Penn

Ins L =dn£]uh l:'-Ile y =A
L = FI[OB] [1-4xBL =
c=«(l,m,u) y r=r+p

U (0=F [B(1+rlt+ 1)) U (v)

J _fl"h:'n 4 47 % By =A(
L =11[o(xB] [1-oxB]L =
'c ’Jlfi_. § 5 .I}_ 'r: =X +B

U (t)=E [B(1+r(t+1)) U (¢)

Penn Institute for Economic Research
Department of Economics
University of Pennsylvania

3718 Locust Walk
Philadelphia, PA 19104-6297
pier@econ.upenn.edu
http://economics.sas.upenn.edu/pier

PIER Working Paper 14-037

“Using Invalid Instruments on Purpose: Focused
Moment Selection and Averaging for GMM”

Francis J. DiTraglia

http://ssrn.com/abstract=2516255



http://ssrn.com/abstract_id=
mailto:pier@econ.upenn.edu
http://economics.sas.upenn.edu/pier

Using Invalid Instruments on Purpose: Focused
Moment Selection and Averaging for GMM*

Francis J. DiTraglia
University of Pennsylvania

First Version: November 9, 2011
Current Version: August 4, 2014

Abstract

In finite samples, the use of a slightly endogenous but highly relevant in-
strument can reduce mean-squared error (MSE). Building on this observation, I
propose a moment selection criterion for GMM in which moment conditions are
chosen based on the MSE of their associated estimators rather than their validity:
the focused moment selection criterion (FMSC). I then show how the framework
used to derive the FMSC can address the problem of inference post-moment selec-
tion. Treating post-selection estimators as a special case of moment-averaging,
in which estimators based on different moment sets are given data-dependent
weights, I propose a simulation-based procedure to construct valid confidence
intervals for a variety of formal and informal moment-selection procedures. Both
the FMSC and confidence interval procedure perform well in simulations. I con-
clude with an empirical example examining the effect of instrument selection on
the estimated relationship between malaria transmission and per-capita income.

1 Introduction

In finite samples, the addition of a slightly endogenous but highly relevant instrument
can yield a substantial improvement, reducing estimator variance by far more than
bias is increased. Building on this observation, I propose a novel moment selection
criterion for generalized method of moments (GMM) estimation: the focused moment

*I thank Aislinn Bohren, Xu Cheng, Gerda Claeskens, Bruce Hansen, Byunghoon Kang, Toru
Kitagawa, Hannes Leeb, Serena Ng, Alexei Onatski, Hashem Pesaran, Benedikt Pétscher, Frank
Schorfheide, Neil Shephard, Richard J. Smith, Stephen Thiele, Melvyn Weeks, as well as seminar
participants at Cambridge, the University of Vienna, Queen Mary, St Andrews, George Washington,
UPenn, Columbia, Oxford, and the 2011 Econometric Society European Meetings for their many
helpful comments and suggestions. I thank Kai Carstensen for providing data for my empirical
example.



selection criterion (FMSC). Rather than selecting only valid moment conditions, the
FMSC chooses from a set of potentially mis-specified moment conditions to yield the
minimum asymptotic mean squared error (AMSE) GMM estimator of a user-specified
target parameter. To ensure a meaningful bias-variance tradeoff in the limit, I employ
a drifting asymptotic framework in which mis-specification, while present for any fixed
sample size, vanishes asymptotically. In the presence of such locally mis-specified mo-
ment conditions, GMM remains consistent although, centered and rescaled, its limiting
distribution displays an asymptotic bias. Adding an additional mis-specified moment
condition introduces a further source of bias while reducing asymptotic variance. The
idea behind the FMSC is to trade off these two effects in the limit as an approximation
to finite sample behavior.!

I consider a setting in which two blocks of moment conditions are available: one
that is assumed correctly specified, and another that may not be. This is intended
to mimic the situation faced by an applied researcher who begins with a “baseline”
set of maintained assumptions and must decide whether to impose any of a collection
of stronger but also more controversial “suspect” assumptions. To be credible, the
baseline assumptions cannot be particularly strong. As such, imposing one, or more,
of the stronger suspect assumptions could yield more precise estimates, provided that
the added assumption is at least nearly correct. When the (correctly specified) baseline
moment conditions identify the model, the FMSC provides an asymptotically unbiased
estimator of AMSE, allowing us to carry out risk-based selection over the suspect
moment conditions. When this is not the case, it remains possible to use the AMSE
framework to carry out a sensitivity analysis.

Continuing under the local mis-specification assumption, I show how the framework
employed in the derivation of the FMSC can be used to address the important problem
of inference post-moment selection. I treat post-selection estimators as a special case
of moment averaging: combining estimators based on different moment sets with data-
dependent weights. By deriving the limiting distribution of this class of estimators
in general, I propose a simulation-based procedure for constructing valid confidence
intervals. This technique can be applied to a variety of formal moment averaging and
post-selection estimators, such as the FMSC, as well as pre-test estimators based on
the J— and Durbin-Hausman-Wu-statistic (DHW).

While the methods described here apply to general GMM models, subject to stan-
dard regularity conditions, I focus on two simple but empirically relevant examples:
choosing between ordinary least squares (OLS) and two-stage least squares (TSLS)
estimators, and selecting instruments in linear instrumental variables (IV) models. In
the OLS versus TSLS example the FMSC takes a particularly intuitive and transpar-
ent form, providing a risk-based justification for the DHW test, and leading to a novel
“minimum-AMSE” estimator that optimally combines the information contained in

"'When finite-sample mean-squared error (MSE) is undefined or infinite, AMSE comparisons remain
meaningful. In this case, one can view AMSE as the limit of a sequence of “trimmed” squared error
loss functions, as in ( ). Trimmed MSE is always well-defined and the trimming fraction
can be made asymptotically negligible.



the OLS and TSLS estimators. In simulation studies for both examples, the FMSC
and confidence interval procedures perform well. The cost, in terms of estimator risk,
of using the FMSC rather than simply carrying out estimation under the baseline mo-
ment conditions is small; the gains, on the other hand, can be substantial. I conclude
with an empirical application from development economics, exploring the effect of in-
strument selection on the estimated relationship between malaria transmission and per
capita income.

My approach to moment selection under mis-specification is inspired by the focused
information criterion of ( ), a model selection criterion for
models estimated by maximum likelihood. Like them, I allow for mis-specification and
study AMSE-based selection in a drifting asymptotic framework. In contradistinction,
however, I consider moment rather than model selection, and general GMM rather
than maximum likelihood estimators. Although developed independently of the FIC,

( ) uses a similar approach to select over forecasts constructed from
mis-specified vector autoregression models. Mine is by no means the first paper to
consider GMM asymptotics under locally mis-specified moment conditions, an idea
that dates at least as far back as ( ). The idea of using this framework for
AMSE-based moment selection, however, is new to the literature.

The FMSC differs substantially from existing criteria for moment selection under
mis-specification whose primary aim is to select all correctly specified moment condi-
tions while eliminating all invalid ones with probability approaching one in the limit.
This idea begins with ( ), who proposes a family of consistent moment
selection criteria for GMM by adding an appropriate penalty term to the J-statistic.

( ) extend this work to allow simultaneous GMM moment and
model selection, while ( ) derive analogous results for generalized em-
pirical likelihood. More recently, ( ) proposes a shrinkage procedure for si-
multaneous GMM moment selection and estimation. Given a set of correctly specified
moment conditions that identifies the model, this method consistently chooses all valid
conditions from a second set of potentially mis-specified conditions. In contrast to
these proposals, which examine only the validity of the moment conditions under con-
sideration, the FMSC balances validity against relevance to minimize AMSE. Although

( ) and ( ) do consider relevance, their aim is
to avoid including redundant moment conditions after consistently eliminating invalid
ones. In contrast to the FMSC, they do not allow for the intentional inclusion of a
slightly invalid but highly relevant instrument to reduce AMSE. Some other papers
that propose choosing, or combining, instruments to minimize MSE include

( ) ( ), and ( ). Unlike
the FMSC, however, these proposals consider the higher-order bias that arises from
including many valid instruments rather than the first-order bias that arises from the
use of invalid instruments.

Another important difference between the FMSC and the other proposals from the
literature is the “F” —focus. Indeed, rather than a single moment selection criterion, the
FMSC is really a method of constructing application-specific moment selection criteria.



Consider, for example, a simple dynamic panel model. If your target parameter is a
long-run effect while mine is a contemporaneous effect, there is no reason to suppose a
priori that we should use the same moment conditions in estimation, even if we share
the same model and dataset. The FMSC explicitly takes this difference of research
goals into account, unlike other moment selection criteria from the literature.

Like Akaike’s Information Criterion (AIC), the FMSC is a conservative rather than
consistent selection procedure. As such, unlike the consistent moment selection cri-
teria described above, it is random even in the limit. This may sound disconcerting.
Although consistency is a crucial minimal property in many settings, the situation is
more complex for model and moment selection. The problem is that consistent and
conservative selection procedures have different strengths, but these strengths cannot
be combined ( ). Which should be preferred depends on the application one
has in mind. If our goal is to evaulate the validity of an assumption from economic
theory, consistent selection is the natural choice, as it will choose only correctly speci-
fied moment conditions with probability approaching one in the limit. The motivation
behind the FMSC, however, is to minimize estimator risk. With this aim in mind,
consistent selection criteria suffer from a serious defect: in general, unlike conservative
criteria, they exhibit unbounded minimax risk ( ) ). Moreover, as
discussed in more detail below, the asymptotics of consistent selection paint a seriously
misleading picture of the effects of moment selection on inference. For these reasons,
the fact that the FMSC is conservative rather than consistent is a “feature” rather

than a “bug.”

Because it studies inference post-moment selection, this paper relates to a vast
literature on “pre-test” and post-selection inference. ( , )
give a theoretical overview of the consequences of model selection for subsequent in-
ference, while ( ) illustrate them in a simulation study. There
are several proposals to construct valid confidence intervals post-model selection, in-
cluding ( ) ( ) and ( ). To

my knowledge, however, this is the first paper to treat the problem in general for post-
moment selection and moment average estimators in the presence of mis-specification.?
While I developed the simulation-based, two-stage confidence interval procedure de-

scribed below by analogy to ( ), ( )
kindly pointed out that similar constructions have appear in ( )
( ), and ( ). More recently, ( ) takes a similar

approach to study a class of non-standard testing problems.
The idea of treating post-moment selection estimators as a special case example of
moment averaging, is adapted from the frequentist model average estimators of
( ). Two other papers that consider weighting estimators based on
different moment conditions are ( ) and ( ). Whereas these
papers combine estimators based on valid moment conditions to achieve a minimum

2Some related results appear in ( ), ( ), ( ),
and ( ).



variance estimator, however, I combine estimators based on potentially invalid con-
ditions to minimize AMSE. A similar idea underlies the combined moments (CM)
estimator of ( ), who emphasize that incorporating the
information from an incorrect specification could lead to favorable bias-variance trade-
off. Their proposal uses a Cressie-Read divergence measure to combine the information
from competing moment specifications, for example OLS versus TSLS, yielding a data-
driven compromise estimator. Unlike the FMSC, however, the CM estimator is not
targeted to a particular research goal and does not explicitly aim to minimize AMSE.

An important limitation of the results presented here is that they are based upon
the assumption of strong identification and a fixed number of moment conditions. I
do not, for example, consider weak— or many—instrument asymptotics. Extending the
idea behind the FMSC to a more general framework that allows for weak identification
and a growing number of moment conditions is a challenging and important topic that
I leave for future research.

The remainder of the paper is organized as follows. Section 2 describes the local
mis-specification framework, introduces the two running examples, OLS versus TSLS
and choosing instruments, and gives the main limiting results used later in the paper.
Section 3 derives FMSC as an asymptotically unbiased estimator of AMSE, presents
specialized results for the two running examples, and examines their performance in a
Monte Carlo experiment. Section 4 describes a simulation-based procedure to construct
valid confidence intervals for moment average estimators and examines its performance
in a Monte Carlo experiment. Section 5 presents the empirical application and Section
6 concludes. Proofs and computational details appear in the Appendix.

2 Assumptions and Asymptotic Framework

2.1 Local Mis-Specification

Let f(-,-) be a (p + g)-vector of moment functions of a random vector Z and an
r-dimensional parameter vector @, partitioned according to f(-,-) = (g(-,-), h(-,-)")’
where g(-, ) and h(-,-) are p- and g-vectors of moment functions. The moment condition
associated with g¢(-,-) is assumed to be correct whereas that associated with h(-,-) is
locally mis-specified. More precisely,

Assumption 2.1 (Local Mis-Specification). Let {Z,;: 1 <i <mn,n=1,2,...} be a
triangular array of random vectors defined on a probability space (T, F,P) satisfying

(CL) E[g(ana 90)] = 07
(b) E[h(Zpi,00)] = n~ Y27, where T is an unknown constant vector,
(¢c) {f(Zni,0): 1 <i<mn,n=1,2,...} is uniformly integrable, and

(d) Z,i —aq Zi, where the Z; are identically distributed.



For any fixed sample size n, the expectation of h evaluated at the true parameter
value 6y depends on the unknown constant vector 7. Unless all components of 7
are zero, some of the moment conditions contained in h are mis-specified. In the
limit however, this mis-specification vanishes, as 7/y/n converges to zero. Uniform
integrability combined with weak convergence implies convergence of expectations, so
that E[g(Z;,0p)] = 0 and E[h(Z;,0y)] = 0. Because the limiting random vectors Z; are
identically distributed, I suppress the ¢ subscript and simply write Z to denote their
common marginal law, e.g. E[h(Z,6y)] = 0. It is important to note that local mis-
specification is not intended as a literal description of real-world datasets: it is merely
a device that gives asymptotic bias-variance trade-off that mimics the finite-sample
intuition.

