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1 Consistency

For a precise definition of the notation see the main text.

1.1 Assumptions

Assumption 1 (a) X;,i=1,...,n are strictly stationary on a probability space (L, Fn, Pn);
(b) © is an m-dimensional compact subset of R™, where m < hy, 0,0 — 6o, 0,0 € OV
n, and Oy € O;

(c) g(z,0) is continuous at each 8 € © with probability one;

(d) E,|g1(Xi,0n,0)] =0, and inf,, || E,[g1(X;,0)]|| > 0 for 8 # 6,0;

(e) Vno — vo and \/nv, o — ug € [0, 00]"2

(f) Enl9(Xi,0n.0)9(Xi,00n0) ] — J is non-singular;

(9) Zn = Op(1);

(h) V= {1/ eER" 1y >0 and ||v|| < K}, Uno € V'V n, and vy lies in the interior of V;

(i) E,, | suppee |9 (Xi,0)[|* | < K < oo for some a > 2;

(5) for any 6 and 6%, ||g(X;,0) — g (X;,0%)| < L(X;)IL(||0 —6%]]), for some measurable
function L of X; such that sup,, IE,, (L (X;)) < oo, and I (y) | 0 asy | 0.

1.2 Main Results

Theorem 1 Suppose that Assumption 1 is satisfied. Then én —0n0 250 and v, —Un,0 2,

0. Moreover, A(0,,,) == 0.

Throughout this appendix we are frequently using the following results. Notice that

Assumption 1 implies that

1/«
22125 50p g (X0 0)] = Oy (/7). o
fzsup lg (Xi,0)[|* = Op (1), (2)
sup | - Z{g Xi,0)g Xi,9)'—/E[g(Xiﬁ)g(Xiﬁ)']}|| =0, (1). (3)
€
According to Assumptions 1 and 2,
B g (X;,6)| and I g (X;.0)] (4)
are equicontinuous uniformly in @, and
1 n
- W(X;,0) — E [¢W(X;,0 = 1 5
sup n;{g (X5,0) — B [gV(X0,0)] | = op(1) (5)
1S~ @ @ :
up n;{gj (Xi,e)—JE{gj (Xi,H)]} = 0,(1) forall j=1,..h.




(See, for instance, Andrews (1992)).

Proof of Theorem 1: We have to show that for any > 0

lim P {én € B(0,.0,0), 0 € B(ymo,d)} —1,

n—-o0

where
B(0,6) ={0€0© |00 <5}, Bd)={reV||v-o|<d}

Define
05=0NB(0,0,6)° and N§=VNB(vy0,0)°.

To simplify the notation we omit the subscript n from the sets ©fF and N§. Recall that
according to Assumption 1(i), the constant a > 2 is such that E[supgcg |lg(X;,0)]|*] < K.
We show the following two statements are true: (i) For a given £,6 > 0 and ¢ such that

é <(< %, there exist positive constants n and k and 7 such that for n > n

P{G, (00 vn0) =0~} < 2, (6)
where
G:L(en,()a Vn,O) = max GZ(en,Oy Vn,0, )\)a
AEAL(0n,0)
and (ii)
- €
P i * <n=¢ y
{eeelg}lfezvg G (0,v) < 77} <3 (™)

Then, from (6) and (7) we deduce that there exists an 1 > 0 such that for n > n:
P {0, € B (01,0,0), 7 € B(vno,9)}

> P {GZ (0n.0, Vno0) <~ S, aeerg,li:fleNg G (0,v) > n_<77} >1—c
Proof of (i): By Lemma 2 G (0.0, Vn0) < Op(1/n). Choose k > 0 such that ¢ + & < 1.
Then
n G (0,0, vn0) < Op(n*H71) = 0p(1)

as required.

