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Abstract

A type structure is non-redundant if no two types of a player represent the same hierarchy of beliefs over
the given set of basic uncertainties, and it is redundant otherwise. Under a mild necessary and sufficient
condition termed separativity, we show that any redundant structure can be identified with a non-redundant
structure with an extended space of basic uncertainties. The belief hierarchies induced by the latter struc-
ture, when “marginalized,” coincide with those induced by the former. We argue that redundant structures
can provide different Bayesian equilibrium predictions only because they reflect a richer set of uncertain-
ties entertained by players but unspecified by the analyst. The analyst shall make use of a non-redundant
structure, unless he believes that he misspecified the players’ space of basic uncertainties. We also consider
bounding the extra uncertainties by the action space for Bayesian equilibrium predictions.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction

Players’ beliefs and higher order beliefs are often important in an interactive strategic sit-
uation. Harsanyi [18] proposed that a probabilistic type structure implicitly describes players’
belief hierarchies over a set of payoff-relevant parameters, which enables researchers to extend
the concept of strategic equilibrium to games with incomplete information. Mertens and Za-
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Fig. 1. Coordination under uncertainty: it is commonly believed that Nature chooses s1 and s with equal probability.

mir [24]' show that the coherent belief hierarchies can be modeled as types in a non-redundant
universal type structure, where non-redundancy roughly says that two different types of each
player should specify different hierarchies of beliefs over the given set of parameters.

There is a class of type structures that could be used to model a given set of coherent belief
hierarchies. Researchers have observed that two different type structures within this class may
yield different equilibrium predictions (see Battigalli and Siniscalchi [5], Ely and Peski [16],
and Dekel, Fudenberg, and Morris [12,13]). Let us first look at the following example which
simplifies the leading example in [16].

Consider the following game (see Fig. 1), where Alice chooses rows {U, D}, Bob chooses
columns {L, R}, and Nature chooses matrices {s1, s2}.

Write S = {s1, s2}. First consider the type structure M = (S; T,, Tp; m,, mp): for each
player i, take the type set T; = {¢#;} as a singleton and m; : T; — A(S x T) with
1
5
That is, type t; of player i assigns equal probability to (s, ;, —;) and (s2, t;, —;). Thus, it is com-
monly believed that Nature chooses s; and s, with equal probability. Any Bayesian equilibrium
associated with this type structure yields each player an expected payoff of % Next consider the
structure M’ = (S; T, T,; m;,, m}): for each player i, take T/ = {u;, v;} and m} : T/ — A(Sx T")
with

mi(t;)(s1, b, 1) =m;(t)(s2, 1, 1) =

1
(i) (s, i, u—i) = m(u;i)(s2, ui, v—j) = 3

1
m; (Vi) (s1, vi, v—;) = m;(v;)(s2, Vi, u—;) = 3

In this type structure, each type of player i assigns equal probability to s; and s>. Thus, it is also
commonly believed that Nature chooses s; and s, with equal probability. In this case, there exists
a Bayesian equilibrium (o,, 0p) with o,(uy) = U, o,(v,) = D, op(up) = L, and op(vp) = R.
Under this equilibrium, the two players each have an expected payoff of 1.

In both structures, each player has exactly the same hierarchies of beliefs about the matrix
Nature chooses. For example, Alice believes that each matrix is chosen with probability %, she
believes that Bob believes this, and she believes that Bob believes that she believes this, and so
on ad infinitum. Yet, there is a prediction in the second model that is not a prediction in the first.

This seems peculiar. Players reason within a particular language and this language captures
their hierarchies of beliefs. We—the analysts—use a type structure as a model of this language,
i.e., as a model of the hierarchies. We then go on to make a prediction based on this model. Yet,
the prediction we provide depends on the model we choose.

1 See also Brandenburger and Dekel [9], Heifetz [19], and Mertens, Sorin, and Zamir [23]. Battigalli and Siniscalchi [4]
construct the universal type structure of hierarchies of conditional beliefs, thereby establishing an epistemic framework
for dynamic games.
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In the example above, M satisfies the non-redundancy condition, but M’ does not because
the two types of each player in M’ have the same belief hierarchies. Technically, the new pre-
diction associated with M’ arises from a particular correlation between redundant types and
payoff-relevant parameters: for instance, “type” u, of Alice would believe s; is chosen by Na-
ture were she to know that Bob’s true “type” is u,. However, this technical explanation in terms
of correlation does not resolve the conceptual question. Alice’s single hierarchy summarizes all
the information that Alice has about Nature’s move and Bob’s beliefs about it. How, then, can
Alice distinguish the two “types” of Bob if she cannot describe their difference using her own
language? In effect, Alice cannot even distinguish her own two types.

This observation suggests that the new prediction associated with the redundant structure M’
utilizes more information than the players themselves actually have and hence we should restrict
our attention to a non-redundant type structure in order to conduct Bayesian equilibrium analysis.
However, in conjunction with the Bayesian equilibrium given above, the redundant type struc-
ture M’ reflects an interesting belief held by Alice: type u, of Alice assigns equal probability to
(i) Nature choosing s; and Bob playing L and (ii) Nature choosing s> and Bob playing R. The
Bayesian equilibrium framework, following the natural problem-solution paradigm, first formu-
lates the problem by modeling the interactive beliefs over the set of payoff-relevant parameters
via a type structure, and then solves the problem by imposing the solution concept. But if we
restrict our attention to the non-redundant type structure in the problem-formulating stage, as
in the example above, we necessarily preclude the “correlated beliefs” in the problem-solving
stage.

This seems puzzling: redundant type structures are conceptually problematic but a Bayesian
framework based on non-redundant structures excludes certain interesting strategic situations.
One natural solution to this puzzle is to account for the redundancy and hence for the predic-
tions based on it. Since the redundancy results from the formulation of the players’ language in
the Bayesian framework, it should be understood independently of solution concepts. This paper
argues that the redundancy reflects some basic uncertainties that the players entertain but are un-
specified by the analyst, and hence a redundant type structure corresponds to the non-redundant
structure with an extended space of basic uncertainties.

Let us consider the motivating example again. Suppose the payoff-relevant parameters s; and
s> indicate next week’s gasoline price: high/low. This price can be nailed down if information
from both the demand side and the supply side is known, but information from one side alone
is insufficient. If Alice and Bob have information only from the supply side, then we could use
M to model this situation. However, if Alice has private information about the demand side and
Bob has private information from the supply side, then M’, instead of M, is a reasonable type
structure to apply to this situation because the players can deduce the true price if they pool their
information. This is to say, if the analyst knows only the payoff structures—he is unaware of (or
unable to specify) some other variables that the players know, e.g., the demand and supply, but
he is aware of his unawareness (or misspecification)—then a redundant type structure is a “safe”
modeling choice: the players “reason” within a redundant structure as if they were reasoning
about some parameters unknown to the analyst. In other words, the analyst should not make use
of a redundant structure unless he is not sure of the players’ space of basic uncertainties.

This observation might be relevant in practice. It is perhaps sufficient for an auction designer
to specify only the payoff structures for an anonymous online bidding game, but other variables
that are hard to specify or easy to neglect could be strategically important in an auction house:
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for example, the appearance of a bidder in a dress with particular colors may impact the auction
results.

This paper presents and proves the following results. With one mild condition that we term
separativity (which is both necessary and sufficient), we show in Theorem 1 that any redun-
dant type structure can be identified with some non-redundant structure with an expanded set of
underlying uncertainties and that the hierarchies generated by the latter, when “marginalized”
onto the partial space of underlying uncertainties, coincide with the hierarchies generated by
the former. In Theorem 2, we further show that the two structures in Theorem 1 yield the same
Bayesian equilibrium predictions. Thus, the predictions based on a redundant structure reflect
the equilibria on a full parameter space. Interestingly, the measure-theoretic property of separa-
tivity also clarifies the difference between the mathematical definition of non-redundancy and its
interpretation in terms of belief hierarchies.

We also obtain a partial result on the bound of the additional uncertainties through the strategy
space. Any given equilibrium on a redundant type structure can be obtained from some non-
redundant type structure with payoff and action parameters as basic uncertainties. The latter non-
redundant structure does not introduce new equilibrium predictions, and moreover, it preserves
the hierarchies of beliefs over payoffs. However, the result is only partial because it does not tell
us whether or not all the equilibria on the redundant structure can be obtained from a single such
non-redundant structure with the belief preserving property. We shall discuss in detail how the
straightforward idea of pasting these structures together will not fully deliver the result.’

The rest of the paper is organized as follows. In Section 2, we set up the framework, prove
several basic properties, and present the main theorems. In Section 3, we study the Bayesian equi-
librium. In Section 4, we review the related literature and situate the current work in a discussion.
All the omitted proofs are in Appendix A.

2. Type structures and incomplete information
2.1. Preliminaries

We carry out the analysis in a purely measure-theoretic setup. Heifetz and Samet [20] first
studied this topology-free formalism. Let (X, X') be a measurable space with a o-field X'. We
also write X' (X) as the o-field of X for any given measurable space X when the context is clear.
Let A(X) denote the measurable space of all countably additive probability measures on X.
We endow A(X) with the o-field XA generated by all sets of the form b?P(E) = {u € A(X):
w(E) = p}, where E € X and 0 < p < 1. We consider any product of measurable spaces with
the product o-field and any subspace of a measurable space with the relative o-field. These
assumptions are met if X is a separable metric space with the Borel o-field, and A(X) is endowed
with the Borel o-field generated by the weak topology.*

2 See [6] for rationalizable bidding behavior in auctions.

3 Note that our result does not imply that the analyst should always include actions in the state space in order to
conduct Bayesian equilibrium analysis. In that case he would have to calculate the players’ action choices before making
his predictions. If all beliefs over opponents’ action choices are allowed, then the resulting model will introduce more
predictions than the given redundant structure (see Battigalli and Siniscalchi [5]).

