
çú+,55 `Lh!ð?} è@Tih bHí��

vLýh +iTý|@|ðL? Wt `üL vLý<hi ûL|c ûL| `üL vLý<_

wð!i AL îiú

BiLh}i aë �@ð*@|ü
#iT@h|4i?| Lu ,UL?L4ðUt

ô.�H wLUýt| @̀*!
N?ðñihtð|) Lu èi??t)*ñ@?ð@
èüð*@_i*Tüð@c èú �b�feíS2b.
}4@ð*@|ü9iUL?ët@tëýTi??ëi_ý

w@hh) 5@4ýi*tL?
#iT@h|4i?| Lu ,UL?L4ðUt
��Hf ïMtihñ@|Lh) #hðñi
N?ðñihtð|) Lu `ðtUL?tð?
�@_ðtL?c `W Dô.fSí�ô2f
w@hh)5@49ttUëêðtUëi_ý

úý}ýt| ��c �bbH

W6ðht| _h@u| úý}ýt| �bbSë Aüðt T@Tih ü@t Mii? Thiti?|i_ @| 4@?) ý?ðñihtð|ðit @?_ UL?uihi?Uitc
@?_ êi ü@ñi hiUiðñi_ üi*Tuý* UL44i?|t uhL4 4@?) TiLT*ic |LL ?ý4ihLýt |L *ðt| üihië 6ð?@?Uð@*
týTTLh| uhL4 |üi û@|ðL?@* 5Uði?Ui 6Lý?_@|ðL? ðt }h@|iuý**) @U!?Lê*i_}i_ë Aüðt ñihtðL? ê@t
êhð||i? êüð*i �@ð*@|ü ê@t ñðtð|ð?} |üi úýt|h@*ð@? û@|ðL?@* N?ðñihtð|)c êüL4 üi |ü@?!të



vLýh +iTý|@|ðL? Wt `üL vLý<hi ûL|c ûL| `üL vLý<_ wð!i AL îi
e| Jhrujh M1 Pdlodwk dqg Oduu| Vdpxhovrq

Devwudfw

Zh frqvwuxfw d prgho lq zklfk d ñup*v uhsxwdwlrq pxvw eh exlow judgxdoo|/ lv
pdqdjhg/ dqg glvvlsdwhv judgxdoo| xqohvv dssursuldwho| pdlqwdlqhg1 Frqvxphuv
sxufkdvh dq h{shulhqfh jrrg iurp d ñup zkrvh xqrevhuyhg hòruw dòhfwv wkh
suredelolw| glvwulexwlrq ri frqvxphu xwlolwlhv1 Frqvxphuv revhuyh sulydwh/ qrlv|
vljqdov +frqvxphu xwlolwlhv, ri wkh ehkdylru ri wkh ñup/ |lhoglqj d jdph ri lpshu0
ihfw sulydwh prqlwrulqj1 Wkh vwdqgdug dssurdfk wr uhsxwdwlrqv lqwurgxfhv vrph
_jrrg% ru _Vwdfnhoehuj% ñupv lqwr wkh prgho/ zlwk frqvxphuv ljqrudqw ri wkh
w|sh ri wkh ñup wkh| idfh dqg zlwk ruglqdu| ñupv dftxlulqj wkhlu uhsxwdwlrqv e|
pdvtxhudglqj dv Vwdfnhoehuj ñupv1 Lq frqwudvw/ wkh nh| lqjuhglhqw ri rxu uhsx0
wdwlrq prgho lv wkh frqwlqxdo srvvlelolw| wkdw wkh ruglqdu| ru _frpshwhqw% ñup
pljkw eh uhsodfhg e| d _edg% ru _lqhsw% ñup zkr qhyhu fkrrvhv wkh Vwdfnhoehuj
dfwlrq1 Frpshwhqw ñupv wkhq dftxluh wkhlu uhsxwdwlrqv e| frqylqflqj frqvxphuv
wkdw wkh| duh qrw lqhsw1 Exloglqj d uhsxwdwlrq lv dq h{huflvh lq vhsdudwlqj rqh0
vhoi iurp lqhsw ñupv zkr rqh lv qrw/ udwkhu wkdq srrolqj zlwk Vwdfnhoehuj ñupv
zkr rqh zrxog olnh wr eh1 Zh lqyhvwljdwh krz d ñup pdqdjhv vxfk d uhsxwdwlrq/
vkrzlqj/ dprqj rwkhu ihdwxuhv/ wkdw d frpshwhqw ñup pd| qrw dozd|v fkrrvh wkh
prvw hïflhqw hòruw ohyho wr glvwlqjxlvk lwvhoi iurp dq lqhsw rqh1

Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvlñfdwlrq qxpehu= F:31

Nh|zrugv= Uhsxwdwlrq/ lqfrpsohwh lqirupdwlrq/ Vwdfnhoehuj w|shv/ frpplwphqw
w|shv1
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�ë W?|hL_ýU|ðL?

D ñup*v uhsxwdwlrq/ riwhq ghvfulehg e| whupv vxfk dv fxvwrphu or|dow|/ pdunhw
wuxvw/ dqg qdph uhfrjqlwlrq/ lv dq lpsruwdqw dvvhw1 Nuhsv ^49`/ iru h{dpsoh/
vxjjhvwv wkdw d nh| uhdvrq iru wkh h{lvwhqfh ri ñupv lv wr vhuyh dv d uhsrvlwru| iru
uhsxwdwlrqv1

Wklv sdshu h{dplqhv wkh hfrqrplfv ri exloglqj dqg pdlqwdlqlqj d uhsxwdwlrq1
Zkloh zh prwlydwh wkh dqdo|vlv dv d prgho ri d ñup/ rxu uhvxowv dsso| pruh
jhqhudoo|1

Zh ehjlq iurp wkh ylhzsrlqw wkdw d uhsxwdwlrq lv dq dvvhw1 Olnh dq| rwkhu
fdslwdo vwrfn/ d uhsxwdwlrq uhtxluhv lqyhvwphqw wr fuhdwh dqg pdlqwdlq1 Zh duh
dffruglqjo| lqwhuhvwhg lq uhsxwdwlrq prghov wkdw fdswxuh wkuhh ihdwxuhv=

Iluvw/ uhsxwdwlrqv duh exlow judgxdoo|1 Wkh w|slfdo h{shulhqfh iru qhz ñupv
dqg surgxfwv lv wkdw wkh frqvxphu jrrgzloo ru wuxvw wkdw olhv dw wkh khduw ri d
uhsxwdwlrq fdq rqo| eh exlow vorzo|/ e| frpslolqj d uhfrug ri frqwlqxhg kljk0
txdolw| shuirupdqfh1 Rqo| diwhu wkh ñup kdv d ghprqvwudwhg uhfrug ri kljk
txdolw| grhv lw hqmr| wkh iuxlwv ri lwv uhsxwdwlrq1

Vhfrqg/ uhsxwdwlrqv glvvlsdwh judgxdoo|1 D ñup wkdw qr orqjhu lqyhvwv lq lwv
sk|vlfdo fdslwdo vwrfn w|slfdoo| h{shulhqfhv qr lpphgldwh ghfolqh lq surgxfwlylw|/
zlwk lwv fdslwdo vwrfn ghsuhfldwlqj dv lw lv frqvxphg1 Vlploduo|/ d ñup wkdw qr
orqjhu pdlqwdlqv lwv uhsxwdwlrq fdq lqlwldoo| uhvw rq lwv odxuhov/ zlwk lwv uhsxwdwlrq
rqo| judgxdoo| orvlqj lwv ydoxh dv frqvxphuv dgmxvw wr wkh qhz shuirupdqfh ohyho1

Ilqdoo|/ uhsxwdwlrqv fdq eh pdqdjhg1 D ñup*v sk|vlfdo0fdslwdo lqyhvwphqw
surñoh lv vhogrp xqlirup ryhu lwv olihwlph1 Uhodwlyho| kljk lqyhvwphqw ohyhov hduo|
lq d ñup*v olihwlph duh riwhq iroorzhg e| orzhu lqyhvwphqw ohyhov zkhq pdwxuh1
Vlploduo|/ zh h{shfw ñupv wr pdqdjh wkhlu uhsxwdwlrqv/ zlwk lqlwldo shulrgv ri kljk
lqyhvwphqw lq uhsxwdwlrq exloglqj srvvleo| ehlqj iroorzhg e| vxevhtxhqw shulrgv
lq zklfk wkh uhsxwdwlrq lv vxvwdlqhg zlwk orzhu lqyhvwphqw ohyhov1 Dv d uhvxow/ lw
pd| riwhq eh wkh fdvh wkdw _qxpehu wzr% wulhv kdughu1�

Uhsxwdwlrqv duh ydoxdeoh ehfdxvh wkh| khos ñupv vroyh prudo kd}dug sureohpv1
Zh prgho wkh prudo kd}dug dv dulvlqj rxw ri dq hòruw fkrlfh rq wkh sduw ri wkh
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ñup/ zklfk dòhfwv wkh suredelolw| glvwulexwlrq ryhu wkh xwlolwlhv frqvxphuv ghulyh
iurp frqvxplqj dq h{shulhqfh jrrg1 Li wkh ñup frxog fuhgleo| frpplw wr kljk
+udwkhu wkdq orz, hòruw/ shukdsv e| zulwlqj dq dssursuldwh frqwudfw/ wkhq wkh ñup
zrxog eh surñwdeo| uhzdughg wkurxjk d kljkhu zloolqjqhvv wr sd| rq wkh sduw ri
frqvxphuv1 Xqiruwxqdwho|/ frqvxphuv fdqqrw revhuyh wkh ñup*v hòruw ohyho/ dqg
fdqqrw revhuyh wkhlu lglrv|qfudwlf/ xqyhulñdeoh xwlolw| uhdol}dwlrq xqwlo diwhu wkh|
kdyh frqvxphg wkh jrrg1 Lw lv wkhq lpsrvvleoh iru wkh ñup wr fuhgleo| frpplw
wr kljk hòruw/ grrplqj wkh ñup wr dq lqhïflhqw/ orz0hòruw htxloleulxp/ xqohvv
uhsxwdwlrq frqvlghudwlrqv frph wr lwv uhvfxh1

Zh duh lqwhuhvwhg lq fdvhv lq zklfk ñupv idfh wzr lpsruwdqw revwdfohv lq dw0
whpswlqj wr vxuprxqw wklv prudo kd}dug sureohp1 Iluvw/ frqvxphuv revhuyh qrlv|
vljqdov ri wkh ehkdylru ri wkh ñup1 Kljk hòruw pdnhv d jrrg xwlolw| rxwfrph pruh
olnho|/ exw grhv qrw hqvxuh d jrrg rxwfrph/ mxvw dv orz hòruw grhv qrw frqghpq
wkh frqvxphu wr d edg rxwfrph1 Hyhq diwhu wkh idfw/ frqvxphuv fdqqrw eh vxuh
zkhwkhu wkh ñup kdv fkrvhq kljk ru orz hòruw/ pdnlqj wkh jdph rqh ri lpshu0
ihfw prqlwrulqj1 Wklv suhfoxghv wkh xvh ri vlpsoh wuljjhu vwudwhjlhv/ idploldu iurp
wkh wkhru| ri uhshdwhg jdphv zlwk shuihfw prqlwrulqj/ dv d frpplwphqw ghylfh1
Vhfrqg/ glòhuhqw frqvxphuv uhfhlyh glòhuhqw uhdol}dwlrqv ri wkh vljqdov/ pdnlqj
wkh jdph rqh ri lpshuihfw sulydwh prqlwrulqj1 Wklv uxohv rxw wkh frruglqdwlrq
lq frqvxphu eholhiv dqg ñup ehkdylru wkdw doorzv wuljjhu vwudwhjlhv wr vhuyh dv d
frpplwphqw ghylfh lq jdphv ri lpshuihfw sxeolf prqlwrulqj12

Wkh vwdqgdug dssurdfk wr uhsxwdwlrqv/ ehjlqqlqj zlwk Nuhsv/ Plojurp/ Urehuwv/
dqg Zlovrq ^47`/ Nuhsv dqg Zlovrq ^48`/ dqg Plojurp dqg Urehuwv ^53`/ lqwur0
gxfhv wkh srvvlelolw| wkdw wkh ñup lv d _jrrg% ru _Vwdfnhoehuj% w|sh lqwr d jdph
ri shuihfw prqlwrulqj1 Frqvxphuv nqrz wkdw vxfk ñupv h{lvw/ exw duh ljqrudqw
ri wkh w|sh ri wkh ñup wkh| idfh1 Ruglqdu| ñupv wkhq dftxluh wkhlu uhsxwdwlrqv
e| pdvtxhudglqj dv Vwdfnhoehuj ñupv1 Lq rxu vhwwlqj/ d Vwdfnhoehuj ñup dozd|v
fkrrvhv kljk hòruw1ô

Ixghqehuj dqg Ohylqh ^<` h{whqg wkh vwdqgdug uhsxwdwlrq prgho e| dvvxplqj
wkdw frqvxphuv fdq revhuyh rqo| qrlv| vljqdov ri wkh ñup*v dfwlrq/ vr wkdw wkh
jdph kdv lpshuihfw sxeolf prqlwrulqj1 Wkh| vkrz wkdw/ li frqvxphuv dvvljq
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srvlwlyh sulru suredelolw| wr wkh ñup*v ehlqj d Vwdfnhoehuj w|sh dqg li wkh ñup lv
vxïflhqwo| sdwlhqw/ wkhq dq ruglqdu| ñup dfklhyhv dq dyhudjh glvfrxqwhg sd|rò
forvh wr lwv frpplwphqw sd|rò +l1h1/ lwv sd|rò li lw frxog fuhgleo| frpplw wr wkh
Vwdfnhoehuj dfwlrq,1 Lq rughu wr rewdlq wklv sd|rò/ wkh ruglqdu| ñup vshqgv orqj
shulrgv ri wlph fkrrvlqj kljk hòruw zlwk kljk suredelolw|1 Wkh vlpsohvw vwdqgdug
uhsxwdwlrq prgho kdv rqo| wzr w|shv/ ruglqdu| dqg Vwdfnhoehuj1 Lq wkdw vhwwlqj/
wkhuh lv qr uhsxwdwlrq exloglqj1 Udwkhu wkdq ehlqj exlow judgxdoo|/ uhsxwdwlrqv
vsulqj wr olih/ lq wkh vhqvh wkdw d gh qryr ñup ehjlqv zlwk frqvxphuv lpphgldwho|
dvvljqlqj kljk suredelolw| wr wkh ñup*v fkrrvlqj kljk hòruw/ dqg wkh suredelolw|
dvvljqhg wr wkh ñup*v ehlqj d Vwdfnhoehuj w|sh wkhq vwhdglo| ghfolqhv1e Htxloleuld
wkdw h{klelw uhsxwdwlrq exloglqj fdq eh frqvwuxfwhg e| h{sdqglqj wkh prgho wr
lqfoxgh wkuhh w|shv/ d Vwdfnhoehuj w|sh/ dq ruglqdu| w|sh/ dqg dq _lqhsw% w|sh/
zkhuh wkh lqhsw w|sh dozd|v fkrrvhv wkh p|rslfdoo| rswlpdo dfwlrq1 Lq wkh lqlwldo
shulrgv/ frqvxphuv wkhq sxw vxevwdqwldo suredelolw| rq wkh ñup*v ehlqj lqhsw/ dqg
dq ruglqdu| ñup exlogv lwv uhsxwdwlrq dv wklv suredelolw| idoov1 Zh dovr qrwh wkdw
zkloh Ixghqehuj dqg Ohylqh ^<` uhvwulfw dwwhqwlrq wr jdphv ri lpshuihfw sxeolf
prqlwrulqj/ wkhlu dqdo|vlv dssolhv zlwkrxw fkdqjh wr wkh fdvh ri lpshuihfw sulydwh
prqlwrulqj/ dv orqj dv wkh jdph lv vxïflhqwo| vlpsoh wkdw wkh Vwdfnhoehuj dfwlrq
lv d frqvwdqw/ dv lw lv lq rxu fdvh1

Wkh vwdqgdug uhsxwdwlrq prgho fdq wkxv eh h{whqghg wr fdswxuh pdq| ri wkh
ihdwxuhv ri d uhsxwdwlrq wkdw zh frqvlghu lpsruwdqw/ exw lw uholhv fuxfldoo| rq frq0
vxphuv eholhylqj lq wkh srvvlelolw| ri d Vwdfnhoehuj w|sh1 Wklv pd| eh uhdvrqdeoh
lq vrph flufxpvwdqfhv/ exw lv txhvwlrqdeoh lq rwkhuv1 Lq rxu prgho/ iru h{dpsoh/
wkh Vwdfnhoehuj w|sh pxvw fkrrvh kljk hòruw lq hyhu| shulrg1 Vxfk ehkdylru lv
w|slfdoo| mxvwlñhg e| dvvxplqj wkdw wkh Vwdfnhoehuj dfwlrq lv d vwulfwo| grplqdqw
dfwlrq1D Exw lq rxu fdvh/ frqvwdqw kljk hòruw zloo eh d grplqdqw vwudwhj| lq
wkh vwdjh jdph rqo| li wkh Vwdfnhoehuj w|sh kdv txlwh glòhuhqw sd|ròv iurp wkh
ruglqdu| ñup1

Dq lqhsw w|sh/ lq frqwudvw/ pd| uhtxluh pxfk ohvv vwulqjhqw dvvxpswlrqv1 Lq
rxu prgho/ dq lqhsw w|sh qhhg glòhu iurp ruglqdu| w|shv rqo| lq kdylqj kljkhu
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frvwv ri kljk hòruw1 Shukdsv shvvlplvwlfdoo|/ zh wklqn wkdw lqhsw w|shv duh pruh
sodxvleoh wkdw Vwdfnhoehuj w|shv lq pdq| flufxpvwdqfhv1 Lw lv wkxv lpsruwdqw wr
lqyhvwljdwh zkhwkhu uhsxwdwlrq exloglqj fdq rffxu lq wkh devhqfh ri Vwdfnhoehuj
w|shv1

Lq wklv sdshu/ zh h{dplqh uhsxwdwlrq htxloleuld lq pdunhwv frqwdlqlqj rqo|
ruglqdu| dqg lqhsw ñupv1 Rxu ruglqdu| ñupv dftxluh wkhlu uhsxwdwlrqv lq wkh
frxuvh ri frqylqflqj frqvxphuv wkdw wkh| duh qrw lqhsw1 Exloglqj d uhsxwdwlrq
lv dq h{huflvh lq vhsdudwlqj rqhvhoi iurp lqhsw ñupv udwkhu wkdq srrolqj zlwk
Vwdfnhoehuj ñupv1 Lq wklv vhqvh/ uhsxwdwlrq lq rxu prgho lqyroyhv hvwdeolvklqj
zkr rqh lv qrw/ udwkhu wkdq zkr rqh zrxog olnh wr eh1

Ruglqdu| w|shv +khqfhiruwk frpshwhqw ñupv, glvwlqjxlvk wkhpvhoyhv iurp lq0
hsw ñupv lq rxu prgho e| fkrrvlqj kljk hòruw1 Wkh| gr vr ehfdxvh d ñup*v ydoxh
lv lqfuhdvhg zkhq frqvxphuv wklqn lw lv frpshwhqw/ dv orqj dv frqvxphuv dovr
eholhyh wkdw frpshwhqw ñupv fkrrvh kljk hòruw1 Krzhyhu/ li wkh ñup*v w|sh lv
ghwhuplqhg rqfh dqg iru doo lq wkh lqlwldo shulrg/ wkhq frqvxphuv zloo hyhqwxdoo|
ehfrph yluwxdoo| frqylqfhg wkdw wkh ñup lv frpshwhqw/ zlwk dq dgglwlrqdo vljqdo
surpswlqj rqo| d plqxvfxoh uhylvlrq lq wkhlu eholhiv1 Dv d uhvxow/ wkh lqfhqwlyh wr
fkrrvh kljk hòruw froodsvhv dqg wkh htxloleulxp xqudyhov/ hqvxulqj wkdw wkhuh lv
qr sxuh0vwudwhj| kljk hòruw htxloleulxp1S Wkh nh| lqjuhglhqw ri rxu uhsxwdwlrq
prgho lv wkh frqwlqxdo srvvlelolw| wkdw d frpshwhqw ñup pljkw eh uhsodfhg e|
dq lqhsw ñup1 Wklv frqvwdqw srvvlelolw| wkdw wkh w|sh ri wkh ñup kdv fkdqjhg/
dqg khqfh wkh frqwlqxhg ghvluh ri wkh frpshwhqw ñup wr vhsdudwh lwvhoi iurp edg
ñupv/ ohdgv wr sxuh0vwudwhj| htxloleuld lq zklfk frpshwhqw ñupv dozd|v fkrrvh
kljk hòruw/ judgxdoo| exloglqj dqg wkhq pdlqwdlqlqj d uhsxwdwlrq iru frpshwhqf|
dqg kljk hòruw1.

