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Abstract

The paper studies inference in nonlinear models where identification loss presents in multiple
parts of the parameter space. For uniform inference, we develop a local limit theory that models
mixed identification strength. Building on this non-standard asymptotic approximation, we sug-
gest robust tests and confidence intervals in the presence of non-identified and weakly identified
nuisance parameters. In particular, this covers applications where some nuisance parameters are
non-identified under the null (Davies (1977, 1987)) and some nuisance parameters are subject
to a full range of identification strength. The asymptotic results involve both inconsistent esti-
mators that depend on a localization parameter and consistent estimators with different rates of
convergence. A sequential argument is used to peel the criterion function based on identification

strength of the parameters. The robust test is uniformly valid and non-conservative.
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1 Introduction

Economic theory and empirical studies often suggest nonlinear relationships among economic vari-
ables. These relationships are commonly specified in a parametric form involving several nonlinear
component functions with unknown transformation parameters and loading coefficients that mea-
sure the importance of each component. Inference in such nonlinear models are non-standard due
to loss of identification in multiple areas of the parameter space. This paper investigates inference

in an additive nonlinear regression model that takes the form

P

Yi=> gi(Xe,m)B; + Z{C + Uy, (1.1)

j=1

where the nonlinear function g;(-, 7;) is known up to 7; for j = 1, ..., p. For example, in a multiple
regime smooth transition model, the unknown parameter m; characterizes the transition from one
regime to the next via an exponential or logistic transformation and the null hypothesis Hy : 8, = 0
reduces p regimes to p — 1 regimes.! Many other types of nonlinear transformations are discussed
in Hansen (1996). In this nonlinear model, 7; is not identified if ; = 0 for j = 1, ..., p, which yields
p different sources of identification failures. In finite-sample estimation, 7; is weakly identified
when f; is close to 0 and the identification strength of 7; varies with the magnitude of ;. Such
non/weak identification from each nonlinear component is spilled over to the estimation of all

unknown parameters.

Mixed identification strength brings new challenges to uniform inference. Take the test Hy :
Bp = 0 for example. In addition to the non-identification of 7, under the null hypothesis, the
nuisance parameters m; for j = 1,...,p — 1 could be non-identified, weakly identified, or strongly
identified, depending on the unknown value of 3;. In consequence, this is a non-standard test that
is different from the problem investigated in Davies (1977, 1987), Andrews and Ploberger (1994),
and Hansen (1996), among others. These classical results apply to testing the null hypothesis
Hy : 8 = (B1,...., Bp) = 0, where the nuisance parameter m = (7, ...,mp)" is non-identified. When
the interest is in a sub-vector of § rather than the full vector, a uniformly valid test has not been

studied in the literature.

This paper studies uniform inference for sub-vectors of § = (5',¢’,7’)’. The result not only
covers the test Hy : 8, = 0, but also applies to any linear functions of § and applies to both
tests and confidence sets. For confidence set construction, Andrews and Cheng (2012) consider

a broad class of models where non-identification occurs at a single point of the parameter space,

!See van Dijk, Terasvirta, and Franses (2002) for a review of the smooth transition autoregressive model.



including the model in (1.1) with p = 1. The main challenge in this paper is the multiple sources
of non/weak identification when p > 1, as illustrated by the test Hy : 8, = 0. As in Andrews and
Cheng (2012), this paper considers a full range of identification strength around the crucial point
where identification is lost. However, when the number of such crucial points increases from one
to multiple, a new asymptotic theory is required for uniform inference with mixed identification

strength.

The paper derives a local limit theory for the least squares estimator and the Wald statistic
when (3; converges to 0 at various rates or is bounded away from 0. A faster convergence rate
models weaker identification strength of m;. This is analogous to the model of weak instruments
in Staiger and Stock (1997) and Stock and Wright (2000). Because the identification strength is
unknown, all convergence rates and all combinations across j = 1, ..., p are considered for uniform

inference, following the approach in Andrews and Guggenberger (2009a, 2010).

The main technical innovation of the paper is the use of sequential arguments to develop the
asymptotic theory for estimators and test statistics in the presence of mixed identification strength.
This asymptotic theory allows for the coexistence of both inconsistent estimators and consistent
estimators with different rates of convergence. To implement the sequential arguments, we first
concentrate out the loading coefficients 8 and ¢, which are always strongly identified, then group
the nonlinear parameters 7; based on their identification strength. Starting from the most strongly
identified group to the most weakly identified group, the sequential procedure concentrates out
one group at a time. The most weakly identified group involves inconsistent estimators that are
functionals of chi-square processes. The rate of convergence of consistent estimators are derived in
a sequential manner. Finally, the process is reversed by plugging the most weakly identified group
to other groups and the test statistics. Uniformly valid tests and confidence sets are suggested

based on these non-standard asymptotic distributions.

The asymptotic theory in this paper complements the mixed-rate results developed in Lee (2005,
2010), Radchenko (2008), and Antoine and Renault (2012). In particular, a rotation akin to that
in Antoine and Renault (2012) is used to develop the asymptotic distribution of the Wald statistic.
The asymptotic results also relate to those considered for near weak instruments by Hahn and
Kuersteiner (2002), Caner (2010), and Antoine and Renault (2009). In addition, mixed-rate results
have a long history for non-stationary time series, such as Phillips and Park (1988), Sims, Stock,
and Watson (1990), Kitamura and Phillips (1997), just to name a few. Different from these papers,
the present problem is tied to loss of identification and it involves both inconsistent estimators and

consistent estimators with different rates of convergence. The Wald statistic does not always have



an asymptotic chi-square distribution. Furthermore, a different proof strategy based on sequential

peeling is used for the identification problem at hand.

There is growing interest in robust inference with weakly identified nuisance parameters. The
projection method is studied in Dufour and Taamouti (2005, 2007). Recent development with
weakly identified nuisance parameters include Chaudhuri and Zivot (2011), Andrews and Cheng
(2012, 2013, 2014), Guggenberger, Kleibergen, Mavroeidis, and Chen (2012), Andrews and Miku-
sheva (2012, 2013), Chen, Ponomareva, and Tamer (2013), among others. In the nonlinear model
considered in this paper, the direction of weak identification is known. Making use of this structure,
we propose a robust and non-conservative test in the presence of multiple weakly identified nui-
sance parameters. In a general nonlinear model without such knowledge, the geometric approach

in Andrews and Mikusheva (2013) provides an informative robust test.

This paper also broadly relates to many other papers on non-identification and weak identi-
fication. The weak instrument literature is related to the weak identification considered in the
present paper, e.g., see Nelson and Startz (1990), Dufour (1997), Staiger and Stock (1997), Stock
and Wright (2000), Kleibergen (2002, 2005), Moreira (2003), Guggenberger and Smith (2005),
Andrews, Moreira, and Stock (2006), Olea (2013), Andrews (2013), and other papers referenced
in Andrews and Stock (2007). Guerron-Quintana, Inoue, and Kilian (2013), Andrews and Miku-
sheva (2012, 2013), Qu (2013) consider weak identification in DSGE models, an important issue
discussed in Schorfheide (2013). Nelson and Startz (2007) introduce the zero-information-limit
condition, which applies to the models considered in this paper. Ma and Nelson (2010) consider
tests based on linearization for nonlinear models under weak identification. Sargan (1983), Phillips
(1989), and Choi and Phillips (1992) study simultaneous equations models where some parameters

are unidentified. Shi and Phillips (2012) consider weak identification with integrated regressors.

The rest of the paper is organized as follows. Section 2 introduces the drifting sequences of true
parameters used to model mixed identification strength. Sections 3 and 4 develop the asymptotic
distributions of the least squares estimator and the Wald and t statistic under mixed identification
strength. Section 5 proposes a robust test based on this non-standard asymptotic distribution.
This robust test has correct asymptotic size and it is as efficient as the standard test under strong

identification. Proofs are collected in the Appendix.



2 Uniformity and Drifting Sequences of Distributions

We are interested in a sub-vector of 6, denoted by R, where the matrix R has full rank d, < dy.
The true value of 6 belongs to a set ©*, which includes a neighborhood around g = 0. Thus,
the area where non/weak identification occurs is part of the parameter space. For a fixed value
of v, we test the null hypothesis Hy : R = v using the test statistic 7,,(R) and a critical value
Cn,1—a(v), where a is the nominal size. This notation allows ¢, 1—o(v) to depend on both the
sample size and the null value, although in standard scenarios it typically is the 1 — a quantile of
a chi-square distribution or standard normal distribution. A nominal 1 — « confidence set for Rf

is CSp = {v : T,,(R) < ¢p1—a(v)}, obtained by inverting tests.

Without knowing the true parameters, we aim to control the maximum null rejection probability
of a test over all true parameters consistent with the null, called the finite-sample size of a test. To
this end, a reliable critical value should be based on a uniform approximation of the distribution
of T,,(R) over the parameter space. However, standard asymptotic results developed under strong
identification fail to do so. To illustrate this uniformity issue, Figure 1 takes a simple model with
p = 2 and plots the finite-sample (n = 500) rejection probability of the standard two-sided ¢
test for different true values of §; and (2. The data generating process (DGP) is specified below
where the robust test is introduced and more simulation results are reported. This figure confirms
that the standard approximation can be excellent for some true parameters but poor for the rest.

Furthermore, the area where standard approximation fails does not disappear even for large samples.

The lack of uniformity also applies to approximations by some non-standard distributions. Use
the simple model p = 2 for example. To test the null hypothesis Hy : f2 = 0, a non-standard
approximation is required due to the loss of identification of 7. However, the non-standard distri-
bution that works well for large 51 may work poorly when (3 is close to 0. Figure 1 demonstrates
that, even when the true value of 52 is fixed at 0, the distribution of the t statistics vary with the
true value of 81. To obtain a valid test for Hy : 8o = 0, we should consider all possible identification

strength of 71 as well as the non-identification of ms.

To better approximate the finite-sample distribution of the test statistic 7,,(R), we consider
alternative asymptotic approximations along drifting sequences of true parameters. Let 3;,, denote
the true value of 3; for sample size n, for j = 1,...,p. Due to the nonlinear structure of the model,
7 is strongly identified only if 5;, — Bj0 # 0. For the rest, the rate at which {3;, : n > 1}

converges to 0 models the identification strength of 7;. To achieve a uniform approximation, we



Figure 1: Standard Two-Sided ¢t Test: Finite-Sample Rejection Probability (x100) for Hy : 81 =
B1,0 (left) and Hy : B2 = B2,0 (right).

Notes: nominal size a = 5%, sample size n = 500, the true values of 81 and (2 are £, = b1/v/500
and (20 = ba/v/500 for by and by in the X axis and Y axis of the figure.

consider sequences of f3;,, for j = 1,...,p that satisfy one of the following conditions:

(i) Bjjn — 0, nl/QBj,n — b; € R, (weak identification) or
(it) Bjm — 0, n'/%|Bj,u] — oo, (semi-strong identification) or

(iii) Bjn — Bjo # 0 (strong identification). (2.1)

In addition, limy, e Bjn/Bj n € RU{z£oc} for sequences in (i) and (iii)?. Following the terminology
in Andrews and Cheng (2012), the sequences in (i), (ii), (iii) are associated with weak, semi-
strong, and strong identification of m;, respectively. The semi-strong identification case provides
an important link between the two extreme cases and it is crucial for uniform results. In the
rest of the paper, we first develop asymptotic distributions of estimators and test statistics along
these drifting true parameters, under which the p nonlinear regressors are categorized into different
identification groups. The grouping rule is specified in Section 3.1 below. In particular, the semi-
strong identification category is further divided into different groups based on the rate at which

Bjn converges to 0. In practice, the group specification depends on the true parameters and is

*Without loss of generality, we assume 3; ., # 0 Vn for sequences in (ii) and (iii).



unknown. We show that the class of asymptotic approximations along all group specifications is

sufficiently large to yield a uniform approximation of the finite-sample size of a test.

3 Asymptotic Distributions of Estimators

The observations {W; = (Y3, X{, Z})' : t < n} are independent and identically distributed (i.i.d.)
or strictly stationary. We assume U; has zero mean conditional on X; and Z;. The true value of
0 belongs to the set ©F = B} x --- x B x Z* x II*, where B} for j = 1,...,p is a closed interval
that includes both zero and non-zero values. Thus, the area where non/weak identification occurs
is part of the parameter space. Both Z* and II* are compact sets. For any # € ©*, the distribution
of {W; : t < n} is denoted by F, for the parameter v = (0,¢) € I', where ¢ € ®* denotes an
infinite-dimensional nuisance parameter that characterizes the distribution. In parametric models,
the finite-dimensional parameter 6 fully specifies the distribution of the data and ¢ does not exist.