4 This Borel o-field coincides with ¥ A (Bertsekas and Shreve [7, Proposition 7.25]). See also Battigalli and Siniscalchi
[4, Lemma 1 and footnote 5] for a similar conclusion with regard to the Polish topology.
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The measure-theoretic formulation sheds light on an important feature of type structures,
separativity.

Definition 1. We call a measurable space (X, X') separative if for every pair of distinct points
in X there is a measurable set containing one point and not the other. In this case, we call X' a
separative o -field.>

We adopt the following conventions:

e For a given measure i € A(X) and a measurable map f : X — Y, let uf ~1 be the image
measure of y under f. That is, ,uf_l e A(Y) with uf_l(A) = ,u(f_l(A)) for any measur-
able subset A of Y.

o If f1: X1 — Yy and f>: Xo — Y2, then (f1, f2) isthe map f : X1 x Xp — Y1 x Y with
f(x1,x2) = (f(x1), f(x2)), x1 € X2 and x; € X», unless otherwise stated.

e We write Idx as the identity map on X, that is, Idy (x) = x for any x € X.

o If u € A(Xy x X»), then Margy, w is the marginal probability measure of 4 on X, that is,
(Margy, n)(E) = n(E x X3) for each measurable subset E of X.

e Given a product space [ [ X9co Where © is an index set, we write Projy, or Proj, as the
canonical projection, that is, Projy (x) = xg for each x = (x9)pce in the product space. For
each 0 € ©, we denote X_g+ as [ [yc g\ (9 Xo-

e For x € X, we denote by 6, € A(X) the evaluation at x: for any measurable subset E of X,
8x(E) is 1 if x € E and 0 otherwise.

The concept of separativity is crucial in this paper. Here are some useful facts.

Lemma 1 (Properties of separativity).

(1) The measurable space (A(X), X'a) is separative (even though X may not be).

(2) A measurable space (X, X) is separative if and only if 8 # 8y for any distinct points x
and y.

(3) The product of any separative measurable spaces is separative.

@ If f: (X, 2(X)) = (Y, X¥(Y)) is measurable and injective, and (Y, X (Y)) is separative,
then (X, X (X)) is separative.

(5) If all singletons in X are measurable sets, then X is separative, but not vice versa.

Proof. See Appendix A.1. O
2.2. Type structures

Let I ={1,2,...,n} be a finite set of n individuals.

5 Separativity is a weak separating property of a collection of sets. The following observation related to topological
spaces is helpful: any Borel space induced by a topology satisfying the 77 separation axiom (Royden [25, p. 178]), in-
cluding the Hausdorff topology, is separative. Separativity is weaker than the assumption that singletons are measurable;
see Part (5) of Lemma 1 below.
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Definition 2. An X-based type structure is a collection (X, (T});cs, (m;)icr), or (X, T, m) for
short, such that

(1) X and T;, i € I, are measurable spaces with o-fields X' (X) and X' (T;), respectively.
(2) Foreachi € I, m; is a measurable function m; : T; —> A(X x T).
(3) Foreachi €I and t; € T;, the marginal measure of m; (#;) on T; is &,.

A type structure (X, T', m) is separative if 7;, with the o-field X' (T;), is separative for eachi € I.

Separative type structures impose the separativity condition only on the type spaces T;’s
because separativity of the parameter space X is not a property of types. This distinction is
important as we shall see in Proposition 2 and Theorem 1. From part (2) of Lemma 1, 7; is sep-
arative if and only if §,, # 8,; for any distinct types #; and ¢/ of player i. That is, for each other
type #/, type #; can distinguish itself from ¢/ by naming an event E on which #; and 7/ have dif-
ferent beliefs. Note that the choice of E can depend on 7. If we impose the stronger assumption
that all singletons are events (see part (5) of Lemma 1), then type #; can find one single event to
distinguish itself from all other types at the same time. This event can simply be {#;}. If a type
structure is not separative, then some type would not be able to distinguish itself from the other
types.

Heifetz and Samet [20] interpret condition (3) in Definition 2 as a “self-conscious” condi-
tion, and they do not impose separativity. In the existing topological formulation, singletons are
assumed to be measurable, which implies separativity by part (5) of Lemma 1.° It is therefore
natural for us to treat separative type structures as a strict subclass of all type structures and to
examine their implications.

Following Mertens and Zamir [24] and Heifetz and Samet [20], we introduce the notion of
type morphism that links two type structures.

Definition 3. Consider two X-based type structures (X, (7;)ics, (m;)iey) and (X, (Ti’),-g,
(m;)id). Let7;:T; — Tl.’ be a measurable function for each i. Then the map t = (zy, ..., T)
from T to T’ is an X-based type morphism if for eachi € I and t; € T;,

mi (i (t;)) = m; (1;)(Idx, o7

where (Idy, ) is a map from X x T to X x T’ according to our convention.” We call T an
X-based type isomorphism if 7 is an isomorphism.

Definition 4. An X-based type structure (X, T*, m*) is universal if for every X-based type struc-
ture (X, T, m), there is a unique X-based type morphism from T to T*.

6 The coarsest topology appearing in the type space literature that I am aware of is Hausdorff, in which singletons are
Borel sets; see Mertens, Sorin, and Zamir [23].

7 Note that (Idy, t) is a well-defined jointly measurable function by the following result, which is an easy adaptation
of Aliprantis and Border [1, Lemma 4.48]: let (X1, X(X1)), (X2, X (X>3)), (Y1, 2 (Y1)), and (Y3, X' (Y3)) be measur-
able spaces, and let fj:X; — Y and f> : X — Y» be measurable. Then the induced map f = (f1, f2) from (X x
X2, X (X1)® X(Xp)) to (Y1 x Yp, X(Y]) ® ¥(Y2)) is jointly measurable.
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Fig. 2. The S-based marginalized type morphism preserves the marginalized belief structure.

Heifetz and Samet [20] prove the existence of the X-based universal type structure in a
measure-theoretic framework where T* is identified with a subspace of the space of belief hier-
archies.

One special form of type structures (S x C, T, m) is of particular interest, where § is inter-
preted as a partial description of the full parameter space S x C and we will refer to it as a partial
parameter space. Note that when C is a singleton, the type structure (S x C, (T})ier, (m;i)icr) 18
identified with the type structure (S, (7;)ier, (m;)icr). We define a marginalized type morphism
from one type structure to the other that preserves the structure of beliefs over the common partial
parameter space S.

Definition 5. Consider two type structures (S x C,(T))ier, (m;)ier) and (S x C', (T))ier,
(m;),-e,). Lett; : T; — Ti/ be a measurable function for each i. Then the map 7 = (11, ..., ;)
from T to T’ is an S-based marginalized type morphism if for eachi € I and 1; € T;,

Margg, 7 m (7 (t:)) = (Margg, 7 m; (t;)) (Ids, 1) 7",

where (Idg, 7) is a map from S x T to S x T’ according to our convention. We call T an S-based
marginalized type isomorphism if 7 is an isomorphism.

The diagram, see Fig. 2, illustrates the definition. If both C and C’ are singletons, i.e., S is
identified with the full parameter space, then an S-based marginalized type morphism coincides
with the standard notion of type morphisms.

2.3. Belief hierarchies

Given a measurable space X, the space of X-based belief hierarchies is defined induc-
tively. The space of the first order beliefs for player i is Hl.1 (X) = A(X). For each k > 1,
denote H¥(X) = [Ties Hl.k(X). The space of (k 4+ 1)th order beliefs for player i is H,.kH(X) =
A(X x Hf‘zl H'(X)). Hence, the space of X-based belief hierarchies is H; (X) = [Te, Hik(X).
H; (X) with the product o -field is separative (see Lemma 1, (1) and (3)).

For an (S x C)-based type structure M = (S x C, T, m), we are interested in two different
kinds of belief hierarchies, the (S x C)-based hierarchy—the full hierarchy based on the full
parameter space S X C—and the S-based hierarchy—the partial hierarchy based on the partial
parameter space S. The belief hierarchies are derived inductively; see, e.g., Battigalli and Sinis-
calchi [4] and Heifetz and Samet [20].
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2.3.1. Full hierarchy

In the “full hierarchy” map h = (h;);ey, where h; : T; — H;(S x C), h; associates an (S x C)-
based belief hierarchy with each type of player i. The map 4; is defined inductively. The first
order belief map for player i, i} : T; — H'(S x C), is defined by

(1) = m;(t;) (Projg, o) ™",

where Projg, - : S x C x T — § x C is the projection mapping. Thus, for any #; € 7; and any
measurable set E C § x C,

h}(t)(E) =m;(t)(E x T).

Write 7% = (ﬁf)ie J for k > 1. We shall define the (k + 1)th order belief map. Let us first define
PFiSxCxT—8xCx[[_, H(S x C) with p¥(s, ¢, 1) = (s, ¢, A (1), ..., h*(¢)). That is,
for each “state of the world” (s,c,t) € S x C x T, the map f)k specifies the “state of nature”
(s, ¢) and the beliefs up to order k for type profile . Inductively, define the (k + 1)th order belief
map for player i, flf“ Ty — HikH(S x C), as

R 8 = mi () (P (1)

Finally, define &;(t;) = (h}(t;), h?(t;),...). In Appendix A.2, we show that all the functions
involved in this inductive definition are measurable.

2.3.2. Partial hierarchy

The “partial hierarchy” map h; : T; — H;(S), which generates the belief hierarchies over the
partial parameter space S, is defined similarly by replacing Hl.k (S x C) with Hik (S) and Projg, ¢
with Projg in the definition above.

The first order belief map for player i, hl1 T — Hi1 (9), is given by

h!(t:) = m;(t;)(Projg) .
Write h¥ = (h¥);c; for k > 1. Define function p* : § x C x T — S x [[_; H'(S) with
PX(s, ¢, 1) = (s, K (1), ..., h*(r)). Inductively,
—1
R ) = mi) (pF) 2)

Finally, write h;(t;) = (h}(ti), hl.z(ti), ...). Intuitively, the S-based hierarchies are obtained by
“marginalizing” the (S x C)-based hierarchies onto the partial space S.

The following result says that an S-based marginalized type morphism preserves S-based
hierarchies.