Rqfh d uhsxwdwlrq fdq eh vxssruwhg e| wkh ghvluh wr vhsdudwh/ wkh txhvwlrq
dulvhv dv wr krz wkh ñup pdqdjhv lwv uhsxwdwlrq1 Li wkhuh lv pruh wkdq rqh
hòruw ohyho wkdw frxog glvwlqjxlvk d frpshwhqw ñup iurp dq lqhsw rqh/ zklfk
rqh zloo wkh frpshwhqw ñup fkrrvhB Zloo lw dozd|v fkrrvh wkh vdph rqhB Wr
dgguhvv vxfk txhvwlrqv/ zh h{sdqg wkh prgho vr wkdw wkh frpshwhqw ñup kdv
pruh wkdq rqh hòruw ohyho dydlodeoh wkdw lqhsw ñupv fdqqrw fkrrvh1 Kljkhu hòruw
ohyhov ohdg wr kljkhu suredelolwlhv ri jrrg rxwfrphv/ exw dw kljkhu frvw1 Wkh
lqirupdwlyhqhvv ri frqvxphu rxwfrphv ghshqgv rq frqvxphuv* eholhiv derxw ñup

Sú hi*@|i_ ui@|ýhi ê@t �ht| _itUhðMi_c ð? |üi UL?|i | Lu @ tð}?@* é@44ð?} 4L_i*c M) OL*4t|hL4
d�2oc êüL @*tL _itUhðMi_ |üi hL*i Lu Uü@?}ð?} Uü@h@U|ihðt|ðUt ð? hi4Lñð?} ð|ë 5iU|ðL? ô _ðtUýttit
|üi ð4TLh|@?| hitTiU|t ð? êüðUü Lýh @?@*)tðt _ðgiht uhL4 OL*4t|hL4<t d�2oë

.Aüi hit|hðU|ðL? |L Týhi t|h@|i}ðit ðt ?L| @t |hLýM*ð?} üihi @t ð| ðt ð? |üi t|@?_@h_ hiTý|@|ðL?
4L_i*c êüihi |üihi @hi ?L Týhi t|h@|i}) i^ýð*ðMhð@ Etii uLL|?L|i eäë �ð i_ t|h@|i}) i^ýð*ðMhð@ uLh
}@4it êð|ü ð4TihuiU| Thðñ@|i 4L?ð|Lhð?} @hi ?L| êi** ý?_iht|LL_ë ì hi|ýh? |L |üðt ð? 5iU|ðL?
ôë

7



ehkdylru1 Li frqvxphuv eholhyh frpshwhqw ñupv/ olnh lqhsw ñupv/ fkrrvh orz hòruw/
wkhq frqvxphu rxwfrphv duh ylhzhg dv ehlqj frpsohwho| xqlqirupdwlyh1 Rq wkh
rwkhu kdqg/ wkh kljkhu wkh hòruw ohyho frqvxphuv eholhyh wkh frpshwhqw ñup kdv
fkrvhq/ wkh pruh frqvxphuv* srvwhulruv zloo dgmxvw lq uhvsrqvh wr d jrrg ru edg
rxwfrph1 Dv d frqvhtxhqfh/ wkhuh fdq eh htxloleuld lq zklfk wkh frpshwhqw ñup
exlogv d uhsxwdwlrq/ exw grhv vr e| fkrrvlqj dq lqhïflhqwo| orz ohyho ri hòruw1
Fkrrvlqj wkh kljkhu/ hïflhqw ohyho lv qrw d surñwdeoh ghyldwlrq ehfdxvh frqvxphuv
duh xsgdwlqj dffruglqj wr d uxoh zklfk uhzdugv jrrg rxwfrphv ohvv wkdq zrxog eh
wkh fdvh li wkh frqvxphuv h{shfwhg wkh hïflhqw hòruw ohyho wr eh wdnhq1 Wkhuh fdq
dovr eh htxloleuld lq zklfk dq lqhïflhqwo| kljk ohyho ri hòruw lv fkrvhq/ vxssruwhg
e| dq xsgdwlqj uxoh zklfk sxqlvkhv edg rxwfrphv zlwk odujh grzqzdug uhylvlrq
lq frqvxphu srvwhulruv1 Lq wkh frxuvh ri h{dplqlqj wkhvh srvvlelolwlhv/ Vhfwlrq
8 vkrzv wkdw wkhuh lv d vhqvh lq zklfk lqhïflhqwo|0exlow uhsxwdwlrqv duh pruh
olnho| wr lqyroyh wrr olwwoh udwkhu wkdq wrr pxfk hòruw1 Ilqdoo|/ zh vkrz wkdw
htxloleulxp pd| uhtxluh wkh frpshwhqw ñup wr fkrrvh glòhuhqw hòruw ohyhov iru
glòhuhqw frqñjxudwlrqv ri frqvxphu srvwhulruv1

Lv d uhsxwdwlrq wkh rqo| phdqv e| zklfk wkh ñup fdq frpplw wr kljk hòruwB
Zk| grhvq*w wkh ñup vlpso| ròhu d jxdudqwhh/ frpshqvdwlqj dq| frqvxphu zkr
uhfhlyhv d edg rxwfrph vr dv wr eulqj wkhlu xwlolw| xs wr wkdw ri d jrrg rxwfrph
dqg khqfh surylglqj wkh ñup zlwk wkh dssursuldwh lqfhqwlyhv wr h{huw kljk hòruwB

Wkhuh duh wkuhh uhodwhg revwdfohv wr vxfk jxdudqwhhv1 Iluvw/ kljk hòruw vwloo
ohdyhv vrph suredelolw| ri d edg xwlolw| rxwfrph1 Dq hòhfwlyh jxdudqwhh ri d
jrrg rxwfrph pd| wkhq eh surklelwlyho| h{shqvlyh/ zkloh d jxdudqwhh ri d kljk
suredelolw| ri d jrrg rxwfrph pd| eh lpsrvvleoh wr hqirufh1 Vhfrqg/ lq rughu
wr surylgh dq rxwfrph htxlydohqw wr uhfhlylqj d jrrg rxwfrph zlwk fhuwdlqw|/ d
jxdudqwhh zloo w|slfdoo| kdyh wr lqyroyh pxfk pruh wkdq vlpso| uhsodflqj dq|
surgxfw gholyhulqj orz xwlolw|/ vlqfh wkh surfhvv ri h{shulhqflqj d edg rxwfrph
dqg fodlplqj frpshqvdwlrq lv lwvhoi frvwo|1 D uhvwdxudqw*v ròhu wr suhsduh dqrwkhu
phdo fdqqrw ixoo| frpshqvdwh iru kdylqj uhfhlyhg d edg glqqhu1 D vxujhrq*v ròhu
wr uhshdw d surfhgxuh fdqqrw frpshqvdwh iru kdylqj grqh wkh ñuvw rqh lqfruuhfwo|1
Ilqdoo|/ ehfdxvh frqvxphu xwlolw| rxwfrphv duh qrw yhulñdeoh/ d jxdudqwhh surylghv
frqvxphuv uhfhlylqj jrrg dv zhoo dv edg rxwfrphv zlwk dq lqfhqwlyh wr fodlp
frpshqvdwlrq1

Frpplwwlqj wr jrrg rxwfrphv/ hyhq zlwk wkh khos ri ghylfhv vxfk dv jxdu0
dqwhhv/ lv wkxv olnho| wr eh wrr frvwo|1 Wkh ñup zloo rswlpdoo| fkrrvh wr kdyh
vrph fkdqfh ri d edg rxwfrph uhpdlq1 Zh ylhz wkh xqfhuwdlqw| ryhu wkh xwlolw|
surylghg e| wkh jrrg lq rxu prgho dv wkdw xqfhuwdlqw| zklfk uhpdlqv diwhu wkh
ñup kdv wdnhq zkdwhyhu frvw0hòhfwlyh phdvxuhv lw fdq/ lqfoxglqj jxdudqwhhv/ wr
hqvxuh kljk txdolw|/ dqg lw lv wklv uhvlgxdo xqfhuwdlqw| wkdw jlyhv ulvh wr wkh ydoxh
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ri d uhsxwdwlrq1H

Wkhuh duh pdq| rwkhu ghylfhv ehvlghv jxdudqwhhv wkdw pljkw eh xvhg dv vljqdov
wkdw wkh ñup kdv h{huwhg kljk hòruw/ lqfoxglqj sulfhv1 Iru h{dpsoh/ ñupv pljkw
xvh sulfhv dv d ghylfh wr vljqdo wkhlu hòruw ohyhov e| _exuqlqj prqh|1% Wkh
srvvlelolw| ri vljqdolqj lv lpsruwdqw/ exw zh irfxv rq uhsxwdwlrq irupdwlrq lvvxhv
lq wklv sdshu e| dvvxplqj wkdw wkh rqo| fkrlfh wkh ñup pdnhv lv zkhwkhu wr h{huw
kljk ru orz hòruw1 Qrwlfh/ lq dgglwlrq/ wkdw dq| prgho lq zklfk vxfk vljqdolqj lv
srvvleoh dozd|v kdv d srrolqj htxloleulxp wkdw gxsolfdwhv wkh htxloleulxp ri wkh
prgho zh h{dplqh1

Vhfwlrq 5 ghvfulehv wkh lqwhudfwlrq ehwzhhq wkh ñup dqg lwv frqvxphuv1 Vhf0
wlrq 6 looxvwudwhv wkh lpsruwdqfh ri frqvwdqw dgyhuvh vhohfwlrq lq doorzlqj wkh
ñup wr ryhufrph lwv prudo kd}dug sureohp1 Vhfwlrq 7 suhvhqwv dq htxloleulxp lq
zklfk d uhsxwdwlrq lv exlow dqg pdlqwdlqhg/ zlwk wkh frpshwhqw ñup frqvwdqwo|
vwulylqj wr surgxfh kljk txdolw| lq rughu wr dvvxuh frqvxphuv wkdw lw kdv qrw ehhq
uhsodfhg e| d dq lqhsw ñup1 Vhfwlrq 8 h{sdqgv wkh prgho wr dffrpprgdwh d
ulfkhu vhw ri dfwlrqv iru wkh ñup/ h{dplqlqj flufxpvwdqfhv xqghu zklfk wkh ñup
pd| xvh lqhïflhqw phdqv wr exlog d uhsxwdwlrq dqg flufxpvwdqfhv xqghu zklfk
d ñup pd| zrun yhu| kdug wr exlog xs d phglrfuh uhsxwdwlrq/ exw wkhq frdvw rq
wkh vwuhqjwk ri wkh uhvxowlqj kljk uhsxwdwlrq1 Vhfwlrq 9 ghvfulehv d jhqhudol}dwlrq
ri wkh prgho dqg uhodwhv rxu dqdo|vlv wr wkh olwhudwxuh1

Rxu ylhz ri uhsxwdwlrqv dv dvvhwv gluhfwv dwwhqwlrq wr wkh pdunhw iru uhsxwd0
wlrqv1 Zkhq fdq uhsxwdwlrqv eh sxufkdvhgB Zklfk uhsxwdwlrqv zloo frpshwhqw
ñupv ñqg prvw ydoxdeoh/ dqg zklfk uhsxwdwlrqv zloo lqhsw ñupv ñqg prvw ydox0
deohB Zh wxuq wr wkhvh lvvxhv lq d frpsdqlrq sdshu +^4<`,1

2ë Aüi �@h!i|

Frqvxphuv1 Frqvlghu d frqwlqxxp ri frqvxphuv zkr uhshdwhgo| sxufkdvh dq
h{shulhqfh jrrg ru vhuylfh iurp d vlqjoh ñup1 Wlph lv glvfuhwh dqg frqvxphuv duh
lqñqlwho| olyhg1b Wkh h{shulhqfh jrrg jhqhudwhv wzr srvvleoh xwlolw| ohyhov/ zklfk
zh qrupdol}h wr 3 dqg 41 Zh ghvfuleh d xwlolw| ri 4 dv d jrrg rxwfrph/ ghqrwhg
e| j/ dqg d xwlolw| ri 3 dv d edg rxwfrph/ ghqrwhg e| e1

Lq hdfk shulrg/ wkh ñup h{huwv hòruw h/ zklfk ghwhuplqhv wkh suredelolw| ri d
jrrg rxwfrph/ ãe1 Wkhuh duh wzr srvvleoh hòruwv/ kljk +K, dqg orz +O,/ zlwk wkh

Hk*ið? @?_ wi=ih d�ôo t|hitt |üi ð4TLh|@?Ui Lu hiTý|@|ðL?@* UL?tð_ih@|ðL?t ð? i?uLhUð?} UL4í
4ð|4i?|t |L üð}ü ^ý@*ð|) êüi? UL?|h@U|ýh@* _iñðUit @hi ThLüðMð|ðñi*) i Ti?tðñië

b,^ýðñ@*i?|*)c tð?Ui UL?tý4iht êð** Mi Miü@ñð?} 4)LTðU@**)c i@Uü UL?tý4ih *ðñit L?i TihðL_
@?_ ü@t L?i LgtThð?}ë Aüi Uhð|ðU@* @ttý4T|ðL? ðt |üi? |ü@| @? LgtThð?} ð?üihð|t |üi üðt|Lh) Lu
üih T@hi?|c Mý| ?L| Lu |üi L|üih UL?tý4ihtë
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suredelolwlhv vdwlvi|lqj
3 ? ãu ? ãM ? 4=

Vhfwlrq 8 h{whqgv wkh dqdo|vlv wr wkuhh hòruw ohyhov/ zkloh Vhfwlrq 9 ghvfulehv krz
rxu uhvxowv h{whqg wr d pruh jhqhudo whfkqrorj| olqnlqj hòruw ohyhov dqg xwlolwlhv1

Wkh frqvxphu srsxodwlrq lv ri xqlw phdvxuh1 Hdfk frqvxphu sxufkdvhv rqh
xqlw ri wkh jrrg lq hdfk shulrg1 Lq hdfk shulrg w/ hdfk lqglylgxdo frqvxphu uh0
fhlyhv d jrrg rxwfrph zlwk suredelolw| ãe| / zkhuh h| lv wkh ñup*v hòruw lq shulrg
w1 Pruhryhu/ lq hdfk shulrg dqg iru hdfk jurxs ri frqvxphuv kdylqj h{shulhqfhg d
frpprq klvwru| ri xwlolw| uhdol}dwlrqv/ d sursruwlrq ãe| ri wklv jurxs uhfhlyhv wkh
jrrg rxwfrph1 D ghwhuplqlvwlf vhtxhqfh ri hòruw fkrlfhv wkxv |lhogv d ghwhuplq0
lvwlf vhtxhqfh ri glvwulexwlrqv ri frqvxphuv* klvwrulhv1 Lq ghvfulelqj wkh prgho/
zh surfhhg dv li lq hdfk shulrg hdfk frqvxphu uhfhlyhv dq lqghshqghqw gudz iurp
wkh glvwulexwlrq ri xwlolw| rxwfrphv/ wkh suredelolw| ri d jrrg rxwfrph lq shulrg w
lv ãe| / dqg wkh frqwlqxxp ri frqvxphuv hqvxuhv wkdw wkhuh lv qr xqfhuwdlqw| derxw
wkh djjuhjdwh rxwfrph1�f

Diwhu sxufkdvlqj wkh jrrg/ hdfk frqvxphu revhuyhv khu uhdol}hg xwlolw|1 Wklv
surylghv d qrlv| vljqdo ri wkh ñup*v hòruw/ dqg frqvxphuv fdqqrw revhuyh wkh
ñup*v hòruw ohyhov gluhfwo|1 Wkh djjuhjdwh glvwulexwlrq ri wkh xwlolwlhv uhfhlyhg e|
frqvxphuv lq dq| shulrg lv shuihfwo| lqirupdwlyh derxw wkh ñupv*v hòruw fkrlfh lq
wkdw shulrg= frqvxphuv qhhg rqo| revhuyh wkh iudfwlrq ri jrrg rxwfrphv lq rughu
wr lqihu hòruw1 Krzhyhu/ d frqvxphu revhuyhv qhlwkhu wkh djjuhjdwh glvwulexwlrq
qru wkh rxwfrph ri dq| rwkhu frqvxphu/ dqg khqfh fdq rqo| gudz lqihuhqfhv derxw
wkh ñup*v ehkdylru iurp khu rzq uhdol}hg xwlolw|1

Vlqfh wkhuh lv d frqwlqxxp ri frqvxphuv/ qr frqvxphu*v dfwlrq fdq dòhfw

�fAüihi @hi êi**í!?Lê? |iUü?ðU@* UL4T*ðU@|L?t ð? 4L_i*ð?} @ UL?|ð?ýý4 Lu ð?_iTi?_i?| h@?í
_L4 ñ@hð@M*it Etii ú*íû@éé@h d2oäë W? Lýh U@tic ð?_iTi?_i?Ui tihñit L?*) @? i TLtð|ðL?@* hL*ië
Aüi Uhð|ðU@* ui@|ýhi Lu |üi 4L_i* ðt |ü@|c ð? TihðL_ |c ðu |üi �h4 ðt i TiU|i_ |L i ih| igLh| *iñi*
e|c |üi? i@Uü UL?tý4ih @ttð}?t @ ThLM@Mð*ð|) Lu 4ew |L |üi iñi?| |ü@| tüi hiUiðñit @ }LL_ Lý|í
UL4ic @?_ Mi*ðiñit |ü@| @ uh@U|ðL? 4ew Lu UL?tý4iht êð** hiUiðñi |üi }LL_ Lý|UL4ië Aüðt U@? Mi
@Uüðiñi_ hð}LhLýt*) @t uL**LêtG wi| |üi tT@Ui Lu UL?tý4iht Mi dfc �oë 6ð |üi �ht|íTihðL_ igLh|
UüLðUi eë wi| ü Mi |üi hi@*ð3@|ðL? Lu @ ý?ðuLh4 h@?_L4 ñ@hð@M*i L? dfc �oë Aüi?c UL?tý4iht ð?
Edü3 �c ün 4e 3 �o ø düc ün 4eoäK dfc �o hiUiðñi |üi }LL_ Lý|UL4i @?_ UL?tý4iht ð? |üi UL4T*ií
4i?| |üi M@_ Lý|UL4ië Aüi týMTLTý*@|ðL? êüL hiUiðñi_ @ }LL_ Lý|UL4i ð? |üi �ht| TihðL_ U@?
Mi ñðiêi_ ð? @ ?@|ýh@* ê@) @t @ TLTý*@|ðL? _ðt|hðMý|i_ L? U}c @? ð?|ihñ@* Lu *i?}|ü 4ec êüð*i |üi
týMTLTý*@|ðL? êüL hiUiðñi_ @ M@_ Lý|UL4i ð? |üi �ht| TihðL_ U@? Mi ñðiêi_ @t @ TLTý*@|ðL?
_ðt|hðMý|i_ L? UKc @? ð?|ihñ@* Lu *i?}|ü � 3 4eë 5iUL?_íTihðL_ Lý|UL4it @hi _i|ih4ð?i_ uhL4
tiUL?_ TihðL_ igLh| @?_ |üi hi@*ð3@|ðL?t Lu @ ý?ðuLh4*) _ðt|hðMý|i_ h@?_L4 ñ@hð@M*i L? U} @?_
L?i _ðt|hðMý|i_ L? UK @t @MLñië Aüiti |êL h@?_L4 ñ@hð@M*it @hi ð?_iTi?_i?| Lu i@Uü L|üih @?_ Lu
|üi hi@*ð3@|ðL? Lu ü ë Aüðt UL?t|hýU|ðL? ü@t @? LMñðLýt hiUýhtðL?c @?_ )ði*_t |üi _itðhi_ T@||ih?
Lu ý|ð*ð|) hi@*ð3@|ðL?të ûL|ðUi |ü@| |üðt UL?t|hýU|ðL? hi^ýðhit @ ULý?|@M*i ?ý4Mih Lu ð?_iTi?_i?|
h@?_L4 ñ@hð@M*it EL?i uLh i@Uü TLttðM*i �?ð|i üðt|Lh) Lu ý|ð*ð|) hi@*ð3@|ðL?täë

:



wkh ixwxuh sod| ri wkh jdph/ dqg khqfh frqvxphuv rswlpl}h p|rslfdoo|1 Shulrg w
uhyhqxhv ri wkh ñup wkhq ghshqg hqwluho| rq frqvxphuv* h{shfwdwlrqv ri wkh ñup*v
shulrg0w hòruw fkrlfh1 Ohw I eh d glvwulexwlrq ixqfwlrq/ zlwk I +{, lghqwli|lqj wkh
sursruwlrq ri frqvxphuv zkr h{shfw wkh ñup wr h{huw kljk hòruw zlwk suredelolw|
ohvv wkdq ru htxdo wr {/ dqg ohw I eh wkh vhw ri glvwulexwlrqv1 Uhyhqxh lv jlyhq e|
s+I ,/ zkhuh s = I $ ^3> 4` lv d ixqfwlrq uhsuhvhqwlqj wkh pdunhw lqwhudfwlrq e|
zklfk sulfhv duh iruphg1 Zh dvvxph s lv lqfuhdvlqj/ vr wkdw kljkhu h{shfwdwlrqv
ri kljk txdolw| ohdg wr kljkhu uhyhqxh=

