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Abstract

I show that the Zero Lower Bound (ZLB) on interest rates can be used to identify the causal
effects of monetary policy. Identification depends on the extent to which the ZLB limits the efficacy
of monetary policy. I develop a general econometric methodology for the identification and esti-
mation of structural vector autoregressions (SVARs) with an occasionally binding constraint. The
method provides a simple way to test the efficacy of unconventional policies, modelled via a ‘shadow
rate’. Application of the method to US monetary policy using a three-equation SVAR model in
inflation, unemployment and the federal funds rate provides some evidence that unconventional

policies are partially effective.

1 Introduction

The zero lower bound (ZLB) on nominal interest rates has arguably been a challenge for policy makers
and researchers of monetary policy. Policy makers have had to resort to so-called unconventional
policies, such as quantitative easing or forward guidance, which had previously been largely untested.
Researchers have to use new theoretical and empirical methodologies to analyze macroeconomic models
when the ZLB binds. So, the ZLB is generally viewed as a problem or at least a nuisance. This paper
proposes to turn this problem on its head to solve another long-standing question in macroeconomics:
the identification of the causal effects of monetary policy on the economy.

The intuition is as follows. By providing an exogenous constraint on policy, the ZLB acts like a
‘quasi experiment’ introducing random variation to policy that can be used to identify the monetary
policy shock. Once this is identified, the entire impulse response function can be obtained. This idea

is potentially generalizable to other models with occasionally binding constraints.
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There are similarities between identification via occasionally binding constraints and identifica-
tion via structural change proposed by [Magnusson and Mavroeidis (2014)). Structural change induces
different regimes, and the switch from one regime to another generates variation that identifies para-
meters that are constant across regimes. For example, an exogenous shift in a policy reaction function
identifies the transmission mechanism, provided the latter is unaffected by the policy shiftE] An in-
strumental variables interpretation of this is that regime indicators (dummy variables) can be used as
instruments for the endogenous policy variable. When the switch from one regime to another is ex-
ogenous, regime indicators are valid instruments, and the methodology in | Magnusson and Mavroeidis
(2014) is applicableE] However, regimes induced by occasionally binding constraints are not exogenous
— whether the ZLB binds or not clearly depends on the structural shocks, so regime indicators cannot
be used as instruments in the usual way, and a new methodology is needed to analyze these models.
In this paper, I show how to control for the endogeneity in regime selection and obtain identification
constructively in structural vector autoregressions (SVARs).

The methodology is parametric and likelihood-based, and the analysis is similar to the well-known
Tobit model (Tobin, [1958)). More specifically, the methodological framework builds on the early
microeconometrics literature on simultaneous equations models with censored dependent variables, see
Amemiyal (1974)), Lee| (1976), Blundell and Smith| (1994)), and the more recent literature on dynamic
Tobit models, see |Lee| (1999), and particle filtering, see |Pitt and Shephard| (1999)).

The second contribution of this paper is a general methodology to estimate reduced-form VARs
with a variable subject to an occasionally binding constraint. This is a necessary starting point for
SVAR analysis that uses any of the existing popular identification schemes, such as short- or long-run
restrictions, sign restrictions, or external instruments. In the absence of any constraints, reduced-form
VARs can be estimated consistently by Ordinary Least Squares (OLS), which is Gaussian Maximum
Likelihood, or its corresponding Bayesian counterpart, and inference is fairly well-established. How-
ever, it is well-known that OLS estimation is inconsistent when the data is subject to censoring or
truncation, see, e.g., Greene (1993) for a textbook treatment. So, it is not possible to estimate a VAR
consistently by OLS using any sample that includes the ZLB, or even using (truncated) subsamples
when the ZLB is not binding. It is not possible to impose the ZLB constraint using Markov switching
models, as was done in Hayashi and Koeda, (2013} 2014]), because Markov-switching cannot guarantee
that the constraint will be respected with probability one, and also typically does not account for
the fact that the switch from one regime to the other depends on the structural shocks. Finally, it is
also not possible to perform consistent estimation and valid inference on the VAR (i.e., error bands

with correct coverage on impulse responses), using externally obtained measures of the shadow rate,

"Examples of such policy regime shifts are a switch from passive to active US monetary policy (Clarida et al.| (2000)),
or changes in the inflation target (Cogley and Sbordone| [2008|).

’Magnusson and Mavroeidis| (2014]) deal with the additional complication that the timing and number of regimes
might be unknown.



such as the one proposed by Wu and Xia| (2016)), as the estimation error in any such measures is not
asymptotically negligible and is typically highly autocorrelated. In other words, shadow rate estimates
are subject to large and persistent measurement error that is not accounted for if they are treated as
known in subsequent analysis. The methodology developed in this paper allows for the presence of
a shadow rate, estimates of which can be obtained, but more importantly, it fully accounts for the
impact of sampling uncertainty in the estimation of the shadow rate on inference about the structural
parameters such as impulse responses. Therefore, the paper fills an important gap in the literature,
as it provides the requisite methodology to implement any of the existing identification schemes.

Identification of the causal effects of policy from the ZLB relies on two conditions. The first con-
dition is that the ZLB “does represent an important constraint on what monetary policy can achieve”
as argued by Eggertsson et al. (2003)). This condition rules out the following scenario. Suppose the
conventional policy instrument is subject to a lower bound, but policy makers can still achieve their
policy objectives fully using “unconventional” policies. Such a scenario could be characterized by a
model in which the “effective” policy instrument is unconstrained but we only observe a censored
version of it. In this case, there is no actual regime change when the observed policy instrument hits
the constraint, and so there is no additional information to identify the causal effects of policy. In
the opposite case, i.e., when unconventional policies are completely ineffective, we obtain point iden-
tification of the policy effects. Finally, in intermediate cases, i.e., when unconventional policy is only
partially effective, I show that the policy effects are only partially (set) identified. The methodology
I develop covers all of the above cases. It also provides a simple test of the efficacy of unconventional
policy.

The second condition for identification of the policy effects via the ZLB is that the parameters
of the transmission mechanism are the same across the different regimes induced by the ZLB. In
general, this condition seems fairly innocuous, since the parameters of the transmission mechanism
typically depend on preferences and technology, and there is no obvious reason to expect these to
be affected by whether policy is constrained or not. Structural models that are immune to the well-
known |Lucas| (1976)) critique satisfy this assumption. In micro-founded dynamic stochastic general
equilibrium (DSGE) models this assumption is seemingly uncontroversial and it is commonly imposed
in the literature, see, e.g., Aruoba et al| (2016); Mertens and Ravn| (2014); Ferndndez-Villaverde
et al.| (2015) and the references therein. However, in SVARs, this assumption is potentially more
controversial. This is because with occasionally binding constraints there is no piecewise linear SVAR
representation of a generic DSGE model under rational expectations (there could be under backward-
looking or naive expectations), as the solutions of those models are typically highly nonlinear, see,
e.g., Ferndandez-Villaverde et al. (2015)), |Guerrieri and lacoviello, (2015)), and |Aruoba et al. (2017]).
Therefore, if one has a strong prior on a micro-founded rational expectations DSGE representation,

a piecewise linear SVAR model would be misspecified and should not be used for causal inference.



However, the methodology developed in this paper still provides a valid test of the null hypothesis
that unconventional policy is fully effective, i.e., that the ZLB is empirically irrelevant, as was argued
recently by |Debortoli et al.| (2018]) and Swanson| (2018). It also provides a valid method to analyze a
linear SVAR with conventional identifying restrictions if the aforementioned hypothesis is not rejected.

Identification of the causal effects of policy by the ZLB does not require that the policy reaction
function be stable across regimes. However, inference on the efficacy of unconventional policy, or
equivalently, the causal effects of shocks to the shadow rate over the ZLB period, obviously depends on
the constancy or otherwise of the reaction function across regimes. For example, an attenuation of the
causal effects of policy over the ZLB period may indicate that unconventional policy is only partially
effective, but it is also be consistent with unconventional policy being less active (during ZLB regimes)
than conventional policy (during non-ZLB regimes), i.e., with policy objectives being different across
regimes. This is a fundamental identification problem that is difficult to overcome without additional
information. The conclusions in the empirical analysis below on the efficacy of unconventional policies
are drawn under the assumption that there is no difference in the policy objectives, and hence the
policy reaction function, across regimes. This seems to be a reasonable starting point for an initial
analysis of the data, especially since this is mainly intended as an illustration of the methods developed
in the paper. A more thorough investigation of this issue should incorporate additional information,
such as other measures of unconventional policy stance, or additional identifying assumptions, such as
parametric restrictions or external instruments. This can be done using the methodology developed
in this paper.

The structure of the paper is as follows. Section [2] presents the main identification results of the
paper in the context of a static bivariate simultaneous equations model with a limited dependent
variable subject to a lower bound. Section [3] generalizes the analysis to a SVAR with an occasion-
ally binding constraint and discusses identification, estimation and inference. Section [] provides an
application to a three-equation SVAR in inflation, unemployment and the Federal funds rate from
Stock and Watson| (2001). Using a sample of post-1960 quarterly US data, I find some evidence that
the ZLB is empirically relevant, and that unconventional policy is only partially effective. Proofs,
computational details and simulations are given in the Appendix at the end. Additional supporting

material is provided in a supplementary Appendix.

2 Simultaneous equations model

I first illustrate the idea using a simple bivariate simultaneous equations model (SEM), which is both
analytically tractable and provides a link to the related microeconometrics literature.
Consider a system of simultaneous equations in two endogenous variables y = (y1,y2), with yo > b.

For example, y2 can be interpreted as the policy instrument and y; is some target macroeconomic



variable of interest. The model is given by the equations

11 = By + ajz+ & (1)

y2 = max {yy1 + 0 + 2, b} (2)

where ¢ = (g1,e2)" are the structural shocks and z are exogenous variables, such that E (g|z) = 0.
Assume that € ~ N (0,%), with ¥ = diag (a%,a%). The unknown structural parameters are 6 =
(,6’,7, 051,052,0'%,0'%)/, and b is assumed to be known (but does not need to be constant over the
sample). I will refer to the model given by equations and as a kinked simultaneous equations
model (KSEM). KSEM reduces to a standard linear SEM when b = —oo0.

A variant of the above model was first studied in|Amemiya/| (1974) and |Lee| (1976)), as a multivariate
extension of the well-known Tobit model (Tobin, 1958)E| The first reference I found to the model
and is in (Nelson and Olson, 1978, eq. 6 and 7). Nelson and Olson| (1978)) wrote it down as
an example of a model that was less suitable for microeconometric applications than the following

alternative specification, which I will refer to as a censored simultaneous equation model (CSEM):

y1 = Bys + oz + 1, (3)
Ys =Yy + ahx + €9, (4)
Y2 = max {y)2ka b} ; (5)

where 3 is a latent variable. Nelson and Olson| (1978) focused their analysis only on the CSEM,
which subsequently became the main focus of the literature (Smith and Blundell, [1986; Blundell and
Smith, [1989). The key distinction between the KSEM — and CSEM — is that in the former,
y1 depends on the observed yo, while in the latter it depends on the latent variable y3 which is only

partially observed due to censoring. This distinction is crucial for identification.