Proposition 1. [f M = (S x C,T,m) and M' = (S x C', T',m’) are two type structures with
S-based partial belief hierarchy maps h and h' respectively, and T : T — T’ is an S-based
marginalized type morphism from M to M, then h); o t; = h; for eachi € I.

Proof. See Appendix A.3. O

2.4. Redundant and non-redundant structures

For a type structure (X, T', m), let o (h;) be the smallest o -field of the subsets of 7; for which

the X-based full hierarchy map h; is measurable. Note that by definition, /; is measurable, and
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hence X (7;), the o-field on T, is finer than o (%;). The next definition formalizes the notion of
non-redundancy.

Definition 6. A type structure (X, T, m) is non-redundant if for each i € I, o (h;) is a separative
o-field on T;. A type structure is redundant if it is not non-redundant.

The following result links the formal definition with our familiar intuition: non-redundancy
means no two types of a player have the same belief hierarchies over the full parameter space.

Proposition 2 (Non-redundancy and separativity).

(1) (X, T,m) is non-redundant if and only if the X -based full hierarchy map h; : T; — H;(X)
is injective.

(2) A non-redundant type structure is separative.

(3) An X-based universal type structure (X, T*, m™) is separative.

Proof. See Appendix A4. O

Remark. Definition 6 and part (1) of Proposition 2 are similar to, but different from, their coun-
terparts in Mertens and Zamir [24, Definition 2.4 and Proposition 2.5, respectively]. This relation
is noteworthy as it reveals the different roles played by the measurable structures of the parame-
ter space X and of the type spaces 7;. The two definitions of non-redundancy are similar in that
they have the same intuitive motivation, i.e., the injectivity of the hierarchy maps. The defini-
tions differ in that Mertens and Zamir’s treatment imposes stronger requirements. Mertens and
Zamir assume that the parameter space X is Hausdorff. Therefore X is separative as well. We
distinguish the measurable structures of the parameter space X and of the type spaces T;. As a
result, the “if and only if” result in part (1) of Proposition 2 links the formal definition of non-
redundancy and its motivation, while the converse of Mertens and Zamir’s Proposition 2.5 does
not hold.

We are now ready to introduce the central concept of this paper.

Definition 7. Fix an S-based type structure M = (S, T, m). An (S x C)-based structure M=
(§ x C,T,m) is called an expansion of 1\11 via C if M is non-redundant and there is an S-based
marginalized type isomorphism t : T — T.

In conjunction with Proposition 1, this definition implies that if M’ is an expansion of M
via C, then the S-based partial hierarchies induced by M’ coincide with the S-based full hierar-
chies induced by M through 7. It turns out that separativity is necessary and sufficient for a type
structure to have an expansion.

Theorem 1. An S-based redundant type structure M = (S,T,m) has an expansion M =
(S x C,T,m) if and only if M is separative.

By this theorem, any S-based type structure M that is redundant in terms of S-based hierar-
chies can be interpreted as a non-redundant type structure based on an enlarged set of parameters
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S x C. This solves the conceptual difficulties of redundant structures: they capture certain “hid-
den variables™ that the players know but the analyst does not know.®

In subsequent proofs, we shall construct type structures by deriving new probability measures
from the probability measures on the semirings of measurable rectangles via the Caratheodory
Extension Procedure. The following crucial lemma is used to verify the measurability of func-
tions whose ranges are probability measures.”

Lemma 2. Let (X, X') be a measurable space and S be a semiring that generates X, 0 (S) = X.
Let SA be the o-field on A(X) generated by sets of the form bP (E) = {u € A(X): w(E) > p}
for E€Sand 0< p < 1. Then X5 = Sh.

Proof. See Appendix A.5. O
Now we are ready to prove Theorem 1.

Proof of Theorem 1. The necessity of separativity is straightforward. If M is an expansion of M,
then there is an S-based marginalized type isomorphism ; : T; — T;. Since M is non-redundant,
T;, with the o-field X (T;), is separative by part (2) of Proposition 2. By part (4) of Lemma 1,
T;, with the o-field X' (T;), has to be separative.

We divide the proof for sufficiency into several steps. In Step 1, we define the candidate type
structure M. For any given M, we set T = C = T. The measure i7; (t;) is defined along the
diagonal of C x T (see Eq. (3) below). In Step 2, we verify that M constructed in Step 1 is
indeed a well-defined structure. Lemma 2 is used to show the measurability of m;. Separativity
is used in Step 3 to establish the non-redundancy of the structure M.

Step 1. We define the candidate type structure.

Set C =T and T; = T;. To construct a candidate type structure M = (S x C,(T)jcr,
(m;i)ic1), we shall define the map m; : T; — A(S x C x T). The strategy is to define a set func-
tion (with some abuse of notation, we write it as i7;) on the semiring S = X' (S) x X (C) x X(T),
and then extend it uniquely to the product o -field.

For each #; € T;, and each measurable rectangle D x E x F' € S, define

mi(t;)(D x E x F) =m;(t;)(D x (E N F)). 3)

This in;(¢;) defines a probability measure on the semiring S. We shall verify its countable ad-
ditivity below. Consider a sequence of a pairwise disjoint rectangles Dy x Ej X Fj in S such
that

o0
Dk x Exx F)=D x E x F €.
k=1
Then {Dy x (Er N Fy)} is a pairwise disjoint sequence in X'(S x C) and
o0
D x (EnF)=|J(Dx x (Ex N Fy).
k=1
Therefore, by definition and countable additivity of m; (¢;),

8 See [10,11,21] for a related discussion.
9 This generalizes Heifetz and Samet’s result [20, Lemma 4.5] for generating fields.
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mi(t;)(D x E x F) =m;(t;)(D x (ENF))

=" mi@) (D x (Ex N Fy))

k=1
o0

= Z%(U)(Dk x Ep x Fy).
k=1

Therefore, m;(t;) is a countably additive probability measure on the semiring S. By the
Caratheodory Extension Theorem (see [1, Theorem 9.22]), in;(#;) extends uniquely to a prob-
ability measure on X (S x C x T'), which we shall still write as i; (t;).

Step 2. We verify that M = (S x C,(T}))icr, (iM;)ics) constructed in Step 1 is indeed a well-
defined type structure.

(1) m; : T; — A(S x C x T) is measurable with respect to the natural o -fields.

Since X' (S x C x T) is generated by the semiring S = X' (S) x X (C) x X (T), by Lemma 2
we only need to check the measurability on the measurable rectangles; that is, for any measurable
rectangle D x Ex FeSand0< p <1,

M)~ ({u: w(D x E x F) > p}) )

is a measurable subset of 7;.

Rewrite (4) as {;: m;(t;)(D x E x F) > p}. By the definition of m;, expression (4) is
precisely the set {t;: m;(t;)(D x (E N F)) > p}, which is a measurable subset of 7; by the
measurability of m;.

(i) The marginal measure of m; (#;) on T; is &;,.

In the type structure M, we have MargTi m;(t;) = &, for each t; € T;. That is, for each measur-
able subset E; C T; such that t; € E;, m;(t;)(S x T—; x E;) = 1. Thus, in the type structure M,
by the definition of m1;,

mit)(SxCxT_; x E))=mi({t;)(SxT—; x E;) =1.

That is, for any #; € T; in the type structure M, Margy, m; (t;) = &, as required.
This proves that M= (S xC,(T)ics, (Mi)icy) is a type structure.

Step 3. We verify that M is an expansion of M. To avoid confusing “7T” in the role of the
parameter space with “7 in the role of the type spaces M, we write c; : T; — C; as the identity
map.

(a) We shall show that M is non-redundant. It suffices to show that ; : T; — H;(S x C) is
injective by Proposition 2. Consider two distinct types #; and #/. By the separativity of 7; (and
hence C;), we can find a measurable set K; C C; such that ¢;(#;) € K; and ¢; (tl./ ) ¢ K; (recall that
¢i : T; — C; is the identity). Therefore,

E}(ti)(S XCoixKi)=mi(t;))(SXC_; x Ki xT)=m;({t;)(S§ x T_; x K;)=1. 5)

The second equality of (5) follows from the fact that the marginal measure of m;(#;) on T; is §;,
and t; = ¢; (t;) € K;. On the other hand,
hi(t])(S x C_i x Ki) = imi(t])(S x C—i x Ki x T) =m;(t])(S x T_; x K;) =0.

Therefore, h; is injective, as required.
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(b) We shall show that the identity map Id7 : 7' — T is the required type isomorphism from
M =(S,T,m)and M = (S x C, T,m). Namely,

Margg, 7 in; (Id7, (t;)) = m; (4;)(Ids, Id7) ™! (6)
and
(Margg, i (1)) (1ds, Id7) ™" = m; (1d7, (1)) (7)

By definition, m; (Id7; (;))(E x C x F) =m;(#;)(E x C x F) =m;(t;)(E x F) for any mea-
surable rectangle £ x C x F with E € X (§) and F € X (T). We just proved that m; (t;)(C X -)
agrees with m; (¢;)(-) on the semiring X (S) x X (T). Therefore, m; (t;)(B x C) =m;(t;)(B) or
Margg, 7 m;(t;) = m;(t;) for any measurable subset B € X' (S x T) by [8, Theorem 10.3]. This
proves Egs. (6) and (7).

Thus, M constructed above is an expansion of M. O

3. Games of incomplete information

Consider a game G = (S; (Aj)ier; (gi)ier) With a measurable parameter space S, strategy
space A = [[;.; Ai, and bounded jointly measurable payoff functions g; : § x A — R. Append
to the game a type structure M = (S, T, m). Write G[M] for the Bayesian game associated with
G and M.

Let (Bi)ics be a tuple of (behavioral) strategies f; : T; x X (A;) — [0, 1] such that (1) for
every t; € T;, Bi(ti,-) : X (A;) — [0, 1] is a probability measure and (2) for every E € X' (A;),
ti — Bi(t;, E) is measurable. The profile (B;)ics is a Bayesian equilibrium of G[M] if for any
i €l andanya) € A;,

/ /gz(s a)l_[,gj tjsdaj dm; (t;)

SxT A Jjel

> / /g, s,al,a 1_[ ,Bjt da; dm,'(ti).

