vxewudfwlqj dq dprxqw iurp

CðE|ä dqg dgglqj lw wr CðEA E}ää hqodujhv wkh jds ehwzhhq wkh uljkw dqg ohiw vlghv ri +618,1

Wkh sod|hu*v lqfhqwlyh wr frqwulexwh lv wkxv lqfuhdvhg li wkh rwkhuv vkliw vrph ri wkhlu fxuuhqw

frqwulexwlrqv wr wkh ixwxuh1 Lq dgglwlrq/ li B ÷ � klv lqfhqwlyh wr frqwulexwh lv lqfuhdvhg

li vrph ri klv rzq frqwulexwlrq lv vkliwhg wr wkh ixwxuh= wkh uljkw vlgh ri +618, lqfuhdvhv li

dq dprxqw lv vxewudfwhg iurp }ðE|ä dqg dgghg wr }ðEA E}ääé Wkdw lv/ vlqfh wkh qhw ehqh?w
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ri d qrq0frpsohwlqj frqwulexwlrq/ Ebð ý �ä}ðE|äc lv qhjdwlyh/ dq lpsdwlhqw sod|hu suhihuv wr

srvwsrqh klv frqwulexwlrqv/ fhwhulv sdulexv1

Uhduudqjhphqw ri +618, |lhogv wkh xqghu0frqwulexwlqj frqvwudlqw=

E�ý bðä}ðE|ä 9
A E}ä[
ô'|n�

Bô3| dbðCEôäý }ðEôäo n BA E}ä3|Kð +619,

iru ð 5 ù dqg | 9 A E}äé

Dv zh kdyh vhhq/ +619, ghwhuv grzqzdug ghyldwlrqv +iuhh ulglqj,1 Lw sxwv dq xsshu erxqg rq

hdfk sod|hu*v frqwulexwlrq lq hdfk shulrg dv d ixqfwlrq ri wkh ixwxuh frqwulexwlrqv1 Lwv ohiw

vlgh lv sod|hu ð*v fxuuhqw qhw frvw ri frqwulexwlqj }ðE|ä1 Lwv uljkw vlgh lv klv frqwlqxdwlrq sd|r>

li kh grhv qrw ghyldwh> jlyhq wkh julp0} vwudwhjlhv/ wkh uljkw vlgh lv wkh sd|r> kh iruhjrhv e|

qrw frqwulexwlqj }ðE|ä1

D vhfrqg frqvwudlqw/ wkh ryhu0frqwulexwlqj frqvwudlqw/ ghwhuv xszdug ghyldwlrqv1 Lw lqvxuhv

wkdw wkh frpsohwlqj dprxqwv/ fW ýSô9|CEô ä/ duh odujh hqrxjk wkdw qr sod|hu zdqwv wr

frpsohwh wkh surmhfw suhpdwxuho|=

Ebð ý �ä

#
fW ý

|[
ô'f

CEôä

$
n Kð é

A E}ä[
ô'|n�

Bô3| EbðCEôäý }ðEô ää n BA E}ä3|Kð +61:,

iru ð 5 ù dqg | ÷ A E}äé

Wkh uljkw vlgh ri +61:, lv wkh vdph dv lq +619,/ wkh frqwlqxdwlrq sd|r> sod|hu ð orvhv e|

ghyldwlqj1 Wkh ohiw vlgh lv wkh lqfuhdvh lq klv sd|r> lq shulrg |c ryhu zkdw lw lv li kh frqwulexwhv

}ðE|äc li kh frpsohwhv wkh surmhfw wkhq e| frqwulexwlqj

75ðE|ä ì }ðE|ä nfW ý
|[

ô'f

CEô äé

Dowkrxjk +619, dqg +61:, h{solflwo| ghwhu rqo| wzr nlqgv ri ghyldwlrqv iurp wkh julp0}

vwudwhjlhv/ wkh| dfwxdoo| ghwhu doo ghyldwlrqv1 Wklv lv vkrzq wr suryh wkh iroorzlqj1

Wkhruhp 4 D fdqglgdwh rxwfrph } lv d Qdvk htxloleulxp rxwfrph li dqg rqo| li lw vdwlv?hv

wkh xqghu0 dqg ryhu0frqwulexwlqj frqvwudlqwv/ +619, dqg +61:,1
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Surri1 Ohw A ' A E}ä1 Wkh julp0} sur?oh jlyhv sod|hu ð wkh sd|r>

Le^ð ì
A[
ô'f

Bô EbðCEô äý }ðEô ää n BA Kð

Wkuhh nlqgv ri ghyldwlrq pxvw eh frqvlghuhg1 Wkh ?uvw lv iru sod|hu ð wr frqwulexwh lq shulrg

| 9 A d qrq0frpsohwlqj 5ð 9' }ðE|äc dqg wkhq qhyhu wr frqwulexwh djdlq1 Klv sd|r> lv wkhq

L_�ð E5ðc |ä ì
|3�[
ô'f

Bô EbðCEôäý }ðEôää n B| dbð ECE|äý }ðE|ääý E�ý bðä5ðo é

Dv bð ÷ � dqg 5ð è f/ zh vhh wkdw L_�ð E5ðc |ä 9 L_�ð Efc |ä1

Wkh vhfrqg nlqg ri ghyldwlrq sod|hu ð frxog pdnh/ dw d gdwh | ÷ A / lv wr ryhu0frqwulexwh

h{dfwo| hqrxjk wr frpsohwh wkh surmhfw lpphgldwho|/ l1h1/ wr frqwulexwh 75ðE|äé Vlqfh qr ixuwkhu

frqwulexwlrqv zloo eh pdgh/ sod|hu ð*v sd|r> iurp wklv ghyldwlrq lv

L_2ð E|ä ì L_�ð Efc |ä n B| dKð ý E�ý bðä75ðE|äo é

Wkh ?qdo nlqg ri ghyldwlrq iru sod|hu ð lv wr frqwulexwh d qrq0frpsohwlqj dprxqw 5ð 9' }ðE|ä
lq d shulrg | ÷ A / dqg dovr wr frqwulexwh odwhu1 Dq| vxfk ghyldwlrq lv grplqdwhg e| d

ghyldwlrq ri rqh ri wkh suhylrxv wzr nlqgv1 Li Kð 9 E�ýbðä75ðE|ä/ wkh ghyldwlrq lv grplqdwhg e|
frqwulexwlqj }hur lq doo shulrgv ô è |> rwkhuzlvh/ wkh ghyldwlrq lv grplqdwhg e| frqwulexwlqj

wkh frpsohwlqj dprxqw 75ðE|ä lq shulrg |1 Wkxv/ Le^ð è L_�ð Efc |ä iru doo ð dqg | 9 A / dqg

L e^ð è L_2ð E|ä iru doo ð dqg | ÷ A / duh mrlqwo| qhfhvvdu| dqg vx!flhqw iru } wr eh dq htxloleulxp

rxwfrph1 Uhduudqjlqj wkhvh lqhtxdolwlhv |lhogv +619, dqg +61:,/ uhvshfwlyho|1

Wkh ryhu0frqwulexwlqj frqvwudlqw lv riwhq qrw d sureohp/ dv wkh iroorzlqj fruroodu| vkrzv1

Iru h{dpsoh/ li wkh djjuhjdwh dprxqw wr eh frqwulexwhg lq wkh frpsohwlqj shulrg h{fhhgv

hdfk SWð / wkh ryhu0frqwulexwlqj frqvwudlqw lv lpsolhg e| wkh xqghu0frqwulexwlqj frqvwudlqw1

Fruroodu| 4 Ohw } eh d fdqglgdwh rxwfrph vdwlvi|lqj +619,/ dqg ohw A ' A E}ä1 Wkhq } lv d

Qdvk htxloleulxp rxwfrph li dq| ri wkh iroorzlqj frqglwlrqv krog= Eðä A ' f> Eððä SWð ' f iru

doo ð> ru Eðððä A ÷4 dqg }ðEA ý �ä nCEA ä è SWð iru doo ðé
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Surri1 Zh vkrz wkh k|srwkhvhv lpso| +61:,1 Reylrxvo| Eðä grhv/ dv +61:, lv ydfxrxv li A ' fé

Vr dvvxph A : fc dqg ohw | ÷ Aé Erwk Eððä dqg Eðððä lpso| wkdw iru ð 5 ùc

}ðE|ä n
A[

ô'|n�

CEô ä è SWð é

Wkxv/ vlqfh bð ÷ �c SWð ' Kð*E�ý bðäc dqg fW èSA
ô'fCEôä/

Ebð ý �ä

#
fW ý

|[
ô'f

CEô ä

$
n Kð é E�ý bðä}ðE|äé

Wklv dqg +619, lpso| +61:,1

7 Qrq0Frpsohwlqj Htxloleuld

Ehiruh wxuqlqj wr frpsohwlqj htxloleuld/ zh gholqhdwh wkh dfklhydeoh olplwv lq wklv vhfwlrq1

Sursrvlwlrq 4 Eðä Qdvk htxloleuld h{lvw lq zklfk qr sod|hu frqwulexwhv1 Eððä Li 7A ÷4 dqg

Kð ' f iru doo ð 5 ù / qr frqwulexwlrqv duh pdgh lq dq| htxloleulxp1 Eðððä Li 7A ' 4 dqg

Kð ' f iru doo ð 5 ù / wkh surmhfw lv qrw frpsohwhg lq dq| htxloleulxp1 Eðñä Li 7A ÷ 4 ru EñäS
ðMù bð ÷ �c qr frqwulexwlrqv duh pdgh lq d qrq0frpsohwlqj htxloleulxp1

Surri1 Erwk +619, dqg +61:, krog li }æEüä ì f iru doo æ= +619, krogv wulyldoo|/ dqg +61:, krogv

ehfdxvh +51:, lpsolhv Ebð ý �äfW n Kð ' Tð ýfW ÷ f1 Vr Wkhruhp 4 lpsolhv Eðä1

Wr suryh Eððä 8 Eðñäc dvvxph rqh lv idovh1 Wkhq dq htxloleulxp rxwfrph } h{lvwv vxfk

wkdw lq vrph shulrg A ÷4/ d sod|hu ð frqwulexwhv }ðEA ä : f dqg qr frqwulexwlrqv duh pdgh

wkhuhdiwhu1 Wkh zruvw wkdw fdq kdsshq wr sod|hu ð li kh ghyldwhv wr }hur lq shulrg A lv wkdw

qr frqwulexwlrqv duh pdgh wkhuhdiwhu1 Ohw ÷} eh wklv rxwfrph1 Dv Kð ' f +fdvhv Eððä dqg Eðððä,

ru fEA ä ÷ fW +fdvh Eðñä,/ +519, lpsolhv LðE÷}äýLðE}ä ' BA E�ýbðä}ðEA ä : fé Wklv frqwudglfwv

}*v ehlqj dq htxloleulxp rxwfrph1

Wr suryh Eñä/ ohw } eh d qrq0frpsohwlqj rxwfrph zlwk vrph srvlwlyh whupv1 E| +519,/

[
ðMù

LðE}ä '
"[
|'f

B|

#[
ðMù

bð ý �

$
CE|ä ÷ fé
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Wkxv/ vlqfh htxloleulxp sd|r>v duh qrqqhjdwlyh/ } lv qrw dq htxloleulxp rxwfrph1

Sduw Eðä ri Sursrvlwlrq 4 lv reylrxv= li hyhu| æ 9' ð qhyhu frqwulexwhv/ sod|hu ð vkrxog hlwkhu
frpsohwh wkh surmhfw dorqh ru qhyhu frqwulexwh1 Wkh odwwhu lv ehvw ehfdxvh Tð ÷ fW> khqfh/

doo sod|huv qhyhu frqwulexwlqj lv dq htxloleulxp1 Lw lv qrw jhqhudoo| d shuihfw Ed|hvldq htxl0

oleulxp/ exw wkh qr0frqwulexwlrq rxwfrph lv riwhq d shuihfw Ed|hvldq htxloleulxp rxwfrph/

dv zh vkrz lq Vhfwlrq 91

Sduwv Eððä dqg Eðððä ri vkrz wkdw d frpsohwlqj htxloleulxp grhv qrw h{lvw li doo ehqh?w

ixqfwlrqv duh frqwlqxrxv1 Dv lq wkh vwdwlf jdph/ qr sod|hu wkhq zdqwv wr pdnh d frpsohwlqj

frqwulexwlrq1

Hyhq li wkh surmhfw fdqqrw eh frpsohwhg/ lw pd| eh dv|pswrwlfdoo| frpsohwhg lq wkdw

fE|ä $ fW dv | $ 4c exw fE|ä ÷ fW iru doo |é Frqwulexwlrqv pxvw eh pdgh lq?qlwho|

riwhq lq vxfk htxloleuld1 Wkxv/ dq dv|pswrwlfdoo| frpsohwlqj htxloleulxp fdqqrw h{lvw li wkh

frqwulexwlqj krul}rq 7A lv ?qlwh/ dv sduw Eðñä ri Sursrvlwlrq 4 lqglfdwhv1

E| sduw Eñäc dq dv|pswrwlfdoo| frpsohwlqj htxloleulxp dovr grhv qrw h{lvw li wkh vxp ri wkh

sod|huv* pdujlqdo ehqh?wv iurp qrq0frpsohwlqj frqwulexwlrqv lv ohvv wkdq xqlw|/ wkh pdujlqdo

frvw ri frqwulexwlqj1 Wkh dujxphqw iru wklv vwduwv zlwk wkh revhuydwlrq wkdw lq dq| htxlole0

ulxp/ wkh vrfldo sd|r>/ l1h1/ wkh vxp ri lqglylgxdo sd|r>v/ pxvw eh qrqqhjdwlyh1 Dq rxwfrph

} lqfuhphqwv wkh vrfldo sd|r> lq hdfk qrq0frpsohwlqj shulrg | e|
ýS

ðMù bð ý �
ü
CE|äc zklfk

lv qhjdwlyh li
S

ðMù bð ÷ � dqg CE|ä : f1 Wkxv/ zlwkrxw d srvlwlyh ehqh?w mxps dw frpsoh0

wlrq/ wkh vrfldo sd|r> lv qrqqhjdwlyh rqo| li qr frqwulexwlrqv duh pdgh1

Sduw Eñä grhv qrw dsso| li doo ehqh?w ixqfwlrqv duh frqwlqxrxv/ dv wkhq
S

ðMù bð 'S
ðMù Tð*f

W : �c e| +51:,1 Dq dv|pswrwlfdoo| frpsohwlqj htxloleulxp pd| wkhq h{lvw1

8 Frpsohwlqj Htxloleuld

Zh qrz jlyh vx!flhqw frqglwlrqv iru qhduo| h!flhqw htxloleuld wr h{lvw1 Frpsohwlqj dqg

dv|pswrwlfdo| frpsohwlqj Qdvk htxloleulxp rxwfrphv duh frqvlghuhg lq wkh ?uvw wzr vxevhf0

wlrqv1 Lq erwk fdvhv vrph ri wkh rxwfrphv duh dovr shuihfw Ed|hvldq htxloleulxp rxwfrphv/ dv
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zh vkrz lq Vhfwlrq 91 Lq wkh wklug vxevhfwlrq zh frqvlghu d fodvv ri qhduo| h!flhqw Pdunry

shuihfw htxloleuld wkdw xvh irujlylqj sxqlvkphqwv wr ghwhu iuhh ulglqj1

Frpsohwlqj lq Ilqlwh Wlph

Iru dq htxloleulxp wkdw frpsohwhv wkh surmhfw lq ?qlwh wlph wr h{lvw/ vrph sod|hu pxvw kdyh

d glvfrqwlqxrxv ehqh?w ixqfwlrq/ wkh frqwulexwlqj krul}rq pxvw eh vx!flhqwo| orqj/ dqg wkh

glvfrxqw idfwru pxvw eh vx!flhqwo| odujh1 Wkhvh frqglwlrqv duh dovr vx!flhqw/ dv zh qrz

suryh1 Wkh lghd lv vwudljkwiruzdug1 Lq wkh htxloleulxp zh frqvwuxfw/ wkh sod|huv zlwk srvlwlyh

ehqh?w mxpsv frpsohwh wkh surmhfw lpphgldwho| rqfh wkh fxpxodwlrq lv forvh hqrxjk wr fW1

Ehiruh wkhq/ wkh wkuhdw ri kdowlqj ixwxuh frqwulexwlrqv nhhsv wkh sod|huv frqwulexwlqj1

Wkh frqvwuxfwlrq lv uhfxuvlyh/ vwduwlqj dw wkh frpsohwlrq shulrg A W wr eh ghwhuplqhg

ehorz1 Lq wklv shulrg wkh xqghu0frqwulexwlqj frqvwudlqw +619, lv }ðEA Wä 9 Kð*E�ý bðä ' SWð iru
sod|hu ðé Dvvxplqj lw elqgv/ wkh sod|hu frqwulexwhv SWð lq wkh frpsohwlqj shulrg1 Gh?qh

SðEfä ì SWð é +814,

Dvvxplqj ES�Efäc éééc S?Efää lv frqwulexwhg lq shulrg A Wc frqvwudlqw +619, qrz gh?qhv dq

xsshu erxqg SðE�ä iru wkh shqxowlpdwh frqwulexwlrq }ðEA ý �ä( lw lv jlyhq e| E�ý bðäSðE�ä '
Bbð
S

æ õ'ð SæEfäé Frqwlqxlqj lq wklv idvklrq/ pdnlqj wkh xqghu0frqwulexwlqj frqvwudlqwv uhfxu0

vlyho| elqg |lhogv d vhtxhqfh iSðE&äj"&'f iru hdfk ð 5 ù G

SðE&ä ì B
ë

bð
�ý bð

ê[
æ õ'ð
SæE& ý �ä iru doo & : fé +815,

Txdqwlw| SðE&ä lv wkh pd{lpdo frqwulexwlrq sod|hu ð fdq pdnh lq shulrg A W ý & li lq hdfk

shulrg ô : |/ hdfk sod|hu æ 5 ù frqwulexwhv SæEA W ý ô ä1 Wkh htxloleulxp zloo vshfli| wkdw

wkh sod|huv frqwulexwh wkhvh dprxqwv/ h{fhsw lq shulrg f zkhq wkh| pd| frqwulexwh ohvv1:

Wr ghwhuplqh wkh frpsohwlrq shulrg/ qrwh wkdw li hdfk sod|hu ð frqwulexwhv SðEVä lq hyhu|

shulrg A W ý Vc wkh uhpdlqlqj dprxqw ri frqwulexwlrqv wr eh pdgh lq shulrgv A W ý & dqg

:Zh vhh iurp +814, dqg +815, wkdw dq| sod|hu zlwk èl @ 3 grhv qrw frqwulexwh lq wklv htxloleulxp xqwlo wkh

frpsohwlqj shulrg1 Dq| sod|hu zlwk el @ 3 frqwulexwhv lq doo exw wkh frpsohwlqj shulrg1

4:



wkhuhdiwhu lv

-E&ä ì
&[
V'f

[
ðMù

SðEVäé +816,

+Ohw -Eý�ä ì féä Lq shulrg 3 wkh uhpdlqlqj dprxqw ri frqwulexwlrqv/ -EA Wäc pxvw h{fhhg

fWé Khqfh/ A W lv ghwhuplqhg e|

-EA W ý �ä ÷ fW é -EA Wäé +817,

Dv lv vkrzq lq wkh surri ri Sursrvlwlrq 5 ehorz/ -E&ä grhv h{fhhg fW iru odujh &c dqg khqfh

+817, grhv gh?qh d ?qlwh A Wc li B lv odujh dqg
S

ðMù Kð lv srvlwlyh1

Wkh htxloleulxp rxwfrph/ }Wc lv gh?qhg lq wkh iroorzlqj zd|1 Lq shulrg }hur hdfk sod|hu