2.1 Coherency and completeness

It is important to point out an issue that arises in — but not in —: the likelihood does not
exist without restrictions on the parameter space. Specifically, there are values of 6 and ¢ for which
there are either no solutions or multiple solutions of (I)-(2) for y. [Amemiya) (1974) refers to these as
“type 1 and type 2 difficulties”, respectively, also known as ‘incoherency’ and ‘incompleteness’ in the
microeconometrics literature (Blundell and Smithl |1994)). Coherency and completeness of a structural
model together imply existence and uniqueness of a reduced form (Lewbel, |2007). |Amemiya (1974)
notes that the problem is akin to the Complementarity Problem in the programming literature, where

necessary and sufficient conditions can be found. In the present example, these are 1 —~3 > 0 (Nelson

*The difference is that in the models of Amemiya (1974) and Lee (1976), all endogenous variables are truncated.
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Figure 1: Coherency and completeness of the Kinked Simultaneous Equations model.

and Olson, 1978). This issue is illustrated in Figure [I} Specifically, coherency and completeness are
satisfied in this example when the slope of equation is strictly smaller than that of equation .
Despite its importance, the coherency condition (which is the same as existence of an equilibrium)
is rarely addressed in the literature on the ZLB. This is probably because in nonlinear DSGE models it
is analytically intractable and also hard to characterize numerically. However, I will show in the next
section that in SVARs the condition is straightforward to characterize analytically and check in any
given application. The condition is essential for estimation, and also provides additional restrictions

on the admissible range of the structural parameters.

2.2 Nesting KSEM and CSEM models

The KSEM and CSEM models can be nested by combining equations and into the following
equation:

Y1 = B3y5 + Pays + ojx + €1, (6)

The model given by equations @, and can be termed censored and kinked simultaneous
equations model, or CKSEM.

Reparametrize 5 and (B2 into 85 = A8 and f2 = (1 — \) 5. Then, equation @ can be equivalently
written as

y1 =005+ (1= A ya) + iz +er. (7)

If gives the desired policy stance in the absence of any constraints, and there exist alternative
policies not modelled explicitly that can partially mitigate the effect of the constraint, then the variable
Ys = Ay3 + (1 — A\) y2 can be thought of as a measure of the effective policy stance. When A = 1,

policy is completely unconstrained, and the CKSEM reduces to a CSEM, while if A = 0, unconventional



policy is completely ineffective and the model reduces to the KSEM. Hence, A is interpretable as a

measure of the efficacy of unconventional policy.

2.3 Identification

The CSEM — is an unrestricted linear SEM in the variables (y1,y3), so it is underidentified.
Censoring is simply a measurement issue that complicates estimation and inference but does not affect
identification of the structural parameters. I will now show that the CKSEM, given by equations ,
and , is identified when A # 1. Specifically, it is point-identified when A is known, e.g., A = 0 in
the case of the KSEM -, and partially identified when A is unknown. This result appears to be
new in the literature and is, in my view, the most interesting contribution of the paper.

Substituting for y; in @ using , and rearranging, we obtain

Y1 = §y2 + 62’1:5 + &1, where (8)

~ (1-=XN)p . a1+ ABas . &1+ ABes
I Y e Y I v ©)

Note that, since equation is isomorphic to , the coherency and completeness condition for the
CKSEM is analogous to that of the KSEM —, ie., 75 < 1, which, using @), is equivalent to
(1 —=~8)/(1—AyB) > 0. Similarly, the discussion of identification of is analogous to that of the
KSEM. Therefore, I discuss first the identification of the KSEM (A = 0) and then turn to the general

case.

2.3.1 Identification of KSEM

Let D := 1y,,—p be an indicator (dummy) variable that takes the value 1 when yo is on the boundary

and zero otherwise. When 73 < 1 (coherency), the reduced form of the KSEM is given by the

equations
y1 = piz +uy + BD (b— phz — ug), and (10)
Yo = max (//za:—i—uQ,b) , (11)
where
€1+ Bea €1+ &2
U=, Uz=-— -, 12
1—np 1—np (12
H a1 + Bag u Yo + Qg
1= ’ 2 = .
1—np 1—np

Equation (11]) is a standard univariate limited dependent variable model. With Gaussian errors, it is

exactly a Tobit model (Tobin, [1958). Its parameters, us and 72 := var (ug), are therefore identified



in the usual way by Tobit regression. Equation ([10)) is an ‘incidentally kinked’ regression model. It is
similar to an incidentally censored regression, and, with Gaussian errors, its parameters are identified
by a variant of the well-known Heckit method (Heckman| 1979). The details of this, as well as various
alternative estimators, are derived in the next section for the full SVAR model.

Here, it is instructive to provide an alternative instrumental variables interpretation of identifica-
tion. Consider using the regime indicator D = 1y, as an instrument for the endogenous regressor

Yo in the structural equation . The corresponding IV estimator identifies

/BIV — E<y1‘x7D = 1) —E(y1|$,D = 0)
' E(Z/?‘va = 1) _E(y2’x7D :0)7

which is inconsistent for 8 because D is, in fact, endogenous:

E(eilz,D=1) - E(eil|z, D =0)
E(yQ‘va = 1) - E(y2|$’D = 0)

Brv =8+ # . (13)

However, if we know the distribution of the reduced-form errors, we can compute the bias of the IV
estimator, given by the second term in the right-hand side of , and point-identify 5. A simple way
to do this is via the control function approach (Heckman et al., 1978)E| Let

¢ (a) _ b b

’ a: ’

P (a) T

h(p2,7) = (1 = D) (y2 — ohz) — D

and ¢ (-), ®(-) are standard Normal density and distribution functions, respectively. The control
function h (u2,7) captures the endogeneity in yo in equation (1)), i.e., E (e1|y2,z) = ph (u2,7), for

some constant pE| Hence, 8 can be identified from the regression

E (y1|y2, x) = Bya + piz + ph (p2, 7). (14)

The rank condition for the identification of 5 is simply that the regressors are not perfectly collinear.
This holds if and only if 0 < Pr (D = 1) < 1. So, as long as there are some but not all the observations
at the boundary, the model is generically identified.

Importantly, the control function only depends on the parameters in one of the two regimes, when

D = 0. So, it does not matter whether the policy rule changes when g hits the lower bound.

2.3.2 Partial identification of the CKSEM

The discussion of the previous subsection carries over to the CKSEM given by equations , and

, when (,a; and €1 in — are replaced by B, a1, and &7, defined in @ Therefore, E is
identified as the coefficient on the kink in the reduced-form equation for g . From @D, it follows

T am grateful to Andros Kourtelos for that suggestion.
®Specifically, p = cov (e1,u2) /72 — B.



that 3, a1 and &1 are underidentified unless A is known.

Now, consider the restriction A € [0, 1]. Given the interpretation of A as a measure of the efficacy
of unconventional policy, this restriction implies that unconventional policy is neither counter- nor
over-productive. Specifically, it says that the effect of unconventional policy on y; cannot be of a
different sign or of higher magnitude (in absolute value) than the effect of conventional policy. I will
now discuss the implications of this restriction for the identification of the structural parameters.

First, we have already established that g is completely unidentified when A = 1 (which corresponds
to the CSEM). From the definition of 5 in @ and the fact that 1 — A8y # 0 from the coherency
condition, it follows that A = 1 implies B = 0. So, when E = 0, 8 is completely unidentified. It
remains to see what happens when 5 # 0. Let w;;j := F (uiuj) denote the variances and covariance
between the reduced form errors, which are identifiable, and define the coefficient of the regression of
ugr on ugy by Yo := wiz/wii. It is also the coefficient of the regression of ys on y; over the uncensored
observations. This can be interpreted as the value the reaction function coefficient v in would take
if 8 =0, i.e., the value corresponding to a Choleski identification scheme where ys is placed last. g

is obviously identifiable from the reduced form. In the Appendix, I prove the following bounds

ifgz 0 or E’Yo < 0, then 8 € R; otherwise

if wig =70 =0, then B € (=00, ] if B < 0 or B € [B,00) if B > 0;
if0<§70§1, then 8 € HO,B] if,§<00r,6’€ {E,%} if5>0;
if By > 1, then A < 0.

(15)

In words, when the coefficient on the kink in the reduced form, E , is different from zero, and it is of
the same sign as the coefficient of the regression of y2 on y; over the uncensored observations, 7o, and
if 5% < 1, then we can identify both the sign of the causal effect of y2 on y; and get bounds on (the
absolute value of) its magnitude. In those cases, the identified coefficient B is an attenuated measure
of the true causal effect 5. Moreover, 570 > 1 implies that the coefficient on the latent variable 3 is
of the opposite sign than the coefficient on the observed variable ys, i.e., unconventional policy has
the opposite effect of the conventional one. That could be interpreted as saying that unconventional
policy is counterproductive.

Finally, the hypothesis that the bound is “empirically irrelevant” in the sense that unconventional
policy fully removes any constraints on what policy can achieve is equivalent to A = 1. From the above
discussion, it is clear that this hypothesis is testable: A = 1 implies that 5 =0, so 5 2 0 implies \ # 1.
Therefore, rejecting B = 0 unambiguously implies that the bound is empirically relevantﬂ In fact, the

parameter A is also set-identified. The sharp identified set is as follows:

®The converse is not true since 8 = 0 can also arise from 3 = 0 even when \ # 1.



3 SVAR with an occasionally binding constraint

I now develop the methodology for identification and estimation of SVARs with an occasionally binding
constraint. Let ¥; = (Y7, Ygt)/ be a vector of k endogenous variables, partitioned such that the first
k — 1 variables Y7; are unrestricted and the kth variable Ys; is bounded from below by b. Define
the latent process Yy, that is only observed, and equal to Yo;, whenever Ya; > b. If Y is a policy
instrument, Y5} can be thought of as the ‘shadow’ instrument that measures the desired policy stance.

The pth-order SVAR model is given by the equations

p p
A1 Yy + ApYar + ALY = BioXor + Y B1jYej+ Y BV i +eu, (16)
=1 =1
p p
AB Yo 4 ApoYar + AnYi = BaoXor + Y BajVij+ Y B3 Vo +ea, (17)
j=1 =1

Yo = max (Yo, b) ,

for £ > 1 given a set of initial values Y_, Y5, for s = 0,....,p — 1, and X are exogenous and
predetermined variables

Equation can be interpreted as a policy reaction function, as it determines the desired policy
stance Yy;. Similarly, eo; is the corresponding policy shock. The above model is a dynamic SEM.
Two important differences from a standard SEM are the presence of (i) latent lags amongst the
exogenous variables, which complicates estimation; and (ii) the contemporaneous value of Y in the
policy reaction function , which allows it to vary across ZLB and non-ZLB regimes.

Collecting all the observed predetermined variables Xq, Y;—1, ..., Y;—, into a vector X;, and the
latent lags Y5 q,..., Y5, , into X7, and similarly for their coefficients, the model can be written

compactly as:

Y1y
A Ar, A
11 12 12 Yé; _ BXt —i—B*Xt* + &, (18)
Ag1 AL, A
Yo

Yo = max {Ya;, b} .

The vector of structural errors ¢; is assumed to be i.i.d. Normally distributed with zero mean and
identity covariance.

In the previous section, we defined the KSEM as a special case of the CKSEM model, where
Y5, < b has no (contemporaneous) impact on Y;. In the dynamic setting, it feels natural to define the
corresponding ‘kinked SVAR’ model (KSVAR) as a model in which Y5} has neither a contemporaneous
nor a dynamic effect on Y;. Therefore, the KSVAR obtains as a special case of when both A7, =0,

10



and B* = 0, which corresponds to a situation in which the bound is fully effective in constraining
policy at all horizons.

The opposite extreme to the KSVAR is the censored SVAR model (CSVAR). Again, unlike the
CSEM, which only deals with contemporaneous effects, the idea of a CSVAR is to impose the as-
sumption that the constraint is ineffective at all horizons. So, it corresponds to a fully unrestricted
linear SVAR in the latent process (Y7, Ys:)'. This is a special case of when both A;2 = 0 and
the elements of B corresponding to lagged Ys; are equal to zero. Finally, in accordance with the
terminology in the previous section, I refer to the general model given by as the ‘censored and
kinked SVAR’ (CKSVAR).