Proof of (ii): To obtain a lower bound for G (8, v) we will evaluate the function G7 (6, v, \)

at A = n~%u(f,v), where the function u(f,v) is defined as

0 _ 0 if 0 = 971,07 V="Vno0
u(0,v) = Elg(Xi,0)|-M'v_ 41 ice

1 E[g(Xi,0)]—M'v]|
such that ||u(8,v)| < 1.

Moreover, we truncate the function g(x,#) as follows. Since o > 2, we can choose a

positive constant £ such that ) )
— << —.
a? ¢ 2a



Let
X, = {x :sup g (z,0)] < ng} and gy (z,0) =I{z e X,}g(x,0).
0€O

We then replace the terms
In(1 + Ng(2,0)) — N'M'v

in the definition of the objective function G} (6, v, \) by
4u(2,0,0) = In (L 0=/ (6,0)g(2,0)) — n~<u/(9,0)M'v

In what follows, we deduce the required result for (ii) by showing that

(if)-(a): ee@mlynezvv Z an (Xi,0,v) < eee?iuneNS GZ (8, v) +0p (n*C)

and

1 — 5
1) . 3 —_ E . _C < —
(ii)}-(b): P {ee(ar?,}/nefvg n = i (o) < ?7} -2

Proof of (ii)-(a): Notice that n~¢u (0,v) € AS C NgeoA,, () w.p.a.1 by Lemma 1. Then,
by Lemma 4 and by the definition of A, (6, v),

1 n
min = — X;,0,v
pedliL Elqn( i,0,v)
1=

g ) . )
- eeergl,gleNg [n Zln (L+n" (0,v)g(X;,0)) —n~“u (0,v) M'v| + o0, (n™°)
. _\ ’ —¢
= QEQO,VEN( zz:: ( )g (Xza 0)) >‘n (9, U) Mv| + 0p (’/l )
- Geer?,lynejvr n (0.0) + 0, (™),

as required.
Proof of (ii)-(b): A second-order Taylor expansion of g, around w (6, v) = 0 yields

10~ (0, v)gn(x, 0)gn (@, ) u(, v)

n°qn(x,0,v) = w(,v) (gn(z,0) — M'v) — 2 (Lt (0.0)gn(2.0))°

(8

where u, (0, v) lies between zero and u(6,v). The second-order term of the Taylor approxi-

mation (8) can be bounded as follows. For given z, 6, and v

sup |n"Su., (0,v) gn (z,60)] < =S sup ||gn (z,0)]| < n ST < p=¢/2
0co, v 6co

since § < 55 < . Therefore,

I l 2 2
sup nfg u(@, V) gn(xve)gn(xve) U(Q,I/) < sup n—g ||gn(£l,’,9)|| Hu(@,y)” < n7§+2§ _ 0(1)

9€o, v (14 n=—<u,(0,v) gn(z,0))> 9€0, v (1 —n=¢/2)2 -
(9)




Now consider the expected value of n¢q,(x,6,v). From (8), (9), and by the dominated

convergence theorem, we have

n I (g, (X5,0,v)] = ' (0,v)(IE[gn(X;,0)] — M'v) + o(1) (10)
{ o(1) if0 =46y, v=urnp
| Eg(X;,0)] — M'v||+0(1) >0 otherwise

The o(1) terms absorb the second-order term of the Taylor approximation and the discrep-
ancy between F[g,(X,0)] and E[g(X,0)], which vanishes as X, expands. From (10) and

the monotone convergence theorem we can deduce that

=0 if0=0,0, v=r
lim n¢lim E { inf qn (X, 07, V*)] 0 "o
n—oo 6|0 0*€B(0,8), v* €B(v,5) > (0 otherwise

Since © and V are compact by assumption, the sets © NB(6,,.0,9)° and VN B(vy,0,0)¢
are compact. We can cover both © NB(0,,0,6)° and VN B(vy0,6)° with ©; = B(é;,6;) and
Nj =B(v;,4;)’s, j =1,...,J taking each J; small enough such there exist 7;’s such that

‘ inf X; > n>n, "
nE|:9€@;I71ueNj qn( Z’9’V):| Z 45, N2 N ( )

for some positive numbers n; = n; (6), j = 1,...,J. By the WLLN! and (11), for a given

>77j}

e > 0, we can find ﬁ;s such that n > n; implies that

£
2J

Y

an (X5, 0, 1/)}

Zn inf ¢, (X;,0,v)—F [nC
0€O;

inf
s VEN 0€0;, VEN;

1 n
= o Xi0v)<E| _inf g, (X:.0,0)| —n
2 {n ;&56;{1”6]\,]‘ qn (Xi,0,v) < |:9€®;{1U€NjQL( i ,l/):| n 77]}
> P li inf an (X5,0,v) < n_<n~
B n | 0€©;, vEN; " v '
> P i (X, 0,
- {GGQJHVGN n Zq v)<n” 771}
for j =1,...,J. Now let letting » = min {n1,...,7;} and n = max;—;,. s 7;, we have for

n>n

1 n
P f§ (X5, 0,
{96@ VENC 4 V) <n 77}

)

