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Abstract

We show nonparametric point identification of static binary games with incomplete information,
using excluded regressors. An excluded regressor for player 7 is a state variable that does not affect
other players’ utility and is additively separable from other components in ¢’s payoff. When excluded
regressors are conditionally independent from private information, the interaction effects between
players and the marginal effects of excluded regressors on payoffs are identified. In addition, if
excluded regressors vary sufficiently relative to the support of private information, then the full
payoff functions and the distribution of private information are also nonparametrically identified.
We illustrate how excluded regressors satisfying these conditions arise in contexts such as entry
games between firms, as variation in observed components of fixed costs. We extend our approach
to accommodate the existence of multiple Bayesian Nash equilibria in the data-generating process
without assuming equilibrium selection rules. For a semiparametric model with linear payoffs, we

propose root-N consistent and asymptotically normal estimators for parameters in players’ payoffs.
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1 Introduction

We estimate a class of static game models where players simultaneously choose between binary
actions based on imperfect information about each other’s payoffs. Such a class of models lends
itself to wide applications in industrial organization. Examples include firms’ entry decisions in
Seim (2006), decisions on the timing of commercials by radio stations in Sweeting (2009), firms’
choice of capital investment strategies in Aradillas-Lopez (2010) and interactions between equity

analysts in Bajari, Hong, Krainer and Nekipelov (2009).
e Preview of Our Method

We introduce a new approach to identify and estimate such models when players’ payoffs depend
on a vector of “excluded regressors". An excluded regressor associated with certain player ¢ is a
state variable that does not enter payoffs of the other players, and is additively separable from other
components in i’s payoff. We show that if excluded regressors are orthogonal to players’ private
information given observed states, then interaction effects between players and marginal effects of
excluded regressors on players’ payoffs can be identified. If in addition the excluded regressors vary
sufficiently relative to the support of private information, then the entire payoff functions of each
player and the distribution of players’ private information are nonparametrically identified. No

distributional assumption on the private information is necessary for these results.

We provide an example of an economic application in which profit maximization by players gives
rise to excluded regressors with the required properties. Consider the commonly studied game in
which firms each simultaneously decide whether to enter a market or not, knowing that after entry
they will compete through choices of quantities. The fixed cost for a firm ¢ (to be paid upon entry)
does not affect its perception of the interaction effects with other firms, or the difference between
its monopoly profits (when 7 is the sole entrant) and oligopoly profits (when i is one of the multiple

entrants). This is precisely the independence restriction required of excluded regressors.

The intuition for this result is that fixed costs drop out of the first-order conditions in the profit
maximization problems both for a monopolist and for oligopolists engaging in Cournot competition.
As result, while fixed costs affect the decision to enter, they do not otherwise affect the quantities
supplied by any of the players. In practice, only some components of a firm’s fixed cost are observed
by econometricians, while the remaining, unobserved part of the fixed cost is the private information
only known to this firm. Our method can thus be applied, with the observed component of fixed

costs playing the role of excluded regressors.

Other excluded regressor conditions that contribute to identification (such conditional indepen-
dence from private information and sufficient variation relative to the conditional support of private

information given observed states) also have immediate economic interpretations in the context of



entry games. We discuss those interpretations in greater details in Section 4.

We extend our excluded regressor approach to obtain point identification while allowing for
multiple Bayesian Nash equilibria (BNE) in the data generating process (DGP), without assuming
knowledge of an equilibrium selection mechanism. Identification is obtained by as before, but only
using variation of excluded regressors within a set of states that give rise to a single BNE. We
build on De Paula and Tang (2011), showing that when players’ private information is independent
conditional on observed states, then the players’ actions are correlated given these states if and only
if those states give rise to multiple BNE. Thus it is possible to infer from he data the set of states that
give rise to single BNE, and base identification only on those states, without imposing parametric

assumptions on equilibrium selection mechanisms or the distribution of private information.
e Relation to Existing Literature

This paper contributes to existing literature on structural estimation of Bayesian games in
several aspects. First, we identify the complete structure of the model under a set of mild nonpara-
metric restrictions on primitives. Bajari, Hong, Nekipelov and Krainer (2009) identify the players’
payoffs in a more general model of multinomial choices, also without assuming any particular func-
tional form for payoffs. However, their approach requires researchers to have full knowledge of the
distribution of private information. In contrast we allow the distribution of private information to
be unknown and nonparametric. We instead obtain identification by imposing stronger exclusion

restrictions embodied in our excluded regressor assumptions.

Sweeting (2009) proposes a maximum-likelihood estimator where players’ payoffs are linear in-
dices and the distribution of players’ private information is known to belong to a parametric family.
Aradillas-Lopez (2010) estimates a model with linear payoffs when players’ private information are
independent of states observed by researchers. He also proposes a root-N consistent estimator by
extending the semi-parametric estimator for single-agent decision models in Klein and Spady (1993)
to the game-theoretic setup. Tang (2010) shows identification of a similar model to Aradillas-Lopez,
with the independence between private information and observed states replaced by a weaker me-
dian independence assumption, and proposes consistent estimators for linear coefficients without
establishing rates of convergence. Wan and Xu (2010) consider a class of Bayesian games with
index utilities under median restrictions. They allow players’ private information to be positively
correlated in a particular form, and focus on a class of monotone, threshold crossing pure-strategy
equilibria. Unlike these papers, we show non-parametric identification of players’ payoffs, with no
functional forms imposed. We also allow private information to be correlated with non-excluded
regressors in unrestricted ways but require them to be independent across players conditional on

observable states.

The second contribution of this paper is to propose a two-step, consistent and asymptotically

normal estimator for semi-parametric models with linear payoffs and private information corre-



lated with non-excluded regressors. If in addition the support of private information and excluded
regressors are bounded, our estimators for the linear coefficients in baseline payoffs attain the para-
metric rate. If these supports are unbounded, then the rate of convergence of estimators for these
coefficients depends on properties of the tails of the distribution of excluded regressors. The es-
timators for interaction effects converge at the parametric rate regardless of the boundedness of

these supports.?

Our third contribution is to accommodate multiple Bayesian Nash equilibria without relying on
knowledge of any equilibrium selection mechanism. The possibility of multiple BNE in data poses
a challenge to structural estimation because in this case observed player choice probabilities are an
unknown mixture of those implied by each of the multiple equilibria. Hence, the exact structural link
between the observable distribution of actions and model primitives is not known. The existing
literature proposes several approaches to address this issue. These include parameterizing the
equilibrium selection mechanism, assuming only a single BNE is followed by the players (Bajari,
Hong, Krainer and Nekipelov (2009)), introducing sufficient restrictions on primitives to ensure
that the system characterizing the equilibria have a unique solution (Aradillas-Lopez (2010)), or

only obtain partial identification results (Beresteanu, Molchanov, Molinari (2011)).?

For a model of Bayesian games with linear payoffs and correlated bivariate normal private
information, Xu (2009) addressed the multiplicity issue by focusing on states for which the model
only admits a unique, monotone equilibrium. He showed, with these parametric assumptions, a
subset of these states can be inferred using the observed distribution of choices and then used for

estimating parameters in payoffs.

Our approach for dealing with multiple BNE builds on a related idea. Instead of focusing on
states where the model only permits a unique equilibrium, we focus on a set of states where the
observed choice probabilities is rationalized by a unique BNE. This set can include both states where
the model admits a unique BNE only, and states where multiple equilibria are possible but where
the agents in the data always choose the same BNE. We identify such states without parametric
restrictions on primitives and without equilibrium selection assumptions. Applying our excluded

regressor assumptions to this set of states then helps identify the model nonparametrically .

Our use of excluded regressors is related to the use of “special regressors" in single-agent, qual-

?Khan and Nekipelov (2011) studied the Fisher information for the interaction parameter in a similar model of
Bayesian games, where private information are correlated across players, but the baseline payoff fuctions are assumed
known. Unlike our paper, the goal of their paper is not to jointly identify and estimate the full structure of the
model. Rather, they focus on showing regular identification (i.e. positive Fisher information) of the interaction
parameter while assuming knowledge of the functional form of the rest of the payoffs as well as the equilibrium
selection mechanism.

% Aguirregabiria and Mira (2005) propose an estimator for payoff parameters in games with multiple equilibria
where identification is assumed. Their estimator combines a pseudo-maximum likelihood procedure with a genetic

algorithm that searches globally over the space of possible combinations of multiple equilibria in the data.



itative response models (See Dong and Lewbel (2011) for a survey of special regressor estimators).
Lewbel (1998, 2000) studies nonparametric identification and estimation of transformation, binary,
ordered, and multinomial choice models using a special regressor that is additively separable from
other components in decision-makers’ payoffs, is independent from unobserved heterogeneity con-
ditional on other covariates, and has a large support. Magnac and Maurin (2008) study partial
identification of the model when the special regressor is discrete or measured within intervals.
Magnac and Maurin (2007) remove the large support requirement on the special regressor in such
a model, and replace it with an alternative symmetry restriction on the distribution of the latent
utility. Lewbel, Linton, and McFadden (2011) estimate features of willingness-to-pay models with
a special regressor chosen by experimental design. Berry and Haile (2009, 2010) extend the use of

special regressors to nonparametrically identify the market demand for differentiated goods.

Special regressors and exclusion restrictions have also been used for estimating a wider class
of models including social interaction models and games with complete information. Brock and
Durlauf (2007) and Blume, Brock, Durlauf and Ioannides (2010) use exclusion restrictions of in-
struments to identify a linear model of social interactions. Bajari, Hong and Ryan (2010) use
exclusion restrictions and identification at infinity, while Tamer (2003) and Ciliberto and Tamer
(2009) use some special regressors to identify games with complete information. Our identification
qualitatively from that of complete information games because with incomplete information, each
player-specific excluded regressor can affect the strategies of all other players’ through its impact

on the equilibrium choice probabilities.
¢ Roadmap

The rest of the paper proceeds as follows. Section 2 introduces the model of discrete Bayesian
gams. Section 3 establishes nonparametric identification of the model. Section 4 motivates our
key identifying assumptions using an example of entry games, where observed components of each
firm’s fixed cost lends itself to the role of excluded regressors. Section 6 proposes estimators for a
semiparametric model where players’ payoffs are linear. Section 7 provides some evidence of the
finite sample performance of this estimator. Section 8 extends our identification method to models
with multiple equilibria, including testing whether observed choices are rationalizable by a single

BNE over a subset of states in the data-generating process. Section 9 concludes.

2 The Model

Consider a model of simultaneous games with binary actions and incomplete information that
involves N players. We use N to denote both the set and the number of players. Each player i
chooses an action D; € {1,0}. A vector of states X € R’ with J > N is commonly observed by all

players and the econometrician. Let ¢ = (ei)f\il € RY denote players’ private information, where



€; is observed by i but not anyone else. Throughout the paper we use upper cases (e.g. X, ¢;) for
random vectors and lower cases (e.g. x,¢;) for realized values. For any pair of random vectors R
and R/, let Q R'|Rs Jr/|r and Fr|r denote respectively the support, the density and the distribution

of R’ conditional on R.

The payoff for i from choosing action 1 is [u} (X, €;) 4+ hi(D—;)6; (X)] D; where D_; = {D;};-;
and h;(.) is bounded and common knowledge among all players and known to the econometrician.
The payoff from choosing action 0 is normalized to 0 for all players. Here u!(X,¢;) denotes the
baseline return for ¢ from choosing 1, while h;(D_;)d; (X) captures interaction effects, i.e., how
other players’ actions affect i’s payoff. One example of h; is hi(D_;) = > j+i Dj, making the
interaction effect proportional to the number of competitors choosing 1, as in Sweeting (2009) and
Aradillas-Lopez (2010). Other examples of h;(D_;) include minj; D_; or max;-; D_;. We require
the interaction effect h;(D_;)d7(X) to be multiplicatively separable in observable states X and
rivals’ actions D_;, but ¢; and the baseline u} are allowed to depend on X in general ways. The

* §FIN

model primitives {u],d; };%; and F x are common knowledge among players but are not known to

the econometrician. We maintain the following restrictions on Fx throughout the paper.

A1 (Conditional Independence) Given any x € Qx, € is independent from {€;}jx; for all i, and
F., |z 1s absolutely continuous with respect to the Lebesgue measure and have positive Radon-Nikodym

densities almost everywhere over €, ;.

This assumption, which allows X to be correlated with players’ private information, is main-
tained in almost all previous works on the estimation of Bayesian games (e.g. Seim (2006), Aradillas-
Lopez (2009), Berry and Tamer (2007), Bajari, Hong, Krainer, and Nekipelov (2009), Bajari, Hahn,
Hong and Ridder (2010), Brock and Durlauf (2007), Sweeting (2009) and Tang (2010)).* Through-
out this paper, we assume players adopt pure strategies only. A pure strategy for ¢ in a game with
X is a mapping s;(X,.) : Q| x — {0,1}. Let s_;(X,e_;) represent a profile of N — 1 strategies of
i’s competitors {s;(X, €j)} 2. Under Al, any Bayes Nash equilibrium (BNE) under states X must
be characterized by a profile of strategies {s;(X,.)}i<n such that for all ¢ and ¢;,

si(X, &) = 1{ul (X, ) + 65 (X)Elhi(s_i(X, e_:))| X, e] = 0}. (1)

The expectation in (1) is conditional on ¢’s information (X, ¢;) and is taken with respect to private
information of his rivals e_;. By Al, E[h;(D_;)|X,¢;] must be a function of x alone. Thus in any
BNE, the joint distribution of D_; conditional on ¢’s information (z, ;) and the profile of strategies

takes the form

Pr{D_; = d_j|z,e;} = Pr{s_i(X,e_;) = d_s|a} = Wz (pj(x))% (1 — pj(x))' =%, (2)

* A recent exception is Wan and Xu (2010), who nevertheless restrict equilibrium strategies to be monotone with

a threshold-crossing property, and impose restrictions on the magnitude of the strategic interaction parameters.



for all d_; € {0,1}V =1, where p;(x) = Pr{u(X, &)+ 65 (X)E[hi(s_i(X,e_))|X] > 0| X = z} is

1’s probability of choosing 1 given z.

For the special case where h;(D_;) = }_,,; D; for all i, the profile of BNE strategies can be
characterized by a vector of choice probabilities {p;(z)}i<n such that:

pi(z) = Pr {u;(X, &)+ 61(X) Y, py(X) 20| X = x} for all i € N. (3)

Note this characterization only involves a vector of marginal rather than joint probabilities. The
existence of pure-strategy BNE given any x follows from the Brouwer’s Fixed Point Theorem and

the continuity of F|y in Al.

In general, the model can admit multiple BNE since the system (3) could admit multiple solu-
tions. So in the DGP players’ choices observed under some state x could potentially be rationalized
by more than one BNE. In Sections 3 and 6, we first identify and estimate the model assuming
players’ choices are rationalized by a single BNE for each state x in data (either because their spe-
cific model only admits unique equilibrium, or because agents employ some equilibrium selection
mechanism possibly unknown to the researcher). Later in Section 8 we extend our use of excluded
regressors to obtain identification under multiple BNE. This organization of the paper allows us
to separate our main identification strategy from the added complications involved in dealing with
multiple equilibria, and permits direct comparison with existing results that assume a single BNE,
such as Bajari, Hong, Nekipelov and Krain (2009), Aradillas-Lopez (2010) and Wan and Xu (2010).

3 Nonparametric Identification

We consider nonparametric identification assuming a large cross-section of independent games, each
involving N players, with the fixed structure {u], d; }ieny and Fx underlying all games observed

. |4 o« . . .
in data.” The econometrician observes players’ actions and the states in =, but does not observe

{ei}ien-

A2 (Unique Equilibrium) In data, players’ choices under each state x are rationalized by a single
BNE at that state.

This assumption will be relaxed later, essentially by restricting attention to a subset of states
for which it holds. For each state A2 could hold either because the model only admits a unique
BNE under that state, or because the equilibrium selection mechanism is degenerate at a single
BNE under that state. Without A2, the joint distribution of choices observable from data would

be a mixture of several choice probabilities, with each implied by one of the multiple BNE. The

5Tt is not necessary for all games observed in data to have the same group of physical players. Rather, it is only

required that the N players in the data have the same underlying set of preferences given by (uj, d;)ien.



key role of A2 is to ensure the vector of conditional expectations of h;(D_;) given X as directly
identified from data is a solution of the system in (1)-(2). When h(D_;) = 3, ,; D;, A2 ensures
the conditional choice probabilities of each player (denoted by {p}(z)}icn) are directly identified
from data and solve (3). As such, (3) reveals how the variation in excluded regressors affects the

observed choice probabilities, which provides the foundation of our identification strategies.

A3 (Ezcluded Regressors) The J-vector of states in x is partitioned into two vectors x. = (x;)ien
and Z such that (i) for all i and (z,€;), 6;(x) = 6;(Z) and u}(z,&) = ax; + wi(Z, &) for a; €
{=1,1} and some unknown functions u; and 0;, where u; is continuous in €; at all &; (ii) for all i,
€; is independent from X, given any Z; and (iii) given any &, the distribution of X, is absolutely
continuous w.r.t. the Lebesque measure and has positive Radon-Nikodym densities a.e. over the

support.

Hereafter we refer to the N-vector X, = (X;)i;en as excluded regressors, and the remaining (J-
N)-vector of regressors X as non-excluded regressors. The main restriction on excluded regressors
is that they do not appear in the interaction effects 6] (z), and each only appears additively in
one baseline payoff u}(x,e;). The scale of each coefficient o; in the baseline payoff u}(z,e;) =
a;r; + u;(Z, ;) is normalized to |a;| = 1. This is the free scale normalization that is available in

all binary choice threshold crossing models.

A3 extends the notion of continuity and conditional independence of a scalar special regressor
in single-agent models as in Lewbel (1998, 2000) to the context with strategic interactions between
multiple decision-makers. Identification using excluded regressors in X, in the game-theoretic
setup differs qualitatively from the use of special regressors in single-agent cases, because in any
equilibrium X, still affect all players’ decisions through its impact on the joint distribution of

actions.

3.1 Identification overview and intuition

To summarize our identification strategy, consider the special case of N = 2 players indexed by
i € {1,2}. When we refer to one player as i, the other will be denoted j. For this special case
assume h;(D_;) = D;. Here the vector x consists of the excluded regressors x1 and z2 along with
the vector of remaining, non-excluded regressors . Let S; = —u;(X, €;), where u;(X, ¢;) is the part
of player i’s payoffs that do not depend on excluded regressors, and let Fj,; denote the conditional

density of S;.
Given A1,2,3, the equation (3) simplifies in this two player case to

pi (z) = Fs,); [iwi + 6:(2)pj ()] . (4)



Let p} ;(x) = 9p;(X)/0X|x=x. Taking partial derivatives of equation (4) with respect to z; and
T; gives

pii(@) = [oq + 0:i(2)pj ()] fi () ()
pi (@) = 6:(@)p} 5 (2) fi () (6)

where f; (z) is the density of S;|Z evaluated at a;z; + 0;()pj(z). Since choices are observable,

choice probabilities p(x) and their derivatives p; ;(z) are identified.