Define the k x k square matrices

_ Ay A+ Aj An A

A= , and A*:= . (19)
A1 Ao +A;2 Aoy A§2

A determines the impact effects of structural shocks during periods when the constraint does not bind.
A* does the same for periods when the constraint binds.
To analyze the CKSVAR, we first need to establish existence and uniqueness of the reduced form.

This is done in the following proposition.

Proposition 1 The model given in eq (@ is coherent and complete if and only if

_ Agy — Ag1 AT Ay
A§2 - A21A1711A12

> 0. (20)

Note that does not depend on the coefficients on the lags (whether latent or observed), so it
is exactly the same as in a static SEM. This condition is useful for inference, e.g., when constructing
confidence intervals or posteriors, because it restricts the range of admissible values for the structural
parameters. It can also be checked empirically when the structural parameters are point-identified.
The proposition follows as a corollary to (Gourieroux et al., [1980, Theorem 2). An alternative proof
is given in the Appendix.

If condition is satisfied, there exists a reduced-form representation of the CKSVAR model
. For convenience of notation, define the indicator (dummy variable) that takes the value one if

the constraint binds and zero otherwise:

D, = 1{th:b}' (21)

s=0,...,p— 1, the reduced-form

—3)

Proposition 2 If @) holds, and for any initial values Y_s, Y5

11



representation of (@ fort > 1 is given by

Y = C1X + C1 X1 + uy — BDy (62Xt + Oy Xy + uat — b) (22)
Yar = max (?’;t, b) , (23)
?;t =CoX; + 6;?: + uat, (24)
Vg, = (1= D) Vi, + Dy (73 + (1= 0)b). (25)

__ =N\ _ _
where uy = (u},, ug) = A 1&, c" = (CTI,C;/> =kA 1B*, X, = (Tt_1, ., Tt_p) , Ty = min (Y;t —b, 0) ,
T_y=r"'min (Y5_,—0,0),s=0,...,p— 1L,

B = (Au — Al Ay An) ! (Ao A5 A — Av), (26)

K 1s defined in (@ and the matrices C,Ca, are given in the Appendiz.

Note that the “reduced-form” latent process ?Zt is, in general, different from the “structural”
shadow rate Y5; defined by . They coincide only when x = 1. This holds, for example, in the
CSVAR model.

Equation combined with is a familiar dynamic Tobit regression model with the added
complexity of latent lags included as regressors whenever 6; # 0. Likelihood estimation of the uni-
variate version of this model was studied by Lee| (1999). The k — 1 equations are ‘incidentally

kinked” dynamic regressions, that I have not seen analyzed before.

3.1 Identification
3.1.1 Identification of reduced-form parameters

Let v denote the parameters that characterize the reduced form —: B, C,C" and Q =
var (ug) . It is useful to decompose ¥ into 1y = (62,62,7')/, where 7 = y/var (ug), and P =
<vec (61)/ ,vec (é;)l , B’, &', vech (Ql,g))/ , where § = Q12/72, Q1.2 = Q110872 and Q;j = cov (ui, ujt).
Equation is the dynamic Tobit regression model studied by |Lee (1999)). So, its parameters,
1o, are generically identified provided that the regressors are not perfectly collinear. This requires
that 0 < Pr(D;=1) < 1.
Given 9, the identification of the remaining parameters, 11, can be characterized using a control

function approach. Consider the k — 1 regression equations

E (Yu\th, Xt,yr) = C1Xi + C1X; + 8214 + 6 Zoy, (27)

12



where

2= D (0o~ T - ). 9
Z = (1= D) (Yo = CaXy — C5X; ) + Dtgb((;:))’ 20)

b—Ca X —O3X;
oo = (NN

), and ¢ (-), ®(-) are the standard normal density and distribution functions,
respectively. When C" is different from ZEero, regressors Y;k , Z1t, and Zg; in are unobserved, so we
need to replace them with their expectations conditional on Y3, Y;_1, ..., Y7. Then, the regressors on the
right-hand side of l) become X; := (Xt’,yzlt, Zi4jt Z2t|t)/, where hy, == E (h (Y:) |Yor, Yio1, ..oy Y1>
for any function h(-) whose expectation exists The coefficients 61,615, and § are generically

identified if the regressors X; are not perfectly collinear.

3.1.2 Identification of structural parameters

From the order condition, we can easily establish that there are not enough restrictions to iden-
tify all the structural parameters in the CKSVAR (18). Let kg = dim (Xo;) denote the number of
predetermined variables other than the own lags of Y;. For example, in a standard VAR without
deterministic trends, we have Xo; = 1, so kg = 1. The number of reduced-form parameters v is
kok + k*p + kp + k (k + 1) /2. The number of structural parameters in is kok + k*p + kp + k? + .
So, the CKSVAR is underidentified by k (k + 1) /2 restrictions. Nevertheless, I will show that the
impulse responses to €o; are identified. Specifically, they are point-identified when A}, = 0, and par-
tially identified when A, # 0 but A}, and A;2 have the same sign, analogous to the bounds given in
equation in the previous section.

Because the CKSVAR is nonlinear, IRFs are obviously state-dependent, and there are many ways
one can define them, see Koop et al. (1996)E| The IRF to €9, according to any of the definitions
proposed in the literature, is identified if the reduced-form errors w; can be expressed as a known
function of €9; and a process that is orthogonal to it, i.e., u; = g (€9, ;) , where e; is independent of

€9¢. From Proposition [2], it follows that the g function is linear, and more specifically,

ure = (I1 — BY) " (61t + Bew) , and (30)

gt = (1= 4B) " (6t +7211) (31)

"In the KSVAR model, we have C; = 0 and Cy = 0, so X; drops out of , and the regressors Z1¢, Za; are observed,
SO th\t = ij, j = 1,2

8For the empirical analysis below, I will use the conditional “generalized impulse response function” defined in (Koop
et al., 1996} eq. (3)), see (38).

13



where

Bi=—A A, 7= —22_211421a (32)

e | _ ——1
€1t = Ajjen,  Ear 1= Agg €,

and Agy = A5y + Agg, defined in . Note that 3 can be interpreted as the marginal effect of Y
on Yy, and 7 is the marginal effect of Y7, on Y (the contemporaneous reaction function coefficients)
when Yy, > b (unconstrained regime). The shock vector €14 is not structural but it is orthogonal to
€94, S0 it plays the role of e; in uy = g (24, €;) . Hence, the IRF is identified if and only if 3, 7, and Agy
are identified.

The following proposition shows identification when A7, = 0.

Proposition 3 When Ajy = 0 and the coherency condition (@ holds, the parameters in (@)—
are identified by the equations f = E,

y= (9,12 - 9223/) (Qn - 91231)_1 , and (33)

A = (7.0 2(-7,1). (34)

Remarks 1. § = B follows immediately from the definition with A}, = 0. Equations and
hold without the restriction A}, = 0. They follow from the orthogonality of the shocks e9; and
E1t-

2. An instrumental variables interpretation of this identification result is as follows. Define the

instrument

Zy = Y1, — BYa = Al BiXy + A Bi X[ + Ajlen.

The orthogonality of the errors E (e14€9;) = 0 implies E (Ziegt) = 0. So, Z; are valid k — 1 instruments
for the £ — 1 endogenous regressors Y7, in the structural equation of Y, = max (Y5, b), where Y5, is
given by . Normalizing in terms of Y, yields the structural equation in the more familiar
form of a policy rule:

Yo = max (YY1; + Bo Xy + B3 X[ + &4, b) , (35)

where By = Z;;Bg, B} = Z;;B;. Since Ail is non-singular, the coefficient matrix of Z; in the
‘first-stage’ regressions of Yi; is nonsingular, so the coefficients of are generically identified by the
rank condition. An alternative to the Tobit IV regression model is the indirect Tobit regression
approach used in the static SEM by [Blundell and Smith (1994). Equation can be written as the

dynamic Tobit regression
Y5 = max (:?Zt + By Xy + B3 X[ + o, b> ) (36)
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where ¥ = (1—7B) %, By = (1—%8) ' By, By = (1—7B) B and &y = (1—7B) " . Note

that the coherency condition becomes k = %z (1 — WB) > 0,50 1 —53 # 0, which guarantees the

existence of the representation . Given 8 = E, the structural parameter 7 can then be obtained
asy =7 (I k—1 + Bﬁ) o , and similarly for the remaining structural parameters in .

3. The parameter Asy allows the reaction function of Y3, to differ across the two regimes. The
special case Ags = 0 thus corresponds to the restriction that the reaction function remains the same

across regimes. The parameters Agp and A%, are not separately identified. Hence, A5, ! the scale of the

response to the shock e9; during periods when Yo = b, is not identiﬁedﬂ Similarly, k = gzz (1 — VB)
is not identified, and therefore, neither is the structural shadow value Y5; in eq. . Identification of
these requires an additional restriction on As, e.g., Aoo = 0. Turning this discussion around, we see
that a change in the reaction function across regimes does not destroy the point identification of the
effects of policy during the unconstrained regime, since the latter only requires 3,7 and Asg, not A3,

or k. The change allowed for by Ass # 0 is of a specific type.

Next, we turn to the case A}, # 0, and derive identification under restrictions on the sign and
magnitude of AJ, relative to Aj2 and A3, relative to Age. The first restriction is motivated by a
generalization of the discussion on the CKSEM model in equation . Specifically, if Ajp = Ajg+ A}y
measures the effect of conventional policy (operating in the unconstrained regime) and A}, measures
the effect of unconventional policy (operating in the constrained regime), then the assumption that
Aj2 and A}, have the same sign means that unconventional policy effects are neither in the opposite
direction nor larger in absolute value than conventional policy effects. In other words, unconventional
policy is neither counterproductive nor over-productive relative to conventional policy. This can be
characterized by the specification A}, = AAjs and Ajp = (Ix_1 — A) Ay2, where A = diag (Aj),
Aj €10,1] for j =1,...,k — 1. I further impose the restriction that A\; = A for all j, so that A}, = AA2
and Ajp = (1 —\) Aj2 with X\ € [0,1]. This, in turn, means that Ya; and Y3, enter each of the first
k — 1 structural equations for Yj; only via the common linear combination AY5; + (1 — A) Yz, which
can be interpreted as a measure of the effective policy stance.