SxT A JE’\{’}

In the expression above, [ [, gi(s, @) [;c; B; (t}, daj)dmi(t;) is player i’s expected pay-
off from G[M] when the players play according to (B;)ics, and fA gi(s,a) ]_[jel Bj(tj,daj) is
the shorthand for

/.-'-[/gi(s,a)ﬂl(tl,dal)}"'ﬂn(tnvdan)-

A An

Let M be an expansion of M via C. Let G = (S x C; (A))ier; (8i)ies) be such that
gi(s,c,a) =gi(s,a) forall (s,a) € S x A. We call G[M] an expanded game of G[M].

We adopt the following convention: when the context is clear, we shall call 8 an equilibrium
on type structure M as well as an equilibrium of the game G[M]. The following theorem shows
that any equilibrium associated with a redundant type structure can be obtained from its non-
redundant expansions, and vice versa. Together with Theorem 1, this result says that the set
of predictions obtained from a redundant structure reflects the set of equilibria based on a full
parameter space.
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Theorem 2. Let M = (S x C, T, m) be an expansion of M = (S, T,m) via C, and t: T — T is
the associated S-based marginalized type isomorphism. For any Bayesian equilibrium (B;)ier of
M, the strategy profile (Biier, defined via Bi(ti, ) =P (r; (t ), ) foreachi € I andt; € T;, is
a Bayesian equilibrium of M. Conversely, for any Bayesian equilibrium (B;)ic1 of M, the strat-
egy profile (Bi)ici, defined via B;(t;,-) = Bi(ti (1), ) foreachi €I and t; € T;, is a Bayesian
equilibrium of M.

Proof. See Appendix A.6. O

In Theorem 1, the set of “hidden variables” C can be very large depending on the redundant
type structure being considered, because we require that there be an S-based type isomorphism
between a redundant structure and its non-redundant expansions. A question one may ask is
whether it is possible to construct a space C depending only on the size of the game through
which the whole set of Bayesian equilibria of any given S-based redundant type structure can
be obtained. Intuitively, the action space A could be a candidate for such C. After all, a rational
player’s equilibrium play in any given equilibrium must be compatible with his belief about the
payoff functions and about his opponents’ action choices in that equilibrium. We go one step
further and conjecture that a single (S x A)-based non-redundant type structure will preserve all
the equilibria of a given redundant type structure without introducing new equilibria.

Conjecture. For any S-based redundant type structure M = (S, T, m), there exist an (S x A)-
based non-redundant type structure M = (S x A, T, m) and an S-based surjective marginalized
type morphism t : T — T such that:

() For any equilibrium B on M, there exists an equilibrium B on M such that B;(t;(t;), ) =
Bi(ti,-) foranyt; € T;.

(ii) For any equilibrium B on M, there exists an equilibrium B on M such that Bi(t;,-) =
,81(7:1 (#1), ) for any t; € T;.

As a consequence of Proposition 1, the existence of the surjective marginalized type morphism
T would guarantee that M and M induce the same set of S-based belief hierarchies. Condition (i)
of the conjecture says that any equilibrium on M induces an equilibrium on M, while condition
(ii) says that any equilibrium on M induces an equilibrium on M. In summary, the conjecture
states that M preserves S-based belief hierarchies and Bayesian equilibrium predictions of M .10

We report a partial result in this paper, but we are unable to prove or disprove the conjecture.
We first develop the following simple tool that shall be useful to deliver measurability.

Lemma 3. Fix a type structure M = (X, T,m). Then M' = (X, T', m') with the following two
properties is a type structure:

(1) T/ C T; and T/ is endowed with the relative o -field X(T]) ={T/ N E;: E; € X(T;)}.
(2) Foreachi el andt; € Ti’, m;(t;) has a support in X x T', and for each measurable subset
Gof X xT, mi(t;)) (X x T")NG) =m;(1;)(G).

Furthermore, M’ is separative whenever M is separative.

10° Note that since C is fixed to be A for any type structure, T cannot be taken as an isomorphism in general. For a
trivial example, consider S and A as singletons. Then the non-redundancy of M requires that 7 be a singleton, but the
redundant type space T can be any measurable space; there is no isomorphism from 7 to 7.
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In words, Lemma 3 says that if m;(z;) has a support in X x T’ for each player i and
t; € T/ C T;, then we can define a natural o-field on 7 and restrict m; (t;) to this o-field so that
(X, T',m’) is a well-defined type structure.

Definition 8. We call M’ a sub-structure of M if the conditions in Lemma 3 are met.

Definition 9. A type structure M = (X, T, m) is a union of a family of its sub-structures M? =
(X, T% m%),0€0,if T =Uyen T foreachi e I.

Note that T%’s are pairwise distinct but they are not necessarily pairwise disjoint. For instance,
a type space T? could be a strict subset of another type space T, Constructing a new type
structure by taking the union of a family of small structures was first discussed in Battigalli and
Siniscalchi [5, pp. 27-28 and footnote 33].

Theorem 3. For any S-based redundant type structure M = (S, T, m), there exist an (S x A)-
based non-redundant type structure M = (S x A, T, i) that is a union of a family of its sub-
structures M? = (S x A, T?,m?), 0 € ©, and a family of S-based surjective marginalized type
morphisms 0 : T — T? such that the following hold:

(1) For any equilibrium B on M, there exist a 6 € @ and an equilibrium B° on M® such that
B! (¢ (), ) = Bi(t:,-) for any 1; € T;.

(2) Forany 6 € © and any equilibrium B® on M?, there exists an equilibrium B on M such that
Bi(ti,) = B} (¥ (1), ) for any 1; € T;.

The existence of an S-based surjective marginalized type morphism implies that M, M and
every component of M contain the same set of S-based belief hierarchies (by Proposition 1).
Since M is non-redundant, two different sub-structures of M necessarily contain different sets
of (S x A)-based hierarchies. Part (1) of the result says that any equilibrium of the original
redundant structure M can be obtained from some sub-structure of the non-redundant struc-
ture M. Part (2) further implies that this sub-structure does not introduce new equilibrium
predictions. Note that M, the union of those sub-structures, preserves all the equilibria of M
only when we conduct equilibrium analysis on each of the sub-structures.!! The result is only
partial in view of the aforementioned conjecture. Theorem 3 implies property (ii) of the con-
jecture: M? preserves the S-based belief hierarchies and it does not introduce new equilibria;
however, we still do not know whether a single such structure preserves all the equilibria

1" In some contexts, it might seem reasonable to conduct equilibrium analysis within sub-structures to make predictions
because of the non-existence of equilibria on the universal (or a large) type structure (see Simon [26] for an example of
non-existence of measurable equilibria on compact Polish type spaces with finite games). But this is not necessarily a
negative answer for the conjecture—one might be able to get existence on the (S x A)-based type structure through the
existence on the original type structure M. Our equilibrium dependent construction in the proof gives us existence on
each sub-structure M 9, but it also limits the bite of the theorem.
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of M.'? That is, property (i) of the conjecture is not guaranteed. Therefore, the conjecture is
still open.!3

The idea of constructing a new structure that preserves Bayesian equilibrium predictions
through its sub-structures is similar to the idea proposed by Battigalli and Siniscalchi [5, pp. 27—
28 and footnote 33]. We impose more restrictions here: the new structure must be non-redundant
in terms of (S x A)-based beliefs and it has to preserve the equilibria of an exogenously given
type structure.

Proof of Theorem 3 (sketch). Here we first preview the idea. The technical details are in Ap-
pendix A.9. Unlike the proof of Theorem (1), the parameter set C is exogenously fixed to be A.
The construction of M = (Sx A, T, m) and its sub-structures M = (Sx A, 79, rﬁe) must meet
five conditions: (I) M and M? are non-redundant; (II) all type sets, T? and T;, are measurable;
(IIT) M expands M by introducing new (S x A)-based beliefs but M does not have new S-based
belief hierarchies; (IV) as a prediction, M contains each equilibrium of M; (V) M does not
introduce new equilibrium predictions.

The tools we use in the proof are the sub-structure technique derived in Lemma 3 and an
extension of Fubini’s Theorem (Appendix A.8). We identify MY and M as sub-structures of the
(non-redundant) universal structure (S x A, M*, T*) from which M? and M inherit the mea-
surability. Conditions (i) and (ii) are met. To avoid introducing new S-based beliefs into M,
we construct i by integrating m with the equilibrium S according to the extension of Fubini’s
Theorem (note that the equilibrium profile S is technically a Markov kernel). This operation pre-
serves both S-based beliefs and the original equilibrium B. Since Fubini’s Theorem generalizes
the properties of the integrals with independent measures, the induced (S x A)-based beliefs will
not bring about new correlations that are relevant to Bayesian equilibrium. Conditions (IIT), (IV),
and (V) are thus met.

We sketch the nine steps of the proof. All the measurability arguments and the proofs for the
claims made below are in Appendix A.9.

Step 1. For any equilibrium 8 on M = (S, T, m), we construct an “intermediate” (S x A)-
based type structure ¥# = (§ x A, T, ¥#), where for each i € I and t; € T}, wiﬂ is the unique

12 15 particular, an equilibrium on M’ 0 might not be an equilibrium on M (or even on M' 9" when T? is distinct from TG/).
13" A recount of Theorem 3 might illustrate the heart of the conjecture. Theorem 3 and its proof are equilibrium depen-
dent. More specifically, for each given equilibrium on the original redundant structure, we identify an (S x A)-based
sub-structure of the universal structure. The equilibrium dependent construction preserves the original equilibria and
hence guarantees the existence on the new type structure. Working with sub-structures of the universal structure guaran-
tees measurability as well. But starting with one particular equilibrium, we cannot guarantee that the whole equilibrium
set is preserved. Condition (ii) of the conjecture will be implied by Theorem 3 if there exists a maximal sub-structure
M?" that subsumes the equilibria on other sub-structures. However, proving this might require further knowledge on the
equilibrium set. It seems that, to prove the conjecture fully, we need an equilibrium independent approach, but then the
existence of a measurable equilibrium (through the surjective type morphism) becomes rather difficult and additional
topological assumptions might be needed.

