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We quantify the identifying power of special regressors in heteroskedastic binary re-
gressions with median-independent or conditionally symmetric errors. We measure the
identifying power using two criteria: the set of regressor values that help point identify
coe¢ cients in latent payo¤s as in (Manski 1988); and the Fisher information of coe¢ -
cients as in (Chamberlain 1986). We �nd for median-independent errors, requiring one
of the regressors to be �special" (in a sense similar to (Lewbel 2000)) does not add to
the identifying power or the information for coe¢ cients. Nonetheless it does help identify
the error distribution and the average structural function. For conditionally symmetric
errors, the presence of a special regressor improves the identifying power by the criterion
in (Manski 1988), and the Fisher information for coe¢ cients is strictly positive under mild
conditions. We propose a new estimator for coe¢ cients that converges at the parametric
rate under symmetric errors and a special regressor, and report its decent performance in
small samples through simulations.
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1 Introduction

In a binary response model, a special regressor is one that is additively separable from
all other components in the latent payo¤s and that satis�es an exclusion restriction (i.e.
being independent from the error conditional on all other regressors). It is worth not-
ing that we do not include any �large support" requirement in the de�nition of special
regressors. In this paper, we examine how a special regressor contributes to the identi�ca-
tion and the Fisher information of coe¢ cients in semiparametric binary regressions with
heteroskedastic errors. We focus on the role of special regressors in two models where
errors are median independence or conditional symmetry respectively. These models are
of particular interest, because identi�cation of coe¢ cients in them does not require the
�large support" condition (i.e. the support of special regressors includes that of the error),
a condition typically used in identi�cation-at-in�nity arguments. To our knowledge, this
paper marks the �rst e¤ort to address this question in the literature.

Special regressor arise in various social-economic contexts. (Lewbel 2000) used a
special regressor to recover coe¢ cients in semiparametric binary regressions where het-
eroskedastic errors are mean-independent from regressors. He showed coe¢ cients for
all regressors along with the error distribution are identi�ed up to scale, provided the
support of special regressor is large enough. (Lewbel 2000) then proposed a two-step
inverse-density-weighted estimator. Since then, arguments based on special regressors
have been used to identify structural micro-econometric models in a variety of contexts.
These include multinomial-choice demand models with heterogeneous consumers (Berry
and Haile 2010); static games of incomplete information with player-speci�c regressors
excluded from interaction e¤ects (Lewbel and Tang 2012); and matching games with
unobserved heterogeneity (Fox and Yang 2012).

Using a special regressor to identify coe¢ cients in binary regressions with heteroskedas-
tic errors typically requires additional conditions on the support of the special regressor.
For instance, in the case with mean-independent errors, identi�cation of linear coe¢ cients
requires the support of special regressors to be at least as large as that of errors. (Khan
and Tamer 2010) argued that point identi�cation of coe¢ cients under mean independent
errors is lost whenever the support of special regressor is bounded.5 They also showed
that when support of special regressor is unbounded, Fisher information for coe¢ cients
becomes zero when the second moment of regressors is �nite.

The econometrics literature on semiparametric binary regressions has largely been
silent about how to use special regressors in combination of alternative stochastic restric-
tions on errors that require less stringent conditions on the support of special regres-
sors. Perhaps the only two exceptions are (Magnac and Maurin 2007) and (Chen 2005).
(Magnac and Maurin 2007) introduced a new restriction on the tail behavior of latent

5They showed in a stylized model that there is no informative partial identi�cation result for the
intercept in this case.
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utility distribution outside the support of special regressors. They established identi�ca-
tion and positive Fisher information for coe¢ cients under such restrictions. Nonetheless
the tail condition they use is not directly linked to more conventional stochastic restric-
tions on heteroskedastic errors, such as median independence or conditional symmetry.
(We show in Appendix B that the tail conditions in (Magnac and Maurin 2007) and the
conditional symmetry considered in our paper are non-nested.) (Chen 2005) estimated
a binary regression with special regressors and conditional symmetric errors, and proved
it is root-N consistent and asymptotically normal. He does not quantify the incremental
contribution of special regressors to the identifying power and Fisher information of the
model. To our knowledge, no previous work has measured the incremental identifying
power or Fisher information for coe¢ cients in binary regressions due to special regressors
under assumptions studied in this paper.

We �ll in this gap in the literature by deriving several new results. First, we quantify
the change in identifying power of the model due to the presence of special regressors
under median independent or conditionally symmetric errors. This is done following the
approach used in (Manski 1988), which amounts to comparing the size of the set of states
where the propensity scores can be used for distinguishing true coe¢ cients from other
elements in the parameter space. For the model with median independent errors, we �nd
that further restricting one of the regressors to be a special one does not improve the
identifying power for coe¢ cients. For the model with conditionally symmetric errors, we
�nd that using a special regressor does add to the identifying power for coe¢ cients in the
sense that it leads to an additional set of (paired states) that can be used for recovering the
true coe¢ cients. This is a useful additional insight, because (Manski 1988) only showed
that, in the absence of a special regressor, the stronger restriction of conditional symmetry
adds no identifying power relative to the weaker restriction of median independence.

Second, we show how the presence of a special regressor contributes to the information
for coe¢ cients in these two semiparametric binary regressions with heteroskedastic errors.
For models with median-independent errors, we �nd the information for coe¢ cients re-
mains zero even after one of the regressors is required to be special. In comparison,
for models with conditionally symmetric errors, the presence of a special regressor does
yield positive information for coe¢ cients. We provide some intuition for such positive
information in this case, and propose a new two-step extremum estimator. Asymptotic
properties of the estimator are derived and some monte carlo evidence for its performance
is reported.

Our third set of results (Section 3.3) provides a more positive perspective on the role of
special regressors in structural analyses. We argue that, even though a special regressor
does not add to identifying power or information for coe¢ cients when heteroskedastic
errors are only required to be median independent, it is instrumental for recovering the
distribution of the heteroskedastic error. This in turn can be used to predict counterfactual
choice probabilities; and helps to recover the average structural function as de�ned in
(Blundell and Powell 2003) as long as the support of the special regressor is large enough.
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This paper contributes to a broad econometrics literature on identi�cation, inference
and information of semiparametric limited response models with heteroskedastic errors. A
partial list of other papers that discussed related topics include (Chamberlain 1986), (Chen
and Khan 2003), (Cosslett 1987), (Magnac and Maurin 2007), (Manski 1988) and (Zheng
1995) (which all studied semiparametric binary regressions with various speci�cations
of heteroskedastic errors); as well as (Newey and McFadden 1994), (Powell 1994) and
(Ichimura and Lee 2010) (which discussed estimation and inference methods in a more
general framework that subsumes the models considered here).

2 Preliminaries

Consider a binary regression:
Y = 1fX� � V � �g (1)

where X 2 RK ; V 2 R and � 2 R1 and the �rst coordinate in X is a constant. We use
upper cases for random variables and lower cases for their realizations. Let FR, fR, 
R
denote the distribution, the density and the support of a random vector R respectively,
and let FR1jR2, fR1jR2 and 
R1jR2 denote conditional distributions, densities and supports
in the data-generating process (DGP). Assume the marginal e¤ect of V is known to be
negative, and is set to �1 as a scale normalization. We maintain the following exclusion
restriction throughout the paper.

CI (Conditional Independence) V is independent from � given any x 2 
X .

For the rest of the paper, we also refer to this condition as an �exclusion restriction",
and use the terms �special regressors" and �excluded regressors" interchangeably. Let
� be the parameter space for F�jX (i.e. � is a collection of all conditional distributions
of errors that satisfy the model restrictions imposed on F�jX). The distribution FV jX
is directly identi�able from data and considered known in the identi�cation exercise.
Let Z � (X;V ), and let p(z) denote Pr (Y = 1jz) (which is directly identi�able from
data). Let (Z;Z 0) be a pair of independent draws from the same marginal distribution
FZ . Assume the distribution of Z has positive density with respect to a �-�nite measure,
which consists of the counting measure for discrete coordinates and the Lesbegue measure
for continuous coordinates.

For a generic pair of coe¢ cients and the nuisance distribution (b;G�jX) 2 RK 
 �,
de�ne �

�
b;G�jX

�
� fz : p(z) 6=

R
1 (� � xb� v) dG�jxg and ~�

�
b;G�jX

�
��

(z; z0) : (p(z); p(z0)) 6=
�Z

1 (� � xb� v) dG�jx;

Z
1 (� � x0b� v0) dG�jx0

��
. (2)
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In words, the set �(b;G�jX) consists of states for which propensity scores implied by
(b;G�jX) di¤er from those in the true data-generating process (DGP) characterized by
(�; F�jX). In comparison, the set ~� in (2) consists of pairs of states where implied propen-
sity scores di¤er from those in the true DGP. We say � is identi�ed relative to b 6= �
if Z

1fz 2 �(b;G�jX)gdFZ > 0 or
Z
1f(z; z0) 2 ~�(b;G�jX)gdF(Z;Z0) > 0

for all G�jX 2 �.

As is clear from this de�nition, the identi�cation of � hinges on model restrictions
de�ning �, i.e. parameter space for error distributions given X. In Sections 3 and 4,
we discuss identi�cation of � when CI is paired with one of the following two stochastic
restrictions on errors respectively.

MI (Median Independence) For all x, � is continuously distributed with Med(�jx) = 0
and with strictly positive densities in an open neighborhood around 0.

CS (Conditional Symmetry) For all x, � is continuously distributed with positive densities
over the support 
�jx and F�jx(t) = 1� F�jx(�t) for all t 2 
�jx.

We also discuss the semiparametric e¢ ciency bound for � under these assumptions
in Sections 3.2 and 4.2. This amounts to �nding smooth parametric submodels which
are nested in the semiparametric models and which have the least Fisher information
for �. The semiparametric e¢ ciency bound is formally de�ned as follows. Let � denote
some measure on f0; 1g 
 
Z such that � (f0g 
 !) = � (f1g 
 !) = FZ(!), where ! is
a Borel subset of 
Z . A path that goes through F�jX is a function �("; x; �) such that
�("; x; �0) = F�jx(") for some �0 2 R, and �(:; :; �) 2 � for all � in an open neighborhood
around �0. Let f�(yjz; b; �) denote the probability mass function of Y conditional on z
and given coe¢ cients b as well as a nuisance parameter �(:; :; �). A smooth parametric
submodel is characterized by a path � such that there exists

�
( k)k�K ;  �

	
such that

f
1=2
� (yjz; b; �)�f 1=2� (yjz; �; �0) =

P
k  k(y; z) (b� �)+ � (y; z) (� � �0)+r (y; z; b; �) (3)

with

(kb� �k+ k� � �0k)�2
Z
r2(y; z; b; �)d�! 0 as b! � and � ! �0. (4)

The path-wise partial information for the k-th coordinate in � is

I�;k � inf
(f�jgj 6=k , ��)

4

Z �
 k �

P
j 6=k �j j � �� �

�2
d�. (5)

The information for �k is the in�mum of I�;k over all smooth parametric submodels �.
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3 Exclusion plus Median Independence

This section discusses the identi�cation and information for � in heteroskedastic binary
regressions under CI and MI. The model di¤ers from that in (Manski 1988), (Horowitz
1992), and (Khan 2013) in that one of the regressors (V ) is required to be independent
from the error conditional on all other regressors (X). It also di¤ers from that considered
in (Lewbel 2000) and (Khan and Tamer 2010), for its error is median-independent, rather
than mean-independent, from X. We are not aware of any previous work that discusses
both identi�cation and Fisher information of coe¢ cients in such a model.

3.1 Identi�cation

Our �rst �nding is, with median-independent errors (MI), the exclusion restriction (CI)
does not add any identifying power for recovering �. We formalize this result in Proposi-
tion 1 by noting that under MI the set of states z that help detect a given b 6= � from �
remains unchanged, regardless of whether an exclusion restriction is added to one of the
regressors.

Proposition 1 Suppose CI and MI hold in (1). Then � is identi�ed relative to b if and
only if Prfz 2 Qbg > 0, where Qb � fz : x� � v < xb or xb � v < x�g.

For a model satisfying MI but not CI (i.e. F�jX;V (0) = 1=2 and � depends on both V
and X) (Manski 1988) showed Qb is the set of states that can be used to detect b 6= �
from �, based on observed propensity scores. Thus Proposition 1 suggests adding the
exclusion restriction (CI) to a model with median-independent errors does not improve
the identifying power for recovery of �, as the set of states that help identify � relative
to b remains unchanged.

The intuition for such an equivalence builds on two observations. First, if states in Qb
help identify � relative to b under the weaker assumption of MI alone in (Manski 1988),
they also do so under a stronger set of assumptions MI and CI. Second, if PrfZ 2 Qbg = 0,
then certain distribution of structural errors G�jX 6= F�jX can be constructed to satisfy
CI and MI and, together with b 6= �, can generate the same propensity scores as those
from the DGP. Proposition 1 di¤ers qualitatively from that of Manski�s result in that
the construction of such a distribution G�jX needs to respect the additional assumption
exclusion restriction in CI.

Although not helping with identifying �, CI does help recover the error distribution
F�jX , which in turn is useful for counterfactual predictions of propensity scores, and for
estimating an average structural function of the model. We discuss this in greater details
in Section 3.3.
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Proposition 1 is also related to (Khan and Tamer 2010). To see this, suppose X
consists of continuous coordinates only. Then PrfZ 2 Qbg ! 0 as b converges to �. That
is, Qb becomes a �thin set" as b approaches �.

It also follows from Proposition 1 that conditions that yield point identi�cation of �
in (Manski 1988) are also su¢ cient for point identi�cation of � in the current model with
CI and MI.

SV (Su¢ cient Variation) For all x, V is continuously distributed with positive densities
over 
V jx, which includes x� in the interior.

FR (Full Rank) Pr fX 6= 0g > 0 for all nonzero vector  2 RK .