The first goal is to identify the signs of the excluded regressor marginal effects «; (recall-
ing that their magnitudes are normalized to one) and the interaction terms 6;(Z). Solve equa-
tion (6) for &;(i), substitute the result into equation (5), and solve for o; to obtain a;f; (z) =
p;i(x) — p; ;(x)pj,(x)/p; (). Since the density fi () must be nonnegative and somewhere strictly
positive, this identifies the sign «; in terms of identified choice probability derivatives. Next, the in-
teraction term 6;(Z) is identified by dividing equation (5) by equation (6) to obtain pj; () /p;; (z) =
[ai +0i(Z)p} ()| /9:(%)pj ;(x), and solving this equation for 4;(7).

A technical condition called NDS that we provide later defines a set w of values of x for which
these constructions can be done avoiding problems like division by zero. Estimation of «; and §;(Z)
can directly follow these constructions, based on nonparametric regression estimates of p;(z), then
averaging the expression for «; over all x € w for «; and averaging the expression for §;(Z) over
values the excluded regressors take on in w conditional on Z. This averaging exploits over-identifying

information in our model to increase efficiency.

The remaining step is to identify the distribution function Fg,; and its features. For each ¢
and z, define a “generated special regressor" as v; = Vi(z) = a;x; + 0;(Z)pj(z). These Vi(z) are
identified since «; and §;(Z) have been identified. It then follows from the BNE and equation (1)

that each player i’s strategy is to choose

This has the form of a binary choice threshold crossing model, with unknown function §; =
—ui(X ,€) and error ¢; having an unknown distribution with unknown heteroskaedasticity. It
follows from the excluded regressors z. being conditionally independent of ¢; that V; and S; are
conditionally independent of each other, conditioning on Z. The main insight is that therefore
Vi takes the form of a special regressor as in Lewbel (1998, 2000), which provides the required
identification. In particular, the conditional independence makes £ (D; | vi, ) = Fs, 3 (vi), so Fs, 3
is identified at every value V; can take on, and is identified everywhere if V; has sufficiently large

support.

Define 4;(z) = E (ui()?,ei) | :Z') = E(—=S;| ). Then by definition the conditional mean of

player i’s baseline payoff function is E [u} (X, ¢€;) | ] = a;x; + 4;(Z), and all other moments of the
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distribution of payoff functions likewise depend only on a;x; and on conditional moments of S;.
So a goal is to estimate @;(Z), and more generally estimate conditional moments or quantiles of
S;. Nonparametric estimators for conditional moments of S; and their limiting distribution are
provided by Lewbel, Linton, and McFadden (2011), except that they assumed an ordinary binary
choice model where V; is observed (even determined by experimental design), whereas in our case
V; is an estimated generated regressor, constructed from estimates of «;, 0;(Z), and p;(x). We will
later provide alternative estimators that take the estimation error in V; into account. Note that
we cannot avoid this problem by taking the excluded regressor x; itself to be the special regressor

because z; also appears in p;(z).

The rest of this section formalizes these constructions, and generalizes them to games with more

than two players.

3.2 Identifying «; and J;

First consider identifying the marginal effects of excluded regressors («;), and the state-dependent

component in interaction effects 0;(Z). We begin by deriving the general game analog to equation

(4).

For any z, let ¢; (z) denote the conditional expectation of h;(D_;) given x, which is identifiable
directly from data (with h; known to all ¢ and econometricians). When h;(D—;) = 2, Dj,
¢;(x) = X2, pj(z), where pi(z) is the probability that ¢ chooses 1 under z as identified from
data under A2 (uniqueness of equilibrium in DGP). For all 4, j, let p ;(z) = 0p; (X)/0X;|x=, and
o7 j(z) = 097 (X)/0Xj|x=z let A denote a N-vector with ordered coordinates (a1, az,..,ay). For
any z, define four N-vectors Wi (z), Wa(z), Vi(z), Va(z) whose ordered coordinates are (p};(7))ien,
(05.2(5), Pg(@)s - Py 1 (@), Pha(2)), (Ga(@)icw and (6] 9(2), 835(2), - Slv_1v (@), Siva (@)
respectively. For any two vectors R = (r1,re,..,rn) and R = (r],75,..,ry), let “R.R'" and
“R./R'" denote component-wise multiplication and divisions (i.e. R.R' = (rir},rorh,..,rnry) and

R./R = (ri/ry,m2/1h, ..., TN /TN)).

Definition 1 A set w satisfies the Non-degenerate and Non-singular (NDS) condition if it
is in the interior of Qx and for all v € w, (i) 0 < pj(x) < 1 for all i; and (i) all coordinates in
Wa(z), Va(z) and Va(z) Wi (x) — Vi(x) Wa(x) are non-zero.

Let S; = —ui(f( ,€;) denote parts of i’s payoffs that do not depend on excluded regressors.
The NDS condition holds for w when the support of S; = —u;(Z,¢;) includes the support of
a;z; + hi(D—;)d;(Z) in its interior for any z = (z,Z) € w. This happens when x; takes moderate
values while ¢; varies sufficiently conditional on Z to generate a large support of S;. In any BNE

and for any z,
p;(x) = Fs,jz(aw; + 6:(2)¢j (v))
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for all i € N. For any Z, the smoothness of Fy; in Al and the continuity of u; in ¢; given Z in
A3 imply partial derivatives of p!, ¢; with respect to excluded regressors exist over w. To have all
coordinates in Wa(zx), Va(x) and Va(z) Wi(x) — Vi(x).Wa(x) be non-zero as NDS requires, 9;(Z)
must necessarily be non-zero for all . This rules out uninteresting cases with no strategic interaction

between players.

Theorem 1 Suppose A1,2,8 hold and w satisfies NDS. Then (i) (a1,.,an) are identified as signs

of the ordered coordinates of
E[Wi(X) = Wa(X) V1(X)./V2 (X)) {X € w}]. (7)
(ii) For any & such that {x. : (x.,T) € w} # &, the vector (§1(Z),.,dn(Z)) is identified as:

AE [wz(X)./ Vo (X) W1 (X) — Vi(X)We(X)) | X €w, X = 7| . (8)

Remark 1.1 For the special case of N = 2 with with hy(D_1) = Dy and ha(D_3) = Ds, this

theorem is simplified to the identification argument described in the previous subsection.

Remark 1.2 Our identification of (a;);en in Theorem 1 does not depend on identification at
infinity (i.e. does not need to send the excluded regressor x; to positive or negative infinity in order
to recover the sign of «; from the limit of ¢’s choice probabilities). Thus our argument does not
hinge on observing states that are far out in the tails of the distribution. The same is true for
identification of (9;(Z))ien-

Remark 1.3 If (0;(Z));cn consists of a vector of constants (i.e. 9;(Z) = §; for all 4, &), then
(01,.,0n) are identified as A.EWVa(x)./ (Va(x) Wi(z) — Vi(z) Wa(x)) | X € w]| by pooling data

from all games with states in w. In the earlier two person game this reduces to

* * * * -1 *
61 = B | (1 (XI5 2(X) = 151 (X)pi 2(X)) ' pro(X)1X € w] . (9)
and similarly for ds.

Remark 1.4 With more than two players, there exists additional information that can be used
to identify «; and d;, based on using different partial derivatives from those in Ws and V,. For
example, the proof can be modified to replace Wy with (piN,p;l,pg’Q, ...,p}‘\,_LN_Q,p’]‘V’N_l) and
Vs defined accordingly. This is an additional source of over-identification that might be exploited

to improve efficiency in estimation.

5To see this, note if 6;(Z) = 0 for some 4, then p}(x) would be independent from X; for all j # ¢ in any BNE
and some of the diagonal entries in Wy (and V2) would be zero for any x. Other than this, the NDS condition not
restrict how the non-excluded states enter d,(Z) at all. The condition that all diagonal entries in Vo. W1 — V1. W2 be

non-zero can be verified from data, because these entries only involve functions that are directly identifiable.
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3.3 Recovering distributions of S; given non-excluded regressors

For any i and x = (z¢,Z), our “generated special regressor" is defined as:
Vi@; ai, 6, 97) = cimi + 65(2) 95 (2).

For any & with (§;(Z))i;en identified, such a generated regressor can be constructed from the dis-
tribution of actions and states observed from data. Denote the support of V; conditional on X = #
by Qy, 3. That is, Qv ;; = {t € R: Iz € Qx5 8.t iz +6;(T)¢; () = t}.

Theorem 2 Suppose A1,2,3 hold and o, 6;(Z) are identified at . Then Fs,z is identified over
vz

Remark 2.1 Since o; is identified, identification of Fg,; implies identification of the conditional

distribution of baseline probabilities u}(z, €;) = a;x; + u;(Z, €;) given .

Remark 2.2 By Theorem 1, the assumption that «; and §;(Z) are identified for the given & holds
as long as there exists w that satisfies the NDS condition and {z. : (z¢, Z) € w} # @.

Remark 2.3 To prove Theorem 2, observe that for a fixed &, A3 guarantees that variation in X,
does not affect the distribution of S; given Z. Given the unique BNE in data from A2, the choice

probabilities identified from data can be related to the distribution of S; given Z as:
Pr(D; = 1|1X = (2¢,%)) = Pr(S; < Vi(we, 7)| X = 1) (10)

for all 4 (where the equality follows from independence between X, and ¢; given & in A3). Because
the left-hand side of (10) is directly identifiable, we can recover F,;(t) for all ¢ on the support of
Vi(X) given Z.

Remark 2.4 Suppose we define 77;(X) to be the conditional median of u;(X,¢;) given X and
reparametrize the error ¢; as 7;(X) — u;(X, ¢;). Then 77;(X) can be identified as long as the support
of V; given # covers the median of S; given Z. Specifically, let n,(Z) be such that Pr(D; = 1|X =
z,V; = —n;(2)) = 1/2. Under Assumptions 1-3, Pr(D; = 1|Z,v;) is monotonic in v; given Z and
therefore such an 7;(Z), if it exists, must be unique. Then —n,(Z) is the median of S; given z,
which equals —7;(Z). Similarly, Theorem 2 can be used for recovering other conditional quantiles

of u; (X, &) as well.

3.4 Identifying u; and F_ ; under mean independence

A4 (Mean Independence) For all i, u;(X,¢;) = 4;i(X) — €, where ; is bounded and Ele;| X] = 0.

!
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A4 is a free normalization assuming that E[u;(X,€;)|X] is bounded, because in that case we
can define @;(X) = E[u;(X, ;)| X] and reparametrize the error €; as @;(X) — u;(X, €).

A5 (Large Support and Positive Density) For any i and Z, (i) the support of Vi(X) given Z,
denoted Qv z, includes the support of S; given I; and (ii) the density of Vi(X) given & is positive

almost surely w.r.t. Lebesgue Measure over Qy; ;.

Consider identification of @;(Z), and hence of the conditional mean of baseline payoffs. For a
given Z, Theorem 2 says we can recover the distribution Fg,; over its full support, as long as the
support of the generated regressor V; given Z covers the support of S; given Z. This then suffices
to identify u;(Z) since 4;(z) = E[-8;|z]. Thus the “large support" assumption (condition (i))
in A5 is key for this identification strategy. This is analogous to the large support condition for
special regressors in single-agent models in Lewbel (2000). In the special case of the two player
game considered earlier, A5-(i) holds if the support of X; given Z is large enough relative to d;(z)
and the support of ¢ given . We include detailed primitive conditions that are sufficient for
A5 in Appendix C. The positive density requirement in A5-(ii) is not necessary for identifying
@;(Z). Nonetheless, Theorem 3 shows this mild condition allows us to recover @;(Z) without first

constructing the distribution function Fg, ;.

Let ¢* be a constant that lies in the interior of ;3. For all i and z = (z,, ) define

d;—1{V;(z)>c*} (11)

Y;*(di’m) fvz(Vi(z))

The choice of c¢* is feasible in practical estimation, for the support {y;; is known as long as «;, 3i(Z)

are identified. Such a choice of ¢* is also allowed to depend on Z.

Theorem 3 Suppose A1,2,3,4,5 hold, and c;,0;(Z) are identified at . Then
() = E {Y;‘]X - az} e

for any c* in the interior of Qy; 3.

Proof of Theorem 3. By mean independence of ¢; in A4 and large support condition in A5-(i),

o EL(i) 5L(j’:) OF i(s)
w; (%) = —/ . '[}fS”d’;(’U)d’U = —/ . v (%Lg:v) dv
where [v;(7),;(%)] denotes the support of V;(X) given Z. Under our assumptions Fg,;(s) is

continuously differentiable in s. Then using integration-by-parts, we get

03 ()
() = / . Fs,3(v)dv —v4(%) = / E[D;|z,v] — 1{v > ¢*}dv — ¢,
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where the second equality uses the fact that under A1,2,3,
E(Di|X =%,V; =v) =Pr(—w(X) + ¢ <v | &) = Fg,z(v).

and that ffi(%)l{v > thdv =1;(x) — t for all v,;(Z) < t < 7;(Z). Hence

W(@) + ¢ = [ @ AP (o)

_ E[E(WW() >|X ]:E(Yﬂf(:@).

where we have used that under A5-(ii), the density of fy;; is positive almost everywhere with

respect to Lebesgue Measure over the conditional support Qy;z.  Q.E.D.

Remark 3.1 In principle, the large support condition A5-(i) can be checked using data. Specif-
ically, Qs,1 C [vi(%), 1i(¥)] if and only if the supreme and the infimum of Pr(D; = 1|V; = v, X =

T) over v € Qy;; are respectively 1 and 0.

Remark 3.2 With «;, §;(Z) and @;(Z) identified at Z, the distribution of ¢; given Z is also identified,

and can be recovered as
E (Dim — 0, X = x) — Pr <e,- < (X)) + v;w,z) — F,j; (@(%) +v)
— Fole) = B |DilVi = ¢ - 0(3), X =

for all e on the support {2,z By A5, the support of V; given 7 is sufficiently large to ensure that
F, 3 (e) is identified for all e on the support ;.

4 Fixed Cost Components as Excluded Regressors in Entry Games

In this section, we show how some components in firms’ fixed costs in classical entry games satisfy
properties required to be excluded regressors in our model. We also provide a context for economic

interpretation of these properties.

Consider a two stage entry game with two players ¢ € {1,2}. When we refer to one player
as 1, the other will be denoted j. In the first stage of the game firms decide whether to enter.
In the second stage each player observes the other’s entry decision and hence knows the market
structure (monopoly or duopoly). If duopoly occurs, then in the second stage firms engage in
Cournot competition, choosing output quantities. The inverse market demand function face by
firm i is denoted 9™ (g;; &) if there is monopoly, and ¢D(qi,qj;i) if there is duopoly, where g;
denotes quantities produced by ¢ and Z a vector of market- or firm-level characteristics observed by

both firms and the econometrician. That the inverse market demand functions only depend on the
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commonly observed Z reflects the assumption that researchers can obtain the same information as

consumers in the market.

Costs for firms are given by c¢;(¢;; &) + z; + €; for i € {1,2}, where the function ¢; specifies
1’s variable costs, the scalar z; is a commonly observed component of i’s fixed cost, and ¢; is a
component of ¢’s fixed cost that is privately observed by i. The fixed costs z; + ¢; (and any other
fixed costs that may be absorbed in ¢; function) are paid after entry but before the choice of
production quantities. Both (z,z2) and Z are known to both firms as they make entry decisions
in the first stage, and can be observed by researchers in data. A firm that decides not to enter

receives zero profit in the second stage.

If only firm i enters in the first stage, then its profit is given by ™ (¢*; 2)¢*— ci(q*; %) — z;—
€;, where ¢* solves
50N (@5 2)d" + oM (¢ 7) = Sald'; @)
assuming an interior solution exists. If there is a duopoly in the second stage, then i’s profit is

WP (gf, ¢)aqf — cilq); &) — @i — & where (g}, q}) solves

o0 (i 43 B)ai + 0" (01, 453%) = g2-ciai; &) and
o 07 (@i a3 @) + 7 (4, 037) = go-ci(ay ),

assuming interior solutions exist. The non-entrant’s profit is 0. The entrants’ choices of outputs
are functions of Z alone in both cases. This is because by definition both the commonly observed
and the idiosyncratic (and privately known) component of the fixed costs (x; and ¢;) do not vary
with output. Hence an entrant’s profit under either structure takes the form 7 (%) — z; — ¢;, with
s € {D, M}, with 7{ being the difference between firm i’s revenues and variable costs under market

structure s.

In the first stage, firms simultaneously decide whether to enter or not, based on a calculation of
the expected profit from entry conditional on the public information X = (X' , X1, X9) and private
information g;. The following matrix summarizes profits in all scenarios, taking into account firms’
Cournot Nash strategies under duopoly and profit maximization under monopoly (Firm 1 is the

row player, whose profit is the first entry in each cell):

‘ Enter ‘ Stay out ‘
Enter | (7P(X) = X1 —¢, 7m2(X) = Xo —€) | (#M(X) = X1 — €1, 0)
Stay out (0, 7 (X) — X3 — €) (0,0)

It follows that i’s expected profits from entry are:

w1 (&) +pj(2)8i(T) — @i — & (12)
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where 6;(%) = 7P (&) — M (%), and p; () is the probability that firm j decides to enter conditional
on 4’s information set (x,¢;). That p; does not depend on ¢; is due to the assumed independence
between €1, €3 conditional on X in Al. The expected profits from staying out is zero. Hence, in
any Bayesian Nash equilibrium, ¢ decides to enter if and only if the expression in (12) is greater

than zero, and Pr(Dy = dy, Dy =ds | ) = Ili—q opi(z)% (1 — pi(z))1 %, where

pi(z) =Pr {ei < Wi‘/l(i”) +pj(2)0;(z) — x4 | :L‘}

for ¢ = 1,2. This fits in the class of games considered in the paper, with V;(X) = p;(X)d;(X) — X;

being the generated special regressor.

Examples of fixed cost components (z1,22) that could be public knowledge include lump-sum
expenses such as equipment costs, maintenance fees and patent/license fees, while (€1, €2) could
be idiosyncratic administrative overhead such as firms’ office rental or supplies. The non-excluded
regressors & would include market or industry level demand and cost shifters. In these examples
the fixed cost components (€1, €2) and (X1, X2) are incurred by different aspects of the production
process, making it plausible that they are independent of each other (after conditioning on the

given market and industry conditions &), thereby satisfying the conditional independence in A3.

