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Devwudfw

Zh vwxg| d g|qdplf prudo kd}dug prgho zkhuh wkh djhqw grhv qrw ixoo| revhuyh
klv shuirupdqfh1 Zh frqvlghu wkh lqfhqwlyh h>hfwv ri surylglqj ihhgedfn wr wkh djhqw=
uhyhdolqj wr wkh djhqw krz zhoo kh lv grlqj1

Zh vkrz wkdw/ li wkh lqfhqwlyh vfkhph lv h{rjhqrxvo| jlyhq/ wkhuh lv d zlgh udqjh ri
fdvhv zkhuh wkh djhqw zrunv kdughu li ihhgedfn lv surylghg1 Krzhyhu/ wkh djhqw hduqv
pruh prqh| lq wklv vfhqdulr1

Zh wkhq fkdudfwhul}h wkh rswlpdo lqfhqwlyh vfkhphv lq wkh wzr vfhqdulrv dqg zh vkrz
wkdw wkh sulqflsdo lv ehwwhu r> li ihhgedfn lv qrw surylghg> wkh h{shfwhg frvw ri lqgxflqj
dq| jlyhq ohyho ri h{shfwhg h>ruw lv orzhu lq wkh qr0uhyhodwlrq vfhqdulr1
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4 Lqwurgxfwlrq

Krz gr rujdql}dwlrqv ghflgh zkhwkhu/ dqg wr zkdw h{whqw/ wr surylgh ihhgedfn wr lqglylgxdov
rq krz wkhlu shuirupdqfh wr gdwh kdv ehhq hydoxdwhgB

Wr h{dplqh wklv txhvwlrq/ zh vwxg| d g|qdplf sulqflsdo0djhqw prgho lq zklfk wkh djhqw
sulydwho| revhuyhv krz kdug kh zrunv exw fdqqrw ixoo| revhuyh wkh frqvhtxhqfhv ri klv h>ruwv/
l1h1 klv shuirupdqfh1 Lq wklv vhwwlqj wkh sulqflsdo kdv d fkrlfh ri zkhwkhu wr frqgxfw dq lqwhulp
shuirupdqfh hydoxdwlrq +LSH, dqg zkhwkhu wr uhyhdo wkh rxwfrph ri wklv LSH wr wkh djhqw1

Wr wkh h{whqw wkdw surylglqj ihhgedfn rq shuirupdqfh khosv lqglylgxdov gr wkhlu mrev
ehwwhu/ ru sodq wkhlu ixwxuhv ehwwhu/ lw lv ehqh?fldo1 Exw zkdw h>hfwv grhv shuirupdqfh
ihhgedfn kdyh rq lqfhqwlyhv dqg prwlydwlrqB Zkdw h>hfwv grhv lw kdyh rq vruwlqj zlwklq wkh
klhudufk|/ l1h1/ hqvxulqj wkdw wkh pruh deoh lqglylgxdov dgydqfh idvwhu wkdq wkh ohvv deohB

Wkhuh duh vhyhudo rujdql}dwlrqdo vhwwlqjv lq zklfk fkrlfhv derxw lqwhulp shuirupdqfh
hydoxdwlrqv duh srwhqwldoo| lpsruwdqw1 Lq surihvvlrqdo vhuylfh ?upv vxfk dv odz ?upv dqg
frqvxowlqj ?upv/ mxqlru surihvvlrqdov nqrz wkdw d vxevwdqwldo sduw ri wkhlu uhzdug wdnhv wkh
irup ri d srwhqwldo surprwlrq wr sduwqhu1 Orqj ehiruh wkh surprwlrq ghflvlrqv duh pdgh/
vrph lqirupdwlrq derxw wkhlu survshfwv lv w|slfdoo| uhyhdohg wr wkhvh hpsor|hhv1 Vrphwlphv
wklv lqirupdwlrq lv uhyhdohg wkurxjk d irupdo surfhvv ri shulrglf hydoxdwlrqv e| wkh sduwqhuv>
vrphwlphv wkh lqirupdwlrq uhyhodwlrq surfhvv lv pruh lqirupdo1 Lq vfkrrov dqg xqlyhuvlwlhv/
whdfkhuv dqg surihvvruv idfh fkrlfhv derxw zkhwkhu wr dvvljq judghv edvhg hqwluho| rq shu0
irupdqfh rq ?qdo h{dpv ru zkhwkhu/ dqg wr zkdw h{whqw/ wr xvh d pruh frqwlqxrxv irup ri
dvvhvvphqw1 D plgwhup h{dp lv d sduwlfxoduo| vwdun irup ri dq LSH> li jlyhq d yrlfh/ prvw
xqlyhuvlw| vwxghqwv dsshdu wr idyru kdylqj vxfk dq h{dp1

Wkhuh duh dovr rwkhu w|shv ri hqylurqphqwv zkhuh lw lv srvvleoh wr dowhu wkh dprxqw ri
lqwhulp lqirupdwlrq lqglylgxdov uhfhlyh1 Lq sdwhqw udfhv/ hdfk ?up*v ehkdylru zloo eh d>hfwhg
e| wkh lqwhulp lqirupdwlrq lw uhfhlyhv rq wkh surjuhvv pdgh e| ulydov> krz zrxog d vrfldo
sodqqhu frqfhuqhg zlwk lqqrydwlrq dqg zhoiduh zlvk wr lq xhqfh krz pxfk ?upv ohduq derxw
hdfk rwkhu*v surjuhvvB Lq dxfwlrqv/ wkh fkrlfh ri uxohv fdq d>hfw krz pxfk lqwhulp lqirupdwlrq
frqwhvwdqwv uhfhlyh= dq dvfhqglqj dxfwlrq surylghv pruh lqirupdwlrq wr elgghuv derxw wkhlu
ulydov wkdq grhv d vhdohg0elg dxfwlrq1 Lq pxowl0vwdjh vsruwv frpshwlwlrqv/ rujdql}huv frxog lq
sulqflsoh lq xhqfh krz pxfk sod|huv ohduqhg derxw rwkhuv* shuirupdqfhv1 Ilqdoo|/ lq hohfwrudo
frqwhvwv/ fdqglgdwhv* fkrlfhv derxw fdpsdljq vshqglqj dqg derxw sodwirupv fdq eh d>hfwhg
e| wkh iuhtxhqf| dqg vfrsh ri suh0hohfwlrq sroolqj1

Vxusulvlqjo|/ wkh hfrqrplfv olwhudwxuh kdv ghyrwhg yhu| olwwoh dwwhqwlrq wr wkh h>hfwv ri
lqwhulp shuirupdqfh hydoxdwlrqv rq ehkdylru1 Wkhuh lv h{whqvlyh glvfxvvlrq ri LSH*v lq wkh
kxpdq uhvrxufh pdqdjhphqw olwhudwxuh/ exw wkhuh lv qr frqvhqvxv dqg olwwoh irupdo dqdo|vlv1

Wkh prvw reylrxv dvshfw ri ehkdylru wkdw zloo eh d>hfwhg e| LSH*v lv wkh prwlydwlrq
wr h{huw h>ruw iroorzlqj wkh lqwhulp hydoxdwlrq1 Lq dgglwlrq/ LSH*v fdq d>hfw lqfhqwlyhv wr
h{huw h>ruw sulru wr wkh LSH1 Ixuwkhupruh/ wkh vwuxfwxuh ri wkh rswlpdo lqfhqwlyh vfkhph zloo
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ghshqg rq zkhwkhu ru qrw LSH*v duh surylghg1 Ilqdoo|/ zkhq lqglylgxdov kdyh khwhurjhqhrxv
delolwlhv/ LSH*v zloo d>hfw krz zhoo lqfhqwlyh vfkhphv vruw djhqwv dffruglqj wr delolw|/ dv zhoo
dv krz zhoo h>ruw fkrlfhv duh wdloruhg wr delolw|1

Rxu irupdo prgho frqvlvwv ri wzr shulrgv1 Lq hdfk shulrg/ wkh djhqw h{huwv d sulydwho|0
revhuyhg ohyho ri h>ruw wkdw ghwhuplqlqhv wkh suredelolw| ri vxffhvv1 Wkh djhqw grhv qrw
revhuyh zkhwkhu wkh rxwfrph lv d vxffhvv ru d idloxuh/ exw wkh sulqflsdo grhv revhuyh wkh
rxwfrph1 Wkh djhqw lv dvvxphg wr eh ulvn qhxwudo exw surwhfwhg e| olplwhg oldelolw|1 Zh
frqwudvw wzr lqirupdwlrqdo vfhqdulrv1 Lq wkh ?uvw/ wkh cqr0uhyhodwlrq* vfhqdulr/ zkhq fkrrvlqj
vhfrqg0shulrg h>ruw wkh djhqw grhv qrw nqrz wkh ?uvw0shulrg rxwfrph1 Lq wkh vhfrqg/ wkh
cuhyhodwlrq* vfhqdulr/ wkh sulqflsdo lv dvvxphg wr surylgh d wuxwkixo lqwhulp shuirupdqfh
hydoxdwlrq/ vr wkh djhqw ohduqv wkh ?uvw0shulrg rxwfrph ehiruh fkrrvlqj vhfrqg0shulrg h>ruw1
+Lq rughu wr irfxv rq wkh h>hfwv ri LSH*v rq wkh djhqw*v ehkdylru/ zh vxssuhvv frqvlghudwlrq
ri lqfhqwlyh sureohpv rq wkh sulqflsdo*v sduw1,

Zh ehjlq rxu dqdo|vlv e| frqwudvwlqj wkh djhqw*v ehkdylru lq wkh wzr vfhqdulrv zkhq wkh
lqfhqwlyh vfkhph/ frqvlvwlqj ri uhzdugv frqglwlrqdo rq wkh srvvleoh rxwfrphv/ lv h{rjhqrxvo|
jlyhq dqg wkh vdph lq wkh wzr vfhqdulrv1 Lq wklv fdvh zh vkrz wkdw lq vrph flufxpvwdqfhv
wrwdo h{shfwhg h>ruw lv kljkhu zkhq wkh ?uvw0shulrg rxwfrph lv uhyhdohg wr wkh djhqw ehiruh
wkh vhfrqg shulrg1 Krzhyhu/ wkh djhqw hduqv pruh prqh| lq wkh uhyhodwlrq vfhqdulr ehfdxvh
kh fdq wdloru klv h>ruw wr h{sorlw gl>huhqfhv lq pdujlqdo frpshqvdwlrq1 Wkxv/ wkh h{shfwhg
frvw wr wkh sulqflsdo lv kljkhu lq wkh uhyhodwlrq vfhqdulr1 Dv d frqvhtxhqfh/ hyhq li uhyhodwlrq
udlvhv wkh djhqw*v h{shfwhg h>ruw/ zh fdqqrw frqfoxgh wkdw wkh sulqflsdo suhihuv wr surylgh
dq lqwhulp hydoxdwlrq1

Ixuwkhupruh/ li wkh sulqflsdo zhuh wr fkrrvh wkh lqfhqwlyh vfkhphv rswlpdoo|/ l1h1 wr
plqlpl}h wkh h{shfwhg frvw ri lqgxflqj d jlyhq ohyho ri h{shfwhg h>ruw/ kh zrxog fkrrvh
gl>huhqw vfkhphv lq wkh wzr vfhqdulrv1 Zkhq lqwhulp hydoxdwlrqv duh qrw surylghg/ wkh
rswlpdo lqfhqwlyh vfkhph uhzdugv wkh djhqw li dqg rqo| li kh vxffhhgv wzlfh1 E| frqwudvw/
zkhq lqwhulp hydoxdwlrqv duh jlyhq/ lw lv rswlpdo wr r>hu d vwulfwo| srvlwlyh uhzdug iru d vlqjoh
vxffhvv/ zkloh r>hulqj dq hyhq juhdwhu pdujlqdo uhzdug iru d vhfrqg vxffhvv1

Duphg zlwk wkhvh fkdudfwhul}dwlrqv/ zh wkhq dvvhvv wkh ghvludelolw| ri surylglqj lqwhulp
shuirupdqfh hydoxdwlrqv zkhq lqfhqwlyh vfkhphv fdq eh ghvljqhg rswlpdoo|1 Lq wklv vhwwlqj/
zh vkrz wkdw lw lv ehwwhu qrw wr uhyhdo dq| lqirupdwlrq/ l1h1 wkh h{shfwhg frvw ri lqgxflqj
dq| jlyhq ohyho ri h{shfwhg h>ruw lv orzhu lq wkh qr0uhyhodwlrq vfhqdulr1