I â " I , s+I â, A s+I ,>

zkhuh " lv ñuvw0rughu vwrfkdvwlf grplqdqfh1 Zh dovr dvvxph wkdw s+I?,$ s+I ,
iru doo vhtxhqfhv iI?j frqyhujlqj zhdno| wr I 1 Ilqdoo|/ li d vhtxhqfh ri glvwulex0
wlrqv iI?j ñuvw rughu vwrfkdvwlfdoo| grplqdwhv I dqg lv erxqghg dzd| iurp lw/ lq
wkh vhqvh wkdw

U �
f {gI? ý

U �
f {gI @

U �
f +I +{,ý I?+{,, g{ lv erxqghg dzd| iurp

}hur/ wkhq s+I?, lv erxqghg dzd| iurp s+I ,1 Dq reylrxv h{dpsoh ri d pdunhw
lqwhudfwlrq zlwk wkhvh surshuwlhv lv shuihfw sulfh glvfulplqdwlrq/ zkhuh wkh ñup
fkdujhv hdfk frqvxphu khu uhvhuydwlrq sulfh1

Li hyhu| frqvxphu kdv wkh vdph eholhi derxw hòruw fkrlfh/ zh vxssuhvv I dqg
zulwh s+{,/ zkhuh { 5 ^3> 4` lv wkh frpprq suredelolw| dvvljqhg wr wkh hyhqw
wkdw wkh ñup h{huwv kljk hòruw1 Li frqvxphuv kdyh krprjhqhrxv eholhiv dqg
frpshwlwlrq dprqj frqvxphuv elgv wkh sulfh ri wkh jrrg xs wr lwv h{shfwhg xwlolw|/
ru/ htxlydohqwo|/ li wkh ñup fdq shuihfwo| sulfh glvfulplqdwh/ wkhq uhyhqxh lv jlyhq
e|

s+{, @ ãM{. ãu+4ý {,=

Wkh Ilup1 Wkhuh duh wzr w|shv ri ñup/ frpshwhqw dqg lqhsw1 Orz hòruw lv
frvwohvv iru erwk w|shv1 D frpshwhqw ñup fdq fkrrvh kljk hòruw dw d frvw ri
f A 31 Dq lqhsw ñup fdq rqo| fkrrvh orz hòruw/ ru htxlydohqwo|/ d fkrlfh ri kljk
hòruw +dw d frvw ri f, jhqhudwhv wkh vdph glvwulexwlrq ri frqvxphu rxwfrphv dv
orz hòruw1 Erwk w|shv ri ñup pd{lpl}h wkh glvfrxqwhg vxp ri h{shfwhg surñwv/
zlwk glvfrxqw idfwru ñ1

Zh dvvxph wkdw wkh lqfuhdvh lq wkh ñup*v uhyhqxh iurp h{huwlqj kljk udwkhu
wkdq orz hòruw zrxog pruh wkdq frpshqvdwh iru wkh frvw ri hòruw li frqvxphuv
nqhz wkh hòruw fkrlfh/ l1h1/

s+4,ý s+3, A f= +514,

Zlwk shuihfw sulfh glvfulplqdwlrq/ wklv dvvxpswlrq uhgxfhv wr

ãM ý ãu A f=

;



Wklv hqvxuhv wkdw wkh hïflhqw dfwlrq lv wr h{huw kljk hòruw/ dqg vr li wkh ñup
frxog frpplw wr dq hòruw ohyho/ lw zrxog fkrrvh kljk hòruw1��

D ñup*v w|sh/ frpshwhqw ru lqhsw/ lv ghwhuplqhg e| d ydulhw| ri idfwruv/ lq0
foxglqj wkh frpsrvlwlrq dqg vnloov ri wkh zrun irufh/ whfkqrorj| dqg fdslwdo vwrfn/
dffhvv wr dssursuldwh pdwhuldov/ pdqdjhphqw vw|oh dqg rujdql}dwlrq/ dqg zrun0
sodfh fxowxuh1 Iru frqfuhwhqhvv/ zh vshdn ri d ñup*v w|sh dv ehlqj ghwhuplqhg e|
wkh fkdudfwhulvwlfv ri lwv rzqhu/ dqg vshdn lqwhufkdqjhdeo| ri wkh w|sh ri rzqhu
ru w|sh ri ñup1

Ehiruh sod| ehjlqv/ Qdwxuh ghwhuplqhv wkh ruljlqdo w|sh ri wkh ñup/ fkrrvlqj
frpshwhqw zlwk suredelolw| !f dqg lqhsw zlwk suredelolw| 4ý!f1 Wkh ñup ohduqv
lwv w|sh/ exw frqvxphuv gr qrw1 Pruhryhu/ lq hdfk vxevhtxhqw shulrg/ wkhuh lv
d suredelolw| è wkdw wkh fxuuhqw rzqhu ri d ñup lv uhsodfhg e| d qhz rzqhu1�2

Zh wklqn ri fkdqjhv lq shuvrqdo flufxpvwdqfhv/ vxfk dv uhdfklqj uhwluhphqw djh/
dv rffdvlrqdoo| fdxvlqj fxuuhqw rzqhuv wr ohdyh wkh pdunhw +ru/ pruh jhqhudoo|/
zh wklqn ri h{rjhqrxv yduldwlrqv lq dq| ri wkh idfwruv wkdw dòhfw d ñup*v w|sh,1
Uhjdugohvv ri wkh w|sh ri rzqhu zkr ohiw/ wkh qhz rzqhu*v w|sh lv frpshwhqw
zlwk h{rjhqrxvo| ñ{hg suredelolw| ë 5 +3> 4,1 Frqvxphuv gr qrw revhuyh wkh
w|sh ri d uhsodflqj ñup/ dqg fdqqrw revhuyh zkhwkhu d uhsodfhphqw kdv rffxuuhg1
Iru h{dpsoh/ wkh rzqhuvkls ri d uhvwdxudqw pljkw fkdqjh zlwkrxw fkdqjlqj wkh
uhvwdxudqw*v qdph dqg zlwkrxw frqvxphuv ehlqj dzduh ri wkh fkdqjh1�ô

Lqwxlwlyho|/ uhsodfhphqwv duh ghvljqhg wr fdswxuh wkh idfw wkdw frqvxphuv/
idfhg zlwk xqh{shfwhg rxwfrphv/ duh dozd|v zloolqj wr frqvlghu wkh srvvlelolw| wkdw
_wklqjv kdyh fkdqjhg1% Lq sudfwlfh/ zh h{shfw frqvxphuv zkr kdyh uhfhlyhg d edg
rxwfrph diwhu dq h{wuhpho| orqj vwulqj ri jrrg rxwfrphv wr uhvruw wr _vrphwklqj
derxw wkh ñup kdv fkdqjhg/% udwkhu wkdq edg oxfn iurp dq xqfkdqjhg ñup/ dv
wkhlu sulpdu| h{sodqdwlrq/ dqg wklv lv mxvw zkdw kdsshqv rqfh uhsodfhphqwv duh

��W? }i?ih@*c tð?Ui UL?tý4iht 4@) Mi hi|@ð?ð?} tL4i týhT*ýtc iæUði?U) 4@) hi^ýðhi |üi �h4
|L i ih| üð}ü igLh| iñi? ðu RE�ä 3 REfä $ Së Wu UL?tý4iht @hi T@)ð?} |üiðh hitihñ@|ðL? ý|ð*ð|ðitc
*Lê igLh| ðt iæUði?| ðu RE�ä3 REfä $ Së
�2Aüðt 4@!it |üi igiU|ðñi _ðtULý?| u@U|Lh ðt E�3 bäqë
�ôW? L|üih U@tit êüihi hiTý|@|ðL?t @hi |üLý}ü| |L Mi ð4TLh|@?|c Lê?ihtüðT Uü@?}it U@? U*i@h*)

Mi LMtihñi_ë 6Lh i @4T*ic Lê?ihtüðT Uü@?}it Lu 4i_ðU@* Th@U|ðUit |)TðU@**) U@??L| Mi UL?Ui@*i_ë
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dgghg wr wkh prgho1
Vhfwlrqv 6 dqg 7 h{sodlq zk| wkh srvvlelolw| ri fkdqjlqj w|sh lv fuxfldo wr rxu

uhvxowv1 Zh kdyh ghvfulehg wkh fkdqjh lq wkh ñup*v w|sh dv lqyroylqj d fkdqjh ri
rzqhuvkls/ exw zlwk rqo| vxshuñfldo fkdqjhv/ zh frxog prgho wkh fkdqjh ri w|sh
dv d fkdqjh lq dq| ri wkh rwkhu idfwruv wkdw lqðxhqfh wkh ñup*v delolw| wr surgxfh
ehwwhu frqvxphu rxwfrphv e| wdnlqj kljk hòruw1 Iru h{dpsoh/ zh frxog wklqn ri
d vlqjoh rzqhu zkr idfhv udqgrp vkrfnv wr klv frvw ri surgxfwlrq/ zlwk kljk frvwv
fruuhvsrqglqj wr lqhswqhvv dqg orz frvwv wr frpshwhqfh1

Vwudwhjlhv dqg Htxloleulxp1 Dw wkh ehjlqqlqj ri shulrg w/ hdfk frqvxphu l
lv fkdudfwhul}hg e| khu srvwhulru suredelolw| wkdw wkh ñup lv frpshwhqw/ ghqrwhg
!ð|/ dqg khu srvwhulru suredelolw| wkdw wkh ñup zloo h{huw kljk hòruw/ ghqrwhg  ð|1
Li wkh ñup lv frpshwhqw/ lw pdnhv lwv xqrevhuyhg hòruw fkrlfh1 Wkh rxwsxw lv wkhq
surgxfhg/ dqg wkh ñup uhfhlyhv uhyhqxhv wkdw ghshqg rq wkh glvwulexwlrqv ri !ð|
dqg  ð|/ exw qrw rq wkh ñup*v w|sh ru dfwlrq lq wkdw shulrg1 Frqvxphuv revhuyh
wkhlu rzq uhdol}hg xwlolwlhv dqg xsgdwh eholhiv derxw wkh w|sh ri ñup1 Ilqdoo|/
zlwk suredelolw| è/ wkh rzqhu lv uhsodfhg1

Iru frqvxphu l/ d shulrg0w klvwru| lv d w0wxsoh ri uhdol}hg xwlolw| rxwfrphv/
kð| 5 ij> ej| ì NS

| / ghvfulelqj wkh xwlolwlhv wkh frqvxphu kdv uhfhlyhg lq shulrgv
3 wkurxjk w ý 4 +qrwh wkdw wkh vsdfh ri srvvleoh klvwrulhv lv wkh vdph iru doo
frqvxphuv dqg wkdw wkh lqlwldo shulrg lv shulrg }hur,1 Wkh vhw ri doo frqvxphu
klvwrulhv lv NS @ ^|DfNS

| / zkhuh N
S
f @ >1 D eholhi ixqfwlrq iru frqvxphu l lv d

ixqfwlrq  ð = NS $ ^3> 4`/ zkhuh  ð+kð|, lv wkh suredelolw| frqvxphu l dvvljqv wr
wkh ñup h{huwlqj kljk hòruw lq shulrg w/ jlyhq klvwru| kð|1 Vlqfh hyhu| klvwru| ri
xwlolw| uhdol}dwlrqv kdv srvlwlyh suredelolw| xqghu dq| vhtxhqfh ri hòruw fkrlfhv
ri wkh ñup/ lw lv qhfhvvdulo| wkh fdvh wkdw/ dv orqj dv frqvxphuv xvh Ed|hv* uxoh
dqg frqvxphuv vwduw zlwk d frpprq sulru/ wzr frqvxphuv revhuylqj wkh vdph
vhtxhqfh ri xwlolw| uhdol}dwlrqv kdyh wkh vdph eholhiv derxw wkh ñup*v ehkdylru1
Lq sduwlfxodu/  ð+kS|, @  æ+kS|, iru doo k

S
| 5 NS dqg doo l> m 5 ^3> 4`1 Zh lpsrvh

wklv uhtxluhphqw zlwkrxw ixuwkhu frpphqw/ dqg ghvfuleh frqvxphuv* eholhiv e| d
vlqjoh ixqfwlrq  = NS $ ^3> 4`1 Jlyhq d vhtxhqfh ri uhdol}hg hòruw fkrlfhv e| wkh

ñup/ ks| / wkhuh lv dq lqgxfhg suredelolw| phdvxuh rq N
S
| / ghqrwhg ç|+ümks| ,1 Wkhq/

jlyhq  dqg ks| / Ivcûs|
+{, @ ç|

í
ikS| =  +kS|, é {j

ñññks| ì dqg wkh uhyhqxh lq shulrg w
diwhu wkh klvwru| ks| lv jlyhq e| s+Ivcûs|

,1

Zh wdnh d shulrg0w klvwru| ks| iru wkh ñup wr eh wkh w0wxsoh ri uhdol}hg hòruw

fkrlfhv/ ks| 5 iO>Kj| ì Ns
| / ghvfulelqj wkh fkrlfhv pdgh lq shulrgv 3 wkurxjk

w ý 41 Ghñqlqj Ns
f @ >/ wkh vhw ri doo srvvleoh ñup klvwrulhv lv Ns @ ^|DfNs

| 1
Zh frqvlghu rqo| sxuh vwudwhjlhv1 D sxuh vwudwhj| iru d frpshwhqw ñup lv d
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vwudwhj|/ á = Ns $ iO>Kj/ jlylqj wkh hòruw fkrlfh diwhu revhuylqj klvwru| ks| 1
Wkh froohfwlrq ri doo sxuh vwudwhjlhv iru wkh ñup lv ghqrwhg Vs 1 Dq lqhsw ñup
dozd|v h{huwv orz hòruw1 Diwhu d klvwru| ks| / wkh ñup*v frqwlqxdwlrq vwudwhj| á mûs| =
Ns $ iO>Kj lv jlyhq e| á m

ûs|
+ks|â, @ á+ks| k

s
|â,/ zkhuh k

s
| k
s
|â lv wkh frqfdwhqdwlrq

ri ks| dqg ks|â 1
Li è A 3/ wkhq zlwk suredelolw| rqh/ wkhuh zloo eh dq lqñqlwh qxpehu ri uh0

sodfhphqw hyhqwv/ lqñqlwho| pdq| ri zklfk zloo lqwurgxfh qhz/ frpshwhqw rzqhuv
lqwr wkh jdph1 Rxu ghvfulswlrq ri klvwrulhv ljqruhv wkhvh uhsodfhphqw hyhqwv1 E|
uhvwulfwlqj dwwhqwlrq wr ñup klvwrulhv lq Ns / zh duh uhtxlulqj wkdw d qhz frpsh0
whqw rzqhu/ hqwhulqj diwhu wkh hòruw klvwru| ks| / ehkdyh lq wkh vdph zd| dv dq
h{lvwlqj frpshwhqw rzqhu diwhu wkh vdph klvwru|1 Qrwlfh/ krzhyhu/ wkdw d frpsh0
whqw ñup uhsodflqj dq lqhsw ñup qhhg qrw ehkdyh wkh vdph dv zrxog d frqwlqxlqj
frpshwhqw ñup zkr fkrvh kljk hòruw lq wkh suhylrxv shulrg shulrg1 Zkloh rxu
uhvwulfwlrq pd| uxoh rxw vrph htxloleuld/ dq| htxloleulxp xqghu wklv dvvxpswlrq
zloo djdlq eh dq htxloleulxp zlwkrxw lw1�e Zh zloo vrphwlphv uhihu wr d vwudwhj|
á 5 Vs dv wkh frpshwhqw rzqhu*v +ru frpshwhqw w|sh*v, vwudwhj|/ dowkrxjk lw
ghvfulehv wkh ehkdylru ri doo qhz frpshwhqw rzqhuv dv zhoo1

Wkh vwudwhjlhv +á>  , zloo eh dq htxloleulxp li á+ks| , lv pd{lpl}lqj iru frpsh0

whqw rzqhuv diwhu hyhu| hòruw klvwru| ks| 5 Ns / dqg frqvxphuv* eholhiv derxw hòruw
fkrlfh/  / duh fruuhfw1 Zkloh wkh suhflvh vshflñfdwlrq ri wkhvh htxloleulxp frqgl0
wlrqv lv frqfhswxdoo| vwudljkwiruzdug/ lw lqyroyhv whglrxv qrwdwlrq1 Wkh glïfxow|
lv wkdw d pl{hg vwudwhj|/ ru d sxuh vwudwhj| lq zklfk wkh ñup vrphwlphv wdnhv
kljk hòruw dqg wkhuh duh uhsodfhphqwv wkdw pljkw eh hlwkhu frpshwhqw ru lqhsw/
jlyhv ulvh wr d udqgrp vhtxhqfh ri hòruw ohyhov1�D Vlqfh wkh ñup*v vwudwhj| pd|
fdoo iru glòhuhqw hòruw fkrlfhv diwhu glòhuhqw hòruw klvwrulhv/ d frqvxphu pxvw
wkhq xvh khu rxwfrph klvwru| wr irup d srvwhulru ryhu wkh hòruw klvwrulhv wkdw
wkh ñup kdv revhuyhg/ |lhoglqj dq lqwulfdwh xsgdwlqj surfhvv1 Lq sduwlfxodu/ wkh
srvwhulru suredelolw| wkdw d frqvxphu dvvljqv wr wkh ñup ehlqj frpshwhqw lv qrw
d vxïflhqw vwdwlvwlf iru khu klvwru| ri rxwfrphv1

Wkh qh{w wzr vhfwlrqv h{dplqh wzr lpsruwdqw fdvhv lq zklfk wkh htxloleulxp
vshflñfdwlrq dqg dqdo|vlv duh juhdwo| vlpsolñhg e| wkdw idfw wkdw d frqvxphu*v
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srvwhulru eholhi frqfhuqlqj wkh ñup*v frpshwhqf| lv d vxïflhqw vwdwlvwlf iru khu
rxwfrph klvwru|1 Wkh ñuvw lv wkh fdvh ri qr uhsodfhphqwv +è @ 3/ glvfxvvhg lq
wkh qh{w vhfwlrq,/ zkhuh dq| sxuh vwudwhj| á lqgxfhv wzr srvvleoh ghwhuplqlvwlf
vhtxhqfhv ri hòruw fkrlfhv/ rqh fruuhvsrqglqj wr d frpshwhqw ñup dqg rffxuulqj
zlwk h{ dqwh suredelolw| !f dqg rqh fruuhvsrqglqj wr dq lqhsw ñup dqg rffxuulqj
zlwk suredelolw| 4 ý !f1 Wkh vhfrqg/ dqdo|}hg lq Vhfwlrq 7/ lv d _kljk hòruw%
htxloleulxp lq d prgho zlwk uhsodfhphqwv/ lq zklfk frpshwhqw ñupv dozd|v fkrrvh
kljk hòruw1 Zkloh wkh sxuh vwudwhj| grhv qrw lqgxfh d ghwhuplqlvwlf vhtxhqfh ri
hòruw fkrlfhv lq wkh suhvhqfh ri uhsodfhphqwv/ d frqvxphu*v srvwhulru lv vwloo d
vxïflhqw vwdwlvwlf iru khu rxwfrph klvwru|/ vlqfh wkh frpshwhqw ñup wdnhv wkh
vdph htxloleulxp dfwlrq diwhu dq| uhdol}hg hòruw0ohyho klvwru|1

ôë Bi||ð?} úüi@_

Lq wklv vhfwlrq zh looxvwudwh wkh uroh ri uhsodfhphqwv lq ohdglqj wr htxloleuld zlwk
uhsxwdwlrqv e| h{dplqlqj wkh fdvh lq zklfk è @ 3/ vr wkdw uhsodfhphqwv gr qrw
rffxu1

Vxssrvh ñuvw wkdw !f @ 4/ lq zklfk fdvh wkh ruljlqdo dqg rqo| rzqhu ri wkh
ñup lv nqrzq wr eh frpshwhqw1 Wkhq lw lv lpphgldwh wkdw wkh rqo| sxuh0vwudwhj|
htxloleulxp fdoov iru wkh ñup wr dozd|v h{huw orz hòruw1 D frqvxphu zkr uh0
fhlyhv d edg rxwfrph zkhq wkh ñup lv vxssrvhg wr h{huw kljk hòruw zloo dwwulexwh
wklv edg rxwfrph wr dq hyhqw lq zklfk wkh ñup h{huwhg kljk hòruw exw wkh frq0
vxphu uhfhlyhg dq xqoxfn| gudz iurp d glvwulexwlrq zklfk jlyhv d jrrg rxwfrph
zlwk suredelolw| ãM ? 41 Exw edg rxwfrphv zloo wkhq surpsw qr sxqlvkphqwv
iurp frqvxphuv/ fuhdwlqj dq luuhvlvwleoh lqfhqwlyh iru wkh ñup wr h{huw orz hòruw/
ghvwur|lqj wkh htxloleulxp1

Wkh orjlf ri wkh frpsohwh0lqirupdwlrq fdvh dovr krogv zlwk lqfrpsohwh lq0
irupdwlrq +!f ? 4,/ lq wkh devhqfh ri uhsodfhphqwv/ wkrxjk wkh dujxphqw lv
pruh lqyroyhg1 Vxssrvh wkh frpshwhqw ñup lv iroorzlqj wkh sxuh vwudwhj| á / dqg
uhfdoo wkdw dq hòruw fkrlfh iru wkh ñup pdsv ghwhuplqlvwlfdoo| lqwr d glvwulex0
wlrq ri xwlolw| uhdol}dwlrqv iru wkh frqvxphuv1 Wkhq á lqgxfhv wkh hòruw sdwk/
ks"+á, ì ihô| j"|'f/ iru wkh frpshwhqw ñup wkurxjk wkh uhfxuvlrq= hôf @ á+>, dqg
hô| @ á+ks|3�+á,, iru w è 41 Ohw *+!m{, ghqrwh wkh srvwhulru suredelolw| wkdw wkh
ñup lv frpshwhqw/ jlyhq d sulru suredelolw| ri ! wkdw wkh ñup lv frpshwhqw dqg
d vlqjoh uhdol}hg xwlolw| rxwfrph ri { 5 ij> ej=

*+! m j, @ +hô| ãM . +4ý hô| ,ãu,!