We also need to consider the impact of Asy on identification. The variable ( = Ag JA3, gives
the ratio of the standard deviation of the monetary policy shock in the constrained relative to the
unconstrained regime. It is also the ratio of the reaction function coefficients in the two regimes, e.g.,
Ay 1 As1 versus Z;;Agl. I will impose ¢ > 0, so that the sign of the policy shock does not change
across regimes. With the above reparametrization and the definitions in , the identified coefficient
B in @) can be written as

B=(1-¢(I-¢B7) "B, &= (37)

9This is akin to the well-known property of a probit model that the scale of the distribution of the latent process is
not identifiable.
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Similarly, given { > 0, the coherency condition reduces to (1 - Bﬁ) (1 — 573) > 0. Notice that
the parameters A, only appear multiplicatively, so it suffices to consider them together as £ = A(.
Once 3 is known, the remaining structural parameters needed to obtain the IRF to e9; are 7 and Ags,
and they are obtained from Proposition So, the identified set can be characterized by varying &
over its admissible range. Without further restrictions on ¢, the admissible range is obviously £ > 0.
If we further assume that ¢ < 1, i.e., that the slope of the reaction function coefficients is no steeper in
the constrained regime than in the unconstrained regime, then £ € [0, 1], and so partial identification
proceeds exactly along the lines of the CKSEM in the previous section where A played the role of £. In
the case k = 2, the bounds derived in eq. apply, with 3 = /3 in the notation of the present section.
However, when k£ > 2, it is difficult to obtain a simple analytical characterization of the identified set
for B. In any case, we will typically wish to obtain the identified set for functions of the structural
parameters, such as the IRF. This can be done numerically by searching over a fine discretization of

the admissible range for £. An algorithm for doing this is provided in Appendix

3.2 Estimation

Estimation of the KSVAR is straightforward, since the likelihood is analytically available under
Gaussian errors. The key is that latent lags do not appear on the right-hand side of the model.
Estimation of the CKSVAR is more involved because of the presence of latent lags and the likeli-
hood function of the reduced form given in Proposition [2| is not analytically available. It can be
approximated using particle filtering, such as the sequential importance sampler (SIS) proposed by
Lee| (1999) for a univariate dynamic Tobit model. The SIS has the attractive feature that it is smooth,
so the likelihood can be numerically differentiated and maximized with derivatives-based methods.
However, the SIS can potentially suffer from sample degeneracy, see |Herbst and Schortheide (2015]).
I therefore consider also a fully adapted particle filter (FAPF) that uses resampling to address the
sample degeneracy problem. The method can be found in [Malik and Pitt| (2011) and is a special case
of the auxiliary particle filter of Pitt and Shephard (1999). The disadvantage of FAPF is that the
resampling step makes it discontinuous, so the likelihood cannot be maximized using derivatives-based
algorithms, nor can we compute standard errors using numerical differentiation. We can still maximize
the likelihood using simulated annealing and use the Likelihood Ratio (LR) test for inference. Given
the aforementioned computational challenges, it is possibly more practical to implement FAPF using
Bayes than Maximum Likelihood (ML).

The description of the likelihood and the two filtering algorithms is given in Appendix [B] In
addition, one can consider method of moments (MM), and sequential estimation motivated by the
constructive identification proof in Section [3| These are also described in the Appendix.

When the data is stationary and ergodic, and subject to some additional regularity conditions

given in|Newey and McFadden! (1994), the ML estimator can be shown to be consistent and asymptot-
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ically Normal and the LR statistic asymptotically x? with degrees of freedom equal to the number of
restrictions. I will not discuss primitive conditions for these results, but I note that they are somewhat
weaker than for a standard linear VAR. This is because the lower bound on one of the variables means
that negative autoregressive roots that are larger than 1 in absolute value do not violate stationarity,
see, e.g., (de Jong and Herrera, 2011} p. 230). Instead, I report Monte Carlo simulation results on the
finite-sample properties of ML and related frequentist estimators and LR tests in Appendix [C] They
show that the Normal distribution provides a very good approximation to the finite-sample distrib-
ution of the various estimators discussed above. I find some finite-sample size distortion in the LR
tests of various restrictions on the CKSVAR, but this can be addressed effectively with a parametric
bootstrap, as shown in the Appendix. One important observation from the simulations is that the
LR test of the CSVAR restrictions against the CKSVAR appears to be less powerful than the corre-
sponding test of the KSVAR restrictions against the CKSVAR. Thus, we expect to be able to detect
deviations from KSVAR more easily than deviations from CSVAR. In other words, finding evidence
against the hypothesis that unconventional policies are fully effective (CSVAR) will be harder than

finding evidence against the opposite hypothesis that they are completely ineffective (KSVAR).

4 Application

I use the three-equation SVAR of [Stock and Watson| (2001), consisting of inflation, the unemployment
rate and the Federal Funds rate to provide a simple empirical illustration of the methodology developed
in this paper. As discussed in |Stock and Watson! (2001)), this model is far too limited to provide credible
identification of structural shocks, so the results in this section are meant as an illustration of the new
methods.

The data are quarterly and are constructed exactly as in |Stock and Watson (2001){1—_01 The variables
are plotted in Figure [2l over the extended sample 1960q1 to 2018q2. I will consider all periods in which
the Fed funds rate was below 20 basis points to be on the ZLB. This includes 28 quarters, or 11% of

the sample.

4.1 Tests of efficacy of unconventional policy

I estimate three specifications of the SVAR(4) with the ZLB: the unrestricted CKSVAR specification,
as well as the restricted KSVAR and CSVAR specifications. The maximum log-likelihood for each
model is reported in Table [l computed using the SIS algorithm in the case of CKSVAR and CSVAR,
with 1000 particles. The accuracy of the SIS algorithm was gauged by comparing the log-likelihood to
the one obtained using the resampling FAPF algorithm. In both CKSVAR and CSVAR the difference

is very small. The results are also very similar when we increase the number of particles to 10000.

10 he inflation data are computed as 7 = 4001n(P;/P;—1), where P;, is the implicit GDP deflator and wu is the civilian
unemployment rate. Quarterly data on u; and i; are formed by taking quarterly averages of their monthly values.
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Figure 2: Data used in Stock and Watson (2001) over the extended sample 1960q1 to 2018¢2.

Model log lik | (FAPF) | # restr. | LR stat. | Asym. p-val. | Boot. p-val.
CKSVAR(4) | -81.64 | -81.94
KSVAR(4) | -97.05 - 12 30.82 0.002 0.015
CSVAR(4) | -94.86 | -94.87 14 26.43 0.023 0.129

Sample: 1960q1-2018q2 (234 obs, 11% at ZLB)

Table 1: Maximized log-likelihood of various SVAR models in inflation, unemployment and Federal
funds rate. CKSVAR is unrestrcted specification —; KSVAR  excludes latent lags; CSVAR is
a purely censored model. CKSVAR and CSVAR likelihoods computed using sequential importance
sampling with 1000 particles (alternative estimates based on Fully Adapted Particle Filtering with
resampling are shown in parentheses). Asymptotic p-values from Xg, g = number of restrictions.
Bootstrap p-values from parametric bootstrap with 999 replications.

Finally, the table reports the likelihood ratio tests of KSVAR and CSVAR against CKSVAR using
both asymptotic and parametric bootstrap p-values.

The KSVAR imposes the restriction that no latent lags (i.e., lags of the shadow rate) should
appear on the right hand side of the model, i.e., B* = 0 in or 6; =0 and 6; =0in and
(23). This amounts to 12 exclusion restrictions on the CKSVAR(4), four restrictions in each of the
three equations. This is necessary (but not sufficient) for the hypothesis that unconventional policy
is completely ineffective at all horizons. It is necessary because " = (61’,@;’>/ # 0 would imply
that unconventional policy has at least a lagged effect on Yi;. C" = 0 is not sufficient to infer that
unconventional policy is completely ineffective because it may still have a contemporaneous effect on

Y, it A7, # 0, and the latter is not point-identified. The result of the test in Table [I| shows that lags
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of the shadow rate are statistically significant at the 5% level, meaning that unconventional policy is
at least partially effective.

The CSVAR model imposes the restriction that only the coefficients on the lags of the shadow
rate (which is equal to the actual rate above the ZLB) are different from zero in the model, i.e., the
elements of B corresponding to lags of Yo; in are all zero, or equivalently, the elements of C; and
Cs corresponding to lags of Yo in and are all zero. In addition, it imposes the restriction
that 5 = 0 in , that is, no kink in the reduced-form equations for inflation and unemployment
across regimes, yielding 14 restrictions in total. This is necessary for the hypothesis that the ZLB
is empirically irrelevant for policy in that it does not limit what monetary policy can achieve. The
evidence against this hypothesis is not as strong as in the case of the KSVAR. The asymptotic p-
value is 0.023, indicating rejection at the 5% level, but the bootstrap p-value is 0.129. Note that this
difference could also be due to fact that the test of the CSVAR restrictions may be less powerful than
the test of the KSVAR restrictions, as indicated by the simulations reported in the previous section.
Thus, I would cautiously conclude that the evidence on the empirical relevance of the ZLB is mixed.

Further evidence on the efficacy of unconventional policy will also be provided in the next subsection.

4.2 1IRFs

Based on the evidence reported in the previous section, I estimate the IRF associated with the mone-
tary policy shock using the unrestricted CKSVAR specification, and compare them to recursive IRFs
from the CSVAR specification that place the Federal funds rate last in the causal ordering. From the
identification results in Section [3, the CKSVAR point-identifies the nonrecursive IRFs only under the
assumption that the shadow rate has no contemporaneous effect of Y74, ie., A7, = 0 in . Note
that, due to the nonlinearity of the model, the IRF's are state-dependent. I use the following definition
of the IRF from |[Koop et al.| (1996):

IRF, <§, Xt,Y;*) _E (mhy@t - g,Xt,Y;") _E (YHh\aQt - o,Xt,Y;“) . (38)

If ¢ is such that 7;,15,3 = Yo s > bforall s =1,..,p, then X, = O and hence IRF}; (s, X¢,0)
is observed. However, if ¢ is such that any element of Y: is unobserved, we could either evaluate
IRF} 4 (s, Xy,+) at an estimated value of Y: conditional on the observed data, or we can estimate
IRF}, (g, X, X; ) conditional on the observed data. When we estimate the IRF from a CKSVAR(4)
at the end of our sample, t = 2018¢3, Y: = 0 because the Federal funds rate was above the ZLB over
the previous four quarters, so filtering is unnecessary.

Figure [J] reports the nonrecursive IRFs to a 100 basis points monetary policy shock from the

CKSVAR under the assumption that A = 0 (unconventional policy is ineffective) and two different

"Recall the defintion X; = (F_1,...,Tt—p) , Tx = min (7; —b, 0) , given in Proposition
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estimates of recursive IRFs using the identification scheme in [Stock and Watson (2001). The first
estimate is a nonlinear IRF that is obtained from the CSVAR specification. The second is a “naive”
OLS estimate of the linear IRF in a SVAR with interest rates placed last, ignoring the ZLB constraint
(a direct application of the method in [Stock and Watson| (2001) to the present sample). The figure
also reports 90% bootstrap error bands for the nonrecursive IRFs.

In the nonrecursive IRF, the response of inflation to a monetary tightening is negative on impact,
albeit very small, and, with the exception of the first quarter when it is positive, it stays negative
throughout the horizon. Hence, the incidence of a price puzzle is mitigated relative to the recursive
IRFs, according to which inflation rises for up to 6 quarters after a monetary tightening (9 quarters
in the OLS case). Note, however, that the error bands are so wide that they cover (pointwise) most
of the recursive IRF, though less so for the OLS one. Turning to the unemployment response, we
see that the nonrecursive IRF starts significantly positive on impact (no transmission lag) and peaks
much earlier (after 4 quarters) than the recursive IRF (10 quarters). In this case, the recursive IRF is
outside the error bands for several quarters (more so for the naive OLS IRF). Finally, the response of
the Federal funds rate to the monetary tightening is less than one on impact and generally significantly
lower than the recursive IRFs. This is both due to the contemporaneous feedback from inflation and
unemployment, as well as the fact that there is a considerable probability of returning to the ZLB,
which mitigates the impact of monetary tightening.