The large support assumption required for identifying @;(Z) in Section 3.4 also holds, as long
as the support for publicly known fixed costs is large relative to that of privately known fixed
cost components. This assumption has an immediate economic interpretation. It means that,
conditional on commonly observed demand shifters (non-excluded states in X), a firm i may not
find it profitable to enter even when private fixed costs €; are as low as possible. This can happen
if the publicly known fixed cost X; is too high, or the competition is too intense (in the sense that
the other firm’s equilibrium entry probability p; is too high). Large support also means that firm
i could decide to enter even when ¢; is as high as maximum possible, because X; and p;(X) can
be sufficiently low while the market demand is sufficiently high to make entry attractive. These
assumptions on the supports of X; and ¢; are particularly plausible in applications where publicly
known components of fixed costs are relatively large, e.g., the fixed costs in acquiring land, buildings,
and equipment and acquiring license/patents could be much more substantial than those incurred
by idiosyncratic supplies and overhead. Finally, note that the economic implications of the large
support condition can in principle be verified by checking whether firms’ entry probabilities are
degenerate at 0 and 1 for sufficiently high or low levels of the publicly known components of fixed

costs.

5 Alternative Constructive Identification of u;

Using sample analogs of (11) to estimate u; would require nonparametrically estimating the condi-

tional density of V;, which itself is a function of the nonparametrically estimated terms é&;, 6;(%), pj ().
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To avoid such complications in practical estimation, we propose in this subsection an alternative
method for identifying @;(Z). We will then build on a sample analog of this approach to construct
a relatively easier estimator in Section 6, and establish its limiting distribution. For any ¢ € N, let

Xe,—i denote the subvector of all excluded regressors except X; (i.e. Xe —i = (Xj)jen\ fi})-

A5’ For any i and T, there exists some x_; = (Te i, T) such that (i) the support of V; given
x_; includes the support of S; given Z; (it) the conditional density of X; given x_; is positive
almost everywhere; and (iii) the sign of 8%(X)/8Xi|X:($i7m_i) is identical to the sign of oy for all
T; € QXi\x,i-

The large support condition in A5’ is slightly stronger than that in A5. To see this, note the
support of Fyg,|, does not vary with z. under the conditional independence of excluded regressors in
A3. While condition (i) in A5 and A5’ both require generated special regressors to vary sufficiently
and cover the same support of Fj,z, the latter is more stringent in that it requires such variation be
generated only by variation in X; while (z. _;, Z) is fixed. In comparison, the former fixes Z and allow
variations in V; to be generated by all excluded regressors in X.. This stronger support condition
(i) in A5’ also provides a source of over-identification of ;(Z). Similar to A5, the large support
condition in A5’ can in principle be checked using observable distribution. That is, s,z C [vi(7—:),
v;(z—;)] if and only if the supreme and infimum of Pr(D; = 1|X; =t, X_; =x_;) over t € Qx,|,_,

are 1 and 0 respectively.

The last condition in A5’ requires the generated special regressor associated with ¢ to be
monotone in the excluded regressor X; given (z. _;,Z). It holds when X;’s direct marginal ef-
fect on 4’s latent utility (i.e. «;) is not offset by its indirect marginal effect (i.e. 0;(%)¢; (i, v—i))
for all z; € Qx,|,_,. This condition is needed for the alternative method for recovering ; below
(Corollary 1), which builds on changing variables between excluded regressors and generated special
regressors. Such a monotonicity condition is not needed for the identification argument in Section
3.4 (Theorem 3).

Condition A5’-(iii) holds under several scenarios with mild conditions. One scenario is when
Ze,—i takes extreme values. To see this, consider the case with N = 2 and h;(D_;) = D;. The
marginal effect of X; on V; at (z;,7;,%) is o + 6;(%) Ip}(X)/0X; Ko, ) where «a; and 6;(Z)
are both finite constants given . With z; taking extremely large or small values, the impact of
z; on p; in BNE gets close to 0. Thus the sign of a; + §;(Z)pj};(x) will be identical to the sign of
a; over y,|,_, for such z; and Z. In another scenario, condition A5’-(iii) can even hold uniformly
over the entire support of X, provided both §;(Z) and the conditional density of players’ private
information f,z are bounded above by small constants. In Appendix C, we formalize in details

these sufficient primitive conditions for the monotonicity in A5’-(iii).

We now show how conditions in A5’ can be used to provide an algebraic short-cut for identifying
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@;(Z). Fix ¢ and &, and consider any z. _; that satisfies A5’ for ¢ and &. Let [v;(x_;), T;(z—;)] denote
the support of V; given z_;. Let H be a continuous cumulative distribution (to be chosen by the
econometrician) with an interval support included in [v;(z—;), T;(z—;)]. The choice of H can be
dependent on both ¢ and z_;, though for simplicity we will suppress any such dependence in
notation. Choosing such a distribution H with the required support is feasible in practice, since
and 6;(Z) (and consequently conditional support of V; given ) is identified. Let puy(z—;) denote
the expectation of H, which is known because H is chosen by the econometrician, and which could
potentially depend on x_;. We discuss how to choose H in estimation in Section 6.2. For any ¢ and

z define

[di — H(Vi(2))] [1 + 0:di(2) 7 ()]
fxi (wile—i)

where a; + §;(%)@; ;(x) by construction is the marginal effect of the excluded regressor z; on the

Yi,H = (13)

generated special regressor V;(z). Note y; y is well-defined (because fx,|,_, is positive a.s. over
Qx,|2_,) under A5.

Corollary 1 Suppose A1,2,3,4 hold and o;,0;(Z) are identified at . For any i and x_; = (T¢ i, T)
such that A5’ holds,
(%) = EY;nlr—i] — pg(z—). (14)

Proof of Corollary 1. Consider z_; = (¢4, %) which satisfies conditions in A5’. Using an
argument similar to Theorem 3 (except conditioning on x_; rather than Z), we have
Vi(@—;)

w(@) = [ EIDeso] ~ Hw)dv - (o), (15)
Vi (T—4)

T (T ;)

where we have used H(v)dv = vi(x—;) — pg(z—;) (which in turn follows from integration
vi(T—;)

by parts and properties of H). The integrand in (15) is continuous in v and Vj(z) is continuous

in z;. First consider the case with a; = 1 and V; increasing in z; given x_;. Changing variables
between X; and V;(X) in (15) while fixing z_;, we have:

W(%) + py(2-i) = [ {EDile—i, Vi = Vi(2)] = H(Vi()} e + 8:(2) 95 5(2)] dai (16)

where Z;, z; are supreme and infimum of the conditional support 2x,,_,. Under A1,2,3, we have
E[D;|X = z] = E[D;|x_;,V; = V;(z)].” Using (ii) in A5’, we have

xl E[D;|z]—H (Vi(x))}|140;0;(Z)d7 ; ()

7‘:LZ(‘%)—|_:uH(‘T*Z F@ilz—2) 3’52|$ )d.’l?l

= b [E (%PQ |z— } =E[Y,nlz_]. (17)

"This is because E[D;|X = z] = Pr(S; < Vilz) = Pr(S; < V4|V = Vi(),2) = Pr(S; < V4|V = Vi(x),z—;) for all
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Next, consider the other case with a; = —1 and V; decreasing in z; given x_;. Then after changing
variables, the right-hand side of (16) becomes
Jo ABDila—i, Vi = Vi(@)] = HVi(2)}(—ai = 6,(%) 0 (x))da;

T

= [0 {EDilz—i,Vi= Vi(@)] = HVi(2)}(1 + a;6i()¢; ;(x)) da;.

T

where the equality follows from a; = —1. The same argument can then be applied to complete the
proof. Q.E.D.

Remark 4.1 If zero is in the support of V; given x_; then Corollary 1 holds taking H to be
the degenerate distribution function H (V) = I{V > 0} and ppy(x_;) = 0. Corollary 1 generalizes
special regressor results in Lewbel (2000) and Lewbel, Linton, and McFadden (2011) by allowing
H (V) to be an arbitrary distribution function instead of a degenerate distribution function, and
by dividing by the density of an excluded regressor in the definition of y, instead of dividing by the
density of the special regressor. Both of these generalizations will facilitate construction of a special
regressor based estimator (in part by simplifying the limiting distribution theory) in our context
where the special regressor is a generated regressor. In particular, choosing H to be continuously
differentiable will allow us to take standard Taylor expansions to linearize the estimator as a function
of the estimated V; around the true V;. Dividing by the density of X; instead of the density of V;
will mean estimating the density of an observed regressor instead of the estimating the density of

an estimated regressor.

Remark 4.2 It is clear from Corollary 1 that @;(Z) can be recovered using any (N —1)-vector x. _;
such that the support of V; given (z¢,;, Z) is large enough and V;(X) is monotone in x; given x_;.
As such, ;(%) is over-identified. The source of over-identification is due to the stronger support

condition required in condition (i) of A5’

Remark 4.3 The large support condition (i) and the monotonicity condition (iii) in A5’ could
both in principle be verified from observable distribution. This is because Pr(D; = 1|V; = v,z_;) is
identified over v € Qy;),_, for any z_;, and the marginal impact of excluded regressors on generated

special regressors are identified.

6 Semiparametric Estimation of Index Payoffs

In this section, we estimate a two-player semi-parametric model, where players have constant
interaction effects and index payoffs. That is, for ¢ = 1,2 and j = 3—1, h;y(D;) = D;, ai(X) = X'B;
and 51(5( ) = d;, where 3;, 0; are constant parameters to be inferred. The specification is similar to
Aradillas-Lopez (2009), except the independence between (¢;);eny and X therein is replaced here

by the weaker assumption of conditional independence between (€1, €2) and (X7, X2) given X.
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We first establish identification of «y, d;, 5; in our semi-parametric model using earlier results
from general non-parametric cases. Consider any w such that 0 < pf(X), p;(X ) < 1 and all
coordinates in Wa(x), Va(x) and Va(z) Wi (x) — Vi(x) Wa(x) are non-zero almost everywhere on w.

For i = 1,2, «; are identified as
- * 7 (0P (X)
a; = sign {E [(pm(X) - %) 1{X e w}} } (18)

and ¢; are identified as in equation (9) respectively. To attain identification of §; in this semi-

parametric model based on Corollary 1, define for any ¢ and x
[di — H(Vi(x))] [1 + cidipj ()]

Ixi(zile—;)

i“WH =

)

where Vi(z) = a;z;+6;pj(z), and H is an arbitrary continuous distribution with support contained
in the support of V;(X) given z_; and expectation py(x_;). We will choose H explicitly while

estimating [, in Section 6.2 below. We maintain the following assumption throughout this section.

A5” For any i and Z, (i) the support of V; given x_; = (x¢,—i, ) includes the support of S; given
T for any x—; € Qx_,z; and (ii) for any x_; € Qx_, |3, the conditional density of X; given x_; is
positive almost everywhere. Besides, the sign of 0V;(X)/0X;|x=y is identical to the sign of «; for
any x € Qx.

Condition A5” is more restrictive than A5’ (stated in Section 5), in that A5” requires the set
of x_; satisfying the three conditions in A5’ to be the whole support of X_; conditional on Z.
Intuitively, A5” can be satisfied when (i) conditional on any z_;, the support of X; is sufficiently
large relative to that of S; given Z; and (i) 0;(Z) and the density of ¢; given  are both bounded
above by constants that are relative small (in the sense stated in Appendix C). The condition that
Je;|z 1s bounded above by small constant is plausible especially in cases where the support of € and
X, are both large given £. We formalize these restrictions on model primitives which imply A5” in

Appendix C.

Corollary 2 Suppose A1,2,3,4 and A5” hold and u;(z) = &'B;, 6;(%) = &§; for i = 1,2. Suppose
«;,0; are identified for both i. If B (XX’) has full rank, then

8= [B (X)) E[X i - ma(X-0)] (19)

To prove Corollary 2, apply Theorem 3 with @;(Z) = &5, to get &'8; = E[Y; u| z—i] — pg(r—;)
for any x_; € Qx 3. Thus 23'8; = E [T (Yi g — py(z—;)) |x—] for all z_;. Integrating out X ; on
both sides proves (19).

Sections 6.1 and 6.2 below define semiparametric estimators for «;, 3;,0; and derive their as-

ymptotic distributions. Recovering these parameters requires conditioning on a set of states w in
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(18) and (9). Because marginal effects of excluded regressors X; on the equilibrium choice proba-
bilities (p;, p;‘) are identified from data, the set can be estimated using sample analogs of the choice
probabilities and generated special regressors. For instance, w can be estimated by {z : pi(z),
pj(z) € (0,1), Pii(z), Pj () # 0 and p;i(x)p;;(z) # Pij(x)Dji(x)}, where p;, pj, Pis, pj,; are kernel
estimators to be defined in Section 6.1. In what follows, we do not account for estimation error in
w while establishing limiting distributions of our estimators for «;,d; and ;. Such a task is left
for future research. This choice of neglect allows us to better focus on the task of dealing with

estimation errors (in p;, pj, Pii, Di,j as well as in 31) in the multi-step estimators below.

6.1 Estimation of o; and J;

Typical data sets may have both discrete and continuous covariates, so we consider the case where
X consists of J. continuous and J; discrete coordinates (which are denoted by X. = (Xe,)z'c)
and Xy respectively). In this section we show that «; can be estimated at an arbitrarily fast rate
and that J; can be estimated at the root-N rate. Let v denote a vector of functions (vq,v1,72),
where vo(2) = f(zc|Ta)fa(Za) and vy (z) = E[Dgl|z]f(xc|Za) fa(Za) for k = 1,2, with f(.[.), E(.|.)
being conditional densities and expectations, and fy4(.) being a probability mass function for X,
respectively. Define vy ;(z) = 83’“7)((? for k € {0,1,2} and 7 € {1,2}. Define a 9-by-1 vector:

Ya) = (70771772,70,17’70,2771,1771,27’}’2,1,72,2) .

Let 72‘1) and 4(;) denote true parameters in the data-generating process and their corresponding
kernel estimates respectively. (For notation simplicity, we sometimes suppress their dependence on
X when there is no ambiguity.) We use the sup-norm sup,cq, |.|| for spaces of functions defined

over .
For i =1,2, let j = 3 — 4, and define
A =E [m; (X;'yz‘l)) X ¢ w}} and Al = E [miA (X;7g1)> | X e w} :
where

Yi,i (@) v0 (@) =vi(@)v0,i(x) i (@) v0(@)—=vi(@)v0,5(x) V54 (T)v0(@) =, ()70, (%)

mf4 (955’7(1))

Yo () Yo () Yo(®)vo () ’Yj,j(w)“fo(m)—%‘ (r)'YO,j (z)’
i ) — (@@ =vi@)v0 @) @) v @) =7 (@) 0, () \ T (V50— Y0
ma (”3’7@)) = (m(mm(w)fw(mvo,j(z) wj-,j<x>wO(zH§<x>vw(w>) (7%(@%]@)])

Estimate A%, A’ by their sample analogs as
A= L wmly (24590 (20)

A= (A 5,w) LS wgmiy (20%0)) (21)
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where wy is a short-hand for 1{z, € w}, and 4(;) are kernel estimates for Y- Let K(.) be a
product kernel for continuous coordinates in X., and o being a sequence of bandwidths converging
to 0 as G — +o00. To simplify exposition, define dy9 = 1 for all g < G. The kernel estimates for

{72};3:07172 and their partial derivatives with respect to excluded regressors are defined as:
Vi(Te, Ta) = % Zg dg kKo (Tge — ) {Zga = Ta}
%71(%, jd) = é Zg dg,chm’ (wg,c - JUc) 1{jg,d = 5Cd}

for Kk = 0,1,2 and 7 = 1,2, where K,(.)

estimators for «y, d; are then

o " K(.Jo), Ksi(.) = 070K (./0)/0X;® Our

;= sign(fli) 0 = A
Let F7, f, denote the true distribution and the density of Z = (X, D1, D7) in the data-generating

process.

Assumption S (i) The true parameter v* is continuously differentiable in x. to an order of m > 2
given any Tq, and the derivatives are continuous and uniformly bounded over an open set containing
w. (ii) All coordinates in ’y’(kl) are bounded away from 0 over w. (iii) Let VAR, (x) be the variance
of u; = di — pf(x) given x. There exists & > 0 such that [VAR,, ()" f*(2.|Eq) is uniformly
bounded over w. For any %4, both p!(z)?f*(z.|%4) and VAR, (z)f*(xc|Tq) are continuous in x.

and uniformly bounded over w.

Assumption K The kernel function K(.) satisfies: (i) K(.) is bounded and differentiable in X, of
order m > 2 and the partial derivatives are bounded over w; (ii) [|K(u)|du < oo, [ K(u)du =1,
K(.) has zero moments up to the order of m (where m <m), and [ |Ju||™|K (u)|du < oo; and (iii)

K(.) is zero outside a bounded set.
Assumption B vVGo™ — 0 and (%) olet2) 5 400 as G — +oo.

A sequence of bandwidths o that satisfies Assumption B exists, as long as m (i.e. the parameter
for smoothness of the true parameter in DGP) is sufficiently large relative to J. (i.e. the dimension
of continuous coordinates in X). Under Assumptions S, K and B, sup,¢, ||[91)(z) — 72‘1)(36)\\ =
0,(G~1/4). This ensures the remainder term resulting from the linearization of D> g wymy (x4 Ya))

around 7?1) diminishes at a rate faster than v/G.
Assumption W The set w is convex and contained in an open subset of Qx.

The convexity of w implies that for all i the cross-section of w at any z_; (i.e. the set {z; :

(xi,x—;) € w}) must be an interval. Denote these end-points by I;(x_;) and h;(z_;) for any pair of i

8 Alternatively, we can also replace the indicator functions in the definition of 4, and Yk, with smoothing
product kernels for the discrete covariations as well. Denote such a joint product kernel for all coordinates
in X as K. Bierens (1985) showed uniform convergence of 4, in probability of can be established as long as
\@fsupludbg/(j |K (tte, ug)|due — 0 for all ¢ > 0.
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and z_;. This properties implies that for any function G(z), the expression [ 1{z € w}G(z)dF% can
be written as [ fl?(’ﬁ:)’) G(x)vy(z)dx;da_;, which comes in handy as we derive the correction terms
in the limiting distribution of VG (AZ — Ai) and \/E(A’ — Ai) that are due to kernel estimates
of nuisance parameters. That w is contained in an open subset of x ensures the derivatives of

’7(1)7’)’?1) with respect to x are well-defined over w.

To specify these correction terms, we introduce the following notations. Let w, = 1{z € w}
for the convex set w satisfying NDS. For i = 1,2, let D; 4 (z) (and D; a(z)) denote two 9-by-1
vectors that consist of derivatives of m’,(z; Y1) (and my (z; Y@)) respectively) with respect to the
ordered vector (Yo, Vis Vj» Y0.i» V0,55 Visis Vijs Viir Vi) at Y1) Let Diag (and D; a 1) denote the
k-th coordinate in D; 4 (and D; o) for k < 9. For s =i, 7, let ]_7)1(52‘ x(z) (and ]_T)Z(Sg () denote the
derivative of D; 4 x(X)v5(X) (and D;a 1(X)75(X)) with respect to the excluded regressor X, at
x. We include the detailed forms of [)L A, [72-7& [)E‘?l, f)z(sg in Appendix B.