SV can be satis�ed with bounded support of V . It di¤ers from the large support
conditions needed to point identify � when errors are mean-independent from regressors.
FR is a typical full-rank condition analogous to that in (Manski 1988). With the �rst
coordinate in X being a constant intercept, FR implies that there exists no nonzero ~ in
RK�1 and c 2 R with Pr fX�1~ = cg = 1. FR implies Pr fX(� � b) 6= 0g > 0 for any
b 6= �. To see how these are su¢ cient for identi�cation, suppose, without loss of generality,
Pr fX� < Xbg > 0. Under SV, for any x with x� < xb, there exists an interval of v with
x� � v < xb. This implies Pr fZ 2 Qbg > 0 and thus � is identi�ed relative to all b 6= �.

For estimation, we propose a new extremum estimator for � that di¤ers qualitatively
from the Maximum Score estimator in (Manski 1985), based on the following corollary.

Corollary 1 (Proposition 1) Suppose CI, MI, SV and FR hold in (1), and Pr (X� = V )
= 0. Then

� = argminb EZ [1fp(Z) � 1
2
g(Xb� V )� + 1fp(Z) < 1

2
g(Xb� V )+] (6)

where (:)+ � maxf:; 0g and (:)� � �minf:; 0g.

Let n denote the sample size and let p̂i denote kernel estimator for E(Y jZ = zi). An
alternative estimator is

~� � argmin
P

i �
�
p̂i � 1

2

�
(xib� vi)_ + �

�
1
2
� p̂i

�
(xib� vi)+ (7)

where the weight function � : R ! [0; 1] satis�es: �(t) = 0 for all t � 0; �(t) > 0 for all
t > 0; and � is increasing over [0;+1).

A few remarks about the asymptotic properties of the estimator and its comparison
with the maximum score estimator are in order. If either SV or FR fails, then � is only
set-identi�ed and the objective function in (6) have multiple minimizers. The estimator
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in (7) is a random set that is consistent for the identi�ed set (under the Hausdor¤ set
metric), under conditions that ensure the uniform convergence of the objective function in
(7) to its population counterpart over the parameter space.6 We conjecture the estimator
converges at the cubic rate under conditions in (Chernozhukov, Hong, and Tamer 2007).7

Compared with the maximum score estimator, ~� in (7) appears to have computational
advantages once the propensity scores are estimated. The argument b enters the estimand
continuously through (:)� and (:)+, as opposed to in the indicator function in maximum
score estimators. The �ip side of our estimator is that it does require the choice of an
additional smoothing parameters in p̂i.

3.2 Zero Fisher Information

We now show the information for � under CI and MI is zero, provided Z = (X;V ) has
�nite second moments and certain regularity condition on the coe¢ cient and the error
distribution holds. In addition to Section 3.1, our �nding in this subsection provides an
alternative way to formalize equivalence between the two models (i.e. binary regressions
with �MI alone" versus �MI and CI") when it comes to estimating �.

RG (Regularity) For each
�
b;G�jX

�
in the parameter space, there exists a measurable

function q : f0; 1g 
 
Z ! R such that
��@f 1=2 �y; z; �;G�jX� =@b�� � q(y; z) for all �

in an neighborhood around b; and
R
q2(y; z)d� <1.

RG is needed to establish mean-square di¤erentiability of the square-root likelihood
of (y; x) with respect to b for each G�jX . Let � denote the parameter space for the
distribution of � given X, which needs to satisfy CI, MI and RG now. We show that a
set of paths similar to those considered in Theorem 5 of (Chamberlain 1986) yields zero
information for � under CI, MI and RG. Let � consist of paths

�("; x; �) � F�jx(") [1 + (� � �0)h("; x)] , (8)

where F�jX is the true conditional distribution in DGP from �; and h : RK+1 ! R is
continuously di¤erentiable, is zero outside of some compact set; and satis�es h(0; x) = 0
for all x 2 RK . Such a set of paths di¤ers from those leading to zero information of
� in a model under MI alone (without the exclusion restrictions in CI). In that latter

case, the paths that lead to zero information is �("; x; �) � F�jz(")
h
1 + (� � �0) ~h("; z)

i
6The identi�ed set for � is de�ned as the set of all coe¢ cients that could generate propensity scores

identical to that in the DGP for all z when paired with some nuisance parameter F�jX that satis�es CI
and MI.

7In implementation, one may choose � to be twice continuously di¤erentiable with bounded derivatives
in an open neighborhood around 0 for technical convenience in deriving asymptotic properties of ~�.
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with ~h : RK+2 ! R continuously di¤erentiable; is zero outside of some compact set; and
satisfying ~h(0; x; v) = 0. (See (Chamberlain 1986) for details.)

Using arguments similar to (Chamberlain 1986), we can show �(:; :; �) in (8) is in � for
� close enough to �0. Besides, f

1=2
� (:; b; �) is mean-square di¤erentiable at (b; �) = (�; �0)

with:

 k(y; z) � 1

2

n
yF�jx(w)

�1=2 � (1� y)
�
1� F�jx(w)

��1=2o
f�jx(w)xk (9)

 �(y; z) � 1

2

n
yF�jx(w)

�1=2 � (1� y)
�
1� F�jx(w)

��1=2o
F�jx(w)h(w; x) (10)

where w is a shorthand for x� � v. Again note the excluded regressor v is dropped from
F�jx and f�jx due to CI.

Proposition 2 Suppose CI, MI, SV, FR and RG hold in (1); Z has �nite second mo-
ments; and Pr (X� = V ) = 0. Then the information for �k is zero for all k � K.

Proof of Proposition 2 is similar to that of Theorem 5 in (Chamberlain 1986) for binary
regressions under MI alone, and is omitted for brevity. It su¢ ces to note that the main
di¤erence between Proposition 2 and Theorem 5 in (Chamberlain 1986) is that the path
leading to zero information for � under the additional assumption of CI has to respect
the exclusion restriction imposed on V .

A few remarks related to this zero information result are in order. First, the zero
information for �k under CI and MI is closely related to two facts: there is no incremental
identifying power for � from CI given MI; and there is zero information for �k under MI
alone. Second, root-n estimator for � is possible when the second moments for regressors
are in�nite. In such a case, (Khan and Tamer 2010) showed that parametric rate can be
attained in estimation of � under CI and mean-independent errors. A similar result holds
in the current model under CI and median independent errors as well. Third, if there are
multiple excluded regressors satisfying CI (i.e. V is a vector rather than scalar), then,
after a scale normalization (e.g. setting one of coe¢ cients for V to have absolute value 1),
the information for the other coe¢ cients is positive and root-n estimation of coe¢ cients
for V exist (e.g. using the average-derivative approach).

3.3 Error Distribution and Average Structural Function

The previous subsections show the presence of a special regressor does not help improve
the identi�cation or information of coe¢ cients for the non-special regressors with median-
independent errors. In contrast, this subsection provides a positive perspective on the
role of excluded regressors by explain how they help to predict counterfactual choice
probabilities and estimate average structural functions.
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First, exclusion restriction does help recover the heteroskedastic error distributions,
which in turn is useful for counterfactual predictions. To see how to recover F�jX under
MI and CI, note E(Y jx; v) = F�jx(x� � v). With � identi�ed, F�jx(t) can be recovered
for all t over the support of X� � V give X = x as E(Y jX = x; V = x� � t). To get
counterfactual predictions, consider a stylized model of retirement decisions. Let Y = 1
if the individual decides to retire and Y = 0 otherwise. The decision is given by:

Y = 1fX1�1 +X2�2 � V � �g

where X � (X1; X2) are log age and health status respectively and V denotes the total
market value of individual�s assets. Suppose conditional on age and health, asset values are
uncorrelated with idiosyncratic elements (e.g. unobserved family factors such as money
or energy spent on o¤springs). Suppose we want to predict retirement patterns among
another population of senior workers not observed in data, which has the same �1 and
F�jX1;X2 but di¤erent weights for health status ~�2 (where ~�2 > �2). Then knowledge
of F�jX as well as �1; �2 helps at least bound the counterfactual retirement probabilities
conditional on Z � (X1; X2; V ). If the magnitude of the di¤erence between ~�2 and �2
is also known, then point-identi�cation of such a counterfactual conditional retirement
probability is also attained for z, provided the support 
V jx is large enough. (That is, the
index x1�1 + x2~�2 � v is within the support of X1�1 +X2�2 � V given x.)

Second, exclusion restriction helps identify the average structural function de�ned in
(Blundell and Powell 2003) under the large support condition of V . To see this, note the
average structural function is de�ned asG(x; v) �

R
1f" � x��vgdF�(") = Pr(� � x��v).

If 
V jx = R1 for all x 2 
X , then

G(x:v) =

Z
'(s; x; v)dFX(s)

where
'(s; x; v) � E[Y jX = s; V = v + (s� x)�] = F�js(x� � v):

With � identi�ed, '(s; x; v) can be constructed as long as the support of V spans the real
line for all x. If this large support condition fails, then identi�cation of G(x; v) is lost at
any (x; v) such that there exists s 2 
X where v + (s � x)� falls outside of the support

V js.

Based on the analog principle, we propose the following estimator for the average
structural function as follows:

Ĝ(x; v) �
Pn

i=1 '̂(xi; x; v)

where

'̂(xi; x; v) �

P
j 6=i yjK�

�
xj � xi; vj � (v + (xi � x)~�

�
)P

j 6=iK�
�
xj � xi; vj � (v + (xi � x)~�

�
)
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with K�(:) � ��(k+1)K(:=�k+1) where K is a product kernel; and ~� being some �rst-stage
preliminary estimator such as the one de�ned in (7), or the maximum score estimator as
proposed in (Manski 1985).

4 Exclusion plus Conditional Symmetry

This section discusses identi�cation and information of � under CI while the location
restriction of median independence (MI) is replaced by the stronger location and shape
restriction of conditional symmetry (CS). To motivate the CS assumption in binary regres-
sions, suppose the latent utility associated with binary actions are hj(z)+"j for j 2 f0; 1g;
and the action is governed by Y = 1fh1(Z) + �1 � h0(Z) + �0g = 1fh�(Z) � ��g, where
h� � h1 � h0 and �� � �0 � �1. As long as �1 and �0 are i.i.d. draws from the same
marginal, the normalized error �� must be symmetrically distributed around 0 given Z.

In Section 4.1, we characterize a set of paired states (z; z0) that help distinguish �
from some b 6= � based on observed propensity scores. Building on this result, we then
specify su¢ cient conditions for the point identi�cation of �. In Section 4.2 we show the
Fisher information for � is zero under mild regularity conditions. We then conclude this
section with the introduction of a root-N estimator for �.

4.1 Identi�cation

Our �rst �nding is that replacing MI with CS while maintaining CI does help with the
identi�cation of �. Let X � (Xc; Xd), with Xc and Xd denoting continuous and discrete
coordinates respectively. Let �CS denote parameter space for the distribution of � givenX
under the restrictions of CI and CS. We need further restrictions on �CS due to continuous
coordinates in Xc.

EC (Equicontinuity) For any � > 0 and (x; "), there exists ��(x; ") > 0 such that for all
G�jX 2 �CS,

jG�j~x(~")�G�jx(")j � � whenever k~x� xk2 + k~"� "k2 � ��(x; ").

This condition requires the pointwise continuity in (x; ") to hold with equal variation
all over the parameter space �CS , in the sense that the same ��(x; ") is used to satisfy the
��-�-neighborhood" de�nition of pointwise continuity at (x; ") for all elements in �CS.8

8An alternative way to formulate EC is that for any � > 0 and (x; "), the in�mum of ��(x; ";G�jX)
(i.e. the radius of neighborhood around x in the de�nition of pointwise continuity) over G�jX 2 �CS is
bounded away from zero by a positive constant.
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Such an equicontinuity condition is needed because the identi�cation of � relative to b 6= �
states that b cannot be paired with any G�jX 6= F�jX in �CS to generate propensity scores
identical to those from the true DGP at all pairs (z; z0). It is a technicality introduced
only due to the need to modify the de�nition of identi�cation in (Manski 1988) when X
contains continuous coordinates. A su¢ cient condition for EC is that all G�jX in �CS are
Lipschitz-continuous with their modulus uniformly bounded by a �nite constant.

To formally quantify the incremental identifying power due to CS, de�ne:

Rb(x) �
�
(vi; vj) : x� <

vi + vj
2

< xb or x� >
vi + vj
2

> xb

�
(11)

for any x. Let FVi;Vj jX denote the joint distribution of Vi and Vj drawn independently
from the same marginal distribution FVijX . In addition we also need the joint distribution
of V and Xc given Xd to be continuous.

CT (Continuity) For any xd, the distribution FV;Xcjxd is continuous with positive densities
almost everywhere with respect to the Lesbegue measure.

Under CT, if PrfVi 2 Aj(xc; xd)g > 0 for any set A, then PrfVi 2 Aj(~xc; xd)g > 0 for
~xc close enough to xc.

Proposition 3 Under CI, CS, EC and CT, � is identi�ed relative to b if and only if
either (i) PrfZ 2 Qbg > 0; or (ii) there exists a set ! open in 
X such that for all x 2 !,Z

1f(vi; vj) 2 Rb(x)gdFVi;Vj jx > 0. (12)

Proof of Proposition 3 is included in Appendix A. To see intuition for this result,
consider a simple model where X only consists of discrete regressors. For a �xed b 6= �,
consider a pair (zi; zj) 2 ~Qb;S where

~Qb;S � f(zi; zj) : xi = xj and (vi; vj) 2 Rb(xi)g.

Then either

�xi� � vi < �(xj� � vj) and xib� vi > �(xjb� vj)"

or (13)

�xi� � vi > �(xj� � vj) and xib� vi < �(xjb� vj)"

for (zi; zj) 2 ~Qb;S. In the former case, the true propensity scores from the DGP satisfy
p(zi) + p(zj) < 1 while those implied by b 6= � and any G�jX 2 �CS at zi and zj
necessarily add up to be greater than 1. This suggests any pair (zi; zj) from ~Qb;S should
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help distinguish � from b 6= �, as the sign of p(zi) + p(zj)� 1 di¤ers from that of (xib�
vi) + (xjb � vj). Thus if condition (ii) in Proposition 3 holds for b and if all coordinates
in X are discrete, then Prf(Zi; Zj) 2 ~�(b;G�jX)g > 0 for all G�jX 2 �CS. On the other
hand, if both (i) and (ii) fail, then � is not identi�ed to b because some G�jX 6= F�jX
can be constructed so that (b;G�jX) is observationally equivalent to the true parameters
(�; F�jX). That is, (b;G�jX) yields propensity scores identical to the true propensity scores
in the DGP almost everywhere.

