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ABSTRACT

This paper studies inference in a continuous-time game where an agent’s decision to quit an activity depends
on the participation of other players. In equilibrium, similar actions can be explained not only by direct
influences, but also by correlated factors. Our model can be seen as a simultaneous duration model with
multiple decision makers and interdependent durations. We study the problem of determining existence and
uniqueness of equilibrium stopping strategies in this setting. This paper provides results and conditions for
the detection of these endogenous effects. First, we show that the presence of such effects is a necessary and
sufficient condition for simultaneous exits. This allows us to set up a nonparametric test for the presence of
such influences which is robust to multiple equilibria. Second, we provide conditions under which parameters
in the game are identified. Finally, we apply the model to data on desertion in the Union Army during the
American Civil War and find evidence of endogenous influences.

JEL Codes: C10, C70, D70.



1. INTRODUCTION

In this paper we set up a continuous-time model to describe a multi-person decision problem
involving timing coordination. Individual strategies are exit (or entry) times to a certain
activity such as when to join a social welfare program, desert from an army or emigrate to
a different region. After characterizing the equilibrium for such a situation, we assess the
empirical implications of the model in the presence of direct strategic effects of a player’s
action on other agents’ choices. The main finding is that such endogenous effects are nec-
essary and sufficient for simultaneous exits with positive probability. This has consequences
for the statistical treatment of such settings and for inference. We also show that in this
model the number of players impacts observed (equilibrium) outcomes only in the presence
of endogenous effects. We then devise a test for the existence of endogenous effects taking
into account the fact that time is not observed continuously but at discrete intervals. The
paper subsequently analyzes circumstances under which parameters of interest are identi-
fied. Finally we apply these tools to an analysis of desertion in the Union Army during the
American Civil War.

It is difficult to explain why agents behave similarly when they do so. Individuals
may act similarly in response to correlated shocks or genuinely in reaction to each other’s
actions — a legitimate endogenous effect.! We analyze a situation in which agents take a
binary action and choose the timing for such an action. Crucially, correlated behavior may
arise through correlated effects or through a direct impact on others.

One reason to properly account for endogenous effects is that they might have different
implications for policy than correlated effects. Endogenous effects may create “social multi-
pliers” and blow up the effect of other factors determining behavior?. This may significantly
alter the choice of treatments in policy-relevant situations like crime reduction, welfare pro-
gram participation or immigration. Imagine for instance a situation in which agents choose
when to join a certain program. A person’s timing choice may be determined by common
factors or directly by the timing of other agents’ decisions (or both). If the participation of
one’s reference group — the endogenous effect — is a sufficiently strong determinant for an
agent’s choice, one could then concentrate efforts on a subgroup of community members and
hope to affect the remaining members as the focus group joins the targeted activity. If on

the other hand the main driver is common shocks that provoke participation by individuals,

Manski [34] provided a clear categorization for the possible causes of similarities in behavior and coined
the expression “reflection problem” to characterize the difficulties in separating endogenous and other social

and correlated effects.
2For a recent exposition on this issue, see Glaeser and Scheinkman [17].



a policy-maker may prefer to identify and directly act on such defining variables.

In a timing framework, statistical inference would typically involve survival analy-
sis or duration models. Whereas standard statistical duration models could be employed
to identify the existence of hazard dependence among agents (as indeed is done in Costa
and Kahn [10] and Sikaraya [48] and suggested in Brock and Durlauf [7]), it is still unclear
whether such effects are primarily to endogenous influences or to correlated unobservables.
In contrast, our model clearly separates both channels and lays out the circumstances under
which each of these sources is individually identifiable. Another issue that arises in the par-
ticular setting studied in our paper — timing problems — is that endogenous effects generate
simultaneous actions with positive probability in continuous time. This is an outcome that
does not occur in standard duration models. Failure to properly account for such phenomena
may bias estimation and misguide inference?.