Lot ¢y = (Yl ¥ ¥ ), where

o (#570y) = we|Diar(@ni@) - DY (@) - D

( (
i (m7y) = we [Dias@i@) - DY) (@) = DY) 7(2)] + Thale);
) ( (

WAJ (CU;’YE)

B
|
'l
P
o0
—~
8
S~—
|
]l

= w, | Diaa(@)i

with

§ @)= ( Yai = hi(z—)}Diaa (0) v (¢) = Hai = li(@—)} Diaa (2) 73 (@) ) )
+Hzj = hj(z—;)}Dias () 75 () — Yy = lj(2—5)}Dias (2) 75 (2)

The term Iz () is defined by replacing 17)1-7,474, Di’A,E, in (22) with f)i’Aﬁ, 1517,4,7 respectively. Like-
wise, the terr7n 1273(m) is defined by replacing D@AA, ZN?LA,5 in (22) with D@A’g, l~?,~7A79 respectively.
Similarly, define ¢ = [WA’O, wiAJ, wiA,j] by replacing D; 4, [?Z(ii, 7Y in the definition of 1/’%4,5 with
Di7A77 [)2(2, T respectively, where 7} = (IiA,pIiA,mIiA,:a) is defined by replacing Dz’,A,k in the
definition of 7% with D; A i for all k.

Assumption D (i) For both i and s = 1,2, Di,A; [?@A, DE‘?‘, DZ(S& are all continuous and
bounded over an open set containing w. (i) The second order derivatives of m%(m;’y(l)) and

miA(:c;'y(l)) with respect to yqy(z) are bounded at Y(1) over an open set containing w. (iii)

Wil,s(x—i-n)}ﬂ < oo and

For both i, there exists constants cf4,ciA > 0 such that E [SuPIIWIISCiA

|Wn (2 + 77)\\4] < 00 for s=0,1,2.

E [Supnnugg

As before, we let D = [Dy, D1, Ds]' (with Dy = 1) in order to simplify notations, and use lower
case d and dj, da for corresponding realized values. Conditions D-(i),(ii) ensure the remainder term

after linearizing the sample moments around the true functions 72‘1) in DGP vanishes at a rate
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faster than v/G. Applying the V-statistic projection theorem (Lemma 8.4 in Newey and McFadden
(1994)), we also use these conditions to show that the difference between & > p wym'y (€459 (1)) and
5 >y wgmiA(xg;’yz‘l)) can be written as [ w. () — 7’("1))’Di7AdF}“( plus a term that is 0,(G~/2),
where F% is the true marginal distribution of X in the DGP. Furthermore, by definition and the
smoothness properties in S, for any ~ that is twice continuously differentiable in excluded regressors
X, Y = (wi‘,o, 1/1%71, WA,z) as defined above satisfies:

v DisdFs = [ 52t (@)de. 23

Using (23), the difference [w.(9() — 7?1))’f)i7AdF;‘( can be written as [#4(z)dEz, where
a(z) = Y (z)d - E [WA(X )D] and F is some smoothed version of the empirical distribution of
Z = (X, D;, D;). Condition D-(iii) is then used for showing the difference between [ 74 (2)dFyz and
é > g<cValzg) is 0,(G~1/2). Thus the difference between é >y wgmy (24 Y@)) and é PO [wym'y (wg;
'yz‘l)) + 74(zy)] is 0,(G1/2). Under the same conditions and steps for derivations, a similar result
holds with m?,, lN)i, 4 and WIA’S replaced by m/y, [)Z-’ A and WA’ s respectively. For D-(iii) to hold, it is

o . 4
sufficient that for ¢ = 1,2, there exists constants ¢y, ¢,y > 0 such that E[supHn”Q' iAs(x+m) H ]

< oo and Elsup, <

Dins(z+1) H < oo for s = 0,1,2, and Elsupy, <, H[)Z(Sjlk(a:—i-n)ﬂ‘l] <
5)
Ak

Z( (1‘+17)||]<oofors-l,Zandke{4,5,6,7}.

oo and E[SUPHn||<c |D
Assumption R (i) There e@'sts an open neighborhood N, around o8 y;ith E[Sup,y(l)@/w |Jwxm (X;
Yall] < 5. (i) Ellloxmiy(Xsviy) + 74(Z)|?] < o0 and Elljwx[miy (Xivfy) - Ail+ 0a(2)]|)

< 00.

Condition R-(i) ensures éZgSG wgmiA(X;’y(l)) 2, E[meiA(X;*y’("l))] when 4y 2, Yy
This is useful for deriving the correction term the results from the use of sample proportions
x >, Wy instead of the population probability py = E[I{X € w}] = Pr(X € w) while estimating
A'. Condition R-(ii) is necessary for the application of the Central Limit Theorem.

Lemma 1 Suppose S, K, B, D, W and R hold. Then fori=1,2,
VG <fl’ - Ai) 4N (O , Var [wxmi‘ (X;’yfl)> + D%(Z)D
Ve (A’ - Ai) AN (0 , o Var [wx (mzA (X;’y’("l)) - Ai) + ﬁZA(Z)D (24)

where

viy(2) = ¥a(2)d — B [¥4(X)D] and vj(2) = ¥a(x)d — B (X)D]

The proof of Lemma 1 follows from steps in Section 8 of Newey and McFadden (1994) as
delineated above. It follows from Lemma 1 and Slutsky’s Theorem that 8; converges to §; at the

parametric rate.



Theorem 4 Suppose Assumptions 1,2,8,4 and S, K, B, D, W and R hold. Then for i = 1,2,
Pr(&; = ;) — 1 and VG (5;—6;) <, N(0,%4), where Xy is the limiting distribution of /G (Al - Ai)
in (24).

The rate of convergence for each ¢; is arbitrarily fast because each is defined as the sign of an
estimator that converges at the root-N rate to its population counterpart. The parametric rate
can be attained by &; because 0; takes the form of a sample moment involving sufficiently regular
preliminary nonparametric estimates. Both properties come in handy as we derive the limiting

behavior of our estimator for f;.

6.2 Estimation of j,

Since &; converges arbitrarily fast, we derive asymptotic properties of our estimator for 3; treating
«; as if it is known. In some applications «; will in fact be known a priori, as in the entry game
example where observed components in fixed costs must negatively affect profits. Without loss of

generality, for simplicity we let a; = —1 in what follows, as would be the case in the entry game.

Let v} < vl be any two values that are known (to researchers) to be in the support of V;(X)
h

given z_; = (z.,_;,%). (The dependence of x!,z on z_; is suppressed to simplify the notation.)

In practice, vé, vzh can be consistently estimated by the inf and sup of —t + Siﬁm’(t, x_;) as t takes

values in the support of X; given z_;. For the rest of this section, we take Uf,vlh as known to

researchers while deriving the asymptotic distribution of BZ We define H as

h
Hw)=K (2 <m> - 1> for all v € [v},v]],

where K denotes the integrated bi-weight kernel function. That is, L(u) =0 if u < —1; K(u) =1
if u > 1; and K(u) = 15(8+ 15u— 10u®+ 3u’) for 0 < u < 1. The integrated bi-weight kernel is
continuously differentiable with its first-order derivative K'(u) equal to 0 if |u| > 1 and equal to the
bi-weight kernel %—2(1 — u?)? otherwise. This distribution H depends on z_; through its support
[ L ,h

v, vf'], and it is symmetric around its expectation iz (z—;) = 3 (vl +v!). This choice of H is not

necessary, but is convenient for our estimator and satisfies all the required conditions.
For i =1,2 and j = 3 — ¢, define:

pi(r) = ’?j(x)/’?o(m)Q pji(x) = [%(m)]_2 [’?j,i(x)%(x) - ’AYj(x)’AYo,i(ff)] ;
ﬁl(ﬂj) = H(—:EZ' + Slﬁ](m)), and 9(2) (I) =1- Szﬁw(az)

We use H;(z) as an estimator for H(V;(z)) and ]7(2-) () an estimator for —0V;(z)/0X; in the case

with o; = —1.
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For i = 1,2 and j = 3 — 4, let p; = 7,/ and p;; = (ym-fyo—yjfyoji) /73; and v, =
(Y0s 75> Yo,> Vi) denote a subvector of v(;y. For any z, the conditional density f(zi|z—;) is a
functional of v as yo(@i,z—i)/ [ vo(t,z—;)dt. Following the convention above, we use ’Y?l,i)’ P
p;; to denote true functions in the data-generating process, and use 4(y ;), Pj, Pj,i to denote kernel

estimates.For each game g < G and for both ¢ = 1,2, define:

[y = Fil)] Vi (g) | ot w,-5)dt
Yo(zg) ‘

Yg,i =

Our estimator for §; is given by 3, = (Zg i’gig> <Zg Ty (Ygi — ,U,H(CL‘%_Z‘))).

Assumption S’ (a) Conditions in Assumption S hold with the set w therein replaced by Qx. (b)
the true density f*(x;|x—;) is bounded above and away from zero by some positive constants over

Qx.

Along with kernel and bandwidth conditions in K, B, conditions S’-(a),(b) ensure sup,cq |9,
— 72‘1 0 || converges in probability to 0 at rates faster than G'/4. Bounding v*(z) and f*(x;|z_;) away
from zero over the support {2x and {2y, ,_, helps attain the stochastic boundedness of VG (Bz — ﬁi) .

See the discussion in the next section regarding outcomes if boundedness is violated.

With the excluded regressors X, continuously distributed with positive densities almost every-
where, this requires the support of excluded regressors given X_; to be bounded. Thus in order for
the support of V; given z_; to cover that of —4;(Z) + €;, it is necessary that the support of € given
X is also bounded. Condition S™-(a) also implies p}i(z) is bounded above over 2y for i = 1,2 and

j=3—i.

Define the functional miB <z; 04, '7(1,i)) fori=1,2 as

i — = —0ipj,i(z
mis (2305v,) =7 {1di = H (=i + 6y (@))] TG — pa(2-) }

where z = (di,ds,z) and pj,pj; and fx,(w;|r—;) are functions of v(; ;) as defined above. By

definition,

N -1 .
Bi=(Ee8) & Tymh (200 70,0)
For i =1,2 and j = 3 — i, define

D ps (Z;5ia7(1,i)> = %miB (z; 5?,7(1’1-)) |5?:67:
r (@) [1-0ipj.i (@ ji(T
= & { B (i Bip () PO (g H (i + 8ipy(0))]) )

For ¢ = 1,2 and j = 3—1, denote the partial derivatives of m% (z; di, 7(171‘)) with respect to V(1) (x)
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at the true DGP parameters 6; and 9 (x) as:

= Omiy (Z?‘siv'ya,i)) op; () Omig (Z;‘siﬁa,i)) op; ;(x)

Dipa(z) = T B oy R o R N O
D, 5a(2) = om’y (z;éif)’a,i)) opi(z)  Omp <z;6i,’72‘1,i)> o} ,(x)
,B, opj (w) 9, (x) op (@) v (@)
; omiy (590 7000) i) oy (20:77,.) 0. (2)
. — (1,7) p],z ) — B (1,5) p],z
Dins(2) = —p @ e, 224 Dinalt) = — %y @)

Let D; g (2) denote a 4-by-1 vector with its k-th coordinate being D; g x(2) for k = 1,2,3,4 and
i =1,2. For both ¢ and any z, define the functional ‘M}é,7 (2’7(171') , which is linear in 7y ;, as

Mé,fy (»’%’Y(l,i)) = Y1) (2)'Di,B(2). (25)
Note DZ-, p on the right-hand side of (25) is evaluated at the true parameter values §; and 7’(‘1 i)

For both i, let D; pi(z) = E [D@B’]C(Z)L’II} for k£ < 4, and Dgg,k(x) = %W for

s=1,2 and k = 3,4. Define
V(@) = Dipi(@)y(@) — DU (@) + T (@);
Wi i(@) = Dipal@)y() — DY} () + T (),

where

Tpi(z) = Wai=hi(z_i)}Dipgs(x)

o () = Yz =1 (x-3)} Di B3 (x)
po(®) = Wxi=hi(z)}Dipa ()7

Y
7% (@) = Hai = [} (2-:)} Di,p 4 (2)
with hf(z_;),f(z_;) being the supreme and infimum of the support of X; given z_;.

For i = 1,2 and any h twice continuously differentiable in z. over 2x, define

iy CEE) [hltae_ddt  CH@h@) [y (tai)dt
Mpy(5h) = =g~ CHEE

where

Ci(z)=a [di — H(—x; + 51p;(:£))] [1 — 51p;‘1(:13)] .

The functional M]iB,f (2;h) is the Frechet derivative of mb (z;él-,"/(l,i)) with respect to vy ;) at
72‘1 ) in DGP.Define

i _ cr(z . E(CH(Z)|z .
Vpy(r) = E (75(()(; \x_,> Yo(w—i) — % /70(t7$—i)dta

where the integral is over the support of X; given x_;, and we abuse the notation slightly to use
v (x—;) to denote the true density of X_; in DGP. Our proof uses the fact that [ Mfg’f(z; h)dF; =

fw’é’f(a:)h(:n)dm.
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We now define the major components in the limiting distribution of vG(j3; — ;):

Vg(zg) = ¢Bo($g)+¢3f($g)+¢33($g) 9.3 — [T/JBO( )‘i'wiB,f(X)‘i'd)jB,j(X)Dj};

Wit = o [ (s (i) — 8%) + 9G] Mis = B [Duss (200700 ]

Ui(z) = m (500710 + 7B() + M50,

The key step in finding the limiting distribution of v/G (BZ — &-) is to show & PO miy(2g; 0i, Ya.)
=2 > s(z4) + 0,(G1/?). Specifically, the difference between & > mig (24 Si,’y(lﬂ-)) and the
infeasible moment & Y- p miB(zg;éi,’yz‘Li)) is a sample average of some correction terms 7% (2) +
./\/l;(;\lfg(z) plus op(G_%). The form of these correction terms depends on 'f(kl) in the true DGP as

well as how 3i,'3/(1) enter the moment function m,.

Assumption D’ (i) For i = 1,2, the second-order derivatives of m% (z; 61-,7(1,1-)) with respect to
Ya(z) at Y1) (z) are continuous and bounded over the support of Z (i.e. {1,0}> ® Qx). (i)
For both i and s = 1,2, ]_T)Z(j%, are continuous and bounded over {1,0}? ® Q. (iii) For i = 1,2
and j = 3 — i, there exists ¢ > 0 such that E[SUPHancH’(/JSB,S($+77)H4] < oo for s = 0,5 and
Elsup|jy<c 14 s(x +n)l[*] < oo

Assumption W’ For i = 1,2 and any x_;, the support of X; given x_; is convexr and closed.

Assumption R’ (i) There exists open neighborhoods Ny, N; around 67, '7’(*1 0 respectively such
that. Elsups,en, vy on, 1Dissl(Z evap)ll ] < oo (i) EIWH(Z) - XXG|P) < +oc. (i)
E {X'X} is non-singular.

Condition R’-(i) is used for showing the difference between & 2 mi (245 i 4 Ya,) and & PO mi(zg;
0is9(1,i)) is represented by a sample average of a certain function plus an o, (G~ 1) term. Under R’-
(i), this function takes the form of the product of E[D; g s(z; 52‘,7?171.))] and the influence function
that leads to the limiting distribution of v/G(8; — 8;).

Similar to the case with A’, we can apply the linearization argument and the V-statistic
Projection Theorem to show that, under conditions in D’-(i) and (ii), ézg[m%(xg;éi,’y(l))—
miB(:vg;éi,'yzl))] can be written as foBﬁ(z,ﬁ/(u) — '7’(*171.)) + M}'Bj(z;’yo — 74)dF7, plus op(G*%),
where I is the true distribution of Z in the DGP. Again by definition and smoothness properties
in 5, for any ~y(;; that is twice continuously differentiable in excluded regressors, the functions

wiBﬁ, 1/)21'37]- and wfg’f can be shown to satisfy:

/ M (5v000) + M (2:70)dFf = / [Wh.0(2) + Wiy (@) 0(2) + Wi () (2)de

using an argument of integration-by-parts.
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Us.ing thiNS equation, ‘the difference [ Mfgﬂ(z; '3/(17i)~— 'yz‘u)) + M]g,f(z; Y, — 7’(*17i))dF§ can be
as [ U'5(2)dFy, where D'y(z) was defined above, and F is some smoothed version of the empirical
distribution of Z as mentioned in the proof of asymptotic properties of 8;. Condition D’-(iii) is
then used for showing the difference between [ #%(2)dFz and & >y Vi (2g) is op(G’_%). Thus the
difference between %Zg miB(zg;(Si,ﬁ/(l)) and %Zg[miB(zg;éi,'yz‘l)) + iy(24)] is 0p(G~/2). For
D’-(iii) to hold, it suffices to have that, for ¢ = 1,2, there exists ¢; > 0 such that E[Suplln\léc,-
| Di,B(x + 77)“4] < oo and Efsup, <, HDZ(‘%(:B +1n)|[*] < oo. Condition R’-(ii) ensures the Central
Limit Theorem can be applied. Condition R’-(iii) is the standard full-rank condition necessary for

consistency of regressor estimators.

Theorem 5 Under A1,2,3,4, A5” and S’, K, B, D', W’, R’, \/é(BZ—BZ) LA N(0,%%) fori=1,2,

where

2y =B (XX) Var (V(2) - X'%5,) (B (X))

Estimation errors in 3@ and p; affect the distribution of BZ in general. The optimal rate of
convergence of p; is generally slower than VG because pj depends on the number of continuous
coordinates in X, but Bl can still converge at the parametric rate because Bz takes the form of a

sample average.

6.3 Discussion of 3, Estimation Rates

To facilitate obtaining a parametric convergence rate for Bi, Assumption S’ assumed that the
excluded regressors had bounded support, and that support of V; given some z_; = (x¢_;, T)
includes that of —z3; + ¢; given Z. This necessarily requires the support of ¢; given Z to also
be bounded. As discussed earlier, such boundedness is a sensible assumption in the entry game

example.

Lewbel (2000) shows that special regressor estimates can converge at parametric rates (\/é in
the current context) with unbounded support, but doing so requires that that the special regressor
have very thick tails. It should therefore be possible to relax the bounded support restriction in
Assumption S’. However, Khan and Tamer’s (2010) impossibility result shows that, in the unbound-

edness case, the tails would need to be thick enough to give the special regressor infinite variance.’

9More precisely, Khan and Tamer (2010) showed for a single-agent, binary regression with a special regressor
that the semiparametric efficiency bound for linear coefficients are not finite as long as the second moment of all
regressors (including the special regressors) are finite. For a further simplified model where Y = 1{a +v +¢ > 0}
(with v L €, o constant and both v, e distributed over the real-line), they showed that the rate of convergence for an

1/4

inverse-density-weighted estimator can vary between N~/ and the parametric rate, depending on the relative tail

behaviors.
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Moreover our estimator would need to be modified to incorporate asymptotic trimming or some

similar device to deal with the denominator of Y; going to zero in the tails.