2.2 Candidate GMM Estimators

Define the sample analogue of the expectations in Assumption 2.1 as follows:
Ly gn(0) S 9(Zni, 0)
n 0)=— anag = " = -~ ;L_l ne)

where g, is the sample analogue of the correctly specified moment conditions and h,, is
that of the (potentially) mis-specified moment conditions. A candidate GMM estimator
fs uses some subset S of the moment conditions contained in f in estimation. Let |S|
denote the number of moment conditions used and suppose that |S| > r so the GMM
estimator is unique.® Let Zg be the |S|x (p+q) moment selection matriz corresponding
to S. That is, =g is a matrix of ones and zeros arranged such that =g f,(#) contains
only the sample moment conditions used to estimate 55. Thus, the GMM estimator of
f based on moment set S is given by

Og = arg min [Esfa(0)] Wy [Esfa(0)].

where Wy is an | S| x| 3|, positive semi-definite weight matrix. There are no restrictions
placed on S other than the requirement that |[S| > r so the GMM estimate is well-
defined. In particular, S may ezclude some or all of the valid moment conditions
contained in g. While this may seem strange, it accommodates a wider range of
examples, including choosing between OLS and TSLS estimators.

To consider the limit distribution of fg, we require some further notation. First
define the derivative matrices

G=FE[Veg(Z,0)], H=E[Vygh(Z0b), F= (G’, Hl)/

and let Q = Var[f(Z,6y)] where Q is partitioned into blocks Qy4, Qgp, Qng, and Qpp,

3Identifying 7 requires futher assumptions, as discussed in Section 2.3.



conformably with the partition of f by g and h. Notice that each of these expressions
involves the limiting random variable Z rather than Z,;, so that the corresponding ex-
pectations are taken with respect to a distribution for which all moment conditions are
correctly specified. Finally, to avoid repeatedly writing out pre- and post-multiplication
by Zg, define Fs = ZgF and g = Zg{2=}. The following high level assumptions are
sufficient for the consistency and asymptotic normality of the candidate GMM estima-
tor Og.

Assumption 2.2 (High Level Sufficient Conditions).
(a) Oy lies in the interior of ©, a compact set

(b) W —, Ws, a positive definite matriz

(c) WsZsE[f(Z,0)] =0 if and only if 0 = 0,

(d) E[f(Z,0)] is continuous on ©

() subpco | fal6) — ELF(Z,0)]| > 0

(f) f is Z-almost surely differentiable in an open neighborhood B of 6,

(9) supgee [|Vofn(0) — F(O)] =5 0
(h) v/nf,(6o) —a M + [ ?_ } where M ~ N,.,(0,Q)

(i) F&WsFg is invertible

Although Assumption 2.2 closely approximates the standard regularity conditions
for GMM estimation, establishing primitive conditions for Assumptions 2.2 (d), (e),
(g) and (h) is slightly more involved under local mis-specification. Low-level sufficient
conditions for the two running examples considered in this paper appear in Sections 2.4
and 2.5 below. For more general results, see ( ) Theorem 2 and
( ) Theorem 4. Notice that identification, (c), and continuity, (d), are conditions
on the distribution of Z, the marginal law to which each Z,; converges.

Theorem 2.1 (Consistency). Under Assumptions 2.1 and 2.2 (a)-(e), O —p Oo.

Theorem 2.2 (Asymptotic Normality). Under Assumptions 2.1 and 2.2

e (| 2] 2]

where Kg = [FéWSFs]_1F§WS, M = (M;,M}IZ)/, and M ~ N(O,Q)



As we see from Theorems 2.1 and 2.2, any candidate GMM estimator é\s is consis-
tent for 6y under local mis-specification. Unless S excludes all of the moment condi-
tions contained in h, however, fs inherits an asymptotic bias from the mis-specification
parameter 7. The local mis-specification framework is useful precisely because it re-
sults in a limit distribution for 6 with both a bias and a variance. This captures in
asymptotic form the bias-variance tradeoff that we see in finite sample simulations. In
constrast, fixed mis-specification results in a degenerate bias-variance tradeoff in the
limit: scaling up by 1/n to yield an asymptotic variance causes the bias component to
diverge.

2.3 Identification

Any form of moment selection requires an identifying assumption: we need to make
clear which parameter value 6, counts as the “truth.” One approach, following

( ), is to assume that there exists a unique, maximal set of correctly specified
moment conditions that identifies 6. In the notation of the present paper® this is
equivalent to the following:

Assumption 2.3 ( ( ) Identification Condition). There ezxists a subset
Smaz Of at least 1 moment conditions satisfying:

(@) Z8,0. ELf (Zni 00)] = 0
(b) For any S’ # Spae such that Z¢ E[f(Z,:,0')] = 0 for some 0" € O, |Spaz| > |57].

( ) and ( ) take the same basic approach to
identification, with appropriate modifications to allow for simultaneous model and mo-
ment selection. An advantage of Assumption 2.3 is that, under fixed mis-specification,
it allows consistent selection of S,,,, without any prior knowledge of which moment
conditions are correct. In the notation of the present paper this corresponds to having
no moment conditions in the g block. As ( , P. 254) points out, however, the
second part of Assumption 2.3 can fail even in simple settings such as linear instru-
mental variables estimation. When it does fail, the selected GMM estimator may no
longer be consistent for 6.

A different approach to identification is to assume that there is a minimal set of
at least » moment conditions known to be correctly specified. This is the approach I
follow here, as do ( ) and ( ). With the exception of a
short digression in Section 3.2, I maintain the following assumption throughout.

Assumption 2.4 (FMSC Identification Condition). Let 0, denote the GMM estimator
based solely on the moment conditions contained in the g—block

o~ —~

0, = arg min g,(6)W, g.(0)
9co

4Although ( ), ( ), and ( ) consider fized mis-

specification, we can view this as a version of local mis-specification in which 7 — oco.



We call this the “valid estimator” and assume that it is identified, i.e. that p > r.

Assumption 2.4 and Theorem 2.2 immediately imply that the valid estimator shows
no asymptotic bias.

Corollary 2.1 (Limit Distribution of Valid Estimator). Let S, include only the mo-
ment conditions contained in g. Then, under Assumption 2./ we have

N (év _ eo) —q — KM,

by applying Theorem 2.2 to S, where K, = [G'W,G]*G'W, and M, ~ N(0,$,,).

Both Assumptions 2.3 and 2.4 are strong, and neither fully nests the other. Which
should be preferred is both a matter of taste and of the particular application one has
in mind. In the context of the present paper, Assumption 2.4 is meant to represent
the following situation. The g—block of moment conditions contains the “baseline”
assumptions that an empirical researcher would be prepared to defend in a seminar
while the h—block contains a set of stronger, more controversial “suspect” assumptions.
Thes suspect are not wildly implausible — otherwise it would be strange to entertain
them — but they are at least somewhat dubious. More than likely, they are not exactly
true. In the FMSC framework, moment selection is carried out conditional on the
baseline assumptions: we use the g—block to help us decide whether to include any of
the moment conditions contained in the h-block. But why would we ever consider using
controversial assumptions? The FMSC is designed for settings in which the h-block is
expected to contain a substantial amount of information beyond that already contained
in the g-block. The idea is that, if we knew the h—block was correctly specified, we
would expect a large gain in efficiency by including it in estimation. This motivates
the idea of trading off the variance reduction from including h against the potential
increase in bias. Not all applications have the structure, but many do. I now consider
two simple, empirically relevant examples.

2.4 Example: OLS versus TSLS

The simplest interesting application of the FMSC is choosing between ordinary least
squares (OLS) and two-stage least squares (TSLS) estimators of the effect g of a
single endogenous regressor x on an outcome of interest y. To keep the presentation
transparent, I work within an iid, homoskedastic setting. Neither of these restrictions,
however, is necessary. Without loss of generality assume that there are no exogenous
regressors, or equivalently that they have been “projected out of the system” so that
the data generating process is given by

v = Pr;+e (1)



where § and 7 are unknown constants, z; is a vector of exogenous and relevant in-
struments, x; is the endogenous regressor, y; is the outcome of interest, and ¢;, v; are
unobservable error terms. All random variables in this system are mean zero, or equiv-
alently all constant terms have been projected out. Stacking observations in the usual
way, let 2’ = (z1,...,2,), Z' = (21,...,2,), X' = (21,...,2,) and so on. The two

)

estimators under consideration are Sors and Brsrs, given by

~B\OLS = (¥x) Xy (3)
Brsis = (X'Pzx)' x'Pgy (4)

where P, = Z(Z'Z)~'Z'. But why should we ever consider using OLS if z is endoge-
nous and we have valid instruments at our disposal? The answer is simple: TSLS is a
high variance estimator. Depending on the degree of endogeneity present in  and the
strength of the instruments, Sors could easily have the lower mean-squared error of
the two estimators.” The appropriate version of the local mis-specification assumption
for this example is as follows

Zini€ni 0
E ni-ni — 5
Era ®)
where 0 is a vector of zeros, and 7 is an unknown constant that encodes the endogeneity
of 7. In this setting, there is only a single moment condition in the h—block, namely
Elzni€ni] = 7/+/n. The question is not whether we should use this moment condition
in addition to the TSLS moment conditions written above it, but rather whether we

should use it instead of them. The following simple low-level conditions are sufficient
for the asymptotic normality of the OLS and TSLS estimators in this example.

Assumption 2.5 (OLS versus TSLS). Let {(Zni, Vnis€ni): 1 < i <n,mn=1,2,...} be
a triangular array of random variables such that

(a) (Zniy Uni, €ni) ~ iid and mean zero within each row of the array (i.e. for fized n)
(b) El|Zni€ni] =0, Elz,v,;] =0, and Elepivn] = 7/+/n for alln

(¢) El|z.|"t"] < C, Ellen|""] < C, and Eljv,|*™ < C for some n > 0, C' < oo
(d) Elznz.;] — Q >0, E[v3] — 02 >0, and E[e2,] = 02 >0 asn — o

(e) Asn — oo, E|e2.2,2z ;| — E[e?

and E[é2,02,] — E[e3,)E[v?;] — 0

ni “ni ni ni

E|z,z.,] — 0, E[¢?v,2.,] — Ele,|Elvnzl,] — 0,

ni

(f) xni = 2z,,; 7+ v; where © # 0, and Yn; = PTp; + €n;

5Because the moments of the TSLS estimator only exist up to the order of overidentificiation
( , ) this statement should be understood to refer to “trimmed” mean-squared error when
the number of instruments is two or fewer. See, e.g., ( ).
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Parts (a), (b) and (d) correspond to the local mis-specification assumption, part (c)
is a set of moment restrictions, and (f) is simply the DGP. Part (e) is the homoskedas-
ticity assumption: an asymptotic restriction on the joint distribution of v,;, €,;, and
Z,;. This condition holds automatically, given the other asssumptions, if (z,;, Uni, €4;)
are jointly normal, as in our simulation experiment described below.

Theorem 2.3 (OLS and TSLS Limit Distributions). Under Assumption 2.5,

Vil(Bors - B) ] quT/ai} 02{1/03 1/05})

\/ﬁ(gTSLS_ﬁ) 0 T 1/03 1/72

where 02 = 4? + 02, 2 = 7'Qm, and Q, 02, and o are defined in Assumption 2.5.

We see from the preceding result that the variance of the OLS estimator is always
strictly lower than that of the TSLS estimator since 02/02 = 02/(7* + 02). Unless
7 = 0, however, OLS shows an asymptotic bias. In contrast, the TSLS estimator is
asymptotically unbiased regardless of the value of 7.

2.5 Example: Choosing Instrumental Variables

The preceding example was quite specific, but in a sense it amounted to a problem
of instrument selection: if = is exogenous, it is clearly “its own best instrument.”
Viewed from this perspective, the FMSC amounted to trading off endogeneity against
instrument strength. I now consider instrument selection in general for linear GMM
estimators in an iid setting. Consider the following model:

yi = X8+ (6)

x; = Iz + 1027 + v, (7)
where y is an outcome of interest, x is an r-vector of regressors, some of which are
endogenous, zM is a p-vector of instruments known to be exogenous, and z? is a
g-vector of potentially endogenous instruments. The r-vector 3, p x r matrix Iy,
and ¢ x r matrix IIy contain unknown constants. Stacking observations in the usual
way, let ¥y = (y1,...,yn), X' = (X1,...,Xp), € = (€1,...,6,), 21 = (zgl),...,zg)),
Zy = (z§2)7 . ,z7(12)), and V' = (vq,...,v,) where n is the sample size. Using this
notation, y = X + € and X = ZII 4+ V, where Z = (Z1, Z,) and II = (II}, I1})".

The idea behind this setup is that the instruments contained in Z, are expected to be
strong. If we were confident that they were exogenous, we would certainly use them in
estimation. Yet the very fact that we expect them to be strongly correlated with x gives
us reason to fear that the instruments contained in Z, may be endogenous. The exact
opposite is true of Z;. These are the instruments that we are prepared to assume are
exogenous. But when is such an assumption plausible? Precisely when the instruments
contained in Z; are not especially strong. In this setting, the FMSC attempts to trade

11



off a small increase in bias from using a slightly endogenous instrument against a
larger decrease in variance from increasing the overall strength of the instruments used
in estimation.

To this end, consider a general linear GMM estimator of the form

Bs = (X' ZsWsZLX) ' X' ZsWs Zhy

where S indexes the instruments used in estimation, Zy = ZgZ’ is the matrix con-
taining only those instruments included in S, |S| is the number of instruments used

in estimation and Wy is an || x |S| positive semi-definite weighting matrix. In this
example, the local mis-specification assumption is given by

zgzlz‘) (yi —xiB) _ [ 0 ] (8)
Zflz’i) (yi —xi03) T/Vn

where 0 is a p-vector of zeros, and 7 is a g-vector of unknown constants. The following
low-level conditions are sufficient for the asymptotic normality of fs.