Uhodwhg olwhudwxuh
Wkhuh lv d odujh olwhudwxuh rq g|qdplf djhqf| sureohpv/ wkrxjk yhu| olwwoh dwwhqwlrq kdv

ehhq sdlg wr wkh h>hfw ri lqwhulp shuirupdqfh hydoxdwlrqv1 D qxpehu ri sdshuv +h1j1 Ixghq0
ehuj/ Kropvwurp/ dqg Plojurp +4<<3, dqg Fkldssrul hw do +4<<7,, lqyhvwljdwh wkh frqglwlrqv
xqghu zklfk wkh rswlpdo frqwudfw lq d orqj0whup djhqf| uhodwlrqvkls fdq eh lpsohphqwhg
wkurxjk d vhtxhqfh ri vkruw0whup +vsrw, frqwudfwv1 Lq rxu vhwwlqj/ zkhwkhu ru qrw LSH*v duh
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surylghg/ d vhtxhqfh ri vsrw frqwudfwv zrxog eh vwulfwo| zruvh iru wkh sulqflsdo wkdq wkh rs0
wlpdo orqj0whup frqwudfw9wklv lv d frqvhtxhqfh ri wkh dvvxpswlrq wkdw wkh djhqw kdv olplwhg
oldelolw|1

Urjhuvrq +4<;8, dqg Ph|hu +4<<5, vwxg| wzr0shulrg prudo kd}dug prghov +zlwk rqh dqg
wzr djhqwv/ uhvshfwlyho|, lq zklfk djhqwv/ wkrxjk qrw surwhfwhg e| olplwhg oldelolw|/ duh ulvn
dyhuvh1 Wkh| dvvxph wkurxjkrxw wkdw wkh ?uvw0shulrg rxwfrph lv revhuyhg e| wkh djhqwv
ehiruh wkh vhfrqg shulrg1 Erwk sdshuv irfxv rq krz/ lq wkh rswlpdo orqj0whup frqwudfw/ wkh
vhfrqg0shulrg lqfhqwlyh vfkhph ghshqgv rq wkh ?uvw0shulrg rxwfrph1 Urjhuvrq vkrzv wkh
ghvludelolw| ri kdylqj zdjh sd|phqwv glvsod| 3phpru|4/ dqg Ph|hu vkrzv wkdw wkh sulqflsdo
ehqh?wv e| eldvlqj wkh vhfrqg0shulrg frqwhvw lq idyru ri wkh ?uvw0 shulrg zlqqhu1 Qhlwkhu
sdshu dgguhvvhv wkh lvvxh ri zkhwkhu wkh sulqflsdo frxog lqgxfh h>ruwv iurp wkh djhqwv pruh
fkhdso| e| qrw surylglqj lqwhulp shuirupdqfh hydoxdwlrqv1

Kropvwurp dqg Plojurp +4<;:,/ dorqj zlwk wkh dffrxqwlqj olwhudwxuh rq hduqlqjv pdqdjh0
phqw/ vwxg| d g|qdplf djhqf| vhwwlqj lq zklfk wkh djhqw sulydwho| ohduqv krz kh lv shuiruplqj
dqg dgmxvwv klv vxevhtxhqw h>ruwv dffruglqjo|14 Kropvwurp dqg Plojurp suhvhqw frqglwlrqv
xqghu zklfk wkh rswlpdo frqwudfw lq vxfk d vhwwlqj lv olqhdu lq fxpxodwlyh shuirupdqfh1 Wkh
dvvxpswlrq wkdw wkh sulqflsdo nqrzv vwulfwo| ohvv wkdq wkh djhqw derxw wkh djhqw*v shuiru0
pdqfh/ dv zhoo dv derxw klv h>ruw/ lv yhu| qdwxudo lq vrph vhwwlqjv/ vxfk dv zkhq wkh sulqflsdo
lv vkduhkroghuv/ wkh djhqw lv d FHR/ dqg shuirupdqfh lv fdvk  rzv1 Lq wklv sdshu/ krzhyhu/
zh duh frqfhuqhg zlwk vhwwlqjv zkhuh wkh sulqflsdo lv ehwwhu deoh wkdq wkh djhqw wr hydoxdwh
wkh +xqfhuwdlq, frqvhtxhqfhv ri wkh djhqw*v h>ruwv1 Wkhuh pd| eh d vljql?fdqw vxemhfwlyh
hohphqw lq wkh hydoxdwlrq ri shuirupdqfh/ dv zlwk folhqwv* hydoxdwlrqv ri surihvvlrqdo vhuylfhv/
ru wkh djhqwv pd| kdyh olwwoh h{shulhqfh zlwk wkh wdvnv wkh| duh shuiruplqj/ dv zkhq wkh
djhqwv duh vwxghqwv ohduqlqj qhz pdwhuldo dqg wkh sulqflsdov duh wkhlu whdfkhuv1

Pdofrpvrq +4<;7, dqg Ndkq dqg Kxehupdq +4<;;,/ dprqj rwkhuv/ h{dplqh djhqf| vhw0
wlqjv zkhuh sulqflsdov duh ehwwhu lqiruphg wkdq djhqwv derxw djhqwv* shuirupdqfh1 Wkh|
dvvxph wkdw lw lv lqwulqvlfdoo| frvwohvv iru sulqflsdov wr plvuhsruw djhqwv* shuirupdqfh dqg
vwxg| zkdw lqfhqwlyh vfkhphv duh ihdvleoh lq wklv fdvh1 Lq wkh surihvvlrqdo vhulyfhv dqg hgxfd0
wlrqdo frqwh{wv phqwlrqhg deryh/ krzhyhu/ sulqflsdov fdq/ doehlw dw d frvw/ pdnh shuirupdqfh
hydoxdwlrqv yhul?deoh1 Zh dvvxph wkdw ?qdo shuirupdqfh lv pdgh yhul?deoh/ dqg rxu irfxv lv
rq wkh h>hfwv ri pdnlqj lqwhulp shuirupdqfh yhul?deoh dv zhoo1

Wkhuh duh d ihz sdshuv zklfk dwwhpsw wr h{dplqh vrph ri wkh frqvhtxhqfhv ri lqwhulp
shuirupdqfh hydoxdwlrqv1 Lq Suhqghujdvw +4<<5,/ wkh ?up sulydwho| revhuyhv zrunhuv* delolwlhv
diwhu wkh ?uvw shulrg dqg ghflghv zkhwkhu ru qrw wr xvh surprwlrqv wr d idvw wudfn dv d fuhgleoh
vljqdo wr kljk0delolw| zrunhuv1 Wkh frvw ri surylglqj LSH*v lv wkdw idvw0wudfn surprwlrqv rffxu
lqh!flhqwo| hduo|/ zkloh wkh ehqh?w lv wkdw zrunhuv duh lqgxfhg wr wdloru wkhlu wudlqlqj h>ruw

4Iru uhfhqw ryhuylhzv ri wkh dffrxqwlqj olwhudwxuh rq hduqlqjv pdqdjhphqw/ vhh Du|d/ Joryhu/ dqg Vxqghu
+4<<;, dqg Odpehuw +5334,1
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wr wkhlu ohyho ri delolw|1 Jleev +4<<4, suhvhqwv vrph glvfxvvlrq ri krz lqwhulp hydoxdwlrqv
d>hfw vxevhtxhqw h>ruwv/ zkhq dq djhqw*v fxpxodwlyh shuirupdqfh pxvw vxusdvv d wkuhvkrog
lq rughu iru klp wr uhfhlyh d uhzdug1 Od}hdu +4<<<, dvnv d vlplodu txhvwlrq lq wkh frqwh{w ri
udqn0 rughu wrxuqdphqwv1

Ilqdoo|/ rxu fkdudfwhul}dwlrq ri rswlpdo lqfhqwlyh vfkhphv zlwk dqg zlwkrxw LSH*v lv
uhodwhg wr zrun rq wkh rswlpdo ghvljq ri sul}h vwuxfwxuhv lq frqwhvwv1 Nulvkqd dqg Prujdq
+4<<;, dqg Progrydqx dqg Vhod +5334/ 5335, h{dplqh zkhq lw lv rswlpdo wr xvh d zlqqhu0wdnh0
doo sul}h vwuxfwxuh1 Zh vwxg| krz wkh ghvludelolw| ri uhzduglqj rqo| wkh yhu| ehvw fxpxodwlyh
shuirupdqfh lv d>hfwhg e| zkhwkhu ru qrw dq LSH lv surylghg1

5 Prgho

Wkhuh duh wzr shulrgv1 Lq hdfk shulrg w/ wkhuh duh rqo| wzr srvvleoh rxwfrphv= vxffhvv ru
idloxuh1 Wkh rxwfrph lq shulrg w lv ghqrwhg e| [| 5 ii> vj1 Wkh suredelolw| ri d vxffhvv
lq shulrg w lv htxdo wr wkh h>ruw h| lq wkdw shulrg= S +[| @ v, @ h|1 Frqglwlrqdo rq h>ruw
fkrlfhv/ rxwsxwv duh lqghshqghqw dfurvv shulrgv1

Lq hdfk shulrg wkh frvw ri h>ruw h| lv ghqrwhg e| f+h|,/ zkhuh f lv lqfuhdvlqj/ wkuhh wlphv
gl>huhqwldeoh/ dqg frqyh{/ zlwk f+3, @ fâ+3, @ 31

Wkh djhqw lv dvvxphg wr eh ulvn qhxwudo1
Dq lqfhqwlyh vfkhph iru wkh djhqw lv fkdudfwhul}hg e| wudqvihuv frqglwlrqdo rq doo srvvleoh

rxwfrphv= z+i> i,> z+i> v,> z+v> i,> z+v> v,1 Jlyhq wkdw wkh djhqw lv ulvn qhxwudo/ wkh sureohp
lv xqlqwhuhvwlqj xqohvv zh dvvxph wkdw wkhuh lv d olplwhg oldelolw| frqvwudlqw1 Zh dvvxph wkdw
z+{> |, è 3 iru {> | @ i> v1

Zh zloo frqwudvw wzr vfhqdulrv rq wkh lqirupdwlrq wkdw lv dydlodeoh wr wkh djhqw zkhq kh
fkrrvhv h>ruw1 Lq wkh qr0uhyhodwlrq vfhqdulr/ zklfk zh fdoo wkh Q0vfhqdulr/ zkhq fkrrvlqj
h>ruw lq wkh vhfrqg shulrg/ wkh djhqw grhv qrw revhuyh wkh ?uvw0shulrg rxwfrph1 Lq wklv
vfhqdulr/ wkh djhqw*v sd|r> lv=

Xù+h�> h2,

@ z+v> v,h�h2 .z+v> i,h�+4ý h2, .z+i> v,+4ý h�,h2 .z+i> i,+4ý h�,+4ý h2,ý f+h�,ý f+h2,
Lq wkh uhyhodwlrq vfhqdulr/ zklfk zh fdoo wkh \0vfhqdulr/ wkh djhqw ohduqv wkh ?uvw0shulrg

rxwfrph ehiruh fkrrvlqj vhfrqg0shulrg h>ruw1 Wkxv/ lq wklv vfhqdulr/ wkh djhqw fdq fkrrvh
d gl>huhqw h>ruw lq wkh vhfrqg shulrg ghshqglqj rq wkh ?uvw0shulrg rxwfrph1 Ohwwlqj h2+v,
dqg h2+i, ghqrwh wkh vhfrqg0shulrg h>ruw iroorzlqj vxffhvv dqg idloxuh/ uhvshfwlyho|/ zh fdq
zulwh wkh djhqw*v sd|r> lq wklv vfhqdulr dv=

Xt +h�> h2+v,> h2+i,,

@ z+v> v,h�h2+v, .z+v> i,h�+4ý h2+v,, .z+i> v,+4ý h�,h2+i, .z+i> i,+4ý h�,+4ý h2+i,,
ýf+h�,ý h�f+h2+v,,ý +4ý h�,f+h2+i,,
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6 Wkh H>hfw ri LSH*v Zkhq wkh Lqfhqwlyh Vfkhph lv Il{hg