Let PP, and E, denote the probability and expectation under the distribution indexed by ~.

In addition to the drifting sequences {f3;, : n > 1}, we allow other parameters to change with
the sample size, following the approach in Andrews and Guggenberger (2009a, 2010). As such, we
not only obtain uniform results over B} x --- x By, but also over v € I'. Specifically, for sample size

n, the true parameters are

0, = (ﬁ;’u ;,7’(‘%),, 571 = (ﬁl,na ~--a/8p,n)/a Tp = (Wl,na -~-a7Tp,n),7 and Yn = (ena ¢n) (3.1)

where 6,, — 60y = (8(, ¢, ()", 7n — 70 € T', and the subscript 0 denotes the limit of true values.
We consider rescaling 3;, as in (2.1) rather than other parameters because the distributions are

non-standard only when some elements of 3 are close to 0.
The least squares sample criterion function? is

2
n

1 p
Qn(0) = o Z Y: — Zgj(Xt,Wj)ﬁj : (3.2)

t=1 j=1
The least squares estimator 0,, minimizes Qn(0) over § € ©, where © = By x --- x By, x Z x 11, B;

for j = 1,...,p are closed intervals, and Z and II are compact sets. To focus on the identification

issue rather than the boundary effect, we assume all true values in ©* are in the interior of ©. We

3The constant 1/2 is added to simplify the asymptotic results presented below.



derive asymptotic distributions along sequences of true parameters {7, € I' : n > 1}, assuming the

following assumptions hold for any v € T'.

Assumption 1. g;(z,7) is twice continuously differentiable with respect to (wrt) =, Vr € II
and any z in its support. We denote the first and second order derivatives of g; (z,7;) wrt m; by
grj (z,7;) and grrj (,7;) , respectively. For some non-stochastic function M;(z) € R, |grrj(z, 7)) —

Grrj(x,75)| < Mj(2)|mj — 75, Yz, 75 € 11

For time series data, the following assumption holds. Let dy denote the dimensional of 6.

Assumption 2. (i) {W; : ¢ > 1} is a strictly stationary and strong mixing sequence with mixing
coefficients a,, < Cm™" for some r > dyq/(q — dy) and some q > dg > 2.

(ii) E (U] Fi—1) = 0 and E,|U;|* < C, where F;_; is the sigma field to which X, Z;, and U;_ are
adapted.

(iii) By (sups,em, 97 (Xe, )% + grj (X6, 75) + Gy (X, 75) %) + M;(X4)%9) < C, for j =1, ..., p,
For i.i.d. data, the following assumption holds in place of Assumption 2 for some § > 0. In the

asymptotic results below, we use Assumption 2 to represent both of them.

Assumption 2*. (i) {W;:t > 1} isiid.

(ii) By (Uy| Xy, Zt) = 0, B, |U 410 < C.

(i) By (D et [0 (Xes ) 0 g (X, 1) 0 b gy (X, ) 014 MG (X)) < Cfor j = 1,0, p.

Let g(X¢, ) = (91(X¢, 1), .., gp( Xy, mp))" € RP.

Assumption 3. Vr,my € II and some ¢ > 0, P, (a' [9(X;, 7)), 9(X¢, m0)', Z¢) = 0) < 1 — € for any
a # 0 and 7 # 7.

Assumptions 1 and 2 are standard regularity assumptions on dependence, smoothness, and
moment conditions. In subsequent analysis, they are necessary to obtain the uniform law of large
numbers (ULLN) and the weak convergence of some empirical processes. Assumption 3 is for the

identification of 5 and ¢ and the identification of m when S is different from 0.



3.1 Grouping Rules and Reparameterization

To derive asymptotic results with mixed identification strength, we first group the nonlinear regres-

sors based on the order of magnitude of 3;, for j = 1,...,p. Without loss of generality, we assume
/Bj’,n = O(/Bj,n) vjl > ]
The grouping rule is as follows.

(i) All B;,, that have a non-zero limit are put in the first group. If all 3;, have zero limits, the first
group is empty.

(ii) All B;,, that are O(n~'/2) are put in the last group.

(iii) For those that converge to 0 but at a rate slower than n~1/2

, members in group k converge to
0 slower than members in group k' for any k' > k and members in the same group converge to 0

at the same rate.

Following this grouping rule, the first group is associated with strong identification, the last
group is associated with weak identification, and the middle groups are associated with semi-strong
identification, ordered by the rate of convergence. Note that the group index k for 3;, is a property
associated with the drifting sequence {f;,, : n > 1}. Therefore, the group index k does not change

with the sample size n. We call £ the group index for 3;.

A reparameterization follows the grouping rule. Suppose there are K groups and S, , ..., kak

are the p; elements in group k. Let

Tie = {1, oo iy } (3.3)

denote the indices for group k. For example, suppose 3, = (3,1, n~ 4 p1/3, 2n‘1/3,n_1/2,n_1)/.
The group indices are Z; = {1,2},Zo = {3},Z5 = {4,5},Z4 = {6,7}, and the number of group is
K =4.
Following the group indices in (3.3), we use the subscript Z to denote a sub-vector associated
with group k, e.g.,
81, = (Bras s Bry, )| € RP%. (3.4)

For the drifting sequences, fz, , denote the true values of 37, when the sample size is n and Bz, o

denote its limit. The grouping rule implies that

for different groups: Bz, n = o(||Bz,nll) for &' >k,
for the same group: Br.m = ||Bronl| for k=1,.., K —1, (3.5)



where < represents convergence at the same rate.® In the presence of weak identification, Bz, =
O(n_l/ 2) for k = K. If all regressors are in the semi-strong or strong identification category, the
second line of (3.5) also applies to k = K.

Example. Consider a two-regressor model where Y; = 519(Xy, 1) + B29(Xy, m2) + Us.

(1) If B1,n — Bro # 0 and B, — Boo # 0, Iy = {1, 2}.

(ii) If n1/2617n — b1 € R, nl/QBgvn — by € R, 71 = ©, Iy = {1,2}. Here Z; = @ because both S,

and (32, have zero limits.

(iii) If B — 0, [|n'/2B1n| — 00, o = Bim, Tt = @ and Ty = {1,2}.

(iv) If B1,n — Bro # 0 and P, — 0, Zy = {1}, Zo = {2}.

(V) If Brn = 0, Boy — 0,]|nY2B1n|| = 00, Bon/Bin — 0, Ty = @, To = {1}, T3 = {2}.

In cases (i), (ii), (iii), m and my have the same identification strength. In case (iv) and (v), the

identification strength of m; and my is mixed. g

3.2 Sequential Peeling of the Criterion Function

The minimization of the sample criterion function @, (#) can be viewed in a sequential way. Apply

the grouping results and define

T, = (7Tk1 PERRY} ﬂ-kpk )I (36)

for group k. The regressors and their derivatives in group k are collected in

9k (x77r1k) = (gk1 (x77rk1) s Gk (ﬂ-kpk)>/ € RP*,

Gy (1:7 TrIk) = (gﬂkl (ﬂ-lﬁ) " Ok, (ﬂ-kpk))/ € RPx. (37)

When analyzing 7z, , we use m,- to denote elements of 7 in previous groups and m;+ to denote

elements of 7 in subsequent groups, i.e.,

M- = (77, g, ) and mps = (W/IHI, ) (3.8)

It follows that m = (ﬂ';g_,ﬂ',Ik,ﬂ';g_,_)/ . The identification strength of m—,mz, , 7+ is in a decreasing

order by definition.

“For two sequences of non-zero constants {a, : n > 1} and {b, : n > 1}, an < b, if and only if lim, o = #0
and lim, o Z—Z # 0. When a,, is a vector, we write a, < b, if the relationship holds for each element of a,,.
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According to the grouping rule, 7z, is strongly identified. We put all strongly identified elements
of 7 in this group because they can be analyzed together with 8 and {, which are also strongly
identified. The semi-strongly identified and weakly-identified elements of 7 are analyzed differently
using the sequential procedure proposed below. If no elements of 7 are strongly identified, Z; = ©

and 77, disappears.
We now describe the sequential procedure and introduce some notations.

(i) For k = 1, conditional on 7+, minimizing Q,(0) = Qn(5,(,nz,,m+) over 3, ¢, and 7z, yields

B(m14), ((m14), and 7z, (m14) . The concentrated criterion function Q, (8(m14 ), ((m14), 7z, (T14), T1+)

is written as QS (m+) = QS (7z,, To+) because w1+ = (7z,, To+ ).

(ii) Continue the procedure for k& = 2,..., K — 1 sequentially. For each k, conditional on 7+,

minimize QY (mz, , mp+) over wz, to obtain 7z, (7). Concentrating out 7z, , the criterion function
Qn (71, (Tes) , T+ ) Is written as Q7 (mp+) = Qr(Tzyy, T(hr1)+)-

(iii) For k = K, the criterion function is Q¢ (7z, ) and its minimizer is 7z, .

(iv) Reverse the order of the procedure. Sequentially plug in the estimators from 7z, to 7z,, we
obtain Az, = Fr,cy (Fi) s o 71y = B, Ry s T1ge )s B = B(Fiyy ooy 1y )y a0d = C(Fzy s Ty )-

This is an equivalent representation of the standard least squares estimator and
0= (B.C 7,7, (3.9)

This sequential representation is necessary for deriving the asymptotic results with mixed identifi-

cation strength.

The asymptotic analysis starts with the uniform consistency of the strongly identified parame-
ters. Roughly speaking, the sample criterion function @, () uniformly converges to its population
counterpart Q(#), which identifies the true values of 3, {, 7z, but does not depend on 7+ because
Bz, n — 0 for k > 1. By an extension of standard arguments for consistency of extremum estimators,

we obtain the uniform consistency for the strongly identified parameters.

Lemma 1 (consistency for strong identification groups)

Suppose Assumption 1-8 hold. Then,

sup_ (I[Cm) = all + B(mis) = Bl + 17, (1) = 77,0l ) = 0.

ﬂfeﬂf
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To obtain consistency for the semi-strong identification groups, we analyze the concentrated
criterion function QY (77, ,m;+) sequentially for k = 2,..., K — 1. We show that, after proper re-
centering and rescaling, Qf,(7z,,m+) has a non-degenerate limit that identifies the true value of
m7,. This limit is non-degenerate in 7wz, but is degenerate in 7;+. In consequence, parameters with

different identification strength are analyzed sequentially.

Before presenting asymptotic results for the semi-strong identification groups, we first define

some notations. Analogous to m,- and 7+, define

B = (Brys - By, ) € R% and B+ = (By, s B, )| € RS, (3.10)

which are associated with the coefficients before and after Sz, . When analyzing Qf (77, , 7+ ), the

parameters that have been concentrated out are collected in

- = (B, ¢, m-) (3.11)

The true value of vy, is denoted by vy ,. Let {b\kf(ﬂ'k,ﬂ'kJr) denote the estimator of 15— con-

ditional on (7, m+). Following the description of the sequential procedure, Qf (77, ,m+) =
Qun (Vp- (Tt ), 77, , Tt ).
Define
V- = (Bim s B B G = ), with B = 0 and B = 0. (3.12)

Note that the difference between 1y, and wg,m lies in B and fBj+. To derive the asymp-
totic distribution of the concentrated criterion function, Qn({ﬂ\k— (Ty Tt ), ™I, , T+ ) 1S centered
around Qn(?ﬂginﬂzkﬂw)- We set ) = 0 and ), = 0 in 1#2,7” so that the centering term
Qn(wg,vn, 7z, , T+ ) does not depend on (7, i+ ). To make it clear, Qn(wg,vn, 7T, , T+ ) 1s abbrevi-

ated to Qn(ib;g_l,n)-

Define a derivative vector
dzpk,t(ﬂ-) = (Q(XtﬂT)/, Zévgﬂk_ (Xt,ﬂ'k—),)/’ (3.13)

where g, (X, mp-) = (9 (Xts77,) s ooty Gy (Xt 7)) 18 & collection of the first order deriva-

tive in groups 1 to k — 1. For any nz,, 7z, € Iz, , define a covariance matrix
Hy, (Wzk ) %Ik ‘ﬂ-k"") = E’yodl/)k,t(ﬂ-k—,m Ty 7Tk+)d1/1k,t(7rk—,07 %Ika 7Tk+),a (314)

where the subscript 0 denotes the limit of the true value as n — oo.
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Assumption 4. A\, (Hg(7mz,, 77, |T1+)) > € for some € > 0 Vrg, € Iz, mp+ € Iz, and k =
1,.. K.