ð frqwulexwhv d iudfwlrq ri SðEA Wä G

}Wð Efä ì
ë
fW ý-EA W ý �ä

-EA Wäý-EA W ý �ä

ê
SðEfäé +818,

Lq shulrgv | : f hdfk sod|hu ð 5 ù frqwulexwhv wkh ixoo dprxqw/ SðEA W ý |ä G

}Wð E|ä ì
;?= SðEA

W ý |ä iru f ÷ | 9 A W

f iru | : A Wé
+819,

Surylghg A W lv zhoo0gh?qhg/ Fruroodu| 4 lpsolhv }W lv d Qdvk htxloleulxp rxwfrph= }W vdwlv?hv

wkh xqghu0frqwulexwlqj frqvwudlqwv e| frqvwuxfwlrq/ dqg lw vdwlv?hv wkh ryhu0frqwulexwlqj

frqvwudlqwv ehfdxvh lw vshfl?hv wkh pd{lpdo srvvleoh frqwulexwlrqv/ SWð c lq wkh frpsohwlqj

shulrg1 Wkh ixoo surri ri wkh iroorzlqj lv lq Dsshqgl{ D1

Sursrvlwlrq 5 Dvvxph
S

ðMù Kð : fé Wkhq BW ÷ � h{lvwv vxfk wkdw iru hdfk B 5 EBWc �oc d

xqltxh A W ÷4 lv gh?qhg e| +817,1 Li dovr 7A è A Wc wkh }W gh?qhg e| EDé�äý EDéSä lv d Qdvk

htxloleulxp rxwfrph wkdw frpsohwhv wkh surmhfw lq shulrg A Wé

Wkh rqo| vrxufh ri lqh!flhqf| zkhq }W lv sod|hg lv gxh wr ghod|1 Iru hdfk B : BWc ohw A WEBä

eh wkh shulrg lq zklfk }W frpsohwhv wkh surmhfw1 Vlqfh A WE�ä ÷ 4c }W lv h!flhqw li B ' �c

dqg li B ä � lw lv qhduo| h!flhqw1; D iruwlrul/ wkh wlph wr frpsohwlrq/ ìA WEe3oìäc frqyhujhv

wr }hur dv wkh shulrg ohqjwk ì frqyhujhv wr }hur1 Wklv suryhv wkh iroorzlqj fruroodu|1

;W ú+ü, lv erxqghg lq d qhljkerukrrg ri ï @ 4=
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Fruroodu| 5 Dvvxph
S

ðMù Kð : f dqg 7A : A WE�äé Wkhq }W lv d Qdvk htxloleulxp rxwfrph

li o ru ì lv vx!flhqwo| vpdoo> }W ?qlvkhv wkh surmhfw qhduo| lqvwdqwdqhrxvo| li ì lv qhduo| }hur>

dqg }W lv qhduo| h!flhqw li o ru ì lv qhduo| }hur1

Frpsohwlqj Dv|pswrwlfdoo|

Zh qrz frqvwuxfw dq dv|pswrwlfdoo| frpsohwlqj htxloleulxp rxwfrph iru wkh fdvh lq zklfk

wkh ehqh?w ixqfwlrqv duh frqwlqxrxv1 Zh uhvwulfw dwwhqwlrq wr wkh fdvh ri lghqwlfdo ehqh?w

ixqfwlrqv= lq wklv vxevhfwlrq zh dvvxph Kð ' fc bð ' bc dqg Tð ' T ' bfW iru doo ð 5 ùé Qrwh
wkdw +51:, lpsolhv b : �*?1 Wkxv/ li wkh sod|huv frqwulexwh dw wkh vdph udwh/ hdfk sod|hu*v

xwlolw| jdlq lq hdfk shulrg zloo eh srvlwlyh1

Wr gh?qh wkh htxloleulxp/ ?uvw gh?qh wkh fulwlfdo glvfrxqw idfwru/

÷B ì �ý b
E?ý �äb

é +81:,

Qrwh wkdw ÷B ÷ �é Wkh htxloleuxp rxwfrph/ zklfk lv ghqrwhg ÷}c lv v|pphwulf= ÷}ðE|ä ' ÷}æE|ä

iru doo ð 9' æ dqg | è fé Lw lv fdofxodwhg e| frqyhuwlqj wkh xqghu0frqwulexwlqj frqvwudlqwv +619,

wr htxdolwlhv/ lpsrvlqj v|pphwu|/ dqg vroylqj wkh uhvxowlqj v|vwhp vxemhfw wr
S"

|'f ÷}ðE|ä '

fW*?é Wklv |lhogv

÷}ðE|ä ì
#
÷B

B

$|#
B ý ÷B

B

$ë
fW

?

ê
iru doo | è f dqg ð 5 ùé +81;,

Li B : ÷B/ wkhq
S"

|'f ÷}ðE|ä ' f
W*?c dqg vr ÷} frpsohwhv wkh surmhfw dv|pswrwlfdoo|1

Sursrvlwlrq 6 Dvvxph wkh sod|huv kdyh lghqwlfdo frqwlqxrxv ehqh?w ixqfwlrqv1 Li 7A ' 4
dqg B 5 E÷Bc �oc wkhq ÷} lv dq htxloleulxp rxwfrph/ dqg lw frpsohwhv wkh surmhfw dv|pswrwlfdoo|1

Surri1 Revhuyh wkdw PôD|Bô ÷}ðEô ä ' B|÷}ðE|ä*E�ý÷Bä1 Khqfh/ iru | è f/

E�ý bä÷}ðE|ä ' E�ý bä
#
�ý ÷B
÷B

$ "[
ô'|n�

Bô3|÷}ðEô ä

' E?bý �ä
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Vr +619, krogv +zlwk htxdolw|,/ vlqfh A E}ä '4 dqg E?bý�ä÷}ðEô ä ' bCEôäý ÷}ðEô äé Dv SW ' fc

Fruroodu| 4 Eððä qrz lpsolhv ÷} lv dq htxloleulxp rxwfrph1

Ghvslwh wkh idfw wkdw ÷} qhyhu frpsohwhv wkh surmhfw/ lw dssur{lpdwho| frpsohwhv wkh

surmhfw duelwudulo| txlfno| dv wkh shulrg ohqjwk vkulqnv wr }hur1 Lq dgglwlrq/ wkh h!flhqf|

orvv ydqlvkhv dv hlwkhu o $ f ru ì$ f G

Fruroodu| 6 Lq wkh vhwwlqj ri Sursrvlwlrq 6/ ÷} lv dq htxloleulxp rxwfrph iru zklfk= Eðä diwhu

dq| srvlwlyh dprxqw ri wlph kdv sdvvhg/ wkh frqwulexwlrq qhhghg wr frpsohwh lv qhduo| }hur li

ì lv qhduo| }hur> dqg Eððä wkh h!flhqf| orvv lv qhduo| }hur li o ru ì lv qhduo| }hur1

Surri1 ÷} jhqhudwhv d fxpxodwlrq lq shulrg | ri

÷fE|ä ' ?
|[

ô'f

÷}ðEôä '

ë
�ý
í
÷B*B
ì|n�ê

fWé

Wklv txdqwlw| lqfuhdvhv zlwk B ' e3oì1 Khqfh/ iru dq| w ÷ �/ wkh dprxqw ri wlph lw wdnhv iru

wkh fxpxodwlrq wr h{fhhg wfW vkulqnv wr }hur dv ì$ f1 Wklv suryhv Eðäé Zkhq ÷} lv sod|hg/

wkh vxp ri wkh sod|huv* sd|r>v/

?E?bý �ä

"[
ô'f

Bô ÷}ðEô ä '
E?bý �äEB ý ÷BäfW

E�ý ÷BäB
c

frqyhujhv wr lwv xsshu erxqg ri ?T ýfW dv B $ �1 Wklv suryhv Eððäé

Irujlylqj Sxqlvkphqwv

Vrph ri wkh rxwfrphv ri wkh suhylrxv vxevhfwlrqv pd| eh vxssruwhg rqo| e| htxloleuld wkdw

sxqlvk d ghyldwru e| kdowlqj wkh frqwulexwlrqv ri wkh rwkhu sod|huv iruhyhu 8 wkdw lv wkh qdwxuh

ri wkh vwudwhjlhv xvhg wr suryh wkh fkdudfwhul}lqj Wkhruhp 4/ dqg Wkhruhp 5 ehorz1 Krzhyhu/

frpsohwlqj dqg dv|pswrwlfdoo| frpsohwlqj htxloleuld wkdw kdyh pruh irujlylqj sxqlvkphqwv

gr h{lvw1 Zh qrz suhvhqw dq h{dpsoh ri d w|sh zh uhihu wr dv d frqwulexwlrq jrdo htxloleulxp1

Dv wkh qdph vxjjhvwv/ dq htxloleulxp ri wklv w|sh lv fkdudfwhul}hg e| d vhtxhqfh ri frq0

wulexwlrq jrdov/ if&jA&'f1 Lq htxloleulxp wkh fxpxodwlrq lv udlvhg hdfk shulrg wr wkh vpdoohvw
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jrdo vr idu xqdfklhyhg= li f&3� 9 fE| ý �ä ÷ f&/ htxloleulxp sod| lq shulrg | uhvxowv lq

fE|ä ' f&1 Sxqlvkphqwv duh wkxv irujlylqj= d sod|hu zkr iuhh ulghv lq mxvw rqh shulrg vlpso|

ghod|v wkh dfklhyhphqw ri wkh fxuuhqw dqg vxevhtxhqw jrdov e| rqh shulrg1 Frpsohwlrq/ ru

dv|pswrwlf frpsohwlrq/ rffxuv vr orqj dv qr sod|hu ghyldwhv dq lq?qlwh qxpehu ri wlphv1

Iru vlpsolflw| zh frqvlghu rqo| wkh fdvh ri frqwlqxrxv ehqh?w ixqfwlrqv/ dqg uhvwulfw

dwwhqwlrq wr dq dq dv|pswrwlfdoo| frpsohwlqj frqwulexwlrq jrdo htxloleulxp lq zklfk rqo|

rqh sod|hu lv uhvsrqvleoh iru dfklhylqj hdfk jrdo1 Wkxv/ d sod|hu zkr lv uhvsrqvleoh iru wkh

fxuuhqw jrdo fdqqrw jdlq iurp wkh frqwulexwlrqv ri rwkhuv xqwlo kh frqwulexwhv hqrxjk wr

dfklhyh wkh jrdo1 Li kh grhv qrw frqwulexwh hqrxjk/ kh dorqh pdnhv xs wkh vkruwidoo lq wkh

qh{w shulrg1 D sod|hu*v rqo| jdlq iurp iuhh ulglqj lv wr vkliw d frqwulexwlrq lqwr wkh glvfrxqwhg

ixwxuh/ dv rssrvhg wr orzhulqj klv wrwdo frqwulexwlrq1<

Zh ixuwkhu uhvwulfw dwwhqwlrq wr wkh fdvh lq zklfk wkh ehqh?w ixqfwlrqv duh lghqwlfdo1

Wkxv/ zh djdlq dvvxph Kð ' fc bð ' bc dqg Tð ' T ' bfW iru doo ð 5 ùé Wr gh?qh wkh jrdov/
?uvw gh?qh aERä ì R?3� n R?32 n ü ü ün Rý �3b

b
é Wklv sro|qrpldo kdv d xqltxh srvlwlyh urrw/

òc dqg lw lv lq wkh lqwhuydo Efc �äé43 Wkh jrdov duh jlyhq e|

f& ì
ë
�ý

íò
B

ì&ê
fW iru doo & è fé +81<,

Wkxv ff ' fc dqg f& $ fW prqrwrqlfdoo| li B 5 Eòc �oé Sod|hu ð*v vwudwhj| pdsv hdfk

srvvleoh fxpxodwlrq f lqwr d frqwulexwlrq/ 5ð ' jðEfä1 Ohwwlqj óE&ä ì & E4L_?äc wkh

vwudwhj| lv

jðEfä ì
;?= f& ýf li f 5 df&3�c f&ä dqg ð ' óE&ä

f rwkhuzlvh1
+8143,

Vr hdfk sod|hu lv uhvsrqvleoh iru dfklhylqj hyhu| ?wk jrdo1 Ohw j ' Ej�c éééc j?äé

<Li wkh sod|huv zhuh wr frqwulexwh htxdoo| wr dfklhyh hdfk jrdo/ sxqlvkphqwv iru iuhh ulglqj zrxog eh

zhdnhu1 Li wkh ehqh?w ixqfwlrqv duh lghqwlfdo/ vxfk htxloleuld h{lvw rqo| li Y è +5 ý 4@q, +[ú@q,/ dqg wkh

wlph wkh| wdnh wr udlvh frqwulexwlrqv wr ë[ú> iru dq| ?{hg ë 5 +3> 4,> lv erxqghg ehorz dv c$ 3> h!flhqf|

lv qrw rewdlqhg lq wkh olplw1 Vhh Pdu{ dqg Pdwwkhzv +4<<:,1

43Vlqfh e @ 3 lpsolhv è 5 + 4q > 4,> M+3, ? 3 ? M+4,1 Khqfh/ ð 5 +3> 4,=
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Wkhvh vwudwhjlhv ghshqg rqo| rq wkh sxeolfo| revhuyhg fxpxodwlrq1 Vlqfh d sod|hu*v sd|r>

ghshqgv rq wkh frqwulexwlrqv ri wkh rwkhuv rqo| wkurxjk wkhlu revhuyhg djjuhjdwh/ klv eholhiv

derxw wkhlu lqglylgxdo frqwulexwlrqv duh luuhohydqw> jlyhq wkdw wkh rwkhuv xvh jc d sod|hu*v

frqwlqxdwlrq sd|r> diwhu dq| klvwru| ghshqgv rqo| rq wkh fxuuhqw fxpxodwlrq dqg klv ixwxuh

dfwlrqv1 Wkh dssursuldwh shuihfwlrq frqfhsw lv wkhuhiruh Pdunry shuihfw htxloleulxp144 Wkh

surri ri Sursrvlwlrq 7 lv lq Dsshqgl{ D1

Sursrvlwlrq 7 Li wkh sod|huv kdyh lghqwlfdo frqwlqxrxv ehqh?w ixqfwlrqv/ 7A ' 4c dqg B 5
Eòc �oc wkhq j lv d Pdunry shuihfw htxloleulxp/ dqg lw frpsohwhv wkh surmhfw dv|pswrwlfdoo|1

Revhuyh iurp +81<, wkdw f& lqfuhdvhv lq Bé Wklv lpsolhv wkdw h!flhqf| lv rewdlqhg lq wkh

olplw dv o$ f ru ì$ f( wkh iroorzlqj fruroodu| fdq eh suryhg dv zdv Fruroodu| 61

Fruroodu| 7 Lq wkh vhwwlqj ri Sursrvlwlrq 7/ wkh frqwulexwlrq jrdo htxloleulxp j kdv wkh

iroorzlqj ihdwxuhv= Eðä diwhu dq| srvlwlyh dprxqw ri wlph kdv sdvvhg/ wkh frqwulexwlrq qhhghg

wr frpsohwh wkh surmhfw lv qhduo| }hur li ì lv qhduo| }hur> dqg Eððä wkh h!flhqf| orvv lv qhduo|

}hur li o ru ì lv qhduo| }hur1

Wkh frqwulexwlrq jrdo htxloleulxp ri Sursrvlwlrq 7 dsshduv prvw sodxvleoh lq wzr fdvhv1

Wkh ?uvw lv li wkhuh duh rqo| wzr sod|huv= lq wklv fdvh wkh| frqwulexwh lq dowhuqdwh shulrgv/

zlwk hdfk rqh uhixvlqj wr frqwulexwh xqwlo wkh rwkhu kdv eurxjkw wkh fxpxodwlrq xs wr wkh

dssursuldwh jrdo1 Hyhq wkrxjk wkh| frqwulexwh lq dowhuqdwh shulrgv lq htxloleulxp/ wklv lv

qrw vr r> wkh htxloleulxp sdwk 8 wkh vwudwhjlhv duh qrw ihdvleoh li wkh sod|huv duh uhvwulfwhg

wr frqwulexwlqj rqo| lq dowhuqdwh shulrgv +dv wkh| duh lq Dgpdwl dqg Shuu|/ 4<<4,1

Vhfrqg/ wkh htxloleulxp lv idluo| sodxvleoh li wkh qxpehu ri sod|huv lv lq?qlwh1 Wkh lq?qlwh0

sod|hu jdph lv d ghylfh iru prgholqj d vlwxdwlrq zlwk d odujh qxpehu ri sduwlflsdqwv> hdfk

srwhqwldo frqwulexwru lq/ vd|/ d Qhz \run udglr ixqg gulyh sodxvleo| ylhzv wkh qxpehu ri

rwkhuv dv lq?qlwh1 Wkh jdph lv zhoo gh?qhg zlwk dq lq?qlwh qxpehu ri sod|huv ehfdxvh wkh

ehqh?w ixqfwlrqv duh frqvwdqw iru f : fW1 Wkh vwdwlf jdph zlwk ? ' 4 dqg K ' f kdv

44Ixghqehuj dqg Wluroh +4<<4, glvfxvv wkh Pdunry shuihfw frqfhsw dw ohqjwk1
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rqo| wkh qr0frqwulexwlrq htxloleulxp1 Krzhyhu/ rqh htxloleulxp ri wkh lq?qlwh krul}rq jdph

zlwk wkhvh sdudphwhuv lv wkh olplw ri wkh htxloleuld gh?qhg e| +81<, dqg +8143, dv ? $ 41

Lq wkh olplwlqj htxloleulxp/ hdfk sod|hu frqwulexwhv rqo| rqfh/ grlqj vr lq rughu wr lqgxfh

doo kljkhu0lqgh{hg sod|huv wr frqwulexwh odwhu1 Wkh jrdov duh jlyhq e| +81<, zlwk ò uhsodfhg

e| �ý b +wklv lv wkh urrw ri aERä li ? '4äé Wkh vwudwhjlhv duh jlyhq e| +8143, zlwk ð '? &

uhsodfhg e| ð ' & +uhqxpehu wkh sod|huv wr vwduw zlwk ð ' f,1 Fruroodu| 7 vwloo krogv/ dqg vr

h!flhqf| lv rewdlqhg lq wkh olplw dv wkh shulrg ohqjwk ydqlvkhv1 Wklv htxloleulxp uhvhpeohv

zkdw zh vhh lq uhdo vkruw0uxq ixqg gulyhv/ vxfk dv d rqh0zhhn sxeolf udglr gulyh ru d rqh0|hdu

xqlyhuvlw| exloglqj fdpsdljq1 Frqwulexwruv lq wkhvh vlwxdwlrqv gr whqg wr frqwulexwh rqo|

rqfh/ dqg pdq| vhhp wr zdlw wr vhh krz wkh gulyh lv idulqj ehiruh wkh| frqwulexwh1 Zkhwkhu

frqwulexwlrqv whqg wr ghfuhdvh ryhu wlph/ dv wkh| gr lq wklv htxloleulxp/ lv xqnqrzq wr xv1

9 Shuihfw Ed|hvldq Htxloleuld

Wkhuh lv reylrxvo| qr shuihfwlrq sureohp zlwk wkh Pdunry shuihfw htxloleuld ri Sursrvlwlrq