614 Suholplqdulhv

Lq wklv vhfwlrq/ zh glvfxvv wkh h>hfwv ri lqwhulp shuirupdqfh hydoxdwlrqv rq h>ruw fkrlfhv
zkhq wkh lqfhqwlyh vfkhph lv h{rjhqrxvo| jlyhq dqg wkh vdph lq erwk vfhqdulrv1 Iru qrz/
zh dvvxph wkdw wkh frvw ri h>ruw ixqfwlrq lv txdgudwlf= f+h, @ fh2@51 Zh dovr dvvxph wkdw
wkh uhzdugv rqo| ghshqg rq wkh qxpehu ri vxffhvvhv/ l1h1/ z+i> v, @ z+v> i, ì z+v,/ dqg wkdw
wkh| duh prqrwrqlfdoo| lqfuhdvlqj lq wklv qxpehu/ vr z+i> i, é z+v, é z+v> v,151 Ilqdoo|/ wr
jxdudqwhh lqwhulru vroxwlrqv zh dovr dvvxph wkdw z+v> v, ? f16

615 Wkh H>hfw ri LSH*v rq Vxevhtxhqw H>ruwv

Zh ehjlq e| dqdo|}lqj wkh h>hfw ri LSH*v rq h{shfwhg h>ruw lq wkh vhfrqg shulrg/ wdnlqj dv
jlyhq dq h{rjhqrxvo| ?{hg suredelolw| ri vxffhvv s lq wkh ?uvw shulrg1 Lq wkh qr0uhyhodwlrq
vfhqdulr wkh djhqw fkrrvhv vhfrqg shulrg h>ruw hù2 wr pd{lpl}h

s+z+v> v,hù2 .z+v,+4ý hù2 ,, . +4ý s,+z+v,hù2 .z+i> i,+4ý hù2 ,,ý
4

5
f+hù2 ,

2= +4,

vr wkh rswlpdo ydoxh lv

hù2 +s, @
s+z+v> v,ýz+v,, . +4ý s,+z+v,ýz+i> i,,

f
= +5,

Frqvlghu qrz wkh uhyhodwlrq vfhqdulr1 Li wkh ?uvw0shulrg rxwfrph lv d vxffhvv/ wkh djhqw
fkrrvhv h2+v, wr pd{lpl}h

z+v> v,h2+v, .z+v,+4ý h2+v,,ý 4
5
f+h2+v,,

2> +6,

vr wkh rswlpdo ydoxh lv

ht2 +v, @
z+v> v,ýz+v,

f
= +7,

Li wkh ?uvw0shulrg rxwfrph lv d idloxuh/ wkh djhqw fkrrvhv h2+i, wr pd{lpl}h

z+v,h2+i, .z+i> i,+4ý h2+i,,ý 4
5
f+h2+i,,

2> +8,

vr wkh rswlpdo ydoxh lv

ht2 +i, @
z+v,ýz+i> i,

f
+9,

Zh fdq qrz vwdwh wkh iroorzlqj ehqfkpdun uhvxow=
5 Lq wkh qh{w vhfwlrq/ zh uhod{ wkh dvvxpswlrq wkdw çEsc rä ' çErc sä/ dqg zh vkrz wkdw wkh rswlpdo lqfhqwlyh

vfkhphv lq wkh wzr vfhqdulrv duh prqrwrqlf1
6Vhh Vhfwlrq 617 iru d glvfxvvlrq ri wkh fdvh zkhuh wklv dvvxpswlrq lv uhod{hg1
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Ohppd 4 Il{ wkh ?uvw shulrg suredelolw| ri vxffhvv dw wkh vdph ohyho s lq erwk vfhqdulrv1
Wkhq h{shfwhg h>ruw lq wkh vhfrqg shulrg lv wkh vdph lq wkh wzr vfhqdulrv1

Surri= H{shfwhg vhfrqg0shulrg h>ruw lq wkh uhyhodwlrq vfhqdulr lv sht2 +v, . +4 ý s,ht2 +i,/
zklfk/ xvlqj +7, dqg +9, htxdov hù2 +s, dv jlyhq e| +5,1

Ohppd 4 vd|v wkdw/ zlwk h{rjhqrxvo| jlyhq suredelolw| ri ?uvw0shulrg vxffhvv dqg txdgudwlf
h>ruw frvwv/ lqwhulp shuirupdqfh hydoxdwlrqv kdyh qr h>hfw rq dyhudjh vhfrqg shulrg h>ruw1
Dq LSH grhv/ ri frxuvh/ lqgxfh wkh djhqw wr wdloru klv vhfrqg0shulrg h>ruw wr uh hfw wkh pdu0
jlqdo uhwxuq/ exw vlqfh +e| dvvxpswlrq, wkh LSH kdv qr h>hfw rq wkh ?uvw0shulrg suredelolw|
ri vxffhvv/ lw kdv qr h>hfw rq wkh h{shfwhg pdujlqdo uhwxuq wr vhfrqg0shulrg h>ruw1 Vlqfh
h>ruw frvwv duh txdgudwlf/ lw wkhq iroorzv wkdw dq LSH ohdyhv h{shfwhg vhfrqg0shulrg h>ruw
xqfkdqjhg17

616 Wkh H>hfw ri LSH*v rq Sulru dqg Vxevhtxhqw H>ruwv

Ghqrwh e| xt +v, dqg xt +i, dqg xù+v, dqg xù+i, wkh frqwlqxdwlrq xwlolwlhv dvvrfldwhg zlwk
vxffhvv dqg idloxuh lq wkh uhyhodwlrq dqg qr uhyhodwlrq vfhqdulrv/ uhvshfwlyho|1 Lq hlwkhu
vfhqdulr l/ wkh gl>huhqfh ehwzhhq wkh frqwlqxdwlrq xwlolwlhv lq wkh wzr vwdwhv lq wkh vhfrqg
shulrg/ xð+v,ýxð+i,/ uhsuhvhqwv wkh pdujlqdo ehqh?w iurp lqfuhdvlqj h>ruw lq wkh ?uvw shulrg1
Wkh iroorzlqj uhvxow vd|v wkdw/ li wkh suredelolw| ri vxffhvv lq wkh ?uvw shulrg lv qr odujhu wkdq
425/ wklv pdujlqdo ehqh?w lv odujhu lq wkh uhyhodwlrq vfhqdulr wkdq lq wkh qr uhyhodwlrq vfhqdulr1
Wklv lv wkh nh| wr wkh h>ruw frpsdulvrq dfurvv wkh wzr vfhqdulrv1

Ohppd 5 Jlyhq dq h{rjhqrxvo| ?{hg suredelolw| ri vxffhvv s lq wkh ?uvw shulrg/ vxssrvh wkdw
wkh djhqw fkrrvhv h>ruw rswlpdoo| lq wkh vhfrqg shulrg1 Wkhq xt +v,ýxt +i, è xù +v,ýxù+i,
li dqg rqo| li s é �

2 1 Htxdolw| krogv rqo| li +z+v> v,ýz+v,, @ +z+v,ýz+i> i,, ru s @ �
2 1

Surri= Wr rewdlq xt +v,/ vxevwlwxwh ht2 +v, iurp +7, lqwr +6,1 Wr rewdlq xt +i, vxevwlwxwh
ht2 +i, iurp +9, lqwr +8,1 Vxewudfwlqj wkh vhfrqg h{suhvvlrq iurp wkh ?uvw jlyhv=

xt +v,ý xt +i, @ +z+v,ýz+i> i,, . 4

5f
++z+v> v,ýz+v,,2 ý +z+v,ýz+i> i,,2, +:,

Wr rewdlq wkh gl>huhqfh lq xwlolwlhv dprqj wkh wzr vwdwhv lq wkh qr0uhyhodwlrq vfhqdulr/
vxevwlwxwh wkh rswlpdo vhfrqg0shulrg h>ruw +iru d ?{hg s, lqwr sd|r>v lq wkh wzr vwdwhv wr
rewdlq

xù+v,ý xù +i, @ +z+v,ýz+i> i,, . 4
f

q
s ^z+v> v,ýz+v,`2 ý +4ý s, ^z+v,ýz+i> i,`2

.+4ý 5s, ^z+v> v,ýz+v,` ^z+v,ýz+i> i,`j +;,
7Zlwk h{rjhqrxvo| ?{hg suredelolw| ri vxffhvv lq shulrg 4/ LSH*v ghfuhdvh +lqfuhdvh, h{shfwhg vhfrqg0shulrg

h>ruw li wkh pdujlqdo frvw ri h>ruw lv frqyh{ +frqfdyh,1

:



Gh?qh { @ z+v> v, ý z+v, dqg | @ z+v, ý z+i> i,1 Wkhq h{suhvvlrq +:, lv juhdwhu wkdq
+;, li dqg rqo| li

s{2 ý +4ý s, |2 . +4ý 5s,{| ? {2

5
ý |

2

5
=

Zh fdq uhzulwh wklv lqhtxdolw| dv

+sý 4
5
,{2 . +sý 4

5
,|2 ý 5+sý 4

5
,{| ? 3>

ru

+sý 4
5
,+{ý |,2 ? 3=

Khqfh wkh uhvxow1

Wkh qh{w sursrvlwlrq vkrzv wkdw ?uvw0shulrg h>ruw lv kljkhu lq wkh uhyhodwlrq vfhqdulr1

Sursrvlwlrq 4 Vxssrvh wkdw wkh djhqw lv idflqj dq lqfhqwlyh vfkhph gh?qhg e| +z+v> v,> z+v,> z+i> i,,1
Wkhq

+l, Iluvw0shulrg h>ruw lv kljkhu li lqirupdwlrq lv uhyhdohg= ht� è hù� > zlwk vwulfw lqhtxdowl|
li wkh lqfhqwlyh vfkhph lv qrqolqhdu/ l1h1/ z+v> v,ýz+v, 9@ z+v,ýz+i> i,1

+ll, H+ht2 , A +?, hù2 li dqg rqo| li z+v> v, ý z+v, A +?, z+v, ý z+i> i,/ l1h1/ h{shfwhg
vhfrqg0shulrg h>ruw lv kljkhu +orzhu, zkhq lqirupdwlrq lv uhyhdohg li wkh lqfhqwlyh vfkhph lv
frqyh{ +frqfdyh,1

Surri= Sduw +l,= Lq wkh uhyhodwlrq vfhqdulr/ wkh djhqw*v remhfwlyh lv wr fkrrvh h� wr pd{lpl}h
h�x

t +v, . +4ý h�,xt +i,ý �
2f +h�,

21 Wkh ?uvw0rughu frqglwlrq lv

xt +v,ý xt +i, @ fht� = +<,

Lq wkh qr0uhyhodwlrq vfhqdulr/ jlyhq wkh rswlpdo fkrlfh ri hù2 jlylqj ulvh wr xù+v, dqg xù+i,/
wkh djhqw fkrrvhv h� wr pd{lpl}h h�xù+v, . +4ý h�,xù +i,ý �

2fh
2
�1 Wkh ?uvw0rughu frqglwlrq

lv

xù +v,ý xù+i, @ fhù� = +43,

Qrz revhuyh wkdw/ vlqfh f A z+v> v,ýz+i> i,/ wkhq

hù� @ h
ù
2 @

z+v,ýz+i> i,
f.z+v,ýz+i> i,ý +z+v> v,ýz+v,, ?