More generally, without bounded support the rate of convergence of Bl depends on the tail
behavior of the distributions of V; given x_;. Robust inference of ﬁl independent of the tail behaviors
might be conducted in our context using a “rate-adaptive" approach as discussed in Andrews and
Schafgans (1993) and Khan and Tamer (2010). This would involve performing inference on a
studentized version of BZ More speculatively, it may also be possible to attain parametric rates of
convergence without these tail thickness constraints by adapting some version of tail symmetry as

in Magnac and Maurin (2007) to our game context. We leave these topics to future research.

7 Monte Carlo Simulations

In this section we present evidence for the performance of the estimators in 2-by-2 entry games with
linear payoffs. For i = 1,2, the payoff for Firm i from entry (D; = 1) is [39+5}X —X;+0;D3_; —€,
where Dj3_; is the entry decision of ¢’s competitor. The payoff from staying out is 0 for both
i = 1,2. The non-excluded regressor X is discrete with Pr(X = 1/2) = Pr(X = 1) = 1/2. The
true parameters in the data-generating process (DGP) are set to [5, 81] = [1.8,0.5] and [39, B3] =
[1.6,0.8]. For both ¢ = 1,2, the support of the observable part of the fixed costs (i.e. excluded
regressors X;) is [0, 5] and the supports for the unobservable part of the fixed costs (i.e. €;) is [—2,2].
All variables (X , X1, X9, €1, €2) are mutually independent. To illustrate how the semiparametric
estimator performs under various distributions of unobservable states, we experiment with two
DGP designs: one in which both X; and ¢; are uniformly distributed (Uniform Design); and one
in which X; is distributed with symmetric, bell-shaped density fx, (t) = 3(1— (% —1)2)2 over [0, 5]
while ¢; is distributed with symmetric, bell-shaped density f, (t) = 33(1 — %)2 over [—2,2]. That
is, both X;, ¢; are linear transformation of a random variable whose density is given by the Quartic
(Bi-weight) kernel, so we will refer to the second design as the BWK design. By construction, the
conditional independence, additive separability, large support, and monotonicity conditions are all

satisfied by these designs.

For each design, we simulate S = 300 samples and calculate summary statistics from empirical
distributions of estimators 4; from these samples. These statistics include the mean, standard
deviation (Std.Dev), 25% percentile (LQ), median, 75% percentile (HQ), root of mean squared
error (RMSE) and median of absolute error (MAE). Both RMSE and MAE are estimated using

the empirical distribution of estimators and the knowledge of our true parameters in the design.

Table 1(a) reports performance of (81, d2) under the uniform design. The two statistics reported
in each cell of Table 1(a) correspond to those of [41, §2] respectively. Each row of Table 1(a) reports
Each row relates to a different sample size N (either 5,000 or 10,000) and certain choices of
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bandwidth o for estimating p7, pj and their partial derivatives w.r.t. X;, X;. We use the tri-weight
kernel function (i.e. K(t) = 35(1 —¢?)31{|t| < 1}) in estimation. We choose the bandwidth (b.w.)
through cross-validation by minimizing the Ezpectation of Average Squared Error (MASE) in the
estimation of p; and pj. This is done by choosing the bandwidths that minimize the Estimated
Predication Error (EPE) for estimating pj,p;.lo
estimator is against various bandwidths, we report summary statistics for our estimator under both

To study how robust the performance of our

intentional under-smoothing (with a bandwidth equal to half of b.w.) and over-smoothing (with a
bandwidth equal to 1.5 times of b.w.). To implement our estimator, we estimate the set of states w

satisfying NDS by {x : p;(z), p;(x) € (0,1), pii(z), pjj(x) # 0 and p;i(x)p;;(x) # Pij(x)pji(x)}.

Table 1(a): Estimator for (§1,02) (Uniform Design)

’ N ‘ Mean Std.Dev. L@ Median HQ RMSE MAE
b.w [-1.397,-1.384]  [0.163,0.174] [-1.514,-1.499] [-1.387,-1.386]  [-1.294,-1.267]  [0.189,0.193]  [0.123,0.122]
5k Lpw. | [1.430,-1.433] [0.282,0.292] [-1.606,-1.621]  [-1.408,-1.404] [-1.257,-1.232]  [0.310,0.320]  [0.196,0.199]
3paw. | [1.442-1.429] [0.141,0.148] [-1.536,-1.529]  [-1.436,-1.425] [-1.344,-1.324]  [0.200,0.196]  [0.144,0.139]
b.w. [-1.380,-1.379]  [0.113,0.119]  [-1.456,-1.457]  [-1.381,-1.374]  [-1.298,-1.294]  [0.138,0.143]  [0.096,0.098]
10k %b.w. [-1.390,-1.394]  [0.187,0.185]  [-1.519,-1.520]  [-1.376,-1.386]  [-1.256,-1.254]  [0.207,0.207]  [0.134,0.129]
3paw. | [1.424-1.420] [0.098,0.102] [-1.488,-1.487] [-1.421-1.417] [-1.352,-1.349]  [0.158,0.157]  [0.121,0.117]

The column of RMSE in Table 1(a) sshows that the mean squared error (MSE) in estimation
diminishes as the sample size increases from N = 5000 to N = 10000. There is also evidence
for improvement of the estimator in terms median absolute errors as N increases. The trade-off
between variance and bias of the estimator as bandwidth changes is also evident from the first two
columns in Table 1(a). The choice of bandwidth has a moderate effect on estimator performance.

Table 1(b): Estimator for (61,d2) (BWK Design)

’ N ‘ Mean Std.Dev. L@ Median HQ RMSE MAFE
b.w. [-1.347,-1.342]  [0.095,0.090]  [-1.402,-1.410] [-1.343,-1.335]  [-1.287,-1.282]  [0.105,0.100]  [0.071,0.062]
5k Lpw. | [[1.343-1.343] [0.120,0.112]  [-1.418,-1.424]  [-1.342,-1.345]  [-1.263,-1.266]  [0.127,0.120]  [0.084,0.081]
3pw. | [-1.406,-1.440]  [0.092,0.090]  [-1.462,-1.464] [-1.404,-1.391] [-1.346,-1.344] [0.141,0.135]  [0.108,0.095]
b.w. [-1.317,-1.320]  [0.061,0.061]  [-1.361,-1.356]  [-1.312,-1.314]  [-1.276,-1.276]  [0.063,0.064]  [0.042,0.038]
10k %b.w. [-1.309,-1.311]  [0.076,0.077]  [-1.361,-1.357]  [-1.305,-1.300]  [-1.264,-1.263]  [0.076,0.077]  [0.048,0.045]
gb.w [-1.365,-1.368]  [0.058,0.060]  [-1.407,-1.404] [-1.361,-1.365]  [-1.325,-1.325]  [0.087,0.090]  [0.061,0.066]

Table 1(b) reports the same statistics for the BWK design where both X, ¢; are distributed
with bell-shaped densities. Again there is strong evidence for convergence of the estimator in terms

of MSE (and MAE). A comparison between panels (a) and (b) in Table 1 suggests the estimators

19See Page 119 of Pagan and Ullah (1999) for definition of EPE and MASE.
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for 9;,6; perform better under the BWK design. First, for a given sample size, the RMSE is smaller
for the BWK design. Second, as sample size increases, improvement of performance (as measured
by percentage reductions in RMSE) is larger for the BWK design. This difference is due in part to
the fact that, for a given sample size, the BWK design puts less probability mass towards tails of
the density of X;. To see this, note that by construction, the large support property of the model
implies p;, p; could hit the boundaries (0 and 1) for large or small values of X;, X; in the tails.
Therefore states with such extreme values of z;, x; are likely to be trimmed as we construct Si, Sj
conditioning on states in w (i.e. those satisfying the NDS condition). The uniform distribution
assigns higher probability mass towards the tails than bi-weight kernel densities. Thus, for a fixed
N, the uniform design tends to trim away more observations than BWK design while estimating
d;,0;. Note that while these trimmed out tail observations do not contribute towards estimation of

2 . . . . ~0 ~1
d;,0;, their presence is required for parametric rate convergence of 3;, 3, .

Next, we report performance of estimators (B?, le )i=1,2 in Table 2, where we experiment with
the same set of bandwidths as in Table 1. Besides, we report in Table 2 the performance of an
“infeasible version" of our estimator where the preliminary estimates for p;,p; and their partial
derivatives w.r.t. excluded regressors are replaced by true values in the DGP. Panels (a) and (b)
show summary statistics from the estimates in S = 300 simulated samples under the uniform design.

Table 2(a): Estimator for (89, 8}) (Uniform Design, N = 5k)

‘ ‘ Mean Std.Dev. L@ Median HQ RMSE MAE

Infeasible [B?,Bi] (1.818,0.487] [0.088,0.116] [1.756,0.408] [1.819,0.483] [1.879,0.564] [0.090,0.117]  [0.062,0.081]
[Bg,ﬁ;] [1.617,0.786]  [0.081,0.105] [1.560,0.710] [1.622,0.785] [1.677,0.855]  [0.083,0.105]  [0.060,0.073]

b.w. [B?Bi] [1.835,0.510]  [0.095,0.120]  [1.774,0.427]  [1.839,0.502] [1.900,0.599] [0.101,0.120]  [0.066,0.085]
[B;Bé] [1.636,0.801]  [0.096,0.111] [1.571,0.713] [1.635,0.801] [1.706,0.884] [0.102,0.111]  [0.079,0.085]

%b.w [B?Bi] [1.875,0.490] [0.104,0.123] [1.816,0.403] [1.873,0.482] [1.946,0.574] [0.128,0.123]  [0.088,0.090]
[,327[3;] [1.685,0.770] [0.107,0.114] [1.604,0.682] [1.689,0.770] [1.764,0.853] [0.136,0.117]  [0.102,0.086]

%b.w. [[/\3(1)781] [1.815,0.533]  [0.095,0.123] [1.751,0.446] [1.812,0.523] [1.887,0.620] [0.096,0.127]  [0.068,0.089]
[32,8;] [1.613,0.826] [0.097,0.112] [1.544,0.737] [1.617,0.826] [1.684,0.911]  [0.098,0.115] [0.074,0.079]




Table 2(b): Estimator for (82, 3}) (Uniform Design, N = 10k)
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Mean Std.Dev. LQ Median HQ RMSE MAE

Infeasible [,@?7[31] [1.816,0.492] [0.059,0.076] [1.777,0.440] [1.811,0.496] [1.855,0.542] [0.061,0.076]  [0.040,0.052]
[[/\32785] [1.627,0.776]  [0.063,0.078]  [1.587,0.725] [1.629,0.773] [1.667,0.826] [0.069,0.081]  [0.046,0.051]

b.w. [B?,Bi] [1.823,0.525] [0.067,0.083] [1.779,0.477] [1.822,0.531] [1.866,0.577] [0.071,0.087]  [0.047,0.059]
[Bg,ﬁ;] [1.631,0.811] [0.073,0.085] [1.584,0.754] [1.634,0.809] [1.676,0.864] [0.079,0.086] [0.056,0.053]

%h.w. [B?,Bi] [1.847,0.497]  [0.069,0.082] [1.801,0.451] [1.849,0.500] [1.888,0.548]  [0.083,0.081]  [0.057,0.049]
[Bg,,@’é] [1.658,0.780]  [0.074,0.085] [1.611,0.730] [1.658,0.782] [1.700,0.831]  [0.094,0.087]  [0.067,0.059]

%b‘w [B?,Bi] [1.790,0.575]  [0.070,0.087] [1.745,0.522]  [1.792,0.582] [1.837,0.631] [0.071,0.115]  [0.049,0.090]
[BQ,BQ] [1.599,0.860] [0.076,0.089] [1.548,0.803] [1.604,0.858]  [1.644,0.918] [0.075,0.107]  [0.049,0.070]

Similar to Table 1, these panels in Table 2 show some evidence that estimators are converging

(with MSE diminishing) as sample size increases. In Table 2(a) and 2(b), the choices of bandwidth
now seem to have less impact on estinAa(z)mti)l{ performance relative to Table 1. Furthermore, the
trade-off between bias and variances of 3, , 3, as bandwidth varies is also less evident than in Table
1. This may be partly explained by the fact that the first-stage estimates &; and 5]- (which itself
is a sample moment involving preliminary estimates of nuisance parameters p;, p;, p;,j, pj,i etc) now
enter B(l), Bi through sample moments. While estimating ﬁ?, ﬁzl, these moments are then averaged
over all observed states in data, including those not necessarily satisfying NDS. This second-round
averaging, which involves more observations from data, possibly further mitigates the impact of
bandwidths for nuisance estimates (p;,p; etc) on final estimates. It is also worth noting that the
performance of the feasible estimator is somewhat comparable to that of the infeasible estimators in
terms of MSE and MAE. Again, this is as expected, because the final estimator for B?, B% requires
further averaging of sample moments that involve preliminary estimates.

Table 2(c): Estimator for (89, 8}) (BWK Design, N = 5k)

‘ ‘ Mean Std.Dev. L@ Median HQ RMSE MAE

Infeasible [B?,ﬁi] [1.811,0.513]  [0.072,0.095] [1.757,0.448] [1.813,0.516] [1.860,0.573]  [0.072,0.096]  [0.051,0.064]
[BS,B;] [1.618,0.804]  [0.064,0.084] [1.574,0.747] [1.620,0.801] [1.661,0.858]  [0.066,0.083]  [0.046,0.055]

b.w. (39,87) | [1.813,0.513]  [0.074,0.096] [1.773,0.456] [1.814,0.514] [1.859,0.576] [0.075,0.097]  [0.045,0.055]
(35, Bs] | [1.619,0.797]  [0.069,0.085] [1.569,0.739]  [1.618,0.795]  [1.665,0.854]  [0.071,0.085]  [0.051,0.058]

%b.w. [B?,Bi] (1.835,0.487]  [0.073,0.097] [1.784,0.421  [1.835,0.494] [1.881,0.544] [0.081,0.098]  [0.058,0.061]
[Bg,,@;] [1.641,0.776]  [0.073,0.089] [1.593,0.716] [1.643,0.774] [1.688,0.831] [0.083,0.092] [0.061,0.066]

%b.w. [B?,Bi] [1.796,0.574]  [0.074,0.098]  [1.742,0.503] [1.796,0.576] [1.848,0.637] [0.074,0.123]  [0.053,0.090]
[Bg,,@;] [1.619,0.835]  [0.071,0.088] [1.564,0.775] [1.620,0.832] [1.665,0.892] [0.074,0.095]  [0.053,0.056]
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Table 2(d): Estimator for (82, 8}) (BWK Design, N = 10k)

R

Mean Std.Dev. LQ Median HQ RMSE MAE

Infeasible [[/\3?751] [1.805,0.521]  [0.052,0.067] [1.778,0.484] [1.811,0.523] [1.842,0.561]  [0.052,0.070]  [0.030,0.044]
[[/\327[3;] [1.616,0.809] [0.053,0.062] [1.587,0.768] [1.619,0.803] [1.649,0.847]  [0.055,0.062] [0.038,0.039]

b.w. [B?,Bi] [1.810,0.507]  [0.052,0.067] [1.773,0.469] [1.812,0.506] [1.845,0.552]  [0.053,0.067] [0.037,0.046]
[Bg,ﬁ;] [1.618,0.796]  [0.052,0.065] [1.581,0.749] [1.620,0.793] [1.654,0.838]  [0.055,0.065] [0.038,0.044]

%h.w. [B?,Bi] [1.827,0.487]  [0.054,0.070]  [1.789,0.442]  [1.828,0.490] [1.865,0.532] [0.060,0.071]  [0.042,0.045]
[Bg,,@’é] [1.632,0.780]  [0.055,0.070]  [1.592,0.735] [1.635,0.781] [1.670,0.825]  [0.063,0.070]  [0.043,0.050]

%b‘w [B?,Bi] [1.808,0.527]  [0.056,0.067] [1.766,0.489]  [1.808,0.527] [1.841,0.571]  [0.056,0.072]  [0.036,0.050]
[Bg,@;] [1.619,0.807]  [0.052,0.064] [1.582,0.764] [1.621,0.804] [1.655,0.849] [0.055,0.065]  [0.040,0.043]

The remaining two panels 2(c) and 2(d) report estimator performance for the BWK design.
These two panels exhibit similar patterns as noted for Table 2(a) and 2(b). The performance
of (B?, le ) under the BWK design is slightly better than that in the uniform design in terms of
both MSE and MAE. The uniform design has more observations in the data that are closer to
the boundary of supports than the BWK, which, for a given accuracy of first stage estimates,
should have made estimation of °, B} more accurate under the uniform design. However, this
effect was offset by the impact of distributions of Xj,¢; on first-stage estimators 3i, 5j, which were

more precisely estimated in the uniform design.

8 Extension: Multiple Bayesian Nash Equilibria

As discussed in Section 2, our model of discrete games with incomplete information may admit
multiple BNE in general. The preceding sections maintained the assumption that choices under
each state are generated by a single BNE in the data-generating process (A2). We now show how

to extend our identification and estimation strategies to allow for multiple BNE.

8.1 The issue of multiple BNE and a preview of our approach

When players’ actions under some state x in data are generated by more than one BNE, the system
in (1), which only characterize each single BNE, will not in general provide a valid link between
the distribution of actions in data and the underlying model primitives. To see this, suppose
under some state x that players follow strategies prescribed by several different BNE. Then the
conditional expectation E[h;(D_;)|z] as directly identified from data will be a weighted average of
several distinct expectations of h;(D_;) conditional on x. Each of these conditional expectations

corresponds to a different BNE. The weights on these implied expectations would be determined by
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whatever equilibrium selection mechanism characterizes the DGP. In general, (1) will not hold for

E[hi(D_;)|x] as identified directly from data. Hence (1) cannot be used as a basis for estimation.

To make this discussion more precise, consider the case with h;(D_;) = >, ,, D;. For any =,
let £, denote the set of all BNE at x determined by the model primitives {u,d; }ien and Fy x.
Let each equilibrium in £, be indexed by [, and is characterized by an N-vector of marginal choice
probabilities p'(z) = {p(x)}ien that solves (3). Assume that the equilibrium selection mechanism
in the DGP, denoted by A,, is a distribution function with support £,, and that A, may depend
on x but is independent from players’ private information. This reflects the plausible restriction
that equilibrium selection does not depend on information that is not publicly available to all
players. Let p*(d|x) denote the joint probability for players to choose d € {0,1}" under x, which
is identifiable from data. Let p}(x) denote the marginal probability that ¢ chooses 1 identified from
data, and for any [ € L, let pﬁ(:]:) denote the corresponding marginal choice probability implied by
the BNE [. By the Law of Total Probability, for any = that has a non-singleton £, the observable

choice probabilities p*(d|z) must equal the mixture

p(de) = [ [ i@ =sl@)' ] an,
for any d € {0,1}"; and pf () = [, pi(x)dA.