71 Exw wkh vdph lv qrw wuxh ri wkh julp htxloleuld xvhg wr suryh Wkhruhp 41 Wkrvh vwudwhjlhv

duh qrw vhtxhqwldoo| udwlrqdo diwhu d klvwru| wkdw eulqjv wkh surmhfw vr qhdu wr frpsohwlrq

wkdw vrph sod|hu lv zloolqj wr frpsohwh lw dorqh1 Uhihu wr wkh lqwhuydo ri vxfk fxpxodwlrqv

iru sod|hu ð dv klv fulwlfdo vhw =45

äð ì EfW ý SWð c fWäé +914,

Li suhylrxv frqwulexwlrqv |lhog f 5 äðc dqg wkh vwudwhjlhv uhtxluh wkh rwkhuv wr vwrs frq0

wulexwlqj/ sod|hu ð*v ehvw uhso| lv wr frpsohwh wkh surmhfw lpphgldwho| dorqh1 D julp vwudwhj|

htxloleulxp lv wkxv qrw vhtxhqwldoo| udwlrqdo li dq| sod|hu*v fulwlfdo frqwulexwlrq lv srvlwlyh1

Qrqhwkhohvv/ pdq| Qdvk htxloleulxp rxwfrphv duh dovr wkh rxwfrphv ri htxloleuld wkdw

gr qrw kdyh wklv shuihfwlrq sureohp/ shuihfw Ed|hvldq htxloleuld +SEH,1 Wkh pdlq wkhruhp

ri wklv vhfwlrq lv wkh iroorzlqj146

45Wkh fulwlfdo vhwv vdwlvi| Fl ê Fl.4> vlqfh fúl è fúl.4=
46Wkhruhp 5 +d, wulyldoo| lpsolhv wkdw Sursrvlwlrqv 6 dqg 7 lghqwli| SEH rxwfrphv1 Wkhruhp 5 +e, lpsolhv
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Wkhruhp 5 Ohw } eh d Qdvk htxloleulxp rxwfrph1 Wkhq } lv d SEH rxwfrph li

+d, SW� ' S
W
ð iru doo ð 5 ùc ru

+e, SW� ' S
W
2c dqg erwk }�E|ä è }ðE|ä dqg }2E|ä è }ðE|ä iru doo | è f dqg ð ' ôc éééc ?é

K|srwkhvlv +d, uhtxluhv wkh sod|huv wr kdyh wkh vdph fulwlfdo frqwulexwlrq1 +Wkh sdudp0

hwhuv Tð dqg bð pd| gl>hu1, Wkh lpsruwdqw frqvhtxhqfh ri wklv lv wkdw li wkh fxpxodwlrq lv

lq wkh frpprq fulwlfdo vhw/ hdfk sod|hu fdq eholhyh wkdw dq| rwkhu sod|hu zloo frpsohwh wkh

surmhfw rq klv rzq/ uhjdugohvv ri wkdw sod|hu*v lghqwlw|1 Xqghu wklv k|srwkhvlv/ hyhu| Qdvk

htxloleulxp rxwfrph lv d SEH rxwfrph1

K|srwkhvlv +e, uhtxluhv rqo| wkdw wkh wzr odujhvw fulwlfdo frqwulexwlrqv eh wkh vdph1 Exw

lw dovr uhvwulfwv dwwhqwlrq wr rxwfrphv lq zklfk wkh wzr sod|huv zlwk wklv odujhvw fulwlfdo

frqwulexwlrq frqwulexwh wkh prvw hyhu| shulrg1 D surplqhqw vshfldo fdvh lv d v|pphwulf

rxwfrph/ rqh lq zklfk }ðE|ä ' }æE|ä iru doo ð 5 ù dqg | è fé K|srwkhvlv +e,/ olnh +d,/ lpsolhv

wkdw hyhu| sod|hu*v fulwlfdo vhw lv d vxevhw ri dw ohdvw rqh rwkhu sod|hu*v fulwlfdo vhw> wkxv/ qr

sod|hu fdq hyhu eholhyh kh lv wkh rqo| rqh zloolqj wr frpsohwh wkh surmhfw dorqh1

Wkh surri ri Wkhruhp 5 lv lq Dsshqgl{ E1 Lw surfhhgv e| vkrzlqj wkdw xqghu hlwkhu

k|srwkhvlv/ wkhuh lv d vhtxhqwldoo| udwlrqdo zd| ri lpsrvlqj rq dq| xqlodwhudo ghyldwru wkh

pd{lpdo sxqlvkphqw 8 wkh zlwkkroglqj ri doo ixwxuh frqwulexwlrqv e| wkh qrq0ghyldwruv1 Wklv

sxqlvkphqw qhfhvvdulo| ghwhuv dq| ghyldwlrq iurp d Qdvk htxloleulxp rxwfrph1

Lq rughu wr h{sodlq wkh surri/ lw lv frqyhqlhqw wr frqvlghu ?uvw wkh jdph zlwk revhuyhg

frqwulexwlrqv1 D SEH ri wklv jdph lv wkh vdph dv d vxejdph shuihfw htxloleulxp +VSH,1 Wkh

dqdorj ri Wkhruhp 5 +d, krogv=

Sursrvlwlrq 8 Li wkh fulwlfdo frqwulexwlrqv ri wkh sod|huv duh lghqwlfdo/ hyhu| Qdvk htxlole0

ulxp rxwfrph ri wkh jdph zlwk revhuyhg frqwulexwlrqv lv d VSH rxwfrph147

wkdw Sursrvlwlrq 5 lghqwl?hv d SEH rxwfrph li e4 @ e5 dqg è4 @ è5> e| +814, dqg +815,1

47Wkxv/ wkh Qdvk htxloleulxp rxwfrphv dqg wkh SEH rxwfrphv ri wkh jdphv zlwk dqg zlwkrxw revhuyhg

frqwulexwlrqv duh doo wkh vdph li wkh fulwlfdo frqwulexwlrqv ri wkh sod|huv duh lghqwlfdo1 +Uhfdoo irrwqrwh 91,
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Zh jlyh rqo| dq lqirupdo dujxphqw iru Sursrvlwlrq 81 Jlyhq d Qdvk htxloleulxp rxwfrph

ri wkh jdph zlwk revhuyhg frqwulexwlrqv/ frqvlghu wkh iroorzlqj vwudwhjlhv=

Diwhu dq| xqlodwhudo ghyldwlrq/ doo sod|huv vwrs frqwulexwlqj li f lv qrw lq wkh

frpprq fulwlfdo vhw> rwkhuzlvh/ wkh qrq0ghyldwruv vwrs frqwulexwlqj dqg wkh gh0

yldwru lpphgldwho| frpsohwhv wkh surmhfw dorqh1 +Diwhu d pxowlodwhudo ghyldwlrq/

ohw dq| frqwlqxdwlrq htxloleulxp eh sod|hg1,

Vxfk vwudwhjlhv duh vhtxhqwldoo| udwlrqdo diwhu d xqlodwhudo ghyldwru sxwv f lq wkh frpprq

fulwlfdo vhw= kh zdqwv wr frpsohwh wkh surmhfw dorqh li wkh rwkhuv zloo qrw frqwulexwh/ dqg

jlyhq wkdw kh grhv vr/ wkh| gr qrw zdqw wr frqwulexwh1 Vhtxhqwldo udwlrqdolw| dovr krogv diwhu

d ghyldwlrq wkdw grhv qrw sxw f lq wkh frpprq fulwlfdo vhw/ vlqfh wkhq qr sod|hu zdqwv wr

frqwulexwh li wkh rwkhuv gr qrw1 Wkhvh vwudwhjlhv fdxvh doo qrq0ghyldwruv wr vwrs frqwulexwlqj

diwhu dq| xqlodwhudo ghyldwlrq/ zklfk ghwhuv dq| ghyldwlrq iurp d Qdvk htxloleulxp rxwfrph1

Wklv dujxphqw uholhv rq wkh fulwlfdo frqwulexwlrqv ehlqj lghqwlfdo1 Li lqvwhdg SWð : SWæ

iru vrph ð 9' æc d xqlodwhudo ghyldwlrq e| sod|hu æ frxog |lhog dq f wkdw lv lq äðc exw

qrw wkh forvxuh ri äæ é Lw zrxog wkhq qrw eh d frqwlqxdwlrq htxloleulxp iru doo sod|huv wr

vwrs frqwulexwlqj/ ru iru sod|hu æ wr frpsohwh wkh surmhfw dorqh1 Dv d uhvxow/ vrph Qdvk

htxloleulxp rxwfrphv pd| qrw eh VSH rxwfrphv/ dv lv vkrzq e| H{dpsoh 4 ehorz1

Wkh dujxphqw iru Sursrvlwlrq 8 fdq eh h{whqghg wr suryh Wkhruhp 5 +d,1 Dv frqwulexwlrqv

duh xqrevhuyhg/ wkh sod|huv pxvw eh jlyhq dssursuldwh eholhiv1 Lq sduwlfxodu/ rxu surri

uhtxluhv hdfk sod|hu wr udwlrqdol}h/ li srvvleoh/ dq| revhuyhg ghyldwlrq dv ehlqj xqlodwhudo1

Wklv pdnhv lw udwlrqdo iru d xqlodwhudo ghyldwru wr eholhyh wkh rwkhuv zloo vwrs frqwulexwlqj1

Wr eh pruh vshfl?f/ frqvlghu d yhfwru 75 5 ??n wkdw lv vxssrvhg wr eh frqwulexwhg lq

vrph shulrg1 Li lw lv/ wkhq ð vhhv wkdw klv rzq frqwulexwlrq lv 75ðc dqg wkdw wkh djjuhjdwh

frqwulexwlrq ri wkh rwkhuv lv 7~ð '
S

& õ'ð 75&é Li h{dfwo| rqh sod|hu ghyldwhv iurp 75/ sod|hu ð

lqvwhdg revhuyhv d sdlu lq wkh vhw

øðE75ä ì iE5ðc ~ðä 5 ?2n m Eðä 5ð 9' 75ð dqg ~ð ' 7~ðc ru

Eððä 5ð ' 75ðc ~ð 9' 7~ðc dqg ~ð è
S

& õ'ðcæ 75& iru vrph æ 9' ðjé
+915,
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Li sod|hu ð lv wkh ghyldwru/ E5ðc ~ðä vdwlv?hv Eðä> li sod|hu æ 9' ð lv wkh ghyldwru/ lw vdwlv?hv Eððä
+vlqfh 5æ è fäé Wkh uhyhuvh lv dovr wuxh= jlyhq dq| E5ðc ~ðä 5 øðE75äc d xqlodwhudo ghyldwlrq iurp
75 h{lvwv wkdw fdxvhv sod|hu ð wr revhuyh E5ðc ~ðä1 Eholhiv wkdw udwlrqdol}h ghyldwlrqv dv ehlqj

xqlodwhudo zkhqhyhu srvvleoh wkxv uhtxluh sod|hu ð wr eholhyh h{dfwo| rqh sod|hu ghyldwhg iurp

75 zkhqhyhu kh revhuyhv d sdlu lq øðE75äé

Jlyhq k|srwkhvlv +d, lq Wkhruhp 5/ dqg jlyhq dq| Qdvk htxloleulxp rxwfrph/ dvvxph

wkh sod|huv kdyh vxfk eholhiv zkhq d ghyldwlrq iurp lw lv revhuyhg1 Frqvlghu vwudwhjlhv wkdw

vdwlvi| wkh iroorzlqj=

Sod|hu ð frqwulexwhv klv htxloleulxp dprxqw hdfk shulrg xqwlo kh vhhv d ghyldwlrq1

Li wkh E5ðc ~ðä kh wkhq vhhv lv lq øðE75äc zkhuh 75 zdv wkh htxloleulxp frqwulexwlrq

yhfwru wkdw shulrg/ kh qhyhu frqwulexwhv djdlq li 5ð ' 75ð ru f *5 äð> rwkhuzlvh/ kh
lpphgldwho| frqwulexwhv hqrxjk wr frpsohwh wkh surmhfw dorqh1

Li doo sod|huv xvh vxfk vwudwhjlhv/ dq| xqlodwhudo ghyldwlrq fdxvhv wkh qrq0ghyldwruv wr vwrs

frqwulexwlqj/ dv hyhu| sod|hu revhuyhv d sdlu lq klv øðE75ä vhw1 Hdfk qrq0ghyldwlqj ð zdqwv wr

vwrs frqwulexwlqj ehfdxvh kh eholhyhv wkh ghyldwlrq zdv xqlodwhudo/ dqg khqfh wkdw hdfk æ 9' ð
revhuyhv d sdlu lq øæE75äé Wkxv/ li ð glg qrw ghyldwh/ kh zdqwv wr vwrs frqwulexwlqj ehfdxvh

kh eholhyhv wkh ghyldwru zloo frpsohwh wkh surmhfw dorqh/ ru ehfdxvh f *5 äð1
Zkloh wkhuh duh jhqhudoo| pdq| zd|v d sod|hu fdq udwlrqdol}h d ghyldwlrq dv ehlqj xql0

odwhudo/ d sduwlfxodu vshfl?fdwlrq lv pdgh lq wkh surri ri Wkhruhp 5 lq rughu wr pdnh lw zrun

iru k|srwkhvlv +e, dv zhoo dv +d,1 Hdfk sod|hu/ zkhq kh nqrzv wkdw rqh dqg pd|eh rqo|

rqh ri wkh rwkhuv ghyldwhg/ lv uhtxluhg wr eholhyh wkdw wkh rqo| ghyldwru dprqj wkhp zdv

d sod|hu zkr zdv vxssrvhg wr kdyh frqwulexwhg qr ohvv wkdq dq| rwkhu148 Wlhv duh kdqgohg

e| dvvxplqj wkh ghyldwru zdv wkh sod|hu zlwk wkh orzhvw lqgh{ zkr zdv vxssrvhg wr kdyh

frqwulexwhg qr ohvv wkdq wkh rwkhuv1

48Hyhu| ghyldwlrq e| wkh rwkhuv wkdw frxog eh xqlodwhudo fdq eh/ dqg shukdsv pxvw eh/ wkh uhvxow ri rqo|

wklv sod|hu ghyldwlqj1 H1j1/ vxssrvh q @ 6> ç}4 @ 5> dqg ç}5 @ 4= Wkhq wkh rqo| zd| sod|hu 6 fdq udwlrqdol}h

dq revhuydwlrq wkdw 4 dqg 5 wrjhwkhu frqwulexwhg ]6 @ 4 dv d xqlodwhudo ghyldwlrq lv wr eholhyh sod|hu 4 zdv

wkh ghyldwru/ l1h1/ wkdw }4 @ 3 dqg }5 @ 4=
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Wkhvh eholhiv/ wrjhwkhu zlwk +e,/ lpso| wkdw li sod|hu 4 +5, vhhv d srvvleo| xqlodwhudo

ghyldwlrq e| wkh rwkhuv iurp }c kh eholhyhv sod|hu 5 +4, zdv wkh xqltxh ghyldwru dprqj

wkhp1 Vxssrvh sod|hu ð xqlodwhudoo| ghyldwhvé Dq| qrq0ghyldwru æ 9' � wkhq eholhyhv sod|hu

4 xqlodwhudoo| ghyldwhg/ dqg khqfh wkdw sod|hu 4 zloo frpsohwh wkh surmhfw dorqh li f 5 ä�é
Li f *5 ä�c sod|hu æ nqrzv 4 zloo qrw frqwulexwh/ exw wklv grhv qrw lqgxfh klp wr frqwulexwh

ehfdxvh f *5 äæ +dv äæ ë ä�äé Li sod|hu 4 zdv qrw wkh ghyldwru/ kh eholhyhv sod|hu 5 zdv/

dqg khqfh wkdw sod|hu 5 zloo frpsohwh wkh surmhfw dorqh li f 5 ä2é Li f *5 ä2c sod|hu 4
nqrzv 5 zloo qrw frqwulexwh/ exw wklv grhv qrw lqgxfh klp wr frqwulexwh ehfdxvh +e, lpsolhv

ä� ' ä2c dqg vr f *5 ä�é Dq| xqlodwhudo ghyldwlrq iurp } wkxv lqgxfhv wkh qrq0ghyldwruv wr

vwrs frqwulexwlqj/ zklfk suryhv wkh wkhruhp149

Zh ohdyh iru wkh ixwxuh d ixoo wuhdwphqw ri wkh fdvh lq zklfk wkh fulwlfdo frqwulexwlrqv

duh gl>huhqw1 Khwhurjhqhlw| fuhdwhv vrph lqwhuhvwlqj skhqrphqd/ dv zh qrz looxvwudwh zlwk

wzr h{dpsohv1 Lq H{dpsoh 4/ qr frqwulexwlrqv duh pdgh lq wkh rqo| htxloleulxp ri wkh vwdwlf

jdph/ exw hyhu| SEH frpsohwhv wkh surmhfw li wkh frqwulexwlqj krul}rq lv orqjhu dqg ?qlwh1

Lpshuihfw revhuydelolw| sod|v qr uroh/ dv wkh h{dpsoh kdv rqo| wzr sod|huv1

H{dpsoh 4 Ohw ? ' 2/ fW ' Dc dqg B ' �é Wkh suhihuhqfh sdudphwhuv duh T� ' T2 ' ec

b� ' fc dqg b2 ' e*Dé Wkxv/ SW� ' e dqg SW2 ' fé Dv ? ' 2c wkh jdph frqwulexwlrqv duh

revhuyhg/ dqg vr zh frqvlghu lwv vxejdph shuihfw htxloleuld1

Wkh qr0frqwulexwlrq rxwfrph lv wkh rqo| htxloleulxp ri wkh vwdwlf jdph= sod|hu 5 dozd|v

iuhh ulghv/ vlqfh SW2 ' fc dqg sod|hu 4 lv xqzloolqj wr frqwulexwh wkh hqwluh fWé Lw lv dovr d

Qdvk htxloleulxp rxwfrph iru dq| 7A è f G wkh vwudwhj| sur?oh lq zklfk qr sod|hu frqwulexwhv

diwhu dq| klvwru| lv d Qdvk htxloleulxp/ dv SWð ÷ f
W iru erwk ðé

Li f ÷ 7A ÷ 4c wkh surmhfw lv frpsohwhg lq hyhu| VSH/ dqg wkh sod|huv frqwulexwh wrwdov

ri %� ' e dqg %2 ' �1 Wr suryh wklv/ ohw 0 : fé Frqvlghu dq duelwudu| VSH vwudwhj| iru sod|hu

�/ dqg iru 2 d qrqfrqwlqjhqw vwudwhj| dffruglqj wr zklfk kh frqwulexwhv qrwklqj h{fhsw lq

shulrg 7A ý �c zkhq kh frqwulexwhv � n 0é Wklv vwudwhj| sdlu ohdgv wr d shulrg 7A vxejdph

lq zklfk rqo| -E 7A ä ì 4ð?EfcfW ý fE 7A ý �ää lv qhhghg wr frpsohwh wkh surmhfw1 Vlqfh

49Wkh frpsolfdwlrq lq surylqj Wkhruhp 5 lv vkrzlqj vhtxhqwldo udwlrqdolw| diwhu pxowlodwhudo ghyldwlrqv1
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-E 7A ä é eý 0 ÷ SW� dqg SW2 ' fc wkh xqltxh vxejdph htxloleulxp lv E5�c 52ä ' E-E 7A äc fä1 Wklv

jlyhv d sd|r> ri dw ohdvw ô ý 0 wr sod|hu 5/ surylqj wkdw klv sd|r> lq dq| VSH lv qrw ohvv

wkdq ôé Khqfh/ lq hyhu| VSH wkh surmhfw lv frpsohwhg/ sod|hu 5 frqwulexwhv qr pruh wkdq �c

dqg sod|hu � frqwulexwhv qr ohvv wkdq eé Wkxv/ vlqfh sod|hu �*v sd|r> pxvw eh qrqqhjdwlyh/

%� ' e dqg %2 ' � lq hyhu| VSH1

Lq wklv dujxphqw sod|hu 2 fdq lqgxfh sod|hu � wr frpsohwh wkh surmhfw dw 7A ehfdxvh kh

klpvhoi fdq frpplw qrw wr frqwulexwh dw 7A ru wkhuhdiwhu1 Li 7A '4c frpplwphqw lv lpsrvvleoh
dqg rwkhu VSH rxwfrphv h{lvw1 Iru h{dpsoh/ ohw 7f 5 d�c eo/ dqg ghqrwh e| rE 7fä wkh iroorzlqj

vwudwhj| sur?oh= dw dq| | è f/ wkh sod|huv frqwulexwh

E5�c 52ä '