4

5
= +44,

Vxssrvh wkhq wkdw wkh ?uvw0shulrg suredelolw| ri vxffhvv lv ?{hg dw wkh rswlpdo h>ruw lq
wkh Q0vfhqdulr/ hù� 1 Ohppd 5 jxdudqwhhv wkdw jlyhq wklv suredelolw| ri vxffhvv lq wkh ?uvw

;



shulrg/ wkh ohiw0kdqg vlgh ri htxdwlrq +<, h{fhhgv wkh ohiw0kdqg vlgh ri htxdwlrq +43,1 Wkxv/
?uvw0shulrg h>ruw pxvw eh kljkhu lq wkh \0vfhqdulr1

Sduw +ll,= Lq rughu wr frpsduh vhfrqg0shulrg h>ruwv/ revhuyh wkdw dw wkh rswlpxp/ iurp
htxdwlrq +5,/

hù2 @
hù� +z+v> v,ýz+v,, . +4ý hù� ,+z+v,ýz+i> i,,

f

dqg/ iurp htxdwlrqv +7, dqg +9,/

Hht2 @
ht� +z+v> v,ýz+v,, . +4ý ht� ,+z+v,ýz+i> i,,

f

Vlqfh/ e| sduw +l,/ ht� A h
ù
� / wkhq zh kdyh wkdw Hht2 A h

ù
2 li dqg rqo| li +z+v> v,ýz+v,, A

+z+v,ýz+i> i,,
Sursrvlwlrq 4 vd|v wkdw ?uvw0shulrg h>ruw lv kljkhu xqghu uhyhodwlrq1 Krzhyhu/ sduw +ll, ri

wkh Sursrvlwlrq vd|v wkdw vhfrqg0 shulrg h>ruw frxog eh hlkhu kljkhu ru orzhu lq wkh uhyhodwlrq
vfhqdulr wkdq lq wkh qr0uhyhodwlrq vfhqdulr ghshqglqj rq wkh frqyh{lw| ri wkh lqfhqwlyh vfkhph1

Zh qrz zdqw wr frpsohwh wkh h>ruw frpsdulvrq e| frpsdulqj wrwdo h{shfwhg h>ruwv ryhu
wkh wzr shulrgv lq wkh wzr vfhqdulrv1 Lq rughu wr pdnh wkh frpsdulvrq/ zh qhhg wkh iroorzlqj
Ohppd1

Ohppd 6 Jlyhq dq h{rjhqrxvo| ?{hg suredelolw| ri vxffhvv s lq wkh ?uvw shulrg/ vxssrvh wkdw
wkh djhqw fkrrvhv h>ruw rswlpdoo| lq wkh vhfrqg shulrg1 Lq wkh uhyhodwlrq vfhqdulr/ h{shfwhg
rswlpdo h>ruw lq wkh vhfrqg shulrg fkdqjhv ohvv wkdq rqh iru rqh zlwk s1

Surri= Zh qhhg wr rewdlq h{shfwhg vhfrqg0shulrg h>ruw lq wkh \0vfhqdulr dv d ixqfwlrq ri s1
Lq rughu wr gr wklv/ pxowlso| e| s wkh uljkw0kdqg vlgh ri htxdwlrq 7/ pxowlso| wkh uljkw0kdqg
vlgh ri htxdwlrq 9 e| +4ý s, dqg dgg wkh uhvxowlqj h{suhvvlrqv wr rewdlq

H
ý
ht2 ms

ü
@
s+z+v> v,ýz+v,, . +4ý s,+z+v,ýz+i> i,,

f
+45,

Wkxv/ ññññgH+ht2 ms,gs

ññññ @ ññññ+z+v> v,ýz+v,,ý +z+v,ýz+i> i,,f

ññññ ? 4=
Wkh qh{w sursrvlwlrq vkrzv h{shfwhg wrwdo h>ruw lv kljkhu lq wkh uhyhodwlrq vfhqdulr dqg

vkrzv wkdw ?uvw shulrg h>ruw lv kljkhu wkdq vhfrqg shulrg h>ruw lq wkh \ vfhqdulr1

<



Sursrvlwlrq 5 Vxssrvh wkdw wkh djhqw lv idflqj dq lqfhqwlyh vfkhph gh?qhg e| +z+v> v,> z+v,> z+i> i,,1
Wkhq

+l, Wrwdo h{shfwhg h>ruw lv kljkhu li lqirupdwlrq lv uhyhdohg= ht� . H+h
t
2 , è hù� . hù2 >zlwk

vwulfw lqhtxdolw| dv orqj dv z+v> v,ýz+v, 9@ z+v,ýz+i> i,1
+ll, Lq wkh uhyhodwlrq vfhqdulr5 ?uvw shulrg h>ruw lv kljkhu wkdq vhfrqg shulrg h>ruw=

ht� è H+ht2 ,> zlwk vwulfw lqhtxdolw| dv orqj dv z+v> v,ýz+v, 9@ z+v,ýz+i> i,1
Surri= Sduw +l,=

ht� ý hù� è ññH+ht2 mht� ,ýH+ht2 mhù� ,ññ
è H+ht2 mhù� ,ýH+ht2 mht� ,
@ hù2 ýH+ht2 mht� ,=

zkhuh wkh lqhtxdolw| lq wkh ?uvw olqh frphv iurp Ohppd 6/ dqg wkh wklug olqh frphv iurp
Ohppd 41 Wkhuhiruh/ ht� .H+h

t
2 , A h

ù
� . h

ù
2 1

Sduw +ll,= Revhuyh ?uvw wkdw hù� @ hù2 1 Ixuwkhupruh/ e| Ohppd 4/ li zh hydoxdwh wkh
h{shfwdwlrq ri vhfrqg0shulrg h>ruw lq wkh uhyhodwlrq vfhqdulr dffruglqj wr wkh suredelolw|
hù� / zh rewdlq Hh

t
2 @ hù� 1 Ilqdoo|/ e| Ohppd 4/ Hht2 lqfuhdvhv ohvv wkdq rqh iru rqh zlwk

lqfuhdvhv lq s1 Wkxv/ ht� A Hh
t
2 1

Fruroodu| 4 Wkh h{shfwhg frvw ri h>ruw wr wkh djhqw lv kljkhu lq wkh \ vfhqdulr1

Surri= Iurp wkh deryh Sursrvlwlrq zh kdyh

hù� é
ht� .H+h

t
2 ,

5
=

Wkxv/ xvlqj ?uvw prqrwrqlflw|/ dqg wkhq frqfdylw|/ ri f/ zh fdq zulwh

f
ý
hù�
ü é f

ë
ht� .H+h

t
2 ,

5

ê
é 4

5
f
ý
ht�
ü
.
4

5
f
ý
H+ht2 ,

ü
é 4

5
f
ý
ht�
ü
.
4

5
H
ý
f+ht2 ,

ü
zkhqfh

5f
ý
hù�
ü é f ýht� ü.H ýf+ht2 ,ü

Iru ixwxuh uhihuhqfh/ revhuyh wkdw wkh rswlpxp ?uvw shulrg h>ruw lq wkh uhyhodwlrq vfhqdulr
lv

ht� @
+z+v,ýz+i> i,,5f. +z+v> v,ýz+i> i,,+z+v> v, .z+i> i,ý 5z+v,,

5f2
?
4

5
= +46,
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617 Glvfxvvlrq

Sursrvlwlrq 5 vkrzv wkdw wkhuh lv d zlgh fodvv ri lqfhqwlyh vfkhphv wkdw ohdg wkh djhqw wr
h{huw pruh h>ruw lq wkh fdvh zkhuh lqirupdwlrq lv uhyhdohg wr wkh djhqw1 Lw zrxog eh whpswlqj
wr frqfoxgh iurp wklv uhvxow wkdw d sulqflsdo zkr lv lqwhuhvwhg lq holflwlqj h>ruw iurp wkh djhqw
zrxog fkrrvh wr frqgxfw lqwhulp shuirupdqfh hydoxdwlrqv dqg jlyh doo srvvleoh ihhgedfn wr
wkh djhqw1 Krzhyhu/ vxfk d frqfoxvlrq zrxog eh suhpdwxuh1 Lq wkh uhyhodwlrq vfhqdulr/ wkh
h{shfwhg zdjh eloo lv dovr kljkhu1 Wr vhh wklv/ revhuyh wkdw wkh zdjh eloo lv htxdo wr wkh
h{shfwhg xwlolw| ri wkh djhqw soxv wkh h{shfwhg frvw ri h>ruw1 Wkh h{shfwhg xwlolw| ri wkh
djhqw lv reylrxvo| kljkhu lq wkh uhyhodwlrq vfhqdulr dqg/ e| fruroodu| 4 wkh wrwdo frvw ri h>ruw
lv dovr kljkhu lq wkh uhyhodwlrq vfhqdulr1 Wkh lqhtxdolwlhv duh vwulfw li wkh lqfhqwlyh vfkhph
lv qrqolqhdu1 Wkxv/ lw lv qrw fohdu zkhwkhu wkh sulqflsdo zrxog suhihu wr frqgxfw lqwhulp
shuirupdqfh hydoxdwlrqv1 Ixuwkhupruh/ li wkh sulqflsdo fkrrvhv wkh frpshqvdwlrq vfkhph dv
zhoo dv wkh uhyhodwlrq srolf|/ zh kdyh wr frqvlghu wkh srvvlelolw| wkdw wkh rswlpdo vfkhph lq
wkh qr uhyhodwlrq vfhqdulr pd| eh txlwh gl>huhqw iurp wkh rswlpdo vfkhph lq wkh uhyhodwlrq
vfhqdulr1

Rqh h{fhswlrq wr wklv glvfxvvlrq lv wkh fdvh ri d vxesulqflsdo +vd| d glylvlrq pdqdjhu, zkr
kdv qr frqwuro ryhu wkh frpshqvdwlrq vfkhph/ exw fdq fkrrvh zkhwkhu wr frqgxfw lqwhulp
shuirupdqfh hydoxdwlrqv1 Rxu dqdo|vlv frpsdulqj wkh lqfhqwlyh surshuwlhv ri h{rjhqrxvo|
?{hg lqfhqwlyh vfkhphv vxjjhvwv wkdw/ li wkh glylvlrq pdqdjhu lv uhzdughg rq wkh edvlv ri
wrwdo rxwsxw dqg qrw rq wkh zdjh eloo/ kh zrxog fkrrvh wr uhyhdo lqirupdwlrq wr hpsor|hhv1

Zh qrz frpphqw rq wzr dvvxpswlrqv wkdw zhuh pdgh lq wkh dqdo|vlv ri wklv vhfwlrq1
Wkh ?uvw lv wkh dvvxpswlrq wkdw z+v> v, ? f1 Wklv dvvxpswlrq jxdudqwhhg lqwhulru vroxwlrqv1
Li z+v> v, A f/ wkhq h>ruw zrxog eh lghqwlfdo lq wkh wzr vfhqdulrv= wkh djhqw zrxog fkrrvh
hù� @ hù2 @ ht� @ ht2 +v, @ 41 Zkloh wkh fdvh ri z+v> v, @ f vhhpv xqlpsruwdqw/ lw wxuqv
rxw wr eh sduw ri wkh rswlpdo vfkhph lq wkh fdvh ri qr uhyhodwlrq iru wkh fdvh ri txdgudwlf
frvwv1 Krzhyhu/ zkhq dqdo|}lqj h{rjhqrxvo| jlyhq lqfhqwlyh vfkhphv/ lw vhhpv dssursuldwh
wr ljqruh wklv fdvh ehfdxvh zkhq z+v> v, @ f/ h>ruw lv lqghwhuplqdwh= wkh djhqw lv lqgl>huhqw
ehwzhhq doo h>ruw ohyhov1

Wkh vhfrqg lv wkh dvvxpswlrq ri txdgudwlf h>ruw frvw1 Li h>ruw frvwv duh qrw txdgudwlf/
wkhq wkh dqdo|vlv lv pruh frpsoh{1 Dv phqwlrqhg lq irrwqrwh 615/ iru dq h{rjhqrxvo| ?{hg
suredelolw| ri vxffhvv lq wkh ?uvw shulrg/ h{shfwhg h>ruw lq wkh vhfrqg shulrg lv orzhu +kljkhu,
lq wkh uhyhodwlrq vfhqdulr ghshqglqj rq zkhwkhu wkh pdujlqdo frvw ri h>ruw lv frqyh{ +frqfdyh,1
Krzhyhu/ zh frxog ?qg qr jhqhudo frqglwlrqv jxdudqwhhlqj d udqnlqj ri wrwdo h{shfwhg h>ruwv
lq wkh wzr vfhqdulrv1

Wkh qh{w vhfwlrq zloo qrw dvvxph txdgudwlf frvwv1
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7 Rswlpdo Lqfhqwlyh Vfkhphv

Zh qrz doorz wkh sulqflsdo wr fkrrvh wkh lqfhqwlyh vfkhph rswlpdoo| lq wkh wzr vfhqdulrv/ zh
frpsduh wkh surshuwlhv ri wkh lqfhqwlyh vfkhphv lq wkh wzr vfhqdulrv/ dqg zh orrn dw zklfk
vfhqdulr lv suhihuuhg e| wkh sulqflsdo1 Zh glvshqvh zlwk wkh dvvxpswlrq ri d txdgudwlf frvw
ixqfwlrq dqg wkh dvvxpswlrq wkdw wkh lqfhqwlyh vfkhph pxvw ghshqg rqo| rq wkh qxpehu ri
vxffhvvhv1 Lw lv fohdu wkdw lq wkh rswlpdo lqfhqwlyh vfkhph/ z+i> i, @ 31 Wkxv/ iurp qrz rq
zh zloo irfxv rqo| rq wkh uhpdlqlqj wkuhh ydoxhv ri wkh frpshqvdwlrq vfkhph1