When actions observed in data are rationalized by only one of the BNE in £, (indexed by 1),

we have
ph(e) = Prdul (X, e) + 67(X) £ 0)(X) 20| X =} (26)

for all 4, where {p!(z)}icn is identical to the observable {p?(z)}ien (the vector of individual choice
probabilities in data). This is the basis for identification in the single BNE case. In contrast, if
players’ choices under states « are rationalized by multiple equilibria in the data, then {p}(z)}icn
is a weighted average of several solutions to (26), and any such weighted average need not satisfy
equation (26). Thus in the multiple BNE case equation (26) no longer links the distribution of

actions in data to the underlying model structure.

Our approach for identification under multiple BNE differs qualitatively from other methods
such as those surveyed in the introduction, and only requires some fairly mild nonparametric
restrictions. Our method works by focusing on the subset of states in which choices observed in
data are rationalized by a single BNE. Denote this set of these states by w* C Qx. Note w* not
only includes those states in which the system (1) has one solution (and hence a single BNE),
but also includes those in which the system (1) admits multiple solutions in {s;(z,.)};en but the

equilibrium selection mechanism in data is degenerate at only one of them.

In the following subsections, we first give details in how to extend the arguments in Sections

3.2 and 3.4 to allow for multiple BNE. We first modify our previous arguments to identify «; and
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interaction effects §;(Z) conditioning on states X € w*. Next, assuming the excluded regressors X,
vary sufficiently over states w*, we similarly extend our previous arguments to identify the baseline

payoffs.

Implementing this identification strategy requires knowing which states belong to w*. Our
final results show how to infer whether a set of states is contained in w* using observable choice
data. Also, in an appendix we provide sufficient conditions to guarantee that w* is not empty, and

contains enough states to allow identification of at least some parts of the model

For a semiparametric model with h;(D—;) = >_,; D; and index payoffs, Aradillas-Lopez (2009)
presents restrictions on primitives guaranteeing that the system in (3) admits a unique solution
only, in which case all states would be in w*. However, we do not know of results that can be used
to verify that these restrictions hold using observable states and actions in data. Instead we adopt
the approach in De Paula and Tang (2011) and use the observable distribution of choices and states

to test for multiplicity of BNE at x in data.

8.2 Identification under multiple equilibria

Corollary 3 Suppose A1,3 hold and let W' be a subset in the interior of w* that satisfies NDS.
Then (i) (oa,.,an) is identified as in (7) in Theorem 1 with w therein replaced by W'. (ii) For all
& such that Pr(X € '|X = &) > 0, (61(2),.,0n(Z)) is identified as in (8) in Theorem 1 with w

therein replaced by w'.

Corollary 3 identifies 0;(Z) at those & for which a subset w’ in the interior of w* with Pr(X €
W' |)~( = ) > 0 is known to the researcher. In Appendix C, we present sufficient conditions for the
existence of such a set w’ that also satisfies the NDS condition. Essentially these conditions require
the density of S; given & to be bounded away from zero over intervals between a;z; + §;(Z) and
a;z; for any (z.,7) € w'.M

Now consider extending the arguments that identify @;(Z) in Section 3 under A4 (additive
separability and mean independence of ¢;) to allow for multiple Bayesian Nash equilibria in the
data generating process. The idea is to use the variation of X; as before, but now just over a subset

of states that belongs to w*.

A5" For any i and Z, there exists some x_; = (Te i, Z) and w; C Qx,|z_, such that (i) w; is an
interval with Pr(X; € wi|lz—;) > 0 and w; @ x_; C w*; (ii) the support of V; conditional on X; € w;

"' This condition is sufficient for the system in (3) to admit only one solution for all (z.,%) € w/ when h;(D_;) =
> j»i Di and ui(z, &) is additively separable in z and €; for both i. It is stronger than what we need.because there

can be a unique BNE in the DGP even when the system admits multiple solutions at a state x.
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and x_; includes the support of S; given &; (iii) the density of X; conditional on X; € w; and z_;
is positive a.e. on w;; and (iv) the sign of OVi(X)/0Xi|y_(,, . ,) i identical to the sign of a; for

all x; € w;.

A5"" is more restrictive than A5’, because A5"” requires the large support condition and the
monotonicity condition to hold over a set of states with a unique equilibrium in DGP. The presence
of excluded regressors with the assumed support properties in our model generally implies that the
set w* is not empty. An intuitive sufficient condition for A5"” to hold for some player ¢ and Z is
that . _; takes extremely large or small values so that the system (3) admits a unique solution.
(To see this, consider the example of entry game. Suppose the observed component of fixed costs,
or excluded regressors, for all but one firm take on extremely large values. Then the probability of
entry for all but one of the firms are practically zero, yielding a unique BNE where the remaining
one player with a non-extreme fixed cost component X; enters if and only if his monopoly profit

exceeds his fixed cost of entry.)

Nonetheless, note that such extreme values are not necessary for w* to be non-empty and for
A5" to hold. This is because the equilibrium selection mechanism may well be such that even
for states with non-extreme values the data is rationalized by a single BNE. For instance, in the
extreme case, w* could be identical to 2 x and we would be back to the scenario as assumed in A2.
The inference of subsets of w* is an empirical question that can be tackled using data of choices

and states. We discuss how to make such inference in Section 8.3 below.

Conditions (i) and (iii) in A5"” are mild regularity conditions. As for condition (iv) in A5"”, it
can be satisfied when the density of ¢; given Z and §;(Z) are both bounded above by small constants.

We formalize a set of primitive conditions that are sufficient for A5"” in Appendix C.

For a pair x_;, w;, define YZ’H by replacing f(z;|z—;) with f(z;|z_;,w;) in the definition of
Y; i in (13). Choose a continuous distribution H as in (13) before, but now require it to have an
interval support contained in the support of V; given z_; and X; € w;. Let py(x_;,w;) denote the

expectation with respect to the distribution H.
Corollary 4 Suppose A1,3,4 hold. For any i, v_; and w; such that A5" holds,
E DGI,H‘XZ € wi,x_i] — MH(J}_Z',wi) = ﬂz(:i’)
Once we condition on a pair x_;, w; such that w; ® x_; C w*, the link between model primitives
and distribution of states and actions observed from data takes the form of (1). The proof of

Corollary 4 is then an extension of Corollary 1, and is omitted for brevity. In Appendix C, we

discuss sufficient conditions for existence of such x_; and w; satisfying A5".
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Similar to the case with unique BNE, we could also modify the identifying argument in Corollary
4 to exploit the variation of X, over a set of states with unique BNE and X = #. This would be
done by replacing the denominator of (11) with fy,(Vi(x)| X € we, &), where w, is subset of the
support of X, given & such that Pr(X, € w.|z) > 0, we ® & C w* and the support of V; given Z and

X € we is large enough to cover that of —a;(Z) + €; given Z.

8.3 Inference of states with unique equilibrium

When there may be multiple BNE in data under some states, estimation of «;,d;(Z) and @;(Z)
requires knowledge of at least some sets of states contained in w*. Specifically, the researcher needs
to know some we C Qy, |3 with we ® & C w* in order to estimate oy, d;(%), and some w; C Qx,,_,

with w; ® x_; C w* in order to estimate ;(Z).

Given a set of states w C €2x chosen by the researcher, we now modify the method in De Paula
and Tang (2011) to propose a test for the null that, for virtually all of the states in @, choices are
rationalized by a single BNE in the DGP. For brevity we focus on the semiparametric case with
0;(Z) = d; and N = 2.

For any w C Qx with Pr(X € @) > 0, define:
T(w)= E{X € w}(D1Ds — p1(X)p3(X))]-

The following lemma is a special case of Proposition 1 in De Paula and Tang (2011), which builds
on results in Manski (1993) and Sweeting (2009).

Lemma 2 Suppose 0;,(Z) = §; # 0 for all & and i = 1,2. Under Al,

Pr{X ¢ w*| X € @} > 0 if and only if T'(w) # 0 (27)

The intuition for (27) is that, if players’ private information sets are independent conditional
on z, then their actions must be uncorrelated if the data are rationalized by a single BNE. Any
correlations between actions in data can only occur as players simultaneously move between strate-
gies prescribed in different BNE. De Paula and Tang (2011) showed this result in a general setting
where both the baseline payoffs u;(x, ¢;) and the interaction effects d;(x) are unrestricted functions
of states x. They also propose the use of a multiple testing procedure to infer the signs of strategic

interaction effects in addition to the presence of multiple BNE.
Given Lemma 2, for any @ with Pr{X € @} > 0, the formulation of the null and alternative as

Hy:Pr{X ew' | Xew}t=1 vs. Hy :Pr{Xeuw|Xew} <1
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is equivalent to the formulation
Hy:T(w)=0 vs. Hy:T(w)#D0.

Exploiting this equivalence, we propose a test statistic based on the analog principle and derive
its asymptotic distribution. To simplify exposition, we focus on the case where X is discrete
(recall that X, is continuous). The generalization to the case with continuous coordinates in X is

straightforward.

For a product kernel K with support in R? and bandwidth ¢ (with 0 — 0 as G — +00),
define K,(.) = 0 2K(./o). Let D, = (Dy0,Dy1,Dy2) where Dyg = 1, X, = (Xye, X,) and
Xge = (Xg,1,X4,2) denotes actions and states observed in independent games, each of which is

indexed by g. Define the statistic

T(@) = é ZggG 1{959 € w} [dl,gdlg - 151@9)162(339)] ) (28)

with
pi(z) = 4i(2) /Ao (2) and 9,,(2) = & 3, dg Ko (296 — ze) Uy = T}
for i = 1,2 and k = 0,1,2.'2 Define 4 = [Yy, 41, 92) - We then have
T(@) = &3, UHzg € @}m(z:9)

where 2 = (d1,da, x), and m(z;7) = dida — 75 2(x)71()74(z) for a generic vector v = [y, 71,72]-
For notation simplicity, suppress the dependence of w and m on (Z,w.) when there is no ambiguity.
Let v* = [v§,7%, 73], where v} denotes the true density of X and v = pivj for i = 1,2 (with p}

being choice probabilities directly identified from data). Let F™*, f* denote the true distribution
and density of z in the DGP.

The detailed conditions needed to obtain the asymptotic distribution of T'(@) (T1,2,3,4) are
collected in Appendix D. These conditions include assumptions on smoothness and boundedness of

relevant population moments (71, T4 ), the properties of kernel functions (72) and properties of
the sequence of bandwidth (7'3).

Theorem 6 Suppose assumptions T1,2,8,4 hold and Pr{X € @} > 0. Then
VG (T(@) - M@) N (0,35)
where ug = E[1{X € @} (D1D2 — p5(X)p3(X))] and X is defined as

Var [1{X € w} (D1D2 —p1(X)p3(X) + 2p3*(X)pg(X)—ng(lzg)(X)—sz“{(X))} .

The covariance matrix Y5 above is expressed in terms of functions that are observable in the

data, and so can be consistently estimated by its sample analog under standard conditions.

'2 Alternatively, we could replace the indicator function 1{Z, = #} with smooth kernels while estimating ~. These
joint product kernels will be defined over R’ and satisfy [ |K(t1,t2,0)|dt1dt2 < 0o; [ K(t1,t2,0)dt1dt2 = 1; and for
any n > 0, \@sup”ﬂbn/d [ 1K (t1,t2,t)|dt1dts — 0. See Bierens (1982) for details.



40

9 Conclusions

We have provided general conditions for nonparametric point identification of static binary games
with incomplete information, and associated estimators that converge at parametric rates for a
semiparametric specification of the model with linear payoffs. The point identification extends to
allow for the presence of multiple Bayesian Nash equilibria in the data-generating process, without
equilibrium selection rules. We show that assumptions required for identification are plausible and

have ready economic interpretations in the example of standard firm entry game.

Our identification and estimation methods depend critically on observing excluded regressors,
which are state variables that affect just one player’s payoffs, and do so in an additively separable
way. Like all public information affecting payoffs, excluded variables still affect all player’s proba-
bilities of actions. Nevertheless, we show that a function of excluded regressors and payoffs can be
identified and constructed that play the role of special regressors for identifying the model. Full
identification of the model requires relatively large variation in these excluded regressors, to give

these constructed special regressors a large support.

In the entry game example, observed components of fixed costs are natural examples of excluded
regressors. An obstacle to applying our results in practice is that data on components of fixed costs,
while public, is often not collected, perhaps because existing empirical applications of entry games
(which generally require far more stringent assumptions than our model) do not require observation
of fixed cost components for identification. We hope our results will provide the incentive to collect

such data in the future.

Our results may also be applicable to very different types of games, e.g. they might be used
to identify and estimate the outcome household bargaining models, given sufficient data on the

components of each spouse’s payoffs.

Appendix A: Proofs of Identification

Proof of Theorem 1. For any %, let D(Z) denote a N-vector with ordered coordinates (§;(Z), 02(Z),
., O0n(Z)). For any = = (x.,Z), let F(x) denote a N-vector with the i-th coordinate being
[sijz(@izit+ 6(Z)¢; (x)). Under Assumptions 1-3, for any x and all 4,

pi (z) = Pr{S; < aiX; + 6:;(X)¢; (X)X = z}. (29)
Now for any z, fix £ and differentiate both sides of (29) with respect to X; for all . This gives:

Wi(x) = F(z). (A+D(z).Vi(x)) (30)
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where “." denotes component-wise multiplication. Furthermore, for ¢ < N — 1, differentiate both
sides of (29) w.r.t. X;11 at . Also differentiate both sides of (29) for i = N with respect to X; at

x. Stacking N equations resulting from these differentiations, we have
Wh(z) = F(x).D(z).Va(x) (31)

For all x € w (where w satisfies NDS), none of the coordinates in F(z), Va(z) and Vao(x) Wi (z) —
Vi(x).Wa(x) are zero. It then follows that for any = € w,

A F(z)=Wi(x) — Wa(x).Vi(x)./Va(x) (32)
D(z)= AWs(x)./ Va(x) Wi (z) — Vi(2) Wa(z)], (33)

where A is a constant vector and “./" denotes component-wise divisions. Note F(z) is a vector
with strictly coordinates under Assumption 1. Hence signs of «;’s must be identical to those of
coordinates on the right-hand side in (32) for any x € w. Integrating out X over w using the
marginal distribution of X gives (7). The equation (33) suggests D;(Z) is over-identified from the
right-hand side for all x € w. Integrating out X over w using the distribution of X conditional on
Z and X € w gives (8). Q.E.D.

Proof of Corollary 1. 'We now present an alternative proof of Corollary 1. Fix some z_; = (z¢,—i, )
such that A5’-(i) holds for ¢ and Z. Then

ElYi|z—i| = E[E(Y;|X)|z—]
_ /[E (Di| X =) — H(Vi(z))] [a; + 0:(T) 95 ; ()]

Ixi(@ilz—s)

- / (B (DilVi = Vi(2), ) — H(Vi(2))) o + 0:(5)61())d (34)

Ix, (@il|z—)dx;

where the first equality follows from the Law of Iterated Expectations; the second from A5-(ii);
and the third from A3-(ii) and its consequence that ¢; L V;(X) given X = Z. The integrand in (34)
is continuous in V;(X), and V;(X) is continuously differentiable in X; given x_; under Al and A3,
with 3‘3‘7)(5(”)(:96 = a; + 6;(Z)¢; ;(z). Changing variables between V;(X) and X; given z_;, we get:

Uiz i) -
E[Y|x_] - /vi(“) [E (Di]VZ-(X) — 0, X = :z) - H(v)] dv
-/ "f(fi;) (B (Difo 2) — 1o > (o)) do,

where the second equality uses

Ti(x i) Ui (@)
/ H(o)dv = i(2s) — g (i) = / 1o > jugg () }do. (35)

Ei(ﬂc—i) L’(it—i)



42

which follows from integration by parts, properties of H, and that puy(z_;) is in the interior of
support of H. Let (), denote support of F, ;. Then

Vi (2 i)
E[Y|x_] / / He < 0i(Z) +v}dF(g|z) — 1{v > py(z_;)} dv

i(T—4)

m z)
/ / Mz (@) e 1o 2 ) dvdP(E),

where the last equality follows from a change of the order of integration between v and ¢;, which is

justified under the support condition in A5-(ii). Then

Bl - | / < HS; <0 < gy (i) }US: < pog ()} )dvdp(e.,@
iz Ju(e—) \ 1 {MH( —i) <v <SS > py(r-i)} '

Si

<1{S < pg(z }/ dv — 1{S; > [LH(.CIT_Z')}/( , dv) dF (e;|z)

/Qﬁii

— /Q g (x_i) — SidF (€i|2) = @i(3) + pp (v—;).

€; |

This completes the proof of Theorem 3. Q.E.D.

Proof of Lemma 2. Under Al,
x € w* if and only if E[D1D2|X = z| = pj(x)p3(x), (36)

and sign(E[D1Dq| X = x] — pi(x)p5(z)) = sign(d;) for all = € w*. (See Proposition 1 in De Paula
and Tang (2010) for details.)

First suppose Pr{X € w*|X € @} = 1. Integrating out X in (36) given "X € @" shows
E[D1Dy — pi(X)p3(X)|X € @], which in turn implies 7'(w) = 0.

Next suppose Pr{X ¢ w*|X € @} > 0. Then sign(d;) must necessarily equal sign(dz). (Other-
wise, there can’t be multiple BNE at any state x.) The set of states in @ can be partitioned into
its intersection with w* and its intersection with the complement of w* in the support of states.
For all = in the latter intersection, E[D;Da|z] — pi(z)p5(z) is non-zero and its sign is equal to
sign(d;) for ¢ = 1,2. For all z in the former intersection (with w*), E[D1Ds|x] — pj(x)p5(z) is equal
to 0. Applying the Law of Iterated Expectations using these two partitioning intersections shows
E[Di1Dy — pi(X)p3(X)|X € @] # 0 and its sign is equal to sign(d;). This in turn implies T'(w) # 0
with sign(T'(w)) = sign(d;) for i =1,2. Q.E.D.
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Appendix B: Proofs of Asymptotics

B1. Limiting distribution of vG (Ai - Az-)

To simplify notation, for a pair of players ¢ and 57 = 3 — ¢, we define the following shorthands:
a=7b=7fc= V5. d = Y0 € = 70,50 f= Viir 9 = ’yzj, h = ’y;-:i and k = v ;, with all these
functions evaluated at x. As in the text, let wy, w, denote 1{z, € w} and 1{x € w} respectively.

For any z € Qy, define a linear functional of ~y):

M (x;'y(l)) = :7(1)(:B)]/Di7,4 (), where

[ 1 2 fe? +a’fk? — ctdge — 2abdk® — a’ghk ]
a?(ce—ak)” \ _pche? + bedke — 2acfke + 2abhke + 2acdgk |’

~ 1 be—a 1

Di,A (SC; ’7?1)) = a(ak—ce) (h@ - dk) ’ a(ce—aZ)Q (he - dk) ’ a(ak—ce) (Cg - bk) ) . (37)
-by-1 __1 _ o _ (be—ag)(cd—ah) ) 1 1 _
3by aZe bd —af ak—ce »a’ a(ak—ce) (Cd ah) v

aiey (be = ag) . =" (cd — ah)

Lemma B1.1 Suppose Assumptions S, K, B and D-(i),(ii) hold. Then for i = 1,2,

ézg Wg [mi‘ (xg;’y(l)) —mly (xg;’yz‘l))} = /wfog (x;’y(l) — '7>(k1)> dF% + 0,(G™1/2).