;?= Efc 7f ýfE|ý �ää li fE|ý �ä ÷ 7f

EDýfE|ý �äc fä li 7f é fE|ý �ä ÷ Dé

Wkxv/ sod|hu 2 frqwulexwhv 7f lq wkh ?uvw shulrg/ dqg lq wkh qh{w sod|hu � frpsohwhv wkh

surmhfw1 Lw lv hdvlo| yhul?hg wkdw rE 7fä lv d VSH li 7A '4 +dqg rE�ä lv d VSH iru doo 7A : fä1

Sod|hu � uhfhlyhv d }hur sd|r> iurp rE�äc dqg sod|hu 2 uhfhlyhv d }hur sd|r> iurp rEeäé

Wkhvh htxloleuld fdq eh xvhg dv sxqlvkphqwv wr ghwhu frqwulexwlrqv1 Wkh iroorzlqj lv d qr0

frqwulexwlrq VSH zkhq 7A '4 G Lq shulrg | è fc qhlwkhu sod|hu frqwulexwhv li fE|ý �ä ' f/

dqg rwkhuzlvh wkh| sod| rE�ä li 5�Efä : f/ dqg rEeä li 5�Efä ' fé

Rxu ?qdo h{dpsoh vkrzv wkdw d SEH rxwfrph zkhq frqwulexwlrqv duh xqrevhuyhg qhhg

qrw eh d VSH rxwfrph zkhq frqwulexwlrqv duh revhuyhg1 Wkxv/ lpshuihfw revhuydelolw| fdq

fuhdwh qhz sxuh0vwudwhj| SEH rxwfrphv1 Wklv hpskdvl}hv wkdw lq wkh surri ri Wkhruhp 5

+e,/ wkh vwudwhj| sur?oh fdoolqj iru qrq0ghyldwruv wr vwrs frqwulexwlqj pd| eh vhtxhqwldoo|

udwlrqdo rqo| ehfdxvh wkh qrq0ghyldwruv kdyh gl>huhqw eholhiv derxw zkr ghyldwhg14:

H{dpsoh 5 Ohw ? ' ôc fW ' Dc dqg B ' �é Sod|huv � dqg 2 kdyh wkh vdph ehqh?w ixqfwlrqv=

Tð ' e dqg bð ' f iru ð ' �c 2é Sod|hu ô kdv Tô ' e dqg bô ' e*Dé Wkxv/ SW� ' SW2 ' e dqg

SWô ' fé Wkh frqwulexwlqj krul}rq lv 7A ' �é

4:Vxfk eholhiv duh qrw sdwkrorjlfdo= wkh| duh frqvlvwhqw zlwk vhtxhqwldo htxloleulxp lq vlplodu jdphv zlwk

?qlwh vwudwhjlhv/ dv Pdwwkhzv +4<<;, vkrzv1
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Frqvlghu rxwfrph }Efä ' E�c �c �ä/ }E�ä ' E�c �c fäé Wkh julp0} vwudwhjlhv duh d Qdvk

htxloleulxp/ dqg vr } lv d SEH rxwfrph e| Wkhruhp 5 +e,1 Wkh SEH xvhg lq wkh surri

kdv wkh ihdwxuh khuh wkdw li sod|hu ô xqlodwhudoo| ghyldwhv iurp }Efäc sod|hu � E2ä zloo wklqn

sod|hu 2 E�ä zdv wkh ghyldwru/ dqg vr hdfk zloo wklqn wkh rwkhu zloo frpsohwh wkh surmhfw rq

klv rzq dw | ' � +vlqfh D ý 2 ÷ SWð iru ð ' �c 2äé Wkxv/ wkh ghyldwlrq e| sod|hu ô fdxvhv qr

frqwulexwlrqv wr eh pdgh dw | ' �c dqg wklv ghwhuv klp iurp ghyldwlqj1

Lq wkh jdph zlwk revhuyhg frqwulexwlrqv/ sod|huv � dqg 2 duh qrw frqixvhg derxw zkr

ghyldwhg1 Vxssrvh sod|hu ô ghyldwhv iurp }Efä lq wklv jdph e| frqwulexwlqj qrwklqj1 Lq dq|

htxloleulxp ri wkh hqvxlqj vxejdph/ sod|huv � dqg 2 frpsohwh wkh surmhfw zlwkrxw sod|hu ô*v

frqwulexwlqj +dv SWô ' fäc vr sod|hu ô jdlqv e| ghyldwlqj1 Wkxv/ } lv qrw d VSH rxwfrph ri

wklv jdph14;

: Uhodwhg Olwhudwxuh

Zh ?uvw glvfxvv wkh forvho| uhodwhg olwhudwxuh rq g|qdplf yroxqwdu| frqwulexwlrq xqghu frp0

sohwh lqirupdwlrq14< Zh wkhq wxuq wr uhfhqwo| vwxglhg jdphv zlwk vlplodu ihdwxuhv1

G|qdplf Frqwulexwlrq

Ihuvkwpdq dqg Qlw}dq +4<<4, +khqfhiruwk IQ, vwxg| d gl>huhqwldo jdph lq zklfk frqwulex0

wlrqv ehfrph wkh fdslwdo d surmhfw xvhv wr jhqhudwh d  rz ri sxeolf ehqh?wv1 Lwv rshq0orrs

htxloleulxp |lhogv orz frqwulexwlrqv> lw lv dqdorjrxv wr wkh qr0frqwulexwlrq htxloleulxp ri

4;Wkh iroorzlqj lv d VSH= wkh sod|huv frqwulexwh }+3, @ +3> 3> 4,> }+4, @ +3> 3> 3, li [+3, ? 4> dqg }+4, @

+Uú@5> Uú@5> 3, li 4 é [+3, ? 8> zkhuh Uú @ 8ý[+3, lv wkh dprxqw qhhghg dw w @ 4 iru frpsohwlrq1 Wkh

rxwfrph lv aj+3, @ +3> 3> 4, dqg aj+4, @ +5> 5> 3,> zklfk lv sd|r> htxlydohqw wr j ehfdxvh lw dovr frpsohwhv wkh

surmhfw dqg |lhogv wkh vdph wrwdo frqwulexwlrqv iru hdfk sod|hu +uhfdoo wkdw ï @ 4,=

4<Wkh iroorzlqj duh ohvv uhodwhg1 PfPloodq +4<:<, vwxglhv d uhshdwhg jdph zlwk d frqwulexwlrq vwdjh jdph>

iron wkhruhpv dsso|1 G|qdplf lqfrpsohwh lqirupdwlrq jdphv zlwk glvfuhwh sxeolf jrrg dqg frqwulexwlrq

ohyhov duh vwxglhg lq Eolvv dqg Qdohex> +4<;7,/ Judgvwhlq +4<<5,/ dqg Yhjd0Uhgrqgr +4<<8,1 Ghod| lv fdxvhg

lq wkhvh jdphv e| wkh lqfhqwlyh wr zdlw iru orz0frvw w|shv wr frqwulexwh ?uvw1

5<



rxu vwdwlf jdph1 Vxusulvlqjo|/ wkh Pdunry shuihfw htxloleulxp wkdw IQ lghqwli| |lhogv hyhq

orzhu frqwulexwlrqv1 Lq wklv htxloleulxp d sod|hu*v frqwulexwlrq udwh lv d ghfuhdvlqj ixqfwlrq

ri wkh fxpxodwlyh frqwulexwlrq1 D sod|hu fdq wkxv lqgxfh juhdwhu ixwxuh frqwulexwlrqv e|

ghfuhdvlqj klv fxuuhqw frqwulexwlrq/ dqg vr kh kdv d vwurqj lqfhqwlyh wr iuhh ulgh1 Wkh prgho

gl>huv iurp rxuv lq pdq| zd|v= lw kdv frqwlqxrxv wlph/ ghfd|lqj frqwulexwlrqv/ dqg txdgudwlf

sd|r>v1 Prvw lpsruwdqwo|/ IQ uhvwulfw dwwhqwlrq wr d olqhdu Pdunry shuihfw htxloleulxp1 Dv

Zluo +4<<9, vkrzv/ wkh jdph dovr kdv qrqolqhdu Pdunry shuihfw htxloleuld/ dqg vrph |lhog

juhdwhu frqwulexwlrqv wkdq grhv wkh rshq0orrs htxloleulxp1 Wkh qhjdwlyh frqfoxvlrq ri IQ

wkdw g|qdplfv djjudydwhv iuhh ulglqj lv wkxv wuxh rqo| ri vrph htxloleuld1 Li wkh prgho lv

prgl?hg e| pdnlqj wlph glvfuhwh dqg uhsodflqj glvfrxqwlqj e| wkh olplwlqj phdqv fulwhulrq/

Jdlwvjru| dqg Qlw}dq +4<<7, vkrz wkdw hyhu| lqglylgxdoo| udwlrqdo sd|r> yhfwru/ lqfoxglqj

wkh h!flhqw rqhv/ lv dwwdlqhg e| vrph Qdvk htxloleulxp1

Wkh prgho ri Edjqrol dqg Olspdq +4<;<, +khqfhiruwk EO,/ xqolnh rxuv ru wkh rwkhu

prghov zh glvfxvv khuh/ frqfhuqv phfkdqlvp ghvljq udwkhu wkdq wkh sulydwh surylvlrq ri

sxeolf jrrgv1 D jdph irup lv frqvwuxfwhg wkdw ixoo| lpsohphqwv/ yld d uh?qhphqw ri vxejdph

shuihfw htxloleulxp/ wkh fruh ri d sxeolf jrrgv hfrqrp| lq zklfk wkh sxeolf jrrg lv dydlodeoh

lq glvfuhwh ohyhov1 Wkh jdph irup uhvhpeohv rxu frqwulexwlrq jdph/ exw zlwk d fhqwudo

dxwkrulw| frpplwwhg lq hdfk shulrg wr kdowlqj wkh surfhvv li wrr olwwoh lv frqwulexwhg/ dqg

wr uhixqglqj wkh h{fhvv li wrr pxfk lv frqwulexwhg1 EO*v uhvxow vkrzv wkdw dgglqj d wklug

sduw| zlwk wkhvh uhodwlyho| vpdoo frpplwphqw fdsdelolwlhv fdq ryhufrph iuhh ulglqj1 Wkh

glvfuhwhqhvv ri wkh sxeolf jrrg sod|v d uroh vlplodu wr wkdw ri rxu ehqh?w mxps/ lqvxulqj

wkdw d sod|hu lv zloolqj wr frqwulexwh rqfh wkh frqwulexwlrq wrwdo lv forvh wr wkdw uhtxluhg

wr udlvh wkh sxeolf jrrg wr lwv qh{w ohyho1 Rxu dv|pswrwlf frpsohwlrq uhvxow/ Sursrvlwlrq 6/

lv iruhvkdgrzhg e| dq xqsxeolvkhg uhvxow lq wkh Dsshqgl{ ri Edjqrol dqg Olspdq +4<;:,/

suryhg iru d vwulfwo| frqfdyh sxeolf jrrg surgxfwlrq ixqfwlrq dqg wzr sod|huv1

Dgpdwl dqg Shuu| +4<<4, +khqfhiruwk DS, vwxg| d g|qdplf frqwulexwlrq jdph wkdw gl>huv

iurp rxuv lq rqo| d ihz zd|v/ exw |lhogv wkh rssrvlwh frqfoxvlrq wkdw g|qdplfv djjudydwh

iuhh ulglqj1 Wklv frqfoxvlrq lv wkh pruh vxusulvlqj ehfdxvh wkh sod|huv kdyh lghqwlfdo elqdu|
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ehqh?w ixqfwlrqv 8 uhfdoo wkdw lq wklv fdvh ri rxu prgho/ dq h!flhqw SEH h{lvwv iru dq|

glvfrxqw idfwru dqg dq| frqwulexwlqj krul}rq1 Zh glvfxvv wkh DS prgho lq vrph ghwdlo1

Wkh DS jdph kdv wzr sod|huv dqg dq lq?qlwh frqwulexwlqj krul}rq1 Lw gl>huv iurp rxuv

lq wkdw hdfk sod|hu lv doorzhg wr frqwulexwh rqo| lq dowhuqdwh shulrgv/ dqg wkh frvw wr d sod|hu

ri frqwulexwlqj 5ð lv jlyhq e| d vwulfwo| frqyh{ ixqfwlrq çE5ðä +vdwlvi|lqj çEfä ' fäé53 Wkh

sd|r> ri sod|hu ð li frpsohwlrq rffxuv dw A dqg klv frqwulexwlrqv duh 5ðEfäc éééc 5ðEA ä lv

BAT ý
A[
|'f

B|çE5ðE|ääé

DS vkrz wkdw +jhqhulfdoo|, wklv jdph kdv d xqltxh vxejdph shuihfw htxloleulxp rxwfrph1

Wklv DS rxwfrph lv xvxdoo| lqh!flhqw/ prvw qrwdeo| li ç lv olqhdu= 3111 lq wkh olqhdu fdvh

d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh frpsohwlrq ri wkh surmhfw lq rxu htxloleulxp lv

wkdw hdfk sod|hu zrxog frpsohwh wkh surmhfw +lpphgldwho|, li kh zdv wkh rqo| sod|hu14 +s1

59;, Wkh DS rxwfrph wkhuhiruh |lhogv qr frqwulexwlrqv xqghu rxu dvvxpswlrqv çE5ä ì 5 dqg
+51:,/ zklfk lv qrz T ÷ fW ÷ 2T 1 Qr frqwulexwlrqv duh pdgh hyhq li ç phuho| dssur{lpdwhv

wkh lghqwlw| ixqfwlrq lq wkh vhqvh wkdw çâEfä è T*fWc e| DS*v Sursrvlwlrq 7141

Wkh orjlf ri wkhvh uhvxowv lv wkh iroorzlqj1 Lq wkh DS jdph/ d sod|hu frpsohwhv wkh

surmhfw lq vrph shulrg li wkdw pdnhv klp ehwwhu r> wkdq kdylqj wkh rwkhu sod|hu frpsohwh

wkh surmhfw lq wkh qh{w shulrg1 Wkxv/ lq dq| VSH wkh sod|hu zkrvh wxuq lw lv wr frqwulexwh

zloo frpsohwh wkh surmhfw li wkh uhtxluhg dprxqw lv ohvv wkdq wkh txdqwlw| -� gh?qhg e|

T ý çE-�ä ì BTé Vxssrvh wkdw lq vrph shulrg frpsohwlrq uhtxluhv d juhdwhu frqwulexwlrq/

+n-� iru vrph + : fé Li wkh sod|hu zkrvh wxuq lw lv frqwulexwhv mxvw +/ wkh rwkhu sod|hu zloo

frpsohwh wkh surmhfw lq wkh qh{w shulrg e| frqwulexwlqj -�é Wkh sod|hu*v pdujlqdo ehqh?w

iurp frqwulexwlqj +n-� udwkhu wkdq + lv wkxv T ý BTé Wklv lv ohvv wkdq klv pdujlqdo frvw ri

udlvlqj + wr + n-�/ vlqfh wkh vwulfw frqyh{lw| ri ç dqg çEfä ' f lpso|

çE+ n-�äý çE+ä : çE-�ä ' T ý BTé +:14,

53DS dovr vwxg| d 3vxevfulswlrq jdph4 lq zklfk wkh sod|huv dowhuqdwho| sohgjh dprxqwv wr eh sdlg zkhq

wkh surmhfw lv frpsohwhg1 Lwv VSH lv h!flhqw zkhq z lv olqhdu1
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Vr wkh sod|hu grhv qrw frqwulexwh wkh frpsohwlqj dprxqw +n-�1 Wklv suryhv wkdw d frpsohw0

lqj frqwulexwlrq lq dq| VSH fdqqrw h{fhhg -�é Uhshdwlqj wklv dujxphqw uhfxuvlyho| |lhogv

d vhtxhqfh i-&j vxfk wkdw lq dq| VSH/ -� lv wkh prvw wkdw fdq eh frqwulexwhg lq d shulrg

wr frpsohwh wkh surmhfw/ -2 lv wkh prvw wkdw fdq eh frqwulexwhg lq wkh shqxowlpdwh shulrg

ehiruh lw lv frpsohwhg/ dqg vr rq1 Wkh fxpxodwlyh frqwulexwlrq lv wkxv erxqghg e|
S"

&'�-é

Wklv vxp lv hdvlo| vkrzq wr htxdo T li ç lv wkh lghqwlw| ixqfwlrq1 Wkxv/ qr VSH frpsohwhv

wkh surmhfw zkhq T ÷ fW dqg ç lv vx!flhqwo| forvh wr wkh lghqwlw| ixqfwlrq1

Wkh fux{ ri wklv dujxphqw lv wkdw d frpsohwlqj frqwulexwlrq fdqqrw h{fhhg -�é Wklv lv

qrw wuxh iru ydulrxv prgl?fdwlrqv ri wkh DS jdph1 Iru h{dpsoh/ vxssrvh ç lv wkh lghqwlw|

ixqfwlrq1 Wkhq wkh lqhtxdolw| lq +:14, lv dq htxdolw|= wkh sod|hu lv lqgl>huhqw ehwzhhq

frqwulexwlqj + n -� wr frpsohwh wkh surmhfw/ dqg frqwulexwlqj mxvw + wr ohw wkh rwkhu sod|hu

frpsohwh lw lq wkh qh{w shulrg1 Wklv lpsolhv wkh h{lvwhqfh ri htxloleulxp rxwfrphv rwkhu wkdq

wkh DS rxwfrph/ rqhv lq zklfk d frpsohwlqj frqwulexwlrq lv odujhu wkdq -�1 Frpsohwlqj

htxloleuld fdq wkhq h{lvw1 Lq Dsshqgl{ F zh vkrz wkdw li B lv vx!flhqwo| odujh dqg +51:,

krogv/ wkh DS jdph zlwk çE5ä ì 5 kdv d VSH lq zklfk sod|hu 4 frqwulexwhv fW ý T lq wkh

?uvw shulrg/ dqg sod|hu 5 frqwulexwhv T lq wkh vhfrqg shulrg wr frpsohwh wkh surmhfw154

Zh dovr vkrz lq Dsshqgl{ F wkdw wzr rwkhu prgl?fdwlrqv ri wkh DS jdph kdyh frpsohwlqj

htxloleuld li ç mxvw dssur{lpdwhv wkh lghqwlw| ixqfwlrq/ exw B lv odujh dqg +51:, krogv1 Iluvw/

li wkh lq?qlwh frqwulexwlqj krul}rq lv uhsodfhg e| d ?qlwh 7A : fc hyhu| VSH frpsohwhv wkh

surmhfw1 Vhfrqg/ li wkh sod|huv fdq frqwulexwh lq dq| shulrg lqvwhdg ri ehlqj uhtxluhg wr

dowhuqdwh/ vrph vxejdph shuihfw dqg Pdunry shuihfw htxloleuld frpsohwh wkh surmhfw zlwklq

wzr shulrgv1 Wkhvh htxloleuld uhvhpeoh wkh vlpsohvw ri wkrvh frqvwuxfwhg lq Vhfwlrqv 8 dqg

91 Wkxv/ wkh frpsohwlqj htxloleuld ri rxu jdph duh urexvw wr pdnlqj wkh frqwulexwlqj frvw

ixqfwlrq voljkwo| frqyh{1 Wkh frpsohwlqj htxloleuld ri wkh DS jdph zlwk çE5ä ì 5 duh qrw
urexvw lq wklv vhqvh= e| DS*v xqltxhqhvv uhvxow/ wkh| ydqlvk li ç lv pdgh vwulfwo| frqyh{1