E

Assumption 2.6 (Choosing IVs). Let {(Zni, Vpis€ni): 1 <@ < myn=1,2,...} bea
triangular array of random variables with z,; = (z(l) z(l)) such that

(a) (Znis Vinis €ni) ~ 1id within each row of the array (i.e. for fixed n)

(b) E[vnz,] =0, Ez\e,] =0, and E[z%¢,;] = 7/\/n for alln

(¢) El|zn:|"t"] < C, Ellen|"t"] < C, and E[|v,i|*™™) < C for somen >0, C < o0
(d) Elz,z.; — Q >0 and E[e®z,;2z.;] — Q>0 asn — oo

(e) Xp; = H’lzgi) + H’ng) + Vi where I1; # 0, Iy # 0, and y; = X,,;0 + €ni

The preceding conditions are similar to although more general than those contained
in Assumption 2.5. Although I no longer assume homoskedasticity, for simplicity I
retain the assumption that the triangular array is iid in each row.

Theorem 2.4 (Choosing IVs Limit Distribution). Suppose that W —p, Ws > 0.
Then, under Assumption 2.6

ﬂ(Bs—ﬂ)i—KsEs<{°]+M)

T

where
—Kg = (ITQsWsQLIl) ' TI'QsWs

M ~ N(0,9Q), Qs = Q=Y5, and Q and §2 are defined in Assumption 2.6.
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3 The Focused Moment Selection Criterion

3.1 The General Case

The FMSC chooses among the potentially invalid moment conditions contained in h
to minimize estimator AMSE for a target parameter. Denote this target parameter
by u, a real-valued, Z-almost continuous function of the parameter vector 8 that is
differentiable in a neighborhood of 6. Further, define the GMM estimator of x based
on fg by Jis = 11(fs) and the true value of u by po = p(6p). Applying the Delta Method
to Theorem 2.2 gives the AMSE of jig.

Corollary 3.1 (AMSE of Target Parameter). Under the hypotheses of Theorem 2.2,

Vv (jis = po) =4 —Vepu(bo) Ks=s (M - [ i D

-
where M s defined in Theorem 2.2. Hence,

~ - 0 O —
AnsE ) = V(oo Kszs { | )2 | + 0 kTt

For the valid estimator @, we have K, = [G’VVUG]_1 G'W, and =, = [ I, 0,4 ]
Thus, the valid estimator 11, of 1 has zero asymptotic bias. In contrast, any candidate
estimator jig that includes moment conditions from A inherits an asymptotic bias from
the corresponding elements of 7, the extend and direction of which depends both on
Kgs and Vou(6y). Adding moment conditions from h, however, generally decreases
asymptotic variance. In particular, the usual proof that adding moment conditions
cannot increase asymptotic variance under efficient GMM (see for example , ,
ch. 6) continues to hold under local mis-specification, because all moment conditions
are correctly specified in the limit. Thus, we see that local mis-specification gives an
asymptotic analogue of the bias-variance tradeoff that we encounter in finite samples.®

Using this framework for moment selection requires estimators of the unknown
quantities: 6y, Ks, €2, and 7. Under local mis-specification, the estimator of § under
any moment set is consistent. A natural estimator is #,, although there are other
possibilities. Recall that Kg = [F{WgsFs| ' FiWs=g. Because it is simply the se-
lection matrix defining moment set S, =g is known. The remaining quantities Fg
and Wy that make up Kg are consistently estimated by their sample analogues under
Assumption 2.2. Similarly, consistent estimators of {2 are readily available under lo-
cal mis-specification, although the precise form depends on the situation.” The only

6The general result for adding moment conditions in GMM is only relevant in situations where the
valid moment set is strictly nested inside of all other candidate moment sets. When this does not hold,
such as in the OLS verus IV example, we establish an analogous ordering of asymptotic variances by
direct calculation.

"See Sections 3.3 and 3.5 for discussion of this point for the two running examples.
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remaining unknown is 7. Local mis-specification is essential for making meaningful
comparisons of AMSE because it prevents the bias term from dominating the com-
parison. Unfortunately, it also prevents consistent estimation of the asymptotic bias
parameter. Under Assumption 2.4, however, it remains possible to construct an asymp-
totically unbiased estimator 7 of 7 by substituting 6, the estimator of 6y that uses only
correctly specified moment conditions, into h,, the sample analogue of the potentially
mis-specified moment conditions. In other words, 7 = y/nh,(6,).

Theorem 3.1 (Asymptotic Distribution of 7). Let 7 = \/ﬁhn(@,) where @, is the
valid estimator, based only on the moment conditions contained in g. Then under
Assumptions 2.1, 2.2 and 2./

?—>d\I/<M+[SD, V=[-HK, 1, ]

where K, is defined in Corollary 2.1. Thus, T —q (VM + 1) ~ N, (7, ¥QU’).

Returning to Corollary 3.1, however, we see that it is 77" rather than 7 that enters
the expression for AMSE. Although 7 is an asymptotically unbiased estimator of 7, the
limiting expectation of 777 is not 77/ because T has an asymptotic variance. Subtracting
a consistent estimate of the asymptotic variance removes this asymptotic bias.

Corollary 3.2 (Asymptotically Unbiased Estimator of 77/). If Q and U are consistent
for Q and Y, then 77" — WQW is an asymptotically unbiased estimator of 77'.

It follows that

~,~ 0 0 ~| _, = ~
FMSCn<S) = VQLL(Q)/Kszs { [ 0 e (I\f@‘f[}/ :| + Q} :ngSVQLL(Q) (9)

provides an asymptotically unbiased estimator of AMSE. Given a set .# of candidate
specifications, the FMSC selects the candidate S* that minimizes the expression given
in Equation 9, that is S}, = argminge» FMSC,,(5).

At this point, it is worth taking a brief pause to survey the ground covered thus
far. We began with a target parameter, u, a risk function, mean-squared error, and
a collection of candidate estimators, fig for S € .. Our goal was to choose the
estimator with the lowest risk. Because finite-sample distributions were unavailable,
we resorted to an asymptotic experiment, local mis-specification, that preserved the
bias-variance tradeoff embodied in our chosen risk function. We then calculated the
risk of the limit distribution of Jig to use as a stand-in for the finite-sample risk. This
quantity involved several unknown parameters. We estimated these in such a way
that the resulting asymptotic risk estimate would converge in distribution to a random
variable with mean equal to the true asymptotic risk. The result was the FMSC: an
asymptotically unbiased estimator of the AMSE of jig. Viewing the FMSC at this level
of abstraction raises two questions. First, could we have chosen a risk function other
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than mean-squared error? Second, why should we use an asymptotically unbiased risk
estimator?

The answer to the first question is a straightforward yes. The idea of using asymp-
totic risk as a stand-in for finite sample risk requires only that we can characterize the
limit distribution of each jig and use it to evaluate the chosen risk function.

( ) and ( ), for example, show how the FIC for
model selection in maximum likelihood models can be extended from squared error to
L, and linex loss, respectively, in precisely this way. One could easily do the same for
the FMSC although I do not consider this possibility further here.

Answering the second question is more difficult. Under local mis-specification it
is impossible to consistently estimate AMSE.® If we merely use the plug-in estimator
of the squared asymptotic bias based on 7, the resulting AMSE estimate will “over-
shoot” asymptotically. Accordingly, it seems natural to correct this bias as explained
in Corollary 3.2. This is the same heuristic that underlies the classical AIC and TIC
model selection criteria as well as more recent procedures such as those described in

( ) and ( ). A heuristic, however, is not a
rigorous justification: there could certainly be situations in which it makes sense to
use a risk estimator other than the asymptotically unbiased one suggested here. If one
wished to consider risk functions other than MSE, to take a simple example, it may
not be possible to derive an asymptotically unbiased risk estimator. The plug-in esti-
mator, however, is always available. Although I do not consider them further below,
alternative risk estimators in the FMSC framework could be an interesting topic for
future research.

3.2 Digression: Failure of the Identification Condition

When r > p, Assumption 2.4 fails: 6 is not estimable by gv so T is an infeasible estima-
tor of 7. A mnaive approach to this problem would be to substitute another consistent
estimator of #y and proceed analogously. Unfortunately, this approach fails. To un-
derstand why, consider the case in which all moment conditions are potentially invalid
so that the g-block is empty. Letting 6 denote the estimator based on the full set of
moment conditions in A, \/ﬁhn(gf) —a TN (7,Q) where I' =1, — H (H'WH) " H'W,
using an argument similar to that in the proof of Theorem 3.1. The mean, I'7, of the
resulting limit distribution does not equal 7, and because I'" has rank ¢ — r we cannot
pre-multiply by its inverse to extract an estimate of 7. Intuitively, ¢ —r over-identifying
restrictions are insufficient to estimate a g-vector: 7 is not identified unless we have a
minimum of 7 valid moment conditions. However, the limiting distribution of \/nh,,(0)
partially identifies 7 even when we have no valid moment conditions at our disposal. A
combination of this information with prior restrictions on the magnitude of the com-
ponents of 7 allows the use of the FMSC framework to carry out a sensitivity analysis

8This is not a defect of the FMSC: there is a fundamental trade-off between consistency and
desirable risk properties. See Section 4 for a discussion of this point.
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when r > p. For example, the worst-case estimate of AMSE over values of 7 in the
identified region could still allow certain moment sets to be ruled out. This idea shares
similarities with ( ) and ( ), two recent papers that suggest
methods for evaluating the robustness of conclusions drawn from IV regressions when
the instruments used may be invalid.

3.3 FMSC for OLS versus TSLS Example

The FMSC has a particularly convenient and transparent form in the OLS versus TSLS
example introduced in Section 2.4. Since the target parameter in this case is simply (3,
the FMSC amounts to comparing the AMSE of OLS to that of TSLS. As an immediate
consequence of Theorem 2.3,

2

AMSE(OLS) = % + 2

2 2
€ O¢
2

T

AMSE(TSLS) = —.
T Y

Rearranging, we see that the AMSE of the OLS estimator is strictly less than that
of the TSLS estimator whenever 72 < 020202 /~%. Using this expression for moment
selection, of course, requires estimates of the unknown parameters. Fortunately, the

familiar estimators of 02,92, and o2 remain consistent under Assumption 2.5. I set:
~2 1y 22 Ayl (7l 7\ 71 ~2 _ =2 2
o,=n"xXx, ¥y =nxZ(ZZ) 2%, o°,=0,—7".

To estimate o2 there are two choices: one can either use the residuals from the OLS es-
timator or those from the TSLS estimator. Under local mis-specification, both provide
consistent estimators of o2. Of the two, the estimator based on the TSLS residuals
should be more robust, however, unless the instruments are quite weak. This is because
the exogeneity of z, even though it disappears in the limit under our asymptotics, is
non-zero in finite samples. Thus, I use

~ / ~
Gl=mn"" (y - XﬁTSLs) (y - XBTSLS)
to estimate o2 below. All that remains is to estimate 72. Specializing Theorem 3.1 and
Corollary 3.2 to the present example gives the followmg result.

Theorem 3.2. Let 7 = n~2x(y — xBrsrs). Under Assumption 2.5 we have
7/:—>dN(7—7V>7 V_UO-<2/7)

It follows that 72 — 5262 (52 /4?) is an asymptotically unbiased estimator of 72 and
hence, substituting into the AMSE inequality from above and rearranging, the FMSC
instructs us to choose OLS whenever Teasc = 72/V < 2 where V = 625252 /32. The

quantity TFMSC looks very much like a test statistic and indeed it can be viewed as
such. By Theorem 3.2 and the continuous mapping theorem, Trysc —a X2(1). Thus,
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the FMSC can be viewed as a test of the null hypothesis Hy: 7 = 0 against the two-
sided alternative with a critical value of 2. This corresponds to a significance level of
a ~ 0.16.

But how does this novel “test” compare to something more familiar, say the Durbin-
Hausman-Wu (DHW) test? It turns out that in this particular example, although not in
general, carrying out moment selection via the FMSC is numerically equivalent to using
OLS unless the DHW test rejects at the 16% level. In other words, Trirsc = Tpaw.
To see why this is so first note that

vn <B\OLS - ETSLS> =[1 -1]vn fors =P —a N (1/02,%)
Brsrs — B

by Theorem 3.2, where
3 = AVAR(TSLS) — AVAR(OLS) = o7 (1/7* — 1/02) .
Thus, under Hy: 7 = 0, the DHW test statistic

H(BOLS - ETSLS)2
oz (1/7* —1/a3)

fDHW =n i71(30&9 — ETSLS>2 =

converges in distribution to a x?(1) random variable. Now, rewriting 17, we find that

~2 ~2  ~2
S~ 9 (0 oo [0z —7 oy (1 1 “a
V=0 ) =00, 55— ) =00, |5 —= ) =02
2 e“x 2 e’x 2 52 T

using the fact that o, = 62

is to establish that 72 = n&f;(BOLS — ETSLS)Z, which we obtain as follows:

— A2, Thus, to show that fFMSC = fDHW, all that remains

2 = [y —xB)| =[x (5= )] =nt o2 (- 5)]

The equivalence between FMSC selection and a DHW test in this example is helpful
for two reasons. First, it provides a novel justification for the use of the DHW test
to select between OLS and TSLS. So long as it is carried out with a ~ 16%, the
DHW test is equivalent to selecting the estimator that minimizes an asymptotically
unbiased estimator of AMSE. Note that this significance level differs from the more
usual values of 5% or 10% in that it leads us to select TSLS more often: OLS should
indeed be given the benefit of the doubt, but not by so wide a margin as traditional
practice suggests. Second, this equivalence shows that the FMSC can be viewed as
an extension of the machinery behind the familiar DHW test to more general GMM
environments. Naturally each application of the FMSC should be evaluated on its
own merits, but it is reassuring that the local mis-specification framework leads to a
reasonable procedure in a simple setting where it can be compared to more familiar
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techniques.