To extend this intuition when there are continuous coordinates in X, we invoke EC
and CT as additional restrictions on the parameter space for F�jX . With continuous
coordinates in X, Prf(Z;Z 0) 2 ~Qb;Sg = 0 for all b 6= �. However, under EC and CT, the
inequalities in (13) also hold for paired states in some small ��-expansion" of ~Qb;S de�ned
as:

~Q�b;S � f(z; ~z) : xd = ~xd ^ k~xc � xck � � ^ (v; ~v) 2 Rb(x)g,

provided � > 0 is small enough. To identify � relative from b, it then su¢ ces to require ~Q�b;S
to have positive probability for such small �, which is possible with continuous coordinates
in X.

(Manski 1988) showed in a model without excluded regressors that strengthening
median independence into conditional symmetry does not add to the identifying power
for �. He showed the sets of states that help distinguish � from b 6= � under both cases
are the same. Our �nding in Proposition 3 shows this equivalence fails when the vector
of states contain an excluded regressor: Strengthening MI into CS leads to an additional
set of paired states Rb that help identify � relative to b.

Finally, note by construction any condition that identi�es � under CI and MI also
identi�es � under CI and CS. Under FR, for all b 6= �, there exists an open set ! � 
X
with x� 6= xb for all x 2 !. SV then implies either

R
1fx� <

vi+vj
2

< xbgdFVi;Vj jx > 0

or
R
1fxb < vi+vj

2
< x�gdFVi;Vj jx > 0 for all x 2 !. This is because under SV, Vi and Vj

are independent draws from FV jx and both fall in an open neighborhood around x� with
positive probability. Identi�cation of � follows from Proposition 3.

4.2 Positive Fisher Information

We now show how CS together with CI leads to positive information for � in heteroskedas-
tic binary regressions. (Zheng 1995) showed without any excluded regressors the informa-
tion for � is zero in binary regressions with a conditionally symmetric error distribution.
In contrast, we show in this subsection that with excluded regressors, the conditional sym-
metry of error distribution does lead to positive information for � under mild regularity
conditions. We then build on this result to propose a new root-N consistent estimators
for � in the next subsection.
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CS�CS holds; and there exists an open interval I� around 0 and a constant c > 0 such
that for all x 2 
X f�jx(") � c for all " 2 I�.

RG�RG holds and for any �! such that Pr(X 2 �!) > 0, there exists no nonzero � 2 RK
such that PrfX� = 0jX 2 �!g = 1.

Let � consist of paths � : 
�;X
R! [0; 1] such that (i) for some �0 2 R1, �("; x; �0) =
F�jx(") for all "; x; (ii) for � in an neighborhood around �0, �("; x; �) is a conditional
distribution of � given X that satis�es:

�("; x; �) = 1� �(�"; x; �) for all "; x 2 
�;X ; (14)

and (iii) the square-root density f 1=2� (y; z; b; �) is mean-square di¤erentiable at (b; �) =
(�; �0), with the pathwise derivative with respect to � being:

 �(y; z) �
1

2

n
yF�jx(w)

�1=2 � (1� y)
�
1� F�jx(w)

��1=2o
��(w; x; �0) (15)

where w � x� � v and ��("; x; �0) � @�("; x; �)=@�j�=�0.

Proposition 4 Under CI, CS�, EC, CT, FR, SV and RG�, the information for �k is
positive for all k.

Proof of Proposition 4 is presented in the appendix. We sketch the heuristics of the
idea here. Exploiting properties of � (the measure on f0; 1g 
 
Z de�ned in Section 2),
we can show the Fisher information for �k takes the form of

inf
�2�

4

Z
�(z)

h
f�jx(w)

�
xk �

P
j 6=k �

�
jxj

�
� �����(w; x; �0)

i2
dFZ (16)

where �(z) �
�
F�jx(w)(1� F�jx(w))

��1 � 0; and (��j)j 6=k and ��� constitute a solution to
the minimization problem in (5) that de�nes path-wise information I�;k. To begin with,
note that if I�;k were to be zero for any � 2 �, it must be the case that ��� 6= 0. (Otherwise
the pathwise information I�;k under � would equal that of a parametric model where true
error distribution F�jX is known, and be positive. This would contradict the claim that
I�;k = 0.) Since each path � in � needs to satisfy conditional symmetry for � close to �0,
��(w; x; �0) (and consequently its product with the nonzero ���) must be odd functions in
w once x is �xed. At the same time, f�jx(w) is an even function of w (i.e. symmetric in w
around 0) given x. Then the pathwise information for �k under � amounts to a weighted
integral of squared distance between an odd and an even function. Provided the true
index W = X�� V falls to both sides of zero with positive probabilities, the information
for �k must be positive because an even function can never approximate an odd function
well enough to reduce I�;k arbitrarily close to zero.
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Some discussions relating Proposition 4 to the existing literature are in order. Recall
the model in (Zheng 1995) where � is symmetric around 0 given Z = (X;V ) with unre-
stricted dependence between � and all coordinates in Z. The information for �k is zero in
that case because the scores  k and  � are both �exible in the sense of depending on V as
well as X. Hence one can construct linear combinations of ( j)j 6=k and  � that are arbi-
trarily good approximation to  k in L

2(�)-norm, provided for the path � is appropriately
a chosen. To see this, note I�;k �

inf
��;(�j)j 6=k

Z �
 k � �� � �

P
j 6=k �j j

�2
d� � 4

Z
�(z)

�
f�jz(w)xk � ��(w; z; �0)

�2
dFZ .

(17)
Indeed the same path used for showing zero information for �k under MI with no excluded
regressors (see Theorem 5 in (Chamberlain 1986)) also drives the information for �k to zero
in (Zheng 1995). Speci�cally, the path is �("; z; �) = F�jz(") [1 + (� � �0)h("; z)], where h
is continuously di¤erentiable, equals zero outside of some compact set, and h(0; z) = 0 for
all z so that ��("; z; �0) = h("; z). Since there is no restriction on how the vector z enters
��, one can exploit such �exibility to make the approximation on the right-hand side of
(17) arbitrarily good and establish zero information in (Zheng 1995)�s case. In contrast,
in our model under CI as well as CS, the excluded regressor v can only enter ��(w; x; �0)
through the index w = x� � v. This additional form restriction is what delivers the
positive information for �k.

(Magnac and Maurin 2007) considered binary regressions under CI, mean-independent
errors (E(�jX) = 0), and some tail conditions that restrict the truncated expectation of
F�jX outside of the support of V given X.9 They showed the information for �k is positive
in such a model. The tail condition in (Magnac and Maurin 2007) is a joint restriction
on the location of the support of V and the tail behaviors outside the support of V .
In comparison, the conditional symmetry condition (CS) considered here in Section 4 is
a transparent restriction on the shape of F�jX over its full support. The conditions in
Section 4 and those in (Magnac and Maurin 2007) are non-nested. (See Appendix B for
detailed discussions.)

4.3 Root-N Estimation: Extremum Estimator

Our �ndings in Proposition 4 suggest root-N regular estimators for � can be constructed.
To our knowledge, (Chen 2005) was the �rst to propose an estimator that attains the
parametric rate under the assumptions considered in this section. We now conclude this
section with an alternative estimator to (Chen 2005). Our estimator and its asymptotic

9See equation (5) in Proposition 5 of (Magnac and Maurin 2007) for the tail restriction. Essentially,
this is su¢ cient and necessary for to extending the proof of ideni�cation of � in (Lewbel 2000), a model
with CI and mean independence, when the support of the excluded regressor V is bounded between
vL > �1 and vH <1.
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properties are qualitatively di¤erent from that in (Chen 2005). We consider the case
where all coordinates in Z are continuously distributed. Extensions to cases with mixed
co-variates are straightforward and omitted for brevity.

Let (:)� � �minf:; 0g and (:)+ � maxf:; 0g. Our estimator is

�̂ � argmin
b2B

Ĥn(b); (18)

where:

Ĥn(b) � 1
n(n�1)

P
j 6=iKh (xi � xj)

�
� (ŵi;j � 1)'�(Zi; Zj ; b) + �(1� ŵi;j)'+(Zi; Zj ; b)

�
;

'�(zi; zj ; b) �
�
(xi+xj)

0

2 b� vi+vj
2

�
�
and '+(zi; zj ; b) �

�
(xi+xj)

0

2 b� vi+vj
2

�
+
;

ŵi;j � p̂i + p̂j ; and p̂l � p̂(zl) �
P

s 6=l ysK� (zs � zl)P
s 6=lK� (zs � zl)

for l = i; j.

where Kh(:) � h�kK(:=hk) and K�(:) � ��(k+1)K(:=�k+1), with K;K and hn; �n being
kernel functions and bandwidths whose properties are to be speci�ed below. The weighting
function � satis�es the following properties.

WF (Weighting Function) � : R ! [0; 1] satis�es: �(t) = 0 for all t � 0; �(t) > 0 for
all t > 0; � is increasing over [0;+1) and twice continuously di¤erentiable with
bounded derivatives in an open neighborhood around 0.

The weight function, evaluated at ŵi;j�1, could be intuitively interpreted as a smooth
replacement for the indicator function 1fŵi;j � 1g. To derive asymptotic properties of
�̂, we �rst show Ĥn converges in probability to a limiting function H0 uniformly over the
parameter space, where

H0(b) = E
�
f(X)E

�
�(Wi;j � 1)'�(Zi; Zj ; b) + �(1�Wi;j)'

+(Zi; Zj ; b)
��Xj = X; Xi = X�	 (19)

where f is the true density for non-special regressors X in the data-generating process;
and wi;j is the sum of true propensity scores p(zi) and p(zj). The inner expectation of
(19) is taken with respect to Vi; Vj given Xj = Xi = X while the outer expectation is
taken w.r.t. X (distributed according to f). The next proposition shows � is identi�ed
as the unique minimizer of H0 in B.

Proposition 5 Suppose CI, CS, EC, CT, SV, FR and WF hold. Then H0(b) > 0 for all
b 6= � and H0(�) = 0.

Proof of this proposition follows from arguments similar to that of Proposition 3, and
is included in Appendix C. We now list the conditions for our estimator to be consistent.



17

PS (Parameter Space) � lies in the interior of a compact parameter space B.

SM1 (Smoothness) (i) The density of Z = (X;V ) is bounded away from zero by some
positive constant over its compact support. (ii) The density of Z and the propensity
score p(Z) is mK-times continuously di¤erentiable (where mK � k + 2); and the
derivatives are all Lipschitz continuous. (iii) Ef [Y � p(z)]2 jzg is continuous in
z. (iv) H0(b) is continuous in b in an open neighborhood around �. (v) For all
xi, E [ ~'(Zi; Zj; b)jXi = xi; Xj = xj] f(xj) is twice continuously di¤erentiable in xj
around xj = xi, where

~'(zi; zj; b) � � (wi;j � 1)'�(zi; zj; b) + �(1� wi;j)'
+(zi; zj; b).

KF1 (Kernel Function for Estimating Propensity Scores) (i) K is the product of k + 1
univariate kernel functions (denoted ~K), each of which is symmetric around 0,
bounded over a compact support, and integrates to 1. (ii) The order of ~Kis mK.
(iii) ktkl ~K(t) is Lipschitz continuous for 0 � l � mK.

BW1 (Bandwidth for Estimating Propensity Scores) �n is proportional to n��� , where
�� 2

�
1

2mK
; 1
2(k+1)

�
.

FM1 (Finiteness) Ef [C(Xi; Xj)� (Vi + Vj)=2]
2g and Ef [D(Xi; Xj)� (Vi + Vj)=2]

2g are
�nite, where C(Xi; Xj) � infb2B(Xi+Xj)

0b=2 and D(Xi; Xj) � supb2B(Xi+Xj)
0b=2.

KF2 (Kernel Functions for Matching) K(:) is the product of k univariate kernel func-
tions (each denoted ~K(:)) such that (i) ~K(:) is bounded over a compact support,
symmetric around 0 and integrates to one. (ii) The order of ~K(:) is m', where
m' > 2k.

BW2 (Bandwidths for Matching) hn is proportional to n��h with �h 2
�
1
4k
; 1
3k

�
.

Proposition 6 Suppose conditions for Proposition 5 hold; and in addition, PS, SM1,
FM1, KF1,2 and BW1,2 also hold. Then �̂

p! �.

Proof of Proposition 6 amounts to checking conditions for basic consistency theorems
for extreme estimators, such as Theorem 4.1 in (Amemiya 1985) and Theorem 2.1 in
(Newey and McFadden 1994). A key step of the proof is to show that our objective
function Ĥn converges the limiting function H0 uniformly over the parameter space. Our
approach is to �rst show the di¤erence between the objective function to an infeasible
version, where estimates for propensity scores p̂(z) are replaced by the truth p(z), is
negligible in a uniform sense. Since the infeasible objective function takes the form of a
second-order U-process indexed by b 2 B, it can be decomposed by the H-decomposition
into the sum of an unconditional expectation involving the matching kernel; and two
degenerate U-processes with orders one and two respectively. We then use known results
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from (Sherman 1994b) to show the two U-processes converge to 0 uniformly over B given
our choices of kernels and bandwidths; and show the unconditional expectation is H0(b)+
o(1) for all b by a standard approach of changing variables.

The kernel and bandwidth conditions in KF1 and BW1, together with smoothness
conditions (i)-(iii) in SM1, ensure the preliminary estimates of propensity scores converge
uniformly to the true propensity score from data-generating process. This is useful for
showing that replacing p̂ with the true propensity scores only results in negligible di¤er-
ences. The choice of �� in BW1 ensures that: (a) the order of the part of mean-square
error due to bias is dominated by that ascribed to variance (i.e. 1=

p
n�k+1n > �mK

n ); (b)
the resulted rates of uniform converge of p̂ is faster than n�1=4 (i.e. 1=

p
n�k+1n < n�1=4

); and (c) the order of �mK
n is smaller than o(n�1=2). The requirements (b) and (c) are

su¢ cient but not necessary for consistency. As is explained later, (b) and (c) help to show
a quadratic approximation of the objective function is accurate enough in a uniform sense
over certain shrinking neighborhood around the true � to lead to the parametric rate.