These difficulties do not appear in Theorem 2 because we work with a type isomorphism. With additional topological
assumptions, we believe the conjecture is true if A is “large” enough. For example, if A is the Hilbert cube or larger
(see Aliprantis and Border [1, p. 85]), then any given separable metrizable (redundant) type spaces can be embedded
in A by Urysohn Metrization Theorem (see, [1, p. 86]). But this is not interesting because we have taken A as “the
largest separable metric space” and hence we can work with the type isomorphism as compared to some to-be-defined
morphism. The conjecture is still open for general A.
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extension of the following measure on the semiring of measurable rectangles {E x F x G:
EecX(S),Fe ]_[jel Y(Aj),Ge X))
WarExFx6 = [ 18 5)dma).
ExG J€!
By virtue of Fubini’s Theorem, this operation does not introduce new correlations relevant to
Bayesian equilibrium and it enables the recovery of 8; from wiﬁ (see Steps 3 and 5).

Step 2. The structure ¥# = (S x A, T, ¥#) can be redundant. We pick a non-redundant sub-
structure M# = (S x A, Tﬂ, ﬁﬂ) from the universal structure (S x A, T*, m™*) so that there is
an (S x A)-based surjective type morphism t# from ¥# to M?. We show that 7/ is an S-based
surjective type morphism from M to M#.

Step 3. Define a strategy profile B# on M# as follows. For each i € I and 7; € T, let
B?(f_h 9= Bi(fi(t;), ), where f; is a selector of (riﬂ)_l. We shall show that Bf is indepen-
dent of the choice of f;, and hence B? (‘L'iﬁ (t),)=pBi(t,-) forany t; € T;.

Step 4. We show that B# defined in Step 3 is an equilibrium on M?.

Step 5. We shall show that M# does not introduce more equilibrium predictions than M. For
any equilibrium B of MP, define a strategy profile ﬂB on M as follows. For each i € [ and
t; €T;, ,Bf (t,-) = B[(tiﬁ (), ). We show that ,BB is an equilibrium on M.

Next, we construct @, M?, t?, and M.

Step 6. Let B be the set of equilibria on M. Set ® := {M#: B € B} and for each 6 € O, set
M? := 6. By the definition of @, for each @ there is a unique point 8% € B such that 6 = M#’ .
Set 7% := t#” . This simple operation removes all the duplication of M#.

Step 7. We define M = (S x A, T, m) so that T = Useo T?, T inherits the relative o-field
from T*, and i is the restriction of *, where (S x A, T*, m*) is the (S x A)-based universal
structure.

Step 8. We still need to show that each M? is a sub-structure of M. By the construction in
§tep 2, TY inheriti the o -field from 7*. We shall show this o-field is the same as the o -field that
TY inherits from 7.

Step 9. We conclude that @, T?, 79, and T constructed above satisfy all the requirements of
the theorem. 0O

4. Concluding remarks
4.1. Interpretation of the results

The key implication of our results is that the analyst should use non-redundant type structures
if he is sure of the basic uncertainties that the players entertain. The players reason within a
particular language that captures their belief hierarchies. A type structure is the analyst’s model to
represent such language. In a redundant type structure, however, the players cannot even describe
and distinguish their own types; that is, the players know less than what the redundant type
structure captures.
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If the analyst is not sure of the basic uncertainties that the players entertain, he might make
use of the redundant type structures. A redundant type structure can be identified with a non-
redundant structure with an enlarged space of uncertainties. Only in a non-redundant structure
with a rich set of basic uncertainties can a player distinguish his own types using his language.
Since a type structure is a formulation of the game situation, it should be understood indepen-
dently of solution concepts.

If, in addition, we fix the payoff structures and impose the solution concept of Bayesian
equilibrium, we obtain a partial result toward bounding the cardinality of the enlarged space
of uncertainties by the space of actions—but the question is still open whether there exists a
single non-redundant type structure that preserves all the equilibria of a given redundant struc-
ture. However, the result should not be overstated. In particular, it does not imply that in making
Bayesian equilibrium predictions the analyst can avoid the issue of redundant types by incorpo-
rating the players’ actions into the type structure. To build the type structures, the analyst needs
to specify the players’ beliefs about their opponents’ action choices, which are precisely what
the analyst tries to predict.

In developing the theory in this paper, we also identify a crucial measure-theoretic property of
type structures: separativity. As shown in Theorem 1, separativity is both necessary and sufficient
for a redundant type structure to have a non-redundant expansion. Somewhat surprisingly, it
clarifies the gap between the mathematical definition of non-redundancy and its interpretation in
terms of belief hierarchies (see Remark 2).

4.2. Related literature

Researchers have explored the issue of redundant types using different approaches. Battigalli
and Siniscalchi [5] provide a unified framework for the analysis of both dynamic and static games
with incomplete information, in which actions are treated as basic uncertainties. They show that
the Bayesian equilibrium outcomes in all type structures with compatible restrictions on beliefs
are precisely those predicted in their framework. Ely and Peski [16] define a different notion of
hierarchy that incorporates conditional beliefs. They show that this new notion of hierarchy cap-
tures all the information that is relevant to the solution concept of interim rationalizability, but
not to Bayesian equilibrium. Dekel, Fudenberg, and Morris [12,13] propose a different solution
concept of “interim correlated rationalizability” which is invariant over the class of type struc-
tures modeling the same set of belief hierarchies. In their definition, a player could believe that
his opponents’ action choices depend on both their types and the unknown payoff parameters.

The interpretation of redundant types in this paper is solution-concept independent. We em-
phasize the question of whether a player can describe and distinguish his own types using the
language that the types try to capture. In a parallel paper, [22] shows how to construct a redun-
dant type structure from a non-redundant type structure through a state-dependent correlating
mechanism, which is an incomplete information analog of the correlating device on complete
information games (see [2,3,14,17]).
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Appendix A

A.l. Proof of Lemma 1

Proof. (1) Consider two distinct probability measures w1, u2 € A(X). Since w1 # w2, there
exists £ € X and 0 < p < 1 such that w1 (E) > p > p2(E). This implies that | € bP(E) and
u2 ¢ bP(E). Thus, w1 and u, can be separated by the measurable set b? (E) € Xa. (A(X), Xa)
is separative.

(2) If (X, ) is separative, then for any distinct points x and y there exists £ € X such that
x€Eand y ¢ E. Thus 6,(E) =1 and 6,(E) =0. 6, # §,. Conversely, if 6, # &y, then there
exists £ € X such that §;(E) =1 and 6,(E) =0, and hence x € E and y ¢ E. That is, (X, X)
is separative.

(3) Let ® be an arbitrary index set and Xy be separative for each 6 € @. Consider the product
space X = ]_[Qe@ Xp with the usual product o-field, i.e., the smallest o-field such that each
canonical projection Proj, is measurable. Consider two different points x = (xg)gep and x’ =
(xé)ee@ in the product space. Since the two points are distinct, xg+ # xé* for some 6* € @. Since
X+ is separative, it contains a measurable subset E so that xg+ € E and xé* ¢ E. Therefore,
X € (Projg*)_l(E) and x’ ¢ (Proje*)_l(E). It follows immediately that the product space X is
separative.

(4) Consider two distinct points x and x’ in X. Then f(x) # f(x’) since f is injective.
By the separativity of (Y, X' (Y)), there exists measurable subset £ C Y such that f(x) € E
and f(x') ¢ E. Therefore f~'(E) is a measurable subset of X containing x and not x’. Thus,
(X, X (X)) is separative.

(5) If all singletons are measurable, then X is separative by definition. The converse is not true.
Here is a counterexample. Let {0, 1} be the two-point set with the discrete o -field. It is separative.
By (3), the product space {0, 1}1%!! with the product o-field is separative as well. Consider the
collection of its measurable subsets X that contains all the subsets E C {0, 1}1%1] such that either
Proj, E € {{0}, {1}} or Proj, E€ € {{0}, {1}} for at most countably many 6 € [0, 1].

Note that {0, 1}[0’1] € ¥, W e X, and X is closed under complements and countable unions,
and hence it is a sub-o-field of the product o-field. Furthermore, by the definition of X', Proj,
is measurable on X for each . Since the product o-field is the smallest o -field for which each
Proj, is measurable, ¥ is just the product o-field on {0, 1}[>!1. But X does not contain singletons
(see, e.g., Dudley [15, p. 223]). O

A.2. Measurability of hierarchy maps in Section 2.3

Let f: X — Y be a measurable map and g : A(X) — A(Y) be the corresponding image
map; that is, g(un) = wf =1 for each u € A(X) according to our convention. Let e : X — A(X)
be another measurable map.

Lemma 4. g is measurable.
Proof. We only need to show that for F = {v € A(Y): v(E) > p}, where0< p<land E is a

measurable subset of Y, g_1 (F) is measurable in A(X), since F generates the o-field of A(Y).
By definition, we have
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g F)={nerX): uf ' eF}
={neAX): u(f~'(E) > p}.