3.4 Simulation Study: OLS versus TSLS Example

I now examine the performance of the FMSC when used to choose between OLS and
TSLS in a simple simulation experiment. All calculations in this section are based on
the formulas from Sections 2.4 and 3.3 and 10,000 simulation replications.

The data generating process is given by

T, = 7T(21i—|—22i+23¢) + v; (11)

where (€;, vy, 214, 291, 231) ~ iid N(0,S)

1 p 0 0 0
p 1—m2 0 0 0
S=10 0 1/3 0 0 (12)
0 0 0 1/3 0
0 0 0 0 1/3
fori=1,..., N and we vary N, p and 7 over a grid. The goal is to estimate the effect

of x on y, in this case 0.5, with minimum MSE by choosing between OLS and TSLS
estimators. To ensure that the finite-sample MSE of the TSLS estimator exists, this
DGP includes three instruments leading to two overidentifying restrictions ( ,

).? This design satisfies the conditions of Assumption 2.5 and keeps the variance of
x fixed at one so that m = Corr(x;, z1; + 22; + 23;) and p = Corr(z;, €;). The first-stage
R-squared is simply 1 — 62/02 = 72 so that larger values of |7| reduce the variance of
the T'SLS estimator. Since p controls the endogeneity of z, larger values of |p| increase
the bias of the OLS estimator.

Figure 1 compares the root mean-squared error (RMSE) of the post-FMSC estima-
tor to those of the simple OLS and TSLS estimators. For any values of N and 7 there
is a value of p below which OLS outperforms TSLS. As N and 7 increase this value
approaches zero; as they decrease it approaches one. Although the first two moments
of the TSLS estimator exist in this simulation design, none of its higher moments do.
This fact is clearly evident for small values of N and m: even with 10,000 simulation
replications, the RMSE of the TSLS estimator shows a noticable degree of simulation
error unlike those of the OLS and post-FMSC estimators.

The FMSC represents a compromise between OLS and TSLS. When the RMSE of
TSLS is high, the FMSC behaves more like OLS; when the RMSE of OLS is high it
behaves more like TSLS. Because the FMSC is itself a random variable, however, it
sometimes makes moment selection mistakes.!'Y For this reason it does not attain an

9 Alternatively, one could use fewer instruments in the DGP and use work with trimmed MSE.
0For more discussion of this point, see Section 4.
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RMSE equal to the lower envelope of the OLS and TSLS estimators: moment selection
is not a free lunch. The larger the RMSE difference between OLS and TSLS, however,
the closer the FMSC comes to this lower envelope: the more costly the mistake, the
rarer.

The question remains: should one carry out moment selection via the FMSC or
avoid selection altogether and simply use the correctly specified TSLS estimator? As
usual the answer depends where we happen to be in the parameter space. Because
it is sometimes makes mistakes, the post-FMSC estimator cannot provide a uniform
improvement over TSLS. And indeed, as seen from the simulation results, it does not.
The worst-case RMSE of the post-FMSC estimator, however, is never much higher than
that of TSLS while the worst-case RMSE of TSLS can be dramatically higher than
that of the FMSC, depending on parameter values. Moreover, as discussed above, the
FMSC is intended for situations in which an applied researcher fears that her “base-
line” assumptions may be too weak and consequently considers adding one or more
“controversial” assumptions. In this case, she fears that the exogenous instruments
21, 29, 23 are not particularly strong, 7 is small relative to N, and thus entertains the
assumption that x is exogenous. It is precisely in these situations that the FMSC is
likely to provide large performance gains over TSLS.

As shown in the preceding section, the FMSC takes a very special form in this
example: it is equivalent to a DHW test with a =~ 0.16. Accordingly, Figure 2 compares
the RMSE of the post-FMSC estimator to those of DHW pre-test estimators with
significance levels a = 0.05 and o = 0.1, indicated in the legend by DHW95 and
DHWO90. Since these three procedures differ only in their critical values, they show
similar qualitative behavior. When p is sufficiently close to zero, we saw from Figure
1 that OLS has a lower RMSE than TSLS. Accordingly since DHW95 and DHW90
require a higher burden of proof to reject OLS in favor of TSLS, they outperform FMSC
in this region of the parameter space. When p crosses the threshold beyond which TSLS
has a lower RMSE than OLS, the tables are turned: FMSC outperforms DHW95 and
DHW90. As p increases further, relative to sample size and 7, the three procedures
become indistinguishable in terms of RMSE. There is nothing mysterious about this
behavior: it is merely a consequence of the fact that DHW95 employs the largest
critical value, followed by DHW90, while FMSC employs the smallest. In practice,
of course, p is unknown so we cannot use it to decide between DHW95, DHW90 and
FMSC. In terms of worst-case RMSE, however, FMSC gives the best performance of
the three, particularly for larger sample sizes.

3.5 FMSC for Instrument Selection Example

As explained above, the OLS versus TSLS example can be viewed as a special case of
the more general instrument selection problem from Section 2.5. To apply the FMSC
to this problem, we simply need to specialize Equation 9. Recall that Z; is the matrix
containing the p instruments known to be exogenous, Z5 is the matrix containing the
q potentially endogenous instruments and Z = (Z;, Z3). To simplify the notation in
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Figure 1: RMSE values for the two-stage least squares (TSLS) estimator, the ordi-
nary least squares (OLS) estimator, and the post-Focused Moment Selection Criterion
(FMSC) estimator based on 10,000 simulation draws from the DGP given in Equations
11-12 using the formulas described in Sections 2.4 and 3.3.
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Figure 2: RMSE values for the post-Focused Moment Selection Criterion (FMSC)
estimator and Durbin-Hausman-Wu pre-test estimators with a = 0.1 (DWH90) and
a = 0.05 (DHW95) based on 10,000 simulation draws from the DGP given in Equations
11-12 using the formulas described in Sections 2.4 and 3.3.
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this section, let
= = [ I, 0pxq } , Do = [ Ogxp 14 ] (13)

where 0,,x, denotes an m x n matrix of zeros and I,, denotes the m x m identity
matrix. Using this convention, 7, = Z=| and Z, = Z=,. In this example the valid
estimator, defined in Assumption 2.4, is given by

~ — —1 —
B, = (X’levZ{X) X'Z,W, 2y (14)
and we estimate Vgu(5) with Vgu(gv). Similarly,
~ —~ —1 —
“RKeg=n (X’ZE’SWSESZ’X) X' 7= W

is the natural consistent estimator of —Kg in this setgng.11 Since =g is known, the only
remaining quantities from Equation 9 are 7, ¥ and ). The following result specializes
Theorem 3.1 to the present example.

Theorem 3.3. Let T = n~ /2 Z(y — XB\U) where BU is as defined in Equation 1J.
Under Assumption 2.6 we have T —q T + VM where M is defined in Theorem 2./,

U = [ -EQUK, I,]
~K, = (TQE,W,Z,QT) ' I'QE,W,

W, is the probability limit of the weighting matriz from Equation 14, I, is the ¢ X q
identity matrix, =, is defined in Equation 153, and Q) is defined in Assumption 2.0.

____Using the preceding result, I construct the asymptotically unbiased estimator 7T —
vQU’ of 77/ from

~ ~ ~ —~ -1 —
U= [ nlZLX (—Kv> I, } , —K,=n (X’levzgx) X'Z,W,

All that remains before substituting values into Equation 9 is to estimate 2. There
are many possible ways to proceed, depending on the problem at hand and the as-
sumptions one is willing to make. In the simulation and empirical examples discussed
below I examine the TSLS estimator, that is Wy = (ESZ’?\ES)_I, and estimate Q as

follows. For all specifications ezcept the valid estimator f,, I employ the centered,
heteroskedasticity-consistent estimator

Qg = % Z ui(B\S)QZiSZ;S - (% Z u,-(gg)zis) (% Zu’(§S>Z25> (15)
=1 =1 =1

The negative sign is squared in the FMSC expression and hence disappears. I write it here only
to be consistent with the notation of Theorem 2.2.
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where u; () = y; — X}, Bg = (X'Zs(ZZs) 2, X)) ' X' Zs(Z5Z5) 20y, 2is = Zs2i
and Zg = ZgZ’. Centering allows moment functions to have non-zero means. While
the local mis-specification framework implies that these means tend to zero in the limit,
they are non-zero for any fixed sample size. Centering accounts for this fact, and thus
provides added robustness. Since the valid estimator (3, has no asymptotic bias, the
AMSE of any target parameter based on this estimator equals its asymptotic variance.
Accordingly, T use

Qll = nil Z ui(EU)ZZMZ'M (16)
i=1

rather than the (p x p) upper left sub-matrix of Q to estimate this quantity. This
imposes the assumption that all instruments in Z; are valid so that no centering is
needed, providing greater precision.

3.6 Simulation Study: Choosing Instruments Example

I now evaluate the performance of FMSC in the Instrument Selection Example de-
scribed in Section 3.5 using the following simulation design:

r; = (Zli + 29; + 231)/3 + YWw; + v; (18)

for i =1,2,..., N where (€, v;, w;, 2i1, 221, 23;) ~ iid N(0,V) with

1 05=9p) p 0 0 0
05—7p) (8/9-4%) 0 0 0 0
B p 0 1 0 0 0
V= 0 0 0 1/3 0 0 (19)
0 0 0 0 1/3 0
0 0 0 0 0 1/3]

This setup keeps the variance of x fixed at one and the endogeneity of x, Cor(z, €), fixed
at 0.5 while allowing the relevance, v = Cor(z,w), and endogeneity, p = Cor(w,e),
of the instrument w to vary. The instruments 2z, 25, 23 are valid and exogenous: they
have first-stage coefficients of 1/3 and are uncorrelated with the second stage error e.
The additional instrument w is only relevant if v # 0 and is only exogenous if p = 0.
Since x has unit variance, the first-stage R-squared for this simulation design is simply
1—02 =1/9++2 Hence, when v = 0, so that w is irrelevant, the first-stage R-squared
is just over 0.11. Increasing v increases the R-squared of the first-stage. When v = 0,
this simulation design is a special case of the DGP used in the Section 3.4.

As in Section 3.4, the goal of moment selection in this exercise is to estimate the
effect of x on y, as before 0.5, with minimum MSE. In this case, however, the choice
is between two TSLS estimators rather than OLS and TSLS: the valid estimator uses
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only 21, 2o, and 23 as instruments, while the full estimator uses zi, 29, 23, and w. The
inclusion of z;, 29 and 23 in both moment sets means that the order of over-identification
is two for the valid estimator and three for the full estimator. Because the moments
of the TSLS estimator only exist up to the order of over-identification ( , ),
this ensures that the small-sample MSE is well-defined.'? All estimators in this section
are calculated via TSLS without a constant term using the expressions from Section
3.5 and 20,000 simulation replications.

Figure 3 presents RMSE values for the valid estimator, the full estimator, and the
post-FMSC estimator for various combinations of 7, p, and N. The results are broadly
similar to those from the OLS versus TSLS example presented in Figure 1. For any
combination (v, N) there is a positive value of p below which the full estimator yields a
lower RMSE than the full estimator. As the sample size increases, this cutoff becomes
smaller; as v increases, it becomes larger. As in the OLS versus TSLS example, the
post-FMSC estimator represents a compromise between the two estimators over which
the FMSC selects. Unlike in the previous example, however, when N is sufficiently
small there is a range of values for p within which the FMSC yields a lower RMSE than
both the valid and full estimators. This comes from the fact that the valid estimator is
quite erratic for small sample sizes: even with 20,000 simulation replications it exhibits
a noticable degree of simulation error for N = 50. Such behavior is unsurprising given
that its first stage is not especially strong, R-squared ~ 11%, and it has only two
moments. In contrast, the full estimator has three moments and a stronger first stage.
As in the OLS versus TSLS example, the post-FMSC estimator does not uniformly
outperform the valid estimator for all parameter values, although it does for smaller
sample sizes. The FMSC never performs substantially worse than the valid estimator,
however, and often performs dramatically better. Again, the gains are particularly
large for small sample sizes.

I now compare the FMSC to a number of alternative moment selection procedures.
The first is a downward J-test, an informal but fairly common procedure for moment
selection in practice. This procedure simply uses the full estimator unless it is rejected
by a J-test. For robustness, I calculate the J-test statistic using a centered covariance
matrix estimator, as in the FMSC formulas from section 3.5. Table 4 compares the
RMSE of the post-FMSC estimator to that of the downward J-test with o = 0.1 (J90),
and o = 0.05 (J95). Unlike the FMSC, the downward J-test is very badly behaved for
small sample sizes, particularly for the smaller values of 7. For larger sample sizes, the
relative performance of the FMSC and the J-test is quite similar to what we saw in
Figure 2 for the OLS versus TSLS example: the J-test performs best for the smallest
values of p, the FMSC performs best for moderate values, and the two procedures
perform similarly for large values. ( ) considers a more formal moment
selection procedure based on criteria of the form MSC(S) = J,(S) — h(|S|)kn, where
Jn(S) is the J-test statistic under moment set S, —h(|S|)k, is a “bonus term” that

12 Alternatively, one could use fewer instruments for the valid estimator and compare the results
using trimmed MSE, as in ( ).
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Figure 3: RMSE values for the valid estimator, including only (21, 22, 23), the full
estimator, including (21, 22, 23, w), and the post-Focused Moment Selection Criterion
(FMSC) estimator based on 20,000 simulation draws from the DGP given in Equations
18-19 using the formulas described in Sections 2.5 and 3.5.
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formulas described in Sections 2.5 and 3.5.
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Figure 4: RMSE values for the post-Focused Moment Selection Criterion (FMSC)
estimator and the downward J-test estimator with = 0.1 (J90) and a = 0.05 (J95)
based on 20,000 simulation draws from the DGP given in Equations 18-19 using the



rewards the inclusion of more moment conditions. For each member of this family we
choose the moment set that minimizes MSC(S). If we take h(|S|) = (p+|S|—7), then
kn = logn gives a GMM analogue of Schwarz’s Bayesian Information Criterion (GMM-
BIC) while k, = 2.01loglogn gives an analogue of the Hannan-Quinn Information
Criterion (GMM-HQ), and x,, = 2 gives an analogue of Akaike’s Information Criterion
(GMM-AIC). Like the maximum likelihood model selection criteria upon which they
are based, the GMM-BIC and GMM-HQ are consistent provided that Assumption
2.3 holds, while the GMM-AIC, like the FMSC, is conservative.'® Figure 5 gives the
RMSE values for the post-FMSC estimator alongside those of the post-GMM-BIC,
HQ and AIC estimators. As above, I calculate the J-test statistic using a centered
covariance matrix estimator, following the recommendation of ( ). As
described above, the J-test is quite erratic for small sample sizes. This problem carries
over to the GMM-BIC, HQ and AIC: when N = 50, the FMSC has a uniformly smaller
RMSE. As the sample size becomes larger, the classic tradeoff between consistent and
conservative selection emerges. For the smallest values of p the consistent criteria
outperform the conservative criteria; for moderate values the situation is reversed.
The consistent criteria, however, have the highest worst-case RMSE. In this respect,
GMM-BIC is the worst offender.