The following Lemma establishes consistency for the semi-strong identification groups using the
limit of Q¢ (mz, ,mp+). This Lemma is proved by induction. In step k, part (a) of the Lemma is
used to show the consistency in part (b) and the rate of convergence in part (c). The latter two in
turn are used to obtain part (a) for step k + 1. Let dg, d¢, and dj- denote the dimensions of 3, (,
and .

Lemma 2 (consistency for semi-strong identification groups by induction)
Suppose Assumptions 1-4 hold. Then, for k=2,... K — 1,

(a) the concentrated sample criterion function satisfies

185,172 (@6 (2 mie) = Qul¥- )

1 _
—p —§A2Hk(ﬂzk,7fzk,o\7fk+)/ [Hy (77, 77, |m34)] Hi(z,, 71, 0|70t ) A,

where Ay, = (ledkf7W2,0»01X(d<+dk7))/ and wy.0 = limy, o0 Bz, 1 /|87, 0| is the angel parameter;

(b) the estimator of 77, satisfies

sup |7z, (my+ ) — Tz nll = 05
T+ GHk.t,_

(c) the estimator of ¢y = (8, (', 77, ..., 7, ) satisfies

B (1) = B m
BIk (mp) — BLin
1Bzl ™! Byt (my+) —p 0.
(=G
diag{ By o} (Tp- (Tt ) — Tp— )

Comments. 1. Part (a) is obtained by a quadratic expansion of Qn(ak—(wk,ﬂw),wzk,ﬁw)
around the centering term Qn(wg, ,,)- This expansion relies on the consistency of Jk- (ke Tt ),

which follows from Lemma 1 and part (b) up to step k — 1.

2. This quadratic expansion has some non-standard features. First, the expansion is around

wg, ,, instead of the true value of ;. The choice of 1/12, ,, ensures that the left hand side of part (a)
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is minimized by 7z, (my+). The right hand side of part (a) is uniquely minimized at 7z, = 7z, o by a
matrix Cauchy-Schwarz inequality. Therefore, the argmax continuous mapping theorem (Theorem
3.2.2 in van der Vaart and Wellner (1996)) gives consistency in part (b). Second, in this quadratic

expansion, both the first and second order derivatives have mixed rate of convergence.

3. Part (c) provides the rate of convergence of . (7z,, (mp+ ), T+ ), which is crucial for deriving
the asymptotic distribution in part (a) for step k + 1. As k gets larger, the rate of convergence

|8z, n|| 71 also gets faster and this rate is improved in a sequential manner.

To sum up, Lemma 2 shows that all parameters in the semi-strong identification groups can be

consistently estimated, uniformly over g € Ik, i.e.,

sup ||Tg-(TK) — Trnl —p 0. (3.15)
T €l

3.3 Asymptotic Distribution in the Reparameterized Model

Next we show the asymptotic distribution of the least squares estimator under mixed identification
strength. There are two cases: (a) The last group involves weak identification, i.e., nt/ 2BZK —
bz, € R (b) There are no weakly-identified parameters and the last group only involves strong
or semi-strong identification. In case (a), 7z, cannot be consistently estimated because its signal
does not dominate the noise from the error. In case (b), we apply the arguments in Lemma 2 to

k = K and obtain consistency of 7z, .

To characterize the non-standard distribution under weak identification, let G(7z, ) be a mean-

zero Gaussian process with covariance kernel
Q7 Tz ) = Eqy Uthle,t(T(IK—,O? T2 )y t(TZ,. 0, ) - (3.16)
Building on this Gaussian process, define

T(rz) = [Hi (n1c, 77,0)) " [Hi (T2, 725 0) ST bzie + Gz, )],

1
5(7[-11() = _§T(7TIK)/HK(7I-IK7WIK)T(T(IK)7
I, = arg Iging(WIK). (3.17)
T elli

We assume that each sample path of the non-central chi-square process (77, ) has a unique min-
imizer with probability one and call this minimizer Tr}K. In the presence of weak identification,

Theorem 1 below shows that &(mz, ) appears in the limit of the concentrated criterion function
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QS (7, ). In contrast to the right hand of part (a) in Lemma 2, (77, ) cannot identify the true

value of 7z, . The localization parameter bz, represents the signal to noise ratio.

To define the joint distribution in case (b), define covariance matrices

Y(r) = H ' (7)Q(7)H *(7), where
H(T") = Eyodeyt(’ﬂ')dat(’fr), and Qg(ﬂ’) = E’yoUEdG,t(ﬂ)ng(Tr)/ with

d@,t(ﬂ-) = (Q(Xt,ﬂ')/,Zé,gW(Xt,ﬂ'k)/)/. (318)

Assumption 5. (i) Amin(H (7)) > €, Amin(Q0(7)) > ¢, for some € > 0 Vr € II.

(ii) Each sample path of the stochastic process {{(nz, ) : 7z, € Ilz, } is minimized at a unique

point with probability one.

Theorem 1 (asymptotic distribution of estimators)
Suppose Assumptions 1-5 hold. Then,

(a) with weakly identified parameters: If nl/ZBIK — bz, € RIK,

n (QSL(T{-IK) - Qn(ﬂ}?gn)) = g(ﬂ-IK)’
and
n?B (B ) (Tbe - wK*,n> N (77, ) — Sty bz
%IK W%K
where ¢K‘ = (5,a Clv ﬂJIl? ) 7T/IK71)/, SIk = [Odk Xdy— s Idkv Odkx(dg—&—dk,)]/a and B(ﬂK‘,n) =
diag{(Lds+dc B )}

(b) without weakly identified parameters: If [|n'/?pz, || — oo, Lemma 2 applies to k = K and
n2B(8,) (= 0,) —a N(0,5(m0)),

where B(3,) = diag{(1a,-+a,Bn)'}-

Comments. 1. In case (a), @ZK_ = (3’,2’,%&1, <y T7, ) 18 consistent but it has a non-standard
asymptotic distribution. The distribution involves the Gaussian process 7(7x ) and the inconsistent

estimator w5 . In addition, the rate of convergence of 7z,, ..., 7z, _, are all slower than n~1/2,
K

2. Without weakly identified parameters, the distribution in part (b) is analogous to standard

results except for the rescaling matrix B(5,).
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Example (Cont.) In the example y; = 5191(X¢, m1) + B2g2(X¢, m2) + Uy, consider the distribution
of the least squares estimator when g, — 0, |n1/2,6’17n| — 00, and n1/2ﬂg,n — by € R. Following
the grouping rule, the group indices are Z; = @, Zo = {1}, Z3 = {2} and the number of groups
is K = 3. In this case, § = (01, f2)’ is strongly identified, 7; is semi-strongly identified, and 7o is
weakly identified.

The asymptotic results apply to this example as follows. First, Lemma 1 implies that B\ (m) is
consistent uniformly over m = (71, m2)’. Second, applying Lemma 2 with k£ = 2 and ¢y- = (8,m)’
yields that B(ms) = B(71(m2), m2) and 7y (m2) are both consistent uniformly over m. Third, apply
Theorem 1(a) with K = 3 and Zx = {2}, we obtain

e (B - ﬁ”) (1) — Sabs

n'/2py, (T1—min) | = . ) (3.19)
Up)
o

where Sabs = (0, b2,0)’, G(m2), T(m2), and 75 are as defined in (3.16) and (3.17) with

Hg (72, m20) = Engdyye (71,0, T2)dyye (71,0, 72,0)'
Q(m2, T2) = EogUldypy 1 (m1,0, 72)dy g (71,0, 72)', where

Ay t (71,0, T2) = (91(Xt,10), 92(Xt, m2), gy (Xe, T10)) - OO (3.20)

4 Wald Test and ¢t Test with Mixed Identification Strength

Under drifting true parameters, we consider tests of the null hypothesis Hy : Rf, = v, for some
d, X dg matrix R of rank d,.. We establish the asymptotic distributions of the Wald statistic and
the t statistic, allowing R to involve parameters with different identification strength. Both 6,
and v, may change with n. This is particularly useful for confidence set construction. For the test

Hy: B, =0,v,=0.

Under strong identification, Theorem 1(b) implies that B~ ()X (m0)B~1(50) is the asymptotic
covariance matrix of the least squares estimator 6. Following the definition of Y(m) in (3.18), we

estimate X () by

[ﬁrlﬁg[ﬁf]fl, where

S =
H *Zdet )dos(7)', *ZUtdat )do4(7)', (4.1)
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and (,Afl is the regression residual. The standard definition of the Wald statistic for the null hypothesis
Hy : RO, = v, is

Wi (R) = n (R@— vn)/ (RB*l(B)iBfl(,E)R')_l <R§— vn> . (4.2)

This is the standard Wald statistic typically used in empirical work. Obviously a standard critical
value from the chi-square distribution is justified under strong identification. Below we show that
the Wald statistic has a different asymptotic distribution under weak identification. Therefore, a
different critical value should be employed. We use the Wald statistic for presentation of the main

results. Analogous results hold for the t statistic.

Section 4.1 introduces an orthogonal rotation on the restriction matrix R that separates re-
strictions on parameters of different identification strength. Section 4.2 uses a rescaling matrix
to deal with the asymptotic singularity of the covariance matrix. This section disassemble the
Wald statistic into a sandwich form where each part has a non-degenerate limit. The non-standard

asymptotic distribution of the test statistics are presented in Section 4.3.

4.1 Rotation

Under mixed identification strength, the estimator 9 involves both inconsistent estimators and
consistent estimators of different rates of convergence. It is essential to separate the restrictions on

different groups. This is achieved by an orthogonal rotation of the restriction matrix R.

We first introduce the rotation matrix for the general case. Partition the restriction matrix R
into

R=[Ry:Ry:---: Rgl, (4.3)

where R; is the submatrix of R associated with (5', {’, 7'[':/[1), the strongly identified parameters, and
Ry, is the submatrix of R associated with 7z, for & = 2,..., K. Thus, Ry is a d, x (dg + d¢ + dy)

matrix and Ry is a d, X d matrix for k = 2, ..., K, where d}, is the number of elements in 7. Let

A=A :As:--: Ag] € O(d,) (4.4)
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be an orthogonal matrix that satisfies two conditions below:

ARy 0 0 0 0
ARy ARy 0 0 0
(i) AR = : : 0 0 is block upper diagonal  (4.5)
Ay Ry Ay Ry -+ Ay R 0
I ARy ARy - ARRig1  ARRk |
and - .
AR 0 0 0 0
0 AR, 0 0 0
(ii) R* = 0 0 0 0 has full rank. (4.6)
0 0 0 AY Rrx 0
0 0 0 0 AR

This rotation matrix A can be obtained as follows. For k = K, let dj, = rank(Rg) and Ak
be the d, x dj matrix whose columns span the column space of Rg. For k = K — 1, let d},_; =
rank([Rx—1: Rk])—rank(Rgk) and Ag_1 be a d, x dj;_; matrix such that the rows of [Ax_1 : Ag]

span the columns space of [Rx_1 : Rx]. Continue this step sequentially to k = K — 2, ...,2. In each

step, let

dy, = rank[Ry : -+ : Rg| — rank[Rg41 : -+ : Ri] (4.7)
and Ay be a d, x dj matrix such that the columns of [Aj : --- : Ag] span the column space of
[Ry : -+ : Ri]. Finally, the columns of A; ensures that A is an orthogonal matrix. When dj, = 0,

A, disappears from the construction of A. In the special case where dq,...,dr_1 = 0, Ay is chosen
to ensure that A is an orthogonal matrix. The rotation is similar to that used by Antoine and

Renault (2012) for mixed-rate distribution in different directions.

Following the rotation by A, the linear restrictions in R are separated for parameters with
different rates of convergence, including possible inconsistent estimators in group K. In the asymp-
totic distribution derived below, we show that the block diagonal matrix R* appears in place of R

asymptotically. Under the null, the Wald statistic defined in (4.2) satisfies
Wi(R) = Wy (A'R) = Wy (R*) + &4, (4.8)

where &, is explicitly defined as the difference between W,,(A’R) and W,,(R*). In the proof of

Theorem 2 below, we show that e, is asymptotically negligible. The analysis roughly goes as
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follows. Under the null, consider A’R(6 — 6,,) in Wy,(A'R). For k=2, ..., K,

AR (0-00) = " ARy (4 — i) + ALRi (Fr, — 7r,) and
<k

wk* - wk*,n = OP(H%II@ - 7rI}ngH) (4'9)

where the first equality holds because A’R is upper block-diagonal and the second equality fol-
lows from Theorem 1. Therefore, only the block-diagonal elements remain asymptotically and the

asymptotic distribution of W,,(R) is determined by that of W, (R*).