Proof of Lemma B1.1.  Consider ¢ = 1. Under D-(i), (ii), there exists some b(x) such that
E[b(z)] < oo and

|

2
< b(zg) sup,e, H‘/(U - 7?1)“
Then Lemma 8.10 in Newey and McFadden (1994) applies under S-(i),(ii),(iii), K and B, with

the order of derivatives being 1 in the definition of the Sobolev Norm and with the dimension of

Wy [mfA (9593’7(1)) —my (55937?1)) - (’7(1)(339) - 7?1)(559)),[7@',.4 (wg)} H

continuous coordinates being J.. Hence sup,,, Hf”y(l) — 72‘1)“ = op(G*1/4), and
1 Zg Wgq [mil (3?9; ;5/(1)> - mf4 (q’.g; 7?1))} —1/2
é ! - Op(G )

= Xy wy () (20) = i1y (@9)) Dialay)

(1)] and note:
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Let ag(zg, 2s) =

Ko(xs —xg), ds1 Ko(xs — xg), ds2Ko(xs — 24), ... i
Wq KU,1($S - x9)7 dS,lKU,l( l’g), 8,2 U,l(‘r - $9)> D@A (xg) :
Ka,z(l"s _ﬂfg), ds,lKa,2( 939)’ ds 2Ky 2( _mg)

Let ag1(zg) = [alzg,2) dF5(2) and ag2(zs) = [aq(z,25)dF5(z). The first difference on the
right-hand side of (38) takes the form of a V-statistic:

G Zg > ac(2g, 2s) — G Zg ag (zg) — G Zg ac2 (2g) + E [ag, (2)]

we M) <$;’Y(1)>H < c(z) sup,e, H’Y(l)H
< oo. Consequently, El|lag(Zy,Z,)|] <

By Assumption D-(i) and boundedness of kernels i
for some non-negative function ¢ such that E[c(X)?]
o~/ E[c(X,)] Cy and {E[Hag(Zg,ZS)HQ]}l/2 <o’ {E[c2(Xg)]}1/2 Cy, where C1, Cy are finite pos-
itive constants. Since G716~/ — 0, it follows from Lemma 8.4 in Newey and McFadden (1994)
that the first difference is 0,(G~1/2).

We now turn to the second difference in (38). Since ‘ wy My (.’B;’Y(l)) H < () Supyey, H’y(l)H
and E [¢(X)?] < oo,

i

B[l (3 5 3 =) ] < 2 et sup

rTEW

Yo~V

2
By Lemma 8.9 in Newey and McFadden (1994) and Hardle and Linton (1994), we have sup,¢,, H'_y(l) — 0 H
= O(0™) under conditions in S, K and B. Thus, as G — +o0,

[sup HU’XMA (X Ya) — ?1)> Hz] —0

TEW

Then by the Chebychev’s Inequality, the second difference in (38) is 0,(G~'/2). This proves the
lemma. Q.E.D.

Lemma B1.2 Suppose Assumptions S, K, B, D and W hold. Then
/wxMil (55;’7(1) - 7?1)) dFy =G Zg ’)il(zg) + Op(G71/2)7
where Dil(zg) = 1/1%($g)dg - F [w%(X)D]

Proof of Lemma B1.2. For i =1,2 and j = 3 — 4, by definition of Mi‘,

/wxMix (x;’m)) dFy

!/ ~ ~

Yo() l?i,A,l(x) Y0,i(2), V0,4 (2), - Diaa()
= /wx v () Dia2(x) | +wa | vi(7),7;5(2), : dr.  (39)
7;(@) Di a3(z) 75,i(@),75,5() D a9(x)

1-by—6 6—by—1
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Applying integration-by-parts to the second inner product in the integrand of (39) and using the

convexity of w (Assumption W), we have

| 0@ ][ ¥aoa)
/sz,Zq <JJ;’Y(1)> dF'% :/ %Ex; Z}”Ex)) dz,
Y A,

for any ;) that is continuously differentiable in excluded regressors z.. The functions wiw, wf“, WA j

8

are defined in the text. (See the Web Appendix for detailed derivations.) These three functions only
depend on 72‘1) but not ;). By conditions in S and K, both %(;) and ’yz‘l) are continuously differ-
entiable. For the rest of the proof, we focus on the case where all coordinates in  are continuously
distributed.'? It follows that:

[ (w530) = vi) dF5 = [ Scons s (0 Bo) —22(@)] da
= S, [ S V@)Kl — a)ds B [0(X)D]
= 08, [ (Sacons Vhal@Mos — ) Kol = e = [ (Scoq vhole)d — u) dFy
where dgo =1, pu=FE [@b%(X )D], and F is a “smoothed-version" of empirical distribution of z =
(z,dy, dy) with the expectation of a(z) with respect to F; equal to G~ PO /a(:c, dig,dog)Kq(z—
zg)dz. By construction, & > g J WEs(v — xg)dw = pi. Hence by definition:
[ (i sl = ) dBz = G, (S Waa(oo)day — 1)
= [ (Seary V@) dfz =675, (o halea)day
= O, |y oo [Vl — ap)ds — b1 (2)) (40

It remains to show that the r.h.s. of (40) is 0,(G~/2). First, note

R SR RTA—

- VG|x soﬂ,J</(/wAs ) @i~ [ w003 )dx)

= VG |S e, < / / Py o(& + ou) K (u)yi(2)dudd — / ?,Z)fqys(x)’Y:(:E)d:JO'

= V&S, ([ st ([ K1 - aan) do - [ v (wa)

13 General cases involving discrete coordinates only add to complex notations, but do not require any changes in the
the arguments. For example, [ % (z)dgK,(z —x4)dz in the proof would be replaced by >z, Y (e, Fa)dg Ko (Te —
Tg,c)dxc1{Zga = Za}. Likewise, [ Ko(z — z4)dz would be replaced by 3=, [ Ko(xc — xg.c)dzc1{Zg,4 = Za} (Which
equals 1).

o
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where the equalities follows from a change-of -variable between x and u = % first, and then
another change-of-variable between & and x = & + ou. (Such operations can be done due to the
smoothness conditions on ~(;, and the forms of wfgys for s = 0,4, j.) Next, using [ K(u)du =1 and

re-arranging terms, we can write (41) as:

VG |Sonoss [0 [ Bt = o) i) K as
< VG / [ ()] H / (@ — ou) — 7 (2)] K (u)du

where the inequality follows from the Cauchy-Schwarz Inequality. By definition, for s = 0,4, 7 and

dx, (42)

any fixed x,
E[3,(2) = BIDJK,( / B[DyJg) Ko (& — )73 () d, = / 7 (& — ou) K (u)du

where the last equality follows from a change-of-variable between =, and u = % (Recall Dy =
1.) Under S-(i) and K-(i) (smoothness of v* and the kernel functions) and K-(ii) (on the order
of the kernel), sup,c, ||E[Y(z) —7*(z)]|| = O(¢™). Under the boundedness condition in D-(i),
[ sup,e, Hq/&(x)” dz < oo and the r.h.s. of the inequality in (42) is bounded above by vGo™C,

with C being some finite positive constant. Since vGo™ — 0, it follows that

B[S o ([ @)oo s i (o) )| = nte )

By definition of 1/}11 and the smoothness condition in D-(i), 1/}% is continuous in z almost everywhere,
and wféhs(x +ou) — wféhs(x) for almost all z and v and s = 0,4, j. By condition D-(iii), for o small
enough, wfg,s (x + ou) is bounded above by some function of x for almost all  and s = 0,4, j on the

support of K (.). It then follows from the Dominated Convergence Theorem that

[ vhte+ oK uidu — [ @)K w)du=vis(2)

for almost all z as o — 0, where ¥% = W’fq,oa W'A,i, wfél,j]. Under the boundedness conditions of the

kernel in K and S-(iii), the Dominated Convergence Theorem applies again to give

4

]—>O.
2
]—>O.

Hence both the mean and variance of the product of /G and the left-hand side of (40) converge
to 0. It then follows from Chebyshev’s Inequality that this product converges in probability to O.
Q.E.D.

H/‘”A (& — )i — iy ()

It then follows from the Cauchy-Schwartz Inequality that

Ko (T — 2)di — ¢y ()
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It follows from Lemma B1l.1 and Lemma B1.2 that

b Sty (r500) = 4 5 s () 7462 )

which implies
AT — AT = ézg {wgmil <x93’7>(k1)> - B [meil (X§’Y>(k1)>} + Di&(zg)} + Op(G_l/z)-

Note the summand (the expression in {...}) has zero mean by construction, and has a finite second
moment under the boundedness conditions in Assumptions S and D. Hence Lemma, 1 follows from
the Central Limit Theorem.

B2. Limiting distribution of\V/G <A’ — Ai>

We now examine the limiting behavior of v/G (AZ — Ai). Rewrite the definition of A’ in (?7) as

A .

A’

(0" [& Sy wemi (2470 )] (43)

-1
where p = [G*l > wg} . Furthermore, let w, = 1{z € w} as before, and define p; = E[1{X €
w}] = Pr(X € w). The first step in Lemma B2.1 below is to describe the impact of replacing p

with the true population moment p, in (43).
Lemma B2.1 Suppose Assumptions S, K, B and D hold. Then:

A= G, oy Mwgmis (i A0) = M (w5 = po)| + 0p(G77?) (44)
where

M, =p - {me’A (X;’yz‘l))}

Proof of Lemma B2.1. Apply the Taylor’s Expansion to (43) around p,, we get:

Al = Pal é Zg wgmiA ($g§’3’(1))} - Ml}p (é Zg 1{5’39 Ew}— PO)
where

M, =p"? {% > g WM (909; '3’(1))]

and p lies on a line segment between p and p,. By the Law of Large Numbers, p 2, po and
(G™Y*). By

therefore p 2, po- Under Assumptions in S, K and B, sup,¢, H'?(l) — '7’(*1)

definition of miA, it can be shown that meiA (X ;7?1)) is continuous at 7?1) with probability
one. Lemma 4.3 in Newey and McFadden (1994) then implies that, under Assumption D-(iv),
é > wgm'y (xg;’y(l)) L F [meiA (X;'yz“l))] By the Slutsky Theorem, ./\/lzp M, +op(1).
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Furthermore, & >y Hzg € w} — py = 0,(G~'/?) by the Central Limit Theorem. Tt then follows
that

Al = gt [ 5, wamis (mgid) | = M, (& 5, ey € 0} = o) +0, (G
This proves the lemma. Q.E.D.

The remaining steps for deriving the limiting distribution of v/G(A? — A?) are similar to those
used for \/é(fl’ — AY). Let a,b,c,d, e, f, g, h, k be the same short-hands as defined in Appendix B1
(i.e. short-hands for coordinates in 72‘1) at some x). The dependence of these short-hands on z are

suppressed in notations. First, for any x € Qx, define a linear functional of Y1)

M (x;'y(l)) = ['y(l)(x)}/Di,A (x), where

r —b2he?—a2g2h+b%dke+2acdg®+a? fgk+befe? —bedge— 2acfge+2abghe—2abdgk
(—cfe+bhetcdg—agh—bdk+afk)?

a(ce—ak)(fe—dg) —a(be—ag)(fe—dg) a(be—ag)(cg— bk)
D, L% _ (cfe—bhe—cdg+agh+bdk—afk)?’ (cfe—bhe—cdg+agh+bdk—afk)?’ (cfe—bhe—cdg+agh+bdk—afk)?’
i,A 33;7(1) = —a(bd—af)(cg—bk) —a(be—ag)(ce—ak) a(ce—ak)(bd—af)
9—by—1 (cdg—agh—bdk+afk—cfet+bhe)?’ (cfe—bhe—cdg+agh+bdk—afk)?’ (cfe—bhe—cdg+agh+bdk—afk)?’
a(be—ag)? —a(be—ag)(bd—af)

L (cfe—bhe—cdg+agh—+bdk—afk)?’ (cfe—bhe—cdg+agh+bdk—afk)?

The detailed forms of D@(s& (partial derivatives of Ez(si with respect to special regressors X;) are
given in the web appendix to economize space here. The correction terms ¥\ = [WA@ (NN j]

are defined in the text.

Lemma B2.2 Suppose Assumptions S, K, B, D and W hold. Then for i = 1,2,

&5, wgms (xg; 30)) = & S [ (5070 ) + 74 ()] +0p(G?) (45)

where U\ (z,) = ' (z4)dy [T/JA( )D].

The proof of Lemma B2.2 uses the same arguments as those for Lemma B1.1 and Lemma B1.2.
We provide some additional details for derivations in the Online Appendix of this paper. Combining

results in (44) and (45), we have

A=At = GTVE, [wgmis (247 ) o0 + Palz) oo — AT = M, (g = po)| +0,(G77?)
11

= G S [ (207l ) + PaCe) = poA = AT (g = )|+ 0p(GH), - (46)

where the summand in the square bracket has zero mean by construction, and have a finite second
moment under the boundedness assumptions in S. Since A is a constant, it follows from the Central
Limit Theorem that:

Vel (AZ - Ai> N (0 . poVar [wX (mZA (X;'y’(k1)> - Ai) + I?ZA(Z)D .
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B3. Limiting distribution of vG (5 - 51»)

Lemma B3.1 Suppose Assumptions S’-(a),(b), K, B and D’-(i) hold. Then:

éZg mip (Zg; 517’3’(1,1‘)) = ézg {mZB (zg;éi,’y(l,,-)> + Mf’(;\llg(zg)} + 0,(G71/%)

where
t5 = EDins (Z0077,)] and
Ui(zy) = —plo[wgmz (201701 ) + Pa(2g) = oA = AT (wg — py)] (47)

Proof of Lemma B3.1. By definition and our choice of the distribution function, conditions in S’

and K, miB (z; 04, ﬁ/(lﬂ-)) is continuously differentiable in ;. By the Mean Value Theorem,
my (Zg; 5%’”7(1,1-)) = mi (Zg; 51',’"7(1,1')) +Dips (Zg; 51,’"7(1,@')) (&' - 51')
where [?i, B,S (zg; Si, :Y(Li)) is the partial derivative of m% with respect to the interaction effect at

d;, which is an intermediate value between 3, and §;. Hence
ﬁ >y M (Zg§ 3, ’?(u))
= ﬁ Eg miB (Zg5 5i>’7(1,i)> + é Zg Di,B,é (zg? Si»:)’(l,i)) e (51 - 5i> . (48)
With a; = —1, it follows from (46) that VG (;—48;) = G~1/2 > Wi(zg)+ 0p(1), where the influence

function is defined as in (47). (Recall that §; = a;A".) Let sup,cq ||| (where ||| is the Euclidean

norm) be the norm for the space of generic Y(1,i) that are continuously differentiable in z. up to
an order of m > 0 given all £;. Under conditions in S’ and K, f)i, B.,§ (z ; 5¢,7(17i)> is continuous
in 51',’)’(1,@ with probability 1. Note §; L, 5 as a consequence of SZ L, §;. Under conditions in

S-(a),(b), K, and B, sup,cq, H‘?(Li) - ’)’?1 0 2, 0 at the rate faster than GY/4. Tt then follows

that é Zg l~?i7375 (zg; Si,ﬁ(17i)) 2, M s under condition D’-(i). Hence the second term on the

right-hand side of (48) is [M;(; + op(l)} * [G_l/Q >y Wi (z,) + op(l)}, where G~1/2 >y Wi(z,) is
Op(1). It then follows that

1 . PR 1 . " % .
G2 Yy mip (20500400 = G2 g [l (20500 A1) + MigWE(=0)| + 0p(1).
This proves Lemma B3.1. Q.E.D.
Lemma B3.2 Under Assumptions S°, K, B and D’,
&2, {sz (Zg;(sia:/(l,i)) —mi (Zg§5ia7>(k1,i)>}

= fMJg,v <Z”7(1,i) - 7?1,1)) + Mlis,f (2,40 — 75) dF5 + 0p(G71/?).
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Proof of Lemma B3.2. Under conditions S’-(a), (b), we have
miy (200 3010)) = M (20306771, )
_MJiB,*r 9> '7(171') - '7?1,1') - MJZé,f (29,50 — 70)
< by f(2g) SUPLeqy ”’7(1,1’) - ’7>(k17i)||27 (49)

for some non-negative function b, ¢ (which may depend on true parameters in the DGP ¢; and
72‘1)) and E[b, ¢(Z)] < 4+o0c. Under Assumptions S-(a),(b), K and B, sup,cq, |91, — Y Z)H is
0p(G~/*). Thus the right-hand side of the inequality in (49) is 0,(G~'/2). Tt follows from the

triangular inequality and the Law of Large Numbers that:

LY iy (24300 ) = mis (25300771 = 0,(G™%)
G £g — M 2 Ak — M ( A *) p
By \?9 Y (1) — V(1) B,f \%g:70 — Yo
By construction,
&2, Mg, <Zga’7(1,i) - ’YZH,@) - Mg, ( ( ,‘)—’7?1,1)) dFy
1 i N - i
= @ZH%M(%ﬁ@n*WuQ*thw(
(uﬂ— By

2 5’ 12
Z;’?(Li)*’ﬁ’(l,z’)) dFy +
M (Z; ’_)’(1,1')—’)’?1,1')) dFy. (50)

é 29 M., <29’ Y~

where 71 ;(7) = E[9(1,)(x)] is a function of = (i.e. the expectation is taken with respect to the

random sample used for estimating 9 ;) at z). For any s,g < G, define ap c(24, 25) =

Ko(xs —x4),ds i Ko(xs — x4),.. | =
0'( s g) 8,7 0'( s g) Di,B(zg)-
Ka,i<xs - xg)y dS,jKU,i(xS - xg)

Let a% o(25) = [apa(z, 25)dF5(2), and

R Ko(d —a9),dj Ky(& — 24),.. | = .
a}B,G(Zg) = /QB,G(Zgaz)dFZ(Z):/ [ K ,(i_i ) ZZAK (2 _gx) D;,p(zg)dFz(2)
ag,l g/»™] (Y2 g

= Ya,) (mg)Di,B(zg)-

Then the first difference on the r.h.s. of (50) can be written as:

G230 Y apclzg, z) = G Y ap azg) = G X, ap o(zg) + Elap o(2))-

Then by condition D’-(ii) and the boundedness of kernel function in Assumption K, E [||lap,c(Z, Z)||]
1/2

<o~ /eC} and {E [HQBG (Z, Z’)||2] } < o~ 7eCh, where Cf, Ch are finite positive constants (whose

form depend on the true parameters in 'f(kl 0 and the kernel function). Since VGole — 400

under Assumption B, it follows from Lemma 8.4 in Newey and McFadden (1994) that the first

difference is 0,(G™'/2). The boundedness of derivatives of my w.r.t. Ya,; in D’-(ii) implies
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. Under Assumptions K and S’-(a),

E [HMJZ?W (25'_7(1,1‘)_'7?1,@) HQ] < O sup,eqy H’_Y(u) ~ Y1)

= o(¢™), which converges to 0 as ¢ — 0 under Assumption B. It then

SUPzeq H’_Y(l,z‘) V(L)
follows from the Chebychev’s Inequality that the second difference in (50) is 0,(G~/2). We can

also decompose the linear functional in the second term in a similar manner and have:
é Zg M1i3,f (Zg,’AYO —7) — fMjiB,f (2590 — 70) dF%
= é > g Mp ¢ (2g:90 — Vo) — I Mp 4 (2590 — 50) dF 7 +
G g Mp s (29,70 —70) — [ Mp s (270 — v5) dF. (51)

Arguments similar to those above suggest both differences in (51) are 0,(G~/2) under conditions
in Assumption S’, K, B and D’.  Q.E.D.