Because the Andrews-type criteria consider only instrument exogeneity, not rele-
vance, ( ) suggest combining them with their canonical correlations
information criterion (CCIC), which aims to detect and eliminate “redundant instru-
ments.” Including such instruments, which add no information beyond that already
contained in the other instruments, can lead to poor finite-sample performance in spite
of the fact that the first-order limit distribution is unchanged. For the present simu-
lation example, with a single endogenous regressor and no constant term, the CCIC
takes the following simple form

CCIC(S) = nlog [1 — R%(S9)] + h(p + |5|)kn (20)

where R2(S) is the first-stage R? based on instrument set S and h(p+|S|)x,, is a penalty
term ( , ). Instruments are chosen to minimize this criterion. When h(p +
|S]) = (p+ |S| — r), setting k,, = logn gives the CCIC-BIC, while x,, = 2.01loglogn
gives the CCIC-HQ and k,, = 2 gives the CCIC-AIC. By combining the CCIC with
an Andrews-type criterion, ( ) propose to first eliminate invalid
instruments and then redundant ones. A combined GMM-BIC/CCIC-BIC criterion
for the present example is to use the valid estimator unless both the GMM-BIC and
CCIC-BIC select the full estimator. Combined HQ and AIC-type procedures can be
defined analogously. Unfortunately, such combined criteria are of no use in the present
simulation design: regardless of whether one uses the BIC, HQ or AIC version, the
RMSE of the resulting is essentially identical to that of the valid estimator for all
parameter values.'”

13T discuss this further in Section 4 below.
MDetails are available upon request.
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Figure 5: RMSE values for the post-Focused Moment Selection Criterion (FMSC)
estimator and the GMM-BIC, HQ, and AIC estimators based on 20,000 simulation
draws from the DGP given in Equations 18-19 using the formulas described in Sections
2.5 and 3.5.
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4 Moment Averaging & Post-Selection Estimators

The previous section derived the FMSC as an asymptotically unbiased estimator of the
AMSE of a candidate estimator. Besides presenting simulation results, however, I have
thus far said nothing about the sampling properties of the FMSC selection procedure
itself. Because it is constructed from 7, the FMSC is a random variable, even in the
limit. Combining Corollary 3.2 with Equation 9 gives the following.

Corollary 4.1 (Limit Distribution of FMSC). Under Assumptions 2.1, 2.2 and 2./,
FMSC,(S) =4 FMSCgs(7, M), where

/ —_ 0 0 —! 7
ruscsron) = Vo' Kszs {0 g0y |0} 2T

B(r,M) = (UM +7)(¥M + 1) — QU

This corollary implies that the FMSC is a “conservative” rather than “consistent”
selection procedure. While this lack of consistency may sound like serious defect, it is in
fact a desirable feature of the FMSC for two reasons. First, as discussed above, the goal
of the FMSC is not to select only correctly specified moment conditions: it is to choose
an estimator with a low finite-sample MSE as approximated by AMSE. In fact, the
goal of consistent selection is very much at odds with that of controlling estimator risk.
As explained by ( ) and ( ), the worst-case risk of a
consistent selection procedure diverges with sample size. This fact is readily apparent
from the results of the simulation study from Section 3.6: the consistent criteria,
GMM-BIC and HQ, have the highest worst-case RMSE, while the conservative criteria,
FMSC and GMM-AIC, have the lowest. Second, while we know from both simulation
studies ( : ) and analytical examples ( : )
that selection can dramatically change the sampling distribution of our estimators,
invalidating traditional confidence intervals, the asymptotics of consistent selection give
the misleading impression that this problem can be ignored. For example, Lemma 1.1
of ( , p- 168), which states that the limit distributions of an estimator pre-
and post-consistent selection are identical, has been interpreted by some as evidence
that consistent selection is innocuous. ( , pp. 179-180) makes it very
clear, however, this result does not hold uniformly in the parameter space and hence
“only creates an illusion of conducting valid inference” ( , , P
22). While it is indeed true for fized parameter values that consistent selection has
a negligible effect on inference in large samples, small changes in parameter values
can lead to large changes in coverage probabilities. In constrast to those of consistent
selection, the asymptotics of conservative selection under local mis-specification provide
a far more accurate picture of the distribution of post-selection estimators. The point
is not that conservative criteria — such as the FMSC, GMM-AIC and J-test at a fixed
significance level — are immune to the effects of selection on inference. Rather, it is that
conservative criteria can be studied in an asymptotic framework that more accurately
represents the effects encountered in finite samples.
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So what exactly are these effects? The first is the addition of model selection un-
certainty, a source of sampling variation that is not captured by traditional confidence
intervals. If the data had been slightly different, we would have chosen a different
set of moment conditions. Accordingly, any confidence interval that conditions on
the selected moment conditions will be too short. The second effect comes from the
fact that selection is carried out over potentially mis-specified estimators. Indeed, the
FMSC explicitly sets out to use mis-specified moment conditions when doing so yields
a favorable bias-variance tradeoff. Even if our goal were to eliminate all mis-specified
moment conditions, for example by using a consistent criterion such as the GMM-BIC
of ( ), in finite-samples we would not always be successful. Whenever
there is a chance of selecting a mis-specified estimator, either on purpose or by mis-
take, a standard confidence interval that assumes all moment conditions to be correctly
specified will be incorrectly centered.

To account for these two effects, we need a way to represent a non-normal sampling
distribution in our limit theory, and this rules out consistent selection. The intuition
is as follows. Each candidate estimator has a sampling distribution that is approxi-
mately normal by the central limit theorem. The post-selection estimator, however,
is a data-dependent, randomly-weighted average of these. Hence, it follows a mizture
distribution. Because they choose a single candidate with probability approaching
one in the limit, consistent selection procedures make it impossible to represent this
non-normality in the limit. In contrast, conservative selection procedures remain ran-
dom even as the sample size goes to infinity, allowing us to derive a non-normal limit
distribution and, ultimately, to carry out valid inference post-moment selection. To
accomplish this, I first derive the asymptotic distribution of generic “moment average”
estimators, extending the idea underlying the frequentist model average estimators of

( ). Moment average estimators are interesting in their own
right and include, as a special case, a variety of post-conservative moment selection
estimators including the FMSC. Because the resulting limit distributions are analyt-
ically intractable, I propose a two-step, simulation-based procedure for constructing
confidence intervals with uniform asymptotic coverage guarantees.

4.1 Moment Average Estimators

A generic moment average estimator takes the form

=Y Gsis (21)

where jig = ﬂ(é\s) is the estimator of the target parameter p under moment set S,
< is the collection of all moment sets under consideration, and &g is shorthand for
the value of a data-dependent weight function Wg = w(-,-) evaluated at moment set
S and the sample observations Z,1, ..., Z,,. As above u(-) is a R-valued, Z-almost
surely continuous function of 6 that is differentiable in an open neighborhood of 6.
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When Wy is an indicator, taking on the value one at the moment set moment set that
minimizes some moment selection criterion, 1 is a post-moment selection estimator.
To characterize the limit distribution of fz, I impose the following conditions on Wg.

Assumption 4.1 (Conditions on the Weights).

(a) > gey@Ws =1, almost surely

(b) For each S € 7, Ws —q @s(7, M), an almost-surely continuous function of 7, M
and consistently estimable constants only.

Corollary 4.2 (Asymptotic Distribution of Moment-Average Estimators). Under As-
sumption 4.1 and the conditions of Theorem 2.2,

Vi (7 = 10) =4 A7) = —Vop(0) [Z es(r, M)Ksss] (M i { ; D .

Ses

Notice that the limit random variable from Corollary 4.2, denoted A(7), is a ran-
domly weighted average of the multivariate normal vector M. Hence, A(7) is non-
normal. This is precisely the behavior for which we set out to construct an asymptotic
representation. The conditions of Assumption 4.1 are fairly mild. Requiring that the
weights sum to one ensures that 1 is a consistent estimator of py and leads to a sim-
pler expression for the limit distribution. While somewhat less transparent, the second
condition is satisfied by weighting schemes based on a number of familiar moment se-
lection criteria. It follows immediately from Corollary 4.1, for example, that the FMSC
converges in distribution to a function of 7, M and consistently estimable constants
only. The same is true for the J-test statistic, as seen from the following result.

Theorem 4.1 (Distribution of J-Statistic under Local Mis-Specification). Define the
~ PN ~ ~
J-test statistic as per usual by J,(S) = n [ngn(eg)} Ot [ngn(eg)} where le 18
a consistent estimator of le. Then, under the conditions of Theorem 2.2, we have
In(S) —a Js(m, M) where
Js(r, M) = (95" (Ms +75)/ (I = Ps)[5"*Zs(Ms + 7))

Mg = EsM, 76 = (0/,7)=Y, and Ps is the projection matriz formed from the GMM
identifying restrictions Q;l/st.

Hence, normalized weights constructed from almost-surely continuous functions of
either the FMSC or the J-test statistic satisfy Assumption 4.1.

Post-selection estimators are merely a special cases of moment average estimators.
To see why, consider the weight function

QYsC =1 {MSCn(S) = min MSCn(Sl)}

S'es
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where MSC,,(S) is the value of some moment selection criterion evaluated at the sample
observations Z,; ..., Zn,. Now suppose MSC,(S) —4 MSCg(7, M), a function of 7,
M and consistently estimable constants only. Then, so long as the probability of
ties, P {MSCg(r, M) = MSCg/(1, M)}, is zero for all S # S’, the continuous mapping
theorem gives

DYSC 541 {MSCS(T, M) = min MSCs (7, M )}

satisfying Assumption 4.1 (b). Thus, post-selection estimators based on the FMSC,
the downward J-test procedure, GMM-BIC, GMM-HQ, and GMM-AIC all fall within
the ambit of 4.2. GMM-BIC and GMM-HQ, however, are not particularly interesting
under local mis-specification. Intuitively, because they aim to select all valid moment
conditions w.p.a.1, we would expect that under Assumption 2.1 they simply choose the
full moment set in the limit. The following result states that this intuition is correct.

Theorem 4.2 (Consistent Criteria under Local Mis-Specification). Consider a mo-
ment selection criterion of the form MSC(S) = J,(S) — h(|S|)kn, where h is strictly
increasing, im, o £, = 00, and k, = o(n). Under the conditions of Theorem 2.2,
MSC(S) selects the full moment set with probability approaching one.

The preceding result is a special case of a more general phenomenon: consistent se-
lection procedures cannot detect model violations of order O(n~1/2). Because moment
selection using the GMM-BIC or HQ leads to weights with a degenerate asymptotic
distribution, one that does not capture the effects of selection on inference, I do not
consider them further below.

4.2 Moment Averaging for the OLS versus TSLS Example

Although it is a special case of moment averaging, moment selection is a somewhat
crude procedure: it gives full weight to the estimator that minimizes the moment se-
lection criterion no matter how close its nearest competitor lies. Accordingly, when
competing moment sets have similar criterion values in the population, sampling vari-
ation can be magnified in the selected estimator. Thus, it may be possible to achieve
better performance by using smooth weights rather than discrete selection. In this
section, I briefly explore this possibility.

They key question is: how should one construct the weights? One possibility is to
adapt a proposal from ( ), who suggest averaging a collection of
competing maximum likelihood estimator with weights of the form

wy, = exp(—1/2)/ > exp(—1;/2)

i=1

where I, is an information criterion evaluated for model k, and ¢ indexes the set of K
candidate models. This expression, constructed by an analogy with Bayesian model
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averaging, gives more weight to models with lower values of the information criterion
but non-zero weight to all models. Applying a slightly more general form of this idea,
suggested by ( ), to the moment selection criteria examined
above, we might consider using weights of the form

D¢ = exp {—%MSC(S)}/ Z exp {—%MSC(S’)}

where MSC(-) is a moment selection criterion and the parameter x > 0 varies the
uniformity of the weighting. As k — 0 the weights become more uniform; as kK — oo
they approach the moment selection procedure given by minimizing the corresponding
criterion. Setting x = 1 gives the ( ) weights.

Some preliminary simulation results, reported in an earlier draft of this paper,
suggest that exponential weighting can indeed provide MSE improvements, so long
as we choose an appropriate value for k. And there’s the rub: while it is easy to
experiment with different values of x in a simulation study, it is far from clear how
to set about formulating a rule to choose x in practice. In at least some applications,
however, there is a compelling alternative to the exponential weighting scheme: one can
instead derive weights analytically to minimize AMSE within the FMSC framework.'”
To illustrate this, I revisit the OLS versus TSLS example from Sections 2.4 and 3.3.