54Wklv lv qrw pdgh fohdu lq DS1 Wkh glvfxvvlrq durxqg Ohppd 714 jlyhv wkh lqfruuhfw lpsuhvvlrq wkdw dq|

VSH rxwfrph zkhq z lv olqhdu lv sd|r>0htxlydohqw wr wkh DS rxwfrph/ dqg vr |lhogv qr frqwulexwlrqv zkhq

z+}, ì } dqg Y ? [ú=
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Khqfh/ wkh gl>huhqfh ehwzhhq DS*v qhjdwlyh uhvxow dqg rxu pruh srvlwlyh rqh vkrxog eh

dwwulexwhg sulpdulo| wr wkh DS sod|huv ehlqj uhtxluhg wr dowhuqdwh wkhlu frqwulexwlrqv1

Rwkhu G|qdplf Prghov

Vrph ri rxu uhvxowv duh olnh wkrvh rewdlqhg lq uhfhqw sdshuv rq rwkhu nlqgv ri g|qdplf

lqfhqwlyh sureohpv1 Zh glvfxvv d vdpsoh ri wkhp khuh1

Jdoh +4<<8, vwxglhv d g|qdplf lqyhvwphqw jdph lq zklfk hdfk sod|hu fkrrvhv wkh shulrg

lq zklfk wr pdnh d glvfuhwh lqyhvwphqw wr d surmhfw1 Hdfk sod|hu lqyhvwv dw prvw rqfh/ dw

zklfk wlph kh ehjlqv uhfhlylqj d  rz ri ehqh?wv iurp wkh surmhfw1 Wkh prgho fdq wkxv eh

lqwhusuhwhg dv rqh ri yroxqwdu| frqwulexwlrq wr d surmhfw wkdw surgxfhv dq h{foxgdeoh sxeolf

jrrg hdfk shulrg1 Wkh h!flhqw htxloleulxp frqvlvwv ri doo sod|huv lqyhvwlqj lq wkh ?uvw shulrg1

Htxloleuld zlwk ghod| dovr h{lvw ehfdxvh hdfk sod|hu kdv dq lqfhqwlyh wr zdlw xqwlo hqrxjk ri

wkh rwkhuv kdyh lqyhvwhg vr wkdw wkh ehqh?w  rz kdv ehfrph srvlwlyh e| wkh wlph kh lqyhvwv1

Wklv lv olnh rxu prgho zlwk d srvlwlyh ehqh?w mxps= d sod|hu lv uhoxfwdqw wr frqwulexwh rqo|

li wkh ohyho ri suhylrxv frqwulexwlrqv lv orz1 Doo vxejdph shuihfw htxloleuld duh vkrzq wr

frqyhujh wr wkh h!flhqw rqh dv wkh shulrg ohqjwk frqyhujhv wr }hur155

Erowrq dqg Kduulv +4<<;, vwxg| d pdq|0sod|hu edqglw sureohp1 Hdfk sod|hu dw hdfk

prphqw fdq fkrrvh wr lqyhvw lq d vdih dvvhw/ ru d ulvn| dvvhw zlwk dq xqnqrzq h{shfwhg

uhwxuq1 Wkh uhdol}hg uhwxuq iurp dq lqyhvwphqw lq wkh ulvn| dvvhw surylghv qrw rqo| d sulydwh

uhwxuq wr wkh sod|hu/ exw dovr d sxeolf uhwxuq lq wkh irup ri lqirupdwlrq wkdw khosv doo

sod|huv pdnh ehwwhu ixwxuh ghflvlrqv1 Wkh sxeolf ehqh?w ixqfwlrq lv wkxv vwrfkdvwlf/ dqg

ghwhuplqhg hqgrjhqrxvo| e| wkh ghjuhh ri fxuuhqw xqfhuwdlqw| dqg wkh qdwxuh ri ixwxuh

vwudwhjlhv1 Ghvslwh vxfk gl>huhqfhv/ wkh v|pphwulf Pdunry shuihfw htxloleulxp lv vrphzkdw

vlplodu wr vrph ri wkh htxloleuld ri rxu jdph= h1j1/ lqyhvwphqw lq wkh ulvn| dvvhw lv wrr vorz

55Pruh uhfhqwo| Jdoh +4<<;, vwxglhv d uhodwhg fodvv ri jdphv lq zklfk sod|huv fdq rqo| lqfuhdvh wkh ohyho ri

wkhlu dfwlrqv +h1j1 fxpxodwlyh frqwulexwlrqv, ryhu wlph1 Iru jdphv zlwk srvlwlyh vslooryhuv/ olnh sxeolf jrrg

frqwulexwlrq jdphv/ kh fkdudfwhul}hv wkh olplwv ri doo VSH rxwfrphv zkhq wkhuh lv qr glvfrxqwlqj dqg wkh

sod|huv fdq rqo| pryh rqh dw d wlph1

66



ehfdxvh ri iuhh0ulglqj/ exw wkh lqh!flhqf| ydqlvkhv dv glvfrxqwlqj glvdsshduv1

Qhkhu +4<<:, vkrzv wkdw dq lqyhvwru lq d vwduw0xs ?up fdq/ e| pdnlqj khu lqyhvwphqw

slhfhphdo ryhu wlph/ surwhfw khuvhoi iurp wkh hqwuhsuhqhxu*v lqdelolw| qrw wr uhqhjrwldwh grzq

wkh lqyhvwru*v fodlp rqfh wkh lqyhvwphqw lv vxqn1 Wkh prgho gl>huv iurp rxuv lq lwv irfxv

rq frqwudfwv/ uhqhjrwldwlrq/ dqg wudqvihudeoh dvvhwv/ exw lw uhdfkhv d vlplodu uhvxow= lqyhvwlqj

ryhu wlph fdq plwljdwh dq lqfhqwlyh sureohp fdxvhg e| dq lqdelolw| wr frpplw1

; Frqfoxvlrqv

Zh kdyh vwxglhg d prgho ri g|qdplf yroxqwdu| frqwulexwlrq wkdw uh hfwv ihdwxuhv ri orqj

ixqg0udlvlqj fdpsdljqv1 Dq lpsruwdqw dvvxpswlrq lv wkdw sod|huv rqo| revhuyh wkh djjuhjdwh

frqwulexwlrq pdgh hdfk shulrg1 Wklv lv frqvlvwhqw zlwk uhdo ixqg0udlvlqj fdpsdljqv wkdw

odvw zhhnv ru prqwkv/ dqg lq zklfk wkh sxeolf lv shulrglfdoo| hqfrxudjhg wr frqwulexwh e|

lqiruplqj lw ri krz pxfk lv qhhghg wr uhdfk wkh fdpsdljq jrdo1 Zh fkdudfwhul}h wkh sxuh

vwudwhj| Qdvk htxloleulxp rxwfrphv/ dqg vkrz wkdw wkh| duh doo shuihfw Ed|hvldq htxloleulxp

rxwfrphv li wkh sod|huv* suhihuhqfhv duh vx!flhqwo| vlplodu lq wkh vhqvh ri Wkhruhp 51 Rxu

zhoiduh uhvxowv vkrz wkdw dssur{lpdwho| h!flhqw htxloleuld h{lvw li wkh sod|huv kdyh vx!flhqwo|

vlplodu ehqh?w ixqfwlrqv/ li frqwulexwlrqv fdq eh pdgh lq d vx!flhqwo| odujh qxpehu ri

shulrgv/ dqg li glvfrxqwlqj lv orz ru wkh shulrg ohqjwk vpdoo1 Fuhdwlqj ixwxuh frqwulexwruv

xsrq zklfk wr iuhh ulgh grhv lqfuhdvh wkh lqfhqwlyhv wr iuhh ulgh/ exw wkh| fdq eh frxqwhuhg

e| wkh delolw| ri ixwxuh sod|huv wr sxqlvk sdvw iuhh ulghuv e| zlwkkroglqj ru srvwsrqlqj wkhlu

frqwulexwlrqv1

Li vrph sod|huv uhdol}h d srvlwlyh ehqh?w glvfrqwlqxlw| zkhq wkh surmhfw lv frpsohwhg/

htxloleuld fdq h{lvw wkdw frpsohwh wkh surmhfw lq d ?qlwh qxpehu ri shulrgv1 Vxfk d glvfrq0

wlqxlw| fdq eh gxh wr whfkqrorj|/ ru wr d fkdoodqjh erqxv wkdw vrph sduw| kdv frpplwwhg

wr pdnlqj zkhq d vshfl?hg frqwulexwlrq jrdo lv dfklhyhg1 Li wkh ehqh?w ixqfwlrqv duh +lql0

wldoo|, frqwlqxrxv dqg wkh frqwulexwlqj krul}rq lv ?qlwh exw odujh/ d fkdoohqjh erqxv fdq

fuhdwh frpsohwlqj htxloleuld zkhuh qrqh h{lvwhg ehiruh1 Vxfk frpsohwlqj htxloleuld jhqhudoo|
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jlyh sod|huv d srvlwlyh sd|r>/ dqg vr wkh sod|huv wkhpvhoyhv kdyh dq lqfhqwlyh wr frpplw wr

pdnlqj d fkdoohqjh erqxv1 +Wkh erqxv fdq eh duelwudulo| vpdoo li B dqg 7A duh odujh1, Wkh

h{lvwhqfh ri fkdoohqjh erqxvhv lv wkxv frqvlvwhqw zlwk wkh prgho1

Dovr frqvlvwhqw zlwk rxu uhvxowv lv vrph h{shulphqwdo hylghqfh1 Dowkrxjk doprvw doo

sxeolf jrrg h{shulphqwv kdyh ehhq lq d vwdwlf vhwwlqj +Ohg|dug/ 4<<8,/ Gruvh| +4<<5, lv dq

h{fhswlrq1 Kh ?qgv wkdw wrwdo frqwulexwlrqv duh odujhu li sod|huv fdq frqwulexwh wr d sxeolf

jrrg lq pxowlsoh shulrgv/ hvshfldoo| li wkh frqwulexwlrqv duh qrquhixqgdeoh dqg wkh ehqh?w

ixqfwlrq kdv d frpsohwlrq srlqw1

Rxu pdlq wkhruhwlfdo uhvxow lv wkh lghqwl?fdwlrq ri wzr vx!flhqw frqglwlrqv iru dq| Qdvk

htxloleulxp rxwfrph wr eh dovr wkh rxwfrph ri d shuihfw Ed|hvldq htxloleulxp1 Wkh surri

uhtxluhv wkh frqvwuxfwlrq ri eholhiv dqg dfwlrqv r> wkh htxloleulxp sdwk wkdw pdnh lw udwlrqdo

iru hdfk qrq0ghyldwru wr lpsrvh wkh pd{lpxp srvvleoh sxqlvkphqw ri qhyhu frqwulexwlqj

djdlq 8 ghvslwh wkh idfw wkdw wkh surmhfw pljkw eh vr forvh wr frpsohwlrq wkdw hyhu| frqwlq0

xdwlrq htxloleulxp pxvw frpsohwh lw/ dqg ghvslwh wkh idfw wkdw wkh lghqwlw| ri wkh ghyldwru

pljkw qrw eh frpprq nqrzohgjh1 Rqh ri wkh vx!flhqw frqglwlrqv lv wkdw wkh sod|huv* fulwlfdo

frqwulexwlrqv SWð eh lghqwlfdo1 Wkh vhfrqg lv wkdw wkh wzr kljkhvw fulwlfdo frqwulexwlrqv eh

wkh vdph dqg ehorqj wr sod|huv zkr frqwulexwh wkh prvw hyhu| shulrg1 Wkh odwwhu frqglwlrq

lv vx!flhqw rqo| ehfdxvh wkh lghqwlw| ri d xqlodwhudo ghyldwru lv qrw revhuyhg1

Dq lqwhuhvwlqj h{whqvlrq zloo eh wr ixoo| fkdudfwhul}h htxloleuld iru wkh fdvh lq zklfk wkh

sod|huv* ehqh?w ixqfwlrqv duh qrw lghqwlfdo1 Zh rqo| rewdlq dv|pswrwlfdoo| frpsohwlqj Qdvk

htxloleuld lq Vhfwlrq 8 iru wkh fdvh lq zklfk wkh ehqh?w ixqfwlrqv duh lghqwlfdo> dqg wkh

vx!flhqw frqglwlrqv lq Vhfwlrq 9 iru dq| Qdvk htxloleulxp rxwfrph wr eh d shuihfw Ed|hvldq

htxloleulxp rxwfrph dovr uhtxluh vrph vlplodulw| ri wkh ehqh?w ixqfwlrqv1 Wkh h{dpsohv lq

Vhfwlrq 9 duh vxjjhvwlyh/ exw wkh khwhurjhqhrxv fdvh qhhgv pruh vwxg|1

Wkhuh duh rwkhu lqwhuhvwlqj h{whqvlrqv/ vxfk dv wr pruh jhqhudo xwlolw| ixqfwlrqv1 Pruh

jhqhudo wlplqj frqyhqwlrqv duh dovr ri lqwhuhvw/ vxfk dv wkdw lq zklfk ehqh?wv duh qrw uhfhlyhg

xqwlo wkh surmhfw lv frpsohwhg ru wkh frqwulexwlqj krul}rq lv uhdfkhg/ zklfkhyhu frphv ?uvw1

+Wklv wlplqj lv fryhuhg e| wkh qr0glvfrxqwlqj yhuvlrq ri rxu prgho/ exw qrw e| wkh glvfrxqw0
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lqj yhuvlrq1, Lw zrxog eh iuxlwixo wr glvhqwdqjoh wkh frqfhsw ri d shulrg dv wkh plqlpxp

ohqjwk ri wlph ehwzhhq frqwulexwlrqv/ dv rssrvhg wr wkh plqlpxp ohqjwk ri wlph ehwzhhq

dqqrxqfhphqwv wkdw xsgdwh lqirupdwlrq derxw uhfhlyhg frqwulexwlrqv1 Ilqdoo|/ lw zrxog eh

lqwhuhvwlqj wr dvvxph frqwulexwlrqv jhqhudwh ehqh?wv rqo| diwhu d odj/ dv zkhq hdfk vwdjh ri

d surmhfw wdnhv wlph wr frpsohwh exw fdq eh xvhg lpphgldwho| rqfh lw lv frpsohwhg1
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86/ 49804;91

Yhjd0Uhgrqgr/ I1 +4<<8,/ 3Sxeolf vxevfulswlrq dqg sulydwh frqwulexwlrqv/4 Vrfldo Fkrlfh
dqg Zhoiduh/ 45/ 4<605451

Zluo/ I1 +4<<9,/ 3G|qdplf yroxqwdu| surylvlrq ri sxeolf jrrgv 8 h{whqvlrq wr qrqolqhdu
vwudwhjlhv/4 Hxurshdq Mrxuqdo ri Srolwlfdo Hfrqrp|/ 45/ 88808931
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D Dsshqgl{= Surriv iru Vhfwlrq 8

Surri ri Sursrvlwlrq 5

Vlqfh hdfk SðEVä è fc hdfk -EVä è fé Khqfh/ qrw pruh wkdq rqh A W è f fdq vdwlvi| +817,1 Dv0

vxplqj vrph A W ÷4 grhv vdwlvi| lw/ }W lv d zhoo0gh?qhg fdqglgdwh rxwfrph1 E| frqvwuxfwlrq/

lw vdwlv?hv +619, dqg frpsohwhv wkh surmhfw lq shulrg A W1 Dv A W ' f ru }WEA Wä ' ESW�c éééc S
W
?ä/

Fruroodu| 4 Eðä ru Eðððä lpsolhv }W lv d Qdvk htxloleulxp rxwfrph1

Zh qrz vkrz wkdw +817, lv vdwlv?hg e| vrph A W ÷4 li B ' �( frqwlqxlw| wkhq hvwdeolvkhv

wkdw wkh vdph lv wuxh iru doo B lq d qhljkerukrrg ri �é Vr dvvxph khqfhiruwk wkdw B ' �é

Gh?qh t E&ä ìSðMù E�ý bðäSðE&äé Vlqfh hdfk bð ÷ � dqg SðE&ä è fc t E&ä è fé E| +815,/

t E&ä '

#[
ðMù

bð ý �

$[
ðMù

SðE& ý �ä n t E& ý �äé +D4,

Lwhudwlqj/ xvlqj +816, dqg E�ý bðäSðEfä ' Kðc |lhogv

t E&ä '

#[
ðMù

bð ý �

$
-E& ý �ä n

[
ðMù

Kðé +D5,

Fdvh 4=
S

ðMù bð è �é Wklv lpsolhv/ vlqfh -E& ý �ä è fc wkdw t E&ä èSðMù Kðé Wkxv/[
ðMù

SðE&ä è
[
ðMù

ë
�ý bð

4@ æMùE�ý bæä
ê
SðE&ä

'
t E&ä

4@ æMùE�ý bæä
è

S
ðMù Kð

4@ æMùE�ý bæä é

Wkh odvw whup lv lqghshqghqw ri & dqg srvlwlyh/ dv
S

ðMù Kð : fé Khqfh/ e| +816,/ -E&ä$4
dv & $4é Wklv suryhv wkdw vrph ?qlwh A W è f vdwlv?hv +817,1

Fdvh 5=
S

ðMù bð ÷ �é Wkhq it E&äj lv d ghfuhdvlqj qrqqhjdwlyh vhtxhqfh/ dqg vr lw frq0

yhujhv1 Wdnlqj olplwv lq +D4, wkxv vkrzv wkdw
S

ðMù SðE& ý �ä $ f dv & $ 4é Dv hdfk
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SðE&ä è fc wklv lpsolhv t E&ä ìSðMùE�ý bðäSðE&ä$ fé Vr e| +D5,/

*ð4
&<"

-E& ý �ä '

S
ðMù Kð

�ýSðMù bð

'

S
ðMù Tð ýfWS

ðMù bð
�ýSðMù bð

: fWc

xvlqj
S

ðMù Tð : f
Wé Wklv djdlq suryhv vrph ?qlwh A W è f vdwlv?hv +817,1

Ghulydwlrq dqg Surri ri Sursrvlwlrq 7

Zh ?uvw ghulyh wkh htxloleulxp1 Ohw ~& ì f& ýf&3�1 Iru & è �/ ohw M& eh wkh htxloleulxp

frqwlqxdwlrq sd|r> ri sod|hu ð ' óE&ä vwduwlqj iurp f ' f&/ zklfk lv wkh shulrg diwhu wklv

sod|hu udlvhv wkh fxpxodwlrq wr f&1 Lq wkh qh{w ? ý � shulrgv/ sod|huv æ 9' ð frqwulexwh lq

wxuq ~&n�c ~&n2c é é é c ~&n?3�> lq wkh ?wk vxevhtxhqw shulrg/ sod|hu ð frqwulexwhv ~&n?1 Klv

frqwlqxdwlrq sd|r> lq wkh qh{w shulrg lv M&n?1 Wkxv/

M& ' b
&n?3�[
V'&n�

BV3&3�~V n Ebý �äB?3�~&n? n B?M&n?é +D6,

Ohw TðEfä eh sod|hu ð*v htxloleulxp ydoxh ixqfwlrq1 Wkxv TóE&äEf&ä ' M&c dqg TðEfä ' f

iru f è fW1 Rwkhuzlvh/ iru f 5 df&3�c f&ä/

TðEfä ì
;?= Ebý �äEf& ýfä n BTðEf&ä li ð ' óE&ä

bEf& ýfä n BTðEf&ä li ð 9' óE&äé
+D7,

Vlqfh d sod|hu kdv wkh rswlrq ri qhyhu frqwulexwlqj/ TðEf&ä è f iru doo & è f1 Vxssrvh & è �

dqg ð ' óE& n �ä1 Li f ' f&3�/ sod|hu ð lv vxssrvhg wr ohw dqrwkhu sod|hu frqwulexwh ~& lq

wkh fxuuhqw shulrg ehiruh kh frqwulexwhv ~&n� lq wkh qh{w shulrg1 Klv frqwlqxdwlrq sd|r>

iurp wklv vwudwhj| pxvw eh qr ohvv wkdq zkdw kh zrxog jhw e| frqwulexwlqj ~&n� dw wkh vdph

wlph dv ~& lv frqwulexwhg1 Wkxv/ TðEf&3�ä è b~& n Ebý �ä~&n� n BTðEf&n�äé E| +D7,/ wklv

ehfrphv b~& n BTðEf&ä è b~& n TðEf&äé Wkhuhiruh/ vlqfh TðEf&ä è f/

TóE&n�äEf&ä ' f iru doo & è �é +D8,
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Zh frqvwuxfw wkh htxloleulxp iru zklfk +D8, dovr krogv iru & ' fé Wklv/ +D7,/ dqg