Next, we turn to the identified sets of the IRFs that arise when we relax the restriction that
unconventional policy is ineffective, i.e., A can be greater than zero. We consider the range of £ = A\( €
[0,1], recalling that A measures the efficacy of unconventional policy and ¢ measures the ratio of the
reaction function coefficients and shock volatilities in the constrained versus the unconstrained regimes.
The left-hand-side graphs in Figure 4| report the identified sets without any other restrictions. The
right-hand-side graphs derive the identified sets when we impose the additional sign restriction that
the contemporaneous effect of the monetary policy shock to the Fed Funds rate should be nonnegative.
The red shaded area gives the identified sets and the blue line with diamonds gives the point estimates
when A = 0. The latter are the same as the nonrecursive point estimates reported in Figure

We observe that the identified set for the IRF of inflation is bounded from above by the limiting
case A = 0. This is also true of the response of the Fed Funds rate. The case A = 0 provides a lower
bound on the effect to unemployment only from 0 to 9 quarters. Even though the point estimate of
the unemployment response under A = 0 remains positive over all horizons, the identified set includes
negative values beyond 10 quarters ahead. We also notice that the identified sets are fairly large, albeit
still informative. Interestingly, the identified IRF of the Fed Funds rate includes a range of negative
values on impact. These values arise because for values of £ > 0, there are generally two solutions for
the structural VAR parameters 3,7 in the equations , , with one of them inducing such strong

responses of inflation and unemployment to the interest rate that the contemporaneous feedback in
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Figure 3: IRFs to a monetary policy shock from a three equation CKSVAR(4) estimated over the
period 19601l to 2018q2. The solid red line corresponds to the nonrecursive identification from the
ZLB under the assumption that unconventional policy is ineffective. The dashed blue line corresponds
to the nonlinear recursive IRF, estimated with the CKSVAR(4) under the restriction that the con-
temporaneous impact of Fed Funds on inflation and unemployment is zero. The green line with circles
corresponds to the recursive IRF from a linear SVAR(4) estimated by OLS with Fed Funds ordered
last.
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Figure 4: Identified sets of the IRFs to a 100bp monetary policy shock in a CKSVAR(4) in 2018q3.
The red area denotes the identified set, the blue line with diamonds indicates the point identified IRF
under the restriction that unconventional policy is ineffective (A = 0). The figures on the left provide
the full identified set. The figures on the right impose the restirction that the response of the Fed
funds rate be nonnegative.

the policy rule would in fact revert the direct positive effect of the policy shock on the interest rate.
If we impose the additional sign restriction that the contemporaneous impact of the policy shock
to the Fed Funds rate must be non-negative, then those values are ruled out and the identified sets
become considerably tighter. This is an example of how sign restrictions can lead to tighter partial
identification of the IRF.

With an additional assumption on (, the method can be used to obtain an estimate of the identified
set for A, the measure of the efficacy of unconventional policy. In particular, if we set ( = 1, i.e., the
reaction function remains the same across the two regimes, then the identified set for A is [0.0.506] . In
other words, the identified set excludes values of the efficacy of policy beyond 51%, so that, roughly
speaking, unconventional policy is at most 50% as effective as conventional one. Note that this estimate
does not account for sampling uncertainty and relies crucially on the assumption about the constancy
of the reaction function across the two regimes. As argued in the introduction, this assumption can
be motivated by arguing that there is no reason to believe that policy objectives (and hence the
reaction function) may have shifted over the ZLB period. However, to illustrate the implications of
relaxing that assumption, consider the following alternative assumption. Suppose ( = 1/2, i.e., the

shadow rate reacts half as fast to shocks during the ZLB period than it does in the non-ZLB period.
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Then, the identified set for A would include 1, i.e., the data would be consistent with the view that
unconventional policy is fully effective. So, under this assumption, the reason we observed a subdued
response to policy shocks over the ZLB period is because policy was less active over that period.

As I discussed in the introduction, it is difficult to make further progress on this issue without
further information or additional assumptions. The technical reason is that the scale of the latent
regression over the censored sample is not identified, so we will require additional information to
untangle the structural parameters A and ¢ from £ = A{. One possibility would be to identify A\ from
the coefficients on the lags of the shadow rate and observed rate by imposing the (overidentifying)
restriction that lags of Y2; and Y5, appear in the model only via the linear combination A\Yy, + (1 — \)
Ys:, which can be interpreted as the effective policy stance. Provided that the coefficients on the lags
of Yy, or Ya; are not all zero, this restriction point identifies A\. We then need an additional restriction
to identify £ so that we can draw inference on (. This can be done, for instance, by using external
instruments, as in |Gertler and Karadi (2015). Those will identify 3 directly, and, using , we can

obtain &.

5 Conclusion

This paper has shown that the ZLB can be used constructively to identify the causal effects of monetary
policy on the economy. Identification relies on two conditions: the stability of the transmission mecha-
nism across regimes, and the inefficacy of alternative (unconventional) policies. When unconventional
policies are partially effective in mitigating the impact of the ZLB, the causal effects of monetary
policy are only partially identified. A general method is proposed to estimate SVARs subject to an
occasionally binding constraint. The method can be used to test the efficacy of unconventional policy,
modelled via a shadow rate. Application to a core three-equation SVAR with US data indicates that

the ZLB is empirically relevant and unconventional policy is only partially effective.

A Proofs

A.1 Derivation of equation (|15

For any given 3, the orthogonality of the errors implies that

w1z — w28
_ 39
w11 — wi2f’ (39)
see the proof of Proposition 3l Substituting this into @ we have
~ . 1—X 4
B_g(ﬂ)ﬁa g(ﬁ) T 1_>\B(w12—w226)' ( 0)
w11 —wi2f3
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So, we look at the shape of the function g (-).

When wiz = 0, we have g () = W € (0,1) for all A € (0,1). Therefore, when B # 0, the

sign of § is the same as that of 5 and its magnitude is lower, as stated in .
Next, consider wig # 0. It is easily seen that ¢ (0) =1 — X and limg_, 4 (8) = 0. Moreover,

99 _
98~

wiaw2eB? — 2wiiwaef + wiiwie
(w11 — Bwiz — BAwiz + B2was)?

A=A\

For A € (0,1), the above derivative function has zeros at

2
wiawaef” — 2wiiwee B + wiiwiz = 0,

which occur at

wl1¢d22+\/w11w22 (w11w22—wf2)
w12wW22 .
y if w12 7& 0.
2
w11w227\/‘*}11w22(wllw227w12)

wi2w22

B =
B2 =

Now, because 0 < (w11w22 — w%Q) < wiiwae implies \/wuwgz (w11w22 — w%) < wyiwoe, we have 5; < 0,
i =1,2, when wio < 0 and 3; > 0, i = 1,2, when wy2 > 0.

By symmetry, it suffices to consider only one of the two cases, e.g., the case wis < 0. In this case,
g (B) = g—g < 0 for all 8 > 0 and, since g (0) =1 — X and g (oc0) = 0, it follows that g (8) € (0,1 — \)
for all 8 > 0. Thus, from 1} we see that B < 0 cannot arise from # > 0 when wj2 < 0. In other
words, observing 5 < 0 must mean that 8 < 0. Moreover, since ¢’ (5) < 0 for all 8 > 31 and ; < 0,
it must be that g (8) > 0 for all 3 > (1, and hence, also for 8; < 8 < 0. At 8 < B1, ¢ (8) > 0, and
since ¢’ (8) < 0 for all 8 < B2 < 31, and g (—o00) = 0, it has to be that g (8) approaches zero from
below as f — —oo, and therefore, g (8) must cross zero at some Sy € (52,01), and g (8) > 0 for all
B € [Bo,0]. Inspection of shows that Sy = wi1/wia, which corresponds to v = —oo from ([39)).
Since g (8) € [0,1 — A for all 8 € [(0,0], and A € (0,1), it follows from that ‘5‘ < |B|. In other
words, E is attenuated relative to the true .

Finally, we notice that there is a minimum value of E that one can observe under the restriction
A€ [0,1] (at A =1, 3 = 0). Given the attenuation bias and the fact that 3 < 0 if and only if
B € [Bo, 1], the smallest value of 3 occurs when A = 0 and 8 = w11 /w12, SO Brmin = w11/wiz . Thus,
observing E < w1 /w12 and wiz < 0, or gwlg/wn > 1, violates the identifying restriction that A > 0

for only with a A < 0 can we get g (8) > 1 when 8 < 0 and hence E < p<0.

A.2 Proof of Proposition

First, a necessary condition for coherency is that the matrices A and A* in (19) are nonsingular
(otherwise, there would be fewer unknowns than equations in each or either of the two regimes and

there would be no solution). Without loss of generality, we can assume that A1, A5, and A3, + Az
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are nonsingular, so that the first £ — 1 equations can be solved for Y7; and the last equation can be
solved for Ys; in each regime (this can always be achieved by reordering the variables in Y;).

We need to eliminate Y5} to obtain a system of equations in Yi; and Y alone. Let W; = BX; +
B* X[ +¢; denote the right-hand side (RHS) of for compactness and solve for Y5, as a function
of Yo and Wy = (WY,, Was)', partitioned conformably with V; = (Y], Ya:) to get

Yo = Ayt (Way — AgaYoy — A Vi) .
Substitute into the equation for Y7; to get

Y1 = Ay (—ArYa — AfpYs; + Why)
= — A A1aYoy — AT AL ALY (W — AgoYor — A Yiy) + AW,

= Ap' (A3pA55 " Agy — Avp) Yar + AT ATy Ay T Aoy Yy + A (Wi — Ajp A%y ' W)

or

(A1 — A A5 T Aoy) Yip = (Afp Ay Aoy — Aro) Yoy + (Wiy — A3 Asy ' Way)

Now, since det A* = det A3, det (A11 — A{2A§2_1A21) # 0 (Liitkepohl, 1996, p. 50 (6)), it follows that
(AH — A>{2A§2_1A21) is invertible, so

* o pA¥— =1 /g gx—
Yip = (A — Ajp A5y T A1) (Al Asy M Ao — Ava) Yoy + 2y, (41)

21 = (A — AL ALy Aoy ) T (W — Ay ALy ' Way) .
Finally, the equation for Yo is
Yo, = max { Ay " (Woy — AgaYay — Ao1 Y1), b}
Substituting for Y7; using , we have

Y5 = max {AZQ_I (W2t — Ag1w1y — AggYar — Ao1 (Ann — A){QAZQ_IAQI)il (A} A5 T Agy — Ap) Y2t) ,b}

= max { (w2 — Azz" (Az2 + Anr (A — AA5 An) ™ (A A5 Ane — A1) ) Yar) b}

with zop 1= A% 1 (Wyy — Ag1x14) . Coherency and completeness hold if the above equation has a unique
solution for all possible xo;. If 9 is arbitrary, which is the case when ¢; is supported on R*, the

necessary and sufficient coherency and completeness condition is given by

Az (A22 + Agy (Apy — Al Al Ay ) T (Al ALy Agy — A12)> <1. (42)
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From (Liitkepohl, 1996} p. 29 (2)), we have

(A1 — A A5 An) ™ = AR+ A AT (A%, — An A AL) T An ALl

Hence,

Ao (A — AT2A§2_1A21)_1 (ATQA§;1A22 — Aya)
= An AT (A5, A5 M Agy — Avp) + At AL AT, (A%, — A AT AL) ™
X Ag Ajj (A7p A5, 1 Agy — Asa)
_ A21A1_11AT2
= |1+ * —1 g%
A22 - A21A11 A12
A3y

= — A A (A5 A5 T Aoy — Ars
A§2 _A21A111A>{2 11 ( 124422 )

> Ag ATy (Al A5y Agy — Ava)

Substituting back into yields

1> —As5! (A22 + At (A1 — Afp A5y An) T (AT Ay A — Aw))
Ay Ag AT (A5, A5 T Agy — Aso)
A§2 A§2 - A21Af11A’{2
| Ag (A3, — An AT AY) + AR An AT (AT A%, Ags — Aa)
A3y (A3, — An A7 Af)
_ Agpp - Ay AT A
- AZy — A21A1_11AT2‘

Re-arranging yields .

