Econ 702
Spring 2006
Suggested solutions to Problem Set #1

prepared by Se Kyu Choi

Problem 1. Let £ be a topological vector space, X a conver and open subset of L and a mapping
u : X — R. Prove that concavity implies continuity.

Suggested solution

Notice that we need openness of X for the proof to go through. If the set we are dealing with is
closed, the same theorem applies to the interior of the set.

Let z € X, and z — x, with x; € X for all k. If X is open, there is r > 0, such that B,.(z) C X.
Pick « € (0,7) and let A C B,(z), where A = {z | ||z — z|| = a}. Since x — =, there exists K big
enough, such that for all £ > K, ||z — 2| < a

Then, for k > K and some 0 € (0,1), there is z; € A such that z; = 0z + (1 — 0x)zy. Since x, — x
and ||z — z|| = a > 0 for all k, we know that 0 — 1.

By concavity of u

w(zg) = u(@rpz + (1 — 0)zx) > Opu(z) + (1 — O )u(zg)
taking limits (remember that 0, — 1)

liminf u(zg) > u(zx) (1)

k—o0

On the other hand, there is also wy € A and A € (0,1) such that x = A\gay + (1 — A\p)wy for all
k > K. Using the concavity of u again

u(z) = uAgzp + (1 — Ap)wr) > Mpu(zr) + (1 — ) u(wg)

taking limits
u(z) > limsup u(xg) (2)

k—oo

Finally, (1) and (2) imply that limg_,o u(zx) = u(z), i.e., continuity of f on X O
Problem 2. Let p,f € RY. Prove that p (¢) = 227:1 Pnln is a continuous linear function.

Suggested solution

First, let’s check linearity. Let a,b € R and ¢*,¢%> € RN. Then
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Now, for continuity, we need a sequence ¢* converging to an arbitrary £ € RV. So
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Since /% — ¢, we know that p,¢* — p,¢, for all k and n = 1,...N. Since we are dealing with a finite
sum, it must be true that
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hence, p (E’“) — p(f) as £F — ¢.

Now, let’s see what happens when N — oo. The proof goes through only if we have p,¢ € L (the
space of infinite and bounded sequences). Moreover, we need Y~ |p;| < co.!

Linearity is proven just like in the finite case. For continuity, we’ll use Theorem 15.1 of Stockey and
Lucas (page 446) which states that p(¢) is continuous iff it is bounded:
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Since p(¢) is bounded, then it’s continuous.

Problem 3. If X, Y are convex sets, prove that X NY is also convex.

Suggested solution

Pick z! and 22 from X NY. That means z', 2t € XNY.
Now, let 6 € (0,1) such that 2% = 62! + (1 — )22. Since both X,Y are convex, 2 € X and 2% € Y.
Sofe XNY O

Problem 4. Consider the (Solow) growth model as presented in Class:

oo
max Zﬁtu [e]
{et,ke41}52, =0

subject to

et + kipr = f (k)

ko  given

Show that (i) a solution to the problem exists, (ii) is unique and (iii) the solution is pareto optimal. In
order to do this, you need to check the following conditions® (in order to apply existence and uniqueness
theorems, as well as the basic welfare theorems):

o Start by defining the commodity space (L), the consumption possibility set (X ) and the production
possibility set (Y') in a suitable form (This was already done in class).

o Show that X and Y are closed and convex

e Show that'Y has an interior point

n other words, restriction on prices at infinity
2These are NOT all the neccesary conditions. We’re not checking the conditions on the objective function for now.



e Show that the set of feasible allocations (X NY ) is compact

Note that you need to assume certain properties of f in order to prove the above.’

Suggested solution Q.4

Let’s start by defining the commodity space, the consumption possibility set and the production
possibility set. As in class, the commodity space is defined as

L = {{z1¢, Tas, T3¢ }5= | sup < 00}
iyt

1‘7

or in other words, the space of infinite and bounded real sequences.
The Consumption possibility set was defined as

X={x e L|Hct,kis1}2, >0  s.t.
Tt =ct+kip1 Vit

X9t € [—kt,0] WV

x3 € [—1,0] Vit

ko  given}

And the production possibility set as

Y:HYt

t
where
Y = {(y1e, yor, Y3e) € R | y1e < f(—yo2t, —ys3t) }

Now, let’s assume the following:

e f(-)isincreasing (in both arguments), continuous, concave, homogenous of degree one and bounded

o £(0,73) = f(x:,0) = f(0,0) =0, Vt

X closed

We'll use the sequential definition of closed sets throughout. Pick a converging sequence z* € X, Vk.
Now, assume that X is not closed, i.e., limy_oox® = z ¢ X. Then, for some k big enough, there must
be some {cf, k¥, 1152, such that

x’ft # Cf + kf-s—hw
or
k k
w3y ¢ [—ksy, 0]
or

z, & [1,0)
Which contradicts z* € X, Vk.

Y closed
Analogous proof. Just use f continuous.

X convex

Pick 21,22 € X and 0 € (0,1). Define 2% = 62! + (1 — 0)22. By our definition of X, we know that
for all ¢

3This is what Victor meant when he said ’use backward engineering’.



w1, = ¢ + kt1+1
at, = ¢ + k?+1
which imply
2y = ¢} + ki
Also, 7}, € [-k},,0] and 22, € [—k3,,0] imply
9, € [—k5;, 0]
Finally, 3, € [~1,0] and 23, € [-1,0] imply
2§, € [-1,0]

Since every point in X is defined by the same ko, 2/ = 02! + (1 — 0)z? € X.

Y convex

Let y',y? € Y;,Vt and 6 € (0,1). By our definition of Y}, for each t
y%t < f<_y%ta _yét)
y%t < f(_y%tv _yi’%t)

Taking the convex combination of the two equations

?J?t < Hf(_y%u _y.‘})t) + (1 - 9)f<_y§ta _y?%t)

By concavity and homogeneity of degree 1 of f

0f(—y3e, ) + (1 — ) F(—y30, —y3)) < F(=8 —15)
Then,
y?t < f(*ygt» *ygt)

For all t. Hence, Y is convex.

Y has an interior point
Pick a triplet {y1¢,yot, ys: } and € > 0 such that y1: > 0, y2r < 0, y3: < 0 and

y1e = f(—Y2u, —y3s) —€ Vit

By construction, ¥ = {y11 + €, vat, y3: }2 € Y. Clearly, any point v = {yi; + €, yar, y3: }220 with
e € (0,€), also belongs in Y. Moreover,

suply' —¢"|| =e—e>0

Thus, we have constructed a point in Y, disturbed it by ¢ and seen that the resulting points remained
in Y. Hence, the set has an interior point.

XNY Compact
First, lets define Z =X NY

Z={zecL|Hc,k1}2,>0 st
210 < f(—20¢, —23¢) Vit

zig =ct + kg1 VE

—zot € [k, 0] VWt

—z3 € [-1,0] Wt

ko given}

By the sequential definition of compactness, if we have a sequence z" € Z,Vn and construct a
converging subsequence to a point in Z, then we are done. For all n and ¢, we have



th € [_170]
e ¢i' >0, then kf}l < f(=23, —25) < f(=25,1) <M < oo

= 25, € [-M, 0]

Since f is bounded (by M), then 21, € [0, M]
e Hence, 27 € B=[0,M] x [-M,0] x [-1,0]

By Bolzano-Weirstrass’ theorem, B has a concentration point. Then, for any sequence {z"} we can
construct a subsequence {z™*} such that 2™ — z € Z.