Since f is measurable, f~!(E) is a measurable subset of X. Hence ¢g~!(F) is a measurable
subset of A(X) by the definition of o-field on A(X). Therefore, g is measurable. O

The following is immediate.
Corollary 1. x — e(x) f~! is measurable.
Lemma 5. l_zf-‘, h{-‘, h*, hk, hihij,iel, k=1,2,..., h, and h are all measurable.
Proof. By definition, E} (t;) = m;(t;)(Projg, )~ '. Its measurability is immediate by applying

Corollary 1 (replace e by m; and f by Projg, ). Therefore, hl@) = (ﬁil (1;))ier 1s measurable
(see [1, Lemma 4.48]). Since p!(s,c,t) = (s, ¢, h'(r)), p! is measurable as well. Suppose Ef,

h!, and p' are measurable,i € I and [ =1,..., k. We complete the proof by induction. Consider
| =k + 1. By definition and Corollary 1, we have hf.‘H (t) = m,-(tl-)(ﬁk)_l, and hence hf‘H and
h*+1 are measurable. Now p*¥t1(s, ¢, 1) = (s, ¢, k' (1), ..., h*T1(¢)) is measurable. The induction

is complete. ~ ~ ~ ~ ~ ~ ~
Since h; (t;) = (h} (t;), h?(4;), ...) and h(t) = (h'(t), h*(t), ...), both h; and / are measurable.
The measurability of the partial hierarchy maps can be proved in the same way. O

A.3. Proof of Proposition 1

Proof. By Definition 5,

Margg, 7 m (i (t:)) = (Margg, 7 m; (t;)) (Ids, 7). (8)
Therefore, for any #; € 7;, and any measurable subset E of S,
m;(l’l'(ti))(E() x C' x T/) =m;(t;)(Eg x C xT). )]

From (9) and the definition of the first order partial belief hierarchy map, h;l o1 = hl1 Suppose
h;l oT; = hf foreach i € I and 1 <1 < k. Consider measurable sets Eg C S and E; C H!(S) for
1 <1 <k. Then

(W) EN =" o) EN = (W) ED). (10)
Recall that p*(s, c, 1) = (s, h' (1), ..., h*(¢)) for each (s, c,1) € S x C x T, then

k k
-1 —1
(pk) (HE]) = E() x C x m(hl) (El)
=0 =1
Similarly, p'*(s, ¢/, t') = (s, W' 1(¢), ..., W'*(¢)), and

k k
("~ (]‘[ E,) = Eox C x [)(W"")""(ED,
=0

=1

where p’¥ and h'¥ are the corresponding maps on M’. Therefore,
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k
m; (i () (]‘[a) = m} (i (1)) (Eo x C x ﬂ(h”r‘(Ez))

=1
k
= (MargsxT/m; ('L'l' (tl))) <E0 X ﬂ(h/l)—l(El)>, an
=1

Similarly,

k
mi (1) <1_[E1> (Margg, ; m; (t;) (onﬂ(h’)‘(E,)>. (12)
=1

By (8), 10, (11), and (12),

oy () e (1)

Since all the sets of the form Hl:O E; generate the o-field on § x ]—[f=1 H'(S), we have
-1 -1
mi(zi () (p") " = mi@)(p") ™.

By the definition of #/**! and ¥ *!, n/¥* o ; = K**!. The induction is complete. O
A.4. Proof of Proposition 2

Proof. By definition, the hierarchy map h; is injective if and only if /;(#;) # h; (t/) whenever
t; # ti’ . Since H;(X) with the product o-field is separative even though (X, ¥'(X)) may not be
(Lemma 1), ; (#;) #+ E,-(tl.’ ) if and only if there exists a measurable subset E of H;(X) such
that /; (#;) € E and h; (tl./ ) ¢ E. Now let us consider the o-field o (hi). It consists exactly of sets
(hi)~'(E) for any measurable subset E of H;(X) (Billingsley [8, Theorem 20.1]). Thus, o (%;)
is separative if and only if for any distinct points #; and ¢/ in T; there exists a measurable subset
E of H;(X) such thatt; € (h;)"'(E) and ¢/ ¢ (h;)~'(E). In summary, we have shown that o (h;)
is separative if and only if h; is injective. Part (1) then follows from Definition 6.

Since A; is measurable on T}, the o-field X (7}) is finer than o (h;), the smallest o-field
such that 4; is measurable. Therefore, (7}, X (T})) is separative whenever o(h;) is. By Defini-
tion 6, if the underlying type structure (X, T, m) is non-redundant, o (h;) is separative, and hence
(T;, ¥(T;)) is separative, as required by (2). Note that the result is immediate from part (5) of
Lemma 1 if in addition all singletons are measurable.

Heifetz and Samet [20, Section 5, Lemma 5.4, and Theorem 5.5] construct a non-redundant
universal structure (X, T*, m*).!* It is separative by (2). Since the universal structure is unique
up to a type isomorphism (this follows from the definition of the universal type structure), the
result follows immediately from Lemma 1(4). O

A.5. Proof of Lemma 2

Proof. Note that Sp C XA by definition. To prove the other direction, consider £ =
{Ee€X: bP(E) e SA,0< p<1}. XA C Sa will follow if X C L. Notice that S C L and Sisa

14 1 their construction, Tl* is identified as a subspace of H;(X), which is separative.
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m-system. It suffices to show L is a A-system, as X' = o (S) C £ by Dynkin’s 7—A Theorem (see
[8, Theorem 3.2]).

(1) X € L is obvious.

(2) Suppose E € L. Then bP(E) € Sa for each 0 < p < 1. Note that

o
{w: w(E)>1-p}= U{Mi M(E)>1—P+%} € Sa.
k=1
Therefore bP (E€) = {u: w(E€) = p} = {u: p(E) < 1—p}=AX)—{n: n(E) > 1—p} € Sa.
Therefore E€ € L.
Next we show that £ is closed under a countable union of pairwise disjoint sets. As an inter-
mediate step, we shall first show the following:
(3) Consider a finite sequence {E j}’};l of pairwise disjoint sets in £ . For any integer k > 0,
consider the set

m
1
: E; — = 13
{u Zu( )>p k} (13)
j=1
Let QQ be the set of rationals in the real line. The set in (13) can be written as

U {wrEd>aln-n{w wEn1>gn}

1 m—1
ﬂ{ut u(Em)>p—%—Zq1}‘ (14)
j=1

To see this, note that for any p in (14), we have Z;f;] u(Ej) > p — 1/k by definition; for any
w in (13) we can find a set of rational numbers {q1, ..., gn—1} such that (E;) > g; for each
j=1,....m—1and u(E,)>p—1/k— Zf;?;l] q;j, and hence w is in (14).

Note that (14) is a countable union of finite intersections of measurable sets, and hence is
measurable. Therefore the set (13) is measurable.

(4) Consider a pairwise disjoint sequence {E;} in £. By countable additivity and (3),

bP<UE,~> = {u: D WE) > p} =NU {u: D WE)>p- %} €S
j=1 j=1 k=1m=1 j=1

The second equality follows from the fact that Z‘j’il w(E;) = p if and only if for any small

positive number 1/k, there exists an m so that Z'}Ll w(Ej)>p— % Therefore, U?‘;l E;el.
It follows immediately from (1), (2), and (4) that £ is a A-system. The claim then follows
from Dynkin’s w—A Theorem. O

A.6. Proof of Theorem 2

Proof. Note that both ri_l and 7; are measurable since 7 is a type isomorphism. For a Bayesian
equilibrium (B;);ey of M, let us write

fi(s, 1) == /gi(s,a) Hﬁj(fj,daj)

A jel
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and
]‘iai(s,t) ::f (s,al,a l_[ Bj(tj,daj).
A Jel\{i}
Here, f; (s, t) is player i’s payoff when the payoff—relevant state is s, the type profile is 7, and the

players follow the equlhbrlum strategy profile (8;)ier; f "(s, 1) is player i’s payoff evaluated at
(s, 1) when player i plays a. and the other players follow their equilibrium strategies.

Consider the strategy profile (B;)ic; on M defined by B;(-,-) = i (z; ' (-), ). Foreach i € I
and (s,7) € § x T, we have

/g,»(<s,c),a)l"[ﬁ,-<i,-,da,~)=/g,-<s,a>1"[ﬂ,-(r;1<i,-),daj)
A Jjel A .['EI
= (fi o (1ds, ©) ") (s, D). (15)
That is, (f; o (Idg, 7)~")(s, f) is i’s payoff evaluated at (s, f) when the players follow (8;);c;.

Similarly,

/g,((s ¢),aj,a_;) H Bj(fj,daj)=(f,~a’{O(Idsyf)fl)(s,f),

A Jel\{i}
where the expression ( fia" o (Idg, 7)1 (s, 7) on the right-hand side is player i’s payoff when i
takes a; and the other players follow the proposed strategies.

With some abuse of notation, let us treat f; Yo (Ids, )~ and f; o (Idg, v)~! as functions on

S x C x T because by Eq. (15) C consists of payoff-lrrelevant parameters Note that (8;);e; is
a Bayesian equilibrium of M if and only if for any i € I, #; € T;, and a; € A,

/ fi o (ldg, v) " 'dm; (7;) > / f,-“"o(lds,rrldm,-(ii). (16)
SxCxT SxCxT

By Definition 7, for any #; € T;, Margg, 7 in;(i;) = mi(ri_l(f,-))(lds, 7)~!. That is, for any
fieT;, andany Ee€ X(SxT),

m; (i) (E x C)—mz( L)) (ds, 1) (E).
Therefore, for F; = f; or f;

/ Fi o (Ids, 7) " dim; (i;) = / Fio(dg, v) " dm; (¢ () (s, )7 (17)
SxCxT SxCxT

By the change of variables theorem [8, Theorem 16.13], the right-hand side of (17) can be rewrit-
ten as

/ Fidm; (7' (1)) (18)
SxT
Therefore, (16) is equivalent to

/ fidm;(t7 (1) > f fﬁf dm; (77 (7). (19)

SxT SxT
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On the other hand, (8;);<; is a Bayesian equilibrium of M if and only if foranyi € I, t; € T;,
and a; € A;,

/fidmi(tl-)> / fl.“fdm,-(t,-). (20)
SxT SxT

The theorem follows immediately by comparing (20) and (19). O
A.7. Proof Lemma 3

Proof. We break the proof into several steps.

Step 1. We shall show that the product o-fieldon X x T"is {(X x T)NG: G € X (X x T)},
the relative o -field that X x T inherits from X x T.

The o-field on T’ is generated by T’ N E where E = E| x --- x E, and E; € X(T;). On
the one hand, the product o-field on X x T’ is generated by all sets of the form D x (T’ N E),
D € ¥(X) and E € X(T). On the other hand, the o-field {(X x T)YNG: G € X(X x T)} is
generated by all sets of the form (X x T')N(D x E), D € ¥(X) and E € X (T). The claim then
follows from the equality (X x T")N (D x E)=D x (T'NE).