714 Wkh Rswlpdo Lqfhqwlyh Vfkhph lq wkh Qr0Uhyhodwlrq Vfhqdulr

Ohw xv h{suhvv wkh sureohp ri dq djhqw lq wkh iroorzlqj zd|

pd{
e�ce2

X +h�> h2,

@ pd{
e�ce2

òh� . ñh2 . ðh�h2 ý f +h�,ý f +h2, = +47,

Wkh ò> ñ> ð*v duh v|qwkhwlf sdudphwhuv zklfk/ lq rxu sureohp pxvw eh d ixqfwlrq ri z+v> i,/
z+i> v,/ dqg z+v> v,1 Vshfl?fdoo|/ ò @ z+v> i,/ ñ @ z+i> v, dqg ð @ z+v> v,ýz+v> i,ýz+i> v,1
Wkh olplwhg oldelolw| dvvxpswlrq lpsolhv wkdw ò dqg ñ duh uhvwulfwhg wr eh qrqqhjdwlyh1 Zh
qrz glvfxvv krz wkh sulqflsdo zrxog fkrrvh d frpshqvdwlrq vfkhph wkdw ghshqgv rq h�> h2/
dqg h� ü h2/ wzr olqhdu whupv dqg d pl{hg whup1 Lw zloo ehfrph fohdu krz vxfk d vfkhph fdq
eh lpsohphqwhg zlwk wkh lqvwuxphqwv dydlodeoh wr wkh sulqflsdo1 Zh dvvxph wkdw fâ +3, @
3> fâ +4, @41 Wkhvh frqglwlrqv jxdudqwhh wkdw wkh rswlpdo h� dqg h2 duh lqwhulru1

Ohw xv ?uvw vroyh iru wkh fdvh lq zklfk wkh sulqflsdo vhwv ñ @ ò> phdqlqj wkdw wkh uhzdug
iru mxvw rqh vxffhvv lv lqghshqghqw ri zkhwkhu wkh vxffhvv kdsshqhg lq shulrg 4 ru 5 +zh zloo
vrrq vkrz wkdw wklv frqwudfw lv lqghhg rswlpdo iru wkh sulqflsdo1, Surylghg wkdw sureohp +47,
lv frqfdyh lq h�> h2 +uhtxlulqj fâââ è 3,/ wkh djhqw zloo fkrrvh wkh vdph h>ruw lq erwk shulrgv1
Ghqrwh wklv h>ruw e| h1 Wkhq sureohp +47, ehfrphv

pd{
e
5òh. ðh2 ý 5f +h, =

Wkh ?uvw0rughu frqglwlrq iru wkh djhqw lv

5
û
ò. ðhý fâ +h,ú @ 3=

Ghqrwh wkh vroxwlrq e| hW1 Lqwhjudwlqj wklv h{suhvvlrq ryhu h ehwzhhq }hur dqg hW |lhogv wkh
vxusoxv wkdw wkh sulqflsdo pxvw doorz wkh djhqw lq rughu wr lpsohphqw hW lq wkh wzr shulrgv1
Wkh shu0shulrg vxusoxv hqmr|hg e| wkh djhqw lv ghslfwhg lq Iljxuh 4 dv wkh duhd ehwzhhq wkh
wklq vwudljkw olqh ruljlqdwlqj dw ò/ dqg wkh fxuyh fâ +h,1 Dgglqj wkh frvw ri h{huwlqj h>ruw/
l1h1/ wkh lqwhjudo xqghu wkh fxuyh fâ +h,/ |lhogv wkh h{shfwhg shu0shulrg frvw wr wkh sulqflsdo ri
lpsohphqwlqj hW1
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Dq| olqh jrlqj wkurxjk hW dqg zlwk lqwhufhsw juhdwhu wkdq 3 fruuhvsrqgv wr d frqwudfw
wkdw lpsohphqwv hW1 Lw lv fohdu iurp Iljxuh 4 wkdw wkh frqwudfw wkdw plqlpl}hv wkh shu0shulrg
frvw wr wkh sulqflsdo lv wkh frqwudfw lq zklfk ò @ 31 Lq wklv fdvh wkh shu0shulrg frvw lv wkh
duhd ri wkh wuldqjoh +3> fâ +hW, > hW,1 Wkh h{shfwhg wrwdo frvw ri lpsohphqwlqj +hW> hW, lv grxeoh
wkh duhd ri wkdw wuldqjoh/ l1h1/ h{dfwo| wkh duhd ri wkh uhfwdqjoh +3> D> fâ +hW, > hW,1 Ghqrwlqj e|
U +h, wkh duhd ri wkh uhfwdqjoh zlwk edvh ri h dqg khljkw ri fâ +h, >

U +h, ì
] e

f
fâ +h, g|>

wkhq wkh h{shfwhg wrwdo frvw wr wkh sulqflsdo ri lpsohphqwlqj hW> hW lv vlpso| U +hW,1
Qrz ohw xv yhuli| wkdw lqghhg wkh rswlpdo frqwudfw lqghhg hqwdlov ò @ ñ1 Vxssrvh qrw/

dqg zlwkrxw orvv ri jhqhudolw| vxssrvh wkdw lw zhuh rswlpdo wr vhw ò ? ñ1 Wkhq lw pxvw eh
wkdw hW� ? hW21 Zulwh wkh djhqw*v vxusoxv dv

X +hW�> h
W
2, @ X +h

W
�> 3, .

] eW2

f

CX +hW�> |,
Ch2

g|=

Lq oljkw ri wkh ?uvw0rughu frqglwlrq dqg wkh idfw wkdw wkh frpshqvdwlrq vfkhph lv olqhdu lq h2/
zh fdq uhzulwh wkh deryh htxdwlrq dv

X +hW�> h
W
2, @ X +h

W
�> 3, .

] eW2

f

û
fâ +hW2,ý fâ +|,

ú
g|=
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Dgglqj wkh djhqw*v frvw ri h>ruw |lhogv wkh h{shqvh wr wkh sulqflsdo ri lpsohphqwlqj hW�> hW21
Wkdw htxdov

òhW� .
] eW2

f
fâ +hW2, g|

@ òhW� .U +h
W
2, =

Qrwlfh wkdw iru d ohvvhu h{shqvh ri mxvw U +hW2, wkh sulqflsdo fdq lpsohphqw hW2> hW2 +d vwulfwo|
odujhu wrwdo h>ruw, e| vhwwlqj ò @ ñ @ 3 dqg dssursuldwho| dgmxvwlqj ð1 Wklv vkrzv wkdw lw lv
vxerswlpdo iru wkh sulqflsdo wr vhw ò ? ñ1

Zh froohfw wkhvh dujxphqwv lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 6 Dvvxph fâââ A 31 Lq wkh qr0uhyhodwlrq vfhqdulr/ wkh frqwudfw wkdw lpsohphqwv
d jlyhq wrwdo h>ruw H dw wkh orzhvw frvw hqwdlov uhzduglqj wkh djhqw rqo| lq wkh fdvh ri wzr
vxffhvvhv1 Wkxv/ z+v> i, @ z+i> v, @ 31 Wkh h{shfwhg sd|phqw e| wkh sulqflsdo wr wkh djhqw
lq wkh rswlpdo frqwudfw lpsohphqwlqj d wrwdo h>ruw ri H lv U +H@5, @ fâ +H@5, ü H@5=

Wr frpsohwh rxu fkdudfwhul}dwlrq/ zh frqvlghu zkdw kdsshqv li wkh sulqflsdo zdqwv wr
lpsohphqw gl>huhqw h>ruwv lq wkh wzr shulrgv/ vd| ehfdxvh h>ruw lv pruh ydoxdeoh wr klp
lq rqh shulrg wkdq`wkh rwkhu1 Wkh iroorzlqj sursrvlwlrq fkdudfwhul}hv wkh rswlpdo lqfhqwlyh
vfkhph wkdw lpsohphqwv 3 ? h� ? h21 Wkh fdvh 3 ? h2 ? h� kdv wkh frpsohphqwdu| surshuwlhv1

Sursrvlwlrq 7 Dvvxph fâââ A 31 Lq wkh qr0uhyhodwlrq vfhqdulr/ wkh frqwudfw wkdw lpsohphqwv
dq h>ruw sur?oh 3 ? h� ? h2 dw wkh orzhvw frvw hqwdlov vhwwlqj z+i> v, @ 3 dqg z+v> v, A
z+v> i, A 31

715 Wkh Rswlpdo Lqfhqwlyh Vfkhph lq wkh Uhyhodwlrq Vfhqdulr

Lq wkh uhyhodwlrq vfhqdulr/ wkh djhqw lv deoh wr frqglwlrq wkh fkrlfh ri wkh vhfrqg0shulrg h>ruw
rq wkh rxwfrph ri wkh ?uvw shulrg h>ruw1 Wkh sulqflsdo/ vlploduo|/ fdq jlyh gl>huhqw vhfrqg0
shulrg lqfhqwlyhv ghshqglqj rq zkhwkhu wkh ?uvw shulrg h>ruw uhvxowhg lq vxffhvv1 Zh vkdoo
qrz ghvfuleh vrph surshuwlhv ri wkh rswlpdo lqfhqwlyh vfkhph lq wkh uhyhodwlrq vfhqdulr1

Sursrvlwlrq 8 Vxssrvh wkh sulqflsdo zdqwv wr lpsohphqw dq h>ruw ri h� 5 +3> 4, lq wkh ?uvw
shulrg dqg dq h{shfwhg h>ruw ri H2 A 3 lq wkh vhfrqg shulrg1 Wkhq wkh frpshqvdwlrq vfkhph
wkdw plqlpl}hv wkh sulqflsdo*v h{shfwhg frvw lqgxfhv wkh djhqw wr h{huw d vwulfwo| srvlwlyh h>ruw
diwhu d idolxuh/ exw wr zrun hyhq kdughu diwhu d vxffhvv= h2+v, A h2+i, A 3=

Surri= Jlyhq dq lqfhqwlyh vfkhph ghvfulehg e| z+v> v,> z +v> i, dqg z+i> v,/ wkh djhqw*v
vhfrqg0shulrg h>ruw fkrlfhv vdwlvi|=

z+v> v,ýz+v> i, @ fâ+h2+v,, dqg z+i> v, @ fâ+h2+i,,/
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vr wkh xwlolw| ri wkh djhqw frqglwlrqdo rq d vxffhvv fdq eh zulwwhq dv

x+v, @ z+v> i, . fâ+h2+v,,h2+v,ý f+h2+v,, +48,

dqg frqglwlrqdo rq idloxuh

x+i, @ fâ+h2+i,,h2+i,ý f+h2+i,, +49,

Wkh djhqw*v ?uvw0shulrg h>ruw vdwlv?hv x+v,ýx+i, @ fâ+h�,1 Iru dq| h>ruw wulsoh +h�> h2+v,> h2+i,,
wkh sulqflsdo fkrrvhv wr lqgxfh/ wkh qhfhvvdu| zdjh sd|phqwv duh ghwhuplqhg e| wkh htxdwlrqv
deryh1

Wkh sulqflsdo*v remhfwlyh lv wr plqlpl}h h{shfwhg zdjh sd|phqwv vxemhfw wr lqgxflqj d
shulrg04 h>ruw h� dqg shulrg05 h{shfwhg h>ruw H2 @ h�h2+v, . +4ý h�,h2+i,1 Wkh sulqflsdo*v
h{shfwhg wrwdo frvw lv

WF @ X . f+h�, .H+f+h2,,>

zkhuh X @ h�x+v, . +4 ý h�,x+i, dqg H+f+h2, @ h�f+h2+v,, . +4 ý h�,f+h2+i,,1 WF fdq eh
uhzulwwhq dv