P . (X5, 0, -

{jzr?’lRJ {OEGJ,VEN nzq ,0,v) } <n 77}

>r P L < <
eeegmeN n qn h 773 o2

j=1

IA

IN

INotice that

2
E |:<nC inf qn (X, 0, 1/)) :| FE {sup 2lg (X4, 0)]| } +2K 4+ n" 28 < o0, (12)
0€0,;, VEN;



as required part (ii)-(b).
Combining (ii)-(a) and (ii)-(b) we have

= 3
{GEQIgl,luneNg Gn( ’V) <n 77} 27

as required for (ii).

Since én —bno L, and o, — Vn,0 2, 0 we can deduce from Lemmas 2 and 3 that
Oy, 0n) 250 1

1.3 Technical Lemmas

Lemma 1 Suppose that Assumption 1 is satisfied. Then,

(i) sup Vg (Xi,0)] — 0,

0O, AEAS, 1<i<n

(ii) A C Npeo An(0) w.p.a. 1.

Proof of Lemma 1: See proof of Lemma Al in Newey and Smith (2004). B

Lemma 2 Suppose that Assumption 1 is satisfied. Let 0 € © and v > 0 be sequences
such that 0 — 0, o 2,0, and v — Vn,0 L2.,0. Moreover, ﬁ S 91(Xi,0) = O,(1) and
ﬁ S (gg(Xi, ) — D) = 0,(1). Then,

(i) \0,0) exists w.p.a. 1,

(ii) M8,7) = Op(n~"/2),
(iii) G;, (8.7.70,7)) < 0, (1)
Proof of Lemma 2: The proof is similar to that of Lemma A2 in Newey and Smith (2004).

Proof of (i): Define
O, 7) = arg max G:(0,7,))

Since A§, is compact and In (14 X g(X;,6)) — ' M\ is continuous and strictly concave in A

the optimal solution (6, 7) exists and is unique. Statement (i) then follows from Lemma 1.



Proof of (ii) and (iii): Write g; = g(X;,0). For some constant C

0=G;(6,7,0) < Gi(0,7,\0,7))

- 1< -
< )\1(9717) (TL Zgl _M/ﬁ> - %)\1(9717))\(0,ﬁ),
where A, lies on the line joining A(f,7) and 0. The last inequality holds because

max |Agi] = op(1)

according to Lemma 1 and %Z:—L:l G:g, converges in probability to J, a positive definite
matrix, by (3) and Assumption 1(f). The remainder of the proof follows the proof of Lemma
A2 in Newey and Smith (2004). B

Lemma 3 Suppose Assumption 1 is satisfied. Then,
1< N
— > g (Xi,0) = M'o| =0, (1).
LS () -

Proof of Lemma 3: The proof is similar to that of Lemma A.3 in Newey and Smith

(2004).
Let §; = g (Xi,é) ~M'pandg=1y" [g (Xi, é) - M’ﬂ}. Define i (é, ﬁ) = n~So
(Recall the definition of u (#, v) in the proof of consistency.) Approximation G (6, v, \) with

respect to A around A =0 at (0,v,\) = (é, U, U (é, f/)) . Then,

ax (é, X (é, y))

S il Gl MR R PI Ral i) M
= gua(b.0) - %f/ (6.7) % S a(0.9),

where X is located between 0 and (6, 7).

Notice that max;<i<, |@'(8,7)§

—p 0 and @ <é,ﬁ) €A, (é) by Lemma A.1 w.p.a.l.

Also, under Assumption 1 |1 3" g:9!]| < 2 (% S supgeo |lg (X4, 0)|° + K) =0,(1).