A.3 Proof of Proposition

Define A;y := A + Ajp, © = 1,2 as the right blocks of A that was defined in . Also let Y :=
(Y, Y5;)". When the coherency condition holds, the solution of exists and is unique. It can

be expressed as

Y* CXt + C*X: + Ut , if Dt =0
t — ~ -~
CX+C*X}f+cb+u, if D=1
where
C=A"'B, ¢*=4A"'B*, w=4 g
and

Aqp

61 — A*ilB, é* — A*le*, ’CV: _A*l(
Az

>b, ’ljt = A*ilé‘t.
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From the partitioned inverse formula we have

- - * * - x )L - - * * - % \~L
A111 + A111A12 (A22 - A21A111A12) A21A111 _A111A12 (A22 - A21A111A12)

A*fl —
_ -1 _ _ -1
- (A§2 - A21A111A>f2) A21A111 (A§2 - A21A111AT2)

*— -1 * *— -1 4 *—

(All - AT2A22 1A21) - (All - A12A22 1A21) A12A22 !
o *— * *— -1 *— *— * *— -1 * *—
—A% 1A21 (All — Ajp A5 1A21) A5 L+ A5y 1A21 (All — Ajp A5, 1A21) Ajp A% !

So,

Cr = (A1 — Afp A3y A0)) ™ (By — AL Ay ' By)

~ * —1 4% \—1 —
Cy = (A5 — A Al AL) ™ (B — A Ay By)
and similarly

C1= <A11 - ZlQZ;;AQl)_l (Bl - Z122272132>

Cy = (Axp — A21A1_11Z12)71 (By — A21A1_1131) .
Solving the latter for B; and Bs yields
By = (An - ZlQZz_zlAﬂ) Cy + A2 A5 By
and
(1= A2 AT A0 75 ) By = (1= Ast AT Aro Ay, ) AaCo + (1= An A Arp gy ) Ay,

Now, since det A = det (A17) det (Zgg — A21A;11212) # 0 (Liitkepohl, |1996, p. 50 (6)), it follows that

Agy — A1 AT AL # 0, (46)
S0
By = A9Cy + A9 Cy, and
By = A11C1 + A12C;.
Thus,

C,=Ci+ (A1 — AT2A§§1A21)_1 (A1 — A5y A5y " Agy) Oy = Oy — BCs,

27



since

(Au1 — A A5 Ap) ™ (Arp — Ay Ay YAy

= - (All - AIQASQ_IAZl)il ( >(1(2A§2_1A22 — AIQ) — _B
Next,

Cy = (A3, — An AT AL) ' (Ba — AnA7'By)

— (A3, — Ap AT AT,) T (A — Ag AT Ay + Ags — Aoy Aj As) Cy = Gy,

where k is given in . The exact same derivations apply to C~'*, ie.,
Ct=Cr—BCt, and Cf = kCy.
Next,

= (An — A Az ) (Al Az Aua) b= B, and
L Agp— Ao A Ava

Cy =

b=(1-k)b.

Finally, 1; = A* 1 Auy, so

_ Aj1uq + Ajou
_ . 1 B 11U1 12U2¢
Uy = (A1 — AjpAS; M Agy) (I — A%, AL 1) _
Agruie + Agguat

= uyy — Buyy,
and

_ Ajuie + Ajau
_ _ 1 11U1 12Ut
Uy = (Asy — An1 A Aly) (—A21A1_11 I) _
Agiuie + Agouat

_ (1 + Ago — A21Af11A12

U2t — KU9gt.
* —1 A% )
A22 - A21A11 A12

Substituting back into , the reduced-form model for Y7; becomes

Yie = (1 — Dy) (C1.X; + CT X} + ure)

+ D, ((C1 = BG2) Xu + (Ct = BCy) X; + i — Bux)
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and for Y5, it is

Y;’ = (1 — Dt) (CQXt + CQ*X; + U2t) + Dy (K,CQXt + IQCQ*X; + (1 — ﬁ) b+ KUQt)

= 9 Xy + C;Xt* =+ U — (1 — H) Dy (CQXt + C;X; =+ uor — b) . (48)

Next, define
Yoh i= Co Xy + C3 X7 + uay, (49)

and rewrite as

Y, = Vs, = (1= ) Dy (V5 — b)

—(1-D,) Yy + D (m?;; +(1— &) b) . (50)
Let ¢ = dim X; denote the number of elements of X; and define, for each ¢ = 1, 2,

o, Cij7 Jj € {1,q} : th % Y27t_5 for all s € {1,p} (51)
ij =
Cij +C},, j€ {1,q}: Xij = Ya4_s, for some s € {1,p}.

In other words, C contains the original coefficients on all the regressors other than the lags of Ya;,
while the coefficients on the lags of Ys; are augmented by the corresponding coefficients of the lags of

Y5;. For example, if p = 1 and there are no other exogenous regressors Xo;, then, for ¢ =1, 2,
CiXi + Ci Xy = CuYi—1 + CipYor 1 + C; Yy,

so C; = (Ci1,Cip + CF). Using , we can rewrite as

Yy, = Ca Xy + Cf min (X; — b,0) + ug;. (52)
Now, observe that

min (Y3, — b,0) = Dy (Y5, — b) = £D; (ff;t . b) = K min (?5; —b, o)

So, letting )Z';‘ denote the lags of 172§, we have min (X} — b,0) = kxmin ()A(/Z — b, 0) , and consequently,

C* min (X; — b,0) = C" min ()Z't* -0, O) ,
where C* = kC*. Now, from 1' we have

Y5, = CaX; + Comin <)Z'£“ — b, 0) + uat.
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Recall the definition of ?;t in (24):

?;t = 62Xt + 6;?: + uat,

where X, := (T_1, ..., Tt_p) , and T; := min (?St -0, 0) , with initial conditions T_s = £~ min (Y5 _, —b,0),

s=0,...,p— 1. It follows that min ()N(f — b, 0) = Y: for all £ > 1, so that }72*; = ?;t- Substituting ?;
for 172* in , we get . Using the reparametrization and the relationship between X; and

Y: in , we obtain .

Finally, from eq. , it follows that the event Y5; < b is equivalent to
b+ k (CaXy + C5 X[ +ug — b) < b,
which, since x > 0 by the coherency condition , is equivalent to
ugr < b— CoXy — C5 X[ (53)

Using the definition , and 1' the inequality can be written as ?;t < b, which establishes
(23).

Comment: Note that x appears in the reduced form only multiplicatively with C*, so x and C*
are not separately identified, only C" = kC* is. The reparametrization from C to C is convenient

because C is identified independently of &, while C, C* and x are not separately identified.

A.4 Proof of Proposition

We solve u; = Z_lst using the partitioned inverse formula to get

ulr = (An - Z1222_211421>_1 <€1t - lezg_;@t) (54)

_ = -1 _
uy = (Agg — A A7 Ava) (620 — Ao Ajlen) - (55)
Using the definitions

5 1 _ -1
Bi= Al A, 7:=—Ay Ag,

_ —1 _ ——1
€1t = Ajj €1, Gt 1= Agg €2,

we can rewrite — as —.
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Note that

_ —1 7 3
g1 = Ay (Anrure + Aigugr) = uyy — Buyy,

_ =1 — _
Eat = Agy (Ag1urs + Aggugy) = —Juyy + uay,
s0,

var (é1) = (Ir-1,—B) Q (L1, -B)’,

var (éQt) = (_’yv 1) Q2 (_’77 1)I )
and

— [ Q11 Q2
cov (€1t,8a¢) = (Ig—1,—B) (—7,1)
Qjy Qo2

= — (1 — BQ) ¥ + Qu2 — f20 = 0.
The last equation identifies 7 given /3. Specifically,

7 = (Qu — 39'12)_1 (12 — BQ92) .

B Computational details

B.1 Derivation of the likelihood

To compute the likelihood, we need to obtain the prediction error densities. The first step is to write

the model in state-space form. Define

Y
. Y
St = : 5 Yt = — »
(k+1)x1 th
Yt—p+1

and write the state transition equation as

Fi (st—1,u;9)

yi—1
sp = F (st-1,u;¢) = . ) (56)

Yt—p+1
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and
élXt + 6;?; =+ w1 — EDt (62Xt + ézyr =+ U9y — b)

Fy (si—1,us;9) = max (b,@gXt + OO X, + th> ,
CoXy + Co Xy +uy

and the observation equation as

Yy = (Ik 0k><1+(p—1)(k+1)) St- (57)

Next, I will derive the predictive density and mass functions conditional on the past state variables
that make up the prediction error decomposition of the likelihood. The contribution of the uncensored
observations is straightforward. With Gaussian errors, the joint predictive density of Y; corresponding

to the observations with D; = 0 can be written as:
1 al Rk - S——
fo Yalseo1,¥) == |92 exp {—21:7» <(Yt _CX,-C Xt) (Yt _CX,-C Xt) Q—1> } . (58)

It remains to determine the contribution of the observations on the boundary, D; = 1. Specifically,

because Dy = 1 if and only if ug; < b — CoX; — é;yr , we need to find

b—éth—ézyzﬁ
/ Iyiue (Yie, uat|si—1,v) dugy,

—0o0

where fy, 4, is the joint density of Yi; and ug, conditional on s;—1. This can also be expressed as the
marginal density of Y7, for observations with D; = 1, denoted f1 (Y1¢|si—1,%), times Pr(ug < b—CoX;
— O3 X |Yig, st-1,9).

Now, at Dy = 1, Y1; = (predetermined variables)+uq; — qut, so f1 (Y1¢]si—1,%) is Gaussian, and

can be written as

o Filse-1,0) = (20l exp |3 (Vi = ) =7 (4 — )| (59
pe =P+ (Cr - §C2) X, + (T - T3 X, (60)
Z1 = Qo+ 0077 = (5, —B) Q(I_k;) 5 = Quawiy — B, (61)
Q12 = Q11 — Quowyy Vo1, and 7 = /wgz. Next,
Ut |Yie, se—1 ~ N (pog, 73) , with (62)
poe = 720 ET (Yo — py), 2= T\/ (1 - 725'5;15). (63)
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Hence,

(64)

b—CoX; — Os X, —
Pr(Dt:HYlt;St—laq/)):(I)< Co Xy — Cr X,y /~L2t>.

T2

In the case of the KSVAR model, there are no latent lags (6* =0, C' = (), so the log-likelihood

is available analytically:

log L (1) = 3| (1 = Doy tog o (i1,

t=1

+ Dy log <f1 (Yie|si—1,v) @ (b_CQXt_M%))}

T2

where fo (Yi]s¢i—1,0) and f1 (Yi¢|si—1,0) are given by and , resp., with C" = 0

The likelihood for the unrestricted CKSVAR (6* # 0) is not available analytically, but it can
be computed approximately by simulation (particle filtering). I will describe two different simulation
algorithms. The first is a sequential importance sampler (SIS), proposed originally by Lee (1999)) for
the univariate dynamic Tobit model. It is extended here to the CKSVAR model. The advantage of
this algorithm is that the resulting likelihood approximation is continuous and smooth, so it can be
readily maximized using derivative-based methods, and asymptotic standard errors can be computed
numerically by the delta method. The disadvantage is that it suffers from sample degeneracy of the
particles, and may give an inaccurate approximation to the true likelihood function. This can be
gauged from the effective sample size (ESS) of the filter as explained below.