Example (Cont.) Here we use examples to illustrate the restriction matrix R* in the simple
model y; = B19(Xy, m1) + Bag(Xy, m2) + Uy

(1) Hp : B2 = 0. In this case, R = (0,1,0,0) and R* = R.

(2) Hp : mp —me = 0. In this case, R = (0,0,1,—1). The real restriction vector R* depends
on the identification strength of m; and mo. (i) If both m; and 72 are strongly identified, R* = R.
(ii) If the identification strength of m; is stronger such that m; is estimated with a faster rate,
R* =(0,0,0,—1). (iii) If both 7; and 7 are weakly identified, m and my again belong to the same
group and R* = R.

(3). Hy:pB1+m =0and m; —m = 0. (i) If By is strongly identified, 7; is semi-strongly
identified (estimated at a rate slower than n~1/ 2), and 79 is weakly identified,

10 -1 0 00 -1 0

R= and R* = . (4.10)
00 1 -1 00 0 -1

(ii) If By is strongly identified but 7, and 7o are both weakly identified,

1 0 -1 O 00 -1 O
R = and R* = .0 (4.11)
00 1 -1 00 1 -1

4.2 Rescaling Matrix for Asymptotic Singularity of Covariance Matrix
Under the null, W, (R*) can be written as
- / P . -1 .
W, (R") = n (9 - en) R (R*B_l(ﬁ)EB_l(ﬁ)R*’) R* (9 - en) . (4.12)

To deal with the asymptotic singularity of the covariance matrix, we start with the diagonal matrix

B(f). This matrix can be decomposed into two matrices associated with the norm and the angle
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of B, for k=1,..., K, ie.,

B(5) = D(B)B(w), where
D(B) = diag{(ldﬁ-‘rdga [181]] Lay, . HBKHIdK),}v
B(w) = diag{(1as+dc, w1, wi)'}- (4.13)

Write B(E) = D(B)B(@) The angel parameters in B(@) do not converge to zero, following the

grouping rule. To deal with the asymptotic singularity of D(f3), define a new diagonal matrix D*(5)

as

D*(3) = diag{(14:, ||B2l|1az: ---s ||Bx || 1az.)'} € RArxdr (4.14)

Because R* is a block-diagonal matrix, it follows that

R'D(B) = D*(B)R". (4.15)

With probability approaching one,

Wi (R) = Wy (D*(B)R*) = ),V pu, (4.16)
where
pn = n'/*D*(B)R*(6 - 6,) = n'>R"D(B)(0 — 0,.)
= R*B7Y(®)&, with & = n'/?B(B)(6 — 6,,), (4.17)
and

~

Vo = D'GRBASB (HR'D ()

= R*'B7'(®)SB H®)R". (4.18)

The equality in (4.15) and B(B) = D(B)B(@) are used in both (4.17) and (4.18). An important
implication of the calculation in (4.18) is that V,, is non-singular asymptotically and V,; ! appears as
the rescaling covariance matrix in (4.16). Below we derive the asymptotic distribution of &,, B™1(&),

and ¥ under all identification scenarios, which in turn yields the asymptotic distribution of the Wald

statistic following (4.16)-(4.18).
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4.3 Non-standard Distribution of the Test Statistic

First consider the re-centered and re-scaled parameter ,, defined in (4.17). Following the asymptotic

distribution in Theorem 1(a), define a function of the Gaussian process 7(7x):

T(WIK) - SIK bIK

E(mry) = , where 15, (77, ) = S’IKT(WK). (4.19)

diag (T (7)) (7T — T2k 0)

Under weak identification, we show &,, = & (W%K) in the proof of Theorem 2 below. To handle the

matrix B}(@) in p, and V,,, define
RGN
W(T('IK) = (wll,()?wé,[)’ "'7w/[(*1,07 HTBK (7TIK )H) and
K K

, 78, (77 )
B, (7mz,) = B(w(nz,)) = diag { (1d5+dngi,0a ey WK 105 ’BK(IK)> } . (4.20)
1785 (72 )

For the strong and semi-strong identification groups, the angel parameters are estimated con-
sistently. This is the reason that wyo shows up in (4.20) for £ = 1,..., K — 1. For group K,

T, (77, )/ |78 (77, )|| characterizes the limit of the angel parameter.
In the proof of Theorem 2, we show that

(a) under weak identification, i.e., n2B — by € RIx,

En = E(m3,),0 = w(ns, ), &= S(nh,), (4.21)

(b) without weak identification, i.e., ||n'/?fk|| — oo,
En —a € ~ N(0,5(m0)), @ —p wo, () —p S(mo). (4.22)

All convergence holds jointly. Put the distributions in (4.21) and (4.22) together with the decom-
position in (4.16)-(4.18), the asymptotic distribution of the Wald statistic is given below.

Theorem 2 (Wald statistic with mixed identification strength)
Suppose Assumptions 1-5 hold. Then,

(a) with weakly identified parameters: If n'/2f7, — bz, € R,

Wn(R) = W(rz,.), where

Wirze) = [R*BZ (rr )&(nz)] [R (BS (71 ) (i ) BS  (7z)) Y] ™[R BS (mzy ()] 5
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(b) without weakly identified parameters: If [|n'/?8z, || — 00, Wy (R) —4 X?lr‘

Comments: 1. The asymptotic distribution of the Wald statistic not only depends on the weak
identification group through bz, , but also depends on the rest of the group specification through
R*.

2. Theorem 2 shows that the Wald statistic has a non-standard asymptotic distribution if some
parameters are weakly identified. Quantiles of this non-standard distribution can be obtained by
simulation. The Wald statistic has a chi-square distribution asymptotically as long as all parameters
are at least semi-strongly identified. Semi-strong identification affects the rate of convergence of
the estimators but not the asymptotic distribution of the Wald statistic. The Wald statistic for

tests with linear restrictions is self-corrected when all parameters are consistently estimated.

For single hypothesis Hy : RO, = v, where d,. = 1, we can also use the ¢ statistic:

e (0 . (4.23)

\/RB (BB (AR

This is the standard definition of the ¢ statistic.

Corollary 1 (t statistic with mixed identification strength)
Suppose Assumptions 1-5 hold and d, = 1. Then,

(a) with weakly identified parameters: If nl/QﬁzK — bz, € RIX,

R*B Y (71, ) (71, )

tn(R) = T(n7,.), where T (71, ) :
R (Bo (rz) D) B ) R

(b) without weakly identified parameters: If ||[n'/?Bz, || — oo, tn(R) —4 N(0,1).

Example (Cont.) Now we get back to the example y; = S191(X¢, 1) + P2g2(Xy, m2) + U and
consider the null hypothesis Hy : f2 = 0. The restriction matrix is R = R* = (0,0,0,1). Under
the null, n'/ 289 = by = 0. The distribution of the Wald statistic depends on the identification
strength of 7.

(1) If |n'/2By | — oo, which includes both strong and semi-strong identification of 7y, Zxr = {2}
and by = 0. In this case, mz, = m2. The elements in 7 (m2) are specified as follows: &(m2) is as

specified in (4.19) with 7(m2) given in (3.20), Sy = (0,1,0), by = 0, and B, (m2) = I4.
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(2) If /2By, — by € R, Tx = {1,2} and b = (b1, by)’ = (b1,0)'. In this case, 77, = 7. The
elements in 7 (m) are specified as follows: G(7), 7(7), and 7* are as defined in (3.16) and (3.17)
with

Hy(m,m) = E%d@bK,t(W)dwmt(ﬂg)/,
Qm,7) = By Uldyy (7)dyy +(F2)', where

Ay t(m) = (91(Xe, m1), g2(X¢, m2))', (4.24)

the selector matrix is Sz, = I, and

SIKbIK =b= (blao)/7 TﬁK(TrZK) = 7(7)7

B, (77, ) = diag { <1, 1, HTT((:'))/H>/} O (4.25)

5 Robust Inference

Next, we link the asymptotic distributions under all group specifications to the asymptotic size of
tests and confidence sets, which approximates the finite-sample size of tests and confidence sets,
respectively. To this end, we first formally define the asymptotic size. For fixed v, the asymptotic

size of a test for the null hypothesis: Hy : R, = v is

n—oo | yel:RO=v

AsySz = limsup [ sup P, (Th(R) > cmla(v))] , (5.1)

which is the limsup of the finite-sample size of the test. A nominal 1 — « confidence set for Rf
is obtained by inverting the tests for Hy : R, = vy, i.e., CS, = {v, : Tp(R) < cp1-a(vn)}. The

asymptotic size of this confidence set is

AsySz = liminf inf P, (Tn(R) < Cn,l—a@n)) ) (5.2)

n—oo ~el

which is the liminf of the finite-sample size of the confidence set.

5.1 Potential Size Distortion

Theorem 2 and Corollary 1 show that the asymptotic distributions of the Wald statistic and ¢

statistic depend on

h = (Iv bIKaw(]a’YO)v (53)
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where 7 is the group specification, n'/ 251K,n — bz, measures the identification strength of group
K, wz, n — wz, 0 is the angle parameter in group k, v, — 70 € I'. Let H; denote the collection of

all group specifications. Then the parameter space of h is
d
H={h=(Z,bgy,w,): T € Hpbr, € (RU{£toc})™,|lwz|=1~€Tl} (5.4)

When the null hypothesis is Hy : R = v for fixed v, the value of parameter h that is consistent
with the null hypothesis is collected in

H(v)={h € H: ROy =v}. (5.5)

Along a sequence of true parameters {7y, € I' : n > 1} associated with h, define

W(h) = W(r3), if Theorem 2 (a) holds, 56)
X3,  if Theorem 2 (b) holds.

For the ¢ test, define T (h) similarly to W(h), with W(r}) and x3 replaced by T (n}) and N(0,1),

respectively.

For a standard Wald test, the 1 — a quantile of X?lr’ denoted by xgr 1_q» 18 used as the critical
value. For a standard symmetric two sided ¢ test, the 1 — /2 quantile of N(0,1), denoted by
Z1_a/2, 18 used as the critical value.

Assumption CV1. (i) W(h) is continuous at x3j ;_, Vh € H.

(ii) |7°(h)| is continuous at z;_q /2 Vh € H.

Theorem 3 (size distortion of standard test and confidence set)

Suppose Assumptions 1-5 and CV1 hold. Then,

(a) the asymptotic size of a standard Wald test is suppe () Pr(W(h) > Xi’l_a);

(b) the asymptotic size of a standard Wald confidence set is infpc g Pr(W(h) < X?lr,l—a);

(c) parts (a) and (b) apply to the symmetric two-sided t test and confidence set by replacing VW(h)
with T (h) and replacing Xglr,lfa with zi_q /2.

Comments. 1. The degree of size distortion for a standard test and confidence set can be simulated

using the formula in Theorem 3 and the distributions derived in Theorem 2 and Corollary 1.
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2. Theorem 3 is proved by applying the generic results in Andrews, Cheng, and Guggenberger

(2011). A reparameterization of h is introduced to fit this problem in the generic set up.

5.2 Data-Dependent Non-Standard Critical Values

To avoid size distortion, the ideal critical value to use is the 1 — a quantile of W(h) or T (h) in the
presence of weak identification. However, these distributions depend on the unknown parameter
h specified in (5.3). When constructing a robust critical value, the general strategy is to plug in
elements of h that can be consistently estimated and take a supreme of the quantiles over the

elements of h that cannot be consistently estimated.

A special element of h is the group specification Z. The group specification Z cannot be con-
sistently estimated, however, an identification-category-selection (ICS) method can significantly
reduce the number of group specifications relevant for robust inference. This ICS procedure uses
data to determine the weak identification group Zg, leaving the semi-strong identification groups
Ts,...,Tr 1 and the strong identification group Z; unspecified. This method is closely related to the
generalized moment selection method in Andrews and Soares (2010) and the type 1 robust critical
value in Andrews and Cheng (2012). Different from these papers, the group specification Z cannot
be fully determined by the ICS procedure. Nevertheless, this selection yields a less conservative

choice of the critical value.