Applications for the above tools comprise all those circumstances that focus on timing
coordination and would involve “duration”-type models with multiple agents. One may cite
for instance social welfare program participation, stock market participation (Hong, Kubik
and Stein [23]), migration (Orrenius [37]), marriage decisions (Goldin and Katz [20]) and
even crime recidivism (see for instance the empirical investigation by Sirakaya [48], where
social interactions are found to meaningfully affect recidivism among individuals on proba-
tion).

This paper contributes to the econometric literature on social interactions. At the
same time, it borrows standard tools utilized in the finance and investment literature for the
analysis of securities derivatives and real options. We review the relevant literature in the

following subsection.

1.1. LITERATURE REVIEW
In this paper we provide a model for timing coordination. Early references to such situa-
tions can be found for instance in Schelling [46], which discusses the timing of mob formation.
Our paper also relates to the threshold models of collective behavior in Granovetter [22], for
which “the costs and benefits to the actor of making one or the other choice depend in part
on how many others make which choice.” Although that paper focuses on the binary nature
of the actions taken, a timing element exists in many of the examples gathered (diffusion of
innovations, strikes, leaving social occasions, migration and riot formation). We formalize
these ideas using tools of continuous-time probability models in which individuals choose an

optimal timing strategy to quit (or join) a certain activity. Our theoretical model is also

3See for instance Van den Berg, Lindeboom and Ridder [49].
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connected to the one developed in Mamer [33] for a discrete-time setting and in a differ-
ent framework®. As a result, our model is in the family of stochastic differential games —
continuous-time situations in which the history is summarized by a certain state-variable
(see Fudenberg and Tirole [15] (Ch.13) for a review of the literature on such games). This
literature is nonetheless more concerned with zero-sum games, whereas we focus on situ-
ations involving coordination elements. Our theoretical model can also be related to the
continuous time game presented in Hopenhayn and Squintani [24]. In their case the payoff
flows evolve discontinuously (according to Poisson processes) whereas in our case the utility
flow is continuous with probability one. This distinction diminishes the role of beliefs with
respect to the opponent players and turns out to be an important element in our analysis.

In simple contexts it is usually difficult to separate endogenous effects from other
social forces (Manski [34]). This difficulty explains our search for structure in the specific
situation under analysis. Strategic interactions also pose an additional problem that may
hinder identification and estimation: that of multiple equilibria. We circumvent this issue
in the present article by focusing on a specific equilibrium. This is an active field of research
and is surveyed for instance in Brock and Durlauf [7].

In order to construct the model and perform inference we use the tools of continuous-
time optimal stopping problems which appear in the investment and finance literatures. The
basic ingredients are explained in Dixit and Pindyck [11]. Whereas studies in this literature
do address the interaction of many agents, what distinguishes our model is a clear separation
between endogenous and correlated effects.

Our paper is also related to the empirical literature on “duration-type” situations
with many interacting agents. One example is Sirakaya [48], in which the author investi-
gates duration dependence in timing of crime recidivism. Brock and Durlauf [7] cite other
applications such as the timing of out-of-wedlock births or first sexual experience. Still, the
studies indicated there do not look at the endogenous effect and focus instead on contextual
neighborhood variables. In their analysis of group homogeneity and desertion, Costa and
Kahn [10] discuss the possibility of a contagion effect and try to account for it by introduc-
ing the fraction of deserters in a military company as a regressor (p.538). Although this is
indicative of endogenous interactions, without a structural representation one may contend
that it is still not clear whether the effect captured is one of endogenous interactions or

correlated effects.

4In his paper this author is mostly concerned with research and development investment applications in

which firms have complementary decisions.



The structure of the paper is as follows. In the next section we present the gen-
eral model and establish existence of equilibrium. Section 3 discusses and characterizes a
particular specification for the model and sets the scene for Section 4, in which we discuss
the empirical implications of the model. In Section 5 we illustrate the previous discussion
with a dataset comprising Union Army recruits during the American Civil War. We obtain
evidence that there were endogenous effects involved in the decision to desert the army and

estimate the model by simulation methods. The final section concludes.