+hô| ãM . +4ý hô| ,ãu,!. ãu+4ý !,
+614,
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dqg

*+! m e, @ +hô| +4ý ãM, . +4ý hô| ,+4ý ãu,,!

+hô| +4ý ãM, . +4ý hô| ,+4ý ãu,,!| . +4ý ãu,+4ý !,
= +615,

H{whqglqj wkh qrwdwlrq lq dq reylrxv pdqqhu/ zh zulwh *+! m kS|, iru wkh xsgdwh
iurp d sulru ! diwhu wkh klvwru| kS| 1 Li d frqvxphu eholhyhv wkh frpshwhqw ñup
lv iroorzlqj wkh sxuh vwudwhj| á / klv eholhi derxw wkh ñup*v hòruw fkrlfh diwhu
revhuylqj kS| lv *+!f m kS|,hô| 1�S

Ghñqlwlrq 41 D sxuh vwudwhj| vhtxhqwldo htxloleulxp iru wkh qr0uhsodfhphqw
jdph +è @ 3, lv d sdlu +á>  , vdwlvi|lqj

41 á m
ûs|
lv pd{lpl}lqj iru wkh frpshwhqw ñup/ jlyhq  / iru doo ks| 5 Ns / dqg

51  +kS|, @ *+!f m kS|,hô| iru doo kS| 5 NS1

Sursrvlwlrq 41 Li wkhuh duh qr uhsodfhphqwv +è @ 3,/ wkhuh lv d xqltxh sxuh0
vwudwhj| vhtxhqwldo htxloleulxp/ dqg lq wklv htxloleulxp wkh frpshwhqw w|sh h{huwv
orz hòruw lq hyhu| shulrg1

Surri1 Vhh dsshqgl{1 ù
Lq wkh fdvh ri frpsohwh lqirupdwlrq/ wkh ñup fdqqrw vxvwdlq kljk hòruw dv

d sxuh0vwudwhj| htxloleulxp fkrlfh ehfdxvh d frqvxphu uhfhlylqj d edg rxwfrph
dwwulexwhv wklv rxwfrph wr dq xqoxfn| gudz iurp wkh vwrfkdvwlf whfkqrorj| udwkhu
wkdq vklunlqj rq wkh sduw ri wkh ñup/ dqg khqfh lqðlfwv qr sxqlvkphqw rq wkh
ñup1 Wkh srvvlelolw| ri dq lqhsw ñup surylghv wkh ñup zlwk dq lqfhqwlyh wr h{huw
kljk hòruw/ vlqfh d frqvxphu zkr uhfhlyhv d edg rxwfrph qrz _sxqlvkhv% wkh ñup
e| lqfuhdvlqj wkh suredelolw| zlwk zklfk wkh frqvxphu wklqnv wkh ñup lv lqhsw1

Wkh glïfxow| lv wkdw d ñup zkr exlogv d uhsxwdwlrq grhv wrr jrrg d mre ri
exloglqj wkh uhsxwdwlrq1 Hyhqwxdoo|/ doprvw doo frqvxphuv ehfrph doprvw fhuwdlq
wkdw wkh ñup lv frpshwhqw/ lq wkh vhqvh wkdw wkh srvwhulru suredelolw| dwwdfkhg
wr d frpshwhqw ñup jhwv duelwudulo| forvh wr rqh iru dq duelwudulo| odujh vxevhw ri
frqvxphuv1 Wkh lqfhqwlyh wr h{huw kljk hòruw dulvhv rqo| rxw ri wkh ghvluh wr dòhfw
frqvxphuv* eholhiv derxw wkh ñup1 Dv wkh srvwhulru suredelolw| ri d frpshwhqw
ñup dssurdfkhv xqlw|/ wkh hòhfw ri d jrrg ru edg rxwfrph rq wklv eholhi ehfrphv
vpdoohu dqg vpdoohu1 Dw vrph srlqw/ wkh fxuuhqw rxwfrph zloo kdyh vxfk d vpdoo
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hòhfw rq wkh fxuuhqw eholhi wkdw wkh frvw f ri kljk hòruw ryhuzkhopv wkh yhu|
vpdoo glòhuhqfh lq eholhiv fdxvhg e| d jrrg udwkhu wkdq d edg rxwfrph/ dqg wkh
frpshwhqw ñup zloo ñqg lw rswlpdo wr uhyhuw wr orz hòruw1 Frqvxphuv dqg wkh ñup
fdq iruhvhh wkdw wklv zloo kdsshq/ krzhyhu/ fdxvlqj wkh htxloleulxp wr xqudyho/ vr
wkdw wkh rqo| sxuh0vwudwhj| htxloleulxp fdoov iru rqo| orz hòruw wr eh h{huwhg1

Wklv hòhfw zdv ñuvw ghvfulehg e| Kropvwurp ^45` lq wkh frqwh{w ri d vljqdo0
mdpplqj prgho ri pdqdjhuldo hpsor|phqw1 Wkh zdjh ri wkh pdqdjhu lq Krop0
vwurp*v prgho lv kljkhu li wkh pdunhw srvwhulru ryhu wkh pdqdjhu*v w|sh lv kljkhu/
hyhq li wkh pdqdjhu fkrrvhv qr hòruw1 Lq frqwudvw/ wkh uhyhqxh ri d ñup lq rxu
prgho lv kljkhu iru kljkhu srvwhulruv rqo| li frqvxphuv dovr eholhyh wkdw wkh frp0
shwhqw ñup lv fkrrvlqj kljk hòruw1 Vlqfh wkh pdunhw gluhfwo| ydoxhv pdqdjhuldo
wdohqw/ Kropvwurp*v pdqdjhu dozd|v kdv dq lqfhqwlyh wr lqfuhdvh hòruw/ fdxvlqj
wkh pdunhw wr ryhuhvwlpdwh klv wdohqw1 Lq frqwudvw zlwk rxu Sursrvlwlrq 4/ dq
htxloleulxp wkhq h{lvwv lq zklfk wkh pdqdjhu fkrrvhv hòruw ohyhov wkdw duh kljkhu
wkdq wkh p|rslf rswlpxp1 Lq djuhhphqw zlwk vslulw ri rxu Sursrvlwlrq/ krzhyhu/
wklv ryhuh{huwlrq glvdsshduv ryhu wlph/ dv wkh pdunhw*v srvwhulru frqfhuqlqj wkh
pdqdjhu*v w|sh dssurdfkhv rqh1 Kropvwurp ^45` xvhv wkh vdph ghylfh dv zh gr/
qdpho| fkdqjlqj w|shv/ wr rewdlq d vxvwdlqhg uhsxwdwlrq hòhfw1

Kropvwurp ^45` lv frqfhuqhg zlwk wkh fdvh ri lpshuihfw sxeolf prqlwrulqj/
zkloh rxu lqwhuhvw lq lpshuihfw sulydwh prqlwrulqj vljqlñfdqwo| frpsolfdwhv pdw0
whuv1 Pruh lpsruwdqwo|/ qhlwkhu wkh pdunhw qru wkh pdqdjhu nqrzv wkh wdohqw ri
wkh pdqdjhu lq Kropvwurp*v prgho/ vr wkdw wkhuh lv qr lqfrpsohwh lqirupdwlrq1
Ehfdxvh wkh pdqdjhu grhv qrw nqrz klv rzq wdohqw/ klv hòruw fdqqrw ghshqg
xsrq klv wdohqw/ dqg wkh pdqdjhu*v hydoxdwlrq ri wkh surñwdelolw| ri hòruw uhðhfwv
rqo| pdunhw eholhiv1 Dv d uhvxow/ wkh pdqdjhu*v h{shfwdwlrq lv wkdw klv hòruwv zloo
qrw dòhfw wkh dyhudjh pdunhw eholhiv derxw klv wdohqw1 Lq frqwudvw/ rxu frpsh0
whqw ñupv duh pruh rswlplvwlf wkdq wkh pdunhw/ frqglwlrq wkhlu dfwlrqv rq wklv
lqirupdwlrq/ dqg fruuhfwo| eholhyh wkdw/ e| lqyhvwlqj lq kljk hòruw/ wkhlu uhsxwd0
wlrqv zloo rq dyhudjh lpsuryh1 Zh ylhz wklv dv dq lpsruwdqw dvshfw ri uhsxwdwlrq
exloglqj/ dqg wklv srvvlelolw| surylghv pxfk ri wkh prwlydwlrq iru wkh dqdo|vlv lq
Vhfwlrq 81

Sursrvlwlrq 4 lpphgldwho| h{whqgv wr pl{hg vwudwhjlhv lq zklfk wkh frpsh0
whqw ñup*v shulrg0w udqgrpl}dwlrq grhv qrw ghshqg xsrq klv sulydwh klvwru|1�.

Wkh lpsolfdwlrqv ri doorzlqj pruh jhqhudo pl{hg vwudwhjlhv/ lq zklfk shulrg0w hi0
iruw fkrlfhv ghshqg xsrq hduolhu hòruw0fkrlfh uhdol}dwlrqv/ duh xqfohdu1 Vhnljxfkl
^54` dqg Ekdvndu dqg ydq Gdpph ^7`/ glvfxvvhg lq Vhfwlrq 9/ surylgh h{dpsohv ri
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jdphv ri lpshuihfw prqlwrulqj lq zklfk sxuh vwudwhj| dqg pl{hg vwudwhj| htxl0
oleuld kdyh txlwh glòhuhqw surshuwlhv1 Zh kdyh qrw ehhq deoh wr uxoh rxw pl{hg
vwudwhj| htxloleuld exw kdyh qrw ehhq deoh wr frqvwuxfw d pl{hg htxloleulxp lq
zklfk wkh ñup vrphwlphv dwwdfkhv srvlwlyh suredelolw| wr kljk hòruw1�H

eë kiiTð?} vLýh è*@Ui

Zh qrz ohw è A 3 dqg vkrz wkdw uhsodfhphqwv doorz wkh ñup wr pdlqwdlq d
uhsxwdwlrq1 Vlqfh è A 3 dqg ë 5 +3> 4,/ frqvxphuv fdq qhyhu ehfrph wrr frqñghqw
derxw wkh w|sh ri ñup wkh| duh idflqj1 Qr pdwwhu zkdw klvwru| d frqvxphu kdv
revhuyhg/ vkh dvvljqv d suredelolw| ri dw ohdvw èë dqg qr pruh wkdq 4ýè+4ýë, wr
wkh ñup*v ehlqj frpshwhqw1 Wkhvh erxqgv fdswxuh wkh lqwxlwlrq wkdw d frqvxphu/
uhfhlylqj d edg rxwfrph diwhu d yhu| orqj vwulqj ri jrrg rxwfrphv/ zloo hqwhuwdlq
wkh h{sodqdwlrq wkdw _vrphwklqj derxw wkh ñup pd| kdyh fkdqjhg% dv zhoo dv
wkh srvvlelolw| wkdw _lw*v reylrxvo| d jrrg ñup dqg L*yh ehhq xqoxfn|1%

Zh h{dplqh d sxuh0vwudwhj| htxloleulxp lq zklfk wkh frpshwhqw ñup dozd|v
fkrrvhv kljk hòruw1 Wkh ehkdylru ri wkh frpshwhqw ñup lv lqghshqghqw ri wkh
hòruw klvwru| lq wklv fdvh/ dqg vr d frqvxphu*v srvwhulru suredelolw| wkdw wkh ñup
lv frpshwhqw lv d vxïflhqw vwdwlvwlf iru khu klvwru| ri rxwfrphv1

Zh qrz ohw *+!m{, ghqrwh wkh srvwhulru suredelolw| wkdw wkh ñup lv frpshwhqw/
diwhu wkh frqvxphu kdv uhfhlyhg d vlqjoh uhdol}hg xwlolw| rxwfrph/ { 5 ij> ej/ jlyhq
d sulru suredelolw| ri ! wkdw wkh ñup lv frpshwhqw dqg wkdw wkh frpshwhqw ñup
fkrrvhv kljk hòruw=

*+! m j, @ +4ý è,
ãM!

ãM!. ãu+4ý !,
. èë +714,

dqg

*+! m e, @ +4ý è,
+4ý ãM,!

+4ý ãM,!. +4ý ãu,+4ý !,
. èë= +715,

Wkhvh glòhu iurp +614,~+615, e| lqfrusrudwlqj wkh lqirupdwlrq wkdw d frpshwhqw
ñup dozd|v fkrrvhv kljk hòruw dqg lqfrusrudwlqj wkh srvvlelolw| ri uhsodfhphqw1
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Ghñqlwlrq 51 D surñoh +á>  , lv d kljk hòruw vhtxhqwldo htxloleulxp lq wkh jdph
zlwk uhsodfhphqwv li

41 á+ks| , @ K lv pd{lpl}lqj iru wkh frpshwhqw ñup/ jlyhq  / iru doo ks| 5 Ns /
dqg

51  +kS|, @ *+!f m kS|, iru doo kS| 5 NS1

Sursrvlwlrq 51 Vxssrvh è 5 +3> 4,/ ohw !â vroyh *+! m e, @ !/ dqg ohw !ââ vroyh
*+! m j, @ !1 Li !f 5 ^!â> !ââ`/ wkhq wkhuh h{lvwv çf A 3 vxfk wkdw d kljk hòruw
htxloleulxp h{lvwv iru doo 3 é f ? çf1

Wkh surri/ frqwdlqhg lq wkh dsshqgl{/ lv frpsolfdwhg/ ehfdxvh zh kdyh sodfhg
olwwoh vwuxfwxuh rq wkh uhyhqxh ixqfwlrq1 D pruh gluhfw surri ri wklv uhvxow lv
srvvleoh li zh dvvxph wkdw wkh uhyhqxh ixqfwlrq kdv wkh dgglwlrqdo vwuxfwxuh xvhg
lq wkh qh{w vhfwlrq +vhh Sursrvlwlrq 6,1

Sursrvlwlrqv 4 dqg 5 frpelqh wr surylgh wkh vhhplqjo| sdudgr{lfdo uhvxow
wkdw lw fdq eh jrrg qhzv iru wkh ñup wr kdyh frqvxphuv frqvwdqwo| ihdulqj wkdw
wkh ñup pljkw _jr edg1% Wkh sxusrvh ri d uhsxwdwlrq lv wr frqylqfh frqvxphuv
wkdw wkh ñup lv frpshwhqw dqg zloo surgxfh kljk txdolw|1 Dv zh vdz lq wkh
suhylrxv vhfwlrq/ wkh sureohp zlwk pdlqwdlqlqj d uhsxwdwlrq lq wkh devhqfh ri
uhsodfhphqwv lv wkdw wkh ñup hvvhqwldoo| vxffhhgv lq frqylqflqj frqvxphuv lw lv
frpshwhqw1 Li uhsodfhphqwv frqwlqxdoo| lqwurgxfh wkh srvvlelolw| wkdw wkh ñup kdv
wxuqhg edg/ wkhq wkh ñup fdq qhyhu gr _wrr jrrg% d mre ri frqylqflqj frqvxphuv
lw lv frpshwhqw1 Irupdoo|/ wkhuh lv dq xsshu erxqg/ vkruw ri xqlw|/ rq wkh srvwhulru
!ð|1

�b Wkh lqfhqwlyh wr h{huw kljk hòruw lq rughu wr frqylqfh frqvxphuv wkdw wkh
ñup lv vwloo frpshwhqw dozd|v uhpdlqv/ rshqlqj wkh grru wr dq htxloleulxp lq
zklfk wkh frpshwhqw ñup h{huwv kljk hòruw1

Dq htxloleulxp lq zklfk wkh frpshwhqw ñup h{huwv kljk hòruw h{lvwv dv orqj dv
wkh frvw ri kljk hòruw lv vxïflhqwo| orz1 Wklv uhvwulfwlrq rq frvwv lv h{shfwhg1 Zh
fdq dozd|v hqvxuh wkdw kljk hòruw zloo qrw eh xqghuwdnhq e| pdnlqj lwv frvw sur0
klelwlyho| kljk1 Wkh vpdoohu lv wkh suredelolw| ri d uhsodfhphqw/ dqg wkh vpdoohu
wkh suredelolw| wkdw d uhsodfhphqw lv lqhsw/ wkh vpdoohu pxvw wkh frvw ri kljk
hòruw eh lq rughu wr vxssruw dq htxloleulxp lq zklfk wkh ñup fkrrvhv kljk hòruw1
Wr vhh zk|/ qrwlfh wkdw d qhfhvvdu| htxloleulxp frqglwlrq lv wkdw wkh glòhuhqfh
ehwzhhq wkh ydoxh ri kljk hòruw dqg wkh ydoxh ri orz hòruw h{fhhg wkh frvw ri
kljk hòruw1 Wkhvh ydoxh ixqfwlrqv dssurdfk hdfk rwkhu dv wkh !ð| dssurdfk rqh/
ehfdxvh wkh ydoxhv glyhujh rqo| wkurxjk wkh hòhfw ri fxuuhqw rxwfrphv rq ixwxuh
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Iljxuh 814= Wkh glòhuhqw hòruw ohyhov1 Dv gudzq/ H dqg P duh htxdoo| hïflhqw1

h{shfwdwlrqv/ dqg fxuuhqw rxwfrphv kdyh yhu| olwwoh hòhfw rq ixwxuh h{shfwdwlrqv
zkhq frqvxphuv duh fxuuhqwo| txlwh vxuh ri wkh ñup*v w|sh +l1h1/ fxuuhqw srvwhulruv
duh yhu| forvh wr rqh,1 Wkh vpdoohu lv wkh suredelolw| ri dq lqhsw uhsodfhphqw/
wkh forvhu fdq wkh srvwhulru h{shfwdwlrq ri d frpshwhqw ñup dssurdfk xqlw|/ dqg
khqfh wkh vpdoohu pxvw eh wkh frvw lq rughu wr vxssruw kljk hòruw1

Dë ç@|Uüð?} NT

Zh qrz jlyh wkh frpshwhqw ñup wkh delolw| wr pdqdjh lwv uhsxwdwlrq e| frqvlg0
hulqj wkuhh srvvleoh hòruw ohyhov1 Zh uhwdlq wkh fkrlfhv ri kljk hòruw +K, dqg orz
hòruw +O,/ zkhuh kljk hòruw lv hïflhqw dqg wkh lqhsw ñup qhfhvvdulo| h{huwv orz
hòruw1 Zh dgg dq dgglwlrqdo hòruw ohyho wkdw jlyhv d kljkhu suredelolw| ri d jrrg
xwlolw| rxwfrph/ dw kljkhu frvw/ wkdq grhv orz hòruw/ exw lv lqhïflhqw1

Wkh lqhïflhqw hòruw ohyho pd| eh hlwkhu wrr kljk ru wrr orz1 Zh looxvwudwh
wkhvh srvvlelolwlhv lq Iljxuh 8141 Hdfk ri wkh olqh vhjphqwv lghqwlñhv d frpelqdwlrq
ri wkh suredelolw| ri d jrrg xwlolw| rxwfrph dqg d frvw ohyho wkdw suhvhuyhv wkh
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glòhuhqfh ã ý f1 Hyhu| suredelolw|2frvw frpelqdwlrq rq d orzhu olqh vhjphqw
lv pruh hïflhqw wkdq hyhu| frpelqdwlrq rq d kljkhu vhjphqw1 Wkh srlqwv K
dqg O fruuhvsrqg wr wkh kljk0hòruw dqg orz0hòruw frpelqdwlrqv frqvlghuhg lq
suhylrxv vhfwlrqv1 Hòruw P lv dq hòruw ohyho wkdw zrxog doorz d uhsxwdwlrq wr eh
exlow/ ehfdxvh lw jlyhv d kljkhu suredelolw| ri d jrrg rxwfrph wkdq grhv O/ exw
lv lqhïflhqwo| orz1 Zh uhihu wr wklv dv phglxp hòruw ehfdxvh lw jlyhv d vpdoohu
suredelolw| ri d jrrg rxwfrph wkdq grhv kljk hòruw1 Hòruw H lv dq lqhïflhqw
hòruw ohyho wkdw lv h{fhvvlyh/ lq wkdw lw jlyhv d kljkhu suredelolw| ri d jrrg rxwfrph
wkdq kljk hòruw1