TóE&äEf&ä ' M& lpso|

M& ' B
3�E�ý bä~& iru doo & è �é +D9,

Xvlqj wklv wr uhpryh M& dqg M&n? iurp +D6,/ dqg ohwwlqj 4& ì B&~&/ zh rewdlq d olqhdu

krprjhqhrxv gl>huhqfh htxdwlrq=

ý
ë
�ý b
b

ê
4& n

&n?3�[
V'&n�

4V ' fé

Vlqfh aEòä ' f/ wklv htxdwlrq kdv d vroxwlrq ri wkh irup 4& ' gò
&/ ru udwkhu/ ~& ' g

ý
ò
B

ü&
/

zkhuh g lv d frqvwdqw1 Vhwwlqj
"S
&'�

~& ' fW/ zh vhh wkdw B : ò lv uhtxluhg/ dqg g '

fWEB ý òä*òé Wkxv/ ~& '
ý
ò
B

ü&3� ý
�ý ò

B

ü
fW1 Irupxod +81<, frphv iurp f& '

S&
V'� ~V1

Surri ri Sursrvlwlrq 7 iru B 5 Eòc �äé

Zh qhhg wr vkrz wkdw rqh0vkrw ghyldwlrqv duh xqsur?wdeoh1 Ohw wkh fxuuhqw fxpxodwlrq eh

f 5 df&3�c f&ä iru vrph & è �/ dqg frqvlghu sod|hu ð 5 ù 1

Fdvh ð ' óE&ä1 Lq wklv fdvh sod|hu ð lv vxssrvhg xqlodwhudoo| wr eulqj wkh fxpxodwlrq xs wr

f&1 Kh fdq udlvh lw wr dq| ohyho t è f1 Dq| t è fW lv vwulfwo| grplqdwhg1 Fkrrvlqj d

t 5 dfcfWä dqg wkhq mrlqlqj wkh rwkhuv lq sod|lqj j |lhogv d frqwlqxdwlrq sd|r> ri

` ðEtcfä ì Ebý �äEt ýfä n BTðEt äé +D:,

Zh vkrz wkdw f& pd{lpl}hv ` ðEücfä rq dfcfWäé Zh fdq uhvwulfw dwwhqwlrq wr wkh srlqwv

fcf&cf&n�c é é é c vlqfh` ðEüc fä ghfuhdvhv rq hdfk lqwhuydo dfV3�c fVä156 Ehfdxvh` ðEfcfä '

BTðEfä é TðEfä '` ðEf&c fäc zh fdq uhvwulfw dwwhqwlrq wr f&c f&n�c é é é é

Iru V è &/ ohw {V ì ` EfVn�c fäý` EfVcfä1 Khqfh/

{V ' Ebý �ä~Vn� n BdTðEfVn�äý TðEfVäoé +D;,

56E| +D7,/ Z l
\ +ü>[, @ +4ý ï,+èý 4, ? 3 li l @q é> dqg Z l

\ +ü>[, @ +4ý ï,èý 4 ? 3 li l 9@q é=
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Li ð ' óEVn �ä/ wkhq f ' TðEfVä ' Ebý �ä~Vn� n BTðEfVn�ä e| +D8, dqg +D7,1 Khqfh/ +D;,

lpsolhv {V ' fé Li lqvwhdg ð 9' óEVn�ä/ wkhq +D7, |lhogv TðEfVä ' b~Vn�n BTðEfVn�äé Xvlqj

wklv wr holplqdwh BTðEfVn�ä iurp +D;,/ zh rewdlq

{V ' E�ý BäTðEfVäý ~Vn�é +D<,

E| +D6, dqg +D7,/ TðEfVä lv erxqghg deryh e| b
S

æDVn� B
æ3V3�~æc dqg wklv lq wxuq lv

erxqghg deryh e| b~Vn�*E�ý Bäc vlqfh i~æj lv ghfuhdvlqj1 Khqfh/ +D<, lpsolhv {V ÷ féZh

frqfoxgh wkdw {V é f iru doo V è &c dqg vr t ' f& lqghhg pd{lpl}hv ` ðEücfäé

Fdvh ð 9'? &1 Lq wklv fdvh dqrwkhu sod|hu lv vxssrvhg wr udlvh wkh fxpxodwlrq wr f& lq wkh

fxuuhqw shulrg1 Li sod|hu ð dovr frqwulexwhv/ kh udlvhv wkh fxpxodwlrq wr vrph t è f&1 Dq|
t è fW lv vwulfwo| grplqdwhg1 Fkrrvlqj t 5 df&c f

Wä dqg wkhq mrlqlqj wkh rwkhuv lq sod|lqj

j |lhogv d frqwlqxdwlrq sd|r> ri

÷̀ ðEtcfä ì bEf& ýfä n Ebý �äEt ýf&ä n BTðEt ä +D43,

' bEf& ýfä n` ðEtcf&äc

zkhuh ` ð lv gh?qhg lq +D:,1 Zh pxvw vkrz wkdw f& pd{lpl}hv ÷̀ ðEüc f&ä rq df&c f
Wä1

Zh vkrzhg deryh wkdw f& pd{lpl}hv ` ðEücfä rq dfcfWä iru dq| f 5 df&3�cf&ä1 Khqfh/

dv ` ðEüc fä lv frqwlqxrxv lq f/ f& pd{lpl}hv lw rq df&c f
Wä1 Vr f& lqghhg pd{lpl}hv

÷̀ ðEüc f&ä rq df&c f
Wä1

Surri ri Sursrvlwlrq 7 iru B ' �é

Wkh jrdov duh qrz f& ' E� ý ò&äfWé Ohw ð 5 ù 1 Vxssrvh wkdw lq vrph shulrg sod|hu

ð*v fxpxodwlrq kdv uhdfkhg %ð/ dqg wkh fxpxodwlrq kdv uhdfkhg f ÷ fW1 Zh vkrz wkdw

frqglwlrqdo rq vwduwlqj iurp E%ðc fä/ jð lv d ehvw uhso| wr j3ðé +Zh fdqqrw uhvwulfw dwwhqwlrq

wr rqh0vkrw ghyldwlrqv ehfdxvh B ' �éä

Li j lv sod|hg vwduwlqj iurp E%ðc fä/ fE|ä $ fW1 Ohw %Wð eh wkh fruuhvsrqglqj olplw ri

sod|hu ð*v fxpxodwlyh frqwulexwlrq1 Klv frqglwlrqdo sd|r> lv wkhq LWð ì bfW ý %Wð 1
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Ohw ìjð eh d ehvw uhso| wr j3ð/ frqglwlrqdo rq uhdfklqj E%ðc fä1 Ohw wkh vhtxhqfhv ri

sod|hu ð*v dqg wkh djjuhjdwh fxpxodwlyh frqwulexwlrqv zkhq Eìjðc j3ðä lv sod|hg/ vwduwlqj iurp

E%ðcfä/ eh iì%ðEô äj dqg i ìfEôäj1 Ohw wkh olplwv ri wkhvh vhtxhqfhv eh ì%ð dqg ìfé Sod|hu ð*v

frqglwlrqdo sd|r> lv wkhq ìLð ' b4ð?E ìfcfWäý ì%ðé

Wkh qdwxuh ri j3ð lpsolhv wkdw vwduwlqj iurp E%ðc fä/ qr vwudwhj| ri sod|hu ð fdq lqgxfh

wkh rwkhuv wr frqwulexwh pruh wkdq fW ý %Wð é Wkxv/ li ìf è fWc kh klpvhoi pxvw frqwulexwh

dw ohdvw %Wð zkhq kh sod|v ìjð( wkdw lv/ ì%ð è %Wð 1 Wkhuhiruh/ lq wklv fdvh ìLð ' bfW ý ì%ð é LWð c
zklfk vkrzv wkdw jð lv d frqglwlrqdo ehvw uhso| wr j3ð1

Qrz vxssrvh ìf ÷ fW1 Wkh qdwxuh ri j3ð wkhq lpsolhv wkdw & è � dqg | ÷4 h{lvw vxfk

wkdw ìfEô ä 5 df&3�c f&ä iru doo ô è |1 Qr sod|hu h{fhsw shukdsv ð frqwulexwhv diwhu gdwh |1

Prgli| ìjð wr d vwudwhj| 7jð e| uhsodflqj lw zlwk jð dw doo gdwhv ô : |1 Dffruglqj wr 7jð/ sod|hu

ð dw gdwh |n � udlvhv wkh fxpxodwlrq iurp ìfE|ä wr f&/ zkhuhxsrq lw lv udlvhg vxffhvvlyho| wr

f&n�cf&n2c éééc dqg frqyhujhv wr fW1 Wklv |lhogv d frqwlqxdwlrq sd|r> ri TðE ìfE|ää/ dqg vr

sod|hu ð*v sd|r> frqglwlrqdo rq E%ðc fä zkhq E7jðc j3ðä lv sod|hg lv

7Lð ' bð ìfE|äý ì%ðE|ä n TðE ìfE|ää

' bð ìf ý ì%ð ý bð
í
ìf ý ìfE|ä

ì
n Eì%ð ý ì%ðE|ää n TðE ìfE|ää

' ìLð n E�ý bðä
í
ìf ý ìfE|ä

ì
n TðE ìfE|ääc

zkhuh wkh odvw htxdolw| xvhv ì%ð ý ì%ðE|ä ' ìf ý ìfE|ä1 Vlqfh TðE ìfE|ää è f/ wklv suryhv 7Lð è ìLð1

Vr 7jð lv dovr d frqglwlrqdo ehvw uhso| wr j3ð1 Wkh dujxphqw deryh fdq qrz eh dssolhg zlwk

7jð uhsodflqj ìjð/ vlqfh wkh fxpxodwlrq frqyhujhv wr fW zkhq E7jðc j3ðä lv sod|hg diwhu E%ðcfä

lv uhdfkhg1 Wkxv/ jð lv d frqglwlrqdo ehvw uhso| wr j3ð1

E Dsshqgl{= Surri ri Wkhruhp 5

Zh frqvwuxfw d SEH wkdw kdv rxwfrph }/ uhjdugohvv ri zklfk k|srwkhvlv krogv/ +d, ru +e,1
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Suholplqdulhv

Ohw 75 5 ??né Gh?qh �E75ä wr eh wkh vpdoohvw lqwhjhu vxfk wkdw 75�E75ä è 75ð iru doo ð 5 ùé Wkxv/
dffruglqj wr 75c sod|hu �E75ä lv vxssrvhg wr frqwulexwh wkh pd{lpxp dprxqw1 Vlploduo|/ ohw

6E75ä eh wkh vpdoohvw lqwhjhu qrw htxdo wr �E75ä vdwlvi|lqj 756E75ä è 75ð iru doo ð 5 ùqi�E75äjé
Dffruglqj wr 75c sod|hu 6E75ä frqwulexwhv wkh vhfrqg0odujhvw dprxqw1

Sod|hu ð fdq udwlrqdol}h klv revhuydwlrq ~ð dv wkh rxwfrph ri d ghyldwlrq iurp 75 e| dw

prvw rqh ri wkh rwkhu sod|huv li dqg rqo| li ~ð è 7~ð ý 75&c zkhuh 75& lv wkh pd{lpxp ri wkh

rwkhu sod|huv* frqwulexwlrqv lq 75é Uhfdoo wkdw øðE75ä lv wkh vhw ri sdluv E5ðc ~ðä wkdw sod|hu ð

fdq udwlrqdol}h dv d xqlodwhudo ghyldwlrq iurp 75é Khqfh/ E5ðc ~ðä 5 øðE75ä li dqg rqo| li hlwkhu

Eðä 5ð 9' 75ð dqg ~ð ' 7~ðc ru

Eððä 5ð ' 75ðc ~ð 9' 7~ðc dqg ~ð è
;?= 7~ð ý 75�E75ä li ð 9'�E75ä

7~ð ý 756E75ä li ð '�E75äé
+E4,

Klvwru| û|3�ð ' EE5ðEoäc ~ðEoää
|3�
o'f ghwhuplqhv wkh djjuhjdwhv ~Eoä ' 5ðEoä n ~ðEoä dqg

fEoä '
S

oâ$o ~Eo
âäé Wkh fruuhvsrqglqj uhpdlqlqj frqwulexwlrq qhhghg wr frpsohwh wkh

surmhfw lv -E|ä ì 4@ Efc fW ýfE|ý �ää é Uhihu wr û|3�ð dv

Eðä dq htxloleulxp klvwru| li | ' f ru ~Eoä ' CEoä iru doo o ' fc éééc |ý �(

Eððä d julp klvwru| li lw lv qrw dq htxloleulxp klvwru|/ dqg fE|ý �ä *5 ä� ru | : 7A ( dqg

Eðððä d frpsohwlqj klvwru| li lw lv qrw dq htxloleulxp klvwru|/ fE|ý �ä 5 ä�c dqg | é 7A é

Wkhvh gh?qlwlrqv ghshqg rqo| rq sxeolfo| revhuyhg txdqwlwlhv/ dqg hyhu| shuvrqdo klvwru|

lv h{dfwo| rqh ri wkhvh wkuhh w|shv1 Dffruglqj wr wkh vwudwhjlhv wr eh gh?qhg/ }E|ä zloo eh

frqwulexwhg dw dq htxloleulxp klvwru|> qr sod|hu zloo frqwulexwh dw d julp klvwru|> dqg wkh

surmhfw zloo eh +h{shfwhg wr eh, frpsohwhg lpphgldwho| dw d frpsohwlqj klvwru|1

Uhihu wr û|3� ' Eû|3�� c éééc û|3�? ä dv d srvvleoh klvwru| sur?oh li lw lv jhqhudwhg e| d sod|

ri wkh jdph1 Li rqh klvwru| lq lw lv dq htxloleulxp +julp, +frpsohwlqj, klvwru|/ wkhq lw lv

frpprq nqrzohgjh dw û|3� wkdw doo shuvrqdo klvwrulhv duh htxloleulxp +julp, +frpsohwlqj,

klvwrulhv1 Wkh vdph lv wuxh ri dq| wuxqfdwlrq/ ûo3� ' Eûo3�� c éééc ûo3�? ä iru o é |c ri û|3�é
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Jlyhq d frpsohwlqj klvwru| û|3�ð c gh?qh yduldeohv Eô c 75c�c6c 5ðc ~ðä dv iroorzv1 Ohw ô eh

wkh vpdoohvw lqwhjhu vxfk wkdw wkh wuxqfdwlrq ûô3�ð ri û|3�ð lv dovr d frpsohwlqj klvwru|1 Wkh

wuxqfdwlrq ûô32ð lv wkxv dq htxloleulxp ru d julp klvwru|= vrph sod|huv ghyldwhg lq shulrg

ô ý �/ dqg wkh frqwulexwlrqv lq shulrg ô ý � fdxvhg wkh fxpxodwlyh frqwulexwlrq wr lqfuhdvh

deryh fW ý SW�c vr wkdw fEô ý �ä 5 ä�c iru wkh ?uvw wlph1 Ohw

75 ì
;?= }Eô ý �ä li ûô32ð lv dq htxloleulxp klvwru|

Efc éééc fä li ûô32ð lv d julp klvwru|1
+E5,

Dffruglqj wr wkh vwudwhjlhv wr eh gh?qhg/ wkh frqwulexwlrqv lq 75 vkrxog kdyh ehhq pdgh lq

shulrg ô ý �1 Ilqdoo|/ ohw � ' �E75äc 6 ' 6E75äc dqg E5ðc ~ðä ' E5ðEô ý �äc ~ðEô ý �ääé Vlqfh

ûô3�ð lv qrw wkh vdph w|sh ri klvwru| dv ûô32ð c E5ðc ~ðä 9' E75ðc 7~ðä iru doo ð 5 ù G hdfk sod|hu

nqrzv d ghyldwlrq rffxuuhg lq shulrg ô ý �é

Ohw û|3� eh d srvvleoh sur?oh ri frpsohwlqj klvwrulhv/ dqg gh?qh wkh yduldeohv Eô c 75c�c6ä

dv deryh1 Xqghu k|srwkhvlv +d,/ doo wkh äð vhwv duh lghqwlfdo/ dqg vr

ä� ' ä6 ' ä�é +E6,

Wklv dovr iroorzv iurp k|srwkhvlv +e,/ dv lw dqg +E5, lpso| ä� ' ä2 dqg i�c6j ' i�c 2jé
Wkxv/ xqghu hlwkhu k|srwkhvlv/ lw lv frpprq nqrzohgjh dw û|3� wkdw � dqg 6 duh erwk

zloolqj wr frpsohwh wkh surmhfw dorqh/ l1h1/ wkdw ä� dqg ä6 erwk frqwdlq fE|ý �äé

Vwudwhjlhv

Sod|hu ð*v vwudwhj|/ rðc pdsv shuvrqdo klvwrulhv lqwr frqwulexwlrqv1 Ohw

rðEû
|3�
ð ä ì

;?= }ðE|ä li û|3�ð lv dq htxloleulxp klvwru|

f li û|3�ð lv d julp klvwru|1
+E7,

Qrz vxssrvh û|3�ð lv d frpsohwlqj klvwru|/ dqg ohw Eô c 75c�c6c 5ðc ~ðä eh wkh yduldeohv

gh?qhg deryh1 Wkhuh duh wkuhh fdvhv1 Iluvw/ li E5ðc ~ðä 5 øðE75äc ohw

rðEû
|3�
ð ä ì

;?= -E|ä li 5ð 9' 75ð dqg fE|ý �ä 5 äð
f rwkhuzlvhé

+E8,
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Wkxv/ li sod|hu ð fdq udwlrqdol}h wkh ghyldwlrq iurp 75 dv xqlodwhudo/ kh frqwulexwhv hqrxjk wr

frpsohwh wkh surmhfw dorqh li kh klpvhoi ghyldwhg dqg fE|ý�ä 5 äð( rwkhuzlvh kh frqwulexwhv
qrwklqj1 Vlqfh doo klvwrulhv wkdw iroorz û|3�ð kdyh wkh vdph wuxqfdwlrq ûô3�ð c sod|hu ð zloo qhyhu

frqwulexwh lq dq| shulrg diwhu | li 5ð ' 75ðc uhjdugohvv ri zkdw kdsshqv1

Vhfrqg/ li E5ðc ~ðä *5 øðE75ä dqg ð 9'�c ohw

rðEû
|3�
ð ä ì fé +E9,

Doo sod|huv h{fhsw � qhyhu frqwulexwh diwhu shulrg ô ý � li wkh| fdqqrw udwlrqdol}h wkh

ghyldwlrq wkdw shulrg dv xqlodwhudo1

Wklug/ li E5� c ~�ä *5 ø�E75äc ohw

r�Eû|3�� ä ì

;AAA?AAA=
f li ~� ' f dqg/ iru vrph æ 9'�c

75æ : fc 5� ' 7~æ/ dqg fE|ý �ä 5 äæ
-E|ä rwkhuzlvh1

+E:,

Sod|hu � frpsohwhv wkh surmhfw lpphgldwho| li kh fdqqrw udwlrqdol}h wkh ô ý � ghyldwlrq

dv xqlodwhudo/ xqohvv wkh ?uvw olqh ri +E:, krogv1 Lq wkdw fdvh sod|hu � nqrzv æ revhuyhg