For j=1,...,p, let
108, =nl2(S5) 712 |3y (5.7)

where f]j is the j-th diagonal element of 5. Roughly speaking, ICS;,, = Oy(1) only if §;, =
O(n=1/?). We select the weak identification group by

Tw = {j : ICSj, < kjn}, (5.8)

where {k;, : n > 1} is a sequence of constants such that #;,, — co and #;,,/n'/? — 0for j = 1,...,p.
For the null hypothesis Hy : S = 0, we put k in iW without selection. The regressors are selected
one by one in fw. If prior information is available for a group structure, the selection statistic

ICSj,, can be modified to take the form of a Wald statistic. Define

H={heH:Ix =Ty, wr, = Bz, /||Bzr,|| and 77, = 7 for k < K}.5 (5.9)

®The asymptotic distribution W(r}) does not depend on the true values of 8 and ¢ although both of them can
be consistently estimated. Hence, we do not plug in the estimators of 8 and (.
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Let Wi_4(h) denote the 1 — a quantile of W(h) defined in (5.6). To obtain a confidence set by

inverting tests for Hy : R, = v, with the Wald statistic, we suggest the plug-in critical value

Cpl—a = sup Wi_a(h). (5.10)

heH
Because H is a subset of H ; Cn,1—q is smaller than supjcy Wi—q(h), which is the least favorable
critical value. To test the null hypothesis Hy : RO, = v for fixed v, the plug-in critical value
Cn,1—a(v) is obtained by replacing H with ﬁ(v) = Hn H(v). When the t statistic is used for a
symmetric two-sided test, the plug-in critical values is constructed with W;_,(h) replaced by the
1 — a quantile of |7 (h)|. We call test and confidence set based on this plug-in critical value robust

test and robust confidence set.

In empirical implementation, the first step is to specify H by he ICS method. Second, simulate
Wi_qa(h) for each h using the asymptotic distribution in Theorem 4. Simulation methods for a
Gaussian processes is given in Hansen (1996). Finally, obtain the plug-in critical value following
(5.10). The computation depends on the number of nonlinear regressors in the model as well
the parameter of interest. In many cases, Wi_,(h) does not depend on Z except for the weak
identification group Zx. The procedure becomes computation intensive as the number of nonlinear
regressors increases. For this reason, the current paper suggests a simple data-dependent rule in
(5.8). More sophisticated and computation intensive data-dependent choices are considered for
other models or for general set-ups in Andrews and Barwick (2012), Andrews and Cheng (2012),
McCloskey (2012), among others. These methods can be adapted to the present model using the

asymptotic distributions developed in Sections 3 and 4.

Assumption CV2. (i) W(h) is uniformly continuous in wz, and 7z, for k=1,...,K—1onh € H.
(ii) W(h) is continuous at its 1 — « quantile for all h € H and « € (0,1/2).

(iii) Parts (a) and (b) hold with W(h) replaced by |T (h)].

The following result holds for the robust test and confidence set based on the Wald statistic
and the t statistic.

Theorem 4 (robust test and confidence set)
Suppose Assumptions 1-5 and Assumption CV2 hold. Then,
(a) the asymptotic size of the robust test of Hy : RO = v is «;

(b) the asymptotic size of the robust confidence set of RO is 1 — c.
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Figure 2: Robust Test: Asymptotic (left) and Finite-Sample (right, n = 500) Rejection Probability
(XlOO) for HO : ,82 = ﬁg’g.

204

Notes: DGP is the same as that for Figure 1, nominal size o = 5%, the true values of 81 and s
are 10 = b1/v/500 and a9 = ba/+/500 in the right panel.

Example (Cont.) Figure 2 presents numerical results for robust tests in vy = f191(Xy, ™) +
B292(X¢, m2) + Up. The DGP is the same as that for Figure 1 so that the performance of the
standard test and the robust test can be compared. The test statistic is the symmetric two-sided ¢
statistic, coupled with the standard critical value in Figure 1 and the robust critical value in Figure
2. The left panel of Figure 2 is obtained by drawing the ¢ statistic and the ICS statistic from their
asymptotic distributions.® Both figures demonstrate how the null rejection probability of the test

changes with the true values of 51 and 5.

Table 1 below focuses on the test Hy : B2 = 0 and shows the null rejection probability as a
function of by and the true value of 71, denoted by 7. Under the null, the true value of my is

irrelevant.

In this example, the nonlinear functions are the exponential smooth transition function. Specif-
ically, © = (1,29, 23)', g1(X,m) = 21 (1 — exp(—c(x3 —71)%), g2(w, m2) = 22(1 — exp(—c(z3 —7m2)?).

The marginal effect of 1 and z9 are both nonlinear, depending on the transition variable x3. The

5The asymptotic distribution of the ¢ statistic and the ICS statistic are given in Corollary 1 and (C.11) in the
appendix. The ICS statistics are non-centered ¢ statistics. Thus, their asymptotic distributions follow the same
arguments for the ¢ statistic.
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marginal distribution of X1, X9, X3, Uy are all standard normal and independent across obser-
vations. The correlation coefficient between X1; and X is 0.5, both are uncorrelated with Xg;.
The error U, is independent of all other variables. The true values of 8 and S are b;/y/n and
bs/+/n, respectively, for finite-sample results with sample size n.” The true values of m; and 7o are
both 0 for Figures 1 and 2. The optimization parameter space for m; and 79 are both [—1,1]. The

constant c is 10. In all cases, 50,000 simulation repetitions are conducted.

The right panel of Figure 2 is comparable to the right panel of Figure 1 with the standard test
replaced by the robust test. The left panel of Figure 2 is an asymptotic version of the right panel
obtained by drawing the t statistic and the ICS statistic from their asymptotic distributions. To
demonstrate the effect of the ICS procedure for different values of by and bg, we consider m 9 =0

and mo o = 0 when constructing the robust critical value in Figure 2.

In Figure 2, the ICS procedure is based on a data-dependent choice of the tuning parameter.
First, the ICS statistic /C'S1,, and ICSs,, are constructed following (5.7). They are compared
with tuning parameters k1, = c1 log(log(n)) and k2, = czlog(log(n)) to determine the weak iden-
tification set fw. The constants ¢; and ¢y are tuned by the asymptotic null rejection probabilities
through simulation. Replacing the t statistic and the ICS statistic by draws from their asymptotic
distributions, we simulate the null rejection probability of the robust test for any values of ¢; and
co. For large values of ¢; and ¢y, the ICS procedure favors the least favorable critical value, which
controls the maximum rejection probability but tends to under reject for some values of by and bs.
In the simulation for Figure 2, we choose ¢; and ¢y that minimize the average probability of under
rejection, provided that the maximum rejection probability is no larger than « + ¢, where ¢ is a
tolerance level close to 0. We set o« = 5% and € = 0.1% in the simulation. The same constants c;
and co are used in the two panels of Figure 2. These choices minimize the non-similarity of the test

over b; and by while controlling the maximum rejection probability.

Table 1 focuses on the test Hy : 2 = 0 under different values of by and 7. Under the null,
the data does not depend on 7. Because by = 0, the ICS procedure only compares I1CS1, with
Kin = c1log(log(n)). Similar to Figure 2, we choose ¢; to minimize the average rate of under
rejection over by and mq, provided that the maximum null rejection probability is controlled.
When the sample size is 500, the maximum rejection probability of robust test is 5.7% and the

minimum rejection probability of the robust test is 4.5%. o

Tests proposed in this paper are robust to identification loss in multiple areas of the parameters

space. It is particularly useful for sub-vector inference when the nuisance parameters have mixed

"In simulations, the grids for b; and by are {1,2,3,4,5,6,8,10,20,30}. Only results for b1 and b2 up to 10 are
reported because they are stable for larger values of b; and bs.



28

Table 1: Rejection Probability (x100) of Tests for Hy : 2 = 0 versus Hy : f2 # 0

Robust Standard
mio b1 [m=200 n=500 n=1000]n=200 n=>500 n=1000
0 0 6.2 5.5 5.3 21.0 19.9 19.7
1 6.1 5.2 5.0 20.0 19.1 18.8
2 5.7 4.7 4.5 18.0 16.9 16.7
3 5.4 4.5 4.1 16.5 15.4 15.2
4 5.5 4.6 4.2 15.9 14.8 14.6
6 6.0 5.0 4.6 15.8 14.8 14.5
8 6.3 5.4 5.2 15.8 14.7 14.5
10 6.3 5.4 5.3 15.8 14.7 14.4
0.3 0 6.4 5.5 5.4 21.3 19.9 19.4
1 6.1 5.3 5.1 20.3 19.1 18.5
2 5.8 4.8 4.5 18.1 16.9 16.4
3 5.5 4.5 4.2 16.8 15.3 15.1
4 5.6 4.6 4.3 16.3 14.8 14.5
6 6.3 5.1 4.9 16.2 14.8 14.4
8 6.5 5.5 5.3 16.2 14.8 14.5
10 6.4 5.5 5.4 16.2 14.7 14.4
0.5 0 6.2 5.6 5.2 20.9 20.4 19.5
1 6.0 5.3 4.9 19.8 19.3 18.6
2 5.6 4.8 4.4 17.9 17.2 16.5
3 5.4 4.6 4.1 16.5 15.7 14.9
4 5.5 4.7 4.3 16.0 15.1 14.4
6 6.0 5.2 4.9 16.0 15.0 14.3
8 6.3 5.6 5.3 16.0 15.1 14.4
10 6.2 5.6 5.4 15.9 15.0 14.3
0.8 0 6.1 5.5 5.1 21.1 20.0 19.5
1 5.8 5.2 4.9 20.0 18.9 18.5
2 5.5 4.8 4.3 17.9 16.8 16.4
3 5.3 4.6 4.1 16.5 15.4 14.9
4 5.4 4.7 4.3 16.0 14.9 14.5
6 5.9 5.3 5.0 16.0 15.0 14.4
8 6.2 5.7 5.4 16.1 15.0 14.4
10 6.1 5.7 5.5 16.1 14.9 14.3
max 6.5 5.7 5.5 21.3 20.4 19.7

identification strength. The ICS procedure and the plug-in method improve the efficiency of the
robust test, however, the test does not have optimality properties, such as those discussed in
Elliott, Miiller, and Watson (2012). Besides the Wald statistic and the ¢ statistic, one can derive
the asymptotic distributions of the QLR and LM statistics along drifting parameters and simulate
their robust critical values in a similar fashion. Andrews and Cheng (2012) study the QLR statistic
when identification loss occurs at one point. With multiple points of non-identification in this
paper, the sequential peeling method developed in Section 3.2 is useful to analyze the constrained
sample criterion function. We leave these alternative robust tests and their comparison for future

work.
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Appendix

This version: May 8, 2014

For notational simplicity, in this appendix we use subscript k rather than 7 to denote param-
eters in group k for notational simplicity. For example, 7, and j; are used in place of 7wz, and
Bz, The continuous mapping theorem is abbreviated to CMT. Left hand side and right hand are
abbreviated to lhs and rhs. With probability approaching one is written as w.p.a.1.

A Auxiliary Lemmas

Let s(W,0) denote a function of # that is differentiable on the support of W. Its derivative is
denoted by sg(W,8). The following lemmas apply to strictly stationary strong mixing time series

under Assumption 2 or i.i.d. data under Assumption 2*.

Lemma A.1 (uniform law of large numbers)

Suppose (i) Assumption 2(i) or 2*(i) holds, (ii) E(supgeg ||s(W, 0)||1 0 +supgeg |59 (We, 0)|]119)
< CVyeT forsomeC < oo and § > 0, and (iii) © is compact. Then, (i) supyeg |[n 1 Y1y s(Wr, 0)—
E.ys(W,0)|| —p 0 under any sequence of true parameters {y, € I' : n > 1} and v, — v € T'. (ii)
E.ys(Wy,0) is uniformly continuous on © Vo € I

Lemma A.2 (stochastic equicontinuity)

(a) Suppose (1) Assumption 2(i) holds, (ii) E~(supgeg ||s(Wt, 0)]|7 +supgeg ||so(Wr, 0)]]7) < C Vv €
T for some C < 0o and q as in Assumption 2(i). Then, v,s(0) = n~ 23" (s(Wi, 0)—E., s(Wy,0))
is stochastically equicontinuous over 0 € © under {v,} € I'(y), i.e., Ye > 0 and n > 0, 3§ > 0 such
that limsup,,_, o, P[Supg, g,co:0,—0s)|<6 [[Vn5(01) — vns(0a)|| > n] < e Vyo € T

(b) Part (a) holds if Assumption 2(i) is replaced by Assumption 2*(i) and q is replaced by 2+ for

some 6 > 0.

Lemma A.3 (central limit theorem)

(a) Suppose (i) Assumption 2(i) holds, (ii) E,|s(Wy)|? < C Vy € T' for some C' < oo and q as
in Assumption 2(i). Then, n= 23" (s(W;) — E,,,s(W;)) —a N(0,Vs(10)) under {v,} € T'(v)
Vo € T, where Vs(vo) = > o Covy, (s(W), s(Wiem))-

(b) Part (a) holds if Assumption 2(i) is replaced by Assumption 2*(i) and q is replaced by 2+ 0 for
some ¢ > 0.
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Lemmas A.1-A.3 are proved in Lemmas 11.3-11.5 in the supplemental appendix of Andrews and
Cheng (2013) for the strong mixing arrays. Lemma A.l automatically extends to the i.i.d. data.
Lemma A.2 holds for the i.i.d. data with ¢ replaced by 2+ d by applying stochastic equicontinuity
results for the type II class (Lipschitz functions) in Andrews (1994). Lemma A.3 extends to i.i.d.
data with ¢ replaced by 2 + § following the Lyapunov central limit theorem for row-wise i.i.d.

triangular arrays.