To begin, define an arbitrary weighted average of the OLS and TSLS estimators
from Equations 3 and 4 by

B(w) = whors + (1 — w)BrsLs (22)

where w € [0, 1] is the weight given to the OLS estimator. Since the weights sum to
one, we have

Vn(Brsis — B)
— N (Bias [g(w)] ,Var [B(w)])

Vilpe 6] = [ (1_w>}[ﬁ<§ow—ﬁ>]

by Theorem 2.3, where

o] - ()
vor ] = % Jwt—a (G-1)+ ]

)

8N

o g 7

15T thank Bruce Hansen for suggesting this idea.
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and accordingly
2 2 2 2
B =2 (T 2_ e ) (%= Ie
AMSE [ﬁ(w)} —w (Gi) + (w0 — 2w) <03) (72 ) + 5 (23)

The preceding expression is a globally convex function of w. Taking the first order
condition and rearranging, we find that the unique global minimizer is

. 72/04 ] -1
w" = arg min AMSE |8(w)| = |1+ z 24
e i 3] = |+ e S 29
In other words,

ABIAS(OLS)?
AVAR(TSLS) — AVAR(OLS)

w' =

1+

This expression has several important consequences. First, since the variance of the
TSLS estimator is always strictly greater than that of the OLS estimator, the optimal
value of w cannot be zero. No matter how strong the endogeneity of x as measured by
7, we should always give some weight to the OLS estimator. Second, when 7 = 0 the
optimal value of w is one. If x is exogenous, OLS is strictly preferable to TSLS. Third,
the optimal weights depend on the strength of the instruments z as measured by 7.
For a given value of 7 # 0, the stronger the instruments, the less weight we should give
to OLS.

Equation 24 gives the AMSE-optimal weighted average of the OLS and TSLS es-
timators. To actually use the corresponding moment average estimator in practice,
however, we need to estimate the unknowns. As discussed above in Section 3.3 the
usual estimators of ¢ and v remain consistent under local mis-specification, and the
residuals from the TSLS estimator provide a robust estimator of 2. As before, the
problem is estimating 72. A natural idea is to Substitug\e the asymptotically unbiased
estimator that arises from Theorem 3.2, namely 72 — V. The problem with this ap-
proach is that, while 72 is always greater than or equal to zero as is 72, the difference
72—V could be negative, yielding a negative estimate of ABIAS(OLS) To solve this
problem, I borrow an idea from the literature on shrinkage estimation and use the
positive part instead, namely max{0, 72—V}, as in the positive-part James-Stein esti-
mator. This ensures that the estimator of w* lies inside the interval [0, 1]. Accordingly,
I define

Bive =" Bors + (1 — ©%)Brscs (25)
where
max {0, (7% — 5252 (62/7* - 1)) / 52}] "
o2(1/4* —1/03)
Returning to the simulation experiment from Section 3.4, Figure 6 compares the

finite-sample RMSE of the minimum-AMSE moment average estimator presented in
Equations 25 and 26 to those of the FMSC and DHW pre-test estimators from Figure

W= |14+ (26)

34



2. The performance of the minimum-AMSE moment average estimator is strong: it
provides the lowest worst-case RMSE and improves uniformly on the FMSC for all
but the largest values of p. While a complete examination of minimum-AMSE mo-
ment averaging is beyond the scope of the present paper, these results suggest that it
could prove extremely useful in practice. In the following section I show how one can
construct a valid confidence interval for this and related procedures.

4.3 Valid Confidence Intervals

While Corollary 4.2 characterizes the limiting behavior of moment-average, and hence
post-selection estimators, the limiting random variable A(7) is a complicated function
of the normal random vector M. Because this distribution is analytically intractable, I
adapt a suggestion from ( ) and approximate it by simulation.
The result is a conservative procedure that provides asymptotically valid confidence
intervals for moment average and hence post-conservative selection estimators.!®

First, suppose that Kg, g, 6y, 2 and 7 were known. Then, by simulating from
M, as defined in Theorem 2.2, the distribution of A(7), defined in Corollary 4.2, could
be approximated to arbitrary precision. To operationalize this procedure, substitute
consistent estimators of Kg, g, and €, e.g. those used to calculate FMSC. To estimate
g, we first need to derive the limit distribution of &g, the data-based weights specified
by the user. As an example, consider the case of moment selection based on the FMSC.
Here Wg is simply the indicator function

bs =1 {FMSCR(S) — min FMSCn(S’)} (27)
S'es

To estimate pg, first substitute consistent estimators of 2, Kg and 6, into FMSCg(1, M),
defined in Corollary 4.1, yielding,

_ . 0 0 . N .
FMSC M) = 0) K= = 0 2K 0 28
() = Van@'ReZs { | (50 |+ ORI  29)
where R R R R
B(r, M) = (WM + 1) (UM + 1) — TOT (29)
Combining this with Equation 27,
Ps(r, M) =1 {mjs(ﬂ M) = min FMSCy (7, M)} . (30)
e
16 Although I originally developed this procedure by analogy to ( ),
( ) kindly pointed out that constructions of the kind given here have appeared
elsewhere in the statistics literature, notably in ( ), ( ), and
( ). More recently, ( ) uses a similar approach to study non-standard testing

problems.
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Figure 6: RMSE values for the post-Focused Moment Selection Criterion (FMSC) esti-
mator, Durbin-Hausman-Wu pre-test estimators with o = 0.1 (DWH90) and « = 0.05
(DHW95), and the minmum-AMSE averaging estimator, based on 10,000 simulation
draws from the DGP given in Equations 11-12 using the formulas described in Sections
2.4, 3.3, and 4.2.
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For GMM-AIC moment selection or selection based on a downward J-test, pg(-,-) may
be estimated analogously, following Theorem 4.1.

Although simulating draws from M, defined in Theorem 2.2, requires only an esti-
mate of €2, the limit ¢g of the weight function also depends on 7. As discussed above, no
consistent estimator of 7 is available under local mis-specification: the estimator 7 has
a non-degenerate limit distribution (see Theorem 3.1). Thus, substituting 7 for 7 will
give erroneous results by failing to account for the uncertainty that enters through 7.
The solution is to use a two-stage procedure. First construct a 100(1 — §)% confidence
region .7 (7, ¢) for 7 using Theorem 3.1. Then, for each 7* € .7 (7, 0) simulate from the
distribution of A(7*), defined in Corollary 4.2, to obtain a collection of (1 — a) x 100%
confidence intervals indexed by 7*. Taking the lower and upper bounds of these yields
a conservative confidence interval for i, as defined in Equation 21. This interval has
asymptotic coverage probability of at least (1 —a — &) x 100%. The precise algorithm
is as follows.

Algorithm 4.1 (Simulation-based Confidence Interval for ).
1. For each 7" € 7 (7,0)
(i) Generate J independent draws M; ~ N,,(0, Q)
(i) Set A;(r) = =Vou(B)' |Ler F(r", M;)RsZs| (M + 1)

(iii) Using the draws {A;(7*)}7_,, calculate a(*), Z(T*) such that

P {a(f*) < A(TY) g@(r*)} —1-a

2. Set Ain(7) = min (") and ey (7) = T*Gm%’é)Z(T*)

hel®) P
3. The confidence interval for u is CLg,, = [ﬁ _nae(®) o min(T) ]

N

Theorem 4.3 (Simulation-based Confidence Interval for fi). Let (I\l, (AZ, é\, IA(S, Dg be
consistent estimators of W, €2, 6y, Kg, s and define

AN A

AFT) = For) (30F) G -r)
T(7,6) = {r: A7) <X20)}

where Xg(é) denotes the 1 — § quantile of a x? distribution with q degrees of freedom.
Then, the interval Clg, defined in Algorithm J.1 has asymptotic coverage probability
no less than 1 — (a+9) as J,n — oo.
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4.4 Simulation Study: Valid Confidence Intervals

To evaluate the the performance of Algorithm 4.1 in finite-samples, I now revisit the
simulation experiments introduced above in Sections 3.4 and 3.6. All results in this
section are based on 10,000 simulation replications from the appropriate DGP with
a = ¢ = 0.05. For more computational details, see Appendix A. Coverage probabilities
and relative widths are all given in percentage points, rounded to the nearest whole
percent.

Tables 1b and 2b show the problem of ignoring moment selection by presenting the
the actual coverage probability of a naive 90%, post-FMSC confidence interval. The
naive procedure simply constructs a textbook 90% interval around the FMSC-selected
estimator. As such it completely ignores both moment selection uncertainty, and the
possibility that the selected estimator shows an asymptotic bias and is hence incorrectly
centered. Table 1b reports results for the OLS versus TSLS simulation experiment, and
Table 2b for the choosing instrumental variables simulation experiment. In each case,
coverage probabilities can be made practically as close to zero as we like by choosing
appropriate parameter values. This effect persists even for large sample sizes. At the
same time, for many values in the parameter space the coverage probabilities are close
or even equal to their nominal level. This is precisely the lack of uniformity described
by ( ), and the reason why post-selection inference is such a
knotty problem.

Table 3a gives the actual coverage probability of the conservative, 90% post-FMSC
confidence interval, constructed according to Algorithm 4.1, for the OLS versus TSLS
example. As seen from the table, these intervals achieve their nominal minimum cov-
erage probability uniformly over the parameter space for all sample sizes. In general,
however, they can be quite conservative, particularly for smaller values of 7w, p and N:
coverage probabilities never fall below 94% and occasionally exceed 99.5%.!" Some
conservatism is inevitable given the nature of the two-step procedure, which takes
worst-case lower and upper bounds over a collection of intervals. In this example,
however, the real culprit is the TSLS estimator itself. Table la presents coverage prob-
abilities for a nominal 90% confidence interval for the TSLS estimator. Although this
estimator is correctly specified and is not subject to moment selection uncertainty,
so that the textbook asymptotic theory applies, coverage probabilities are far above
their nominal level for smaller values of m even if N is fairly large, a manifestation of
the weak instrument problem. This additional source of conservatism is inherited by
the two-step post-FMSC intervals. Results for the minimum-AMSE moment average
estimator, given in Table 3b, are broadly similar. Although the two-step intervals con-
tinue to achieve their nominal minimum coverage probability for all parameter values,
they are quite conservative. If anything, the minimum-AMSE intervals are a bit more
conserative than the post-FMSC intervals from Table 1a.

The worry, of course, is not conservatism as such but the attendant increase in

1"Recall that coverage probabilities are given in percentage points, rounded to the nearest whole
percent. Thus a value of 100, for example, in fact means > 99.5.
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(a) Two-Stage Least Squares (b) Naive post-FMSC

P p
N=50| 0 01 02 03 04 05 N=50| 0 01 02 03 04 05
0198 98 96 93 89 82 018 80 58 30 11 4
0297 97 95 93 88 83 028 79 59 34 15 10
T 03]96 96 94 92 88 85 T 038 8 62 39 25 23
0494 93 93 91 89 87 04|8 80 66 46 38 43
0592 92 92 91 90 88 05|8 81 68 56 54 62
06|91 91 90 90 90 88 06|8 8 72 66 67 75
p p
N=100| 0 01 02 03 04 05 N=100| 0 01 02 03 04 05
01|98 98 97 94 89 83 018 72 36 10 4 4
029 96 95 92 89 85 028 74 40 17 13 19
T 0394 94 93 91 89 87 T 03]8 74 45 29 32 45
0492 92 92 91 90 88 048 74 51 43 54 70
05|91 91 90 90 89 89 058 76 59 57 70 84
0690 90 90 90 90 89 06 |8 78 66 68 81 88
p p
N=500| 0 01 02 03 04 05 N=500| 0 01 02 03 04 05
0196 96 94 93 90 86 0.1 87 31 8 12 16 24
0292 92 91 91 90 89 028 35 24 42 62 80
r 0391 91 91 91 90 90 T 03[8 42 43 70 87 90
0490 90 91 90 90 90 048 49 62 8 90 90
0590 90 90 90 90 90 058 57 76 89 90 90
0690 91 90 90 90 90 068 66 84 90 90 90

Table 1: Coverage probabilities of nominal 90% CIs for the OLS versus TSLS simulation
experiment from Section 3.4. All values are given in percentage points, rounded to
the nearest whole percent, based on 10,000 simulation draws from the DGP given in
Equations 11-12

confidence interval width. Accordingly, Tables 4a and 4b compare the median width
of the simulation-based, two-step post-FMSC and minimum-AMSE intervals to that
of the TSLS estimator. A value of 25, for example indicates that the simulation-based
interval is 25% wider than the corresponding interval for the TSLS estimator. This
comparison shows us the inferential cost of carrying out moment selection relative to
simply using the correctly-specified TSLS estimator and calling it a day. We see im-
mediately that moment selection is not a free lunch: the averaging and post-selection
intervals are indeed wider than those of the TSLS estimator, sometimes considerably
so. Intriguingly, although the minimum-AMSE intervals are generally more conserva-
tive than the post-FMSC intervals, they are also considerably shorter for nearly all
parameter values.