BW2 is also su¢ cient but not necessary for consistency. This is because the uniform
convergence of U-processes over B in the H-decomposition only require n�1=2h�kn (and
therefore n�1h�kn ) to be o(1); and the convergence of the unconditional expectation only
requires hn ! 0. Nonetheless, just as with �n, the speci�c range of magnitude for hn
is needed for showing the quadratic approximation H0 uniformly over B is fast enough
to induce the parametric rate of our estimator. Continuity of H0 in SM1-(iv) is a nec-
essary condition for applying the consistency theorem for extremum estimators. The
other conditions in SM1 are also useful for showing uniform convergence of Ĥn to H0.
The �niteness condition in FM1 is instrumental as it is need for applying the results on
uniform convergence of degenerate U-processes in (Sherman 1994b).

To establish that �̂ attains the parametric rate with normal limiting distribution, we
need the following additional restriction on smoothness and �niteness of some population
moments. To simplify notations, let �'�i;j(b) � '�(Zi; Zj; b)� '�(Zi; Zj; �) and likewise
de�ne �'+i;j. Let ��(Wi;j) � �(Wi;j � 1) and �+(Wi;j) � �(1�Wi;j); and let �0�(Wi;j) �
�0(Wi;j � 1) and �0+(Wi;j) � �0(1�Wi;j).

SM2 (Smoothness of Population Moments) (i) H0(b) is twice continuously di¤erentiable
in an open neighborhood around �. (ii) For all x and x0, �'�(x; x0; b) and �'+(x; x0; b)
are twice continuously di¤erentiable in b in an open neighborhood around � where
for � 2 f+;�g,

�'�(x; x0; b) � E
�
��(Wi;j)�'

�
i;j(b)jXi = x;Xj = x0

�
.

For all x0, Ob�'�(x; x0; �)f(x) and Ob�'+(x; x0; �)f(x) are m'-times continuously
di¤erentiable in x at x = x0 with bounded derivatives; and Obb�'�(x; x0; �)f(x) and
Obb�'+(x; x0; �)f(x) are both continuously di¤erentiable in x at x = x0 with bounded
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derivatives. (iii) For all x; x0, $�(x; x0; b) and $+(x; x0; b) are continuously di¤er-
entiable in an open neighborhood around �, where for � 2 f+;�g,

$�(x; x0; b) � E
�
j�'�i;j(b)j jXi = x;Xj = x0

�
.

For all x0, rb$
�(x; x0; �)f(x) and rb$

+(x; x0; �)f(x) are continuously di¤eren-
tiable in x around x = x0with bounded derivatives. (iv) For all z � (x; v) and all b in
an open neighborhood around �, ~��(z; x0; b)f(x0) and ~�+(z; x0; b)f(x0) are m'-times
continuously di¤erentiable with respect to X 0 around X 0 = x, where for � 2 f+;�g

~��(z; x0; b) � E[�0�(Wi;j)�'
�
i;j(b)jZi = z;Xj = x0].

The derivatives are all bounded over support of z. (v) For all z, m�
�(z; b) and

m�
+(z; b) are continuously di¤erentiable in b around � with bounded derivatives,

where for � 2 f+;�g

m�
�(z; b) � rw(z)f(x)~��(z; x; b), with rw(z) �

�
1=f(z);�p(z)f(z)=f(z)2

�
.

Besides, rbm
�
�(z; �)f(z) and rbm

�
+(z; �)f(z) are both mK-times continuously dif-

ferentiable with bounded derivatives in z over its full support.

FM2 (Finiteness of Population Moments) (i) There exists an open neighborhood around
� in B, denoted N (�), such thatZ

sup
b2N (�)

Obb�'�(x; x; b) f(x)dF (x) <1 and
Z

sup
b2N (�)

Ob$�(x; x; b)
 f(x)dF (x) <1;

for � 2 f+;�g. (ii) For � 2 f+;�g,
R rbm

�
�(z; �)f(z)

 < 1 and there exists
~" > 0 such that

E[supk~"k�0
rbm�

�(Z + ~";�)f(Z + ~")
4] <1:

(iii) For � 2 f+;�g,
R rbm

�
�(z; �)f(z)

 dz <1.
Let Q � (Y; 1). De�ne �� = ��� + ��+, where for subscripts � 2 f+;�g,

���(y; z) � qrbm�
�(z;�)f(z)� E[Qrbm�

�(Z;�)f(Z)]

Proposition 7 Suppose conditions for Proposition 6 hold. Under additional conditions
SM2 and FM2, p

n
�
�̂ � �

�
d�! N (0;��1


�
��1

�0
)

where
� � rbbH0(�) and 
 � 4E[��(Y; Z)��(Y; Z)0].

The proof follows steps similar to (Khan 2001). The continuity of H0 under SM1-(v)
is strengthened to SM2-(i), which helps showing that the limiting function H0 to have
quadratic approximation that is su¢ ciently precise over an open neighborhood around �.
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4.4 Root-N Estimation: Close-Form Estimator

This subsection introduces an alternative estimator under CI and CS that has a close
form:

�̂CF �

24X
i;j

K1

�
xi � xj
h1;n

�
K2

�
p̂i + p̂j � 1
h2;n

�
(xi + xj)

0 (xi + xj)

35�1 �
24X
i;j

K1

�
xi � xj
h1;n

�
K2

�
p̂i + p̂j � 1
h2;n

�
(xi + xj)

0 (vi + vj)

35 (20)

where K1 is a product kernel; K2 is a univariate kernel; p̂i; p̂j are kernel estimates of
propensity scores as before; and h1;n; h2;n are sequences of bandwidths. The intuition
for this estimator is as follows: Suppose one can collect pairs of observations zi; zj with
i 6= j such that xi = xj and pi + pj = 1. Then CI and CS imply for any such pair,
vi + vj = (xi + xj)

0�. The estimator in (20) implements this intuition by using kernel
smoothing to collect such matched pairs of zi; zj and then estimates the coe¢ cient by
�nding a vector that provides the best linear �t of vi + vj as a function of xi + xj.

A couple of remarks regarding close-form and extremum estimators are in order. The
close-form estimator has a computational advantage in that it does not require minimiz-
ing a non-linear objective function. On the other hand, it does require choosing three
bandwidths: two in the matching kernels K1; K2 and one in the kernel K for estimating
p̂i; p̂j. In comparison, the extremum estimator in the previous subsection requires two
choices of bandwidths: one in K and one in K. We do not expect the additional choice of
bandwidth in K2 in the close-form estimator to pose much computational problem due to
its low dimension. We also conjecture the close-form estimator has a smaller asymptotic
variance than the extremum estimator.

The extremum estimator, on the other hand, has an advantage of being robust to
the loss of point identi�cation in the following sense: In case the conditions for point
identifying � under CI and CS (e.g. SV and FR) fail, the estimator in (18) is consistent
for the set fb : H0(b) = 0g, or the identi�ed set of coe¢ cients under CI and CS due to
Proposition 3.10 This is in part due to the uniform convergence of Ĥn in (18) to H0 over
B (as shown in Appendix C).

A comparison between the close-form and extremum estimators under CI and CS
is reminiscent of that between Ichimura�s two-step estimator in (Ichimura 1993) and the
maximum score estimator in (Manski 1985). In the latter comparison, both are estimators
for � in binary regressions under MI alone. Ichimura�s estimator has a close-form and
involves an additional choice of bandwidth in the preliminary estimates of propensity
scores, while Manski�s maximum score estimator has no close form but does not require
any choice of bandwidth.

10In the context of set estimators, consistency can be de�ned using the Hausdor¤ set metric as in
(Manski and Tamer 2002).
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We conclude this subsection with a technical note on the number of observations used
in both estimators. The close-form estimator uses n2 pairs of observations in total, includ-
ing n pairs with i = j. For such pairs with i = j, the sums in the square brackets in (20)

are reduced to 4K1 (0)
P

iK2

�
p̂i�1=2
h2;n

�
xi
0xi and 4K1 (0)

P
iK2

�
p̂i�1=2
h2;n

�
xi
0vi respectively.

That is, if we were to use unpaired observations only (as opposed to pairs) in the sum-
mand of (20), then the estimator would be reduced to the two-step close-form estimator
proposed by (Ichimura 1993) for the case of heteroskedastic binary regressions under MI
alone (known to converge at a rate slower than

p
n).

By the same token, the extremum estimator in the preceding subsection could also
be modi�ed to include n pairs with i = j. Indeed, if Hn in (18) were to be de�ned only
using pairs with i = j, then it would lead to an estimator numerically equivalent to the
one proposed under CI and MI in (7), which is known to converge at a rate slower than
root-N due to zero information for � under CI and MI (Proposition 2).

While the inclusion of \i = j" pairs in the de�nition of extremum and close-form
estimators has asymptotically negligible impact on these estimators, we expect them to
improve the �nite sample performance of both estimators.

4.5 Monte Carlo

We now present some simulation evidence for performance of our extremum estimator
and the two-step, inverse-density-weighted estimator in (Lewbel 2000). The estimator in
(Lewbel 2000) was introduced under CI and mean independence, which is a weaker set of
assumptions than CI and CS.

The data-generating process is speci�ed as follows: Y = 1f�+X�+V + � � 0g where
V is a scalar variable following the standard normal distribution. Both X and � are scalar
variables. The triplet (X;V; �) are mutually independent. We experiment with three sets
of parametric speci�cations of marginal distributions for (X; �), where both of them are
either (a) standard normal; (b) standard logistic; or (c) standard Laplace. We choose these
distributional designs with a view to studying performance of these estimators when the
errors have di¤erent thickness of tails. Among the three parametric classes, the normal
distribution has the thinnest tail while the logistic distribution has the thickest.

The true values for � and � in the data-generating process (DGP) are set to 0:2 and
0:5 respectively. For each choice of sample sizes (N = 50; 100; 200; 400 and 800), we
simulate 1000 data sets and apply our extremum estimator (labeled as �Pairwise") and
the inverse-density weighted estimator in (Lewbel 2000). The bandwidths in the matching
kernelK and the kernel for estimating propensity scores are chosen according to conditions
listed in Section 4.3. We report descriptive statics from sampling distributions of these
estimators out of 1000 simulations. These include bias, standard deviation, square-root
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of mean-square errors, and median absolute deviations).

Table 1(a): X~Normal(0; 1), �~Normal(0; 1)

N = 50 N = 100 N = 200 N = 400 N = 800

Bias Pairwise � 0.0242 0.0235 0.0215 0.0147 0.0156
� 0.0142 -0.0012 -0.0140 -0.0107 -0.0130

Inverse-DW � -0.0308 -0.0159 -0.0180 -0.0160 -0.0093
� -0.1262 -0.1081 -0.0952 -0.0788 -0.0651

Std Pairwise � 0.4384 0.2953 0.2146 0.1475 0.1019
� 0.5537 0.3705 0.2521 0.1747 0.1238

Inverse-DW � 0.2095 0.1538 0.1130 0.0810 0.0616
� 0.1966 0.1418 0.1041 0.0770 0.0579

RMSE Pairwise � 0.4389 0.2961 0.2155 0.1482 0.1030
� 0.5536 0.3703 0.2524 0.1749 0.1245

Inverse-DW � 0.2116 0.1545 0.1144 0.0825 0.0623
� 0.2335 0.1782 0.1411 0.1101 0.0871

MAD Pairwise � 0.3037 0.2020 0.1515 0.1024 0.0696
� 0.3325 0.2390 0.1702 0.1251 0.0837

Inverse-DW � 0.1439 0.1038 0.0776 0.0528 0.0438
� 0.1625 0.1283 0.1044 0.0858 0.0691

Table 1(b): X~Laplace(0; 1), �~Laplace(0; 1)

N = 50 N = 100 N = 200 N = 400 N = 800

Bias Pairwise � -0.0420 -0.0173 -0.0090 -0.0046 -0.0055
� -0.0371 -0.0570 -0.0554 -0.0421 -0.0320

Inverse-DW � -0.0939 -0.0890 -0.0698 -0.0628 -0.0567
� -0.3150 -0.3027 -0.2892 -0.2712 -0.2528

Std Pairwise � 0.5117 0.3880 0.2572 0.1846 0.1339
� 0.4705 0.3306 0.2275 0.1689 0.1171

Inverse-DW � 0.2392 0.1787 0.1398 0.1083 0.0866
� 0.0944 0.0684 0.0507 0.0401 0.0313

RMSE Pairwise � 0.5132 0.3882 0.2572 0.1846 0.1339
� 0.4717 0.3353 0.2340 0.1740 0.1213

Inverse-DW � 0.2568 0.1996 0.1562 0.1251 0.1035
� 0.3289 0.3103 0.2936 0.2742 0.2548

MAD Pairwise � 0.3438 0.2484 0.1659 0.1234 0.0899
� 0.2804 0.2138 0.1569 0.1217 0.0856

Inverse-DW � 0.1700 0.1414 0.1096 0.0880 0.0726
� 0.3192 0.3031 0.2902 0.2721 0.2535

Table 1(c): X~Logistic(0; 1), �~Logistic(0; 1)
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N = 50 N = 100 N = 200 N = 400 N = 800

Bias Pairwise � -0.0329 -0.0096 -0.0075 -0.0070 0.0035
� -0.0386 -0.0682 -0.0523 -0.0336 -0.0193

Inverse-DW � -0.0855 -0.0716 -0.0644 -0.0602 -0.0504
� -0.2828 -0.2679 -0.2488 -0.2292 -0.2102

Std Pairwise � 0.5206 0.3674 0.2560 0.1900 0.1358
� 0.4859 0.3050 0.2196 0.1555 0.1177

Inverse-DW � 0.2360 0.1787 0.1419 0.1041 0.0851
� 0.1140 0.0828 0.0642 0.0479 0.0378

RMSE Pairwise � 0.5214 0.3673 0.2560 0.1900 0.1358
� 0.4872 0.3123 0.2257 0.1590 0.1192

Inverse-DW � 0.2509 0.1924 0.1558 0.1202 0.0989
� 0.3049 0.2804 0.2570 0.2342 0.2136

MAD Pairwise � 0.3092 0.2284 0.1658 0.1268 0.0897
� 0.2581 0.2138 0.1529 0.1079 0.0800

Inverse-DW � 0.1671 0.1364 0.1088 0.0816 0.0658
� 0.2872 0.2697 0.2508 0.2290 0.2110

In all three designs, both the pairwise extremum estimator and the inverse-density-
weighted estimator are shown to converge to the true parameter values as sample sizes
increase to the moderate size of N = 800. The pairwise estimator converges at ap-
proximately the root-n rate regardless of parametrization of error distributions. The
inverse-density-weighted estimator appears to converge faster under the normal errors
than under logistic and Laplace errors. This conforms with earlier observations in (Khan
and Tamer 2010) that the performance of the inverse-density-weighted estimator could be
sensitive to the thickness of the tails of error distributions relative to that of the special
regressor.