Then, w.p.a.l, for some constant C,

|
3
Y
=
|
N =
>
/N
>
>
N—
ling
S|
-
QS>
Na]
S
\_/ /~

> gl - 5 o (1+1@32 ”(@ﬁ)<i:;@¢>ﬁ(@ﬁ)
> g - On . (13)
Then,
n gl -Cn % < Gy (0,0,0 (0,9)) <G (,0,0) < s G (B0, vn0sN) SOy (;) 7
AEA, (0n,0)
(14)

where the first inequality is from (13), the second and third inequalities hold because

(é, v, 5\) is a saddle point, and the last inequality is from Lemma A.2 with

1« ,
% ; [g (X'u en,O) -M Vn,O] = Op (1)
by Assumption 1(g). Also, by ( < 3, ( —1 < —4 < —(. Solving (14) for ||g|| gives
lgll < Op (n™¢) - (15)

For a given sequence &, — 0, let A = ,9. According to (15) A = op (n’C). Hence,
A € A§ w.p.a.l. Then, as in (14), we have

- . A A ) 1
g C|A| —6nMﬂ2CkZMMQSEmlmV(lewaOp<)-

n

For large enough n the term 1—Cé,, is bounded away from zero and it follows that e, [|§]|* =

O, (%) . Since €, is an arbitrary sequence that tends to zero, we deduce that
1
gl =0, | —= |,
||gH p (ﬁ)
as required. l

Lemma 4 Suppose that Assumption 1 is satisfied. Let gn(z,0) = I{x € X, }g(x,0) where

%{mmmmwﬁmgﬁ}
0cO



where 25 < &€ < 3L and o > 2 as in Assumption 1(i). Define
an (X;,0,v) = In[l1+ n=u (0, v)gn (X5, 0)] — n=u (0, v)M'v
Gn (Xi,0,v) = In[l+n " (0,v)9(X;,0)] —n W/ (0,v)M'v

and assume that ||u(0,v)|| < 1. Then,

n

S (qn (X:,0,v) — G (Xi,G,V))‘ — o, (n°).

n
=1

sup
€O, v>0

Proof of Lemma 4: By the mean value theorem,

su g n XZ,H 1% X;,0,v
€O, 13>0 n {q ) ( )}
1 & S’ (0 v)g XZ 0)
= E ’ I{X; ¢ X, 1
eecs)u13>o n <1+n Cul (0,v) g (X;,0) > X ¢ X (16)
u' (0,v)g(Xi,0) |1
< — E (X
- 112?<Xna€%u£)>o 1+n Cu 0,v)g(X;,0)| n P Sup||g Ol > nf

1 n=Cu (0,v) g (X;,0) 1 o
< — — X;,0
- nos <lrga<xn 9€9u5)>0 1+n=Cu. (0,v)g(X;,0) n 1:21 228 lg ¢ )
where u.(0,v) is located between 0 and w(6,v). The second term on the right-hand side
of (16) can be bounded as follows. According to (1)

—< — p—CH+l/a
n 1rgg<xn§upHg(Xu€)ll n Op(1).

Moreover, ||u(8,v)| < 1. Therefore,

u' (0,v) 9 (Xi,0) ‘ < 20~ max; <i<n SUPgeo ||g (Xi, 0) ||
1 +n=Cu, (0,v) g (X;,0) 1 — 2n=C maxi<;<, Supgeep |9 (X5, 0)||

max sup
1<i<n 0€O, >0

nicH/QOp (1)
= — ¢t/ 1
1—n—+/a0, (1) Op (1).

By Assumption 1() and the Markov inequality, the third term on the right-hand side of (16)
is Op(1). Since ag < € < 5=, we are able to deduce that

20¢’

n

% 3 (qn (Xi,0,v) — Gn (X;,0, v))

i=1

nS  sup
0€O, v>0

=n"*R0, (1) = 0, (1),

as required. W

2 Limit Distributions

Let 8 = [0",v,\]', Bno = [01,0,Vn0,01xs]’, and abbreviate Gy, (0,v,)) as G}, (8). The

objective function is expanded around f3, ¢ as follows:

G1(0) = Gag(8) + ~Ra(9), (1)



where
Grg(B) = G11(Bn.0) + GLM (B1.0) (B = Bu) + %(6 = n.0)' Gy (B.0)(8 — Bu).