E5æ c ~æä ' Efc 7~æäc dqg wkdw æ zloo frpsohwh wkh surmhfw lpphgldwho|/ e| +E8,> � wkhq frq0

wulexwhv qrwklqj1

Wklv frpsohwhv wkh vshfl?fdwlrq ri d vwudwhj| sur?oh/ r ' Er�c éééc r?äé

Eholhiv

Wkh eholhiv ri sod|hu ð dw klvwru| û|3�ð duh uhsuhvhqwhg e| d suredelolw| glvwulexwlrq ryhu

wkh sdvw frqwulexwlrqv ri wkh rwkhu sod|huv wkdw lv frqvlvwhqw zlwk û|3�ð G lw lv d glvwulexwlrq

åðEü m û|3�ð ä rq wkh vhw ri qrqqhjdwlyh yhfwruv ì5|3�3ð ' Eì53ðEfäc éééc ì53ðE|ý �ää wkdw vdwlvi|[
æ õ'ð

ì5æEoä ' ~ðEoä iru doo o ' fc éééc |ý �é +E;,

Wkh eholhiv duh uhtxluhg wr vdwlvi| wkuhh surshuwlhv dw frpsohwlqj klvwrulhv1 Ohw û|3�ð eh d

frpsohwlqj klvwru|/ zlwk wkh yduldeohv Eô c 75c�c6c 5ðc ~ðä gh?qhg dv deryh1
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Iluvw/ li srvvleoh hdfk sod|hu vkrxog eholhyh wkdw qr pruh wkdq rqh ri wkh rwkhuv ghyldwhg

dw ô ý�é Wklv lv grqh e| dvvxplqj hdfk sod|hu eholhyhv zkhq srvvleoh wkdw qrqh ri wkh rwkhuv

ghyldwhg/ h{fhsw shukdsv wkh rqh zkr zdv wr kdyh frqwulexwhg wkh prvw1 Wkxv=

åðE ì5æ ' 75æ mû|3�ð ä ' � li

;?= ð 9'�c æ *5 iðc�jc dqg ~ð è 7~ð ý 75�

ð '�c æ *5 i�c6jc dqg ~� è 7~� ý 756é
+E<,

Vr/ li sod|hu ð 9' � Eð ' �ä nqrzv rqh ri wkh rwkhuv ghyldwhg/ dqg srvvleo| rqo| rqh ri

wkhp ghyldwhg/ kh eholhyhv rqo| � E6ä ghyldwhg1 Dqrwkhu lpsolfdwlrq ri +E<, lv wkdw sod|hu

ð eholhyhv qrqh ri wkh rwkhu sod|huv ghyldwhg li ~ð ' 7~ðé

Vhfrqg/ sod|hu ð 9'� eholhyhv� ghyldwhg li kh nqrzv dw ohdvw rqh ri wkh rwkhuv ghyldwhg=

åðE ì5� ' 75� mû|3�ð ä ' f li ð 9'� dqg ~ð 9' 7~ðé +E43,

Wklug/ li sod|hu � nqrzv pruh wkdq rqh ri wkh rwkhuv ghyldwhg/ dqg lq djjuhjdwh wkh

rwkhuv glg frqwulexwh/ wkhq kh eholhyhv wkh| doo ghyldwhg dffruglqj wr dq dwrpohvv glvwulexwlrq=

å�E ì5æ ' @ mû|3�� ä ' f li f ÷ ~� ÷ 7~� ý 756c æ 9'�c dqg @ è fé +E44,

Ohw å ' Eå�c éééc å?ä eh dq| sur?oh ri glvwulexwlrqv wkdw vdwlvi| +E<,0+E44, dw frpsohwlqj

klvwrulhv/ dqg duh frqvlvwhqw zlwk wkh vwudwhj| sur?oh r zkhqhyhu srvvleoh157 Wklv |lhogv dq

dvvhvvphqw/ Erc å äc zklfk vdwlv?hv Ed|hv* uxoh zkhq srvvleoh +dqg pruh,1

Vhtxhqwldo Udwlrqdolw|

Lw uhpdlqv wr vkrz wkdw Erc å ä lv vhtxhqwldoo| udwlrqdo1 Ohw û|3�ð eh d shuvrqdo klvwru|1 Zh

vkrz wkdw li sod|hu ð nqrzv wkh rwkhuv xvh wkh vwudwhjlhv r3ðc dqg klv eholhiv åðEü mû|3�ð ä vdwlvi|

wkh deryh uhvwulfwlrqv/ wkhq rðEû|3�ð ä lv klv ehvw uhso| dw û|3�ð 1 Wkhuh duh irxu fdvhv wr frqvlghu1

Fdvh 4= û|3�ð lv d julp klvwru|1

57Dv Ixghqehuj dqg Wluroh +4<<4, glvfxvv/ rwkhu surshuwlhv vkrxog eh uhtxluhg ri wkhvh eholhiv1 Wklv lv qrw

d sureohp> h1j1/ sod|hu l*v eholhiv derxw �}m+u, fdq eh uhtxluhg wr ghshqg rqo| rq klv shuvrqdo klvwru|/ kuý4l >

dqg klv revhuydwlrq ri wkh djjuhjdwh ri wkh rwkhu frqwulexwlrqv lq wkdw shulrg/ ]l+u,=
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Dw wklv klvwru| sod|hu ð nqrzv wkh rwkhuv zloo qrw frqwulexwh1 Wkh vdph zloo eh wuxh dw dq|

ixwxuh gdwh dw zklfk f *5 ä�c dv wkh klvwru| wkhq zloo vwloo eh julp1 Li ð frqwulexwhv hqrxjk

wr fdxvh f 5 ä�/ dqg wkh gdwh lv qrw juhdwhu wkdq 7A c wkh klvwru| wkhq zloo eh frpsohwlqj1

Krzhyhu/ sod|hu ð zloo kdyh ehhq wkh xqlodwhudo ghyldwru dw wkh gdwh ô ý� dw zklfk f hqwhuhg

ä�é Hdfk æ 9' ð dw ô ý � zloo kdyh revhuyhg E5æc ~æä ' Efc 5ðäc zlwk 5ð : fc zkhq kh h{shfwhg

wr kdyh revhuyhg E75æ c 7~æä ' Efc fäé Wkxv/ E5æc ~æä 5 øæE75ä dqg 5æ ' 75æ c dqg vr +E8, lpsolhv

æ grhv qrw frqwulexwh dw wklv klvwru|1 Sod|hu æ zloo dovr qrw frqwulexwh dw dq| vxevhtxhqw

klvwru|/ vlqfh lw zloo hlwkhu eh julp/ li wkh gdwh h{fhhgv 7Ac ru frpsohwlqj/ lq zklfk fdvh lw

|lhogv wkh vdph ô dqg 751

Vr/ uhjdugohvv ri zkdw sod|hu ð grhv dw û|3�ð ru wkhuhdiwhu/ r uhtxluhv wkh rwkhu sod|huv qhyhu

wr frqwulexwh djdlq1 Sod|hu ð*v ehvw uhso| lv wkxv wr frqwulexwh qrwklqj/ dv +E7, vshfl?hv/

vlqfh fE|ý �ä *5 ä� lpsolhv fE|ý �ä *5 äðé

Fdvh 5= û|3�ð lv dq htxloleulxp klvwru|1

Dv lq Fdvh 4/ li sod|hu ð ghyldwhv iurp }E|ä dw wklv klvwru|/ r uhtxluhv wkh rwkhu sod|huv

qhyhu wr frqwulexwh wkhuhdiwhu1 Wklv lv vx!flhqw wr ghwhu vxfk d ghyldwlrq/ vlqfh lw lv wkh

vdph sxqlvklqj vwudwhj| dv lv xvhg lq wkh julp0} Qdvk htxloleulxp1

Wkh uhpdlqlqj fdvhv uhihu wr d frpsohwlqj klvwru| û|3�ð dqg lwv dvvrfldwhg yduldeohv

Eô c 75c�c6c 5ðc ~ðä1 Lw lv frpprq nqrzohgjh dw dq| srvvleoh klvwru| sur?oh frqwdlqlqj û|3�ð

wkdw hdfk shuvrqdo klvwru| lv d frpsohwlqj klvwru|/ wkdw lw jlyhv ulvh wr wkh vdph Eô c 75c�c6äc

wkdw r fdoohg iru 75 wr kdyh ehhq sod|hg dw ô ý �c dqg wkdw 75 zdv qrw sod|hg dw ô ý �1

Fdvh 6= û|3�ð lv d frpsohwlqj klvwru| dqg E5ðc ~ðä 5 øðE75äé
E| +E4, dqg +E<,/ sod|hu ð eholhyhv wkh ghyldwlrq dw ôý� zdv xqlodwhudo1 Kh wkxv eholhyhv

hdfk æ 9' ð revhuyhg vrph E5æc ~æä 5 øæE75äé Wkh surri ghshqgv rq zkhwkhu kh ghyldwhg1

Fdvh 6D= 5ð 9' 75ðé Lq wklv fdvh sod|hu ð eholhyhv qr rwkhu sod|hu ghyldwhg dw ô ý �1 Dv kh

eholhyhv wkh dfwlrqv ri wkh rwkhuv duh jlyhq e| +E8,/ kh eholhyhv qr rwkhu sod|hu zloo frqwulexwh

lq shulrg | ru wkhuhdiwhu/ uhjdugohvv ri zkdw kh grhv1 Klv ehvw uhso| lv wr frpsohwh wkh surmhfw

lpphgldwho| li fE|ý �ä 5 äðc dqg rwkhuzlvh qrw wr frqwulexwh/ dv +E8, vshfl?hv1
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Fdvh 6E= 5ð ' 75ðé Lq wklv fdvh ~ð 9' 7~ðc dqg sod|hu ð eholhyhv h{dfwo| rqh ri wkh rwkhuv

ghyldwhg dw ô ý �/ hlwkhu sod|hu � ru 6c e| +E4, dqg +E<,1 Ohw æ 5 i�c6j eh zkr sod|hu
ð eholhyhv ghyldwhg1 E| +E6,/ äæ ' ä�é Wkh gh?qlwlrq ri d frpsohwlqj klvwru| wkhuhiruh

lpsolhv fE| ý �ä 5 äæ é Wkxv/ vlqfh sod|hu ð eholhyhv æ dfwv dffruglqj wr +E8,/ kh eholhyhv æ

zloo frqwulexwh -E|ä lq shulrg |1 Klv ehvw uhso| lv wr frqwulexwh fc dv +E8, vshfl?hv1

Fdvh 7= û|3�ð lv d frpsohwlqj klvwru|/ E5ðc ~ðä *5 øðE75äc dqg ð 9'�é
Lq wklv fdvh ~ð 9' 7~ðc dqg sod|hu ð nqrzv wkh ghyldwlrq dw ô ý � zdv pxowlodwhudo1 E|

+E43,/ sod|hu ð eholhyhv � ghyldwhg1 Wkxv/ jlyhq wkdw � frqwulexwhv dffruglqj wr +E8, ru

+E:,/ sod|hu ð eholhyhv wkdw hlwkhu sod|hu � zloo frqwulexwh -E|äc ru wkdw ~� ' f dqg/ iru

vrph æ 9' �c 5� ' 7~æ c 75æ : fc dqg fE| ý �ä 5 äæé Lq wkh odwwhu fdvh/ sod|hu æ revhuyhg

E5æ c ~æä ' Efc 7~æä zlwk 5æ 9' 75æc dqg +E8, lpsolhv kh zloo frpsohwh wkh surmhfw lpphgldwho|1

Vr lq hlwkhu fdvh sod|hu ð eholhyhv dqrwkhu sod|hu zloo frpsohwh wkh surmhfw lpphgldwho|1 Klv

ehvw uhso| lv wr frqwulexwh fc dv +E9, vshfl?hv1

Fdvh 8= û|3�� lv d frpsohwlqj klvwru| dqg E5� c ~�ä *5 ø�E75äé

Qrz ~� 9' 7~� c dqg sod|hu � nqrzv wkh ghyldwlrq dw ô ý � zdv pxowlodwhudo1 Vlqfh +E6,

lpsolhv fE|ý �ä 5 ä� c sod|hu � vkrxog frpsohwh wkh surmhfw lpphgldwho| li kh eholhyhv wkh

rwkhuv zloo qrw frqwulexwh lq shulrg | ru wkhuhdiwhu/ uhjdugohvv ri zkdw kh grhv1 Wkhuh duh

wkuhh vxefdvhv1

Fdvh 8D= ~� ' f1 Wkhq sod|hu� nqrzv æ 9'� vdz E5æc ~æä ' Efc 5�äé Dv� dovr nqrzv

75c kh nqrzv zkdw æ*v frqwulexwlrq lq shulrg | zloo eh/ jlyhq +E4,/ +E8,/ dqg +E9,1 Wkdw lv/

iru dq| srvvleoh klvwru| û|3� frqwdlqlqj wkh û|3�� dw lvvxh/ sod|hu � nqrzv

ræEû
|3�
æ ä '

;?= -E|ä li 75æ : fc 5� ' 7~æ/ dqg fE|ý �ä 5 äæ
f rwkhuzlvh1

+E45,

Wkxv/ � vkrxog qrw frqwulexwh li wkh wrs olqh ri +E45, krogv iru vrph æ 9' �c dv +E:,

vshfl?hv1 Rwkhuzlvh kh vkrxog frpsohwh wkh surmhfw/ dv +E:, vshfl?hv1

Fdvh 8E= ~� : f dqg ~� è 7~� ý 756é Wkhq e| +E<, dqg ~� 9' 7~� c sod|hu � eholhyhv

wkdw dprqj wkh rwkhu sod|huv/ rqo| 6 ghyldwhg iurp 75é Vlqfh wkh ghyldwlrq zdv pxowlodwhudo/
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wklv lpsolhv 5� 9' 75� é Sod|hu � wkxv eholhyhv

~6 ' 5� n
[

æ õ'�c6
75æ

9' 75� n
[

æ õ'�c6
75æ ' 7~� c

dqg vr E56c ~6ä *5 ø6E75äé E| +E9,/ sod|hu � eholhyhv 6 zloo qhyhu frqwulexwh djdlq1 Dovr/

dv kh eholhyhv qr sod|hu æ *5 i�c6j ghyldwhg/ kh eholhyhv wkh| zloo qhyhu frqwulexwh djdlq

hlwkhu/ e| +E8, dqg +E9,1 Vr kh vkrxog frpsohwh wkh surmhfw lpphgldwho|/ dv +E:, vshfl?hv1

Fdvh 8F= f ÷ ~� ÷ 7~� ý 756é Qrz � nqrzv dw ohdvw wzr ri wkh rwkhuv ghyldwhg1 E|

+E44,/ kh eholhyhv 5æ 9' 75æ dqg 5æ 9' 5� n ~� ý 7~æ/ iru dq| æ 9' �é +Wr vkrz wklv/ ?uvw vhw

@ ' 75æ/ dqg wkhq @ ' 5� n~� ý 7~æc lq +E44,1, Dv wkh odwwhu lv wkh vdph dv ~æ 9' 7~æ c sod|hu

� eholhyhv wkdw E5æ c ~æä *5 øæE75äé Wkxv/ e| +E9,/ sod|hu � eholhyhv qr rwkhu sod|hu zloo hyhu

frqwulexwh djdlq1 Klv ehvw uhso| lv wr frpsohwh wkh surmhfw lpphgldwho|/ dv +E:, vshfl?hv1

F Dsshqgl{= Dowhuqdwlqj Frqwulexwlrqv

Lq wklv dsshqgl{ zh vkrz krz wkh qhjdwlyh frqfoxvlrq ri Dgpdwl dqg Shuu| +4<<4, +DS,

uhjduglqj wkh h>hfw ri g|qdplfv rq iuhh ulglqj lv dowhuhg e| fkdqjlqj dq| ri wkuhh dvvxps0

wlrqv= wkdw wkh frqwulexwlqj frvw ixqfwlrq lv vwulfwo| frqyh{/ wkdw wkh frqwulexwlqj krul}rq lv

lq?qlwh/ ru wkdw sod|huv fdqqrw frqwulexwh lq vxffhvvlyh shulrgv1

Wkh DS Jdph

Wkh DS prgho kdv wzr sod|huv/ erwk ri zkrp kdyh wkh vdph elqdu| ehqh?w ixqfwlrq= bð ' f

dqg Tð ' TéZh pdlqwdlq dvvxpswlrq +51:,= T ÷ fW ÷ 2Té Wkh frqwulexwlqj frvw ixqfwlrq ç

lv lqfuhdvlqj dqg vdwlv?hv çEfä ' fé Sod|hu ð*v sd|r> lv BAT ýSA
|'f B

|çE5ðE|ää li frpsohwlrq

rffxuv lq shulrg A dqg kh frqwulexwhv 5ðEfäc éééc 5ðEA äé Wkuhh pruh vshfl?fdwlrqv gh?qh wkh

DS jdph= Eðä ç lv vwulfwo| frqyh{> Eððä wkh frqwulexwlqj krul}rq lv 7A ' 4( dqg Eðððä wkh

sod|huv fdq frqwulexwh rqo| lq dowhuqdwh shulrgv/ vwduwlqj zlwk sod|hu 41

Uhfdoo iurp Vhfwlrq : wkdw çE-�ä ì E�ý BäT gh?qhv wkh pd{lpxp dprxqw -� d sod|hu

lv zloolqj wr frqwulexwh lq rughu wr frpsohwh wkh surmhfw wklv shulrg udwkhu wkdq frqwulexwh
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qrwklqj dqg kdyh wkh rwkhu sod|hu frpsohwh wkh surmhfw qh{w shulrg1 Vwduwlqj zlwk -�/ d

vhtxhqfh i-&j"&'� lv gh?qhg uhfxuvlyho| vr wkdw d sod|hu lv lqgl>huhqw ehwzhhq frqwulexwlqj

-&c dqg frqwulexwlqj }hur dqg kdylqj wkh rwkhu sod|hu frqwulexwh -& lq wkh qh{w shulrg/

jlyhq wkdw frqwulexwlrqv -&3�c éééc -� zloo wkhq eh pdgh vxffhvvlyho| wr frpsohwh wkh surmhfw1

Wklv |lhogv çE-&ä ì B2&3ôE�ý B2äT iru & è 2é Ohw 7f ì f dqg 7^ ì
S^

&'�-& iru ^ : fé

Iru dq| klvwru| û|3�c wkh uhpdlqlqj dprxqw uhtxluhg iru frpsohwlrq lv

-Eû|3�ä ì 4@ Efc fW ýfE|ý �ääé

Zh uhihu wr wkh iroorzlqj vwudwhj| dv wkh DS htxloleulxp= iru dq| klvwru| û|3�c wkh sod|hu

zkrvh wxuq lw lv frqwulexwhv

røEû|3�ä ì
;?= -Eû|3�äý 7^ li 7^ ÷ -Eû|3�ä é 7^n� iru dq| ^ ÷4

f li 7" é -Eû|3�äé
+F4,

Ghqrwh wkh uhvxowlqj frqwulexwlrq vhtxhqfh dv wkh DS rxwfrph1 Dw wkh qxoo klvwru| û3� wkdw

vwduwv wkh jdph/ -Eû3�ä ' fWé Vr wkh DS rxwfrph |lhogv qr frqwulexwlrqv li 7" é fWé