Lemma B3.3 Under Assumptions S°, K, B, D’ and W’, for i = 1,2 and j =3 — 1,
foB,A,(Za Y — Vi) T Mfs,f (2,9 —0) dFy = & 2 Vig(2g) + 0p(G™1/?) (52)
where

Vp(zg) = w%,o(iﬂg) + @ZjiB,f(l'g) + @biB,j(wg)dg,j - B [¢iB,O(X) + @Z}iB,f(X) + @Z’%,j(X)Dj} :

Proof of Lemma B3.3. By smoothness of the true population function 7>(k1 0 in DGP in S’-(a), and
that of the kernel function in S’; K, D’, and using the convexity of Qx,,_, in W’, we can apply
integration-by-parts to write the left-hand side of the equation (52) as:

/ [ Fo(@) = 75(=) ] [ ¥ o(@)
7i@) = ;@) | | V@)

J

+ 9 () [o(2) = 75 (2)] da, (53)

where 1/)1]'370, Wé’j and w% f are defined as in the text. (See the web appendix of this paper for
detailed derivations.) By arguments similar to those in the proof of Lemma B1.2, the expression in
(53)is & pO vig(2g) —|—op(G*%) due to conditions in Assumptions S’, K, B and D’ and that wiB7f(x)

is almost everywhere continuous in z. Q.E.D.

By Lemma B3.1, Lemma B3.2 and Lemma B3.3, we have
N ; A i _1
Hiw = é Zg mp <Zg§ 51‘7’)’(1,@')) = é Zg ‘I’lB(Zg) + Op(G 2),
where
W (2) = mig (2300, 7(1)) + (=) + MisWi(2).

By construction
E[W5(2)] = E |mis (2:6:,%1)| = 1w
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Let \ = é > TgTgand A= E (f('f() By definition, §; = )\71/%,\1/ and
b= (55, W) + oG
T G g B zg Op )
where A = A1+ op(1). Note

Bi= A" (fuw = A8+ 38;) = A7 (ow = AB,) + 8,
= VG (Bi - ,Bi) ~ 3G (M, - 5\@) .
where
VG (jug = 38:) = J5 X (W(z0) = #),8:) + 0,(1).
By construction, E [\Iﬂ'B(Z) - X’Xﬁi] — 0. Under conditions in ’,D’ and R’, E {H\IJZ'B(Z) ~X'XB,

+o00. Then the Central Limit Theorem and the Slutsky Theorem can be applied to show that
VG(B; - B) 5 N(0,Tf) with

b= A War(Wy(2) - X'X8;) (A7)

This completes the proof of the limiting distribution of VG(83; — ;).

Appendix C: NDS, Large Support and Monotonicity Conditions

In this section, we provide conditions on the model primitives that are sufficient for some of the
main identifying restrictions stated in the text. These include the NDS condition for identifying «;
and 0;(Z); the large support condition in A5, A5’ A5” and A5" for identifying component of the
baseline payoff @;(Z)f as well as the monotonicity condition in A5’, A5” and A5” that the sign of
marginal effects of excluded regressors on generated special regressors are identical to the sign of

(678

C1. Sufficient conditions for NDS

We now present fairly mild sufficient conditions for there to exist a subset of states w C w* that
satisfies NDS. Consider a game with N = 2 (with players denoted by 1 and 2) and h;(D;) = D;
for : =1,2 and 5 = 3 — i. We begin by reviewing the sufficient conditions under which the system

characterizing BNE in (3) admits only a unique solution at x. Let p = (p1,p2) and define:

¢1(p; X) ] | o Eyx (0 X+ 01(X)py

o(p; X) = .
Pa(p; X) p2 — Fg, 5 (02X2 4 02(X)p1

2
<
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By Theorem 7 in Gale and Nikaido (1965) and Proposition 1 in Aradillas-Lopez (2010), the solution
for p in the fixed point equation p = ¢(p; ) at any x is unique if none of the principal minors of the
Jacobian of ¢(p; ) with respect to p vanishes on [0, 1]2. Or equivalently, if Mi=120i(%) fs,)3 (i +
§i(%)ps_i(z)) # 1 for all p € [0,1]? at x. Let I;(Z) denote the interval between 0 and §;(#) for any
Z. That is, I;(Z) = [0,0;(z)] if 6;(2) > 0 and [0;(Z), 0] otherwise. For any Z, define:

&
IS
B

Il

{1‘6 : fs5,03(t + aiz;) bounded away from 0 for all t € I;(%) and i = 1, 2} ; and

@) = {x - Timineer, ) fsga(t + aiz) > (01(&)02(@) " or }
‘ [I; maxier,z) fs,)2(t + aim) < (01(2)02(2)) "

Proposition C1 Suppose A1,3 hold with N = 2. (a) If 61(Z)02(Z) < 0 and Pr{X, € w®(Z)|z} > 0,
then w*(Z)R7 satisfies NDS and is a subset of w*. (b) If §1(&)02(Z) > 0 and Pr{X. € w(Z) Nw’(&)|Z} >
0, then (w(Z) Nw’(Z)) ® T satisfies NDS and is a subset of w*.

Proof of Proposition C1. First consider & with II;—; 20;(Z) < 0. Then II;—; 20;(Z) fsi‘ag(ozl-xi +
0i(Z)p3—i(z)) < 0 for all xe € w?(%) and all p on [0,1)2. It then follows that (z.,%) € w* for
all z. € w*(Z). That apl( |X=z, %p)%gx)‘xzx exist for ¢ = 1,2 a.e. on w*(Z) follows from the
exclusion restrictions and smoothness conditions in Assumption 3. We now show Pr{p;;(X)pj ;(X)
# pi;(X)p;;(X) and p} ;(X) # 0 | Xe € w*(%), X = 2} = 1. Suppose this probability is strictly
less than 1 for ¢+ = 1. Suppose Pr{dp2(X) = 0| X, € w¥&), X = &} > 0. By (2??) for i = 1,
8p2( z)

and

this implies there is a set of (x1,x2) on w®(Z) with positive probability such that both

853((? are 0. But then Equation (??) for ¢ = 2 implies the same set of (x1,xz2) must satisfy

Opi (z1,22,%)

%, = —a2/61(Z) # 0, because the conditional densities of S; over the relevant section of
its domain is nonzero by definition of w?(Z). Contradiction. Hence Pr{ % = 0] X, € w*(2),
X = Z} = 0. Symmetric arguments prove the same statement with 2 ( ) replaced by % 1( ) Now
0] X 19) X)
suppose Pr 85)% ) %?’X;(,i) = %]f;(g Z) P ’( | X, € w¥(&), X =2} > 0. By construction, for all z,
in w?®(z), the relevant conditional densmes of S; must be positive for ¢ = 1,2. Hence
Opi(z) Op3(x) _ Opi(x) Op3(z) _ oy Opi(z) (54)
0X1 0Xo 0X2 0X1 — 41(z) 0Xo
6p2(X

for all z. on w*(Z). Because Pr{=5 40| X, € w"&),X = &} = 1 as argued above, (27)
for i = 1 and the definition of w (:i) 1mphes Pr{a%lX2 0] Xe € w¥#), X =%} = 1. Hence
Pr{p’il(X)p;’z(X) = piz(X)p;l(X) | Xe € w(2) , Z} = 0. This proves part (a). Next

consider & with 01(Z)d2(Z) > 0. Because w*(Z) Nw (;ﬁ) C w®(z), arguments in the proof of

part (a) applies to show that the non-zero requirements in the NDS condition must hold over
(w"(Z) Nwb(#)) ® # under Assumptions 1,3. Furthermore, by construction, for any (z1,z2) in
wb(&), either I1;04(F) fs,(z(vizi + 8:(Z)ps—i(x)) > 1 or I6;(Z) fs,15(qiws + 0i(F)ps—i(x)) < 1 for all
p € [0,1]2. Hence the BNE (as solutions to (3)) must be unique for all states in w®(%) ® &. This
proves (w*(Z) Nwh(2)) ®%. Q.E.D.
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C2. Sufficient conditions for various large support conditions

We begin with sufficient conditions on model primitives that are sufficient for the large support
condition in A5"”. We will give primitive conditions that are sufficient for large support restrictions
in A5 and A5”. Consider the case with N = 2. For any Z, let s;;, s;;, denote the infimum and
supremum of the conditional support of S; given & respectively, and let §; (Z) = max{0,;(%)} and
J; (Z) = min{0,0;(z)}.

7

Proposition C2 Let N =2 and hi(D;) = Dj for both i = 1,2 and j = 3 — i, and let A1,3 hold.
Suppose for i and x_; = (xe,_i, &), there exists an interval w; C Qx,je_; sSuch thal w; @ x_; € w*
and the support of «;X; given X; € w; and x_; is an interval that contains [s; —(5?(50), sin—10; (Z)].
Then the set w; satisfies (i) w; is an interval with Pr(X; € wilx_;) > 0; and (i1) support of S;

given T s included in the support of V; given x_;.

Proof of Proposition C2. Because w; ® r_; € w*, the smoothness conditions in A1,3 imply for all
i that pf(x) is continuous in z; over w;. Since w; is an interval (path-wise connected), the support
of V; given z_; and X; € w;(x_;) must also be an interval. By A2 and the condition in Proposition
C2, Pr{aiXi + (5;()?) > Sih‘ r_;, X; € wi} > (0. This implies PI‘{V; > Sih’ r_;, X; € wi} > 0.
Symmetrically, Pr{a;X; + 6?(5() < si | w—iy, Xi € wi} > 0 implies Pr{V; < s;| z_;, X; € w;} >
0. Since the support of V; conditional on z_; and X; € w; is an interval, the definition of s;;, s;p,

suggests the conditional support of V; must contain the support of S; = —u;(X) + ¢ given Z.
Q.E.D.

The large support condition in A5"” holds if for all Z there exists x_; = (z¢ —;, Z) that satisfies
conditions in Proposition C2. Under A2, w* = Qx. Hence with A2 in the background (as is the case
with Sections 5 and 6), the large support condition in A5” holds when conditions in Proposition
C2 are satsified by w; = Qx,|,_, for all x_; € Qx_, 3. Furthermore, under A2, the large support
condition in A5’ is satisfied as long as the conditions in Proposition C2 are satisfied by w; = Qx| _,
by some x—; € Qx_, 3. The large support condition in A5 is implied by that in A5’. As stated in the

text, these various versions of large support conditions are verifiable using observed distributions.

C3. Sufficient conditions for monotonicity conditions

For simplicity in exposition, consider the case with N = 2, h(D_;) = D; and a; = —1. For all
x € 1y, we can solve for p;;(z) using the system of fixed point equation in the marginal effects of

excluded regressors on the choice probabilities. By construction, this gives:

— NEAVES — 1
av;(X)/aXJX:(mej;) =-1 + 6l($)pj,z(m) - 5i(5f)5j(-i)fi($)fj($)—1
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as 0;(%)0;(%)fi(x)fj(z) # 1 almost surely. Thus the sign of OVi(X)/0Xi|x (4,7 18 identical to
the sign of 6;(2)6;(Z) fi(x) fj(x) — 1. For the monotonicity condition in A5” to hold over = € Qx,
it suffices to have two positive constants ci, ca such that cicp < 1 and sign(6;(Z)) = sign(6;())
and |6;(2)],|6;(Z)| < 1 and f|z, fc,;z bounded above by some positive constant ¢y uniformly over

Qe,13 Qe and T € Q5. This would imply the monotonicity condition in A5” as well.

In A5’, the monotonicity condition is only required to hold for some x_; = (x,,—;, Z). Hence it
can also hold without such uniform bound conditions in the previous paragraph. It suffices to have
0;,6; bounded and some . _; large or small enough so that the first term in the denominator is

smaller than 1 for the & and x_; = (x¢,_;, ) considered.

)

Appendix D: Limiting distribution of VG <T (W) — ,u—>

Define
{z € 0}

v(@) Vo(z)

2p1(2)p3(x), —pa(x), —p1(z)] (55)

For notation simplicity, we suppress dependence of T on @ when there is no confusion. We now

collect the appropriate conditions for establishing the asymptotic properties of T.

Assumption T1 (i) The true density vg(x) is bounded away from zero and ~j(x) are bounded above
over w for k =1,2. (i) For any & and i = 1,2, v§(xe|Z) and p}(x)y§(ze|Z) are continuously
differentiable of order m > 2, and the derivatives of order m > 2 are uniformly bounded over
©. (iii) there exists 1 > 0 such that [V ARy, (z)]"™"~v§(xe|Z) (where VAR, (z) denotes variance
of u; = d;i — p}(z) conditional on z) is uniformly bounded; and (iv) both p}(z)?v§(we|Z) and

VAR, (x)v§(ze|Z) are continuous and bounded over the support of X. given Z.

Assumption T2 K(.) is a product kernel function with support in R* such that (i) [ |K (t1,t2)|dt1dts <
oo and [ K(t1,t2)dt1dts = 1; and (i) K(.) has zero moments up to the order of m, and [ ||u||™
‘K(tl,tz)’ dt1dty < o0.

Assumption T3 VGo™ — 0 and (%) 0% — 400 as G — +oo0.

Assumption T4 (i) Given any T, v is continuous almost everywhere w.r.t. Lebesgue measure on
the support of (X1, X2). (i1) There exists € > 0 such that E[sup, <. ||v(z + |4 < oo.

Conditions in T'1 ensure v is bounded over any bounded subset of 2x. Conditions in T2, T8
together guarantee that the kernel estimators 4 are well-behaved in the sense sup,cg [|¥ —7*|| =
0p(G~Y*) and sup,es || E(%) — 7| — 0 as G — co. These imply the remainder term of a first-

order approximation of the numerator in (28) is 0,(G~1/2).
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Lemma D1 Suppose assumptions T1,2,83 hold. Then
T(@) — &5, g € @hmlzgy / M(2,4 —*)dF} + 0p(GY2) (56)
where M (z,7) = v(z)vy(x) with v(.) defined in (55) above.

Proof of Lemma D1. We will drop the dependence of 7' and T on w for notational simplicity. It

follows from linearization arguments and 7'I-(7) that there exists a constant C' < oo so that for any

Y = [Y0,71,72]” with sup,e; ||y — 7*|| small enough,
H{z € @}m(z;y) — m(z;v*) — M(z,7 — )| < Csup,es v — ¥ (57)

for all 2. Given T1,2,3, we have sup,cs ||5 — 7*|| = Op(o~"/™+4)) by Theorem 3.2.1. in Bierens
(1987). For m > 2 (the parameter m captures smoothness properties of population moments in
T1,T2),

1, 1y € @Hm(zg:3) — m(zi7)] — M(20,5 —77) = 0p(G112) (59)
Next, define 5 = E(4) and by the linearity of M (z,7) in 7, we can write:
G5, Mz, =77) = [ Mz, = 9")dF (2
= G, Mz ) - [ M(ed - )
G, Mz 7= 77) = [ M7= 9P () (59)

Under T1, there exists a function ¢ such that | M (2,7)|| < ¢(2) sup,eg ||7]| with E[c(2)?] < co. (This
is because w is an indicator function, v} /v§ = p; are bounded above by 1 for i = 1,2 and 1/~
is bounded above over the relevant support in 7'7.) By the Theorem of Projection for V-statistics
(Lemma 8.4 of Newey and McFadden (1994)) and that Go? — oo in T3, the first difference in (59)
is 0,(G~1/2). Next, note by the Chebyshev’s inequality,

{f‘c >, M(zg,7 /M V) AF*(z)| >

() < Bl =

But by construction, E[||M(z;5 —v*)|?] < ¢(2)supges |7 — 7*||>. By smoothness conditions in
T1-(ii) and properties of K in T2, sup,cg |7 —7*|| = O(c™). Hence the second difference in (59)
is also 0,(G~1/2). Therefore,

Gt > g M(zg, 5 —7%) — /M(z, F =" )dF*(z) = op(G*1/2) (60)
This and (58) together proves (56) in the lemma. Q.E.D.

Lemma D2 Suppose T1,2,3,4 hold. Then [ M(z,5 —~*)dF} = @Z 5(2g) + 0p(G™1/2), where
§(2) = v(z)y — Ep(X)Y].
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Proof of Lemma D2. By construction,
[ =y = [o@li) - @lds = [o@ids - [ o @
= 6%, vk - ) do [ o@)L i) 5
Y / 0@y Ko (¢ — 29) dz — E[p(X)Y] = G1Y, / 5, dy 1, dy2) Ky (z — 2,)d461)

where the last equality uses [ K,(z —z4)dz = 1 for all z, (which follows from change-of-variables).

Define a probability measure F on the support of X such that

/a(w,dl,dg)dF =Gt Zg/a(:c, dg1,dg2)Kq(x — x4)dz

for any function a over the support of X and {0, 1}2. Thus (61) can be written as [ M(z,5—~*)dF*
= [8(2)dF.

Let Ki(z — zg) = 0 2I=12K; (@) 1(Z = Z,), where K;(.) denote univariate kernels

corresponding to coordinates @; for i = 1,2. Thus:
/ S(2)dF — G, 6(z)
—6 5, ([ oo ) - o3l - o))
6t 5, ([ vk - s - ol (62

By the definition of v(z) and properties of K and o in T1-/, the first term on the right-hand side
of (62) is 0,(G~2). The second term is also 0,(G~/?) through application of the Dominated
Convergence Theorem, using the properties of v in T4 and its boundedness over any bounded
subsets of Qx. (See Theorem 8.11 in Newey and McFadden (1994) for details.) Q.E.D.

Proof of Proposition 6. By Lemma D1 and D2,
T(@) = & 5y (Mg € @}mlzg:7") + 8(z)] +0,(G2)
By the Central Limit Theorem, vG (T((D) - Hw) 4, N(0,%g), where
Yo = Var[l{X € @}m(Z;v*) +6(2)]

= Var [1{X € 2} (DiDs — pi(X)p(X) + 2L D00 L))

This proves the proposition. Q.F.D.
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