We begin by deriving the coefficient matrices for the quadratic approximation of the

objective function
Grg (B) =G, (Bno) + Gi1Y (Bn0) (B = Bno) + % (8= Bn0) G (Bn0) (B = Bno) - (18)

A direct calculation shows that

M (8) = {G;(l) (8),,G:M (), G (5);}/7 (19)
where
(1) _ 1y 9(1)()(“9))‘)
G:L(l) (ﬁ)v = _MA’
X170 !
GV (B), = *Z (M) - M

At B0 the first derivatives simplify to
G (Bn0) = [0,0,n72 2. (20)
We proceed by partitioning the matrix of second derivative as follows

Gi? (Bgy G By GHP (Bpy
GO@ = a?@),,, aP®),., G2 E)n | (21)
G (B)re GhP (B)ry GR (B)an

where

G*(Q)(ﬁ) = l i Jj=1 )\]gj (Xue) _ 9(1) (Xi,0) )‘)‘/9(1) (Xi79)/

n oor = 4 i=1 1+ Ng(X;,0) (1+Ng(X;,0))? ,
G By, = 0, G (B),, =0, G (B),, =-M,

1o~ gW(X:,0) g(X,0) Vg (X,,0)

«(2) il . : :
Gn (ﬂ))\g/ n; 1+)\/ Xl’e (1—|—)\/g<X“9))2 )

. 1 n g Xz,a Xlae)/
D DY s v OV IIER

=1

At fBy,0 the second derivatives simplify to

0 0 Qn
GPBo)=1 0 0 -M]|. (22)
M -,

n
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The objective function Gy, (3) in terms of the transformed parameters is:

Grglo1) =~ (=T 2~ R~ 600))) Tull — I3 (2~ Ro(6— 6n0)]) (23)
+%(Zn - R{n(gb - QSn,O))/'];l(Zn - R;L((]s - ¢n,0))

The function Gy, (¢,1) is maximized with respect to [ € R" by

lg(¢) = I " (Zn = Ry (¢ — dn0)) (24)

and the concentrated objective function is:

Grg(0) = Gig(0,11 (9)) = 3 (Zo — Bol6— 000)) Ty (Zo — Bipl6— 000).  (25)

2.1 Assumptions

Assumption 2 (a) The true parameter 0y exists in an interior of ©;

(b) g(X;,0) is twice continuously differentiable with respect to 0;

(¢) the minimum eigenvalue of (En[ggl)(Xi,9)])(En[g§1)(Xi,9)])’ is bounded below by a
constant K > 0;

(d) By, [supgeo 9 (X1, 0)|12] < K < oo, Eylsupgeo |98 (X0, 0)ll] < K < oo for j =
(e) for any 6 and 0*, g§2) (X;,0) — g§2) (X, 9*)H < L; (X;)1; (|0 — 0*)), for some measur-
able function L; of X; such that sup,, IE, (L; (X;)) < oo, and ; (y) | 0 asy | 0.

Assumption 3 (a) For each 0, Q,(0) -~ Q(6) and J,(0) 2> J(8). (b) For each 6,
DD g]@(XZ-,O) 2 (lim, oo En[g](?)(Xi,G)]). (¢) Z, = Z, where Z ~ N(0,J —
M'vovi M).

2.2 Negligible Remainder

Lemma 5 Suppose Assumptions 1 to 2 are satisfied, then for all v, — 0

Rn(B)] N
seBBmpn ol (LT VA8 — Ba0)[P) o (L), (26)

where R, (8) is the remainder term in (17).

Proof of Lemma 5: By Lemma 1(a) of Andrews (1999), it is sufficient to prove

s G2 (9) - G2 (Buo)|| = 0 (1),
BEB:||B—Bn,0l| <¥n

for every sequence vy, — 0. GZ(Q) is defined in (21). To verify this sufficient condition we

will subsequently show that
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. *(2 *(2
(i) SUPpes, g, o< | Gr (Bogr = G (Buo)gyr || = 0p (1),
. *(2 *(2
(ii) SUPBEB,: (|8~ Bn.oll <n Gn( ) (B)rer — Gn( ) (Bn.0)re || = 0p (1),
*(2 *(2
(ii)) SUPsen, 15—, o< [|Gn (Bhan — Gol (Buo)an || = 0p (1).
We begin by showing that
su 1' 0,(1) (27)
BEB L+ Ng(X,0) P
For any given 0 < § < 3, set K = . Then, since sup;<;<,. gep, |N'g(Xi,0)] < d implies
Suplgign, BEB, m‘ < K7

1
P su | Kk\<p su Ng(X:,0)>6% — 0
{1gign,pﬁeBn 14+ Ng(X;,0) ‘ } - {1gign,pﬁezsn Vg ) }

which proves (27). The convergence result for the upper bound can be deduced from

Lemma 1.