Li wkh frpshwhqw ñup exlogv d uhsxwdwlrq e| fkrrvlqj dq lqhïflhqw hòruw ohyho/
lv wklv pruh olnho| wr lqyroyh dq lqhïflhqwo| kljk ru lqhïflhqwo| orz hòruw ohyhoB
Duh wkhuh fdvhv lq zklfk d ñup fkrrvhv d uhodwlyho| kljk hòruw ohyho wr exlog d
uhsxwdwlrq/ dqg wkhq frdvwv rq wklv uhsxwdwlrq e| fkrrvlqj d orzhu hòruw ohyhoB

Ohw hâ ghqrwh wkh wklug/ lqhïflhqw/ hòruw ohyho1 Wkh dfwlrq vsdfh iru wkh
frpshwhqw ñup lv qrz iO>K> hâj dqg d vwudwhj| iru wkh frpshwhqw w|sh lv á =
Ns $ iO>K> hâj/ zkhuh Ns ì ^|DfiO>K> hâj|1 D eholhi ixqfwlrq ri wkh frqvxphu lv
qrz d ixqfwlrq  = NS $ üiO>K> hâj/ zklfk dvvljqv d suredelolw| glvwulexwlrq ryhu
srvvleoh hòruw fkrlfhv wr hyhu| frqvxphu klvwru| +wkh vsdfh ri zklfk lv xqfkdqjhg/
vlqfh frqvxphu rxwfrphv duh xqfkdqjhg,1

Uhyhqxh lv d ixqfwlrq ri wkh glvwulexwlrq ri frqvxphu eholhiv ryhu hòruw fkrlfhv/
l1h1/ s = ü +ü+iO>K> hâj,,$ ?n1 Ohw ú eh d suredelolw| phdvxuh ryhu wkh srvvleoh
eholhiv ri frqvxphuv ryhu wkh hòruw fkrlfhv/ vr wkdw ú 5 ü+ü+iO>K> hâj,,1 Zh
lpsrvh wkh iroorzlqj dgglwlrqdo vwuxfwxuh rq wkh uhyhqxh ixqfwlrq= wkhuh h{lvwv d
frqwlqxrxv ixqfwlrq ã = ü +iO>K> hâj,$ ?n vxfk wkdw

s+ú, @

]
ãgú> +814,

zkhuh ã lv lqfuhdvlqj lq wkh h{shfwhg suredelolw| ri d jrrg rxwfrph1 Rqh srv0
vlelolw| iru ã lv wkdw ã+ò, lv wkh pd{lpxp sulfh wkdw d frqvxphu zrxog eh
zloolqj wr sd|/ jlyhq d eholhi wkdw wkh ñup*v glvwulexwlrq ryhu hòruw ohyhov lv
ò 5 ü+iO>K> hâj,/ lq zklfk fdvh ã+ò, @ òuãu . òMãM . òeâãeâ 1 Frqglwlrq
+814, dvvhuwv wkdw/ krzhyhu lqglylgxdo sulfhv duh iruphg/ uhyhqxh lv d zhljkwhg
dyhudjh ri wkhvh lqglylgxdo sulfhv1

Wkh uhpdlqghu ri wklv vxevhfwlrq lghqwlñhv frqglwlrqv iru htxloleuld lq zklfk
wkh frpshwhqw ñup dozd|v fkrrvhv wkh vdph hòruw ohyho h 5 iO>K> hâj1 Wkh
ghñqlwlrq ri htxloleulxp iru wklv frqvwdqw0hòruw fdvh lv wkh reylrxv prglñfdwlrq
ri Ghñqlwlrq 51 Ehfdxvh wkh frpshwhqw ñup*v hòruw lv frqvwdqw/ d frqvxphu*v
srvwhulru suredelolw| wkdw wkh ñup lv frpshwhqw lv djdlq d vxïflhqw vwdwlvwlf iru
khu klvwru| ri rxwfrphv1
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Zh ñuvw froohfw vrph lqirupdwlrq frqfhuqlqj eholhiv dqg uhyhqxhv1 Ohw J| eh
wkh glvwulexwlrq lq shulrg w ri frqvxphu srvwhulruv wkdw wkh ñup lv frpshwhqw1
Wkh uhsodfhphqw surfhvv hqvxuhv wkdw wkh suredelolw| dvvljqhg wr wkh ñup ehlqj
frpshwhqw pxvw eh dw ohdvw èë1 Zh ghqrwh e| J wkh froohfwlrq ri glvwulexwlrqv
wkdw dvvljq d suredelolw| wr wkh ñup ri ehlqj frpshwhqw ri dw ohdvw èë1 Li doo
frqvxphuv h{shfw doo frpshwhqw ñupv wr eh fkrrvlqj h/ wkhq

J|n�+!, @ ãeJ|+*
3�+! m j,, . +4ý ãe,J|+*

3�+! m e,,> +815,

zkhuh *+! m {, lv wkh Ed|hv* xsgdwh xqghu hòruw ohyho h1
Ohw Y +ü m h, = J $ ?n ghqrwh wkh glvfrxqwhg h{shfwhg ydoxh ri wkh uhyhqxh

jhqhudwhg jlyhq wkdw frqvxphuv h{shfw doo frpshwhqw ñupv wr eh fkrrvlqj h/ dv
d ixqfwlrq ri wkh glvwulexwlrq ri srvwhulruv1 Wkhq/

Y +J| m h, @
"[
ô'f

+ñ+4ý è,,ô s+úe|nô ,>

zkhuh úe|nô lv wkh suredelolw| phdvxuh rq ü+iO>K> hâj, lpsolhg e| frpshwhqw
ñupv rqo| fkrrvlqj h dqg wkh glvwulexwlrq ri frqvxphu eholhiv ehlqj J|nô +l1h1/
úe|nô +iò = òe é {>òu @ 4ý òej, @ J|nô +{,,1 Xvlqj +814,/ zh kdyh

Y +J| m h, @
"[
ô'f

+ñ+4ý è,,ô
] �

f
ã+!ïe . +4ý !,ïu, gJ|nô +!,> +816,

zkhuh ï% lv wkh ghjhqhudwh phdvxuh wkdw dvvljqv suredelolw| rqh wr {1
Zh hvwdeolvk wkdw Y +ü m h, lv d srvlwlyh olqhdu ixqfwlrqdo rq J1 Wr gr wklv/

vxssrvh J|n� dqg aJ|n� duh wkh xsgdwhg glvwulexwlrqv/ dffruglqj wr +815,/ iurp J|
dqg aJ|/ uhvshfwlyho|1 Wkhq li wkh shulrg w srvwhulru glvwulexwlrq lv ðJ|.+4ýð, aJ|/
wkh shulrg w. 4 glvwulexwlrq lv

ãe

q
ðJ|+*

3�+! m j,, . +4ý ð, aJ|+*
3�+! m j,,

r
.+4ý ãe,

q
ðJ|+*

3�+! m e,, . +4ý ð, aJ|+*
3�+! m e,,

r
@ ð

õ
ãeJ|+*

3�+! m j,, . +4ý ãe,J|+*
3�+! m e,,ô

.+4ý ð,
q
ãe aJ|+*

3�+! m j,, . +4ý ãe, aJ|+*
3�+! m e,,

r
@ ðJ|n�+!, . +4ý ð, aJ|n�+!,=

Wkh olqhdulw| ri Y +ü m h, wkhq iroorzv iurp +816,1
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Zulwlqj Ye+!, iru Y +ïè m h,/ zh wkxv kdyh

Y +J| m h, @
]

Ye+!, gJ|+!,=

Lw lv xvhixo wr uhzulwh wklv dv

Y +J| m h, @ s+úe| , . ñ+4ý è,

]
iãeYe+*+! m j,, . +4ý ãe,Ye+*+! m e,,j gJ|+!,=

Zh qrz wxuq wr htxloleulxp frqglwlrqv1 Frqvlghu wkh frpshwhqw ñup/ diwhu
vrph hòruw klvwru| ks| 5 Ns +dqg khqfh frqvxphu glvwulexwlrq J|, frqvlghulqj dq
hòruw ohyho ah 9@ h iru rqh shulrg1 Wkh h{shfwhg ydoxh ri wkh uhyhqxh vwuhdp iurp
wklv hòruw lv

Y +J| m ah> h, @ s+úe| ,.ñ+4ýè,

]
iã÷eYe+*+! m j,, . +4ý ã÷e,Ye+*+! m e,,j gJ|+!,=

Lw zloo wkhq eh dq htxloleulxp iru wkh frpshwhqw ñup wr dozd|v wdnh hòruw h li/
iru doo glvwulexwlrqv J/

Y +J m h, è Y +J m ah> h,
iru doo ah 5 iO>K> hâj1 Wklv lv htxlydohqw wr

+ãe ý ã÷e,ñ+4ý è,

]
iYe+*+! m j,,ý Ye+*+! m e,,j gJ+!, è fe ý f÷e= +817,

8141 Lqhïflhqwo| Orz Hòruw

Zh ñuvw frqvlghu wkh lpsolfdwlrqv ri doorzlqj dq lqhïflhqw hòruw ohyho wkdw lv
orzhu wkdq kljk hòruw/ ghqrwhg e| P dqg uhihuuhg wr dv phglxp hòruw1 Wkh frvw
wr wkh frpshwhqw ñup ri hòruw h 5 iO>P>Kj lv fe1 Zh dvvxph

ãM A ã� A ãu> fM A f� A fu @ 3> +818,

dqg
ãM ý fM A ã� ý f� A ãu= +819,

Wkh frpshwhqw ñup zrxog ñqg erwk kljk hòruw dqg phglxp hòruw ehwwhu wkdq orz
hòruw/ jlyhq wkdw lw frxog frpplw wr vxfk hòruw ohyhov dqg frqvxphu h{shfwdwlrqv
zhuh iruphg dffruglqjo|1 Krzhyhu/ phglxp hòruw zrxog eh lqihulru wr kljk hòruw1

E| pdnlqj phglxp hòruw erwk txlwh frvwo| dqg txlwh lqhïflhqw/ lw lv hdv| wr
frqvwuxfw h{dpsohv lq zklfk phglxp hòruw fdq qhyhu eh wdnhq lq htxloleulxp1 Wkh
pruh lqwhuhvwlqj srvvlelolw| lv wkdw wkhuh h{lvw pdunhwv zlwk htxloleuld lq zklfk
frpshwhqw ñupv dozd|v h{huw phglxp hòruw1 Zk| zrxog d ñup xvh phglxp

53



hòruw wr exlog d uhsxwdwlrq zkhq kljk hòruw lv pruh hïflhqwB Jlyhq d fdqglgdwh
htxloleulxp lq zklfk phglxp hòruw lv dozd|v h{huwhg/ wkhuh duh wzr revwdfohv
wr wkh surñwdelolw| ri kljk hòruw1 Wkh ñuvw lqyroyhv wlplqj= kljk hòruw uhtxluhv
dq lpphgldwh h{shqglwxuh lq uhwxuq iru idyrudeoh dgmxvwphqwv lq eholhiv wkdw duh
qrw uhdol}hg xqwlo wkh ixwxuh1 Wkh vhfrqg lqyroyhv frqvxphu h{shfwdwlrqv= li
wkh fdqglgdwh htxloleulxp lqyroyhv phglxp hòruw/ wkhq kljk hòruw lqfuhdvhv wkh
olnholkrrg wkdw frqvxphuv dwwdfk wr wkh hyhqw wkdw wkh ñup lv d frpshwhqw ñup
h{huwlqj phglxp hòruw1 Wkhuh duh fdvhv lq zklfk kljk hòruw zrxog eh xqghuwdnhq
li lw frxog txlfno| frqylqfh wkh frqvxphuv wkdw wkh ñup zdv frpshwhqw dqg zrxog
h{huw ixwxuh kljk hòruw/ exw wkh frpelqdwlrq ri wkh ghod| lq frqvxphu uhdfwlrqv
dqg wkh frqwlqxhg htxloleulxp h{shfwdwlrq ri phglxp hòruw fdq pdnh kljk hòruw
xqsurñwdeoh/ ohdglqj wr dq htxloleulxp lq zklfk wkh ñup dozd|v h{huwv phglxp
hòruw1

Sursrvlwlrq 61 Ohw +818,~+819, krog1 Wkhq/ iru dq| è A 3/
+614, Wkhuh h{lvw pdunhwv zlwk htxloleuld lq zklfk wkh frpshwhqw ñup dozd|v

fkrrvhv kljk hòruw/ exw qr htxloleuld lq zklfk wkh ñup dozd|v fkrrvhv phglxp
hòruw1 Wklv lv wkh fdvh zkhq phglxp hòruw lv uhodwlyho| hïflhqw/ exw wkh frvw ri
phglxp hòruw lv uhodwlyho| kljk1

+615, Wkhuh h{lvw pdunhwv zlwk htxloleuld lq zklfk wkh frpshwhqw ñup dozd|v
fkrrvhv phglxp hòruw/ exw qr htxloleuld lq zklfk wkh ñup dozd|v fkrrvhv kljk
hòruw +wkrxjk wkhuh zrxog eh dq htxloleulxp lq zklfk wkh ñup dozd|v fkrrvhv
kljk hòruw li phglxp hòruw zhuh qrw ihdvleoh,1 Wklv lv wkh fdvh zkhq phglxp
hòruw lv uhodwlyho| hïflhqw/ exw wkh frvw ri phglxp hòruw lv uhodwlyho| orz/ dqg
zkhq wkh ñup*v glvfrxqw idfwru lv uhodwlyho| orz1

+616, Wkhuh h{lvw pdunhwv zlwk sxuh0vwudwhj| htxloleuld lq zklfk wkh frpshwhqw
ñup dozd|v fkrrvhv kljk hòruw/ dv zhoo dv sxuh0vwudwhj| htxloleuld lq zklfk wkh
frpshwhqw ñup dozd|v fkrrvhv phglxp hòruw1 Wklv lv wkh fdvh zkhq phglxp
hòruw lv uhodwlyho| lqhïflhqw dqg uhodwlyho| lqh{shqvlyh1

Uhvxow +616, kljkoljkwv wkh uroh ri frqvxphu h{shfwdwlrqv1 Lq wklv fdvh/ wkh ñup
zrxog ñqg lw dgydqwdjhrxv wr wdnh kljk hòruw li grlqj vr doorzhg lw wr hvwdeolvk d
uhsxwdwlrq iru fkrrvlqj kljk hòruw/ exw zloo qrw gr vr li wkh sd|rò lv d uhsxwdwlrq
iru wdnlqj phglxp hòruw1

Surri1 +614,= Iurp +817,/ lq d fdqglgdwh kljk hòruw htxloleulxp/ phglxp hòruw
lv qrw d surñwdeoh ghyldwlrq li/ iru doo ihdvleoh glvwulexwlrqv J/2f

ñ+4ý è,

]
iYM+*+! m j,,ý YM+*+! m e,,j gJ+!, è +fM ý f�,

+ãM ý ã�,
> +81:,

2fú ui@tðM*i _ðt|hðMý|ðL? ðt L?i |ü@| U@? Mi }i?ih@|i_ M) TihTi|ý@* 4i_ðý4 igLh| UüLðUit uhL4
@? ð?ð|ð@* _i}i?ih@|i _ðt|hðMý|ðL? T*@Uð?} @** 4@tt L? èfë
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dqg orz hòruw lv qrw d surñwdeoh ghyldwlrq li/ iru doo ihdvleoh glvwulexwlrqv J/

ñ+4ý è,

]
iYM+*+! m j,,ý YM+*+! m e,,j gJ+!, è fM

+ãM ý ãu,
= +81;,

Rq wkh rwkhu kdqg/ phglxp hòruw lv ghvwdelol}hg dv dq htxloleulxp e| kljk hòruw
lw iru dw ohdvw rqh ihdvleoh glvwulexwlrq J|/

ñ+4ý è,

]
iY�+*+! m j,,ý Y�+*+! m e,,j gJ|+!, A

+fM ý f�,

+ãM ý ã�,
= +81<,

Qrwh wkdw YM+!, lv lqghshqghqw ri f� dqg ã� 1 Il{lqj doo sdudphwhuv rwkhu
wkdq fM / f� dqg ã� / YM+*+! m j,,ý YM+*+! m e,, lv erxqghg dzd| iurp }hur iru
! 5 ^èë> 4 ý è+4 ý ë,`/ dqg vr +81;, lv vdwlvñhg vwulfwo| iru fM vxïflhqwo| vpdoo1
Qrz/ dq| fkrlfh ri +f� > ã�, vr wkdw +fM ý f�,+ãM ý ãu, @ fM+ãM ý ã�, dqg
ã� ? ãM hqvxuhv wkdw +81:, lv dovr vdwlvñhg vwulfwo|1 Qrwh wkdw vxfk d fkrlfh
ri +f� > ã�, pxvw olh rq wkh olqh vhjphqw OK lq Iljxuh 815/ dqg lv qhfhvvdulo|
lqhïflhqw1 Pruhryhu/ vlqfh Y�+!, lv d ixqfwlrq ri ã� exw qrw ãM / zh kdyh
Y� $ YM dv ã� $ ãM 1 Khqfh/ wkh suhylrxv fkrlfh ri +f� > ã�, fdq eh pdgh
zlwk ã� vxïflhqwo| forvh wr ãM wkdw +81<, dovr krogv1

+615,= Iurp +817,/ lq d fdqglgdwh phglxp hòruw htxloleulxp/ kljk hòruw lv qrw
d surñwdeoh ghyldwlrq li/ iru doo ihdvleoh glvwulexwlrqv J/

ñ+4ý è,

]
iY�+*+! m j,,ý Y�+*+! m e,,j gJ+!, é +fM ý f�,

+ãM ý ã�,
> +8143,

dqg orz hòruw lv qrw d surñwdeoh ghyldwlrq li/ iru doo ihdvleoh glvwulexwlrqv J/

ñ+4ý è,

]
iY�+*+! m j,,ý Y�+*+! m e,,j gJ+!, è f�

+ã� ý ãu,
= +8144,

Rq wkh rwkhu kdqg/ kljk hòruw lv ghvwdelol}hg dv dq htxloleulxp e| phglxp hòruw
lw iru dw ohdvw rqh ihdvleoh glvwulexwlrq J|/

ñ+4ý è,

]
iYM+*+! m j,,ý YM+*+! m e,,j gJ|+!, ?