WF @ h�f
â+h�, . x+i, .H+f+h2,,

@ h�f
â+h�, . fâ+h2+v,,h2+v, . h�+f+h2+v,,ý f+h2+i,,, +4:,

xvlqj wkh djhqw*v ?uvw0rughu frqglwlrqv deryh dv zhoo dv h{suhvvlrq +49,1 Wkh sulqflsdo fkrrvhv
h2+v, dqg h2+i, wr plqlpl}h WF vxemhfw wr h�h2+v,.+4ýh�,h2+i, @ H21 Xvlqj wklv frqvwudlqw
wr vxevwlwxwh iru h2+v, lq WF dqg gl>huhqwldwlqj zlwk uhvshfw wr h2+i, |lhogv wkh ?uvw0rughu
frqglwlrq

fââ+h2+i,,h2+i, . +4ý h�,+fâ+h2+i,,ý fâ+h2+v,, @ 3 +4;,

Wklv lpsolhv wkdw h2+v, A h2+i, vlqfh fââ A 31 Pruhryhu/ vlqfh dw h2+i, @ 3 wkh ohiw0kdqg vlgh
ri htxdwlrq +4;, lv vwulfwo| qhjdwlyh/ lw iroorzv wkdw 3 ? h2+i, ? h2+v,1

Sursrvlwlrq 8 vkrzv wkdw lq wkh uhyhodwlrq vfhqdulr/ wkh sulqflsdo zloo fkrrvh wr glvwruw
wkh h>ruw ri wkh djhqw lq wkh vhfrqg shulrg dzd| iurp zkdw zrxog eh rswlpdo lq wkh devhqfh
ri prudo kd}dug1 Vshfl?fdoo|/ wkh djhqw lv lqgxfhg wr zrun kdughu diwhu d vxffhvv wkdq
diwhu d idloxuh ghvslwh wkh idfw wkdw wklv yduldwlrq lq h>ruw shu vh udlvhv wkh djhqw*v hfshfwhg
h>ruw frvwv1 Wklv glvwruwlrq lv rswlpdo ehfdxvh lw pdnhv lw fkhdshu iru wkh sulqflsdo wr
surylgh lqfhqwlyhv iru h>ruw lq wkh ?uvw shulrg= Wkh pdujlqdo uhzdug wr h� lv x+v,ý x+i, @
z+v> i,.^fâ+h2+v,,h2+v,ýf+h2+v,,`ý^fâ+h2+i,,h2+i,ýf+h2+i,,`/ vr iru dq| h�/ wkh odujhu wkh jds
ehwzhhq h2+v, dqg h2+i,/ wkh vpdoohu wkh ydoxh ri z+v> i, uhtxluhg wr pdnh x+v,ýx+i, @ fâ+h�,1

Dq lpsolfdwlrq ri Sursrvlwlrq 8 lv wkdw wkh suredelolw| ri vxffhvv lv srvlwlyho| fruuhodwhg
dfurvv shulrgv1
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Li wkh sulqflsdo zdqwv wr lpsohphqw d wrwdo h{shfwhg h>ruw ri H dqg grhv qrw fduh gl0
uhfwo| derxw krz wkh djhqw doorfdwhv klv h>ruw dfurvv shulrgv/ wkhq zh fdq vkrz wkdw/ dw wkh
rswlpxp/ 3 ? h2+i, ? h� ? h2+v,1

Sursrvlwlrq 9 Vxssrvh wkh sulqflsdo zdqwv wr lpsohphqw d wrwdo h{shfwhg h>ruw ri H @

h� . h�h2+v, . +4 ý h�,h2+i,1 Wkhq wkh frpshqvdwlrq vfkhph wkdw plqlpl}hv wkh sulqflsdo*v
h{shfwhg frvw lqgxfhv wkh djhqw wr fkrrvh h>ruwv vdwlvi|lqj 3 ? h2+i, ? h� ? h2+v,=

Surri= E| Sursrvlwlrq 8/ zh douhdg| nqrz wkdw 3 ? h2+i, ? h2+v,1 Zh ?uvw vkrz wkdw
h� A h2+i,1 Wkh sulqflsdo fkrrvhv h�> h2+v,> dqg h2+i, wr plqlpl}h h{suhvvlrq 4: vxemhfw wr
h� . h�h2+v, . +4 ý h�,h2+i, @ H1 Xvlqj wklv frqvwudlqw wr vxevwlwxwh iru h2+v, lq 4: dqg
gl>huhqwldwlqj zlwk uhvshfw wr h� |lhogv wkh iroorzlqj ?uvw0rughu frqglwlrq

fâ+h�, . fââ+h�,h� ý fâ+h2+v,,+4 . h2+v,ý h2+i,, . +f+h2+v,,ý f+h2+i,,, @ 3= +4<,

Wkh ?uvw0rughu frqglwlrq zlwk uhvshfw wr h2+i, lv wkh vdph dv zkhq h� lv h{rjhqrxvo|
jlyhq/ qdpho| htxdwlrq +4;,1 Vxewudfwlqj +4;, iurp +4<, |lhogv

fâ+h�, . fââ+h�,h� ý +fâ+h2+i,, . fââ+h2+i,,h2+i,,,
@ fâ+h2+v,,+h2+v,ý h2+i,,ý +f+h2+v,,ý f+h2+i,,, . h�+fâ+h2+v,,ý fâ+h2+i,,, A 3

ehfdxvh h2+v, A h2+i, dqg f lv vwulfwo| frqyh{1 Vlqfh fâ+h, . fââ+h,h lv vwulfwo| lqfuhdvlqj li
fâââ è 3/ lw iroorzv wkdw h� A h2+i,1 Ixuwkhupruh/ lw iroorzv iurp 3 ? h2+v,ýh2+i, ? 4/ fâââ è 3>
dqg htxdwlrq +4<, wkdw

5fâ+h�, ? fâ+h�, . fââ+h�,h� @ fâ+h2+v,,+4 . h2+v,ý h2+i,,ý +f+h2+v,,ý f+h2+i,,, ? 5fâ+h2+v,,

dqg wkhuhiruh/ vlqfh f lv vwulfwo| frqyh{/ h� ? h2+v,1

716 Frpsdulqj wkh Wzr Vfhqdulrv

Wkh sureohp ri wkh djhqw lq wkh uhyhodwlrq vfhqdulr fdq eh zulwwhq dv

pd{
e�ce82 ce

7
2

X
ý
h�> h

8
2 > h

7
2

ü
+53,

@ pd{
e�ce82 ce

7
2

^ïh� ý f +h�,` . +4ý h�, ^íh2+i,ý f +h2+i,,` . h� ^ëh2+v,ý f +h2+v,,` =

Rxu jrdo lv wr vkrz wkdw iru dq| frqvwhoodwlrq ri hW�> hW2+i,> dqg hW2+v, jlylqj ulvh wr d wrwdo
h{hsfwhg h>ruw H/ wkh vdph wrwdo h{shfwhg h>ruw fdq eh lpsohphqwhg pruh fkhdso| lq wkh
qr0 uhyhodwlrq vfhqdulr1
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Sursrvlwlrq : Dvvxph 5fââ +h, . hfâââ +h, A 31 Dfklhylqj d wrwdo h{shfwhg h>ruw ri H xqghu
uhyhodwlrq kdv dq h{shfwhg frvw wr wkh sulqflsdo ri pruh wkdq U +H@5,1 Wkxv/ lw lv ohvv frvwo|
wr lpsohphqw dq| jlyhq wrwdo h{shfwhg li lqirupdwlrq lv qrw uhyhdohg1

Surri= Fdvh hW� A H@51
Iurp wkh ?uvw rughu frqglwlrqv zlwk uhvshfw wr h� zh kdyh

CX +h�> h
W
2+i,> h

W
2+v,,

Ch�
@ fâ +hW�,ý fâ +h�, =

Zh fdq wkhq h{suhvv wkh djhqw*v vxusoxv dv

X
ý
hW�> h

W8
2 > h

W7
2

ü
@ X +3> hW2+i,> h

W
2+v,, .

] eW�

f

CX +h�> h
W
2+i,> h

W
2+v,,

Ch�
gh�

@ X +3> hW2+i,> h
W
2+v,, .

] eW�

f

û
fâ +hW�,ý fâ +h�,

ú
gh�=

Dgglqj wr wklv h{suhvvlrq wkh frvw ri h>ruw/ zklfk lv dw ohdvw f +hW�,/ |lhogv wkh frvw wr wkh
sulqflsdo ri lpsohphqwlqj +hW�> hW2+i,> hW2+v,,1 Wkh frvw wr wkh sulqflsdo lv wkhuhiruh qrw vpdoohu
wkdq

X +3> hW2+i,> h
W
2+v,, .U +h

W
�,

A X +3> hW2+i,> h
W
2+v,, .U +H@5, =

Wkh lqhtxdolw| iroorzv iurp wkh dvvxpswlrq wkdw hW� A H@51 Wkh whup X +3> hW2+i,> hW2+v,,
uhsuhvhqwv wkh h{shfwhg vxusoxv ri dq djhqw zkr kdv h{huwhg qr h>ruw lq wkh ?uvw shulrg> lw lv
qrqqhjdwlyh e| lqglylgxdo udwlrqdolw|1 Wklv vkrzv wkdw d wrwdo h{shfwhg h>ruw ri H lv fkhdshu
wr dfklhyh yld qr uhyhodwlrq1

Fdvh hW� é H@5=
Zulwh wkh djhqw*v vxusoxv dv

X +hW�> h
W
2+i,> h

W
2+v,,

@ X +hW�> 3> 3, .
] eW2Esä

f

CX +hW�> h2+i,> 3,
Ch82

gh2+i, .

] eW2Erä

f

CX +hW�> hW2+i,> h2+v,,
Ch72

gh2+v,

Pdnh xvh ri wkh ?uvw rughu frqglwlrqv wr uhzulwh wkh djhqw*v vxusoxv dv

X +hW�> 3> 3, . +4ý hW�,
] eW2Esä

f

û
fâ +hW2+i,,ý fâ +h2+i,,

ú
gh2+i, . h

W
�

] eW2Erä

f

û
fâ +hW2+v,,ý fâ +h2+v,,

ú
gh2+v,=

Dgglqj wkh frvw ri h>ruw wr wklv h{suhvvlrq |lhogv wkh frvw wr wkh sulqflsdo ri lpsohphqwlqj
+hW�> hW2+i,> hW2+v,,/ zklfk lv

ïhW� . +4ý hW�,U +hW2+i,, . hW�U +hW2+v,, =
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Iljxuh 5=

Wkh ixqfwlrq U +h, lv vwulfwo| frqyh{ zkhq 5fââ +h,.hfâââ +h, A 31 Wklv phdqv wkdw wkh dyhudjh
duhd ri wkh wzr uhfwdqjohv lq Iljxuh 5 lv odujhu wkdq wkh duhd ri wkh uhfwdqjoh zlwk dyhudjh
edvh1 Wkhq wkh frvw wr wkh sulqflsdo ri lpsohphqwlqj +hW�> hW2+i,> hW2+v,, lv vwulfwo| juhdwhu wkdq

ïhW� .U ++4ý hW�, hW2+i, . hW�hW2+v,, =
Vlqfh e| dvvxpswlrq hW� é H@5/ lw pxvw eh +4ý hW�, hW2+i, . hW�hW2+v, è H@51 Wkhuhiruh/ wkh

suhylrxv h{suhvvlrq lv juhdwhu wkdq

ïhW� .U +H@5, =

Wkh whup U +H@5, uhsuhvhqwv wkh frvw ri lpsohphqwlqj H lq wkh qr0uhyhodwlrq vfhqdulr1 Vlqfh
ï è 3/ wkdw frvw lv vpdoohu wkdq wkh frvw wr wkh sulqflsdo ri lpsohphqwlqj +hW�> hW2+i,> hW2+v,,
xqghu uhyhodwlrq1

Qrwh wkdw wkh surri ri Sursrvlwlrq : fdq eh uhdglo| dgdswhg wr suryh wkh iroorzlqj=

Sursrvlwlrq ; Vxssrvh wkh sulqflsdo zdqwv wr lpsohphqw dq h>ruw ri h� lq wkh ?uvw shulrg
dqg dq h{shfwhg h>ruw ri H2 lq wkh vhfrqg shulrg1 Wklv fdq eh grqh dw orzhu frvw zkhq
lqirupdwlrq lv qrw uhyhdohg wr wkh djhqw1

717 Delolw|

Zh qrz dgg wr wkh prgho d frpsrqhqw ri delolw|1 Djhqwv fdq eh pruh ru ohvv deoh1 Delolw|
wudqvodwhv lqwr kljkhu ydoxh ri h>ruw wr wkh sulqflsdo= h>ruw h{huwhg e| d pruh deoh djhqw lv
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pruh ydoxdeoh wr wkh sulqflsdo1 Irupdoo|/ wkh ydoxh wr wkh sulqflsdo ri h>ruw h iurp djhqw ri
delolw| d lv jlyhq e| wkh ixqfwlrq y +h> d, zklfk lv lqfuhdvlqj lq d1 Lq wklv irupxodwlrq/ d jrrg
djhqw lv qrw pruh olnho| wkdq d edg djhqw wr vxffhhg/ qru lv klv h>ruw fkhdshu1