Rwkhuzlvh/ iru vrph ^ ÷4c wkh ?uvw frqwulexwlrq lv fW ý 7^c wkh vhfrqg lv -^c wkh wklug lv

-^3�c dqg vr rq xqwlo -� lv frqwulexwhg wr frpsohwh wkh surmhfw1 Wklv lv jhqhulfdoo| wkh rqo|

vxejdph shuihfw htxloleulxp +VSH, rxwfrph=

Sursrvlwlrq F4 +Dgpdwl dqg Shuu|/ 4<<4, Li fW 9' 7^ iru dq| ^ ÷4c wkh DS rxwfrph
lv wkh rqo| VSH rxwfrph ri wkh DS jdph1

Wkh Olqhdu DS Jdph

Prgli|lqj wkh DS jdph e| dvvxplqj çE5ä ì 5 |lhogv wkh olqhdu DS jdph1 Wkh DS htxl0

oleulxp lv vwloo rqh ri lwv htxloleuld1 Wklv olqhdu frvw ixqfwlrq lpsolhv 7" ' Té Wkxv/ e| wkh

vhfrqg olqh ri +F4,/ wkh DS htxloleulxp |lhogv qr frqwulexwlrqv/ jlyhq wkdw T ÷ fW/ hyhq

wkrxjk h!flhqf| uhtxluhv frpsohwlrq1 Wklv lv wkh edvlv ri DS*v lqh!flhqf| uhvxowv/ Ohppd

714 dqg Sursrvlwlrq 7141

Krzhyhu/ wkh olqhdu DS jdph kdv rwkhu htxloleuld1 Lq sduwlfxodu/ wkh iroorzlqj lv dq

htxloleulxp wkdw frpsohwhv wkh surmhfw lq wzr shulrgv li B lv vx!flhqwo| odujh1 Iru dq|
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klvwru| û|3�c li lw lv sod|hu �*v wxuq/ kh frqwulexwhv

ru� Eû
|3�ä ì

;?= -Eû|3�ä li -Eû|3�ä ÷ -�

4@ Efc -Eû|3�äý T ä li -Eû|3�ä è -�(
+F5,

dqg li lw lv sod|hu 2*v wxuq/ kh frqwulexwhv

ru2 Eû
|3�ä ì

;?= -Eû|3�ä li -Eû|3�ä é T
f li -Eû|3�ä : Té

+F6,

Wkh rxwfrph ri ru lv wkdw sod|hu 4 frqwulexwhv fWýT lq shulrg 3/ dqg sod|hu 5 frpsohwhv wkh

surmhfw lq wkh vhfrqg shulrg e| frqwulexwlqj Té R> wkh htxloleulxp sdwk/ sod|hu 4 frpsohwhv

wkh surmhfw li wkh dprxqw uhtxluhg lv ohvv wkdq -� ' E�ý BäT 1 Rwkhuzlvh/ kh frqwulexwhv mxvw
hqrxjk wr pdnh vxuh wkh qh{w dprxqw uhtxluhg wr frpsohwh wkh surmhfw lv qrw pruh wkdq Té

Sod|hu 5 grhv qrw frqwulexwh xqohvv wkh dprxqw uhtxluhg wr frpsohwh lv qrw pruh wkdq Tc dqg

li lw lv kh frpsohwhv wkh surmhfw lpphgldwho|1 Wkh htxloleulxp sd|r>v duh L� ' E�nBäT ýfW

dqg L2 ' f G wkh ?uvw pryhu uhfhlyhv doo wkh vxusoxv1

Sursrvlwlrq F5 Wkh sur?oh ru lv d VSH ri wkh olqhdu DS jdph li B : EfW ý T ä*Té

Surri1 Prvw ri wkh surri lv reylrxv1 Sod|hu 4*v sd|r>/ E� n BäT ý fWc lv srvlwlyh e| wkh

orzhu erxqg k|srwkhvlv rq Bé Khqfh/ lw lv rswlpdo iru klp wr frqwulexwh fW ý T lq rughu wr

lqgxfh sod|hu 5 wr frpsohwh wkh surmhfw lq wkh qh{w shulrg/ udwkhu wkdq qrw wr frqwulexwh dqg

vr ohdyh wkh surmhfw xqfrpsohwhg iruhyhu1 Dovr lq dffrugdqfh zlwk +F5,/ wkh gh?qlwlrq ri -�

lpsolhv wkdw lw lv rswlpdo iru sod|hu 4 wr frpsohwh wkh surmhfw lpphgldwho| li wkh uhtxluhg

dprxqw grhv qrw h{fhhg -�1

Wkh lqwhuhvwlqj sduw ri wkh surri lv vkrzlqj wkdw li -Eû|3�ä é Tc sod|hu 5 vkrxog frp0

sohwh wkh surmhfw lpphgldwho|/ lqvwhdg ri lqgxflqj sod|hu 4 wr frpsohwh lw qh{w shulrg e|

frqwulexwlqj mxvw -Eû|3�äý-�1 Lq idfw/ sod|hu 5 lv lqgl>huhqw ehwzhhq wkhvh dfwlrqv/ dv zdv

vkrzq lq wkh wh{w= wkh lqhtxdolw| lq +:14, lv dq htxdolw| li ç lv olqhdu1

Wkh htxloleulxp ru lv qrw urexvw wr pdnlqj ç vwulfwo| frqyh{1 Dv zh vkrz lq wkh wh{w qhdu

+:14,/ li ç lv vwulfwo| frqyh{/ sod|hu 5 lv xqzloolqj wr frpsohwh wkh surmhfw e| frqwulexwlqj
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pruh wkdq -�/ frqwudu| wr +F6,1 Lqghhg/ qr VSH ri wkh olqhdu jdph wkdw |lhogv frqwulexwlrqv

fdq eh urexvw wr pdnlqj ç vwulfwo| frqyh{= wkh DS rxwfrph lv wkh rqo| VSH rxwfrph li ç

lv vwulfwo| frqyh{/ dqg e| DS*v Sursrvlwlrq 714/ lw |lhogv qr frqwulexwlrqv li ç dssur{lpdwhv

wkh lghqwlw| ixqfwlrq lq wkh vhqvh wkdw çâEfä è T*fW1 +Uhfdoo wkdw T*fW ÷ �éä

Wkh Ilqlwh Krul}rq DS Jdph

Dq dowhuqdwlyh prgl?fdwlrq ri wkh jdph/ uhsodflqj 7A ' 4 e| f ÷ 7A ÷ 4c |lhogv wkh ?qlwh
krul}rq DS jdph158 Uhihu wr wkh sod|hu zkr pd| frqwulexwh dw 7A +uhvs1 7A ý �ä dv sod|hu K

+uhvs1 @äé Lq shulrg 7A c sod|hu K kdv qr ixwxuh frqwulexwruv xsrq zklfk wr iuhh ulgh1 Lq hvvhqfh/

wkh ?qlwh krul}rq doorzv sod|hu @ wr frpplw wr pdnlqj klv odvw frqwulexwlrq dw 7A ý �1 Sod|hu

K zloo frpsohwh wkh surmhfw lq wkh odvw shulrg li lw ohdyhv klp dq| qrqqhjdwlyh frqwlqxdwlrq

sd|r>1 Wkh pd{lpxp ?qdo frqwulexwlrq/ ç3�ET äc lv wkxv juhdwhu wkdq lw lv lq wkh DS jdph/

-� ' ç
3�EE�ý BäT äc dqg grhv qrw ydqlvk dv B $ fé Sod|hu @*v VSH sd|r> lv erxqghg ehorz

e| zkdw kh jhwv e| frqwulexwlqj mxvw hqrxjk dw 7A ý � wr lqgxfh sod|hu K wr frpsohwh wkh

surmhfw dw 7A 1 Khqfh/ lq vrph fdvhv hyhu| VSH frpsohwhv wkh surmhfw1

Wr suryh wklv/ ohw B eh vx!flhqwo| forvh wr �c dqg ç wr wkh lghqwlw| ixqfwlrq/ wkdw

BT : çEfW ý ç3�ET ääé +F7,

+Uhfdoo wkdw T : fW ý Téä Wklv frqglwlrq lpsolhv wkdw sod|hu @ rewdlqv d srvlwlyh sd|r> e|

frqwulexwlqj fW ý ç3�ET ä li wkhq sod|hu K frpsohwhv wkh surmhfw lq wkh qh{w shulrg1

Sursrvlwlrq F6 Jlyhq +F7, dqg dq| f ÷ 7A ÷4c hyhu| VSH ri wkh ?qlwh krul}rq DS jdph
zlwk krul}rq 7A frpsohwhv wkh surmhfw1 Li dovr çE5ä ì 5c wkh vhw ri doo VSH sd|r>v frqyhujhv
wr EL@c LKä ' E2T ýfWc fä dv B $ �é

Surri1 Jlyhq d VSH/ ohw wkh htxloleulxp sd|r>v eh L e^@ dqg Le^K é Ohw - eh wkh frqwulexwlrq

qhhghg wr frpsohwh dw 7A ý � zkhq sod|hu @ grhv qrw frqwulexwh lq dq| sulru shulrg/ dqg

sod|hu K sod|v klv htxloleulxp vwudwhj|1 Ohw 0 : f1 Vxssrvh sod|hu @ frqwulexwhv qrwklqj

58Wkh çW @ 3 fdvh lv qrw lqwhuhvwlqj/ dv wkhq rqo| sod|hu 4 fdq frqwulexwh1
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xqwlo 7A ý �c dqg kh wkhq frqwulexwhv 4@ Efc - ý ç3�ET ä n 0äé Sod|hu K wkhq frpsohwhv wkh

surmhfw dw 7A li lw lv qrw frpsohwhg douhdg|/ vlqfh çE-Eû 7A3�ää é çEç3�ET ä ý 0ä ÷ Té Wkh

sd|r> ri sod|hu @ zkhq kh sod|v wklv vwudwhj| lv dw ohdvw

B
7AT ý B 7A3�çE4@ 

õ
fc - ý ç3�ET ä n 0ôä è B

7AT ý B 7A3�çE4@ 
õ
fcfW ý ç3�ET ä n 0ôä

' B
7A3�4ð?

õ
BTc BT ý ç ýfW ý ç3�ET ä n 0üô é

Wkh ohiw vlgh ri wklv lqhtxdolw| lv qrw pruh wkdq Le^@ é Wkh uljkw vlgh lv srvlwlyh iru vpdoo 0/

e| +F7,1 Khqfh L e^@ : f/ zklfk suryhv wkh htxloleulxp frpsohwhv wkh surmhfw1 Li çE5ä ì 5c
wkh uljkw vlgh ri wkh lqhtxdolw| lv

B
7A3�4ð? iBTc E� n BäT ýfW ý 0j ' B 7A3� dE� n BäT ýfW ý 0o c

vlqfh T ÷ fWé Wkxv/ L e^@ è 2T ýfW dv EBc 0ä$ E�c fäé Dv wkh wrwdo vxusoxv 2T ýfW lv qr

ohvv wkdq L e^@ n Le^K c dqg L
e^
K è f/ wklv suryhv wkdw L e^@ ' 2T ýfW dqg L e^K ' f dv B $ �é

Vr/ li glvfrxqwlqj lv orz ru wkh shulrg ohqjwk vkruw/ dqg ç dssur{lpdwhv wkh lghqwlw|

ixqfwlrq/ pdnlqj wkh krul}rq ?qlwh lq wkh DS jdph lqvxuhv wkdw hyhu| VSH frpsohwhv wkh

surmhfw1 Wklv lv lq frqwudvw wr wkh lq?qlwh krul}rq jdph lq zklfk qr frqwulexwlrqv duh pdgh

li ç dssur{lpdwhv wkh lghqwlw|1 Exw Sursrvlwlrq F6 uhyhdov dq xqsohdvdqw hqgjdph h>hfw=

iru odujh Bc qhduo| doo wkh vxusoxv jrhv wr wkh sod|hu deoh wr frqwulexwh dw 7A ý �é Wklv lv lq

frqwudvw wr wkh odfn ri hqgjdph h>hfwv lq rxu jdph= lwv vhw ri QH rxwfrphv vlpso| h{sdqgv

dv 7A lqfuhdvhv +Wkhruhp 4,/ dqg wkh vdph lv wuxh ri lwv vhw ri SEH rxwfrphv li sod|huv 4 dqg

5 +lq wkh jhqhudo ? è 2 fdvh, kdyh wkh vdph fulwlfdo frqwulexwlrqv +Wkhruhp 5 +e,,1

Wkh Xquhvwulfwhg DS Jdph

Dqrwkhu prgl?fdwlrq ri wkh DS jdph lv wr doorz hdfk sod|hu wr frqwulexwh lq dq| shulrg1 Wklv

xquhvwulfwhg DS jdph zrxog eh d vshfldo fdvh ri rxu jdph li ç zhuh olqhdu1 Zh vkrz wkdw

lw/ zlwk ?qlwh ru lq?qlwh frqwulexwlqj krul}rqv/ kdv vxejdph dqg Pdunry shuihfw htxloleuld

wkdw frpsohwh wkh surmhfw li ç dssur{lpdwhv wkh lghqwlw| ixqfwlrq1 Wkxv/ wkh frpsohwlqj

htxloleuld ri rxu jdph duh urexvw wr pdnlqj wkh frqwulexwlqj frvw ixqfwlrq vwulfwo| frqyh{1
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Ohw ç dssur{lpdwh wkh lghqwlw| ixqfwlrq lq vr idu dv 5W 5 ?2n h{lvwv vxfk wkdw 5W�n5
W
2 ' f

W

dqg çE5Wð ä é T iru ð ' �c 2é Wkhq gh?qh d vwudwhj| sur?oh rf= lq shulrg f sod|hu ð frqwulexwhv

rfð Eû
3�ä ' 5Wð c dqg dw dq| rwkhu klvwru| û|3� sod|hu ð 9' æ frqwulexwhv

rfð Eû
|3�ä '

;AAA?AAA=
f li 5ðEfä ' 5Wð

-Eû|3�ä li 5æEfä ' 5Wæ

5Wð-Eû
|3�ä*fW rwkhuzlvh1

+F8,

Wklv sur?oh frpsohwhv wkh surmhfw lq shulrg f1 D xqlodwhudo ghyldwru frpsohwhv lw dorqh> li

erwk sod|huv ghyldwh/ lw lv frpsohwhg e| hdfk sod|hu ð*v frqwulexwlqj wkh iudfwlrq 5Wð *f
W ri

wkh uhpdlqlqj frvw1 +Qrwh wkdw rf pd| qrw eh h!flhqw 8 dv ç lv frqyh{/ lw pd| eh ehwwhu wr

vsuhdg wkh frqwulexwlrqv ryhu wlph1, Wkh surri ri wkh iroorzlqj lv vwudljkwiruzdug1

Sursrvlwlrq F7 Vxssrvh 5W 5 ?2n vdwlv?hv 5W� n 5W2 ' fW dqg çE5Wð ä é T iru ð ' �c 2é Wkhq

rf lv d VSH ri wkh xquhvwulfwhg DS jdph zlwk krul}rq 7Ac iru dq| f é 7A é 4 dqg f é B é �é

Wkh sxqlvkphqwv lq rf duh vhyhuh 8 diwhu d xqlodwhudo ghyldwlrq/ wkh qrq0ghyldwru uhixvhv

hyhu wr frqwulexwh djdlq1 Exw frpsohwlqj htxloleuld zlwk pruh irujlylqj sxqlvkphqwv dovr

h{lvw1 Wkh iroorzlqj lv d frqwulexwlrq jrdo htxloleulxp +vhh Vhfwlrq 8, wkdw frpsohwhv wkh

surmhfw lq wzr shulrgv1 +D iruwlrul/ lw lv dovr d Pdunry shuihfw htxloleulxp/ dv duh rø dqg ru

deryh1, Li wkh sod|hu uhvsrqvleoh iru phhwlqj wkh ?uvw jrdo grhv qrw gr vr/ kh lv sxqlvkhg

rqo| iru dv pdq| shulrgv lw wdnhv klp wr phhw wkh jrdo1

Dvvxph B lv vr forvh wr 4/ dqg ç lv vr forvh wr wkh lghqwlw| ixqfwlrq/ wkdw +F7, dqg wkh

iroorzlqj frqglwlrq krog=59

çEfWäý 4ð?
f$+$fW EçE+ä n çEf

W ý +ää ÷ BT ý B2Té +F9,

Ohw wkh ?uvw jrdo eh ff ì fWýç3�ET äé +Lw fdq eh odujhu dv zhoo1, E| +F7,/ BT ýçEffä è f

dqg T ý çEfW ýffä è fé Wkxv/ li sod|hu 4 frqwulexwhv ff lq wkh ?uvw shulrg/ dqg sod|hu 5

frqwulexwhv fWýff lq wkh vhfrqg shulrg wr frpsohwh wkh surmhfw/ erwk uhfhlyh d qrqqhjdwlyh
59Iru h{dpsoh/ ohw z+}, @ }.%}5= Ohw ç% A 3 eh vxfk wkdw z+[ú@5, ? Y +uhfdoo wkdw[ú@5 ? Y ,> dqg dvvxph

% 5 +3>ç%,= Ohw çz+}, @ }.ç%}51 Wkhq +F7, krogv li ï A çz+[ú@5,@Y> dqg +F9, krogv li % ? 5ï+4ý ï,Y@ +[ú,5 =
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sd|r>1 Wkh ohiw vlgh ri +F9, lqfuhdvhv lq fWc dqg vr +F9, dovr krogv li fW lv uhsodfhg e| ffé

Wkxv/ +F9, lpsolhv wkdw sod|hu 4 suhihuv wr frqwulexwh ff lq rqh shulrg wr rewdlq frpsohwlrq

lq wkh qh{w shulrg/ udwkhu wkdq wr frqwulexwh ff ryhu wzr shulrgv wr rewdlq frpsohwlrq lq

wkh shulrg diwhu wkh qh{w1 Vlploduo|/ sod|hu 5 suhihuv wr frqwulexwh fW ýff lq rqh shulrg wr

frpsohwh wkh surmhfw/ udwkhu wkdq wr frqwulexwh lw ryhu wzr shulrgv wr frpsohwh wkh surmhfw

lq wkh qh{w shulrg1 Wkhvh revhuydwlrqv suryh wkh iroorzlqj=

Sursrvlwlrq F8 Li B dqg ç vdwlvi| +F7, dqg +F9,/ wkh vwudwhj| sur?oh rC gh?qhg ehorz lv

d Pdunry shuihfw htxloleulxp ri wkh xquhvwulfwhg DS jdph iru dq| krul}rq f ÷ 7A é 4 G

rC� Eû
|3�ä ì 4@ Efc ff ýfE|ý �ääc +F:,

rC2 Eû
|3�ä ì

;?= f li fE|ý �ä ÷ ff

-Eû|3�ä li fE|ý �ä è ffé
+F;,

Dffruglqj wr rC/ sod|hu 4 dorqh lv uhvsrqvleoh iru dfklhylqj wkh jrdo ffé Sod|hu 5 grhv

qrw frqwulexwh xqwlo lw lv dfklhyhg/ zklfk lq htxloleulxp rffxuv lq shulrg 31 Sod|hu 5 lv wkhq

uhvsrqvleoh iru dfklhylqj wkh ?qdo jrdo/ fWc zklfk kh grhv lq shulrg 41 Wkh sod|huv frqwulexwh

lq dowhuqdwh shulrgv/ wkrxjk wkh| duh qrw uhvwulfwhg wr grlqj vr1 Wkh frqwulexwlrqv ri sod|hu

4 dqg 5 frqyhujh/ uhvshfwlyho|/ wr fW ý T dqg T dv ç frqyhujhv wr wkh lghqwlw| ixqfwlrq= lq

wklv olplw wkh rxwfrph ri rC frqyhujhv wr wkdw ri rué
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