B Proofs for Asymptotic Distributions of Estimators and Test
Statistics

Proof of Lemma 1. The sample least squares criterion function is

n

Qn(0) = n! ZUE(Q)/Q, where
t=1
Up(0) = Yy — 9(X¢, ) 8 — Zi¢
= Ui+ 9(Xt,70) B + Z{Gn — 9( X1, )8 — ZiC. (B.1)

Applying Lemma A.1, @, (0) converges to a non-random function Q(6) uniformly over § € ©. The

population criterion function is
2
Q(Q) = ]E'yoU'tQ/2 + E’yo [g(Xt7 WO)IBO + Zt,g() - g(Xtv W),B - Z;C} /2 (B2)

and Q(0) is continuous in 6 on ©. Note that 8z, 0 # 0 and Sz, 0 = 0 for £ > 1 by the group

specification.
Define
v =(6,¢). (B.3)
Let 1, denote the true value of 9 for sample size n and v, — 9. We write the criterion function
Q(0) as Q(¢, m1|m+) and analyze Q(v, m1|m+) as a function of (¢, 7;) for a fixed value of m+.

Now we show that for any m+, Q(¢,mi|m+) is uniquely minimized by (1o, 71,0). Note that

Br,o = 0 for k > 1 by the grouping rule. Therefore, Q(to, m1,0|m+) = 0. For fixed 7+,

Q(¢77T1‘7T1+) - Q(%ﬂﬁ,o

Ti+)

% 2
= By | 01(Xe,m10) Bro — g1(Xe,m1) B1 = Y gn(Xe, i) Be + Z{(Co — )| /2. (BA4)
k>1
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By Assumption 3,
Py (a [9(Xe, 7)), g( Xy, m0), 2] =0) < 1 (B.5)

for any a # 0 and 7 # my. Because (19 # 0, the rhs of (B.4) is greater than 0 for any m # 7.
When 7 = 719, (B.5) implies that the rhs of (B.4) is greater than 0 unless 8 = 5y and ¢ = (p.

Given that (i) the population criterion function Q(%, 71|+ ) is uniquely minimized by (o, 71,0)
for any my+, (i) Q (v, m1|m+) is continuous, and (iii) the parameter spaces are all compact, we have

the identification uniqueness condition

inf inf , — Q(t, >0 B.6
o ety 1@ M) = Qo molms )} (B.6)

uniformly over II;+, following Lemma 8.1 in the supplemental appendix of Andrews and Cheng
(2012). Finally, (B.6) implies the uniform consistency of 1;(71'1+) and 71(m+) by Lemma 3.1 of
Andrews and Cheng (2012). This Lemma extends the consistency proof for extremum estimators

to uniform consistency. U

Proof of Lemma 2. The proof is by induction. Step 1 shows that Lemma 2(b) and 2(c) hold for
k = 1. Step 2 shows that, if Lemma 2(b) and 2(c) hold for k¥ — 1, Lemma 2(a)-2(c) hold for k.

Step 1. For k = 1, Lemma 2(b) is

sup |71 (m1+) — Tall =5 0, (B.7)
T+ €I 4

which follows from Lemma 1. For £ = 1, Lemma 2(c) becomes
Bi(my+) = Bin

||Bl,n||_1 B1+(7T1+) —p 0 (B.8)
E_ Cn

uniformly over 7+, which follows from Lemma 1, 81, — f1,0 # 0, and By, — Bro =0 for & > 1.

Step 2. Suppose Lemma 2 holds for k — 1. For ¢— = (8, {’, 7, ...,m._;)’, the result for k —1

yields uniform consistency of 1 (7, T+ ) over (m, mp+). Now we show Lemma 2 holds for k.

Let D11pk (#) and Dik (0) denote the first and second order partial derivatives of @y, (6) wrt ¥y—,
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where 6 = (1, _, 7,7, )". In this model, the first order derivative is

Dy, (0) = 123 (B )dy, +(m)Us(6), where
B(B-) = dwg{(ldﬁd@ﬁk—) |3

d"l’k,t(W) = (g(Xtv 7T)/, Zga I, - (Xt7 T— )/)/- (Bg)

The second order derivative is

D, (0) = ( Zdwk, T)dy, (7)) — 1 1Zd¢kt ) B(B;-), where (B.10)

Odg-+d. diag{gx, (Xi, 74~ )} [diag{Be-}""

& ,(0) =
el diag{gx, (Xi,mi)} [diag{B- 17" diag{gsn, (Xe,m)} [diag{Br-}] "

Recall that

Up- = (B B> Bis s o T ), where B = 0 and s = 0. (B.11)
We set 8) = 0 and ﬁ& =0 in ¢2, ., so that the criterion function @, () does not depend on
(mk, T+ ) when evaluated at ¢2,7n. Hence, we write Qn(¢2,7n) = Qn(qu,’n, Ty Tht )-

Part (a). Because ¥ (g, T+ ) minimizes Qp(Yy—, T, T+ ) for any (mp, T+ ), a mean-value

expansion of the first order condition (FOC) around ¢~ = ¢{_  implies that

0= Dik(izkf(ﬂk,ﬂw)mk,ﬂw)

= D%{;k (wg—,nv Tk, 7Tk+) + D?/Jk (¢Z—,n7 Tk 7rk+) (wk_ (7Tk, ﬂ-k"") - 7/)2—,“) ) (B12)

for some 7 between TZk— (mk, T+ ) and @bg, ., (Y- may depend on 73, and 7+ ). This expansion

implies that

o~

-1
Q,Z)k— (ﬂ-kvﬂ-k"") - wl(g)—,n = - |:D12/;k (¢Z—7naﬂkawk+) Di}k (wg—,naﬂ-k>ﬂ-k+)' (B13)
We first study the first-order partial derivative in (B.13). Normalize it by [B(S)- )] -

[B(By- )] DY, (W o ey it

n
= —n! Z Aot (T s Ty Tt ) [96( X, Thon) B + Gt (X, Tt ) Bt + U] - (B.14)
=1
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We normalize both sides of (B.14) by ||8k..||~! and obtain

‘ |ﬁk,n

(B )] ™ DY, (W) s mir)) = — (i, Tolmi S0, where  (B.15)
Dy (mhy Tho| T+ ) = Byt (M= 0, T, Tt ) 9, (X, Tre0)'

The convergence follows from (i) applying Lemma A.1ton=t 31, Aoyt (T > Theos Tt ) G (X, The )’

and ™1 Y"1 dyy (T, T, Tt ) it (X, Tt ), (i) applying Lemmas A.2 and A.3 to the empir-

ical process n~1/2 Yoy Aoyt (Tl s Thy Tt ) U, (i) Br+ , = 0([|Br,nl]), and (iv) ||n1/25k,n|| — 00.

Note that ®p (7, T 0|7+ ) = Hi(Tg, Tho| T+ ) Sk, where Hy(my, mh0|mg+) is defined in (3.14) and

Sy, is a selector matrix such that g (Xy, m0) = Spdy, ¢ (Tr— 0, Thy Tg+)-

Next we study the second-order partial derivative in (B.13). Pre- and post-multiply D?/Jk (0) by
BB,

B(B- )] DL, (BB =0t Y dya(m)dy,a(m) =0ty dy, (0)UL(0). (B.16)
=1 t=1

Lemma A.1 implies uniform convergence of the first term on the rhs. Now we show the second

term on the rhs is negligible, i.e.,
—aned*e— 1) at 6 = (Y;_ ,, m, Tt ) B.17
n=t Y Ui(0)dy, 4(8) = 0p(1) at 6 = (U, 7w, mps ), (B.17)
t=1

uniformly over (7, mp41), where 9;_ is between Jk- (mh T+ ) and @) Let - =T U...UZ4
denote the indices of regressors in groups 1 to k — 1. Given the definition of df%t(Q), it is sufficient
to show that for j € Z;-,

n

0N 1gmy (Xes75) + Gy (X, 75)[U(0) /85 = 0p(1) (B.18)
t=1

*/

uniformly over (7, mj+ ) when evaluated at 6 = (4" 7,7, )". Note that this analysis is element

by element for each j =1, ..., p rather than by groups.

Next we show (B.18) holds for j € 7). To differentiate a single element 3; from a group, we
use [y to denote group £. For j € Z,- and ¢ = k — 1, we have the following results:

[|Be,n]l
Bj,n

Hﬁf,n ’

Bj,n(ﬂ'lm 7Tk/‘+)

= Op(1) and

N 1
_ (Bj,n(ﬂkvﬂk+)_/3j,n 4 Bin ) = 0,(1) (B.19)

|B€,n ’ Hﬁﬁ,n”
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because (i) the coefficients 3;, are grouped in a decreasing order and (ii) Lemma 2(c) applies to

¢ =k — 1. Given (B.19), we have
[|Be.nl]
Bi

for any 3; between f3;,, and Bjyn(ﬂ'k, T+ ). For £ =k — 1, the error Uy (f) can be written as

= 0,(1) (B.20)

Ut(e) = [Ut + go- (Xta ﬂ-f—,n)lﬁﬁ—,n + gZ(Xta Wﬂ,n)/ﬁf,n + g+ (Xtv ﬂ—ﬁ',n)ﬁf“',n]
— 90~ (X 7= ) By + 9e(Xi, 70) Be + go+ (X 7 ) Byt ] - (B.21)

Using this expansion, write

n—1 Zgﬂ’j(Xt,ﬂ'j)Ut(e)/ﬂj = (A] + Bj + C]) H/Bﬁ,nH

, (B.22)
t—1 Bi

where ||8¢,||/5; = Op(1) following (B.20) and Aj, Bj, C; are specified as follows. The first term is

1250 e ( Xy, ),
4y = 29 (Km0 (B.23)
nl/QHBZ,nH

The second term is

n n
_ Be-, _ B~
Bj =n 12 (9, (X4, 75) g0 (XtﬂTe*,n)]/ - —n 12 [gwj(Xtﬂfj)ge*(XtﬂTe*)]/ !
- Beall " 2 18e]
. Be
_ 1 Pe—,
=n! Z (9, (Xt 75) (90~ (Xt 70— 1) — 90— (X, 7)) ] =
t=1 Hﬁé,n ’
n
_ Bo- — Be-
S g, (X 73) g0 (Ko mp- )] 2P
2 el
g Be
/ — . * 77
= (M — =) |07 g, (X, mj)diag{gre- (Xe, 7 )} .
pot [1Be.nll
i Be- — Be
— !/ - -
-n ! Z [gﬂ'j (Xt7 Trj)gff (Xt7 Tp— )] 7nv (B24)
— || Be.nll
for some m;* between 7,- ,, and 7~ by a mean-value expansion. The third term is
n ! /8 n / IB
_ 7, _ ¢
Cj = [0 gn; (Xt 75)90( X, Te.m) P Y g (X, ) ge(Xe, o) (B.25)
n ! /8 n / 6
_ ¢+ —
D g (X 5)ger (X e 1) = 0T g (X ) g (X ) | e
2 Benl 2 TBenl
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Now we show A; Bj,C; = 0p(1). Note that the rate of convergence in Lemma 2(c) holds when
1//1\,r (mk, T+ ) is replaced by v,. Hence, it also holds for any - between 121\;( (mk, T+ ) and Py,
First, A; = op(1) because (i) n=/23"1 Gr; (X1, m;)Up = Op(1) uniformly over m; by Lemma A.2
and Lemma A.3 and (ii) n'/2||8p,]] — oo. Second, B; = o0,(1) because, (i) for ;- between
D (Thy Tt ) and Uy, (70— o = 0= ) Bo- n/1Bemll = 0p(1), (B~ = Be— )/ l1Benl] = 0p(1) by Lemma
2(c), and (ii) the sample means are Op(1) by the ULLN in Lemma A.1. Third, C; = o0p(1)
holds because (i) for 4y between vy (mk, mp+) and Y, Ben/||Benll = wios Be/llBenll = wro,
Bt n/||Bemll = 0, Be+ /1|Ben|| — 0 and (ii) the sample means are Op(1) by the ULLN in Lemma
A.1. Similarly, (B.22) holds when g (X, ;) is replaced by gy ;(X¢, 7;). This proves (B.18), which
in turn implies (B.17).