Diwhu wkh ?uvw shulrg h>ruw kdv ehhq h{huwhg/ wkh sulqflsdo gudzv d vljqdo wkdw lv lqiru0
pdwlyh derxw wkh djhqw*v delolw|1 Wklv vljqdo lv vhsdudwh iurp dqg lqghshqghqw ri wkh vljqdo
derxw h>ruw/ zklfk dv ehiruh lv wkrxjkw ri dv vxffhvv ru idloxuh1

Dv ehiruh/ zh doorz wkh frqwudfw wr eh frqglwlrqdo rq wkh djhqw*v uhyhdohg delolw|1 Wkh
txhvwlrq iru wkh sulqflsdo lv zkhwkhu/ lq wklv qhz vfhqdulr/ wkhuh vkrxog eh lqwhulp hydoxdwlrqv1
Li vr/ zkdw nlqg ri hydoxdwlrq vkrxog wklv eh/ l1h1/ vkrxog lw uhyhdo wr wkh djhqw krz zhoo klv
h>ruw wxuqhg rxw dqg2ru uhyhdo wkh vljqdo derxw klv delolw|B

Zh vkrz wkdw/ zkloh dq wkh lqwhulp hydoxdwlrq lv jhqhudoo| suhihudeoh wr qr lqwhulp hydo0
xdwlrq/ wkh vxemhfw ri wkh hydoxdwlrq vkrxog eh wkh delolw| ri wkh fdqglgdwh/ qrw krz zhoo
klv ru khu h>ruw wxuqhg rxw1 Irupdoo|/ zh vkrz wkdw uhyhdolqj krz wkh h>ruw wxuqhg rxw lv
grplqdwhg e| qrw uhyhdolqj1

Wr wklv hqg/ zh ?uvw vwxg| wkh fdvh lq zklfk delolw| lv uhyhdohg exw h>ruw lv qrw1 Zh
h{dplqh wkh fdvh lq zklfk wkh djhqw lv uhzdughg rqo| iru wzr vxffhvvhv1

Sursrvlwlrq < Vxssrvh wkh sulqflsdo jlyh dq lqwhulp hydoxdwlrq wkdw rqo| uhyhdov wkh djhq0
w*v delolw| d exw qrw zkhwkhu wkh djhqw vxffhhghg ru idlohg lq wkh ?uvw shulrg1 Vxssrvh ixuwkhu
wkdw wkh djhqw lv uhzdughg rqo| iru wzr vxffhvvhv1 Wkhq wkh frvw ri lpsohphqwlqj dq| lpsoh0
phqwdeoh sodq hW�>hW2 lv U +hW�, @ H@ ^U +hW2 +d,,`1

Uhpdun 4 E| wkh htxdolw|/ dqg vlqfh U lv frqyh{/ zh rewdlq hW� è H@ ^h
W
2 +d,`1 Wkxv/ wkh

djhqw*v h{shfwhg h>ruw +wkrxjk qrw qhfhvvdulo| lwv ydoxh wr wkh sulqflsdo, lv juhdwhu lq wkh ?uvw
shulrg1

Surri ri wkh Sursrvlwlrq
Ghqrwh zlwk ð +d, wkh uhzdug iru wzr vxffhvvhv wkdw lpsohphqwv hW�> hW2 +d,1 Qrwlfh wkdw

wklv uhzdug ghshqgv rq wkh delolw| ri wkh djhqw dv uhyhdohg e| wkh vljqdo d1 Jlyhq wklv v|vwhp
ri uhzdugv/ wkh djhqw*v xwlolw| iurp wdnlqj sodq h�> h2 +d, lv

X +h�> h2, @ H@ ^h� ü h2 +d, ü ð +d,ý f +h2 +d,,`ý f +h�,

Zulwh

X +hW�>h
W
2, @ X +3>hW2, .

] eW�

f

CX +h�> h
W
2,

Ch�
gh�

@ H@ ^ýf +hW2 +d,,` .
] eW�

f

û
fâ +hW�,ý fâ +h�,

ú
gh�=
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Dgglqj wkh h{shfwhg frvw ri h>ruw |lhogv wkh frvw wr wkh sulqflsdo ri lpsohphqwlqj wkh dfwlrq
sodq/ zklfk htxdov U +hW�,1 Frqyhuvho|/ zulwh

X +hW�> h
W
2, @ X +hW�>3, .H@

+] eW2E@ä

f

û
fâ +hW2 +d,,ý fâ +h2 +d,,

ú
gh2 +d,

,

@ ýf +hW�, .H@
+] eW2E@ä

f

û
fâ +hW2 +d,,ý fâ +h2 +d,,

ú
gh2 +d,

,
=

Dgglqj wkh h{shfwhg frvw ri h>ruw |lhogv wkh frvw wr wkh sulqflsdo ri lpsohphqwlqj wkh dfwlrq
sodq/ zklfk htxdov H@ ^U +hW2 +d,,`1

Sursrvlwlrq 43 Vxssrvh wkh sulqflsdo jlyh dq lqwhulp hydoxdwlrq wkdw rqo| uhyhdov wkh djhq0
w*v delolw| d exw qrw zkhwkhu wkh djhqw vxffhhghg ru idlohg lq wkh ?uvw shulrg1 Wkhq lw lv rswlpdo
iru wkh sulqflsdo wr uhzdug wkh djhqw rqo| iru wzr vxffhvvhv1

Surri ri wkh Sursrvlwlrq
Frqvlghu dq| dfwlrq sodq hhW�>hhW2 wkdw fdq eh lpsohphqwhg e| uhzduglqj pruh rxwfrphv

wkdq mxvw wzr vxffhvvhv/ dqg ghqrwh wkh djhqw*v xwlolw| e|

X +hhW�>hhW2, @ hòhhW� ý f +hhW�, .H@ khñ +d, ü hhW2 +d,ý f +hhW2 +d,,l.H@ ^hð +d, ü hhW� ü hhW2 +d,` =
Shuiruplqj wkh xvxdo wudqvirupdwlrqv |lhogv

X +hhW�>hhW2, @ hòhhW� .H@ ^U +hhW2 +d,,` @ H@ khñ +d, ü hhW2 +d,l.U +hhW�, =
Qrz zh frqvwuxfw hW�>hW2/ dq dfwlrq sodq wkdw lv lpsohphqwdeoh e| uhzduglqj rqo| wzr vxffhvvhv
dqg kdv juhdwhu ru htxdo h{shfwhg ydoxh dv hhW�>hhW21 Vwduw iurp d uhzdug vfkhph wkdw rqo|
uhzdugv wzr vxffhvvhv dqg lq zklfk wkh yhfwru ð +d, lv fkrvhq vr wkdw wkh uhvxowlqj yhfwru ri
vhfrqg shulrg h>ruwv hhW21 Qrz/ orrn dw wkh uhvxowlqj ?uvw shulrg h>ruw ohyho1 Wzr vfhqdulrv
duh srvvleoh1 Hlwkhu wkh ?uvw shulrg h>ruw lv odujhu ru htxdo wkdq hhW�/ lq zklfk fdvh zh ghqrwh
wkh uhvxowlqj dfwlrq sodq e| hW�>hW21 Wkh dfwlrq sodq hW�>hW2 jlyhv wkh djhqw juhdwhu h{shfwhg
ydoxh wkdq hhW�>hhW2 dqg/ e| Sursrvlwlrq </ frvwv H@ ^U +hW2 +d,,` @ H@ ^U +hhW2 +d,,`1 Wklv frvw lv qr
juhdwhu wkdq zkdw lw frvwv wr lpsohphqw hhW�>hhW2/ zklfk suryhv rxu fodlp wkdw lw lv rswlpdo iru
wkh sulqflsdo wr uhzdug wkh djhqw rqo| iru wzr vxffhvvhv1

Lq wkh vhfrqg vfhqdulr/ wkh ?uvw shulrg h>ruw dvvrfldwhg zlwk wkh uhzdug vfkhph ð lv
vpdoohu wkdq hhW�1 Wklv phdqv wkdw wkh h{shfwhg ydoxh wr wkh sulqflsdo xqghu vfkhph ð lv
vpdoohu wkdq wkh h{shfwhg ydoxh ri hhW�>hhW21 Wkhq/ lqfuhdvh wkh yhfwru ð dorqj doo lwv frpsrqhqwv/
dqg nhhs grlqj wklv xqwlo wkh uhvxowlqj h{shfwhg ydoxh ri wkh h>ruw wdnhq e| wkh djhqw htxdov
wkh h{shfwhg ydoxh ri hhW�>hhW21 Ghqrwh wkh uhvxowlqj h>ruw ohyhov e| hW�>hW21 Qrwlfh wkdw vlqfh
e| frqvwuxfwlrq hW2 +d, A hhW2 +d, iru doo d/ wkhuhiruh hW� ? hhW�1 Exw wkhq wkh h{shfwhg frvw ri
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lpsohphqwlqj hW�> hW2 zklfk/ e| Sursrvlwlrq </ htxdov U +hW�,/ lv vpdoohu wkdq U +hhW�, dqg wkxv
vpdoohu wkdq wkh frvw ri lpsohphqwlqj hhW�>hhW21

Qrz zh zdqw wr vkrz wkdw/ dvvxplqj wkdw wkh sulqflsdo uhyhdov wkh djhqw*v delolw| lq wkh
lqwhulp hydoxdwlrq/ wkhq d jlyhq h{shfwhg ydoxh ri h>ruw fdq eh pruh fkhdso| lpsohphqwhg
e| qrw glvforvlqj lq wkh lqwhulp hydoxdwlrq zkhwkhu wkh ?uvw shulrg h>ruw uhvxowhg lq vxffhvv
ru idloxuh1

Sursrvlwlrq 44 Jlyhq dq| dfwlrq sodq hW-� >hW2+i,>hW2+v, wkdw lv lpsohphqwdeoh zlwk uhyhod0
wlrq ri vxffhvv/ wkhuh lv sodq hW�> hW2 wkdw lv lpsohphqwdeoh xqghu qr uhyhodwlrq dqg jlyhv wkh
sulqflsdo dq h{shfwhg ydoxh dw ohdvw dv odujh1

Surri ri Sursrvlwlrq
Zulwh

X
ý
h-� > h2+i,>h2+v,

ü
@ ïh-� ý f +h�, .