Besides, under all three speci�cations, the inverse-density-weighted estimator seems
to outperform the pairwise estimator in terms of RMSE when sample sizes are as small
as N = 50. Nevertheless, it is shown to converge more slowly than the pairwise esti-
mator under all designs. The inverse-density-weighted estimator demonstrates smaller
variances than the pairwise estimator uniformly across all designs and sample sizes. On
the other hand, the pairwise estimator shows lower bias than the inverse-density-weighted
estimator in almost all designs and sample sizes. The �gures in the appendix show both
our estimator (�1; �1) and the inverse-density-weighted estimators (�2; �2) appear to be
approximately normally distributed in the simulated samples.

5 Concluding Remarks

In semiparametric binary regressions with heteroskedastic errors, we study how some
special regressors, which are additively separable in the latent payo¤ and independent
from errors given all other regressors, contribute to the identifying power of the model
and the Fisher information for coe¢ cients. We consider two classes of models where
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identi�cation of coe¢ cients do not depend on �large support" of the special regressors:
one with median independent errors; and one with conditionally symmetric errors.

We �nd that with median-independent errors, using a special regressor does not di-
rectly add to the identifying power or information for coe¢ cients. Nonetheless it does help
recover error distributions and average structural functions. In contrast, with conditional
symmetry in the error distribution, using a special regressor improves the identifying
power by the criterion in (Manski 1988), and the information for coe¢ cients becomes
strictly positive under mild conditions. We propose root-n estimators for a binary re-
gressions with heteroskedastic but conditionally symmetric errors. Directions of future
investigations could include similar exercises for other limited dependent variable models
such as censored or truncated regressions.
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Appendix A: Proofs

Proof of Proposition 1. (Su¢ ciency) Under CI and MI, p(x; v) � 1=2 if and only if
x� � v. Consider b 6= � with Pr fZ 2 Qbg > 0. Without loss of generality, consider some
(x; v) 2 Qb with x� � v < xb. Then for any G�jX 2 � (where � here in Section 3.1 is the
set of conditional distributions that satisfy CI and MI), we have

R
1 (� � xb� v) dG�jx >

1=2, which implies (x; v) 2 �(b;G�jX). Therefore, Pr
�
Z 2 �(b;G�jX)

	
> 0 for such a b

and all G�jX 2 �. Since (Z; ~Z) is a pair of states drawn independently from the same
marginal, this also implies Prf(Z; ~Z) 2 ~�(b;G�jX)g > 0 for such a b and all G�jX 2 �.Thus
� is identi�ed relative to b.

(Necessity) Consider some b 6= �. Suppose Pr fZ 2 Qbg = 0 so that sign(V � X�) =
sign(V�Xb) with probability one. Construct a ~G�jx so that ~G�jx(t; b) = E (Y jx; V = xb� t)
for all t on the support of V � xb given x. For t outside the support of V � xb given
x, de�ne ~G�jx(t; b) arbitrarily subject to the requirement that ~G�jx(t; b) is monotone in t
over the support 
�jx. By construction, ~G�jx(xb � v; b) = E(Y jx; V = v) � p(z) for all
z � (x; v). If xb 2 
V jx, then ~G�jx(0; b) = 1=2 by construction. Otherwise (i.e. zero is
outside the support of V � xb given x), construct ~G�jx(:; b) outside the support of V � xb
given x subject to the requirement that ~G�jx(0; b) = 1=2. This can be done, because
Pr fZ 2 Qbg = 0 implies that p(x; v) � 1=2 for all (x; v) if and only if v � xb � 0 for all
(x; v). Hence as long as Pr fZ 2 Qbg = 0 there exists ~G�jX 2 � satisfying CI and MI such
that Pr

n
Z 2 �(b; ~G�jX)

o
= 0. Furthermore, with any pair of Z and ~Z that are drawn

independently from the same marginal, that PrfZ 2 Qbg = 0 implies �sign(X� � V ) =
sign(Xb� V ) and sign( ~X� � ~V ) = sign( ~Xb� ~V )" with probability 1. Thus the distri-

bution ~G�jX constructed as above is in � and also satis�es Pr
n
(Z; ~Z) 2 ~�(b; ~G�jX)

o
= 0.

Thus � is not identi�ed relative to b. Q.E.D.

Proof of Corollary 1. The objective function in (6) is non-negative by construction. We
show it is positive for all b 6= �, and 0 for b = �. Consider b 6= �. Then Pr (Xb 6= X�) =
Pr (Xb > X� or Xb < X�) > 0 under FR. W.L.O.G. suppose Pr(Xb > X�) > 0. SV
implies for any x with xb > x�, there exists an interval of v with xb > v � x�. Hence
Pr(Xb�V > 0 � X��V ) = Pr(p(Z) � 1=2 andXb�V > 0) > 0. With Pr(X� = V ) = 0
(and hence Pr(p(Z) = 1=2) = 0), this implies 1fp(Z) � 1=2g(Xb�V )+ > 0 with positive
probability. Thus the objective function in (6) is positive for b 6= �. On the other hand,
CI and MI implies p(Z) � 1=2 if and only if X� � V � 0, and the objective function in
(6) is 0 for b = �. Q.E.D.

Proof of Proposition 3. Proposition 1 shows � is identi�ed relative to b under CI
and MI whenever (i) holds. It follows immediately that (i) also implies identi�cation of �
relative to b under the stronger assumptions of CI and CS. To see how (ii) is also su¢ cient
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for identi�cation of � relative to b, de�ne ~Qb;S � f(z; ~z) : ~x = x and (v; ~v) 2 Rb(x)g. By
construction, for any (z; ~z) 2 ~Qb;S � 
Z

Z , either �x��v < ~v�x� and xb�v > ~v�xb"
or �x��v > ~v�x� and xb�v < ~v�xb". Under CI and CS, this implies for anyG�jX 2 �CS
and any (z; ~z) 2 ~Qb;S, either

�F�jx(x� � v) + F�j~x(~x� � ~v) < 1 and G�jx(xb� v) +G�j~x(~xb� ~v) > 1" (21)

or
�F�jx(x� � v) + F�j~x(~x� � ~v) > 1 and G�jx(xb� v) +G�j~x(~xb� ~v) < 1".

Thus ~Qb;S � ~�(b;G�jX) for any G�jX 2 �CS. Next, for any � > 0, de�ne a ��-expansion"
of ~Qb;S as:

~Q�b;S � f(z; ~z) : ~xd = xd and (v; ~v) 2 Rb(x) and k~xc � xck � �g .

Without loss of generality, suppose all (z; ~z) 2 ~Qb;S satis�es (21) for all G�jX 2 �CS. Then
EC implies when � > 0 is small enough, k~xc � xck2 and k(~x� x) �k2 and k(~x� x) bk2 are
also small enough so that (21) holds for all (z; ~z) in ~Q�b;S and all G�jX 2 �CS. Thus with
such a small �, we have ~Q�b;S � ~�(b;G�jX) for all G�jX 2 �CS. Finally, suppose condition
(ii) in Proposition 3 holds for some b 6= � and a set ! open in 
X . Then CT impliesZ

1f(vi; vj) 2 Rb(x)gdFVij~x(vj)dFVijx(vi) > 0 (22)

for all (x; ~x) with x � (xc; xd) 2 !, ~xd = xd and k~xc � xck � ~� where ~� > 0 is small

enough. Apply the law of total probability to integrate out
�
~X;X

�
on the left-hand side

of (22) then implies Prf(Z; ~Z) 2 ~Q
~�
b;Sg > 0 for such a small ~�. Hence for such a b 6= �,

Prf(Zi; Zj) 2 ~�(b;G�jX)g > 0 for all G�jX 2 �CS, and � is identi�ed relative to b. The
necessity of these two conditions for identifying � relative to b follows from constructive
arguments similar to that in the proof of (1), and is hence omitted for brevity. Q.E.D.

Proof of Proposition 4. Under CI, CS�, EC, CT, SV and FR, � is identi�ed relative to
all b 6= �. With � consisting of counting measure for y 2 f0; 1g and probability measure
for Z, we can show path-wise information for �k under a path � 2 � (denoted by I�;k)
takes the form

4

Z �
 k � ��� � �

P
j 6=k �

�
j j

�2
d� = 4

Z

Z

h
f�jx(w)

�
xk�
P

j 6=k �
�
jxj

�
������(w;x;�0)

i2
F�jx(w)[1�F�jx(w)]

dFZ (23)

where (��j)j 6=k and �
�
� are constants that solve the minimization problem in the de�nition

of I�;k in (5).

We prove the proposition through contradiction. Suppose I�;k = 0 for some � 2
�. First o¤, note ��� must be nonzero for such a �, because otherwise the path-wise
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information I�;k would equal the Fisher information for � in a parametric model where the
true error distribution F�jX is known, which is positive. This would lead to a contradiction.

Suppose I�;k = 0 for some � 2 � with ��� 6= 0. SV states the support 
V jx includes x�
in its interior for all x. Thus there exists an open interval (�"�; "�) such thatW � X��V
is continuously distributed with positive densities over (�"�; "�) given any x. Note the
integrand in (23) is non-negative by construction. Thus the right-hand side of (23) is
bounded below by

4

Z

X

Z "�

�"�

h
f�jx(w)

�
xk�
P

j 6=k �
�
jxj

�
������(w;x;�0)

i2
F�jx(w)[1�F�jx(w)]

dFW;X .

Di¤erentiating both sides of (14) with respect to � at �0 suggests ��(�"; x; �0) = ���("; x; �0)
for all x and ". This implies �����(w; x; �0) is an odd function in w given any x. On the

other hand, conditional symmetry of errors implies that f�jx(w)
�
xk �

P
j 6=k �

�
jxj

�
is even

in w (i.e. symmetric in w around 0) given any x. Due to CS�, F�jx(t)�1
�
1� F�jx(t)

��1
is

uniformly bounded between positive constants for all t 2 (�"�; "�) and x 2 
X . It follows
that for any constant ' > 0,Z


X

Z "�

�"�

h
f�jx(w)

�
xk �

P
j 6=k �

�
jxj

�
� �����(w; x; �0)

i2
dFW jx(w)dFX(x) < '.

Thus for any ' > 0, there exist I � [0; "�)
 
X or I � (�"�; 0]
 
X with Prf(W;X) 2
Ig > 0 and ���f�jx(t)�xk �Pj 6=k �

�
jxj

�
� �����(t; x; �0)

��� < ' (24)

for all (t; x) 2 I. Without loss of generality, suppose I � [0; "�) 
 
X , and de�ne
�! � fx : 9t with (t; x) 2 Ig.

The new condition RG�implies PrfXk �
P

j 6=k �
�
jXj > 0 6= 0jX 2 �!g > 0. Consider

�x 2 �! with a(�x) � �xk �
P

j 6=k �
�
j �xj > 0. Thus f�j�x(t)

�
�xk �

P
j 6=k �

�
j �xj

�
is positive and

bounded below by a(�x)c > 0 for all t such that (t; �x) 2 I. Pick ' � a(�x)c
2
. Then (24)

implies �����(t; �x; �0) �
a(�x)c
2

> 0 for all t with (t; �x) 2 I. By symmetry of f�jx and oddness
of ��(t; x; �0) in t given any x,

���f�j�x(�t)��xk �Pj 6=k �
�
j �xj

�
� �����(�t; �x; �0)

��� � 3
2
a(�x)c > 0

for all t with (t; �x) 2 I. A symmetric argument applies to show such a distance is also
bounded below by positive constants for any �x 2 �! with a(�x) < 0 and any t such that
(t; x) 2 I. Due to SV, Prf(W;X) 2 I�g > 0 where I� � f(t; x) : (�t; x) 2 Ig. Thus���f�jx(t)�xk �Pj 6=k �

�
jxj

�
� �����(t; x; �0)

��� is bounded away from zero by some positive

constant over I�. It then follows thatZ
I�

h
f�jx(w)

�
xk �

P
j 6=k �

�
jxj

�
� �����(w; x; �0)

i2
dFW;X

is bounded away from zero by some positive constant. This contradicts the claim that
I�;k = 0 for � 2 � where ��� 6= 0. Q.E.D.
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Appendix B: CS and Tail Conditions in Magnac and
Maurin (2007)

We now give an example of some F�jX that satis�es CS but fail to meet tail requirements
in (Magnac and Maurin 2007). Suppose the distribution of a continuous random variable
W is such that limt!�1 tFW (t) = 0. Then for any c,

E [(W � c) 1(W < c)] =

Z c

�1
(s� c) dFW (s) = 0� 0�

Z c

�1
FW (s)ds

and E [(W � c) 1(W > c)] = E(W � c)�E [(W � c) 1(W < c)] = �W � c+
R c
�1 FW (w)dw.

Let YH � �(X� + �+ vH) and YL � X� + �+ vL. Therefore, for any given x,

E [YH1(YH > 0)jx] =
Z �vH

�1
FX�+�jX=x(s)ds (25)

E [YL1(YL > 0)jx] = x� + vL +

Z �vL

�1
FX�+�jX=x(s)ds (26)

so that the di¤erence of (26) minus (25) is given by

x� + vL +

Z �vL

�vH
FX�+�jX=x(s)ds. (27)

Suppose F�jX satis�es CS, then FX�+�jx is symmetric around x� for all x. If x� =
�vL�vH

2
,

then (27) equals

vL �
1

2
(vH + vL) +

1

2
(vH � vL) = 0.