Turning our attention now to the choosing instrumental variables simulation ex-
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(a) Valid Estimator (b) Naive post-FMSC

P p
N=50| 0 01 02 03 04 05 N=50| 0 01 02 03 04 05
0.1 8 83 83 & 83 83 018 78 77 79 81 82
028 83 83 8 84 83 0279 75 73 74 79 81
v 03[8 8 8 83 83 83 v 03|79 72 66 67 73 78
048 83 84 83 83 84 04|78 71 62 59 66 75
05|8 83 83 8 83 83 05|78 68 57 52 57 67
06|8 83 8 8 82 82 06|77 68 54 47 50 60
p p
N=100| 0 01 02 03 04 05 N=100| 0 01 02 03 04 05
018 87 87 &7 86 86 018 82 84 86 86 86
028 8 8 86 87 86 028 77 78 8 87 86
v 03|8 8 87 87 87 87 v 038 74 71 79 8 86
04 |8 87 8 86 &7 87 048 71 63 71 82 86
05|8 87 8 8 86 86 058 69 5 62 76 84
0.6 |8 8 8 87 86 87 068 66 51 52 69 81
p p
N=500| 0 01 02 03 04 05 N=500| 0 01 02 03 04 05
0190 89 89 89 90 90 018 8 89 89 90 90
028 90 90 90 90 90 028 84 90 90 90 90
v 03[8 90 90 90 90 90 v 03[8 77 8 90 90 90
048 90 90 89 90 90 048 67 8 8 90 90
0590 90 90 90 90 89 058 59 8 90 90 89
068 8 89 90 90 90 068 52 77 8 90 90

Table 2: Coverage probabilities of nominal 90% CIs for the choosing instrumental vari-
ables simulation experiment described in Section 3.6. All values are given in percentage
points, rounded to the nearest whole percent, based on 10,000 simulation draws from
the DGP given in Equations 18-19.

periment from section 3.6, Table 5a gives the coverage probability and Table 5b the
median relative width of the conservative, 90%, simulation-based, post-FMSC confi-
dence interval. In this case, the width calculation is relative to the valid estimator,
the TSLS estimator that includes the exogenous instruments zy, 29, z3 but excludes the
potentially endogenous instrument w. In this example, the simulation-based intervals
are far less conservative and, for the smallest sample sizes, sometimes fall slightly be-
low their nominal minimum coverage probability. The worst case, 81% actual coverage
compared to 90% nominal coverage, occurs when N = 50,y = 0.6, p = 0.5. This prob-
lem stems from the fact that traditional interval for the valid estimator systematically
under-covers when N = 50 or 100, as we see from Table 2a. In spite of this, however,
the simulation-based interval works well in this example. At the worst-case parameter
values its median width is only 22% greater than that of the valid estimator.
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(a) FMSC (b) AMSE-Averaging Estimator

P p

N=50| 0 01 02 03 04 05 N=50| 0 01 02 03 04 05

0.1 100 100 99 99 98 97 0.1 | 100 100 100 99 98 96

02 99 99 99 99 98 97 0.2 100 100 100 99 98 96

T 03] 99 99 99 99 98 96 r 03]100 100 99 99 98 95

04| 98 98 98 98 98 95 04| 99 99 99 98 97 94

05| 97 98 98 98 97 94 05| 99 99 98 98 96 93

06| 97 97 97 97 96 94 06| 98 98 98 97 96 93

P p
N=100| 0 01 02 03 04 05 N=100| 0 01 02 03 04 05
01100 99 99 99 99 083 0.1 | 100 100 100 100 99 97
02 99 99 99 99 99 97 0.2 100 100 100 99 98 95
T 03] 98 98 99 99 98 95 T 03] 99 99 99 99 97 94
04| 97 97 98 98 97 94 04| 99 99 99 98 96 94
05| 97 97 98 97 95 95 05| 98 99 98 97 95 94
06| 97 97 97 96 95 96 06| 98 98 97 96 95 95
p p

N=500| 0 01 02 03 04 05 N=500| 0 01 02 03 04 05
0199 99 99 99 99 96 0.1 100 100 100 99 98 95
0297 97 98 99 97 94 02 99 99 99 98 96 94
T 03]96 97 98 97 95 98 T 03] 98 98 98 97 95 97
04|96 97 97 95 98 98 04| 98 98 97 96 96 97
05|96 97 96 97 98 98 05| 98 98 96 96 97 97
06|96 97 95 97 97 96 06| 98 97 96 96 97 96

Table 3: Coverage probabilities of simulation-based conservative 90% ClIs for the OLS
versus TSLS simulation experiment from Section 3.4. All values are given in percentage
points, rounded to the nearest whole percent, based on 10,000 simulation draws from
the DGP given in Equations 11-12.

On the whole, the simulation-based intervals constructed using Algorithm 4.1 work
well, but there are two caveats. First, in situations where the standard first-order
asymptotic theory begins to break down, such as a weak instruments example, the
simulation-based intervals can inherit an under— or over—coverage problem from the
valid estimator. It may be possible to address this problem by casting the moment
selection problem explicitly within a weak identification framework. This could be a
fruitful extension of the work presented here. Second, and more importantly, moment
selection is not without cost: all of the simulation-based intervals are on average wider
than a textbook confidence interval for the valid estimator. This raises an important
question: why do moment selection at all? Wouldn’t it be better to simply use the valid
estimator and report a traditional confidence interval? This is a fair point. Moment
selection is not a panacea and should not be employed mindlessly. The primary goal
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of the the FMSC, however, is estimation rather than inference. And as shown above,
using it can indeed provide a sizeable reduction in estimator RMSE relative to the valid
estimator. Once the decision to carry out moment selection has been taken, however,
one cannot simply ignore this fact and report the usual confidence intervals. Algorithm
4.1 provides a way to carry out honest inference post-selection and construct confidence
intervals for non-standard estimators such as the minimum-AMSE averaging estimator
from Section 4.2. The simulation results presented above show that it works fairly well
in practice. Moreover, although formal moment selection is relatively rare in applied
work, informal moment selection is extremely common. Downward J-tests, DHW tests
and the like are a standard part of the applied econometrician’s toolkit. Because it
can be employed to construct confidence intervals that account for the effect of such
specification tests, Algorithm 4.1 can provide a valuable robustness check.
Although various impossibility results for post-selection inference, outlined in

( ), imply that conservative intervals are the best we can do if we
desire inference with uniform coverage guarantees, the intervals presented above are
the shortest possible. Note from Theorem 4.3 that any values of o and  that sum to
0.1 yield an interval with asymptotic coverage probability no less than 90%. Accord-
ingly, as suggested by ( ) and investigated for a more general
class of problems by ( ), one could attempt to optimize confidence in-
terval width by varying a and §. The primary obstacle to this idea is computational.
The simulation-based interval from Algorithm 4.1 is quite computationally intensive
when the dimension of 7 is large. Adding another layer to the optimization procedure
only makes things worse. Developing clever computational shortcuts to surmount this
problem is an interesting topic for future research.
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(a) post-FMSC Estimator (b) AMSE-Averaging Estimator

P P
N=50| 0 01 02 03 04 05 N=50| 0 01 02 03 04 05
0.1 |40 41 41 41 42 42 0.1 32 33 33 33 33 33
0.2 |41 42 42 43 42 42 0233 34 34 34 34 34
T 03|42 43 43 43 43 43 T 0334 35 34 34 35 34
04|43 43 43 43 43 43 04|35 35 35 35 34 34
05|43 42 42 42 42 41 05|36 36 35 34 34 33
0.6 |41 41 40 40 39 38 06|36 35 35 33 32 32
P P
N=100| 0 01 02 03 04 05 N=100| 0 01 02 03 04 05
0.1 |40 41 41 41 41 42 0133 32 32 32 32 33
02|42 42 42 42 43 44 02|34 33 34 33 34 35
T 03|43 43 43 44 45 46 r 03[35 35 34 35 35 35
04|43 43 43 44 44 44 04|35 35 35 35 35 35
05|43 43 42 42 42 42 05|36 36 35 34 33 33
0.6 |42 41 40 39 39 39 06|36 35 34 32 32 32
p P
N=500| 0 01 02 03 04 05 N=500| 0 01 02 03 04 05
0.1 40 41 42 42 43 46 0.1 31 32 33 33 34 35
02|42 43 45 47 49 51 02|33 34 35 36 37 39
T 03 ]43 44 46 48 49 49 r 03]35 35 36 36 37 38
04|43 44 45 46 46 44 04|35 35 35 36 36 36
05|43 43 42 42 39 27 05|36 35 34 34 34 31
0.6 |42 40 39 37 28 20 06|36 33 32 32 30 25

Table 4: Median width of two-step, simulation-based conservative 90% CI relative to
that of a traditional 90% CI for the TSLS estimator in the OLS versus TSLS example
from section 3.4. All values are given in percentage points, rounded to the nearest
whole percent, based on 10,000 simulation draws from the DGP given in Equations
11-12.
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(a) Coverage Probability

(b) Relative Median Width

P P
N=50| 0 01 02 03 04 05 N=50| 0 01 02 03 04 05
018 8 88 &7 89 89 0120 18 18 17 17 19
0290 8 87 8 88 89 0220 18 17 16 16 16
v 03]91 8 87 85 86 88 v 03]21 17 15 14 14 17
04|91 91 87 84 8 87 0421 17 13 13 13 15
0592 91 8 84 82 84 05|22 16 13 12 12 13
06|92 92 90 8 82 81 06|22 17 13 10 10 12
p
N=100| 0 01 02 03 04 05 N=100| 0 01 02 03 04 05
0192 90 90 91 91 91 0120 18 16 15 14 14
0292 90 8 89 91 91 0222 17 15 13 12 14
v 03]93 90 87 8 90 91 v 03]22 16 13 12 12 14
04|94 92 8 8 8 90 042 16 11 10 10 14
05|94 93 87 8 84 89 05|21 15 11 9 9 12
06|94 93 89 82 82 86 062 15 11 8 8 11
p P
N=500| 0 01 02 03 04 05 N=500| 0 01 02 03 04 05
019 93 92 92 92 92 01|22 17 13 10 8 7
029 91 92 91 92 93 022 15 10 7 6 9
v 0396 8 92 92 92 93 v 03[21 13 8 6 7 12
0496 8 90 91 92 93 0420 13 7 6 7 11
05|96 90 87 91 91 92 0519 13 8 6 6 9
06|95 92 8 91 91 92 06|20 13 8 5 6 8

Table 5: Performance of the simulation-based, conservative 90% post-FMSC confidence
interval in the choosing instrumental variables simulation from Section 3.6. The left
panel gives coverage probabilities, and the right panel gives median widths relative
to that of a traditional 90% interval for the valid estimator. All values are given in
percentage points, rounded to the nearest whole percent, based on 10,000 simulation

draws from the DGP given in Equations 18-19.
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5 Empirical Example: Geography or Institutions?

( ) address a controversial question from the development
literature: does geography directly effect income after controlling for institutions? A
number of well-known studies find little or no direct effect of geographic endowments
( , 2001; : ; , 2004). (2003), on
the other hand, shows that malaria transmission, a variable largely driven by ecological
conditions, directly influences the level of per capita income, even after controlling for
institutions. Because malaria transmission is very likely endogenous, Sachs uses a
measure of “malaria ecology,” constructed to be exogenous both to present economic
conditions and public health interventions, as an instrument.
( ) address the robustness of Sachs’s results using the following baseline regression
for a sample of 44 countries:

Ingdpc; = B1 + Bo - institutions; + B3 - malaria; + € (31)

Treating both institutions and malaria transmission as endogenous, they consider a
variety of measures of each and a number of instrument sets. In each case, they find
large negative effects of malaria transmission, lending support to Sach’s conclusion.
In this section, I revisit the instrument selection exercise given in Table 2 of
( ) using the FMSC and corrected confidence intervals
described above. I consider two questions. First, based on the FMSC methodology,
which instruments should we choose if our target parameter is (3, the effect of malaria
transmission on per capita income? Does the selected instrument set change if our
target parameter is (5, the effect of institutions? Second, are the results robust to
the effects of instrument selection on inference? All results are calculated by TSLS
using the formulas from Section 3.5 and the variables described in Table 6, with Ingdpc
as the outcome variable and rule and malfal as measures of institutions and malaria
transmission.
To apply the FMSC to the present example, we require a minimum of two valid
instruments besides the constant term. Based on the arguments given by
( ) and ( ), I proceed under the assumption that Inmort and maleco,
measures of early settler mortality and malaria ecology, are exogenous. Rather than
selecting over all 128 possible instrument sets, I consider eight specifications formed
from the four instrument blocks defined by ( ). The
baseline block contains Inmort, maleco and a constant; the climate block contains
frost, humid, and latitude; the Europe block contains eurfrac and engfrac; and the
openness block contains coast and trade. Full descriptions of these variables appear
in Table 6. Table 7 lists the eight instrument sets considered here, along with TSLS
estimates and traditional 95% confidence intervals for each.'®

8The results presented in Table 7 are virtually identical to those of
( ). The slight discrepancy in the results for the baseline instrument set, Panel 1, comes from
the fact that ( ) include an additional observation for this specification:
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Name Description

Ingdpc  Real GDP/capita at PPP, 1995 International Dollars Outcome
rule Institutional quality (Average Governance Indicator) Regressor
malfal  Fraction of population at risk of malaria transmission, 1994 Regressor
Inmort  Log settler mortality (per 1000 settlers), early 19th century Baseline
maleco  Index of stability of malaria transmission Baseline
frost Prop. of land receiving at least 5 days of frost in winter Climate

humid  Highest temp. in month with highest avg. afternoon humidity Climate
latitude  Distance from equator (absolute value of latitude in degrees)  Climate
eurfrac  Fraction of pop. that speaks major West. European Language Europe

engfrac  Fraction of pop. that speaks English Europe
coast Proportion of land area within 100km of sea coast Openness
trade Log Frankel-Romer predicted trade share Openness

Table 6: Description of variables for Empirical Example.

Table 8 presents FMSC and positive-part FMSC results for instrument sets 1-8 as
defined in Table 7. The positive-part FMSC sets a negative squared asymptotic bias
estimate to zero when estimating AMSE. When the squared bias estimate is positive,
FMSC and positive-part FMSC coincide; when the squared bias estimate is negative,
positive-part FMSC is strictly greater than FMSC. Additional simulation results for the
choosing instrumental variables experiment from Section 3.6, available upon request,
reveal that the positive-part FMSC never performs worse than the ordinary FMSC
and sometimes performs better, suggesting that it should be preferred in real-world
applications. For each criterion Table 8 presents two cases: the first takes the effect
of malfal, a measure of malaria transmission, as the target parameter while the second
uses the effect of rule, a measure of institutions. In each case the two best instrument
sets are numbers 5 (baseline, climate and Europe) and 8 (all instruments).'” When the
target parameter is the coefficient on malfal, 8 is the clear winner under both the plain-
vanilla and positive-part FMSC, leading to an estimate of —1.08 for the effect of malaria
transmission on per-capita income. When the target parameter is the coefficient on
rule, however, instrument sets 5 and 8 are virtually indistinguishable. Indeed, while
the plain-vanilla FMSC selects instrument set 8, leading to an estimate of 0.84 for the
effect of instutitions on per-capita income, the positive-part FMSC selects instrument
set 5, leading to an estimate of 0.93. Thus the FMSC methodology shows that, while
helpful for estimating the effect of malaria transmission, the openness instruments
coast and trade provide essentially no additional information for studying the effect of
institutions.