(i) Notice that

sup
BEB:(|B—Bn,oll<vn

IN

1 Zn: g, (X, 0)
n 4= 14+ Mg
sup |Aj] ( sup

2F
Y (w )
AEAS BeB, 1<i<n |1+ Ng (Xm@ D (Geg” ZHQJ

O(n_c)op(l)op(l) = 0p(1),

sup
ﬁEBn:llﬁ_ﬁn,O”S'YH

where the last inequality holds by the definition of A, ) and (5). Moreover,

1 (9(” (X;,0) M’g(” i )‘
=1

(14 Ng(X:,0))

IN

1
sup |IM? su su H (1) (X;,0) H
Aefﬁ ] <ﬁeBn, 1p§z'§n (1+ Ng (X5, 9))2> (963 n Z g
= 0 (nfzg) Op (1) Op (1) = 0, (1).

The last inequality holds by the definition of AS, (27) and (5).



(ii) Apply the triangle inequality to

1 — M) (X;,0)
" (P — o ) H

1 . @) (leo) 1
Z@wu&mﬂ”Wﬂw

sup
BEBL:|B—Bn,ol|l<Vn

< sup
BEBn:[|B—Bn ol <vn

G ATIE)]
Foae E 0 e 0] - B0 o]

6€©:(|6—bo[| <7

n

%Z (9(1) (Xi,00) — En [9(1) (Xi,90)} )H

= la+ 0;:(1) +op (1) +0p (1),

+

where the last equality holds by (5) and (4) . Next,

1
I; < sup [Ng(X;,0)|| sup ‘ sup H W (X;,0) H
d BEBn‘ g( )l (56671 1+/\’g(X eeenz g

= 0p(1)0p (1) Oy (1) Op (1) = 0, (1)

by Lemma 1, (27), and (5). Moreover,

li: g9 (Xi,0) A/g(l (Xi,0)

S n & T4 Ng (X1,0) 1+ Ng (X..9)

BEBR:||B—Pn,oll<yn

" 1/2
1
< sup |[A sup — sup ||g (X;,0)
sup A (BEBMSW T+ s Xﬁ@ ) ngj lg (X, 0)]°

< ZSUp ng) (Xi,e)H2>

1 0€©

= 0 (ch) 0p (1) Op (1) = 0p (1),

12
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(iii) Similar as before, we have

1 (g o)
=1 79

1N ((9(X0,60) g (Xi,6) | .
n <(1+/\'9(X¢,0))2 Q(Xz,e)g(X1,0)>

sup
BEBL:||B—Bn 0l <Vn

< sup
BEBL:NB—Fn,0ll <Vn

+ — (Xi,0) 9 (X;,0) — B, [g(X;,0) g (X:,0)
sgp Z ) [9( )9 ( )])

+Sup ||E7L [ X“e) (Xiaa)/] - Eﬂ [g (Xi790 X7,700 ]H

(S]
1 n
+Slel)p ﬁ 9(Xi,00) g (X;,00) — [Q(Xi,eo)g(Xi79o)/])|
1= [9(X:,0)9(X;,0)
= sup fz ; ( )Q—Q(Xi,e)g(Xi,a)/ +0p (1).
BEB:IB—Bnoll<vn || i \ (1 4+ Ng (X5,0))

Next,

1
sup —
n

ﬁEB7L3”B_Bn,O”S'Y'rL

g(Xivg)g(Xiae)/> ‘

" [ 9(Xi,0)9(X;,0)
(1+ Ng(X;,0))?

i=1

1
< sup Ng(X;,0 sup @o——
BeBn,1§i§n| (X:.6)] seB, 1<i<n |1+ Ng(Xi,0)|

1 1
x| sup g sup— 3 [lg (X:,0)
(5651171515“ 1+ Ng (Xi,0)] ) <9ee n g | )

= 0,(1)0,(1)0p(1)Op (1) =0, (1). W

2.3 /n Consistency

Theorem 2 Suppose Assumptions 1 — 3 are satisfied. Then, (i) f(@nq — Bno) = Op(1),
(i1) /1(Ba—Bn0) = Op(1). (i) n?;(ﬁn) = nG, (Bn)+0p(1), (i) nGh, (Bn) = nGly(Brg)+
Op(l)f and (v) nG;,(Bn) = nG;q(ﬁnq) + Op(l)'