If x� < �vL�vH
2

, then (27) is strictly less than 0. Likewise if x� > �vL�vH
2

, then (27) is
strictly greater than 0. Now suppose x� < �vL�vH

2
for all x on the support 
X � RK++.

Then E[X 0YH1(YH > 0)] < E[X 0YL1(YL > 0)], and the tail condition in Proposition 5 of
(Magnac and Maurin 2007) does not hold.

Appendix C: Asymptotic Properties of �̂

Our proof follows steps similar to those in (Sherman 1994b), (Khan 2001), (Khan and
Tamer 2010) and (Abrevaya, Hausman, and Khan 2010).

C1. Consistency

De�ne the objective function of an �infeasible" estimator as follows:

Hn(zi; zj ; b) =
1

n(n�1)
P

j 6=iKh (xi � xj)
�
� (wi;j � 1)'�(zi; zj ; b) + �(1� wi;j)'+(zi; zj ; b)

�
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where wi;j is the sum of the true propensity scores (i.e. wi;j � pi + pj with pl � p(zl)).

Proof of Proposition 5. Consider any b 6= �. Under FR, Pr(X� � Xb 6= 0) > 0.
Without loss of generality, suppose Pr(X� � Xb > 0) > 0 and let ! � fx : x� > xbg.
Then under SV, Z

1f2x� > vi + vj > 2xbgdFVi;Vj jx(vi; vj) > 0

for all x 2 !. By construction, whenever xi = xj, p(xi; vi) + p(xj; vj) > 1 if and only if
vi + vj < 2xi� = 2xj�. Thus for all x 2 !, properties of � in WF imply that:

E
�
� (Wi;j � 1)'�(Zi; Zj ; b) + �(1�Wi;j)'

+(Zi; Zj ; b)
��Xj = Xi = x�

� E
�
�(Wi;j � 1)'�(Zi; Zj ; b)

��Vi + Vj � 2x�;Xj = Xi = x�Pr(Vi + Vj � 2x�jXj = Xi = x) > 0.(28)
By construction, the conditional expectation on the left-hand side can never be negative
for any x. Multiply both sides of (28) by f(x) and then integrate out x over its full
support (including !) with respect to the distribution of non-special regressors. Thus we
get H0(b) > 0 for all b 6= �. Likewise, if b 6= � and Pr(X� < Xb) > 0, then for any x
with x� < xb, SV implies

E
�
� (Wi;j � 1)'�(Zi; Zj ; b) + �(1�Wi;j)'

+(Zi; Zj ; b)
��Xj = Xi = x�

� E
�
�(1�Wi;j)'

+(Zi; Zj ; b)
��Vi + Vj > 2x�;Xj = Xi = x�Pr(Vi + Vj > 2xi�jXj = Xi = x) > 0.

Then H0(b) > 0 for all b 6= � by the same argument as above.

Next, consider b = �. For any x,

H0(�) = E
�
f(X)E

�
� (Wi;j � 1)'�(Zi; Zj ;�) + �(1�Wi;j)'

+(Zi; Zj ;�)
��Xj = Xi = X�	

= E
�
f(X)E

�
�(Wi;j � 1) '�(Zi; Zj ;�)

��Wi;j � 1; Xj = Xi = X
�
Pr(Wi;j � 0jXj = Xi = X)

	
(29)

+ E
�
f(X)E

�
�(1�Wi;j) '

+(Zi; Zj ;�)
��Wi;j < 1; Xi = Xi = X

�
Pr(Wi;j < 0jXj = Xi = X)

	
.

The �rst conditional expectation on the right-hand side of (29) is 0, because whenever
xi = xj, we have wi;j � 1 if and only if vi + vj � 2xi�. Likewise the second conditional
expectation is also 0. Thus H0(�) = 0. Q.E.D

Proof of Proposition 6. The �rst step of the proof is to establish that

supb2B jĤn(b)�Hn(b)j = op(1). (30)

Let '�i;j(b) be a shorthand for '
�(zi; zj; b) and likewise for '+i;j(b). Applying the Taylor�s

expansion around wi;j and using the boundedness conditions in FM1 and KF2, we have:

supb2B

��� 1
n(n�1)

P
j 6=iKh (xi � xj)'�i;j(b) [�(ŵi;j � 1)� �(wi;j � 1)� �0(wi;j � 1)(ŵi;j � wi;j)]

���
= supb2B

��� 1
n(n�1)

P
j 6=iKh (xi � xj)'�i;j(b)�001( ~wi;j � 1) kŵi;j � wi;jk

2
���

� a supz kp̂(z)� p(z)k
2
supb2B

n
1

n(n�1)
P

j 6=i
��Kh (xi � xj)'�i;j(b)�001( ~wi;j)

��o (31)
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where �0; �00 are �rst- and second-order derivatives of �; ~wi;j is a random variable between
ŵi;j and wi;j; and a > 0 is some �nite constant. Under KF2-(iii), FM1-(i) and WF, the
second term on the right-hand side (i.e. the supreme of the term in the braces) is Op(1).

Under SM1 and KF1, supz jp̂(z) � p(z)j = Op

�
(log n) =

p
n�k+1n + (k + 1)�mK

n

�
almost

surely by Theorem 2.6 of (Li and Racine 2007). Our choice of bandwidth in BW1 implies
this term is op(n�1=4). Hence the remainder term of the approximation (l.h.s. of (31))is
op(1). Next, note:

supb2B

��� 1
n(n�1)

P
j 6=iKh (xi � xj)'�i;j(b)�0(wi;j � 1)(ŵi;j � wi;j)

���
� 2 supz kp̂(z)� p(z)k supb2B

n
1

n(n�1)
P

j 6=i
��Kh (xi � xj)'�i;j(b)�0(wi;j � 1)

��o .
By similar arguments, the second term is bounded in probability, and the �rst term is
op(n

�1=4). Thus (30) holds.

Next, decompose Hn(zi; zj; b) as

Hn(zi;zj ; b) = E[gn(Zi; Zj ; b)] + 2
n

P
i�n gn;1(zi; b) +

2
n(n�1)

P
j 6=i gn;2(zi; zj ; b) (32)

where

gn(zi; zj ; b) � Kh (xi � xj)
�
� (wi;j � 1)'�i;j(b) + �(1� wi;j)'

+
i;j (b)

�
;

gn;1(zi; b) � E[gn(Z;Z 0; b)jZ = zi] + E[gn(Z;Z 0; b)jZ 0 = zi]� 2E[gn(Z;Z 0; b)]; and
gn;2(zi; zj ; b) � gn(zi; zj ; b)� E[gn(Z;Z 0; b)jZ = zi]� E[gn(Z;Z 0; b)jZ 0 = zj ] + E[gn(Z;Z 0; b)].

By construction, E[gn;1(Zi; b)] = 0 and E[gn;2(Zi; Zj; b)jZi = zi] = E[gn;2(Zi; Zj; b)jZj =
zj] = 0 for all zi; zj.

We now show the second and third term in (32) are op(1) under our conditions. Under
KF2 and PS, we get

sup
n;b2B

jhkngn(zi; zj ; b)j � F(zi; zj) � a0
�
� (wi;j � 1)

�
C(xi; xj)� vi+vj

2

�
�
+ �(1� wi;j)

�
D(xi; xj)� vi+vj

2

�
+

�
for all (zi; zj), where C(:) and D(:) are de�ned in FM1 and a0 > 0 is some �nite constant.
By arguments as in (Pakes and Pollard 1989), the class of functions:

fhkngn(zi; zj; b) : b 2 Bg

is Euclidean with a constant envelop F , which satis�es E [F(Zi; Zj)2] < 1 under KF2
and FM1. Besides, E[supb2B h2kn gn (Zi; Zj; b)

2] = O(1) under KF2 and FM1. It then
follows from Theorem 3 in (Sherman 1994b) that the second and the third terms in the
decomposition in (32) areOp(n�1=2h�kn ) andOp(n

�1h�kn ) uniformly over b 2 B respectively.
Under our choice of bandwidth in BW2, these two terms are both op(1).

Next, we deal with the �rst term in the H-decomposition above. Let ��(zi; zj) �
�(wi;j � 1) and �+(zi; zj) � �(1� wi;j) and

~'(zi; zj ; b) � � (wi;j � 1)'�i;j(b) + �(1� wi;j)'
+
i;j (b)
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to facilitate derivations. By de�nition,

E[gn(Zi; Zj ; b)] =

Z
Kh (xi � xj) ~'(zi; zj ; b)dF (zi; zj)

=

Z
Kh (xi � xj)E [ ~'(Zi; Zj ; b)jxi; xj ] dF (xi; xj)

=

Z
K(u)E

�
~'(Zi; Zj ; b)jXi = xi; Xj = xi + hknu

�
f(xi + h

k
nu)dudF (xi)

Changing variables between xj and u � (xj �xi)=hkn and applying the dominated conver-
gence theorem, we can show that E[gn(Zi; Zj; b)] = H0(b) +O(kh

2
n) = H0(b) + o(1) for all

b 2 B. Thus the sum of the three terms on the right-hand side of (32) is op(1) uniformly
over b 2 B.

Combine this result with (30), we get:

supb2B jĤn(b)�H0(b)j = op(1). (33)

The limiting function H0(b) is continuous under SM1 in an open neighborhood around
�. Besides, Proposition 5 has established that H0(b) is uniquely minimized at �. It then
follows from Theorem 2.1 in (Newey and McFadden 1994) that �̂

p�! �. Q.E.D.

C2. Root-N and Asymptotic Normality

For convenience of proof in this section, de�ne:

bHn(b) = Ĥn(b)� Ĥn(�) and Hn(b) = Hn(b)�Hn(�).

By construction, the optimizers of bHn and Hn are the same as those for Ĥn and Hn.

Having shown consistency, our strategy for deriving the limiting distribution of �̂ is to
approximate bHn(:) locally in a neighborhood of � by some function that is quadratic in
b. The approximation needs to accommodate the fact that the objective function is not
smooth in b. Quadratic approximation of such objective functions have been provided in,
for example, (Pakes and Pollard 1989), and (Sherman 1994a), (Sherman 1994b) among
others. A preliminary step is to show jj�̂ � �jj converges at a rate no slower than

p
n.

Once established, this result allows us to focus on such a shrinking neighborhood around
� where quadratic approximation mentioned above becomes more precise so that root-n
consistency and asymptotic normality can be established in one step. A useful theorem
that will be invoked for showing these results is Theorem 1 in (Sherman 1994b), which
require the following conditions:

1. �̂ � � = Op(�n);
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2. There exists a neighborhood of � and a constant ~a > 0 such that H0(b)�H0(�) �
~akb� �k2 for all b in this neighborhood of �; and

3. Uniformly over an Op(�n) neighborhood of �:bHn(b) = H0(b) +Op(kb� �k=
p
n) + op(kb� �k2) +Op(�n). (34)

Under these three conditions, Theorem 1 in (Sherman 1994b) states �̂ � �0 =
Op(maxf

p
�n; 1=

p
ng).

Lemma C1. Under SM2-(i), there exists an open neighborhood of � and some constant
~a > 0 such that H0(b)�H0(�) � ~akb� �k2 for all b in this neighborhood of �.

Proof of Lemma C1. Under SM-(i), we can apply the Taylor�s expansion to write:

H0(b) =
1
2
(b� �)05bb H0(~b)(b� �)

where ~b is on the line segment linking b and �. Note we have used H0(�) = 0 and
5bH0(�) = 0 due to the identi�cation result in Proposition 5. The claim in the this
lemma then follows from the positive de�niteness of 5bbH0(�) and its continuity at �.
Q.E.D.

To simplify notations in what follows, we letbH1;n(b) � 1
n(n�1)

P
j 6=iKh (xi � xj)�(ŵi;j � 1)

�
'�i;j(b)� '�i;j(�)

�
denote the �rst half of the �location-normalized" objective function bHn (which only involve
(:)�); and likewise letH1;n(b) andH1;0(b) denote the �rst halves ofHn andH0 respectively.
Similarly, de�ne bH2;n, H2;n and H2;0 as the second halves involving (:)+. Recall that
H1;0(�) = H2;0(�) = 0 by construction.

Lemma C2. Suppose conditions for Proposition 6 hold. Under additional conditions
SM2 and FM2,

Hn(b)�H0(b) = op
�
kb� �k2

�
+ op

�
kb� �k =

p
n
�
+Op(n

�1h�k)

uniformly over an op(1) neighborhood around � in B; and the Op(n�1h�k) term is further
reduced to op(n�1) uniformly over an Op(1=

p
nhk) neighborhood of �.

Proof of Lemma C2. We analyze the order of magnitude of H1;n �H1;0 in this proof.
The case with H2;n � H2;0 follows from the same arguments and is omitted for brevity.
For any b, decomposed H1;n(b)�H1;0(b) as:

fE[~gn(Zi; Zj ; b)]�H1;0(b)g+
1

n

Pn
i=1 ~gn;1(zi; b) +

1
n(n�1)

P
j 6=i ~gn;2(zi; zj ; b) (35)
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where

~gn(zi; zj ; b) � Kh (xi � xj)��(zi; zj)
�
'�(zi; zj ; b)� '�(zi; zj ;�)

�
;

~gn;1(zi; b) � E[~gn(Z;Z 0; b)jZ = zi] + E[~gn(Z;Z 0; b)jZ 0 = zi]� 2E[~gn(Z;Z 0; b)]; and
~gn;2(zi; zj ; b) � ~gn(zi; zj ; b)� E[~gn(Z;Z 0; b)jZ = zi]� E[~gn(Z;Z 0; b)jZ 0 = zj ] + E[~gn(Z;Z 0; b)].

where ��(zi; zj) is a shorthand for �(wi;j � 1).