Step 2. We shall show that for each i € I and #; € T/, m/(t;) is a well-defined probability
measure on the o-field of X x T’. We check only the countable additivity. Let Fy, k=1,2,...,
be a sequence of pairwise disjoint measurable sets of X x T’. By Step 1, F = (X x T') N Gy
for some measurable subset G of X x T. Furthermore, G, k=1,2,..., is a pairwise disjoint
sequence. By definition,

mﬁ(t,-)<U Fk) = mj (1; ( (X xTHnN Gk)>
k=1

(Ue)

m;(t;)(Gg)

)
=m;(t;)

o
U
k=1

o
U
k=1

M

~
Il
-

M

m (1) ((X x T") N Gy)

~
Il
—

m (1) (Fi).

M

~
Il
-

Step 3. We show below that m is measurable. By Step 1, we only need to show that for
each G € (X x T), the set E] :={t; € T/: m}(t;)((X x T’)N G) = p}, where 0 < p < 1, is
measurable in Tl.’ . By condition (2),

E; =T, 0 {ti: mi(1)(G) > p}.

Note that E; := {t;: m;(t;)(G) > p} € X (T;) by the measurability of m;(;). Hence E; = T/ N E;
is a measurable set in 7; by condition (1).
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Step 4. We verify that M’ is a type structure. Given the previous two steps, we only need to
check the third condition of Definition 2: fix #; € T/ and E} € X(T}). From condition (1) of the
lemma, E; =T/ N E; for some E; € ¥ (T;). Then by condition (2),

8, (E;) = (Margy mi () (E;)
=m;(t;)(X x T; x E})
=m;(t;)(X x T'; x (T{ N Ey))
=m;)((X x TN (X x T—; x E;))
=m; () (X x T—; X Ej)
= (Margz, m; (t;)) (E;)
=3 (Ei).

Since E/ =T/ NE; andt; € T/, t; € E] if and only if ; € E;. Therefore &, (E}) = 8 (E;).

Step 5. By the definition of relative o-fields, M’ is separative if M is separative. O
A.8. A version of Fubini’s Theorem
We need the following extension of Fubini’s Theorem in the construction of Theorem 3.

Proposition 3. Let f : S x A; x Ay x T{ x T» — RT be a jointly measurable function. For
i=1,2, letk;(tj,da) : T; x X (A;) — [0, 1] be a stochastic kernel, and let w; : T; — A(S x T)
be measurable.

(1) F(s,t)= fAu fAz f(s,ar,az, t1, )ka(tr, das)ky (t1, day) is jointly measurable on S x T.
(2) There exists a unique map P; : T; — A(S x T x A) such that for any E € X (S x T) and
Fie X(Ay),ie{l,2},

P;(t;))(E x F1 X F») = /K[(l‘{, F])Kz(lé, Fz) dm; (t;).
E
3) P:T; > A(S x T x A) is measurable.
@) [oxrlfa, [a, F(s,a, D62y, daz)ir (t], da))dmi(t) = [, 47 £ (5, a,0) dPi (1),

Let us first prove the following lemma.

Lemma 6. Suppose w : ©® — A(X) is measurable with respect to the corresponding o -fields.
Then [ f(x)dm(6): ©® — R is measurable for any non-negative real-valued measurable func-
tion f with domain X.

Proof. For a fixed measurable set E C X, 6 — 7 (0)(E) is a real-valued measurable function
since

{o: 7@ (E) = r} =~ w(E) >}

is a measurable subset of ® by the measurability of 7. For a simple function g = >}, bxlg,
on X, fg(x) dm(0) =Y j_, bemw(0)(Ey) is a measurable function on @. Since f is a pointwise
limit of an increasing sequence {g;} of simple functions, | f(x)dn(0) = lim; [ g/(x) dn () for
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each 6 € ® by the monotone convergence theorem, and therefore 6 +— f f(x)dm(0) is measur-
able. O

Proof of Proposition 3. (1) It suffices to show (s, t) > fAl fAz 1£(s, a, Dk (tr, dao) k1 (t1, day)
is jointly measurable for every measurable subset £ C S x A x T. The stated result will then
follow from passing to the limit of an increasing sequence of non-negative simple functions.
First consider E = E' x E? x E3 x E® where E' € X(S), E} € X(A;) and E® € X(T). We
then have

f Lty g2y g3 (5, @, DKo (ta, da)iy (11, day) = 11 (8)ka (12, E3 )i (1, ET) 1 s ().
A

Consider F" = {(s,1): 151(s)ka(ta, E3)k1(t1, ED)1g3(t) > r}. By definition, F” =@ for r > 1;
F'=8SxTforr<0;forO<r <1,

F' =E" x ({t: k2(t2, E3)c1 (11, E}) > r} N E?).
Notice that

{t: K2(I2, E%)/q (tl, Elz) > r} = U {tl: iq(tl, Elz) > q} X {l‘21 K2(l2, E%) > r/q}
q€Q,q>0,

is measurable in 7. Therefore, F" is measurablein S x T. (s, t) — fAl fAz 1g(s,a, ky(ty, das)
k1(t1, day) is jointly measurable for measurable rectangles E = E! x E? x E3. To show that the
result holds for any measurable E in S x A X T, consider L={E € X(SX AXT):(s,t)—~
fA 1g(s,a, t)ka(t2, daz) k1(t1,day) is jointly measurable}. We have shown that the m-system
2(S) x X(A1) x X (Ap) x X(T) of measurable rectangles belongs to £. It will follow from
Dynkin’s w—A Theorem that X' (S x A x T) = L if £ is a A-system. Let us verify that £ is
a A-system. First, it is straightforward to check that S x A x T € £ and that if E € L then
E° € L. Secondly, consider a pairwise disjoint sequence {F*} in £. We have, by the monotone
convergence theorem,

o0
/lulcjilFk(s,a,t)Kz(tz,daz)Kl(tl,dal)ZZ/1Fk(S,a,f)KZ(IZ,dQZ)K](tI,da])-
A k=14

From the right-hand side, we see that the left-hand side is jointly measurable in (s, a, t). Thus
Ui, Fk e L. Therefore L is a A-system.

We only sketch the proof for (2) and (4) since they are not very different from the familiar
form of Fubini’s Theorem; see, for example, [8, Theorem 18.3 and Exercise 18.20].

(2) For each #; € T;, we show P;(t)(E x Fi x F2) = [pka(th, F2)k1(t], F)dm;i(t;) is a
countably additive probability measure on the semiring S = X' (S x T) x X (A1) x Y (A»)
of measurable rectangles. Suppose {EF x F lk X F2k} is a pairwise disjoint sequence in S and
UR | EX x FF x F¥ = E x F| x F> € S. It is immediate that ;| EF = E and | ;2| FfF = F;,
i =1, 2. Therefore, foranyw e S x T anda € A,

0 oo
LExrixp (@ at,a2) = ) g plopp (@, ar,a2) = ) 1k (@)1 g @)1 e (a2).
k=1 k=1
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Integrating with respect to «2(z}, -), then with respect to « (¢, -), and finally with respect to
7; (t;), we have

o0
/Kg(té, Fz)lq(t{, F])d?'[,' (tH) = Z/Kz(té, sz)Kl (li, Flk) dm;(t;).
E kzlEk
Therefore, P;(t;) is countably additive. By the Caratheodory Extension Theorem, P;(#;), for
each #; € T;, extends uniquely to a measure P;(f;) on X (S x T x A).
(3) By Lemma 2, we only need to show that t; — P;(#;)(E x F| x F3) is measurable. This
measurability follows from Lemma 6.
(4) The proof is standard: check the result first for indicator functions, then for simple func-
tions, and finally for non-negative real functions. O

A.9. Proof of Theorem 3

Proof. Step 1. For the given type structure M = (S, (T})ier, (m;)ics), denote by S the semiring
of measurable rectangles X'(S) x l_[jel X (Aj) x X(T). Define a type structure 1/ (Sx A,

T,y#) in the following way. For each i € I, let wi’g be the unique extension of the following
probability measure on the semiring of measurable rectangles {E x F x G: E € X (S), F =

[Tjer Fielljer Z(A)), G e Z(D)}:

wiﬂ(t,-)(E x FxG)= / Hﬁj(t;-, Fj)dm,-(t,-). (21)
ExG J€!
The existence and measurability of @[/iﬂ is guaranteed by Proposition 3. Furthermore, by taking
E=S,F=A,G;j=T,for j#iin(21),forany t; € T;,
Yl ) (S x Ax T_i x G) =mi(6)(S x T_i x Gj). (22)
Therefore, Margy, wiﬁ (ti) = Margy, m; (t;) = 4. Thus, wh = (S x A, T,yP) is a well-defined
type structure. We shall show that Idr is an S-based marginalized type morphism from M to ¥#,

and hence ¥# preserves the S-based belief hierarchies of M. To see this, take F = A in Eq. (21);
then

Yl () (E x A x G) =m;(1)(E x G).
That is,

(Margg, 7 ¥ (1)) (E x G) = (Margg, .7 mi (1)) (E x G).
Since the measurable rectangles generate the o-field of S x 7', we conclude that

Margg, r Ilff(ti)zMargSXT m; (). (23)
By Definition 5, Eq. (23) shows that Id7 is an S-based type morphism from M to ¥#.

__ Step 2. Given' wh = (Sx A, T,yP), wedefine an (S x A)-based non-redundant type structure
MP = (S x A, TE, mP ) as follows. According to the construction of H_eifetz and Samet [20],
w# is mapped into an (S x A)-based universal type structure (S x A, T*, in*) under a unique
(S x A)-based type morphism that we write as 7#. Write Tf} = riﬂ (Ty) C T:.‘. T? is endowed
with the relative o-field. For any i € I and ¢; € Tf , we shall show that i} (#;) has a support in
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S x A x TP, To see this, suppose to the contrary that r%;" (t;)(E) > 0 for some measurable set E,
and E C S x A x (T*\T#). Therefore,

(S x A x T)N (ldsxa, o)~ (E) = 0.