2. THE MODEL
As a mathematical model of the world, consider a probability space (£, F,P) in which a

given state of the world w € € is chosen according to a probability law P. There are [
agents. These agents take part in a certain activity (we will loosely use I to denote the set
of agents and its cardinality). A gain function (u; : R x [0,7] — R) captures the utility
an individual derives as he or she exits the activity. If an agent ¢ € I chooses to abandon
the activity at a time 7° € [0,T](T € R,,, where R,, = (0,00]), he or she collects a

reward of u;(z%;,7"). The stopping strategies are represented by 7; : Q — [0, 7], a (possibly

i)
infinite) stopping time with respect to an individual filtration F* = (F})icjo.77” representing
agent i’s flow of information. Although this information flow arises endogenously in the
game, we assume throughout that the individual filtration satisfies the usual conditions®.
Rigorously, a filtration is a sequence of o-algebras that specifies how events are revealed over
time. Intuitively, a filtration records one’s knowledge about the state of the world w as time
evolves. The information to individual ¢ at instant ¢ consists then of all events summarized in
the collection F;. We allow the individual information histories to differ across individuals.
These individual information sequences will be the basis for an agent’s strategy since the
filtration F* = (F}).ep,r] incorporates the modeling assumptions one imposes on what each
agent knows or not as time evolves.

We assume that the individual state variable evolves as a process (adapted to the
F* = (F})ieo,r) filtration) which may depend directly on the participation of the remaining

individuals in the group. This direct influence represents the endogenous effects in our model.

°A random variable 7 : Q — [0,T] is a stopping time with respect to (Ft)tepo,m if, for each t € [0, 77,
{w:7(w) <t} € F;. Some authors use the term Markov time for this definition and refer to stopping times
as finite Markov times. In this paper we use infinite and finite stopping times respectively for these objects.

Intuitively they represent stopping strategies that rely solely on past information.
6The filtration is assumed to satisfy the usual conditions: it is right-continuous and Fy contains all

P-negligible sets in F.



Let 6! be the process representing the fraction of the population (excluding agent ¢) that has
abandoned the activity before time ¢. In other words, ! = Zi:l,s i o<y /(1 — 1) (with Iy
as the indicator function for the event A C 2). This process will be determined endogenously
as individuals choose the stopping times according to their preferences. Throughout we
assume that ¢! € F}: one knows how many players stopped up to (but excluding) the
current instant. Each individual state variable x! is assumed Markovian and is characterized
by a transition function {P}},ep0,r) where P} : RL x [0,1] x [0, 7] x B(R;) — [0, 1] is a kernel
such that, for s <t € [0,T],T € B(R,),x, € R,

P(z; € T|F;) = Pi_y(xs, 05, 55 1).
Note that the superscript ¢ allows for the state variable process to differ across individuals.

The structure for the multi-person decision problem (payoffs, players, strategy spaces and

information assumptions) is presented in the following definition.

Definition 1 (Synchronization Game) A Synchronization Game is defined as a tuple
(I,(,F,F, P, (ui)ier, (@%)ier, (Ti)ier) where I is the set of agents; (0, F,F,P), a filtered
probability space; u; : R x Ry — R, an indwidual gain (utility) function; =, an individual

adapted process having as state space R, ; and T;, a set of stopping strategies T : @ — [0, T].

Having defined the basic structure of the problem, the idea is that each person 7 faces a
decision problem that is mathematically represented by the following (individual) optimal

stopping problem (where 7 generically denotes a stopping time with respect to (Fy)iejor)):

{Pi}te[OT
M(xl) = SupTETi El“z ['LLZ'(.T-,-, 7—)] s.t. 62 = Zs 1,874 H{Te<t}/[ (1>
In the above definition, E,,[u;(z = [ P(dw)u;( T(w)(w),T(w)) with initial condition

given by x;. We assume that ui(xoo(w), 00) = lim sup;epo 7y wi(we(w), ).
In this paper the state variable is assumed to obey a transition law given by the

following expression”:

de} = o' (2}, 0}, t)dt + o' (2}, 6}, )dW;,  xf~ F @)

"The transition law establishes that = has continuous sample paths. This makes the problem more
tractable, but certain types of discontinuities — such as negative ones arising when another player drops out

— may be allowed. These possibilities are discussed in the Appendix.
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where W} is a Wiener process defined in the particular probability space we are consider-
ing and the drift and dispersion coefficients are assumed to be positive Borel-measurable
functions. The initial distribution F is furthermore independent of the Brownian motion
W!. We impose no restrictions on the contemporaneous correlation between the Wiener pro-
cesses®. The presence of any contemporaneous covariance accounts for the correlated effects
in the model.