We �rst deal with the �rst term in (35). With a slight abuse of notation, let F denote
distributions and f denote densities. Let �'�(zi; zj; b) � '�(zi; zj; b)�'�(zi; zj; �). Note
by the Law of Iterated Expectation, we can write for all b:

E[~gn(Zi; Zj ; b)] =
Z
Kh (xi � xj) �'(xi; xj ; b)dF (xi; xj)

where
�'(x; x0; b) � E

�
��(Zi; Zj)�'

�(Zi; Zj ; b)jXi = x;Xj = x0
	
:

By construction, �'(xi; xj; �) = 0 and under SM2-(ii),

�'(xi; xj; b) = Ob�'(xi; xj; �)(b� �) + 1
2
(b� �)0Obb�'(xi; xj; �)(b� �) + o(kb� �k2)

for all b in an o(1) neighborhood around �; where Ob�' and Obb�' are gradient and Hessian
w.r.t. b respectively. Since the magnitude of the remainder is invariant in xi; xj, we can
decompose E[~gn(Zi; Zj; b)] as

(b� �)0
�Z

Kh (xi � xj) 12Obb�'(xi; xj ;�)dF (xi; xj)
�
(b� �) (36)

+

�Z
Kh (xi � xj)Ob�'(xi; xj ;�)dF (xi; xj)

�
(b� �) + o(jjb� �jj2).

for all b in an o(1) neighborhood around �. Changing variables between xi and u �
(xi � xj)=h

k
n, we can write the square bracket term in (36) asZ �Z
K(u) 12Obb�'(xj + h

ku; xj ;�)f(xj + h
k
nu)du

�
dF (xj)

= 1
2

Z �
Obb�'(x; x;�)f(x) +O(h2n)

�
dF (x) = 1

2

Z
[Obb�'(x; x;�)f(x)] dF (x) + o(1) = 1

2ObbH1;0(�) + o(1).

The �rst equality above follows from a Taylor expansion of Obb�'(x; xj; �)f(x) around
x = xj under SM2; the order K in KF2; and the fact that

R
K(u)du = 1. The second

equality is due to the facts that the expansion applies for all xj; that the order of remainder
is invariant in xj; and that O(h2n) is o(1) under BW2. The third equality follows from
the fact that the order of di¤erentiation and integration can be exchanged under SM2-(ii)
and FM2-(i). Similarly we can show the term in the braces in (36) isZ �Z

K(u)Ob�'(xj + hku; xj ;�)f(xj + hknu)du
�
dF (xj)

=

Z
[Ob�'(x; x;�)f(x) +O(hm'

n )] dF (x) =

Z
[Ob�'(x; x;�)f(x)] dF (x) + o(n�1=2)
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where
R
[Ob�'(x; x; �)f(x)] dF (x) = ObH1;0(�) = 0 because the order of integration and

di¤erentiation can be exchanged and H1;0(b) is uniquely minimized at b = �. To sum up,
(36) is

1
2 (b� �)

0ObbH1;0(�)(b� �) + op(kb� �k =
p
n) + op(kb� �k2).

By standard Taylor expansion using SM-(i), H1;0(b) =
1
2
(b � �)0ObbH1;0(�)(b � �) +

op(kb� �k2) over an o(1) neighborhood of �, it then follows that the �rst term in (35) is
op(kb� �k =

p
n) + op(kb� �k2).

Next, we turn to the second term in (35). By SM2-(ii), we can apply the Taylor
expansion around � to the second term in (35) to get

1

n

Pn
i=1 ~gn;1(zi; b) =

1

n

Pn
i=1 ~gn;1(zi;�) +

�
1

n

Pn
i=1 Ob~gn;1(zi; ~b)

�
(b� �)

where ~b is on the line segment between b and � (and possibly depends on zi). By con-
struction, ~gn;1(zi; �) = 0 for all n and zi. Besides, for any given n and b, Ob~gn;1(zi; b) has
mean zero for all zi. To see this, note for any �xed n and b:

E[Ob~gn;1(Zi; b)] = E fObE[~gn(Z;Z 0; b)jZ = Zi]g+ E fObE[~gn(Z;Z 0; b)jZ 0 = Zi]g � 2ObE[~gn(Z;Z 0; b)] = 0

because under FM1,2 and SM1,2 the order of integration and di¤erentiation in the �rst
two terms on the right-hand side can be exchanged. Also note that by de�nition,

ObE[~gn(Z;Z 0; b)jZ = z] =
Z
Kh(x� x0)Ob'̂(z; x0; b)f(x0)dx0 =

Z
K(u)Ob'̂(z; x� hku; b)f(x� hku)du

where '̂�(z; x0; b) � E[��(Zi; Zj)�'�i;j(b)jZi = z;Xj = x0]. The �rst equality follows from
an interchange of integration and di¤erentiation; and the second equality follows from a
change of variables between x0 and u � (x � x0)=hk. Likewise we can derive a similar
expression for ObE[~gn(Z;Z 0; b)jZ 0 = z]. It then follows from boundedness of K in KF and
the �nite moment condition in FM2 that E[rb~gn;1 (Z; b)rb~gn;1 (Zi; b)

0] = O(1) for all b in
an open neighborhood around �. Thus for any �xed b in an open neighborhood around
�, the Liapunov Central Limit Theorem applies and 1

n

Pn
i=1Ob~gn;1(zi; b) = Op(n

�1=2)

under FM1,2. With ~b between b and �, and with b
p�! �, an application of Lemma

2.17 in (Pakes and Pollard 1989) shows 1
n

Pn
i=1Ob~gn;1(zi; ~b) is op(n�1=2) uniformly over

an op(1) neighborhood around �. Thus the second term in the decomposition in (35) is
op (kb� �k =

p
n) uniformly over an op(1) neighborhood of �.

Next, arguments similar to Proposition 6 suggest conditions for Theorem 3 in (Sherman
1994b) hold for the third term in the decomposition in (35) multiplied with hk, which
is a second-order degenerate U-process. Hence the third term is Op(n�1h�k) uniformly
over op(1) neighborhood around �. Furthermore, this term is reduced to Op(n�3=2h�3k=2)
uniformly over an Op(1=

p
nhk) neighborhood around �, which is op(n�1) due to our choice

of bandwidth in BW2. Q.E.D.

Next, we show the di¤erence between bH1;n(b) and H1;n(b) can be expressed in terms
of a simple sample average plus some negligible approximation errors over a shrinking
neighborhood of � in B.
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Lemma C3. Suppose conditions for Proposition 6 hold. Under additional conditions in
SM2 and FM2,

j bH1;n(b)�H1;n(b)j =
2

n

Pn
i=1 �

�
1(yi; zi)(b� �) + op(kb� �k =

p
n) + op

�
kb� �k2

�
+Op(n

�1h�k) (37)

uniformly over an op(1) neighborhood of � in B; where

��1(y; z) � qrbm�
�(z;�)f(z)� E[Qrbm�

�(Z;�)f(Z)] with q � (y; 1)0;

Besides, the Op(n�1h�k) term in (37) is further reduced to op (n�1) uniformly over an

Op

�
1=
p
nhk

�
neighborhood around �.

Proof of Lemma C3. Let �'�i;j(b) � �'�(zi; zj; b) � '�i;j(b)� '�i;j(�). By smoothness

of � in WF, we can use the Taylor�s expansion to decompose bH1;n(b)�H1;n(b) into:

�1;n � 1
n(n�1)

P
j 6=iKh (xi � xj)�'�i;j(b)�0(wi;j � 1)(ŵi;j � wi;j)

and
R1;n � 1

n(n�1)
P

j 6=iKh (xi � xj)�'�i;j(b)�00( ~wi;j � 1)(ŵi;j � wi;j)2

where ~wi;j is between ŵi;j and wi;j. Using the triangular inequality and by the fact that
the second-order derivative �00 is bounded, we have:

jR1;nj � â
n

1
n(n�1)

P
j 6=i
��Kh (xi � xj)�'�i;j(b)

��o sup
z;z0

kp̂(z) + p̂(z0)� p(z)� p(z0)k2) (38)

for some �nite constant â > 0. The second term on the right-hand side of (38) is op(n�1=2)
since under our conditions of SM1, KF1 and BW1,

sup
z
jp̂(z)� p(z)j = op(n�1=4): (39)

As for the �rst term in the braces of (38), we use the H-decomposition to break it
down into the sum of an unconditional expectation and two degenerate U-processes:

E[$n(Zi; Zj ; b)] +
1

n

Pn
i=1$n;1(zi; b) +

1
n(n�1)

P
j 6=i$n;2(zi; zj ; b) (40)

where $n(zi; zj; b) �
��Kh (xi � xj)�'

�
i;j(b)

��; and
$n;1(zi; b) � E[$n(Z;Z

0; b)jZ = zi] + E[$n(Z;Z
0; b)jZ 0 = zi]� 2E[$n(Z;Z

0; b)]; and

$n;2(zi; zj ; b) � $n(zi; zj ; b)� E[$n(Z;Z
0; b)jZ = zi]� E[$n(Z;Z

0; b)jZ 0 = zj ] + E[$n(Z;Z
0; b)].

By standard arguments in (Pakes and Pollard 1989), the class of functions fhk$n(zi; zj; b) :
b 2 Bg is Euclidean with a constant envelop that has �nite second moments. Our condi-
tions in FM1, the boundedness of K over its compact support in KF2, and boundedness
of derivatives in WF all imply that both conditions for Theorem 3 of (Sherman 1994b)
hold with �n and n therein being o(1) and O(1) respectively. Hence

1

n

Pn
i=1$n;1(zi; b) = Op

�
n�1=2h�k

�
; and 1

n(n�1)
P

j 6=i$n;2(zi; zj ; b) = Op(n
�1h�k) (41)
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uniformly over an op(1) neighborhood around �.

As for the unconditional expectation in (40), by de�nition, it equals

E[$n(Zi; Zj ; b)] =

Z
jKh (xi � xj) j$(xi; xj ; b)dF (xi; xj) (42)

where $(x; x0; b) � E
�
j�'�i;j(b)j jXi = x;Xj = x0

	
. By construction, $(xi; xj; �) = 0

and under SM2,
$(xi; xj ; b) = Ob$(xi; xj ;�)(b� �) + o(kb� �k) (43)

for all b in an o(1) neighborhood around �; where Ob$ is a gradient w.r.t. b. Change
variables between xi and u � (xi � xj)=h

k given any xj on the right-hand side of (42),
and we get Z

jKh (xi � xj) jOb$(xi; xj ;�)dF (xi; xj)

=

Z �Z
jK(u)jOb$(xj + hku; xj ;�)f(xj + hknu)du

�
dF (xj)

= ~�1ObE[f(X)$(X;X;�)] + o(1) (44)

where ~�1 �
R
jK(u)jdu is �nite under KF2. The second equality follows from an appli-

cation of a �rst-order Taylor expansion of Ob$(xi; xj; �)f(xi) around xi = xj; and from
changing the order of integration and di¤erentiation allowed under SM2 and FM2. Note
that

ObE[f(X)$(X;X; �)] = 0 (45)

because E[f(X)$(X;X; �)] is minimized to 0 at b = �. Hence combining results from
(42), (43), (44) and (45), we have:

E[$n(Zi; Zj; b)] = o(kb� �k). (46)

Combining results from (39), (41) and (46), we know the order of jR1;nj is bounded
above by

op(kb� �k =
p
n) + op(n

�1h�k) + op(n
�3=2h�k) (47)

uniformly over an op(1) neighborhood of �. The third term in (47) is op(n�1) due to
choice of bandwidth in BW2. The second term is due to the product of supz jp̂(z)� p(z)j
and a degenerate empirical process 1

n

Pn
i=1$n;1(zi; b). Next, let �n = O(n�1=2h�k=2).

Following the same arguments in (Khan 2001), another application of Theorem 3 in
(Sherman 1994b) implies that over an Op (�n) neighborhood of �, the magnitude of this
product would be h�kOp(�nn�1=2)op(n�1=2) = op(h

�3k=2n�3=2), which is op(n�1) given our
choice of bandwidth in BW2.

We now deal with �1;n. We �rst derive the correction term due to estimation errors
in p̂(zi). Let 0 �

�
0;1; 0;2

�0
denote E[Yijzi]f(zi) and density f(zi) in the population

and let ̂ � (̂1; ̂2)0 denote their kernel estimates respectively so that ̂1=̂2 = p̂. With
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a slight abuse of notation, let �0(zi; zj) be a shorthand for �0(wi;j � 1), and write the �rst
half of �1;n as:

1
n(n�1)

P
j 6=i �

0(zi; zj)Kh (xi � xj)�'�i;j(b)[p̂(zi)� p(zi)]

= 1
n(n�1)

P
j 6=i �

0(zi; zj)Kh (xi � xj)�'�i;j(b)[̂1(zi)=̂2(zi)� 0;1(zi)=0;2(zi)]

= 1
n(n�1)

P
j 6=i �

0(zi; zj)Kh (xi � xj)�'�i;j(b)rw(zi)[̂(zi)� 0(zi)]0 + ~R1;n (48)

where rw(zi) � [1=0;2(zi); �0;1(zi)=20;2(zi)]; and ~R1;n is of order op(kb� �k =
p
n) +

Op(n
�1h�k) + op(n

�1) uniformly over an op(1) neighborhood around � due to Taylor-
expansion-based arguments similar to those applied to R1;n. Also similar to the case with
R1;n, the second term in ~R1;n, which is of the order Op(n�1h�k) uniformly over op(1)
neighborhood of �, is further reduced to op(n�1) over an Op

�
n�1=2h�k=2

�
neighborhood

around �, due to a repeated application of Theorem 3 in (Sherman 1994b) and our choice
of bandwidth in BW2.

Next, let q � (y; 1)0. Write the �rst term on the last line in (48) as

1
n(n�1)

P
j 6=i �

0(zi; zj)Kh (xi � xj)�'�i;j(b)rw(zi)[̂(zi)� E (̂(zi))] + R̂1;n; (49)

where R̂1;n � 1
n(n�1)

P
j 6=i �

0(zi; zj)Kh (xi � xj)�'�i;j(b)[E (̂(zi))� 0(zi)].