It follows from (B.16) and (B.17) that, for 6 = (¢; _, m;,, 7, )’, where ;- is between D= (T Tt )

and wg_ ,,» the normalized second order partial derivative satisfies

B(Be-)"' D3, (0)[B(Br-)1" — p Hy(mg, | mp+ ), where

Hip (e, m|mpt) = Bngdy 1 (M- 0, T |t ) oyt (T 05 Tl gt ) (B.26)

Next we show

BB )] BBr-)] —p Lagtdc+d,» (B.27)

where dj— is the number of elements in -, so that rescaling by B(S;-) and by B(8j- ) is
asymptotically equivalent. For j € Z, -,

o~ ~

B (T, Tyt ) - B (e, Tt ) — Bim [|Bre—1,nl|

Bim 1Br_1.]] Bim

— 0 (B.28)

by applying Lemma 2(c) to k — 1. This implies that for j € Z,—, 8;/Bj» — 1 for any j3; between
Bj (7, T+ ) and B}, which further implies the desired result in (B.27).

Normalizing the equality in (B.13), we obtain

B(Bk- ) (@k—(ﬁk,ﬁw) - wi-,n) (B.29)
= - {[B(ﬁk*,n)]ilD?ﬁk (Vs ﬂ'kaﬂ'k*)[B(Bk:*,n)]il}_l { [B(Bk-n)] - Dy, (¥, 7Tk77Tk;+)} :
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Applying (B.15), (B.26), and (B.27) to (B.29) yields

N (B(ﬂk:n) ({p\lr (g ot ) — w,‘i_,n))
— p [Hyp (g, T 7t )] @i (7, T 0] Tt )ik 0

= [Hy (g, mre| )] Hio(mh, Thoo|Tpet ) Ak (B.30)

uniformly over (7, 7+ ), where Ay = Spwy o by definition.

We expand the criterion function Q¢ (g, m+) = Qn({b\k- (ks Tt ), They Tt ) around (wg, o Tes Thet)
for fixed (7, 73+ ). Note that Qn(wg, n) = Qn(wg, 1 Tk Tt ) does not depend on (g, T+ ) and we

have shown the consistency of ka (mg, T+ ). By a second order Taylor expansion,

Qn (i M) = Qu(WR 1)
= D}, (W i) (B (i) — )
b (B (i me) =00 ) DB, W i mie) (B (e i) — 0 ,)
= (D}, - o mes i) BB )] ") (BB ) (Jk-@rk,w )
5 (B ) (B Grimin) — ) ) (B )1 D3, (057 m) BB )]
( (Br- n( <7rk,7rk+>—w27,n)) (B.31)

for some ¢;*  between @k- (mk, T+ ) and @bg, ,,- Applying the results for the first and second order
derivatives in (B.15) and (B.26) and the results for B(ka’n)(q/b\kf (T T+ ) — Pp— ) in (B.29) and
(B.30), we obtain the desired result in part (a).

Part (b). Following the definitions of Hy(m, mx|m,+) and Ay = [OIXdk*#’u;ﬁO’ OlX(dC'i_dk*)],’ the
matrix Cauchy-Schwarz inequality (see Tripathi (1999)) implies that A} Hy (7, 74 0|7+ )’
[Hy (7, 7T]<;‘7Tk+)]71 H, (7, 7h 0| T+ ) A is uniquely maximized at 7, = 74,0 provided that for a # 0

and some ¢ > 0,

Py (a [wi o9k (Xe, m0)] + 6 (96~ (Xt T 0), 96 (X, Th)s Gt (Xt Wt )5 21y g, (X, 7= )] = 0) < 1—¢
(B.32)
for m, # m 0. Because each element in wy is different from 0 following the grouping rule, the
desired result in (B.32) is implied by Assumption 3. Thus, part (b) follows from part(a), the
argmax CMT (Theorem 3.2.2 in van der Vaart and Wellner (1996)(1996, p. 286)), and 7y, — 7k

as n — oQ.

Part (c). Part (c) follows from (B.30), the consistency in part (b), and replacing ﬂ,g,n, which
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is a vector of zeros, with S, in the centering term.

This completes the proof of step 2 in the induction arguments, and therefore completes the

proof of Lemma, 2. [
Proof of Theorem 1. Part (a). For k = K, normalizing (B.14) by n'/2 yields

n'/2 [B(Bre- )] "' DY (W% oK)

n n
= =0 dye t (Mg TR IK (Xt TR ) (nl/Q/BK,n) = V2N Uidyye (M= gy T
=1 t=1

= — [Hi (7K, 7K 0)Skbrx + G(7K)] (B.33)
following Lemmas A.1-A.3 and nl/QﬁK,n — bg. For k = K, (B.26) yields
[B(Bx-)] "' D}, (O)B(Bk-)]" —p Hr (7, ) (B.34)
for any 6 = (¢, m )" where 1y is between Y- (mx) and Vi - In addition, (B.27) gives
B(Bk- ) BBx-) =p Ligrdcrd, - (B.35)
For k = K, normalizing (B.29) by n'/2, we obtain

nl/QB(BK*,n) (&K*(WK) - w?«,n) (B.36)

= — (B D2 Wi 7B )] ™) 1M (B )] ™ Dl (6 o)

for 3. between . (k) and @D%n Combining (B.33)-(B.36) yields

”1/2B(5K—,n) (@EK_ (rK) — ¢?{_7n> = 7(7mK), where (B.37)

T(7TK) = [HK(WK,WK)]_l [HK(WK,WKQ)SKZ)K-FG(WK)].
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Applying (B.31) to k = K and normalizing the criterion function by n, we obtain

n (Q5m) = Qu(vi- )
= (2D}, (W o) [BBrc- )] ) (0B ) (V- (7) = V- )
"% (nl/QB(BKf,n) (JK*(WK) - Qb([)(jn))/ ([B(BK*,n)]_lDiK( ?77n,ﬂK)[B(ﬁK7’n)]_1)
x (n1/2B(5K7,n) (JKf(wK) _ ng{,’n)) (B.38)

1
= 3 [Hrc (75, i 0)Sicbie + G ()] [Hic (mie, mr)| ™ [Hic (7re, Tic,0) Sicbie + G (Tic)]

following (B.33), (B.34), and (B.37). Because Tx minimizes Q¢ (7x), applying the argmax CMT,
we obtain

T = . (B.39)

Because - (Tk) = Yy, the CMT and (B.37) yield

n'?B(B- ) ("ZK* - wK*,n>
= 0BG ) (i () = V- ) =0 B(Brc ) (Vi — V)
= 7 (7)) — Skbk, (B-40)

where Skbg is a vector of the same size as - but with the sub-vector of Sx replaced by bx and
the rest replaced by zeros. The convergence in (B.39) and (B.40) hold jointly because there are

both functionals of the same underlying stochastic processes. This completes the proof. [

Part (b). When |[n'/2f.,|| — oo, Lemma 2 applies to k = K with 7+ omitted in the
expression. This provides (i) consistency of 0 and (ii) the rate of convergence in Lemma 2 (c) with

k=K.

Define the first and second order derivatives of @, (0) wrt 6 by

Dj(0) = —n~' > Ui(0)B(B)dg (), with
t=1

B(fr) = diag{(1az+d.. )"},
d@,t(ﬂ-> = <g<Xt77T)/7Z£7g7r(Xta7r)/)/- (B41)
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and

Dy(6) =B <_1Zd9t Yot (m)" — 1ZUt )dp (0 ) B(B), where (B.42)

4.(0) = Oy 4, diag{gx (X1, m)} [diag{5}) ) |

( diag{g=(Xe,m)} [diag{B}Y]™"  diag{ger(Xs, )} [diag{B}]”"
Because 6 minimizes Qn(0), a mean-value expansion of the FOC around 6,, implies that
0— 0, =—[D3(0")] " D§(6n). (B.43)

for some 6* between § and Oy,

Evaluate D}(6) at 6, and normalize it by n'/? B(6,)] 7",

1!/ [B(Ba)] ™" Dj(0) —a N (0, Qg (o). (B.44)

Pre- and post-multiply D3(9) by [B(8)] ™,

n

[B(8)] "' D5 (6)[B( Z do(m)dge(m) — "> " Us(0)d 1 (6), (B.45)

t=1

where we have
n

n~1Y " U(0)d; ,(0) = 0p(1) at 6 = 67, (B.46)
t=1

for any #* between 9 and 0,, following the arguments used to show (B.17). It follows that
[B(8) "' DF(0)[B(B)] ™" —, H(mo) (B.47)

for any 6 between 6 and 6,,. In addition, Lemma 2(c) for k = K implies that [B(3,)]'B(8*) =,

Iriz+d, for 5 between E and S,.

Putting together results for the first and second order derivatives, we obtain

n!2B(8,) (0 0n) = — (BB DO BB ™" 0’2 BB)) ™" Dj(00)
— a N(0, H(m0) ™" Q(m0) H (m0) ). (B.48)
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Proof of Theorem 2. Under the null hypothesis Hy : Rf,, = v,, the Wald statistic W, (R) is
~ / ~ A~ ~ —1 ~
Wy(R) =n [R (9 - en)] [RB*l(ﬁ)anfl(,B)R’} [R (9 - en)} . (B.49)

We first show
en = Wip(R) — Wr(R") = 0p(1). (B.50)

Because D*(3) is non-singular with w.p.a.1, Wy (R) = W, (D*(B)A’R) w.p.a.1. Decompose the the
rotated matrix A'R as

A'R =R + ¢}, (B.51)

where R* is the block-diagonal matrix and ¢}, = A’R — R* is composed of the rest. Using this

decomposition, we have

W, (D*(B)A'R) = 7' [E (B-l@)inB—l(a)) ETI@ where
p = n'/*D*(B) (R +€}) (6n — O)
R = D*(B) (R* + ;) D7'(B). (B.52)

Because R* is block-diagonal,

R=FR +D'(B)epD (), (B.53)

where D*(B)s*RD_l(E) = 0p(1) because (i) the matrix A} R; in €}, is multiplied by HBkH . ||Bj||_1,
which is 0, (1) for j < k and (ii) A’R is upper block diagonal by construction. To study p, write it

as

p = pPn+t nl/QD*(B)g*R(an — 0y), where
pn = n2D*(B)R* (8, — 6,,). (B.54)

The second term nl/QD*(B)EE(@\n —0y,) = 0p(1) because its components are n1/2|\§k|] (ALR;) (70 —
mjn) for j < k. By Theorem 1, the convergence rate of 7; is n'/2||8;,||, which is an order of

magnitude larger than n1/2\|5k|\ for j < k. Putting together (B.52)-(B.54), we have

Wih(R*) + e
= Wa(D*(B)A'R)
~ -1
= (pn+ 0p(1) [(B" + 0p(1)) (B (@)SB™'(@) ) (R" + 0,(1))' | (o + 0p(1)) . (B55)
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Applying W,,(R*) = pl,V,7 1 p,, in (4.16) and comparing the first and third line of (B.55) shows that
en = o0p(l) provided that (i) p, = Op(1), (ii) B(®)S,B @) = Op(1), and
(i) Amin(B™1(@)Z;'B~1@)) > 0 w.p.a.l., given that R* has full rank by construction. We

investigate these terms below.

We first consider weak identification in part (a). Following (4.17), p, = R*B71(&)E,,, where
&, = n'/2B(B)(6 — 6,,). To derive the asymptotic distribution of &,, define a stochastic process

indexed by 7x :
1/2R(3.. o . -
£ (i) = n/“B(Bk ,Z) (?Z)K (TK) — ¥k n) . (B.56)
n'2diag{Bk (rx)} (T — Trn)
Applying (B.27) with k = K, we have B(BK—,n)[B(BK—,n)]_l =1

with Theorem 1(a) and the CMT yields

_ +o0p(1). Applying it together

K

&n = En(%K) = g(ﬂ-?()a (B'57)

where
Ti(7K) — Skbrk
(k) = _ . (B.58)
diag{7, (7r)} (7K — 7K 0)
To study B(©) with @ = (&}, ..., W% )’, note that for k =1, ..K —1, || Bk n ]*1(3;C — Bn) = 0p(1)
following Lemma 2(c). This implies 3, = Brn + |Bknllop(1) and HBkH/Hﬂan =1+ 0p(1). Hence,

. B Br—Brn1Brnll | Brn |Brnll

W = —=— = = = —p WEk,0- (B59)
18l WPkl 11Bull 11Beall 184l
For the last group,
. ~ ~ 73, (7%
B = nM2Bic | /2B = 2R (B.50)
T8k ()
by Theorem 1(a) and the CMT. Therefore,
B(®) = By (7)), (B.61)

which is non-singular w.p.a.l.