ý
4ý h-�

ü
H@ ^h2 +i> d, í +d,ý f +h2 +i> d,,`

.h-� H@ ^h2 +v> d, ë +d,ý f +h2 +v> d,,` =
Ghqrwh hW2 @

ý
4ý hW-�

ü
hW2+i,.hW-� hW2+v, dv wkh delolw|0lqgh{hg yhfwru ri h{shfwhg h>ruwv lq

shulrg 5 lq wkh fdvh ri uhyhodwlrq1 Slfn wkh yhfwru ð +d, vr wkdw wkh vhfrqg shulrg h>ruw yhfwru
lq wkh fdvh ri qr uhyhodwlrq htxdov hW21 Wkhq/ orrn dw wkh fruuhvsrqglqj ?uvw shulrg h>ruw lq
wkh fdvh ri qr uhyhodwlrq/ h�1 Li wkh uhvxowlqj ydoxh ri h>ruw wr wkh sulqflsdo lv juhdwhu zlwk
qr uhyhodwlrq wkdq zlwk uhyhodwlrq/ wkhq wkh uhvxowlqj doorfdwlrq lq wkh qr uhyhodwlrq fdvh lv
rxu fdqglgdwh sodq hW�>hW21 Zh fdoo wklv frq?jxudwlrq Fdvh D1

Li/ lqvwhdg/ wkh wkh uhvxowlqj ydoxh ri h>ruw wr wkh sulqflsdo lv vpdoohu zlwk qr uhyhodwlrq
wkdq zlwk uhyhodwlrq +zklfk pxvw phdq wkdw h� ? hW-� ,/ wkhq lqfuhdvh doo wkh frpsrqhqwv
ri wkh yhfwru ð +d, xqwlo wkh uhvxowlqj ydoxh ri h>ruw wr wkh sulqflsdo lv zlwk qr uhyhodwlrq
htxdov wkdw zlwk uhyhodwlrq1 Wkh uhvxowlqj yhfwru ri h>ruw lq wkh qr0uhyhodwlrq fdvh lv rxu
fdqglgdwh sodq hW�>hW21 Qrwh wkdw e| frqvwuxfwlrq lq wklv fdvh zh kdyh hW� ? hW-� 1 Zh fdoo wklv
frq?jxudwlrq Fdvh E1

Fdvh D1
Zulwh

X
ý
hW-� > h

W8
2 > h

W7
2

ü
@ X

ý
hW-� >3>3

ü
.
ý
4ý hW-�

ü
H@

%] eW2Esc@ä

f

û
fâ +hW2 +i> d,,ý fâ +h2 +i> d,,

ú
gh2 +i> d,

&

.hW-� H@

%] eW72 E@ä

f

û
fâ +hW2 +v> d,,ý fâ +h2 +v> d,,

ú
gh2 +v> d,

&

@ ïhW-� ý f ýhW-� ü. ý4ý hW-� üH@
%] eW2Esc@ä
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fâ +hW2 +i> d,,ý fâ +h2 +i> d,,

ú
gh2 +i> d,
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f

û
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ú
gh2 +v> d,

&
=
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Dgglqj wkh frvw ri h>ruw |lhogv wkh frvw wr wkh sulqflsdo ri lpsohphqwlqj hW-� >hW2+i,>hW2+v,/
zklfk lv

ïhW-� .
ý
4ý hW-�

ü
H@ ^U +h

W
2 +i> d,,` . h

W-
� H@ ^U +h

W
2 +v> d,,` =

Ehfdxvh U lv frqyh{/ wklv lv juhdwhu wkdq

ïhW-� .H@
û
U
ýý
4ý hW-�

ü
hW2 +i> d, . h

W-
� h

W
2 +v> d,

üú
@ ïhW-� .H@ ^U +h

W
2 +d,,` =

Wklv lv qrw vpdoohu wkdq H@ ^U +hW2 +d,,`/ wkh frvw ri lpsohphqwlqj wkh sodq hW�>hW2 xqghu qr
uhyhodwlrq1 Vlqfh wkdw sodq jlyhv wkh sulqflsdo dq h{shfwhg ydoxh ri h>ruw dw ohdvw dv odujh dv
wkdw lq wkh uhyhodwlrq fdvh/ zh kdyh suryhg rxu fodlp1

Fdvh E1
Zulwh

X
ý
hW-� > h

W
2+i,>h

W
2+v,

ü
@ X +3> hW2+i,> h

W
2+v,, .

] eW-�

f

û
fâ
ý
hW-�
üý fâ ýh-� üú gh-�

@ H@ ^h
W
2 +i> d, í +d,ý f +hW2 +i> d,,` .

] eW-�

f

û
fâ
ý
hW-�
üý fâ ýh-� üú gh-� =

Wkh ?uvw whup lv qrqqhjdwlyh e| lqglylgxdo udwlrqdolw|1 Dgglqj wkh frvw ri h>ruw/ zklfk lv
dw ohdvw f

ý
hW-�
ü
/ |lhogv wkh frvw wr wkh sulqflsdo ri lpsohphqwlqj hW-� > hW2+i,> hW2+v,/ zklfk lv

wkhuhiruh qrw vpdoohu wkdq ] eW-�

f

û
fâ
ý
hW-�
üú
gh-� @ U

ý
hW-�
ü
=

Vlqfh e| frqvwuxfwlrq zh kdyh hW� ? hW-� / wklv txdqwlw| lv vwulfwo| juhdwhu wkdq U +hW�,/ zklfk
lv wkh frvw wr wkh sulqflsdo ri lpsohphqwlqj wkh sodq hW�> hW2 xqghu qr uhyhodwlrq1 Vlqfh wkdw
sodq jlyhv wkh sulqflsdo dq h{shfwhg ydoxh ri h>ruw dw ohdvw dv odujh dv wkdw lq wkh uhyhodwlrq
fdvh/ zh kdyh suryhg rxu fodlp1

H{dpsoh 4 Wkh Ydoxh ri Lqwhulp Hydoxdwlrqv1 Vxssrvh wkdw delolw| d fdq eh 3 ru 5/ zlwk
htxdo suredelolw|1 Vxssrvh ixuwkhu wkdw y +h> d, @ h ü d1 Lq wkh devhqfh ri lqwhulp hydoxdwlrqv
derxw delolw| +zh kdyh vkrzq douhdg| wkdw lqwhulp hydoxdwlrqv derxw h>ruw duh vxerswlpdo,/
zkdwhyhu lqfhqwlyh vfkhph wkh sulqflsdo r>huv wkdw lv d ixqfwlrq ri d zloo eh shufhlyhg dv lwv
h{shfwhg ydoxh e| wkh djhqw1 Wkxv/ wkh djhqw*v h>ruw zloo qrw ghshqg rq lqirupdwlrq derxw klv
delolw| dqg wkh vlwxdwlrq lv olnh wkdw lq Sursrvlwlrq 61 Vr/ wkh rswlpdo sodq iru wkh sulqflsdo lv
wr lpsohphqw wkh vdph h>ruw lq erwk shulrgv/ fdoo lw hW> hW1 Wkh h{shfwhg ydoxh ri wklv h>ruw
lq wkh ?uvw shulrg lv hW/ lq wkh vhfrqg shulrg lv �

2 ü 5hW . �
2 ü 3 @ hW/ vr wkh h{shfwhg ydoxh lq

wrwdo lv 5hW dqg wkdw lv dfklhyhg dw frvw U +hW,1
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Vxssrvh qrz wkdw wkh sulqflsdo lpsohphqwv wkh iroorzlqj h>ruw vfkhph zlwk uhyhodwlrq ri
delolw| +exw qrw ri h>ruw,1 Wkh sulqflsdo zloo sd| wkh deoh djhqw ð lq fdvh ri wzr vxffhvvhv/
dqg }hur rwkhuzlvh1 Wkh xqdeoh djhqw uhfhlyhv }hur lq dq| fdvh1 Lw lv fohdu wkdw dq djhqw zkr
ohduqv wkdw kh lv xqdeoh zloo h{huw qr h>ruw lq wkh vhfrqg shulrg1 Vr/ ohwwlqj eh2 ghqrwh wkh
djhqw*v h>ruw lq wkh vhfrqg shulrg/ wkh djhqw vroyhv

pd{ee�cee2 eh�45 +eh2ð ý f +eh2,,ý f +eh�,
Wkh uhvxowlqj ydoxh ri h>ruw lv eh� . eh21 Slfn ð vr wkdw eh� . eh2 htxdov 5hW1 Wkh frvw ri
lpsohphqwlqj eh� . eh2 lv/ e| Sursrvlwlrq </ U +eh�,1 Vr/ li zh duh deoh wr vkrz wkdw eh� é eh2
wkhq lw iroorzv wkdw eh� é hW dqg vr lw lv fkhdshu wr lpsohphqw eh�.eh2 zlwk uhyhodwlrq ri delolw|
udwkhu wkdq hW> hW zlwkrxw uhyhodwlrq1 Wr yhuli| wkdw eh� é eh2 lqvshfw wkh ?uvw rughu frqglwlrqv
wkdw ghwhuplqh eh� dqg eh2/

4

5
^eh2ð ý f +eh2,` @ fâ +eh�,

ð @ fâ +eh2, =
Vlqfh eh2 é 4 wkhq �

2 ^eh2ð ý f +eh2,` ? ð/ zklfk lpsolhv wkdw eh� ? eh21
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8 Uhihuhqfhv

Du|d/ Dqlo/ Mrqdwkdq Joryhu/ dqg Vk|dp Vxqghu +4<<;,/ 3Hduqlqjv Pdqdjhphqw dqg wkh
Uhyhodwlrq Sulqflsoh4/ Uhylhz ri Dffrxqwlqj Vwxglhv/ Yro1 6/ Qrv1 405/ ss1 :0671

Fkldssrul/ Slhuuh Dqguh/ Lqhv Pdfkr/ Sdwulfn Uh| dqg Ehuqdug Vdodqlì +4<<7,/ 3Uhshdwhg
prudo kd}dug= phpru|/ frpplwphqw/ dqg wkh dffhvv wr fuhglw pdunhwv4/ Hxurshdq
Hfrqrplf Uhylhz/ 485:0861

Ixghqehuj/ Guhz/ Ehqjw Kropvwurp dqg Sdxo Plojurp +4<<3,/ 3Vkruw0Whup Frqwudfwv dqg
Orqj0Whup Djhqf| Uhodwlrqvklsv4/ Mrxuqdo ri Hfrqrplf Wkhru|/ 84/ 40651

Jleev/ Plfkdho +4<<4,/ 3Hfrqrplf Dssurdfk wr Surfhvv lq Sd| dqg Shuirupdqfh Dssudlvdo0
v4/ pdqxvfulsw/ Xqlyhuvlw| ri Fklfdjr/ Judgxdwh Vfkrro ri Exvlqhvv1

Kropvwurp/ Ehqjw dqg Sdxo Plojurp +4<;:,/ 3Djjuhjdwlrq dqg Olqhdulw| lq wkh Surylvlrq
ri Lqwhuwhpsrudo Lqfhqwlyhv4/ Hfrqrphwulfd/ Yro1 88/ Qr1 5/ ss1 636065;1

Ndkq/ Fkduohv dqg Jxu Kxehupdq +4<;;,/ 3Wzr0Vlghg Xqfhuwdlqw| dqg 4Xs0ru0Rxw4 Frq0
wudfwv4/ Mrxuqdo ri Oderu Hfrqrplfv/ Yro1 9/ Qr1 7/ ss1 75607771

Nulvkqd/ Ylmd| dqg Mrkq Prujdq +4<<;,/ 3Wkh Zlqqhu0Wdnh0Doo Sulqflsoh lq Vpdoo Wrxuqd0
phqwv4/ lq Dgydqfhv lq Dssolhg Plfurhfrqrplfv/ Yro1 :/ ss1 940:71

Odpehuw/ Ulfkdug +5334,/ 3Frqwudfwlqj Wkhru| dqg Dffrxqwlqj4/ Mrxuqdo ri Dffrxqwlqj
dqg Hfrqrplfv/ Yro1 65/ Qrv1 406/ ss1 60;:1

Od}hdu/ Hgzdug +4<<<,/ 3Nhhslqj Vdodulhv Frq?ghqwldo4/ pdqxvfulsw/ Vwdqirug Xqlyhuvlw|/
Judgxdwh Vfkrro ri Exvlqhvv1

Pdofropvrq/ Mdphv +4<;7,/ 3Zrun Lqfhqwlyhv/ Klhudufk|/ dqg Lqwhuqdo Oderu Pdunhwv4/ Wkh
Mrxuqdo ri Srolwlfdo Hfrqrp|/ Yro1 <5/ Qr1 6/ ss1 7;9083:1

Ph|hu/ Pdujduhw +4<<5,/ 3 Eldvhg Frqwhvwv dqg Prudo Kd}dug= Lpsolfdwlrqv iru Fduhhu
Sur?ohv4/ Dqqdohv g*Hfrqrplh hw gh Vwdwlvwltxh/ Qrv1 5829/ ss1 49804;:1

Progrydqx/ Ehqq| dqg Dqhu Vhod +5334,/ 3Wkh Rswlpdo Doorfdwlrq Sul}hv lq Frqwhvwv4/
Dphulfdq Hfrqrplf Uhylhz/ Yr1 <4/ Qr1 6/ ss1 875088;1

Progrydqx/ Ehqq| dqg Dqhu Vhod +5335,/ 3Frqwhvw Dufklwhfwxuh4/ Zrunlqj Sdshu/ Xqlyhu0
vlw| ri Pdqqkhlp/ Mdqxdu|1

Suhqghujdvw/ Fdqlfh +4<<5,/ 3Fduhhu Ghyhorsphqw dqg Vshfl?f Kxpdq Fdslwdo Dftxlvlwlrq4/
Wkh Mrxuqdo ri wkh Mdsdqhvh dqg Lqwhuqdwlrqdo Hfrqrplhv/ 9/ ss1 53:05:1
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Urjhuvrq/ Zlooldp +4<;8,/ 3Uhshdwhg Prudo Kd}dug4/ Hfrqrphwulfd/ Yro1 86/ Qr1 4/ ss1
9<0:91
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