Consider #; € T; such that =/ (1) = 7;. Then v (1;) (Idsx a, )~ (E)) = 0, because ¥ (1,)(S x
A x T) = 1. This contradicts the fact that t# : T — T# is a type morphism.
Forany G € X (§ x A x U*), let

m? (1)((S x A x TP) N G) = mf({:)(G).

Then MP = (S x A, TP, n_1_/3 ) is a well-defined non-redundant type structure by Lemma 3. We
shall show that t# : T — T# is also an S-based marginalized type morphism. Since 7 is an
(S x A)-based type morphism, it follows from Definition 5 that

_ -1
Margg, 4. 76 m?(fiﬂ (1)) = (Margg, 47 l/fl-'3 (t)) (Idsxa, T%)
That is, for all measurable subsets £ C S, F = Hjel Fje Hjel X(Aj),and G € E(Tﬁ),

’Wf(ff(ti))(E x FxG)= Wf(ti)(IdSXA, zﬁ)*l(E x F x G) 24)
=P ) (E x F x (/) 71(0)). (25)
Set F' = A in Eq. (25). We have

(Margg, 7 1] (/' (1)) (E x G) = (Margs,.r v/ (1)) (E x (+#) ()
= (Margg, 7 v/ (1)) (1ds, %) "' (E x G).

Since the measurable rectangles E x G generate the o-field on S x T#, we conclude that
_ ~1
Margg, 7t (< (1)) = (Margg, v/ (1)) (1ds, %) 7.

That is, 7% : T — T# is an S-based type morphism from ¥# to M#.
By comparing Egs. (26) and (23), we further have

(26)

Margg, 7 im? (t (1)) = (Margg, 7 m; (1)) (1ds, 7#) .

That is, % : T — T# is also an S-based marginalized type morphism from M to M#.

Step 3. For the fixedi € / and t; € T;, set E=S, G=T, and F; = A; for each j # i in
Eq. (21). We have

vl t)(S x Fy x Ay x T) = Bi(ti, Fy). @7
For the same i, set E =S, G =T#, and Fj = Aj for each j #i in Eq. (25). We obtain

m? (P (1)) (S x F; x ALy x TF) =y (1) (S x F; x A_; x T). (28)
Comparing (28) and (27), we conclude that

Bi(ti, Fy) = (Marg,, v/ (1)) (F;) = (Marg,,, i} (< (1)) (Fy). (29)

Let f; : T? — T; be an arbitrary selector of the correspondence (rl.ﬂ y~e T? = T;. Define a
strategy BF : T/ x 2 (A;) — [0, 1] for player i in type structure M* by
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Bl ) =Bi(fiG), ), ViieT?. (30)

We need to verify that B',B (t;, ) is measurable and independent of f;.
From Egs. (29) and (30), for any 7; € T/ and 1;, 1/ € (z/) =" (7)),

B (i) = Marg, ¥ (1)) () = Marg,, v/ (1)))() = (Marg,, il (i) ().

Therefore, the measurability of B? follows from the measurability of Marg 4, r%;.s (t;), and B f} is
independent of the selector. By Eq. (29), B? (riﬂ (t),)=Bi, ).

Step 4. We shall show that B# defined in Step 3 is an equilibrium on M# whenever g is an
equilibrium of M. From Step 3, B]ﬂ (r}g (j),) = Bj(tj,). Since P is surjective, we need to show
foreachi € 1,1; € T;, and a] € A;,

/ [/gi((s,a”),a H,Ef-}(t_'j,daj)} dﬁfj(riﬁ(t,-))

(SxA)xT#h 7€l
/ /g, (.a.dfazi) ] Bf(i;,daj)dmf(zf(n)). (31)
SxAxTH A Jenty
From the change of variables theorem, for any E € X(S x A x T#) and F € [Tjer Z(A)),
[18: ) avlar = [ T15) 7y dinf (of ). (32)
(s, e/ 1 (B) /<1 £ Jel
Therefore,

/ [/gl (65.a".a l_[ﬂ daf)} dmf (7 (1))

(SxA)xTH A Jet

/ [/ ((s,a").a ]‘[ﬂj(t;,daj)]dwf(t,») (33)

(SxA)XxT A jel

= / Ugl-(s,a)Hﬁj(r},daj)}dw%) (34)
(SxA)XT A jel

= f [/[/gi(s,a)nﬁj(t},daj)}Hﬁj(l},daj)]dmi(ti) (35)
SXT ~A A Jel Jjel

= / I:/gi(S,a)l_[ﬁj(t}»daj)}dmi(fi)s (36)
ST ~ A Jel

where equality (33) follows from Eq. (32) and Fubini’s Theorem; equality (35) follows from
Eq. (21) and Fubini’s Theorem; and equality (36) is obtained by a simple calculation.
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Similarly,
/ / gi((s,a",a),az) T B daj)am? (<F )
SxAxTH A Jeniiy
= f [/gi(s’a,{’ai) l_[ ﬁj(l},daj)]dmi(ti)- (37)
SXT A JENi}

Since (B;) jer is a Bayesian equilibrium on M,

/ [/gi(s,a)l"[ﬁj(t;-,da,-)}dmi(n)

SxT A Jjel
> / I:/gi(s,al{,a_i) l_[ ﬁj(t}’daj)} dm;(t;).
SxT A JEIi}

Together with (36) and (37), this implies inequality (31). Therefore, (Bf ) jer is a Bayesian equi-
librium on M#.

Step 5. We shall show M*? does not introduce new equilibrium predictions. For any equilib-
rium B of M#, define a strategy profile % on M as follows. For each i € I and 1; € T},

ﬁiB(li, )= Bi (fiﬂ(li), )

The measurability of ﬂf} follows from the measurability of B and t#. Thus ,BB is a well-defined

strategy profile. We shall show that B isan equilibrium on M. That is, we need to show that for
eachiel,t; €T;, and a] € A;,

/ [/gl«s,a)]"[ﬂf(t},daj)]dmi(ri>

SxT A jel
> [ | [etsaia) T 8765d05) | amiao. 38)
ST A Jel(i}

Following the same arguments as in Step 4, the left-hand side of inequality (38) is

/ [fgi((s,a/),a)H,Bj(f/j,daj):| din? (< (1)) (39)
SxAxTP A Jel

and the right-hand side of inequality (38) is
/ /gi((&a//),a,{sa—i) l_[ Bi (f;,daj)drﬁf(fiﬂ(li)) (40)
SxAxTE A Jen

Since g is an equilibrium on M# by assumption, the expression in (39) is greater than or equal

to the expression in (40). It follows immediately that B# is an equilibrium on M.
Next we construct ®, M?, and M, as required.
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Step 6. Let B be the set of equilibria on M. Following the previous steps, we can construct

an (S x A)-based non-redundant type structure M” for each g € B. It could be that M#' = MF’
for some B! and B2. We use the following simple set operations to remove the duplications. Set
© = {MP: B € B}. For any 6 € @, let M? := 6. By the definition of @, for each 6 there is a

unique B? € B such that = MP . Set 17 = #.

Step 7. We now construct M. Recall that (S x A, T*, in*) is the (S x A)-based universal type
structure. From Step 2, T0 CcT* SetT;:= Ueeo T , and hence T; C T* Let 7; inherit the
relative o -field from T;". Forany i €I and f; € T}, m’(t;) has a support in § x A x T (see
Step 2). Forany G € X (S x A x T*), set

mi(i;)((S x A x T)NG) :=m}(#)(G).
By Lemma 3, M = (S x A, T, im) is a well-defined non-redundant type structure.

Step 8. We shall show that M? = (S x A, T? m?) constructed in Step 6 is a sub-structure
of M. We need to verify the two conditions in Lemma 3. From Step 2, we know that M 9_is a
sub-structure of (S x A, T*, m*), and T? inherits the relative o -field from T7. E(T?) = {T? N
Ei: E;eX (T;")}. We need to verify that this o -field is the same o -field that T? inherits from T';.
Since T; inherits the o-field from T} (Step 7), (T;) ={T; N E;: E; € X(T})}. The o-field
that T? inherits from T'; is {T‘? NF;: F; e E(Ti)}. Note that

{T!NF: FieXT)}={T!NF: F e Z(T))
{T!NF: Fi=T:,NE;, E € ¥(T}))
{TY N (T;NE)): E; € 2(T}))
[T NE;: E; e 2(T}))
70
= 3(TY).

This confirms the first condition of Lemma 3. We verify the second condition below.

From Step 2, foreachi € I and f; € T?, m’(t;) has a supportin § x A x TY. By the definition
of in; (f;) in Step 7, in; (7;) has a supportin (S x Ax T)N(Sx A x T?) =S x A x T?. From the
proof of Lemrrla 3 and the definition of relative o -field, it follgws that for each measurabl_e subset
G of S x A x T, there is a measurable subset G* of § x A x T* suchthat G = (S x A x T)NG*.
Therefore,

ml (D) ((Sx Ax T NG)=mf (i)((Sx Ax T?)N((S x A x T)NG*))
=mf (#)((S x A x T) N G*)
=m; (t;)(G")
=m; (1) ((S x A x T)NG¥)
=im;({;)((S x Ax T)NG)
=m;(t;)(G).
Therefore, rﬁf is the restriction of ;.
Step 9. We claim that @, M?, 7%, and M constructed above satisfy the requirements of the

theorem. Let us verify condition (1) first. For any equilibrium 8 on M, pick 6 such that 6 =
MP in Step 6, and hence MY = MP# (again by Step 6). By Step 4, B# is an equilibrium on
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MP = M?. Denote Bﬂ by Be. By Step 3, B?(rﬁ (t),-) = Bi(t;,-) for any ¢t; € T;, as required.
Now let us verify condition (2). For any 6, it follows from Step 5 that M? does not introduce
new equilibrium predictions. B; (t;, -) = ,3? (tﬁ (t;), -) defines an equilibrium on M. O
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