By triangular inequality, we have:

R̂1;n �
n

1
n(n�1)

P
j 6=i
���0(zi; zj)Kh (xi � xj)�'�i;j(b)rw(zi)

��o sup
z
[E (̂(zi))� 0(zi)]. (50)

By arguments similar to those apply to the �rst term in R1;n, the �rst term in the product
on the right-hand side of (50) is

op(kb� �k) + op(n
�1=2h�k) + op(n

�1h�k)

Furthermore, the second term on the right-hand side of (50) is O(�mK
n ) due to Lemma

8.9 in (Newey and McFadden 1994), which is op(n�1=2) by our choice of �n in BW1 and
smoothness condition in SM1. Thus the order of R̂1;n is no greater than op(kb� �k =

p
n)+

op(n
�1h�k)+op(n

�3=2h�k) uniformly over an op(1) neighborhood around �. Again, similar
to the case with R1;n, the op(n�1h�k) term in R̂1;n above is further reduced to op(n�1)
over an Op

�
n�1=2h�k=2

�
neighborhood around � by a repeated application of Theorem 3

in (Sherman 1994b).

We now write the �rst term in (49) as a third-order U-statistic:

1
n(n�1)(n�2)

P
i6=j 6=s �n(~zi; ~zj; ~zs; b) (51)

where ~z � (y; z) � (y; x; v) and

�n(~zi; ~zj ; ~zs; b) � �0(zi; zj)Kh (xi � xj)�'�i;j(b)rw(zi) fqsK� (zi � zs)� E [QsK� (zi � Zs)]g

with K� being a shorthand for ��(k+1)K
�
:=�k+1

�
; and the expectation is taken w.r.t. ~Zs

while zi is some realized value of Zi. Note �n is not symmetric in the three arguments,
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for it depends on ys but not yi and yj. Let ~Zi;j;s be a shorthand for ( ~Zi; ~Zj; ~Zs). Then
apply the H-decomposition to write this third-order U-statistic in (51) as

E[�n
�
~Zi;j;s; b

�
] + 1

n

Pn
i=1 �

(1)
n (~zi; b) + U

2�(2)n (b) + U3�(3)n (b) (52)

where

�(1)n (~zi) � E[�n
�
~Zi;j;s; b

�
j ~Zi = ~zi]+E[�n

�
~Zi;j;s; b

�
j ~Zj = ~zi]+E[�n

�
~Zi;j;s; b

�
j ~Zs = ~zi]�3E[�n

�
~Zi;j;s; b

�
]

(53)

and U2�(2)n (b) and U
3�(3)n (b) are second- and third-order degenerate U-statistics as de�ned

in (Sherman 1994b).

To deal with the second- and third-order processes U2�(2)n (b) and U
3�(3)n (b), we use

the same arguments as in (Khan 2001). It follows from our conditions on BW2 and KF2,
FM1,2 that the two classes fhk�(2)n (b) : b 2 Bg and fhk�(3)n (b) : b 2 Bg are both Euclidean.
Besides, these conditions ensure condition (ii) of Theorem 3 in (Sherman 1994b) holds with
the �n" therein being O(1) for any sequence of �n converging to 0. Hence uniformly over
an op(1) neighborhood of � in B, the third-order term U3�(3)n (b) is h

�kOp(n
�3=2), which

is op(n�1) under our choice of bandwidth in BW2. The second-order term is Op
�
h�kn�1

�
over an op(1) neighborhood of �. Let �n = O(h�k=2n�1=2). Furthermore, following the
same arguments in (Khan 2001), another application of Theorem 3 implies that over an
Op (�n) neighborhood of �, the second-order term is Op(�nn�1) = Op(h

�k=2n�3=2), which
is op(n�1) given our choice of bandwidth in BW2.

Next, we deal with the �rst-order term �(1)n . By de�nition,

E[�n
�
~Zi;j;s; b

�
j ~Zi = (y; z)]

� E
�
�0(z; Zj)Kh (x�Xj)�'�i;j(b)rw(z) [QsK� (z � Zs)� E [QsK� (z � Zs)]]

��Zi = z	
= E

�
�0(z; Zj)rw(z)Kh (x�Xj)�'�i;j(b)

��Zi = z	 fE [QsK� (z � Zs)� E [QsK� (z � Zs)]jZi = z]g
where the second term on the right-hand side is 0 by construction. Besides,

E[�n
�
~Zi;j;s; b

�
j ~Zj = (y; z)]

= EZi
�
�0(Zi; z)rw(Zi)Kh (Xi � x)�'�i;j(b)EZs fQsK� (Zi � Zs)� E [QsK� (Zi � Zs)]jZi; Zj = zg jZj = z

	
= EZi

�
�0(Zi; z)rw(Zi)Kh (Xi � x)�'�i;j(b)EZs fQsK� (Zi � Zs)� E [QsK� (Zi � Zs)]jZig jZj = z

	
where EZs [QsK� (Zi � Zs)� E [QsK� (Zi � Zs)]jZi] = 0 conditional on all Zi. Hence
this term is also degenerate at 0 for all Zi and b. It then follows that the unconditional
expectation E[�n

�
~Zi;j;s; b

�
] = 0 for all b. Hence the �rst two terms in the H-decomposition

in (52) are reduced to:

1
n

Pn
l=1 E[�n

�
~Zi;j;s; b

�
j ~Zs = (yl; zl)]

= 1
n

Pn
l=1 EZi

n
~mn(Zi; b) [QsK� (Zi � Zs)� EQ0;Z0 (Q

0K� (Zi � Z 0))] j ~Zs = (yl; zl)
o

(54)
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where ql � (yl; 1)0; and

~mn(z; b) � EZj [rw(Zi)�0(Zi; Zj)Kh (Xi �Xj)�'
�
i;j(b)jZi = z]:

To clarify notations, note on the second line of (54), E [Q0K� (Zi � Z 0)] is a function of Zi
and the expectation is taken w.r.t. Q0; Z 0.

It remains to show that we can write the right-hand side of (54) as a sample average of
some function of (zl; yl) plus a term that is smaller than op(kb� �k =

p
n)+op

�
kb� �k2

�
+

op(n
�1) uniformly over op(1) neighborhood around �.

By changing variables between xj and u � h�k (xi � xj) while �xing zi, we have

~mn(zi; b) = rw(zi)
Z
�0(zi; zj)Kh (xi � xj)�'�(zi; zj ; b)dF (zj)

= rw(zi)
Z
Kh(xi � xj)~��(zi; xj ; b)dF (xj)

= rw(zi)
Z
K (u) ~��(zi; xi � hku; b)f(xi � hku)du

= rw(zi)~��(zi; xi; b)f(xi) +O(hm'
n )

where ~��(zi; xj; b) � E[�0(Zi; Zj)�'�i;j(b)jZi = zi; Xj = xj]. The �rst equality follows
from independence between Zi and Zj; the second from the law of iterated expectation;
the third from changing variables between u and xj; and the last from applying a Taylor
expansion of xj around xi, and using the boundedness of the derivatives under SM2 and
WF and the order of K in KF2.

Let m�
�(z; b) � rw(z)f(x)~��(z; x; b). Then (54) can be written as:Z

~mn(z; b)

�
1
n

Pn
l=1 qlK� (z � zl)�

Z
E (Q0jx0)K� (z � z0) f(z0)dz0

�
dF (z)

= 1
n

Pn
l=1

Z
ql
�
m�
�(z; b) +O(h

m'
n )

�
K� (z � zl) f(z)dz

�
Z
f(z0)E (Q0jx0)

�Z �
m�
�(z; b) +O(h

m'
n )

�
K� (z � z0) f(z)dz

�
dz0.

Thus this suggests 1
n

Pn
l=1 E[�n

�
~Zi;j;s; b

�
j ~Zs = (yl; zl)] can be decomposed into the sum

of the following two terms:

1
n

Pn
l=1

Z
qlm

�
�(z; b)K� (z � zl) f(z)dz �

Z
f(z0)E (Q0jx0)

�Z
m�
�(z; b)K� (z � z0) f(z)dz

�
dz0 (55)

and

O(hm'
n )

�
1
n

Pn
l=1

Z
qlK� (z � zl) f(z)dz �

Z
f(z0)E (Q0jx0)

�Z
K� (z � z0) f(z)dz

�
dz0
�
. (56)
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We �rst examine the term in (56). Note
R
K� (z � z0) f(z)dz = f(z0) + O(�mK

n ) for all z0

under our conditions, and the term in the braces above can be written as

1
n

Pn
l=1

Z
qlK� (z � zl) f(z)dz �

Z
f(z0)E (Q0jx0) [f(z0) +O(�mK

n )]dz0

= 1
n

Pn
l=1

Z
f(z)qlK� (z � zl) dz � E[f(Z)Q] +O(�mK

n )

= 1
n

Pn
l=1 ff(zl)ql � E[f(Z)Q]g+ op(n

�1=2) +O (�mK
n )

where the last equality follows from arguments identical to Theorem 8.11 in (Newey and
McFadden 1994) and our choice of bandwidth in BW1. Also by our choice of bandwidth
in BW1,2, both O(hm'

n ) and O(�mK
n ) are o(n�1=2). Note 1

n

Pn
l=1 ff(zl)ql � E[f(Z)Q]g is

Op(n
�1=2) by the Central Limit Theorem. Thus the term in (56) is op (n�1) uniformly

over an op(1) neighborhood around �.

Next, to deal with (55), for any z, we can apply a Taylor expansion of m�
� around

b = � to get:
m�
�(z; b) = 0 +rbm

�
�(z; �)(b� �) + o (kb� �k) .

Substituting this into (55) above, we decompose it into the sum of

(b��)
�
1
n

nP
l=1

Z
qlrbm�

�(z;�)K� (z � zl) f(z)dz �
Z
f(z0)E (Q0jx0)

�Z
rbm�

�(z;�)K� (z � z0) f(z)dz
�
dz0
�

(57)
and

o (kb� �k)
�
1
n

Pn
l=1

Z
qlK� (z � zl) f(z)dz �

Z
f(z0)E (Q0jx0)

�Z
K� (z � z0) f(z)dz

�
dz0
�
; (58)

where the latter term is of order smaller than op (kb� �k =
p
n) as the term in the braces

in (58) is Op(n�1=2) by the same arguments above.

As for the term in the braces in (57), �rst note by standard arguments using change
of variables, we have:Z

rbm�
�(z;�)f(z)K� (z � z0) dz = rbm�

�(z
0;�)f(z0) +O(�mK

n ).

Thus the term in the braces of (57) is

1
n

Pn
l=1

Z
qlrbm�

�(z;�)f(z)K� (z � zl) dz �
Z
E (Q0jx0)rbm�

�(z
0;�)f(z0)2dz0 +O(�mK

n )

=

�
1
n

Pn
l=1

Z
qlrbm�

�(z;�)f(z)K� (z � zl) dz � E[Qf(Z)rbm�
�(Z;�)]

�
+O(�mK

n ) (59)

Again by arguments similar to above and citing same arguments from Theorem 8.11 in
(Newey and McFadden 1994) under SM2 and FM2, the term in the braces of (59) is

1
n

Pn
l=1 �

�
�(yl; zl) + op(n

�1=2) where ���(y; z) � qrbm�
�(z;�)f(z)� E[Qrbm�

�(Z;�)f(Z)];
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while O(�mK
n ) = o(n�1=2) under our choice of bandwidth. To sum up, we have shown

1
n

Pn
l=1 E[�n

�
~Zi;j;s; b

�
j ~Zs = (yl; zl)] = 1

n

Pn
l=1 �

�
�(yl; zl)(b� �) + op(kb� �k =

p
n) + op(n

�1)

uniformly over an op(1) neighborhood around � in B, where ��� is the correction term due
to p̂(zi) in Ĥn.

Because p̂i and p̂j enter the objective function in the same way, and pi and pj are
additively separable in the �rst-order expansion, we can apply identical arguments above
to derive another identical correction term due to the use of p̂(zj) in Ĥn. This proves the
claim of the lemma. Q.E.D.

Replicating the arguments in the preceding lemma we can prove a result similar to
Lemma C3 holds for the other half of the di¤erence between �feasible" and �infeasible"
objective function j bH2;n(b)�H2;n(b)j, except that ��� needs to be replaced by

��+(y; z) � qrbm
�
+(z; �)f(z)� E[Qf(Z)rbm

�
+(Z; �)

where

m�
+(z) � rw(z)f(x)~�+(z; x; b); with

~�+(zi; xj; b) � E[�0(Zi; Zj)�'+(Zi; Zj; b)jZi = zi; Xj = xj].

Building on the preceding Lemmas, we are now ready to prove the �nal result about the
limiting distribution of �̂.

Proof of Proposition 7. By Lemma C2 and Lemma C3,

Ĥn(b) = H0(b) +Op(kb� �k =
p
n) + op(kb� �k2) +Op(n

�1h�k) (60)

uniformly over an op(1) neighborhood around � in B. Recall H0(b) is minimized at b = �
due to Proposition 5. Hence it follows from (60), Lemma C1 above and Theorem 1 in
(Sherman 1994b) that �̂, as the minimizer of Ĥn(b) over b 2 B, converges to � at a rate of
1=
p
nhk. As stated in Lemma C2 and Lemma C3, the Op(n�1h�k) term in (60) is further

reduced to op(n�1) under conditions of the proposition. Hence another application of

Theorem 1 in (Sherman 1994b) suggests
�̂ � �

 = Op(n
�1=2).

Recall that by a second-order Taylor expansion, H0(b) =
1
2
(b� �)0ObbH0(�)(b� �) +

op(kb� �k2) over an o(1) neighborhood of �, for ObH0(�) = 0 by construction. This,
together with Lemma C2 and Lemma C3 and the root-n convergence shown in the previous
paragraph, suggests that

Ĥn(b) =
1
2
(b� �)0ObbH0(�)(b� �) + 1

n

Pn
i=1 2[�

�
�(~zi) + ��+(~zi)](b� �) + op(n

�1)

uniformly over anOp(n�1=2) neighborhood around �. The limiting distribution then follow
from Theorem 2 in (Sherman 1994b) and that E[��( ~Z)��( ~Z)0] <1 under FM2. Q.E.D.
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Figure 1: (X; �)~(logistic,logistic). First two rows: Pairwise extremum estimator. Last
two rows: Inverse-density-weighted estimator.
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Figure 2: (X; �)~(Laplace,Laplace).
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Figure 3: (X; �)~(Normal, Normal)
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