+fM ý f�,

+ãM ý ã�,
= +8145,

Il{ doo ri wkh sdudphwhuv h{fhsw ñ/ fM / f� dqg ã� 1 E| fkrrvlqj ñ vpdoo/
wkh ohiw vlghv ri +8143, dqg +8145, fdq eh jxdudqwhhg wr eh vpdoohu wkdq 4/ iru doo
srvvleoh ã� 1 E| fkrrvlqj fM wr eh vxïflhqwo| vpdoo/ +81;, zloo eh vdwlvñhg/ vr
wkdw kljk hòruw zrxog eh dq htxloleulxp li phglxp zhuh qrw dydlodeoh1 Ilqdoo|/
zh fdq wkhq fkrrvh +f� > ã�, vr wkdw +fM ý f�,@+ãM ý ã�, lv duelwudulo| forvh wr
41 Wklv fruuhvsrqgv wr pdnlqj wkh vorsh ri wkh vhjphqw PK lq Iljxuh 815 forvh
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Iljxuh 815= Wkh vorshv ri wkh hgjhv ri wkh wuldqjoh duh fM@ +ãM ý ãu,/
f�@ +ã� ý ãu,/ dqg +fM ý f�, @ +ãM ý ã�,1
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wr 4/ dqg hqvxuhv wkdw +8143, dqg +8145, krog1 Zh duh wkhq iuhh wr fkrrvh f�
vxïflhqwo| vpdoo/ zkloh suhvhuylqj ã� ý f� / vr wkdw +8144, dqg +818,~+819, krog1

+616, Il{ ydoxhv ri wkh sdudphwhuv/ rwkhu wkdq ã� dqg f� / vxfk wkdw wkh
uhohydqw lqhtxdolwlhv lq +818,~+819, krog dqg vxfk wkdw wkhuh h{lvwv dq htxloleulxp/
lq wkh prgho zlwkrxw phglxp hòruw/ lq zklfk wkh jrrg ñup dozd|v wdnhv kljk
hòruw dqg lq zklfk

ñ+4ý è,

]
iYM+*+! m j,,ý YM+*+! m e,,j gJ+!, è fM

+ãM ý ãu,
. ì>

iru vrph ì A 3 dqg iru doo J 5 J1 Wkhq ohw ã� @ ãu . % dqg f� @ 31 Wkhq/ iru
vxïflhqwo| vpdoo %/ zh kdyh

fM ý f�
ãM ý ã�

@
fM

ãM ý ãu ý %
?

fM
ãM ý ãu

. ì>

hqvxulqj wkdw kljk hòruw uhpdlqv dq htxloleulxp zkhq phglxp hòruw lv dovr dgghg
wr wkh prgho1 Lq dgglwlrq/ vhwwlqj % vxïflhqwo| vpdoo hqvxuhv wkdw

ñ+4ý è,

]
iY�+*+! m j,,ý Y�+*+! m e,,j gJ+!, ?

fM
+ãM ý ã�,

>

iru dooJ 5 J/ vlqfh wkh ohiw kdqg vlgh frqyhujhv wr }hur dv % frqyhujhv wr }hur1 Wklv
lv d uhðhfwlrq ri wkh glïfxow| wkdw li wkh htxloleulxp fdoov iru phglxp hòruw wr
eh h{huwhg/ wkhq fkrrvlqj kljk hòruw rqo| hqkdqfhv rqh*v uhsxwdwlrq iru fkrrvlqj
phglxp dqg qrw kljk hòruw1 Vhwwlqj vxfk dq %/ zh qrwh wkdw zh vwloo kdyh

ñ+4ý è,

]
iY�+*+! m j,,ý Y�+*+! m e,,j gJ+!, è f�

+ã� ý ãu,
@ 3>

iru doo J 5 J1 Wkhvh lqhtxdolwlhv hqvxuh wkdw lw lv dq htxloleulxp iru wkh frpshwhqw
ñup wr dozd|v wdnh phglxp hòruw1 Ehfdxvh hdfk lqhtxdolw| lq wkh surri lv vwulfw/
zh fdq suhvhuyh wkh lqhtxdolwlhv zkloh lqfuhdvlqj f� voljkwo| wr hqvxuh wkdw +818,~
+819, duh vdwlvñhg1

Wkh h{lvwhqfh ri wkh pxowlsoh htxloleuld lq Sursrvlwlrq 616/ rqh lq zklfk
phglxp hòruw lv dozd|v wdnhq dqg rqh lq zklfk kljk hòruw lv dozd|v wdnhq/ lv
hvwdeolvkhg zlwk wkh khos ri d sdlu ri dujxphqwv/ hdfk uhvhpeolqj wkh surri ri
Sursrvlwlrq 5 +hvwdeolvklqj wkh h{lvwhqfh ri d kljk0hòruw htxloleulxp lq wkh wzr0
hòruw fdvh,1 E| pdnlqj ã� dqg f� vpdoo dqg khqfh forvh wr ãu dqg fu +@ 3,/
wkh ghprqvwudwlrq wkdw d frpshwhqw ñup lq d kljk0hòruw htxloleulxp zloo qrw
ghyldwh wr phglxp hòruw sdudoohov wkh ghprqvwudwlrq wkdw kh zloo qrw ghyldwh wr
orz hòruw1 Exw e| ohwwlqj f� eh hvshfldoo| vpdoo uhodwlyh wr ã� / wkh dujxphqw
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wkdw d ñup lq d phglxp0hòruw htxloleulxp zloo qrw ghyldwh wr orz hòruw sdudoohov
wkh surri wkdw d kljk0hòruw htxloleulxp h{lvwv lq wkh wzr0hòruw prgho1

Sursrvlwlrqv 614 dqg 615 dgguhvv d glòhuhqw lvvxh1 Lq hdfk fdvh/ zh h{sorlw
wkh idfw wkdw phglxp hòruw fdq eh uhodwlyho| hïflhqw wr frqvwuxfw h{dpsohv lq
zklfk rqo| rqh ri d phglxp0hòruw dqg kljk0hòruw htxloleulxp h{lvwv1 Zklfk ri
wkhvh wzr htxloleuld h{lvwv klqjhv rq wkh udwlr f�@+ã� ý ãu,/ zlwk rqo| d kljk0
hòruw htxloleulxp h{lvwlqj zkhq wklv udwlr lv kljk dqg rqo| d orz0hòruw htxloleulxp
h{lvwlqj zkhq lw lv orz1 Wkhvh uhvxowv vhuyh dv d uhplqghu wkdw wkh frvwv ri hòruw duh
eruqh lpphgldwho| zkloh wkh ehqhñwv duh ghod|hg1 Dq lqhïflhqw/ phglxp hòruw
ohyho fdq wkhq eh suhihuuhg wr dq hïflhqw/ kljk hòruw ohyho li wkh iruphu kdv wkh
dgydqwdjh ri lqyroylqj hvshfldoo| vpdoo lpphgldwh h{shqglwxuhv +l1h1/ f�@+ã� ý
ãu, lv vpdoo,/ exw lv xqolnho| wr eh suhihuuhg zlwkrxw wklv dgydqwdjh1

8151 Lqhïflhqwo| Kljk Hòruw

Wkh suhylrxv sursrvlwlrq*v irfxv rq wkh frvw0ehqhñw udwlr f�@+ã� ý ãu, gluhfwv
rxu dwwhqwlrq wr d ixqgdphqwdo glvdgydqwdjh ri h{fhvvlyh hòruw ohyhov= wkh frvw ri
h{fhvvlyh hòruw lv erxqghg deryh wkh frvw ri kljk hòruw1 Xqolnh phglxp hòruw/
wkh lpphgldwh frvwv ri h{fhvvlyh hòruw fdqqrw eh duelwudulo| vpdoo1

Vxssrvh wkdw wkh wkuhh hòruw ohyhov dydlodeoh wr wkh ñup duh iO>K>Hj/ zkhuh
H ghqrwhv h{fhvvlyh hòruw/ zlwk hòruw h 5 iO>K>Hj |lhoglqj d jrrg rxwfrph
zlwk suredelolw| ãe dqg |lhoglqj d edg rxwfrph zlwk frpsohphqwdu| suredelolw|/
dw frvw fe1 Zh dvvxph

ã. A ãM A ãu f. A fM A fu @ 3> +8146,

dqg

ãM ý fM A ã. ý f. A ãu ý fu= +8147,

Wkh frpshwhqw ñup wkxv ñqgv erwk h{fhvvlyh dqg kljk hòruw ehwwhu wkdq orz
hòruw/ jlyhq wkdw lw frxog frpplw wr vxfk hòruw ohyhov dqg frqvxphu h{shfwdwlrqv
zhuh iruphg dffruglqjo|1 Krzhyhu/ kljk hòruw lv pruh hïflhqw wkdq h{fhvvlyh
hòruw1

Wkh glvdgydqwdjh ri h{fhvvlyh hòruw lv wkdw f. pxvw eh uhodwlyho| odujh1 Qrwlfh
lq sduwlfxodu wkdw wkh udwlr +f.ýfM,@+ã.ýãM, pxvw h{fhhg rqh/ sodflqj d orzhu
erxqg rq wkh udwlr ri wkh pdujlqdo frvw ri h{fhvvlyh +udwkhu wkdq kljk, hòruw wr
wkh pdujlqdo ehqhñw ri h{fhvvlyh hòruw1 Wklv orzhu erxqg lpsolhv wkdw iru dq|
vshflñfdwlrq ri sdudphwhuv vdwlvi|lqj +8146,~+8147,/ wkhuh zloo eh fdvhv lq zklfk dq
h{fhvvlyh0hòruw htxloleulxp grhv qrw h{lvw ehfdxvh kljk hòruw lv pruh dwwudfwlyh=
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Sursrvlwlrq 71 Il{ ã. / ãM / ãu/ f. / fM / dqg fu frqvlvwhqw zlwk +8146,~+8147,1
Wkhq wkh vhw ri ydoxhv ri è iru zklfk dq htxloleulxp h{lvwv lq zklfk wkh frpshwhqw
ñup dozd|v wdnhv h{fhvvlyh hòruw lv d vxevhw ri wkh fruuhvsrqglqj vhw iru wkh prgho
lq zklfk kljk hòruw lv xqdydlodeoh/ dqg lv d vwulfw vxevhw zkhqhyhu wkh odwwhu vhw
lv qrqhpsw|1 Lq sduwlfxodu/ wkh vpdoohvw ydoxh ri è iru zklfk dq h{fhvvlyh0hòruw
htxloleulxp h{lvwv/ li rqh grhv/ lv vwulfwo| kljkhu zkhq kljk hòruw lv dydlodeoh wkdq
zkhq lw lv qrw dydlodeoh1

Zh suryh wklv uhvxow e| vkrzlqj wkdw/ iru vpdoo ydoxhv ri è/ dq h{fhvvlyh0hòruw
htxloleulxp lv ghvwdelol}hg e| wkh whpswdwlrq wr h{huw kljk +exw qrw orz, hòruw1
Wklv uhvxow frqwudvwv zlwk wkh fdvh ri phglxp hòruw/ zkhuh zh fdq ñqg h{dpsohv
lq zklfk wkh frvw ri phglxp hòruw lv uhodwlyho| vpdoo dqg lq zklfk wkh rswlrq
ri h{huwlqj kljk hòruw lv vxerswlpdo/ iru doo ydoxhv ri è/ vr wkdw wkh suhvhqfh ru
devhqfh ri kljk hòruw lv luuhohydqw iru ghwhuplqlqj zklfk ydoxhv ri è duh frqvlvwhqw
zlwk wkh h{lvwhqfh ri d phglxp0hòruw htxloleulxp1

Surri1 Li rqo| orz dqg h{fhvvlyh hòruwv duh dydlodeoh/ wkhq dq htxloleulxp lq
zklfk wkh frpshwhqw ñup dozd|v wdnhv h{fhvvlyh hòruw uhtxluhv/ iru doo ihdvleoh
J|/

ñ+4ý è,

]
iY.+*+! m j,,ý Y.+*+! m e,,j gJ|+!, è f.

+ã. ý ãu,
> +8148,

zkhuh f.@+ã. ý ãu, ? 41 Li kljk hòruw lv dovr dydlodeoh/ wkhq dq htxloleulxp lq
zklfk wkh frpshwhqw ñup dozd|v wdnhv h{fhvvlyh hòruw dovr uhtxluhv

ñ+4ý è,

]
iY.+*+! m j,,ý Y.+*+! m e,,j gJ|+!, è +f. ý fM,

+ã. ý ãM,
A 4 +8149,

iru doo ihdvleohJ|1 Qrz/ J| frqyhujhv zhdno| wr ïèââ / zkhuh !
ââ vroyhv !ââ @ *+!ââmj,1

Pruhryhu/ !ââ $ 4 dv è $ 31 Vlqfh *+! m j, ý *+! m e, lv vpdoo iru ! forvh wr
rqh/ e| fkrrvlqj è vxïflhqwo| vpdoo/ +8149, lv hyhqwxdoo| ylrodwhg1 Wkh uhvxow
wkhq iroorzv iurp qrwlqj wkdw +8149, lv d vwulfwo| pruh ghpdqglqj frqglwlrq wkdq
+8148,1

Wkh frpsdulvrq ehwzhhq lqhïflhqwo| orz dqg lqhïflhqwo| kljk hòruw ohyhov lv
lqvwuxfwlyh1 Il{ ãM / ãu/ fM dqg fu1 Wkhq iru hyhu| srvlwlyh ydoxh ri è/ qr pdwwhu
krz vpdoo/ zh fdq ñqg dq htxloleulxp lq zklfk wkh frpshwhqw ñup dozd|v h{huwv
phglxp hòruw1 Krzhyhu/ iru vxïflhqwo| vpdoo è/ wkhuh lv qr htxloleulxp lq zklfk
h{fhvvlyh hòruw lv dozd|v h{klelwhg1 Lq wklv vhqvh/ li wkh ñup lv wr lqhïflhqwo|
exlog d uhsxwdwlrq/ wkh lqhïflhqf| lv pruh olnho| wr lqyroyh wrr olwwoh hòruw1 Wkh
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nh| lv wkdw dq htxloleulxp lq zklfk wkh ñup dozd|v h{huwv d jlyhq hòruw ohyho fdq
eh eurnhq e| wkh whpswdwlrq wr fkrrvh d orzhu hòruw ohyho li wkh ydoxh ixqfwlrqv
iroorzlqj wkh wzr hòruw ohyhov duh wrr forvh wrjhwkhu1 E| jlylqj phglxp hòruw
d vxïflhqw frvw dgydqwdjh ryhu kljk hòruw/ zh fdq dozd|v hqvxuh wkdw wkh ydoxh
ixqfwlrqv duh qrw wrr forvh wrjhwkhu/ qr pdwwhu krz odujh lv è1 E| ghñqlwlrq/
krzhyhu/ h{fhvvlyh hòruw pxvw dozd|v h{klelw d frvw glvdgydqwdjh ryhu kljk hòruw1
Dv d uhvxow/ vpdoo ydoxhv ri è zloo fuhdwh fdvhv lq zklfk kljk hòruw lv suhihuuhg
wr h{fhvvlyh hòruw/ hqvxulqj wkhuh lv qr htxloleulxp lq zklfk wkh frpshwhqw ñup
dozd|v h{huwv h{fhvvlyh hòruw1

8161 Vshqglqj d Uhsxwdwlrq

Lq wklv vhfwlrq/ zh glvfxvv wkh srvvlelolw| wkdw wkh ñup pd| vrphwlphv/ exw qrw
dozd|v/ fkrrvh h{fhvvlyh hòruw1 Wkh frpshwhqw ñup pd| kdyh dq lqfhqwlyh wr
wdnh h{fhvvlyh hòruw zkhq pdq| ri wkh frqvxphuv* srvwhulruv duh orz +vxfk dv
diwhu uhsodflqj d orqj0olyhg lqhsw ñup,/ vlqfh h{fhvvlyh hòruw lqfuhdvhv wkh ñup*v
uhsxwdwlrq zlwk d odujhu iudfwlrq ri wkh frqvxphuv wkdq grhv kljk hòruw1 Wkh
frpshwhqw ñup pd| wkhq hyhqwxdoo| uhyhuw wr kljk hòruw/ _hqmr|lqj% wkh iuxlwv ri
wklv uhsxwdwlrq exloglqj/ zkhq pdq| ri wkh frqvxphuv duh pruh rswlplvwlf derxw
wkh ñup1

Zh ñuvw yhuli| wkh lqwxlwlrq wkdw wkh ñup pd| kdyh dq lqfhqwlyh wr wdnh
h{fhvvlyh hòruw zkhq pdq| ri wkh frqvxphuv* srvwhulruv duh orz1

Sursrvlwlrq 81 Vxssrvh ã+ò, @ òuãu . òMãM . ò.ã.1 Wkhuh h{lvw pdunhwv
+suhvhuylqj +8146,~+8147,, iru zklfk h{fhvvlyh hòruw lv d surñwdeoh ghyldwlrq iurp
wkh dozd|v0kljk0hòruw surñoh/ zkhqhyhu hqrxjk frqvxphuv* srvwhulruv duh orz1

Surri1 Zh ñuvw vkrz wkdw h{fhvvlyh hòruw lv d surñwdeoh ghyldwlrq lq wkh lqlwldo
shulrg/ li wkh frpprq lqlwldo eholhi/ !f/ lv qrw wrr odujh1 H{fhvvlyh hòruw lv d
surñwdeoh ghyldwlrq lq wkh lqlwldo shulrg li

ñ+4ý è,YM+*+!f m j,,ý YM+*+!f m e, è
f. ý fM
ã. ý ãM

A 4= +814:,

Iru ñ{hg ãM dqg ã./ zh fdq fkrrvh f. ý fM duelwudulo| forvh wr ã. ý ãM zkloh
vwloo suhvhuylqj +8146,~+8147,1 Wkxv/ e| dssursuldwh sdudphwhu fkrlfhv/ +814:, lv
lpsolhg e|

ñ+4ý è, +YM+*+!f m j,,ý YM+*+!f m e,,, A 4= +814;,

Vxssrvh whpsrudulo| wkdw è @ 3 dqg ãu @ 4ýãM 1 Qrwh wkdw ãM @ 4ýãu lpsolhv
* +*+!mj,me, @ !1 Ohw õ ì i!ôj"ô'3" ghqrwh wkh vhw ri eholhiv ghñqhg e|

*+!ô mj, @ !ôn�
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dqg
*+!ô me, @ !ô3�>

iru hyhu| lqwhjhu á +!f kdylqj douhdg| ehhq ñ{hg,1 Ri frxuvh !| A !ô3�1 Ohw
k+w> !ô m!, eh wkh suredelolw| wkdw d frqvxphu shulrg0w srvwhulru lv jlyhq e| !ô /
jlyhq d shulrg0}hur eholhi ri ! 5 õ1 Vlqfh k +w> !ô m*+!me,, @ k

ý
w> !ôn2m*+!mj,

ü
/

YM+*+!fmj,, @ YM+!�, @
"[
|'f

ñ|
[
ô

k+w> !ô m!�,+!ôãM . +4ý !ô ,ãu,

dqg

YM+*+!fme,, @ YM+!3�, @
"[
|'f

ñ|
[
ô

k+w> !ô m!�,+!ô32ãM . +4ý !ô32,ãu,>

dqg khqfh

YM+!�,ý YM+!3�, @
"[
|'f

ñ|
[
ô

k+w> !ô m!�,+ãM ý ãu,+!ô ý !ô32,=

Il{ % A 31 Ohppd 4 +lq wkh dsshqgl{, ghprqvwudwhv wkdw wkh vxp

A[
|'f

[
ô

k+w> !ô m!�,+!ô ý !ô32,

lv odujhu wkdq 5+4ý !f,ý % iru vxïflhqwo| odujh W 1 E| wdnlqj ñ forvh wr 4 +dqg
pdlqwdlqlqj è @ 3,/ zh kdyh

ñ +YM+*+!f m j,,ý YM+*+!f m e,,, A 5+ãM ý ãu,+4ý !f,ý %@5=

Zh fdq wkhq hqvxuh wkdw +814;, krogv/ zlwk vwulfw lqhtxdolw|/ e| wdnlqj ãM vxï0
flhqwo| odujh +zklfk lpsolhv ãu vpdoo,/ dqg !f qrw wrr odujh1

Zh qrz uhod{ wkh uhvwulfwlrqv è @ 3 dqg ãM @ 4 ý ãu1 Doo wkh uhohydqw
ixqfwlrqv duh frqwlqxrxv/ vr wkdw iru è forvh wr 3 dqg ãM forvh wr 4ý ãu/ +814;,
vwloo krogv +dowkrxjk lw lv qr orqjhu wkh fdvh wkdw * +* +!mj, me, @ !,1

Frqvlghu qrz sdudphwhu ydoxhv vxfk wkdw +814;, krogv iru !f @ !â/ zkhuh
!â vroyhv *+! m e, @ !1 Vlqfh wkh glvwulexwlrq ri frqvxphu srvwhulruv zhdno|
frqyhujhv wr ïèâ lq wkh ohqjwk ri dq lqhsw ñup*v olih/ dqg wkh frpshwhqw ñup*v
ydoxh ixqfwlrq/ Y +ümh, = J $ ?/ lv frqwlqxrxv/ d frpshwhqw ñup wkdw uhsodfhv d
vxïflhqwo| orqj0olyhg lqhsw ñup zloo dovr ñqg lw surñwdeoh wr ghyldwh wr h{fhvvlyh
hòruw1
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E| wdnlqj è vxïflhqwo| vpdoo +dv zdv grqh lq wkh surri ri Sursrvlwlrq 8,/
zh fdq suhvhuyh wkh uhvxow ri Sursrvlwlrq 8 zkloh dovr hqvxulqj wkdw wkhuh lv
qr htxloleulxp lq zklfk wkh frpshwhqw ñup dozd|v h{huwv h{fhvvlyh hòruw1 Wkh
sureohp zlwk vxvwdlqlqj shupdqhqw h{fhvvlyh hòruw lv wkh idploldu rqh wkdw zkhq
d frpshwhqw ñup lv orqj0olyhg/ hyhqwxdoo| prvw frqvxphuv duh txlwh frqñghqw
derxw wkh w|sh ri rzqhu/ dqg wkh frpshwhqw ñup qrz kdv qr lqfhqwlyh wr fkrrvh
h{fhvvlyh hòruw1

Zh wkxv kdyh d pdunhw lq zklfk/ li wkh frpshwhqw ñup lv wr exlog d uhsxwdwlrq/
lw pxvw gr vr e| vrphwlphv h{huwlqj kljk hòruw dqg vrphwlphv h{huwlqj h{fhvvlyh
hòruw1 Rxu lqwxlwlrq lv wkdw frpshwhqw ñupv zloo h{huw h{fhvvlyh hòruw zkhqhyhu
uhsodflqj d orqj0olyhg lqhsw ñup/ dqg khqfh idflqj wkh wdvn ri txlfno| exloglqj d
uhodwlyho| orz uhsxwdwlrq/ zlwk h{fhvvlyh hòruw jlylqj zd| wr kljk hòruw dv pruh
w|slfdo frpshwhqw0ñup uhsxwdwlrqv duh dwwdlqhg1