The second algorithm is a fully adapted particle filter (FAPF), which is a sequential importance
resampling algorithm designed to address the sample degeneracy problem. It is proposed by Malik
and Pitt| (2011) and is a special case of the auxiliary particle filter developed by Pitt and Shephard
(1999). The disadvantage of any resampling algorithm is that the resulting likelihood approximation is
discontinuous, and therefore this method is not amenable to derivative-based optimization or numerical
computation of standard errors. Thus, I resort to simulated annealing for likelihood maximization,
and use the likelihood ratio statistic for testing. This takes much longer to execute, but it is potentially
more accurate than SIS.

Both algorithms require sampling from the predictive density of ?;t conditional on Yy, Dy = 1
and s;—1. From and , we see that this is a truncated normal with original mean p3, =
Cy X} + 6;7: + por and standard deviation 1o, where o, 70 are given in , ie.,

fo (Y3ilYis De = 1,501, 0) = TN (113, 72, V3 < b) (65)

Draws from this truncated distribution can be obtained using, for instance, the procedure in |Lee (1999)).

2Note that the contribution to the likelihood of the observations on the boundary is different from ® (%) , which
would be the corresponding term in the marginal Tobit likelihood for Ya;.
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Let §§j) ~ U [0,1] be 4.i.d. uniform random draws, j = 1,..., M. Then, a draw from Y o;|Y1s, 511, Y 9; <
b is given by

(i B . b— u*

Vi) ot ot |ee (122 (66)

T2

Algorithm 1 (SIS) Sequential Importance Sampler

1. Initialization. For j =1: M, set Wi =1 and 50 = <y0, . ,yj_p+1> , with y{s = (Yo/aYZO),v for

s=0,...,p— 1. (in other words, initialize Y27_S at the observed values of Yo ).

2. Recursion. Fort=1:1T':

(a) For j =1: M, compute the incremental weights

fo (Vilsl_1, %), if Dy =0

wf_”t =P (Yt,si'*l’w) - j j :
fr (YVulst_y,0) Pr (Do = 10,51, 0) . if Di=1

where fo, f1, and Pr (Dy = 1|Ys, se-15%) are given by (58), (59), and (64)), resp., and

M
E: t1|t

(b) Sample 5{ randomly from p (St|5{,1,Yt>- That is, Sz = (yi,yf,l, e 7}’{7;)) where Yi =
<Y;’,?;§j)> and Y2(J) is a draw from fo <Y2§|Y1t,Dt = 1,8g_171/1> using @

(c) Update the weights:
Wj Wy 1|tWtJ 1
t — St

8. Likelithood approximation

log p(Yr|Y) = Zlog St

If the draws ft(j ) are kept fixed across different values of 1, the simulated likelihood in step 3 is
smooth. Note that when & = 1 and Y; = Yo (no Yj; variables), the model reduces to a univariate
dynamic Tobit model, and Algorithm [I]reduces exactly to the sequential importance sampler proposed
by Lee| (1999)). As mentioned before, a possible weakness of this algorithm is sample degeneracy, which
arises when all but a few weights W,/ are zero. To gauge possible sample degeneracy, we can look at

the effective sample size (ESS), as recommended by Herbst and Schortfheide (2015])

ESS, = Mo (67)

&t (W)

Next, I turn to the FAPF algorithm.



Algorithm 2 (FAPF) Fully Adapted Particle Filter

1. Initialization. For j = 1 : M, set s% = (yé,...,y{pﬂ), with y‘is = (Y§,Ya0)", for s =

0,....,p — 1. (in other words, initialize ?;7_5 at the observed values of Yo ).

2. Recursion. Fort=1:1T':

(a) For j =1:M, compute

fo (Yt|8{,1,1/)), if D=0

wf—ut =p (Yt,SLD ¢) = ; ; _
fl <Y1t|8t7171/}) Pr (Dt = 1\Y1t75t71a¢> 3 /Lf Dt =1

where fo, f1, and Pr(Dy = 1|Y14, 81—1;%) are given by @, (@), and , resp., and

w
j . Wi_1)t

T = 7.
t—1¢ M
ZJ 1wt 1t

(b) Forj=1:M, sample kj randomly from the multinomial distribution {j, T 1|t}' Then, set
51_1 = sfil (this applies only to the elements in 3{-1 that correspond to th, since all the
other elements are observed and constant across all 7. That 1s, 5{_1 = (j'fg_l, ... ,Sf{_p) ,
~j * (k)
yi,s = ( t— 1’Y2t s) , S = ]-aap)

(¢) Forj=1:M, sample s{ randomly from p (st|§{_1,Yt>. That is, s{ = (y{,yg_l, . ,Sf{_p)
where y{ = (Yt,Y2(j)> and 7;&]) is a draw from fa (Yz*t|Y1t,Dt = 1,5{71,1,&) using (@

3. Likelthood approximation

M
1 .
Inp (Yp|y) = g In ME wi_llt
i=1

Many of the generic particle filtering algorithms used in the macro literature, described in [Herbst
and Schorfheide| (2015), are inapplicable in a censoring context because of the absence of measurement
error in the observation equation. It is, of course, possible to introduce a small measurement error in
Y5, so that the constraint Yo; > b is not fully respected, but there is no reason to expect other particle
filters discussed in Herbst and Schortheide| (2015) to estimate the likelihood more accurately than the
FAPF algorithm described above.

Moments or quantiles of the filtering or smoothing distribution of any function h (-) of the latent
states s; can be computed using the drawn sample of particles. When we use Algorithm [2] simple
average or quantiles of A (si) produce the requisite average or quantiles of h(s;) conditional on

Y1,...,Y; (the filtering density). For particles generated using Algorithm |1} we need to take weighted
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averages using the importance sampling weights W;. Smoothing estimates of h (si ) can be obtained
using weights Wr.

B.2 Other estimators

B.2.1 Method of moments

A method of moments estimator for ¥ can be constructed using equation , together with the

following equations

E (Yl X0, X7 ) = Ca X, + T3 X, + @ (a7) (b - CaX - 03X, ) + 76 (@), (68)
b—CaX; — CyX,
E(Dy|X)) = ®(ar), ar=——"——2=1 (69)

and an expression for var <Y1t\Xt,Y: ,Ygt>. When C* # 0, we need to integrate out Y: from
R /

the above expressions. Then, the regressors become X; := (X{,X:{t,th‘t,th‘t) , where hy; =

E <h <Y: > |Yor, Yic1, .oy Y1> for any function h (-) whose expectation exists. Structural estimates can

be obtained by the same transformations as for ML.

B.2.2 Sequential estimation of KSVAR

The KSVAR (with C* = 0 and A = 0, so E = f3) can be estimated easily using standard estima-
tion routines that are available in most econometrics software. Specifically, the following sequential

estimator involves the steps Tobit-OLS-Tobit:

1. Estimate the reduced-form parameters 1o by ML from the Tobit regression of Ys; given by
equations and with 6; = 0. Denote them 122.

2. Construct the auxiliary variables 21,5 = Zit <1/b\2>, 21,5 = Zot (121\2) defined in 1) with
6; = 0, and estimate C, = C1,8 = B, and ¢ from (with C7 = 0) by OLS. Denote the
estimate of § by B

3. Construct Z =Y — BYgt and estimate the Tobit regression (36| (with B = 0) by ML. ThlS

yields & 7, Bg, whereupon you get estimates of the structural parameters 75 (I k—1+ 67) ,
and By — (1 _ %) Bs.

B.3 Computation of the identified set

Substitute for 7 in using Proposition [3| to get

f=01-9 (I ~ €8 (Y — 028 (Qu - 912/3’)_1> B (70)
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For each value of ¢ € [0,1), the above equation defines a correspondence from R*~! to R*~1. The
range of § can then be obtained numerically by solving (70) for 8 as a function of the reduced-form
parameters and £ for each value of £, and gathering all the solutions in the set. It is shown in the

supplementary appendix that can be written as

where

b= ((Qa2 — Q01 02) L1 + 21221,Q57) B¢, and

A= 59/1291_11 + <fQ/12B+ - f) Ij_1.

Defining z := B’B, it is further shown in the supplementary appendix that premultiplying equation
by b yields the equation

o~ - em e\ —1
0= ¥ det (Co (2)) + o' Ab (b’b) 2 det (Co (2)) (72)
—VAb, Cy (2)"Y ¢1 (2) + det (Cp (2)) 22,
where
C() (Z) = (5,J_ABJ_ + BIJ_EJ_Z) s
~ o~ - e e\ —1
c1(2) =0, B+ b, Ab (b’b) 2,

b, is a k— 1 x k — 2 matrix such that E'LB =0, and det (C) and C*¥ denote the determinant and the
adjoint of a square matrix C, respectively. This is a polynomial equation of order k and has at most

k real roots, denoted z;, say. Then, the solutions for 8 are given by

B, = b (i),l;)il 2 + I;LCO (Zi)il c1 (Zl) . (73)

provided that det (Cy (z)) # 0.
An algorithm for obtaining the identified set of the IRF (38) is as follows.

Algorithm 3 (ID set) Discretize the space (0,1) into R equidistant points.
For each v =1: R, set & = 57 and solve equation .

1. If no solution exists, proceed to proceed to next r.

2. If 0 < qr < k solutions exist, denote them z;,, and, for each i =1: q;,
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(a) derive Bw from , Vigp = <Q/12 - 92232,r> (Qll - 91232,7) ,
Z2_2172'77‘ = \/(_Wiﬂ’? 1) Q (_72‘,1'*7 1)/7 and El,i.r = ([kflv _BiJ‘) Q (kah _Biﬂ‘)/;

(b) forj=1:M,

i. draw independently 5{t,i,r ~ N (0,Z1,,) and ungh ~ N (0,Q) forh=1,...,H,;

1. for any scalar ¢, set

) L1/ _
ujlt,i,r (g) = (Ik*1 B ﬁi77’7i77“) (Ejlt,i,r - IBi,Tg>

. = ] L
u%t,i,r (§) = (1 - rYi,rIBi,T) <§ - Vi,rgit,i,r) ’

and compute Y, “ - ) using -(.) with utZ - in place of u¢, and iterate forward

to obtain Y7,

t+hzr( ) using u; 4, computed in step i. Set ¢ =1 for a one-unit (e.g., 100

basis points) impulse to the policy shock Ea, or ¢ = A227i7r for a one-standard deviation

impulse.

(c) compute

M
1
IRFh t,i,r Z ( t+h,z,r Y;{kh,z,r (0)) :
]:1

The identified set is given by the collection of I/R>Fh7m,r (¢) overi=1:gq., r=1: R, and the single
point-identified IRF at & = 0.

C Numerical results

This section provides Monte-Carlo evidence on the finite-sample properties of the proposed estimators
and tests. The data generating process (DGP) is a trivariate VAR(1), given by equations and
. I consider three different DGPs corresponding to the CKSVAR, KSVAR and CSVAR models,
respectively. The parameters are set as follows. In all three DGPs, the following parameters are set
to the same values: the contemporaneous coeflicients are A1 = Iz, Aj2 = Ay = O2x1, A3y = 1 and
Ags = 0; the intercepts are set to zero, Big = 02x1 and By = 0; the coefficients on the lags are
By = (pl2,0), Bl = 02x1, Ba1 = (01x2, B22.1), with p = 0.5. Finally, in each of the three DGPs
is determined as follows. DGP1: Byyy = B3, = 0 (both KSVAR and CSVAR, since lags of Y
and Y3, all have zero coefficients); DGP2: Baa1 = p, B3 = 0 (KSVAR but not CSVAR); DGP3:
Byo1 =0,B3,=p (CSVAR but not KSVAR). The setting of the autoregressive coefficient p = 0.5
leads to a lower degree of persistence than is typically observed in macro data (e.g., in the Stock and
Watson, 2001, application, the three largest roots are 0.97, 0.97 and 0.8), because I want to avoid
confounding any possible finite-sample issues arising from the ZLB with well-known problems of bias

and size distortion due to strong persistence (near unit roots) in the data. Finally, the bound on Yy
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Figure 5: Sampling distribution of reduced-form coefficients of CKSVAR(1) in DGP1. T = 250, 1000

Monte Carlo replications.

is set to b = 0, the sample size is T' = 250, the initial conditions are set to 0 and the number of Monte
Carlo replications is 1000. In all cases, the CKSVAR and CSVAR likelihoods are computed using SIS
with R = 1000 particles.