Vietnam. Because the Climate, Europe and Openness instrument blocks are missing for this country,
I exclude it in the interest of consistency.

19Tn Table 2 of their paper, ( ) report results for selection over in-
strument sets 2-4 and 8 using the GMM-BIC and HQ of ( ). Both favor instrument set
8. They do not consider instrument sets 5-7.
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1 2 3 4
rule  malfal rule malfal rule malfal rule  malfal
coeff. 0.89 —-1.04 097 -090 081 —-1.09 086 —1.14
SE 0.18 0.31 0.16 0.29 0.16 0.29 0.16 0.27
lower 0.53 —1.66 0.65 —148 0.49 —-1.67 0.55 —1.69
upper 1.25 —-042 130 -0.32 1.13 —-0.51 1.18 —0.59

Baseline Baseline Baseline Baseline
Climate
Openness
Europe
5 6 7 8

rule  malfal rule malfal rule malfal rule  malfal
coeff. 093 —-1.02 086 —-0.98 081 —1.16 0.84 —1.08
SE 0.15 0.26 0.14 0.27 0.15 0.27 0.13 0.25
lower 0.63 —1.54 059 —-153 051 —1.70 057 —1.58
upper 1.22 —-049 114 -043 1.11 -0.62 1.10 -0.58

Baseline Baseline Baseline Baseline

Climate Climate Climate
Openness Openness Openness

Europe Europe Europe

Table 7: Two-stage least squares estimation results for all instrument sets.

Table 9 presents three alternative post-selection confidence intervals for each of the
instrument selection exercises from Table 8: Naive, 1-Step, and 2-Step. The Naive
intervals are standard, nominal 95% confidence intervals that ignore the effects of
instrument selection. These are constructed by identifying the selected instrument set
from Table 8 and simply reporting the corresponding nominal 95% interval from Table 7
unaltered. The 1-Step intervals are simulation-based nominal 95% intervals constructed
using a simplified, and less computationally intensive, version of the procedure given in
Algorithm 4.1. Rather than taking the minimum lower confidence limit and maximum
upper confidence limit over all values in a given confidence region for 7, this procedure
simply assumes that the estimated value 7 is exactly correct, and generates simulations
for A under this assumption. Neither the Naive nor the 1-Step procedures yield valid
95% confidence intervals. They are provided merely for comparison with the 2-Step
procedure, which fully implements Algorithm 4.1 with @ = § = 0.05 and J = 10, 000.
As explained above, the 2-Step interval is guaranteed to have asymptotic coverage
probability of at least 1 — o — 9, in this case 90%. From the 2-Step intervals, we see
that the results of ( ) are extremely robust. There is no
evidence that accounting for the effects of instrument selection changes our conclusions
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w=malfal = rule
FMSC posFMSC m FMSC posEFMSC 1

(1) Valid 3.03 303 104 127 127 0.89
(2) Climate 3.07 3.07 —0.90 1.00 1.00 0.97
(3) Openness 2.30 2.42 —-1.09 1.21 1.21 0.81
(4) Europe 1.82 215  —114 052 0.73  0.86
(5) Climate, Europe 0.85 2.03 —-1.02 0.25 0.59 0.93
(6) Climate, Openness  1.85 2.30 —0.98 0.45 0.84 0.86
(7) Openness, Europe 1.63 1.80 —-1.16 0.75 0.75 0.81
(8) Full 0.53 1.69 —1.08 0.23 0.62 0.84

Table 8: FMSC and and positive-part FMSC values corresponding to the instrument
sets from Table 7

about the sign or significance of malfal or rule.

1 =malfal 1 =rule
FMSC posFMSC FMSC posFMSC
Naive (—1.58,—-0.58) (—1.58,—0.58) (0.57,1.10) (0.63,1.22)
1-Step  (—1.52,—-0.67) (—1.51,-0.68) (0.57,1.08) (0.68,1.17)
2-Step  (—1.62,—-0.55) (—1.62,—0.55) (0.49,1.18) (0.58,1.27)

Table 9: Post-selection Cls for the instrument selection exercise from Table 8.

Given the simplicity of the second-stage regression and the relatively small sample
size, one might reasonably wonder whether this empirical example represents a realis-
tic proof of concept for FMSC instrument selection and post-selection inference. The
answer is yes: this example was selected precisely because it is as simple as possible
in those respects that matter least for the FMSC and confidence interval calculations
yet fully realistic in those respects that matter most. The computational complexity
of the procedures described above is determined almost entirely by the dimension, g,
of 7, in this case the number of suspect instruments in the full instrument set. This
is because the 2-Step confidence interval procedure requires us to carry out two ¢-
dimensional constrained optimization problems with a stochastic objective function:
one for the lower confidence limit and another for the upper confidence limit. Next
most important is J, the number of simulation draws used, as this quantity determines
the computational cost of a single evaluation of the objective function. In contrast,
the number of instrument sets under consideration is considerably less important be-
cause we can pre-compute all associated quantities: they do not vary with 7*. Least
important of all are the number of first-stage regressors and the sample size. For all
practical purposes these are irrelevant. To put this another way, carrying out FMSC
or positive-part FMSC selection is trivial; constructing valid confidence intervals, how-
ever, is challenging. With seven suspect instruments, 10000 simulation draws, and
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eight instrument sets under consideration, this example presents the kind of compu-
tational challenge that one would reasonably expect to encounter in practice. Using
a more complicated second-stage, more observations, or even double as many instru-
ment sets would make practically no difference. In spite of the difficulties involved,
problems of this magnitude are well within the ability of a standard desktop computer
using off-the-shelf optimization routines. Running on a single core, it took just under
eleven minutes to generate all of the empirical results in this paper. Note that this
involves constructing four 2-Step confidence intervals. For more computational details,
including a description of the packages used, see Appendix A.

6 Conclusion

This paper has introduced the FMSC, a proposal to choose moment conditions using
AMSE. The criterion performs well in simulations, and the framework used to derive it
allows us to construct valid confidence intervals for post-selection and moment-average
estimators. Although computationally intensive, this procedure remains feasible for
problems of a realistic scale without the need for specialized computing resources, as
demonstrated in the empirical example above. Moment selection is not a panacea,
but the FMSC and related confidence interval procedures can yield sizeable benefits in
empirically relevant settings, making them a valuable complement to existing methods.
While the discussion here concentrates on two cross-section examples, the FMSC could
prove useful in any context in which moment conditions arise from more than one
source. In a panel model, for example, the assumption of contemporaneously exogenous
instruments may be plausible while that of predetermined instruments is more dubious.
Using the FMSC, we could assess whether the extra information contained in the
lagged instruments outweighs their potential invalidity. Work in progress explores
this idea in both static and dynamic panel settings by extending the FMSC to allow
for simultaneous moment and model selection. Other potentially fruitful extensions
include the consideration of risk functions other than MSE, and an explicit treatment
of weak identification and many moment conditions.

A Computational Details

This paper is fully replicable using freely available, open-source software. For full
source code and replication details, see https://github.com/fditraglia/fmsc. Re-
sults for the simulation studies and empirical example were generated using R version
3.1.0 ( : ) and C++ via the Repp ( : ;

, ) and ReppArmadillo ( , ) packages,
versions 0.11.2 and 0.4.300.8.0, respectively. RcppArmadillo version 0.4.300.8.0 pro-
vides an interface to version 4.300 of the Armadillo C++ linear algebra library (

, ). All figures in the paper were converted to tikz using version 0.7.0 of the
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tikzDevice package ( , ). The simulation-based confidence
intervals from Section 4.4 were calculated using Algorithm 4.1 with J = 1000 by search-
ing over a grid of 100 equally spaced values within a 95% confidence interval for the
scalar 7. In constrast, the simulation-based intervals for the empirical example from
Section 5 were constructed with J = 10,000 using a mesh-adaptive search algorithm
provided by version 3.6 of the NOMAD C++ optimization package (

; , ; , ), called from R using version 0.15-22 of the
crs package ( , ). TSLS results for Table 7 were generated using
version 3.1-4 of the sem package ( , ).

B Proofs

Proof of Theorems 2.1, 2.2. Essentially identical to the proofs of
( ) Theorems 2.6 and 3.1. H

Proof of Theorems 2.3, 2.4. The proofs of both results are similar and standard,
so we provide only a sketch of the argument for Theorem 2.4. First substitute the
DGP into the expression for fs and rearrange so that the left-hand side becomes
Vn(Bs — ). The right-hand side has two factors: the first converges in probability to
—Kg by an Ly argument and the second converges in distribution to M + (0',7")" by
the Lindeberg-Feller Central Limit Theorem. O

Proof of Theorem 3.1. By a mean-value expansion:

2 = Vi, (8,) = Vaha(60) + Hyi (8, - 80) + 0,1

—HK,v/ngn(00) + Igv/nhn(00) + 0,(1)
= UVnfu() +0p(1)

The result follows since v/nf,(0y) —a M + (0',7") under Assumption 2.2 (h). O

Proof of Corollary 3.2. By Theorem 3.1 and the Continuous Mapping Theorem, we
have 77" —, UU’ where U = WM + 7. Since E[M| =0, E[UU’'] = ¥YQU' + 77'. O

Proof of Corollary 4.2. Because the weights sum to one

V(1= po) [(Z wsus) - No] = [@sv/n (fis — po)] -

Ses Ses

By Corollary 3.1, we have

Vn (fis = pto) —=a —Vop(6) KsEs (M ! { 2 D
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and by the assumptions of this Corollary we find that Ws —4 @g(7, M) for each S € .7,
where g (7, M) is a function of M and constants only. Hence &g and /n (fis — o)
converge jointly in distribution to their respective functions of M, for all S € .. The
result follows by application of the Continuous Mapping Theorem. n

Proof of Theorem 4.1. By a mean-value expansion,
Vi |Zsta (85) ] = Vi [Esalbo)] + Fsv/n (85 = 00) + 0,(1).
Since v/n (55 — 90) —p — (f'ﬁk’gV[/'SFS)_1 F{Ws+\/n [Es fn(b0)], we have

Vvn [Esfn(as)} = [[ — Fs (F{WsFs)™ quWs} VR [Zsfn(00)] + 0p(1).

Thus, for estimation using the efficient weighting matrix
051 [Esta (8)] = [T = Po) 0572 (M + { 2 D

by Assumption 2.2 (h), where @;1/ % is a consistent estimator of Q;l/ > and Ps is the

projection matrix based on Q;l/ ’Fy, the identifying restrictions.?’ The result follows
by combining and rearranging these expressions. O]

Proof of Theorem 4.2. Let S; and Sy be arbitrary moment sets in . and let |S]
denote the cardinality of S. Further, define A, (51,S52) = MSC(S;) — MSC(S2) By
Theorem 4.1, J,(S) = O,(1), S € .7, thus

An(S1,82) = [Ju(S1) = Ju(S2)] = [h(p + |S1]) = B (p + |S2])] n
= 0,(1) = Ck,

where C' = [h (p+ [S1]) — h (p + |S2])]. Since h is strictly increasing, C' is positive for
|S1| > |S2|, negative for |Si| < |Sa|, and zero for |Sy| = |Ss|. Hence:

|S1] > |S2] = An(S1,5:) = —o0
|S1] = [S2] = An(S1,5) = 0,(1)
|Sl| < |SQ| — An<81,82) — 0

The result follows because the full moment set contains more moment conditions than
any other moment set S. O]

Proof of Theorem 4.3. By Theorem 3.1 and Corollary 4.2,

P{,LLO € CIszm} — P{am'm S A(T) S bmaac}

208ee ( ), Chapter 3.
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where a(7*),b(7*) define a collection of (1 — a)) x 100% intervals indexed by 7*, each
of which is constructed under the assumption that 7 = 7*

P{a(t") < A(T") <b(m")} =1—-«
and we define the shorthand a,,i,, bynes as follows

Umin(YM +7) = min{a(r"): 77 € T(VYM +71,9)}
bae (VM +7) = max {b( *) 7'* € J(VYM+71,0)}
T(WM+7,0) = {77 A ) < x2(0)}

A(r,7) = (VM +7—7)(0QU)" (UM +7—77)

Now, let A = {A(7,7) < x2(6)} where x2(6) is the 1 — § quantile of a x2 random
variable. This is the event that the limiting version of the confidence region for 7

contains the true bias parameter. Since A(7,7) ~ x2, P(A) = 1 — 4. For every
™ e T (YM +7,0) we have

P{a(m) < A(T*) <b(r")}NA]+ P[{a(r") < A(T) <b(T")}NA]=1—«a
by decomposing P {a(7*) < A(7*) < b(7*)} into the sum of mutually exclusive events.

But since
Pl{a(m") < A(T") <b(tH)} N AT < P(A°) =46
we see that
PHa(m) <A(T) <b(m)}NA>1—-a—9§
for every 7" € (VM + 7,d). Now, by definition, if A occurs then the true bias
parameter 7 is contained in 7 (VM + 7,0) and hence

Pl{a(r) S A(T) < b(T)}NA >1—a—6.
But when 7 € 7 (UM +7,8), amin < a(r) and b(7) < byag. It follows that
{a(r) < A(T) <b(1)} N A C {amin < A7) < bnas}
and therefore
1—a—06<Pla(r) < AT < b))} NA] < P{amm < A7) < bas}]

as asserted. O
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