Zh kdyh qrw frqvwuxfwhg vxfk htxloleuld ehfdxvh ri wkh vljqlñfdqw glïfxowlhv
wkdw dulvh lq fdofxodwlqj ehvw uhsolhv zkhq wkh ñup*v dfwlrqv duh qrw frqvwdqw1
Lq sduwlfxodu/ vxssrvh wkdw wkh vhw ri ñup klvwrulhv lv sduwlwlrqhg lqwr wzr vhwv/
NsM dqg Ns. / dqg wkdw ñup ehkdylru lv á+ks| , @ K li ks| 5 NsM dqg á+ks| , @ H

li ks| 5 Ns. 1 Lq rughu wr fdofxodwh khu eholhiv ryhu wkh ñup*v hòruw fkrlfh lq
vrph shulrg w/ frqvxphu l pxvw qrz qrw rqo| dvvljq d suredelolw| wr wkh ñup
ehlqj frpshwhqw lq wklv shulrg +dv ehiruh,/ exw dovr wr wkh ñup*v klvwru| ehlqj

lq wkh vhw NsM 1 Lq dgglwlrq/ frqvxphu l*v xsgdwlqj ri wkh suredelolw| dvvljqhg wr
wkh ñup ehlqj frpshwhqw zloo dovr ghshqg rq wkh suredelolw| vkh dvvljqv wr wkh
ñup*v klvwru| ehlqj lq wkh vhw NsM 1 Wkh sd|rò wr wkh frpshwhqw ñup ri glòhuhqw
hòruw ohyhov wkhq ghshqgv rq wkh hyroxwlrq ri frqvxphu eholhiv ryhu wkh ñup*v
w|sh dqg wkh vhw NsM 1 Ilqdoo|/ qrwh wkdw vlpso| dsshdolqj wr vwdqgdug h{lvwhqfh
wkhruhpv grhv qrw hvwdeolvk hyhq wkh h{lvwhqfh ri vxfk dq htxloleulxp/ vlqfh wkh
wulyldo ehkdylru lq zklfk wkh frpshwhqw ñup dozd|v fkrrvhv orz hòruw lv dozd|v
dq htxloleulxp1

Së ú �L_i* êð|ü +@?_L4 "ý@*ð|) @?_ Aüi W4TihuiU| �L?ð|Lhð?}
wð|ih@|ýhi

Wklv vhfwlrq h{soruhv wkh uhodwlrqvkls ri rxu dqdo|vlv wr wkh olwhudwxuh rq uhshdwhg
jdphv ri lpshuihfw prqlwrulqj1 Wr gr vr/ lw lv khosixo wr vnhwfk d vwudljkwiruzdug
jhqhudol}dwlrq ri rxu prgho1 Vxssrvh wkdw wkh ñup*v hòruw fkrlfh qrz udqgrpo|
ghwhuplqhv wkh txdolw| ri wkh jrrg/ zklfk lq wxuq udqgrpo| ghwhuplqhv frqvxphu
rxwfrphv1 Wkh jrrg fdq eh hlwkhu kljk txdolw|/ zklfk zh uhihu wr dv d vxffhvv
+v,/ ru orz txdolw|/ zklfk zh uhihu wr dv d idloxuh +i,1 Dq hòruw ohyho ri h |lhogv
d vxffhvv zlwk suredelolw| #e dqg d idloxuh zlwk suredelolw| 4 ý #e/ zlwk #. A
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#M A #� A #u1 Wkh txdolw| ri wkh jrrg lv revhuyhg e| wkh ñup/ exw qrw e|
wkh frqvxphuv1 D vxffhvv surylghv d jrrg rxwfrph zlwk suredelolw| ír dqg d edg
rxwfrph zlwk suredelolw| 4 ý ír/ zkloh d idloxuh surylghv d jrrg rxwfrph zlwk
suredelolw| ís dqg d edg rxwfrph zlwk suredelolw| 4ýís / zkhuh 4 è ír A ís è 31

Rxu hduolhu dqdo|vlv fruuhvsrqgv wr vhwwlqj #M @ 4 dqg #u @ 31 Krzhyhu/
h{whqglqj Sursrvlwlrqv 4 dqg 5 wr wkh jhqhudo fdvh lq zklfk 3 ? #u ? #M ? 4
uhtxluhv rqo| vrph pruh hoderudwh qrwdwlrq lq wkh surri1 Pruhryhu/ Sursrvlwlrqv
608 krog/ zlwkrxw dq| prglñfdwlrq/ li zh lqwhusuhw ãe dv wkh suredelolw| zlwk
zklfk hòruw ohyho h jlyhv d jrrg xwlolw| rxwfrph/ vr wkdw ãe @ #eír . +4ý#e,ís 1

Wkh lqwhusuhwdwlrq ri rxu irupdo dqdo|vlv ehfrphv ulfkhu lq wkh frqwh{w ri
wklv pruh hoderudwh prgho1 Wkh hyroxwlrq ri frqvxphu klvwrulhv/ dqg khqfh wkh
hyroxwlrq ri frqvxphu srvwhulruv idflqj d vlqjoh frpshwhqw ñup/ lv qrz vwrfkdvwlf
udwkhu wkdq ghwhuplqlvwlf1 Wkh ehkdylru ghvfulehg lq Vhfwlrq 816/ iru h{dpsoh/
lv qrz rqh lq zklfk d vlqjoh ñup pd| dowhuqdwh ehwzhhq shulrgv ri kljk hòruw/
ghvljqhg wr fdslwdol}h rq d khdowk| uhsxwdwlrq/ dqg shulrgv ri h{fhvvlyh hòruw/ lq
zklfk wkh ñup uhexlogv d uhsxwdwlrq ghsohwhg e| d vhulhv ri xqiruwxqdwh idloxuhv1

Qrz frqvlghu wkh olwhudwxuh rq uhshdwhg jdphv dqg uhsxwdwlrqv1 Wkh vlpsohvw
vshfldo fdvh lv rewdlqhg e| vhwwlqj !f @ 4 dqg è @ 3/ vr wkdw wkhuh lv rqh ñup/
zkr lv frpshwhqw/ dqg ír @ 4/ ís @ 3/ #M @ 4/ dqg #u @ 3/ vr wkdw doo
frqvxphuv revhuyh wkh dfwlrqv ri wkh ñup1 Wkh uhvxow lv d uhshdwhg jdph zlwk
shuihfw prqlwrulqj1 Hyhq wkrxjk wkh frqvxphuv ehkdyh dv vkruw0uxq sod|huv/ wklv
jdph kdv pdq| htxloleuld +Ixghqehuj/ Nuhsv/ dqg Pdvnlq ^;`,1 Kljk hòruw fdq
eh vxssruwhg +li wkh ñup lv vxïflhqwo| sdwlhqw, e| dq htxloleulxp surñoh lq zklfk
wkh ñup ehjlqv zlwk kljk hòruw dqg fkrrvhv kljk hòruw dv orqj dv lw kdv suhylrxvo|
fkrvhq kljk hòruw/ zkloh fkrrvlqj orz hòruw li lw kdv hyhu fkrvhq orz hòruw lq wkh
sdvw> dqg lq zklfk frqvxphuv h{shfw kljk hòruw dv orqj dv kljk hòruw kdv ehhq
fkrvhq lq wkh sdvw/ dqg h{shfw orz hòruw li orz hòruw kdv hyhu ehhq fkrvhq lq
wkh sdvw1 Lw lv wkhq frqyhqlhqw wr ghvfuleh wkh ñup dv pdlqwdlqlqj d uhsxwdwlrq
iru kljk hòruw/ zlwk dq| ghyldwlrq lqvwdqwo| ghvwur|lqj wkdw uhsxwdwlrq1 Lq wklv
vhwwlqj/ d uhsxwdwlrq frqvlvwv ri eholhiv derxw wkh ixwxuh dfwlrqv ri wkh ñup1 Iru
h{dpsoh/ zh pljkw vshdn ri ñupv dv pdlqwdlqlqj d uhsxwdwlrq iru qrw fxwwlqj
sulfhv/ ru d prqhwdu| dxwkrulw| pdlqwdlqlqj d uhsxwdwlrq iru qrw lqðdwlqj/ ru
frxqwulhv pdlqwdlqlqj uhsxwdwlrqv iru vhwwlqj orz wdulòv1

Frqvxphuv pd| eh xqdeoh wr shuihfwo| revhuyh wkh ñup*v dfwlrqv1 Zh fdswxuh
vxfk d fdvh e| vhwwlqj 3 ? #u ? #M ? 4/ exw pdlqwdlqlqj wkh sdudphwhu uhvwulf0
wlrqv !f @ 4/ è @ 3/ ír @ 4/ dqg ís @ 31 Wklv |lhogv d jdph ri lpshuihfw sxeolf
prqlwrulqj +Deuhx/ Shdufh dqg Vwdffkhwwl ^4`,1 Wkh fulwlfdo ihdwxuh lq wklv prgho
lv wkdw erwk frqvxphuv dqg wkh ñup revhuyh wkh qrlv| vljqdo ri ñup ehkdylru/
dqg khqfh fdq frqglwlrq ehkdylru rq wkdw vljqdo1 Lw lv dozd|v dq htxloleulxp lq
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wklv prgho iru wkh ñup wr dozd|v fkrrvh orz hòruw/ dqg iru frqvxphuv wr h{shfw
orz hòruw lq hyhu| shulrg1 Li wkh ñup lv vxïflhqwo| sdwlhqw dqg #M lv qrw wrr
vpdoo/ wkhq wkhuh dovr h{lvwv dq htxloleulxp lq zklfk wkh ñup lqlwldoo| wdnhv kljk
hòruw/ zlwk d orz txdolw| rxwfrph wuljjhulqj d vzlwfk wr wkh orz hòruw htxlole0
ulxp12� Wkh nh| wr wkhvh htxloleuld/ dv iru jdphv zlwk shuihfw prqlwrulqj/ lv wkdw
wkh htxloleulxp ehkdylru ri ñup dqg wkh eholhiv ri frqvxphuv fdq eh shuihfwo|
frruglqdwhg1

Rxu dqdo|vlv lv prwlydwhg e| wkh revhuydwlrq wkdw wkh eholhiv wkdw dsshdu
lq uhshdwhg jdphv zlwk shuihfw ru lpshuihfw sxeolf prqlwrulqj duh qrwrulrxvo|
yrodwloh1 Wkh uhsxwdwlrqv lq wkhvh prghov w|slfdoo| vsulqj lqvwdqwo| wr olih udwkhu
wkdq ehlqj judgxdoo| exlow/ dqg duh riwhq lqvwdqwo| +wkrxjk shukdsv whpsrudulo|,
ghvwur|hg xsrq d ñup*v ñuvw plvfxh1 Wklv yrodwlolw| dulvhv ehfdxvh frqvxphu eh0
olhiv duh frqfhuqhg zlwk wkh ixwxuh dfwlrqv ri wkh ñup/ zklfk fdq fkdqjh deuxswo|
zlwk glòhuhqw uhdol}dwlrqv ri wkh sxeolf rxwfrph1 Wkh uhvxowlqj htxloleuld uhtxluh
dq lpsodxvleoh ghjuhh ri frruglqdwlrq ehwzhhq wkh ñup*v ehkdylru dqg frqvxphu
eholhiv/ hvshfldoo| zkhq wkhuh lv d frqwlqxxp ri frqvxphuv1

Wkh qdwxudo zd| wr suhfoxgh wklv frruglqdwlrq lv wr dvvxph wkdw hdfk frqvxphu
uhfhlyhv d sulydwh uhdol}dwlrq ri wkh rxwfrph/ vr wkdw 3 ? ís ? ír ? 41 Lq
wklv vlwxdwlrq/ wkh ñup fdqqrw suhglfw wkh uhdol}dwlrq uhfhlyhg e| dq| sduwlfxodu
frqvxphu1 Pruhryhu/ hdfk frqvxphu nqrzv wkdw wkh ñup grhv qrw nqrz wkh
vljqdo vkh revhuyhg1 Wklv lv qrz d jdph zlwk lpshuihfw sulydwh prqlwrulqj/ dqg
frruglqdwlrq ehwzhhq ñup ehkdylru dqg frqvxphu eholhiv lv qrw hdvlo| dfklhyhg1
Lw lv fohdu iurp wkh olwhudwxuh wkdw hyhq vpdoo dprxqwv ri lpshuihfwlrq lq d sulydwh
prqlwrulqj prgho fdq srvh vljqlñfdqw eduulhuv wr vxvwdlqlqj d uhsxwdwlrq/ dv zhoo
dv vljqlñfdqwo| frpsolfdwlqj wkh dqdo|vlv1 Frpswh ^8`/ iru h{dpsoh/ vkrzv wkdw
vpdoo dprxqwv ri lglrv|qfudf| fdq ghvwur| wkh delolw| ri wuljjhu vwudwhjlhv wr
vxvwdlq frrshudwlrq lq wkh uhshdwhg sulvrqhuv* glohppd1 Vhnljxfkl ^54` vkrzv
wkdw li rqh doorzv d eurdghu fodvv ri vwudwhjlhv/ wkhq htxloleuld h{lvw ihdwxulqj d
srvlwlyh suredelolw| ri frrshudwlrq/ exw rqo| lq pl{hg vwudwhjlhv1 Hyhq lq vlpsoh
wzr0vwdjh jdphv zlwk lqghshqghqw sulydwh prqlwrulqj/ frrshudwlrq lv lpsrvvleoh
lq sxuh vwudwhjlhv/ zkloh lw fdq eh vxvwdlqhg zlwk srvlwlyh suredelolw| lq pl{hg
vwudwhjlhv li sxeolfo| revhuydeoh udqgrpl}dwlrqv duh dovr dydlodeoh +Ekdvndu dqg
ydq Gdpph ^7`,1 Zh dyrlg pxfk ri wklv frpsolfdwlrq e| h{sorlwlqj wkh suhvhqfh
ri uhsodfhphqwv wr vxssruw sxuh0vwudwhj| htxloleuld zlwk qrqwulyldo uhsxwdwlrqv1

Wkh glïfxow| lq frruglqdwlqj frqvxphu uhdfwlrqv dqg ñup ehkdylru frxog
eh uhpryhg li frqvxphuv frxog sxeolfo| uhyhdo wkhlu xwlolw| uhdol}dwlrqv/ dv lq

2�ï|üih i^ýð*ðMhð@c ð? êüðUü M@_ UL?tý4ih Lý|UL4i |hð}}iht @ |i4TLh@h) hiñihtðL? |L *Lê
igLh|c uL**Lêi_ M) týMti^ýi?| üð}ü igLh|c U@? @Uüðiñi T@)Lgt U*Lti |L |üi iæUði?| *iñi*ë 5ii
6ý_i?Mih}c wiñð?ic @?_ �@t!ð? d�foäë
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Dr|djl ^6`/ vlqfh wkh glïfxow| lv wkdw frqvxphuv kdyh sulydwh udwkhu wkdq glòhuhqw
uhdol}dwlrqv1 Lw lv wkhq qr vxusulvh wkdw pdq| pdunhwv frqwdlq txdolw|0udwlqj
vhuylfhv/ riwhq vsrqvruhg e| wkh ñupv lq wkh pdunhw/ wkrxjk wklv srvvlelolw| lv
h{foxghg iurp rxu prgho122 Krzhyhu/ ehfdxvh hyhq vpdoo dprxqwv ri lpshuihfwlrq
lq d sulydwh prqlwrulqj whfkqrorj| fdq kdyh surirxqg hòhfwv/ wkh hòhfwlyhqhvv ri
vxfk udwlqj vhuylfhv pd| uhtxluh wkdw hyhu| frqvxphu uhfhlyhv suhflvho| wkh vdph
revhuydwlrq ri wkh udwlqj/ d srvvlelolw| wkdw vhhpv xqolnho| lq oljkw ri wkh frpprq
h{lvwhqfh ri pxowlsoh/ lpshuihfw udwlqj vhuylfhv1

Pdlodwk dqg Pruulv ^4;` suryh d Qdvk0uhyhuvlrq w|sh iron wkhruhp lq jdphv
zlwk lpshuihfw sulydwh prqlwrulqj zkhq wkh vljqdov h{klelw d irup ri vwurqj fru0
uhodwlrq1 Vxssrvh wkh vwdjh jdph kdv d vwulfw sxuh vwudwhj| Qdvk htxloleulxp1
Wkhq iru dq| dfwlrq surñoh zkrvh sd|ròv çx Sduhwr grplqdwh wkh Qdvk htxlole0
ulxp/ wkhuh lv d pl{hg htxloleulxp ri wkh uhshdwhg jdph zkrvh dyhudjh glvfrxqwhg
h{shfwhg sd|rò lv forvh wr çx li sod|huv duh vxïflhqwo| sdwlhqw dqg vljqdov duh vxï0
flhqwo| fruuhodwhg1 Wkh h{sdqghg lqwhusuhwdwlrq ri rxu fxuuhqw prgho/ zlwk hòruw
jhqhudwlqj hlwkhu vxffhvvixo ru idlolqj surgxfwv zklfk lq wxuq vwrfkdvwlfdoo| |lhog
frqvxphu rxwfrphv/ lqwurgxfhv vrph fruuhodwlrq lqwr frqvxphuv* vljqdov1 Krz0
hyhu/ wkh xqghuo|lqj vljqdolqj whfkqrorj| glòhuv vljqlñfdqwo| iurp wkdw ri Pdlodwk
dqg Pruulv1 Lq rughu wr pdnh wkh prghov frpsdudeoh/ wkh suredelolw| ri d jrrg
rxwfrph lq wkh fxuuhqw prgho zrxog qhhg wr ghshqg rq erwk wkh hòruw fkrlfh ri
wkh ñup dqg wkh eholhiv ri wkh frqvxphu1 Lq sduwlfxodu/ Pdlodwk dqg Pruulv ^4;`
pdnh fuxfldo xvh ri wkh idfw wkdw wkh glvwulexwlrq ri vljqdov ghshqgv rq wkh hqwluh
dfwlrq surñoh/ qrw mxvw rqh sod|hu*v dfwlrq1

Zh gr qrw nqrz li rxu jdph ri lpshuihfw sulydwh prqlwrulqj/ zlwk !f @ 4 dqg
è @ 3 +dqg khqfh qhlwkhu lqfrpsohwh lqirupdwlrq qru uhsodfhphqwv,/ kdv d pl{hg
vwudwhj| htxloleulxp lq zklfk wkh ñup fkrrvhv kljk hòruw1 Lq sduwlfxodu/ zh gr qrw
nqrz li wkh ñup fdq fkrrvh kljk hòruw lqñqlwho| riwhq zlwk suredelolw| erxqghg
dzd| iurp rqh1 Hyhq li vxfk htxloleuld duh srvvleoh/ zh kdyh grxewv frqfhuqlqj
erwk wkhlu sodxvlelolw| dqg wkhlu vxlwdelolw| iru fdswxulqj wkh lpsruwdqw ihdwxuhv
ri uhsxwdwlrq exloglqj1 Wkh lqwurgxfwlrq ri w|shv +!f 9@ 4 dqg è A 3, doorzv
uhsxwdwlrqv wr dulvh dqg wr kdyh d sodxvleoh lqwhusuhwdwlrq1

.ë çL?U*ýtðL?