One important aspect of the assumed law of motion is that the state variable has con-
tinuous sample paths (P-a.s.). This allows us to treat individual beliefs about the position
of a counterpart’s state variable in a convenient manner (in contrast, for instance, to the
work by Hopenhayn and Squintani [24], where sample paths present discontinuities). Since
the stochastic utility processes evolve continuously, the probability that a given individual
reaches a stopping region in the state space between ¢ and ¢ + € conditional on not having
stopped before ¢t vanishes as € — 0. As a consequence, where a counterpart’s state variable
is located becomes immaterial to the decisions taken within the next infinitesimal period by
the agent.

In order to assure that, given a profile of stopping times for each player, this stochas-
tic differential equation has a (strong) solution, we impose the following assumptions on the

drift and dispersion coefficients:

Assumption 1 (Lipschitz and Growth Conditions) The coefficients
a'(z,0,t) and o'(z,0,t) satisfy the global Lipschitz and linear growth conditions:

o (2, 0,t) — o' (y, 0, 1) + llo"(2,0,1) — o' (y,0,1)|| < K|z —y] (3)
o (2, 0,6)[1* + [lo* (2, 0, 8)[|* < K*(1 + ||[|) (4)

for everyt € [0,T),z,y € R,0 € [0,1] and i € I, where K is a positive constant.

Notice that 6! = Zist i Lro<y/1 is adapted since 0 is the aggregation of indicator functions
of events such as {7 < t}, where 7 is an optional time with respect to the individual
filtration®. Given the Borel-measurability conditions on the drift and dispersion coefficients,
this guarantees that, for fixed z, (t,w) — a'(x,0i(w),t) and o'(z, 0 (w),t) are adapted. The

above assumptions guarantee the existence of a strong solution for the stochastic differential

80ne could alternatively represent W} as a linear combination of an I-dimensional (independent) Brow-

nian motion B; for each 1.
9An optional time with respect to a filtration (Ft)teo,1) is a positive random variable 7 such that {7 <

t} € Fi,Vt. A stopping time is easily seen to be an optional time. If the filtration is right-continuous, an

optional time is a stopping time.



equation (2). A sketch for the proof is presented in the Appendix. The following section

analyzes the existence of equilibria for this game.

2.1. EXISTENCE OF EQUILIBRIUM
The solution concept we seek for this group situation is that of mutual best responses: a
standard Nash Equilibrium point. The equilibrium strategies are then a vector of I stopping
times such that each individual stopping time is optimal given the stopping rules adopted by
the other agents. Denoting by 7 = (7;);es a stopping time profile, let U;(7) = E,, [u;(z,,, ;)]
subject to the above transition laws and initial conditions and evaluated at the strategy
profile 7. We also adopt the convention of using 7_; as shorthand notation for (74)se -y A

Nash Equilibrium!? for the above game is then:

Definition 2 (Equilibrium) A Nash Equilibrium for the Synchronization Game is a stop-

ping time profile T = (1});er such that:
Ui(t*) > Ui(mi, 72,), Vi, 7 stopping time.

In order to proceed with the analysis of equilibrium, we make the following assump-

tions:

Assumption 2 (Exponential Discounting) Let u;(x,t) = e Vg (z),7 > 0,9, : Ry —
R,Vi € I. We refer to g;(-) as the reward function.

Assumption 3 (Reward Function) The individual reward functions g;(-),

Vi € I are assumed to satisfy:
e Monotonicity. g;(+) is increasing.
o Convezity. g;(-) is convex.
o Efsupico e gi(a)]] < oo.
o Tuwice differentiability. g;(+) is twice differentiable.

e Bounded derivative. The derivative g'(-) is bounded.