~

The covariance matrix is & = (), where $(0) = [H (7)]"VQg(0)[H ()] ~!. Lemma A.1 implies
that
H(m) =, H(r) (B.62)
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uniformly over m € II. For the other term, we have
Qp(0) = 7! ZUt )4 (m)dgs ()’
= _letdet )dg ()’

n K
-1 ZUt (Z (Xt, ) B — Q(Xtyﬂk)/ﬂk)) dg,¢(m)dg ()’
k=1

2
-1 Z (Z (Xt Thon) Bren — Q(Xtﬂrk)lﬁk)> dg,i(m)dg () (B.63)
=1 \Jk=1 ) ,
— p Bqy [Udgs(m)dg ()] + Eqg (Z (9(X¢, 7,0) Bro — g(XtaWk)/Bk)> do ¢ (m)dg ()’
=1

uniformly over § € © following the ULLN in Lemma A.l. Given the uniform consistency of

JK*(WK) over Tg, we have

~

Qg (TK), TK) —p Bag [Uldo 4 (-0, K)ot (Tic— 0: )| = Qo7 0, 7K, (B.64)

where the convergence holds uniformly over mx € IIx. Putting together (B.62) and (B.64), we have

~

§(¢K—(WK),WK) —p N(7K) = [H(TFK)]_UQQ(WK)[H(?TK)]_l, where

H(ng) = H(mg-,7r) and Qy(1x) = Qo(7x- 0, TK)- (B.65)

By the CMT and Theorem 1(a),

o~

S = Sk (), 7x) = S(rg-). (B.66)

\gl}

By Assumptions 4 and 5, Apin(2(7x+)) is bounded away from 0.

Putting together (B.57), (B.61), (B.66), we obtain eg = 0,(1) by (B.55). Furthermore, these
results hold jointly. Therefore,

Wn(R) = pp Vi, Pn+0p(1)
- (RB@)) [B (B @SB @) RY] (BB @) +0p1)

= (R'B! <w;<>f<wf<>)’ I (B;1<w;<>i<wf<>B;1<w;<>) R (RBI (ri)6n)

(B.67)
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where the first equality follows from (B.55) and &, = 0,(1), the second equality follows from the
definition of p, and V,,, and the convergence follows from the joint convergence of those in (B.57),

(B.61), and (B.66).

Next, we prove part (b). Theorem 1(b) implies that
fn(%K) —d f ~ N(O, E(Wo)) (B.68)

because Bil(B\K(ﬂ'K))B(ﬁKm) =14, + 0,(1) when group K involves semi-strong or strong identi-

fication. In addition, the angel parameters and the covariance matrix satisfy
@ —=pwo = (W) g, -y Wi o) and 5 —p 2(mo) (B.69)

following the arguments in (B.59) for & = K and those in (B.65) with the consistency of 7g.
Therefore, €, = 0,(1) following the calculation in (B.55). Furthermore, the Wald statistic satisfies

~ X3 (B.70)

because R*, B~1(wp), and ¥ all have full rank. This completes the proof. [J

Corollary 1 follows directly from Theorem 2.

C Proofs for the Asymptotic Size

Proof of Theorem 3. We prove this theorem using the generic results in Andrews, Cheng, and
Guggenberger (2011) (hereafter ACG) after reparameterizing the model to fit the set-up in ACG.
We invoke Corollary 2.1(b) of ACG, which requires the verification of Assumptions B1, B2*, and
C1 in ACG. This gives the desired asymptotic size result for a confidence set. The asymptotic
size of a test follows from the same arguments. The verification of these high-level assumptions in
ACG reply on the reparameterization proposed below and the asymptotic distribution derived in

Theorem 2.

To employ the notation in ACG, reparameterize 5 as (||5]|,9(53)), where

_ ﬁj) _ </31 B B B )
9(B) (& » 527.”’ﬁp7...71617...7/8p—1 (C.1)
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and define ;/8, = oo if By = 0. Note that it is a one-to-one transformation between S and

(11811, 9(B)) because
|18]|

R - — (C.2)
)
=1\ 3,
Hence, v = (0, ¢) can be reparameterized as
A=(lIBl,9(8),¢ 7', 9). (C.3)
Define a function
hn(An) = (2B, 1Bnll, 9(Bn)s Cns Ty ). (C.4)
Recall
h = (Z, bz, ,wo,%0) = (Z, bz, wo, Po, Cos 70, P0)- (C.5)

It is a one-to-one transformation between h and the limit of h,()\,).® In particular, the grouping
rule Z is determined by the limit of h,()\,) because (i) the strong identification group are for
Bjm — Bjo # 0, (ii) the weak identification groups are for nl/zﬁjm — b; € R, and (iii) the group
structure for the semi-strong identification groups are determined by the relative convergence rates
represented by the limit of ¢g(3,). Given this grouping rule Z, the limit of h,(),) determines bz,

and the group angel parameter wy. The other direction from A to the limit of h,(\,) is obvious.

For any sequences of true parameters {\, : n > 1} for which h,()\,) converges to a limit that
can be reparameterized as h € H, Theorem 2 shows that W,(R) —4 W(h). Under Assumption
CV1, W(h) is continuous at X?lr 1_o Vh € H. Therefore, the coverage probability satisfies

Pr(Wa(R) < X3, 1-0) = PrOV(h) < X3, 1-0)- (C.6)

This verifies both Assumption B1 and C1 of ACG with the limit of the coverage probability CP(h) =
PrW(h) < Xghl—a)‘ (ACG allows for a lower and an upper bound for the limit of the finite-
sample coverage probability, denoted by C'P~(h) and C P (h), respectively. In (C.6), CP~(h) =
CP*(h)=CP(h).)

Assumption B2*(i) of ACG holds with (A, ..., Aq)" = (||B]],9(8), ¢, 7") and Ag41 = ¢. Assump-
tion B2*(ii) of ACG holds with h,()\,) = (n'/?8,, \n) and, as a result, Assumption B2*(iii) holds
automatically. Assumption B2*(iv) of ACG holds because the parameter space is a product space

and the parameter space of ; includes a neighborhood around 0.

8We do not differentiate co and —oo for this proof.
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Invoking Corollary 2.1(b) of ACG, we obtain Theorem 3(b). Theorem 3(a) follows from the
same arguments with H replaced by H (v) for fixed v under the null and the coverage probability
replaced by the rejection probability. Results for test and confidence set based on the t statistic

follow from the same arguments. [J

Proof of Theorem 4. As in the proof of Theorem 3, we invoke Corollary 2.1(b) of ACG for this
proof. The same reparameterization for A and h,(),) is necessary. Assumption B2* of ACG is the
same for the standard test and the robust test, thus it remains to verify Assumptions B1 and C1

of ACG for the robust test and confidence interval based on the plug-in critical value.

We first introduce some notations. For a sequence of constants {c, : n > 1}, let ¢, — [c1, 2]
denote ¢; < liminf,, o ¢, < limsup,,_,, ¢, < ca. To verify Assumption Bl of ACG, we first show
that for any sequence of true parameters {\, : n > 1} for which h,(),) converges to a limit that

can be reparameterized as hg € H, the coverage probability satisfies
Pr(Wn(R) < Cni1-a) — [CP~(ho), CPT (ho)] (C.7)

for some CP~ (hy),CP*(hg) € [0,1]. Here we use hg € H rather than h € H to denote the sequence
under consideration, whereas h is a generic notation in the definition of the plug-in critical value.
To verify Assumption C1 of ACG, we show CP~(hr) = CP"(hy) for some hy € H such that
CP~(hy) = infpeyg CP~(h) = 1 — . Then, Corollary 2.1(b) of ACG implies that the asymptotic
size is 1 — a.

For a given hg € H, its corresponding elements are Zr o, wz, 0,77, 0. We define an infeasible

critical value under hg as

C1—a(ho) = sup Wi_4(h), where
heHy

HO = {h c H: IK = IK’(], WT, = WT,.05 T, = TT;,0 for k < K} (C.S)
This infeasible critical value ¢;_,(hg) does not depend on the data. Because hy € Hy,

61foz(h0) > Wlfa(hO)' (CQ)
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Recall the plug-in critical value defined as

Cn—a = sup Wi_q(h), where
heH

H ={heH:Ix =Ty, wr, = Pz, /||Bz,|| and w7, = 7, for k < K}. (C.10)

In the definition of H , Ik, wr,, 77, for k < K are estimated. The grouping rule Z is not specified

except for the last group Zx.

Along a sequence of true parameters {\, : n > 1} for which h,()\,) converges to a limit that
can be reparameterized as hg € H, we first show that the the estimated weak identified set fw is
no smaller than the true weak identification set Zx o w.p.a.1, i.e., Pr(Zx o C fw) — 1. Therefore,
imposing Zx to be fW in H is less restrictive than imposing Zx to be Tk o in Hy. Here we assume
there exist weakly identified regressors and they are collected in 7k o following the grouping rule.
When no regressors are weakly identified, the Wald statistic has a chi-square distribution and the
limit of the coverage probability is greater than or equal to 1 — a because ¢, 1-q > Xi,l— o DY

construction.

Consider j € Zk o, Theorem 1 and (B.65) imply

1CS; = 0V 2(E) 2|8 =4 (5(mi0)) 72 [, (i)

: (C.11)

where 73, (7x ) is an element of 7(7) associated with 3; and () is an element of ¥(7) associated
with 3;, for both of which 71, ..., Tx_1 are evaluated at the limit of the true values. By Assumption
5, infr eny Xj(mr) > 0. Hence, ICS;,, = Op(1) and ICS;,, < Ky w.p.a.1. because &, — co. This
proves

Pr(Zxo C Iw) — 1. (C.12)

It follows that any element that does not belong to fw must be in the semi-strong or strong
identification group. Therefore, sz / HBI;CH —p wr, 0 and T, —, 7w, 0 for £ < K for any group
specification Z where Zx = fW.

For a given group specification Z, the quantile Wi_,(h) with wz, = sz il BIkH and 77, = 7,
converge in probability to the quantile of Wi_ (h) with wz, = wz, o, 77, = 77, 0 under Assumption
CV2. This follows the same line of arguments for Theorem 3 of Andrews and Guggenberger (2009b).

Because Pr(Zx o C fw) — 1, w.p.a.l,

E1—0¢(h0) < En,l—oa + Op(l)‘ (013)
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Combing it together with (C.9), w.p.a.1, we have

Wl a(hO) S n,l—a + Op(l) (014)

Under the sequence of true parameters associated with hy € H, Theorem 2 shows that W,,(R) —4
W(hg). Therefore,

Pr(Wy(R) <Chi-a)

AV

Pr(Wn(R) + 0p(1) < Wi—a(ho) & Wi—a(ho) < En1-a + 0p(1))
= Pr(Wp(R) + 0p(1) < Wi_qa(ho))
< Wl—a(h()) & Wl_a(ho) > /C\n,l—a + Op(l))

)
= Pr(Wy(R) + 0,(1)
) < Wi—a(ho)) — Pr(Wi-a(ho) > Cn1—a + 0p(1))

Pr(Wu(R) + 0p(1

v

S 1-a, (C.15)

where the convergence follows from W, (R) —4 W(ho), the Slutsky’s theorem, and (C.14). There-
fore, for any hg € H, (C.7) holds with CP~(hg) = 1 — a. The value of CP*(h) does not matter for
asymptotic size. We simply take CP*(hg) = 1.

To show infpey CP~(h) = 1 — «, we consider the case where all parameters are strongly

identified, e.g., B, — Bjo0 # 0 for all j = 1,...p. In this case,
K ICS; | = (H,;lnlﬂ) (5,)" 12 ‘ Bj‘ S o0 (C.16)

because k,, diverges to oo slower than n'/2. Therefore, when all parameters are strongly identified,
fw = © w.p.a.1, which implies that ¢, 1_o = Xi,l—a w.p.a.l in this case. In addition, Theorem 2

shows that W(hg) ~ X?lr in this case. Therefore, when all parameters are strongly identified,
Pr (Wn(R) < Cni—a) = PrOW(ho) < X3 1-0) =1— . (C.17)

Let hy, denote the limit of h,(),) when all parameters are strongly identified, i.e., 8y ; # 0 for all j
in hy. (C.17) shows CP~(hy) = CP*(hy) = 1 — a. This completes the verification of Assumption
C1 of ACG and concludes that the asymptotic size of the robust confidence set is 1 —a. The proof for
the test is the same except that H, H(v), ¢,1-q are replaced by H(v), PAI(U), Cn,1—a(v), respectively,
and the coverage probability is replaced by the rejection probability. The same arguments apply

to robust tests and confidence sets based on the the ¢ statistic. OJ
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