Srrolqj prghov ri uhsxwdwlrqv duh zhoo hvwdeolvkhg1 Zk| gr zh qhhg d qhz prgho
ri uhsxwdwlrq edvhg rq vhsdudwlrqB Lq pdq| flufxpvwdqfhv/ zh wklqn wkh w|sh ri

22wiñð?i @?_ �@h|ð?i**ð d�.o i @4ð?i @ 4L_i* ð? êüðUü ð?uLh4@|ðL? @MLý| ý|ð*ð|) hi@*ð3@|ðL?t
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eholhiv qhhghg iru srrolqj prghov ri uhsxwdwlrq duh vxïflhqwo| lpsodxvleoh dv wr
prwlydwh d vhdufk iru dowhuqdwlyh prghov1 Wklv eholhi lv uhlqirufhg e| rxu ñqglqj
wkdw wkh vhsdudwlqj prgho |lhogv surshuwlhv/ vxfk dv judgxdo uhsxwdwlrq exloglqj/
wkdw pdwfk frpprq lqwxlwlrq dv wr krz uhsxwdwlrqv duh pdqdjhg1

Wkhvh revhuydwlrqv vxjjhvw wkh qh{w gluhfwlrq iru wklv uhvhdufk1 Lw lv frpprq
wr vshdn ri uhsxwdwlrqv dv ehlqj erxjkw dqg vrog/ wkrxjk fxuuhqw uhsxwdwlrq
prghov surylgh ihz foxhv dv wr zkdw frpprglw| lv wudghg lq vxfk fdvhv1 Lq ^4<`/
zh wdnh wkh ñuvw vwhsv lq hpehgglqj rxu prgho lq d pdunhw zkhuh zh fdq h{dplqh
wkh frqglwlrqv xqghu zklfk uhsxwdwlrqv fdq eh wudghg1

Hë úTTi?_ð 

Surri ri Sursrvlwlrq 4= Vxssrvh +á>  , lv dq htxloleulxp dqg á lv d sxuh
vwudwhj|1 Vxssrvh wkdw á fdoov iru wkh frpshwhqw ñup wr vrphwlphv h{huw kljk
hòruw lq htxloleulxp1 Vlqfh wkhuh duh qr uhsodfhphqwv/ wkh ñup*v klvwru| hyroyhv
ghwhuplqlvwlfdoo|/ dqg khqfh á ghwhuplqhv wkh shulrgv lq zklfk wkh ñup h{huwv
kljk hòruw1

Lw lv lpphgldwh wkdw á pxvw fdoo iru kljk hòruw lqñqlwho| riwhq1 Li wklv zhuh
qrw wkh fdvh/ wkhuh lv d ñqdo shulrg wW lq zklfk wkh ñup h{huwv kljk hòruw1 Wkh
uhyhqxh lq hyhu| vxevhtxhqw shulrg zrxog wkhq eh s+3,/ uhjdugohvv ri wkh rxwfrph
lq shulrg wW/ hqvxulqj wkdw kljk hòruw lv vxerswlpdo lq shulrg wW1

Khqfh/ ohw W?+K, ì iw è q = hô| @ Kj eh wkrvh shulrgv odujhu wkdq q lq zklfk
kljk hòruw lv h{huwhg +uhfdoo wkdw hô| lv wkh hòruw fkrlfh ri wkh frpshwhqw w|sh lq
shulrg w xqghu á,1 Vlploduo|/ ohw W?+O, ì iw è q = hô| @ Oj @ iq> q.4> ===jqW?+K,1
Wkhq/ iru w 5 W?+O,/ doo frqvxphuv h{shfw wkh ñup wr fkrrvh orz hòruw zlwk
suredelolw| rqh/ l1h1/

s+I
vcûs|3�Eôä

, @ s+3,=

Iru dq| shulrg w 5 W?+K,/ zh kdyh/ iru dq| klvwru| kS| /

 +kS|, @ *+!f m kS|,>

dqg vr
s+I

vcûs|3�Eôä
, @ s+I|,>

zkhuh I| lv wkh suredelolw| glvwulexwlrq ixqfwlrq ri srvwhulru eholhiv *+!fmkS|, ri
frqvxphuv lq shulrg w1 Qrwh wkdw li w 5 W?+O,/ wkhq I|n� @ I|1 Pruhryhu/ vlqfh
W?+K, 9@ > iru doo q/ frqglwlrqdo rq wkh ñup ehlqj frpshwhqw/ I|+{, $ 3 iru doo
{ ? 4 dv w $ 41 Wkxv/ iru doo % A 3/ wkhuh h{lvwv w+%, vxfk wkdw iru doo w è w+%,/
I|+4ý%, ? %1 Wkdw lv/ dw ohdvw d iudfwlrq 4ý% ri frqvxphuv kdyh revhuyhg d sulydwh
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klvwru| kS| wkdw |lhogv dq xsgdwh *+!f m kS|, A 4ý%1 Revhuyh wkdw iru doo ì A 3 dqg
p 5 Q / wkhuh h{lvwv %+ì>p, A 3 vxfk wkdw ! A 4ý %+ì>p,, *+!meE6ä, A 4ý ì/
zkhuh eE6ä lv wkh klvwru| ri p frqvhfxwlyh edg uhdol}dwlrqv/ zklfk lpsolhv wkdw iru
dq| p shulrg klvwru| kS6/ *+!mkS6, A 4ý ì1 Ohw I # eh wkh glvwulexwlrq ixqfwlrq
jlyhq e| I #+{, @ ì iru { ? 4 ý ì dqg I #+{, @ 4 iru { è 4 ý ì1 Wkhq/ iru doo
wâ è w+%+ì>p,, dqg doo w 5 iwâ> = = = > wâ .pj/ I| ñuvw rughu vwrfkdvwlfdoo| grplqdwhv
I #1 Wkxv/ wkh frqwlqxdwlrq sd|rò iurp ghyldwlqj lq d shulrg wâ 5 W|E0ä+K, lv dw
ohdvw

s+I #, .
[

|MA|â EMäc
|ân�$|$|ân6

ñ|3|
â
+s+I #,ý f, .

[
|MA|â Euäc

|ân�$|$|ân6

ñ|3|
â
s+3, .

ñ6n�

+4ý ñ,
+s+3,ý f, >

iru dq| p A 31 E| fkrrvlqj p odujh dqg ì vpdoo +s+I #, $ s+4, dv ì $ 3,/ wklv
orzhu erxqg fdq eh pdgh duelwudulo| forvh wr

s+4, .
[

|MA|âEMäc
|ân�$|

ñ|3|
â
+s+4,ý f, .

[
|MA|â Euäc
|ân�$|

ñ|3|
â
s+3,=

Vlqfh wkh frqwlqxdwlrq sd|rò iurp iroorzlqj á lv qr pruh wkdq[
|MA|âEMä

ñ|3|
â
+s+4,ý f, .

[
|MA|âEuä

ñ|3|
â
s+3,>

wkh jrrg ñup kdv d surñwdeoh ghyldwlrq1 Wkxv/ wkhuh lv qr htxloleulxp lq sxuh
vwudwhjlhv zlwk wkh frpshwhqw ñup hyhu fkrrvlqj kljk hòruw1

Surri ri Sursrvlwlrq 5= Vxssrvh wkh frpshwhqw ñup dozd|v fkrrvhv kljk hòruw/
vr wkdw hô| @ K iru doo w1 E| k|srwkhvlv/ *+! m {, 5 ^èë> 4ýè.èë` iru doo ! 5 ^3> 4`
dqg { 5 ij> ej1 Pruhryhu/ èë ? !â ? !ââ ? 4 ý è . èë dqg *+! m {, 5 ^!â> !ââ`
iru doo ! 5 ^!â> !ââ` dqg { 5 ie> jj1 Iru { 5 ie> jj/ *3�+! m {, ghqrwhv wkh
lqyhuvh lpdjh ri ! xqghu *+ü m {,> iru ! ? plqè *+!m{,/ vhw *3�+!m{, @ 3 dqg iru
! A pd{è *+!m{,/ vhw *3�+!m{, @ 41 Li !f 5 ^!â> !ââ`/ wkh glvwulexwlrq ri frqvxphu
srvwhulruv ryhu wkh w|sh ri wkh ñup lq shulrg w/ ghqrwhg J/ kdv vxssruw lq ^!â> !ââ`1
Vlqfh *3�+! m e,ý *3�+! m j, A 3 iru doo ! 5 +èë> 4ý è. èë,/ wkhuh lv d frqvwdqw
} A 3 vxfk wkdw *3�+! m e,ý*3�+! m j, è } iru doo ! 5 ^!â> !ââ`1 Ohw Je ghqrwh wkh
glvwulexwlrq ryhu srvwhulruv wkdw wkh ñup lv frpshwhqw lq shulrg w.4 wkdw uhvxowv
iurp d fkrlfh ri hòruw h/ jlyhq wkh glvwulexwlrq ri frqvxphu srvwhulruv/ J1 Wkhq/
Je+!, @ ãeJ+*

3�+! m j,, . +4ý ãe,J+*
3�+! m e,,> vr wkdw

Ju+!,ýJM+!, @ +ãM ý ãu,
ý
J+*3�+! m e,,ýJ+*3�+! m j,,ü è 3=
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Fkrrvh % vdwlvi|lqj 3 ? % ? plqi}> !â ý *3�+!â m j,> 4ý !ââj1 Wkhq/ vlqfh % ? }/] �

f
J+*3�+! m e,,ýJ+*3�+! m j,, g! è

] èââ

èâ
J+*3�+! m j,.%,ýJ+*3�+! m j,, g!=

Ohw P eh wkh odujhvw lqwhjhu n iru zklfk *3�+!â m j, . n% é !ââ> e| frqvwuxfwlrq
*3�+!â m j, . +P . 4,% ? 41 Frqvwuxfw dq lqfuhdvlqj vhtxhqfh i!â&j�n�&'f e|
vhwwlqj !â& @ *

ý
*3�+!â m j, . n% m jü> qrwh wkdw !âf @ !â1 Iru n @ 3> = = = >P / li

i& = ^!
â
f> !

â
�` $ ^!â&> !

â
&n�` lv wkh ixqfwlrq i&+!, @ *

ý
*3�+! m j, . n% m jü/ wkhq

i&+!
â
f, @ !â& dqg i&+!

â
�, @ !â&n�> dqg vlqfh i& lv frqwlqxrxv/ lw lv rqwr1 Pruhryhu/

i&n�+!, @ *
ý
*3�+i&+!, m j, . % m jü/ dqg vlqfh *+ümj, lv frqfdyh/ i â&n�+!, é i â&+!,1

Wkhq iru n @ 3> = = = >P /] èâ&n�

èâ&
J+*3�+! m j, . %, g! @

] èâ�

èâf
J+*3�+i&+!, m j, . %,i â&+!, g!

@

] èâ�

èâf
J+*3�+i&n�+!, m j,,i â&+!, g!

è
] èâ�

èâf
J+*3�+i&n�+!, m j,,i â&n�+!, g!=

Wkhq +vlqfh !âf @ !â/ !â�n� A !ââ/ dqg J*v vxssruw lv d vxevhw ri ^!â> !ââ`,] èââ

èâ
J+*3�+! m j, . %,ýJ+*3�+! m j,, g!

@
�[
&'f

] èâ&n�

èâ&
J+*3�+! m j, . %,ýJ+*3�+! m j,, g!

è
] èâ�

èâf

�3�[
&'f

J+*3�+i&n�+!, m j,,i â&n�+!,ý
�[
&'f

J+*3�+i&+!, m j,,i â&+!, g!

.

] èâ�n�

èâ�
J+*3�+! m j, . %, g!

@

] èâ�n�

èâ�
J+*3�+! m j, . %, g!ý

] èâ�

èâf
J+*3�+! m j,, g!

è J+*3�+!â� m j, . %,+!â�n� ý !â�,ýJ+*3�+!â� m j,,+!â� ý !âf,

è !â�n� ý !â� >

68



zkhuh wkh odvw lqhtxdolw| lv lpsolhg e| *3�+!â� m j, é !â dqg *3�+!â� m j,.% è !ââ1
Wkxv/

U �
f Ju+!,ýJM+!, g! lv erxqghg dzd| iurp }hur +wkh erxqg ghshqgv rqo|

rq %/ dqg qrw rq J ru w,/ dqg +vlqfh wkh frpshwhqw ñup lv dozd|v h{shfwhg wr
eh fkrrvlqj kljk hòruw, vr lv

U �
f Iu+!,ý IM+!, g!/ zkhuh Ie lv wkh glvwulexwlrq

lq shulrg w . 4 ri frqvxphu h{shfwdwlrqv ri wkh suredelolw| wkdw wkh ñup h{huwv
kljk hòruw1 Wklv lq wxuq lpsolhv wkdw wkhuh lv d frqvwdqw ü +lqghshqghqw ri w,
vxfk wkdw shulrg w.4 uhyhqxhv diwhu kljk hòruw lq shulrg w h{fhhg wkrvh diwhu orz
hòruw lq shulrg w e| dw ohdvw ü1 Wkxv/ d vxïflhqw frqglwlrq iru dq htxloleulxp
zlwk kljk hòruw lv wkdw wkh glvfrxqwhg ydoxh ri wklv glòhuhqfh h{fhhgv wkh frvw/
f ? ñ+4ý è,ü1

Ohppd 41 Il{ % A 31 Iru W vxïflhqwo| odujh/

A[
|'f

[
ô

k+w> !ô m!�,+!ô ý !ô32, è 5 +4ý !f,ý %1

Surri1 Uhsuhvhqw wkh vwrfkdvwlf surfhvv ghwhuplqlqj wkh hyroxwlrq ri frqvxphu
srvwhulruv dv iroorzv1 Ghqrwh e| } 5 ]A +zkhuh ] lv wkh vhw ri lqwhjhuv, wkh
uhdol}dwlrq ri dq rxwfrph sdwk rewdlqhg e| vhwwlqj }+3, @ 4/ dqg ghwhuplqlqj wkh
ydoxh ri }+w, uhfxuvlyho| dffruglqj wr wkh uxoh/

}+w. 4, @

ã
}+w, . 4> zlwk suredelolw| ãM / dqg
}+w,ý 4> zlwk suredelolw| 4ý ãM 1

+314,

Ghqrwh e| ]+W , wkh vhw ri srvvleoh uhdol}dwlrqv ri wklv surfhvv1 Hdfk } 5 ]+W ,

fruuhvsrqgv wr wkh W 0shulrg vhtxhqfh ri uhdol}hg srvwhulruv
q
!5E|ä

rA
|'�
1 Wkh sure0

delolw| glvwulexwlrq rq ]+W , lpsolhg e| +314, lv ghqrwhg KA 1
Vlqfh

k+w> !ô m!�, @
[

t5G5E|ä'ôå
KA +},

iru w é W / zh kdyh

A[
|'f

[
ô

k+w> !ô m!�,+!ô ý !ô32, @
[

5M~EA ä

#
A[
|'f

+!5E|ä ý !5E|ä32,

$
KA +},=

Il{ ì A 3/ dqg qrwh wkdw li !5EA ä3� A 4ý ì/ wkhq !5EA3�ä> !5EA ä A 4ý ì1 Iru
rxwfrph sdwkv } vxfk wkdw !5EA ä3� A 4 ý ì/ zh kdyh +zkhuh áW lv wkh vpdoohvw
lqgh{ á vxfk wkdw !ô lv odujhu wkdq 4ý ì,

A[
|'f

+!5E|ä ý !5E|ä32, A 5+!ôW ý !f, è 5 +4ý ì ý !f, =

69



Vlqfh frqvxphu srvwhulruv duh zhdno| frqyhujlqj wr 4/ wkhuh h{lvwv W â vxfk
wkdw [

i5Gè5EA ä3�:�3#j
KA +}, è 4ý ì

iru doo W A W â1 Wkhq

[
5M~EA ä

#
A[
|'f

+!5E|ä ý !5E|ä32,
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^4` Glols Deuhx/ Gdylg Shdufh/ dqg Hqqlr Vwdffkhwwl1 Wrzdug d wkhru| ri glv0
frxqwhg uhshdwhg jdphv zlwk lpshuihfw prqlwrulqj1 Hfrqrphwulfd/ 8;=4374~
4396/ 4<<31

^5` Qdelo Leudkhhp Do0Qdmmdu1 Ghfrpsrvlwlrq dqg fkdudfwhul}dwlrq ri ulvn zlwk
d frqwlqxxp ri udqgrp yduldeohv1 Hfrqrphwulfd/ 96=44<8~4557/ 4<<81

^6` Pdvdnl Dr|djl1 D frooxvlrq phfkdqlvp lq g|qdplf ehuwudqg roljrsro| xq0
ghu sulydwh revhuydwlrq ri fruuhodwhg ghpdqg vkrfnv1 Plphr/ Xqlyhuvlw| ri
Slwwvexujk/ 4<<:1

^7` Y1 Ekdvndu dqg Hulf ydq Gdpph1 Prudo kd}dug dqg sulydwh prqlwrulqj1
Plphr/ Xqlyhuvlw| ri Vw1 Dqguhzv dqg FhqwHU Wloexuj/ 4<<:1

^8` Rolylhu Frpswh1 Rq idlolqj wr frrshudwh zkhq prqlwhulqj lv sulydwh1 Plphr/
F1H1U1D1V10H1Q1S1F1 dqg FHSUDPDS/ 4<<91

^9` Vdlndw Gdwwd1 Exloglqj wuxvw1 VWLFHUG Glvfxvvlrq Sdshu <92638/ Orqgrq
Vfkrro ri Hfrqrplfv/ 4<<91

^:` Grxjodv Z1 Gldprqg1 Uhsxwdwlrq dftxlvlwlrq lq ghew pdunhwv1 Mrxuqdo ri
Srolwlfdo Hfrqrp|/ <:=;5;~;95/ 4<;<1

^;` Guhz Ixghqehuj/ Gdylg Nuhsv/ dqg Hulf Pdvnlq1 Uhshdwhg jdphv zlwk orqj0
uxq dqg vkruw0uxq sod|huv1 Uhylhz ri Hfrqrplf Vwxglhv/ 8:=888~8:7/ 4<<31
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^<` Guhz Ixghqehuj dqg Gdylg N1 Ohylqh1 Pdlqwdlqlqj d uhsxwdwlrq zkhq vwudwh0
jlhv duh lpshuihfwo| revhuyhg1 Uhylhz ri Hfrqrplf Vwxglhv/ 8<=894~8:</ 4<<51

^43` Guhz Ixghqehuj/ Gdylg N1 Ohylqh/ dqg Hulf Pdvnlq1 Wkh iron wkhruhp zlwk
lpshuihfw sxeolf lqirupdwlrq1 Hfrqrphwulfd/ 95=<<:~4373/ 4<<71

^44` Grxjodv Jdoh dqg Urehuw Z1 Urvhqwkdo1 Sulfh dqg txdolw| f|fohv iru h{sh0
ulhqfh jrrgv1 Udqg Mrxuqdo ri Hfrqrplfv/ 58=8<3~93:/ 4<<71

^45` Ehqjw Kropvwu�rp1 Pdqdjhuldo lqfhqwlyh sureohpv�d g|qdplf shuvshfwlyh1
Lq Hvvd|v lq Hfrqrplfv dqg Pdqdjhphqw lq Krqrxu ri Oduv Zdkoehfn/
sdjhv 53<~5631 Vzhglvk Vfkrro ri Hfrqrplfv dqg Exvlqhvv Dgplqlvwudwlrq/
Khovlqnl/ 4<;51

^46` Ehqmdplq Nohlq dqg Nhlwk E1 Ohîhu1 Wkh uroh ri pdunhw irufhv lq dvvxulqj
frqwudfwxdo shuirupdqfh1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;<=948~974/ 4<;41

^47` Gdylg Nuhsv/ Sdxo U1 Plojurp/ G1 Mrkq Urehuwv/ dqg Urehuw Zlovrq1 Ud0
wlrqdo frrshudwlrq lq wkh ñqlwho| uhshdwhg sulvrqhu*v glohppd1 Mrxuqdo ri
Hfrqrplf Wkhru|/ 5:=578~585/ 4<;51

^48` Gdylg Nuhsv dqg Urehuw Zlovrq1 Uhsxwdwlrq dqg lpshuihfw lqirupdwlrq1
Mrxuqdo ri Hfrqrplf Wkhru|/ 5:=586~5:</ 4<;51

^49` Gdylg P1 Nuhsv1 Frusrudwh fxowxuh dqg hfrqrplf wkhru|1 Lq Mdphv H1 Dow
dqg Nhqqhwk D1 Vkhsvoh/ hglwruv/ Shuvshfwlyhv rq Srvlwlyh Srolwlfdo Hfrqrp|/
sdjhv <3~4761 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 4<<31

^4:` Gdylg N1 Ohylqh dqg Fêhvdu Pduwlqhool1 Uhsxwdwlrq zlwk qrlv| suhfrpplw0
phqw1 Mrxuqdo ri Hfrqrplf Wkhru|/ :;=88~:8/ 4<<;1

^4;` Jhrujh M1 Pdlodwk dqg Vwhskhq Pruulv1 Uhshdwhg jdphv zlwk lpshuihfw
sulydwh prqlwrulqj= Qrwhv rq d frruglqdwlrq shuvshfwlyh1 FDUHVV Zrunlqj
Sdshu &<;03:/ Xqlyhuvlw| ri Shqqv|oydqld/ 4<<;1

^4<` Jhrujh M1 Pdlodwk dqg Oduu| Vdpxhovrq1 Zkr zdqwv d jrrg uhsxwdwlrqB
FDUHVV Zrunlqj Sdshu &<;045/ Xqlyhuvlw| ri Shqqv|oydqld/ 4<<;1

^53` Sdxo U1 Plojurp dqg G1 Mrkq Urehuwv1 Suhgdwlrq/ uhsxwdwlrq dqg hqwu|
ghwhuuhqfh1 Mrxuqdo ri Hfrqrplf Wkhru|/ 5:=5;3~645/ 4<;51

^54` Wdgdvkl Vhnljxfkl1 Hïflhqf| lq uhshdwhg sulvrqhu*v glohppd zlwk sulydwh
prqlwrulqj1 Mrxuqdo ri Hfrqrplf Wkhru|/ :9=678~694/ 4<<:1
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^55` Mrho Zdwvrq1 Exloglqj d uhodwlrqvkls1 Plphr/ Xqlyhuvlw| ri Fdoliruqld/ Vdq
Glhjr/ 4<<81

^56` Mrho Zdwvrq1 Vwduwlqj vpdoo dqg uhqhjrwldwlrq1 Glvfxvvlrq Sdshu <:~4:/
Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr/ 4<<:1
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