Figures [} [6] and [7] report the sampling distribution of the ML estimators of the reduced-form
parameters in Proposition [2|for the CKSVAR, KSVAR and CSVAR models, respectively, under DGP1
(all three models are correctly specified). The sampling densities appear to be very close to the
superimposed Normal approximations, indicating that the Normal asymptotic approximation is fairly
accurate.

Tables 2 [3] and [d] report moments of the sampling distributions of the above mentioned estimators.
We notice no discernible biases. Unreported results with 7" = 100 and T = 1000 indicate that
the RMSE declines at rate v/T in accordance with asymptotic theory. It is noteworthy that the
estimators of 5 in CKSVAR and KSVAR have substantially larger RMSE than the estimators of the
other parameters.

Next, I turn to the properties of the LR test for of the restrictions of KSVAR against CKSVAR
and CSVAR against CKSVAR. The former hypothesis involves three restrictions (exclusion of the
latent lag Y5, ; from each of the three equations), so the LR statistic is asymptotically distributed
as x3 under the null. The latter hypothesis involves five restrictions (exclusion of the observed lag

Y5 ¢—1 from each of the three equations, plus E = 0), and the LR statistic is asymptotically distributed
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Figure 6: Sampling distribution of reduced-form coefficients of KSVAR(1) in DGP1. T = 250, 1000
Monte Carlo replications.
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Figure 7: Sampling distribution of reduced-form coefficients of CSVAR(1) in DGP1. T = 250, 1000
Monte Carlo replications.
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ML-CKSVAR true | mean bias sd | RMSE
7| 1.000 | 0.983 | -0.017 | 0.068 0.070

Eq.3 Constant | 0.000 | -0.006 | -0.006 | 0.175 | 0.176
Eq.3 Y11 1| 0.000 | 0.000 | 0.000 | 0.061 0.061
Eq.3 Y12 1| 0.000 | -0.000 | -0.000 | 0.064 | 0.064
Eq.3 Y2 1| 0.000 | -0.010 | -0.010 | 0.173 0.173
Eq.31Y2 1| 0.000 | -0.013 | -0.013 | 0.258 0.258
By | -0.000 | -0.008 | -0.008 | 0.356 | 0.356

52 0.000 | -0.004 | -0.004 | 0.359 0.359

Eq.1 Constant | 0.000 | 0.002 | 0.002 | 0.213 0.213
Eq.1 Y11 1| 0.500 | 0.489 | -0.011 | 0.057 0.058
Eq.1 Y12 1| 0.000 | 0.002 | 0.002 | 0.060 0.060
Eq.1 Y2 1| 0.000 | -0.002 | -0.002 | 0.163 | 0.163
Eq.2 Constant | 0.000 | 0.005 | 0.005 | 0.214 | 0.214
Eq.2 Y11 _1 | 0.000 | 0.000 | 0.000 | 0.058 | 0.058
Eq.2 Y12 1| 0.500 | 0.491 | -0.009 | 0.057 0.058
Eq.2 Y2 1| 0.000 | -0.001 | -0.001 | 0.159 | 0.159
Eq.11Y2 1| 0.000 | 0.005 | 0.005 | 0.232 0.232
Eq.21Y2 1| 0.000 | 0.002 | 0.002 | 0.233 | 0.233

61 | 0.000 | -0.001 | -0.001 | 0.157 0.157

d2 | 0.000 | -0.004 | -0.004 | 0.155 0.155

Ch 11| 1.000 | 0.975 | -0.025 | 0.044 0.051
Ch_21| 0.000 | -0.001 | -0.001 | 0.066 0.066

Ch 22| 1.000 | 0.972 | -0.028 | 0.046 | 0.054

Table 2: Moments of sampling distribution of ML estimator of the parameters CKSVAR(1), under
DGP1. T = 250, 1000 MC replications.

ML-KSVAR true | mean bias sd | RMSE

7| 1.000 | 0.992 | -0.008 | 0.068 0.069

Eq.3 Constant | 0.000 | 0.001 | 0.001 | 0.092 0.092
Eq.3 Y11 1| 0.000 | 0.001 | 0.001 | 0.060 0.060
Eq.3 Y12 1| 0.000 | -0.000 | -0.000 | 0.062 | 0.062
Eq.3 Y2 1| 0.000 | -0.019 | -0.019 | 0.122 0.124

Bl -0.000 | -0.013 | -0.013 | 0.349 0.349

Bs | 0.000 | -0.001 | -0.001 | 0.348 | 0.348

Eq.1 Constant | 0.000 | 0.001 | 0.001 | 0.165 0.165
Eq.1 Y11 1| 0.500 | 0.488 | -0.012 | 0.056 0.057
Eq.1 Y12 1| 0.000 | 0.002 | 0.002 | 0.058 0.058
Eq.1 Y2 1| 0.000 | -0.000 | -0.000 | 0.117 0.117
Eq.2 Constant | 0.000 | 0.003 | 0.003 | 0.158 | 0.158
Eq.2 Y11 1| 0.000 | 0.001 | 0.001 | 0.057 0.057
Eq.2 Y12 1| 0.500 | 0.492 | -0.008 | 0.055 | 0.056
Eq.2 Y2 1| 0.000 | -0.000 | -0.000 | 0.113 0.113

41 | 0.000 | -0.003 | -0.003 | 0.156 | 0.156

d2 | 0.000 | -0.003 | -0.003 | 0.152 0.152

Ch_11 | 1.000 | 0.982 | -0.018 | 0.044 | 0.047
Ch_21 | 0.000 | -0.000 | -0.000 | 0.065 0.065
Ch_22 | 1.000 | 0.980 | -0.020 | 0.045 0.050

Table 3: Moments of sampling distribution of ML estimator of the parameters KSVAR(1), under
DGP1. T = 250, 1000 MC replications.
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ML-CSVAR | true | mean bias sd | RMSE

7 | 1.000 | 0.992 | -0.008 | 0.068 | 0.069

Eq.3 Constant | 0.000 | -0.006 | -0.006 | 0.081 | 0.081
Eq.3 Y11 1| 0.000 | 0.001 | 0.001 | 0.060 | 0.060
Eq.3 Y12 1 | 0.000 | -0.000 | -0.000 | 0.061 | 0.061
Eq.3 Y2 1|0.000 | -0.011 | -0.011 | 0.078 | 0.079
Eq.1 Constant | 0.000 | -0.003 | -0.003 | 0.065 | 0.065
Eq.1 Y11 1] 0.500 | 0.488 | -0.012 | 0.054 | 0.056
Eq.1 Y12 1| 0.000 | 0.002 | 0.002 | 0.057 | 0.057
Eq.1 Y2 10.000 | 0.001| 0.001 | 0.072 | 0.072
Eq.2 Constant | 0.000 | 0.002 | 0.002 | 0.063 | 0.063
Eq.2 Y11 _1 | 0.000 | 0.001 | 0.001 | 0.056 | 0.056
Eq.2 Y12 1 0.500 | 0.492 | -0.008 | 0.054 | 0.055
Eq.2 Y2 1| 0.000 | 0.000 | 0.000 | 0.070 | 0.070

41 | 0.000 | 0.002 | 0.002 | 0.071 | 0.071

d2 | 0.000 | -0.002 | -0.002 | 0.070 | 0.070

Ch_11 | 1.000 | 0.988 | -0.012 | 0.043 | 0.044
Ch_21 | 0.000 | -0.001 | -0.001 | 0.064 | 0.064
Ch_22 | 1.000 | 0.986 | -0.014 | 0.044 | 0.046

Table 4: Moments of sampling distribution of ML estimator of the parameters CSVAR(1), under
DGP1. T = 250, 1000 MC replications.

Hy : KSVAR, H; : CKSVAR | Hy: CSVAR, H; : CKSVAR
Sign. Level | 10% 5% 1% 10% 5% 1%
DGP1 asymptotic | 0.232 | 0.140 0.041 0.236 | 0.142 0.038
bootstrap 0.105 | 0.048 0.014 0.114 | 0.048 0.006
DGP2 asymptotic | 0.187 | 0.115 0.036 0.250 | 0.149 0.049
bootstrap 0.11 0.053 0.014 0.142 | 0.091 0.027
DGP3 asymptotic | 0.387 | 0.297 0.117 0.237 | 0.135 0.035
bootstrap 0.283 | 0.161 0.046 0.108 | 0.047 0.006

Table 5: Rejection frequencies of LR tests of Hy against H; across different DGPs at various signifi-
cance levels. Computed using 1000 Monte Carlo replications, T' = 250. The asymptotic tests use x3
and X% critical values for KSVAR and CSVAR resp. The bootstrap rej. frequencies were computed
uisng the warp-speed method of (Giacomini et al.| (2013). Bold numbers indicate that the rejecction
frequencies were computed under H; (power).

as x%. Table [5| reports the rejection frequencies of the LR tests for each of the two hypotheses in
each of the three DGPs at three significance levels: 10%, 5% and 1%. In addition to the asymptotic
tests, I also report the rejection frequency of the tests using parametric bootstrap critical values.
The parametric bootstrap is obtained using Normal errors draws and the estimated reduced-form
parameters to generate the bootstrap samples. The Monte Carlo rejection frequencies are computed
using the “warp-speed” method method of |Giacomini et al. (2013)). Note that both null hypotheses
hold under DGP1, but only the KSVAR is valid under DGP2 and only the CSVAR is valid under
DGP3. For convenience, I indicate the rejection frequencies under the alternative in bold in the table.

There is evidence that the LR tests reject too often under Hy relative to their nominal level when

we use asymptotic critical values. Moreover, the size distortions are very similar across null hypotheses
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and DGPs. Unreported results show that size distortion eventually disappears as the sample gets large,
but this level of overrejetion is clearly unsatisfactory at T' = 250 which is a typical sample size one
encounters with macroeconomic data. The parametric bootstrap appears to do a remarkably good
job at correcting the size of the tests. In all cases considered, the parametric bootstrap rejection
frequency is not significantly different from the nominal level when the null hypothesis holds (all but
the numbers in bold in the Table). To shed further light on this issue, Figures (8] and @] report the
sampling distributions of the two LR statistics and their parametric bootstrap approximations. The
sampling distributions of the LR statistics stochastically dominate their asymptotic approximations,
but the bootstrap approximations are quite accurate.

Finally, the rejection frequencies highlighted in bold in Table [5| correspond to the power of the
tests against two very similar deviations from the null hypothesis. The numbers on the left under
DGP3 show the power of the test to reject the KSVAR specification under the alternative at which
the coefficient on the latent lag B3 ; = 0.5. Similarly, the bold numbers on the right give the power of
rejecting CSVAR against the alternative where the coefficient on the observed lag Bas1 = 0.5. Since
the lower bound is set to zero, and the sample contains about 50% of observations at the ZLB, the
two deviations from the null are of equal magnitude. Yet, focusing on the power of the size-correct
bootstrap tests, we notice the LR test is twice as likely to detect the deviation from KSVAR, than the
deviation from CSVAR.
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