Theorem 2 establishes that Bn and Bnq are y/n-consistent. Moreover, the theorem states
that the discrepancy between GZ(3) evaluated at Bn and G;‘Lq(ﬁ) evaluated at Bnq vanishes.
Thus, the large-sample behavior of likelihood ratios can be approximated by the behavior
of G,y (Bng)- Let

b=1[¢,1'(¢)] andby = [, 1 (g)]

be re-scaled versions of Bn and Bnq. To prove the theorem, we will introduce a third estimator
by = [, lg(¢q))

where

lg(¢) = argmax;cr, (4) Gng(, 1), bq = argmingeq G,,(9, l4(0)).
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I;q is based on the quadratic approximation of the objective function, but the domains of ¢

and [ are restricted. In slight abuse of notation we let B,, = ®,,(ug) & L.
Proof of Theorem 2: (i) Follows from Lemma 7.
(ii) According to Lemma 2, A(d,7) = O,(n~'/?). Tt remains to show that

/

¢ = |V —0n0), ul o+ V(i — vno)
is stochastically bounded. The saddlepoint property implies that
0=G5($,0) < G ($,1(4)) < G;(0,0(0)). (28)

Then using the quadratic approximation (17), the bound for the remainder term given in

Lemma 5 and the definition of { and QAS we obtain

Gr(0,0(8)) = Gig(d,1(9)) + (1 + 116 — dnol® + 1()]*)op(1)

= L R 600)) T (2~ Bo(d — 6u0))

_%(i(ﬁg) - Jil[Zn - R;z((lg - an,o)])/Jn(lA(é) - Jn_l[Zn - R;L(QB - (bn,O)D

+(1+ 116 = dnoll* + () 1*)op(1)
1

5
where ¢, 0 = [0,uy, o]". The last equality is a consequence of Lemma 8. Similarly, we can

deduce from Lemmas 2, 5, and Assumptions 2 and 3 that
* 7 1. 7 7 7
G.(0,1(0)) = =51 (0)" Jul (0) + Z1(0) + (1 + [|L(0)[[*)0p (1) = Oy (1) (30)
Hence, from (28), (29), and (30) we obtain the inequality

0< 2(Za+0p(1) = Ri( = 60.0)) I (Zn + 0p(1) = Ri (& — du)) < Op(1).  (31)

DN | =

Notice that Z, + 0,(1) = O, (1). According to Assumption 1, R, is full rank and J,, is
positive definite w.p.a. 1. Therefore, (31) implies that ¢ — ¢n,0 1s stochastically bounded.

(iii) We deduce from Lemma 5 and Part (ii) that

nG(Bn) = Grg(V(Bn = Bn0)) + (1+ V(B = Bno)lI*)op(1)
Gy (Br) + Op(L)op(1).

(iv) We proceed by establishing 0,(1) bounds for nG;qu(Bn) - nG;“lq(ﬁnq).

We begin with the upper bound. Using (iii) we can rewrite the differential as

nG:Lq(Bn) - nG;q(Bnq) = g,t(é,[( A)) + Op(l) - gv*zq(ém iq((;q)) (32)
G Aq7 Z((lgq)) - g;q((lzqvi((lgq)) + Op(l)-

IN

(29)

Zn = Ry( = 60,0)) 1 (Zn = Ri(& = $n0)) + (1 + 1|6 = duoll* + 1H()]*)0p (1),
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*

Replacing ¢ by ¢, raises G, whereas substituting I, with [ lowers Gy

n’

Using Lemma 5 the

first term on the right-hand side of (32) can be rewritten as

Gu(90:1(90)) = Gig(:1(8)) + 0p(1) (14118 = bmoll® + 1B )I2)  (33)
= g:q(éqj(‘lgq))ﬁLop(l)-

The second equality in (33) is a consequence of Lemmas 2 and 7. According to Lemma 8

[(9) = (Jn + 0p(1)) "M Zn — (R}, + 0p(1))(6 — bn0)]

[(ng) - Z(dgq) =—(Jn+ Op(l))_l[(R:«L + Op(l))](g)q - ng) = op(1)

by Lemma 7. Since G}, (#,1) is continuous in its arguments we can now express the second
term on the right-hand side of (32) as

g:bq(g)qa [(Qf;q)) = g:q(nga lA(ng)) +0p (1) (34)

Plugging (33) and (34) into (32) we obtain the upper bound
nszq(Bn) - nGZq(Bnq) < op(1).

Using similar arguments, we can establish a lower bound as follows:

nGry(Bn) = nGrg(Bug) = Gr(D: 1)) = Gy (Da1a(84)) + 0,(1)

v

S 9 9
S* S

= = =

- S o
S~ S~
< <

which proves (iv). B

(v) Follows from parts (iii) and (iv).

2.3.1 Technical Lemmas

Lemma 6 Suppose Assumptions 1 to 3 are satisfied. Then, Eq exists uniquely w.p.a. 1.

Proof of Lemma 6: The subsequent statements are true w.p.a. 1. Notice that g‘;;q (9),
defined in (25), is strictly convex function of ¢ because R), = [—Q),, M'] is a full rank matrix
under Assumption 2(c) and J, ! is positive definite. Hence, R, J,; ! R}, is a positive definite
matrix. Moreover, the domain ® is convex. Therefore, ¢~>q is unique. Finally, from (24) we

deduce that l~q exists uniquely. B

Lemma 7 Suppose Assumptions 1 to 3 are satisfied. Then
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(i) by = Op(1),
(i) by = by + 0p(1).

Proof of Lemma 7:

Proof of (i): We will show that ¢, = O, (1). For notational simplicity, denote

Ay =R, J; 'R, Aoy = AR, I Z,, and As, = Z,J 17, — Ay, Av, Agy,

n? n

and write the concentrated quadratic objective function (25) as

g_:q(¢) = % (¢ - (bn,O + A2n)/ Aln (¢ - (bn,o + Azn) + %Aiin

Observe that J,, R,, and Z, converge weakly according to Assumptions 2 and 3. Moreover

based on Assumption 1, Ay, is positive definite w.p.a. 1. Let

¢q = argmin(beRerhz g;q((b) = (b'n,,() - A2n = Op(l)

Notice that q~5q is the projection of gZ_Jq onto the set ®(ug) with respect to the inner product
(x,y) = 2’ A1ny. Then,

||€5q|| < Ar?zin(Aln)@ngqym < )‘;in(Aln)@q’ngyﬂ = Op(l)
where Ain(A1,) denotes the smallest eigenvalue of Ay, and is strictly positive w.p.a. 1.
Finally, from (24) we can deduce that I,(¢,) = O,(1).

Proof of (ii): According to Lemma 6 the saddlepoint problem mingeg(u,) max;epn Gy (0, 1)

has a unique solution Eq on the domain B = ®(up) ® R". Since B,, C B for any ¢ > 0

IN

P{||Bq—z§q|\ >e} P{quB\Bn}

P{by € B\(®,,(up) ® vnAS)} +o(1),

IN

where the o (1) term in the last line holds by Lemma 1(ii). The set \/nA¢ consists of the
elements in AS multiplied by y/n and expands to R" because ¢ < 1/2. Since 6 is in the
interior of ©, the first m ordinates of ®,,(ug) expand to R™. Ordinate m+ j expands to R if
ug j = 0o and to Rt otherwise. Since b, = O,(1), we deduce P{b, € B\(®,,(uo)®+/nA$)} =
o(1). Therefore b, = b, + 0, (1), as required. W

Lemma 8 Suppose that Assumptions 1 to 3 are satisfied. Let § € © and v > 0 be sequences
such that 6 — 0, o 250 and v — Un.0 L50. Let Z(Q_S) = \/735\ (5, 17), and ¢ =[5, '], where
5= /n(0—0,0) and @ = u, o+ /(P — vno). Then

0= Zn - (R;L + Op(l))(q; - ¢n,0) - (Jn + Op(l))[(a))
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Proof of Lemma 8: In view of Lemmas 1(ii) and 2, we deduce that A(f,) is in the
interior of A(é) w.p.a. 1. Hence, \ satisfies the first-order conditions associated with
max)\EA(é) Gy, (0_, v, )\):
1 & X;,0
polys ol
n P 1+ )\/g(Xl, 0)

We now apply the mean-value theorem and multiply by +/n:
0= vnG; M (Bro)r + G2 (B)res — M (@ — uno) + Gol® (Be)anl,

where 3, lies on the line joining 3, and 3 = [9’79',5\(9, 7)')’. The matrices G:L(l)(ﬁ) and
G (8) and their partitions are defined in (19) and (21). Using the same arguments as
in the proof of Lemma 5 and the definitions of J,, @, R,, and Z,, we obtain the desired
result. H