10Gince the strategies depend on information generated by the state variables and these are Markovian
and since optimization follows Bellman’s principle of optimatility in dynamic programming — whatever the
initial state and decisions are, the remaining decisions must be optimal with regard to the state resulting
from the first decision — these are also Markov Perfect Equilibria. For a discussion of MPE, see Fundenberg
and Tirole [15], chapter 13.



Assumption 4 (Bound on Volatility) For each t < oo and feasible profile of stopping

strategies the dispersion coefficient is assumed to satisfy:
t
E[/ (e o (xy, 0, 5))%ds] < oc.
0

Assumption 5 (Complementarity) The drift and the dispersion coefficients are assumed

to be decreasing on their second argument: Oga(-,-,+) < 0 and Jgo(-,-,-) < 0.

The Exponential Discounting Assumption (2) significantly simplifies the manipulation and
is fairly standard. The set of assumptions regarding the reward functions, (3), encompasses
monotonicity and convexity, which are not very controversial either (convexity is not neces-
sary if o does not depend on 6 for instance); a boundedness condition, which is employed
to assert the existence of a solution for the optimal stopping problem, and technical as-
sumptions that facilitate the application of existing results in the comparison of solutions for
stochastic differential equations. The Bound on Volatility Assumption (4) will imply that
changes in the profile of stopping decisions will affect the objective function only through
the drift of the discounted gain function. Finally, the Complementarity Assumption (5)
expresses the fundamental idea that higher participation makes the activity more attractive
as well as increases the volatility of the returns. This assumption imposes the idea that one
agent’s action is a strategic complement to the others’ actions. We are now ready to state

the following result!!:

Theorem 1 (Existence) Under Assumptions 1-5, the Synchronization Game has a nonempty

set of equilibrium points and this set possesses a maximal element.

Proof. See Appendix.

Under such general conditions, little can be said regarding uniqueness and other
properties of the model. In the next section we make further assumptions on the structure

of the game.

3. A COORDINATION GAME

We now specialize the model and extend the analysis developed so far. Consider initially

a hypothetical game where agents contemplate the possibility of exit. As before, a state

HMamer [33] obtains existence of equilibria in a similar (but more restrictive) game in discrete time

through similar techniques.
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variable = (which is assumed to evolve according to a certain stochastic process) represents
the latent utility a player collects when abandoning a certain activity. At exit, he or she pays
a cost C'. The strategy is then a rule dictating his or her exit decision using the available
information at the time. Given a discount rate 7, the objective for the agent is to maximize
the reward function E*[e™7(z, — C)].

At an initial stage consider the individual problem where the state variable x changes

according to the following law:

J axidt + oxdW; ift<v
T+ =
! (a0 — A)xydt + oz dW,  if t > v

where Ao > 0. We assume that the individual observes W, and whether or not the random
time occurred up to (but ezcluding) time t. In other words, F;, = o(xs,I,<5,5 < t). The
initial condition is drawn from an independent distribution Fj as in equation (2). Notice that
the break point for the drift here is exogenously given. At a later stage we will endogenize
this stopping time to make it dependent on the decision by the other participants. For there
to be a well-defined solution to this problem, we assume that v > a.

Let T be the process corresponding to v(w) = 0o, Vw € Q (i.e. a geometric Brownian
motion with drift and diffusion coefficients cr and oz) and x be the process corresponding
to v(w) = 0,Vw € Q (i.e. a geometric Brownian motion with drift and diffusion coefficients
(o — Aa)x and ox). We can use dynamic programming to show that the optimal stopping
times for these two processes are characterized by threshold levels Z = z(a,0,C,v) and

z=z(a— Aa,0,C,7), where

pla, 0,7)

ﬁ<a7077> - 1C

Z(a7 0-7 077) =

and

Bla,0,7) =1/2 —ao® + \/[04/02 - 1/2}2 +2v/0%2 > 1

(see Dixit and Pindyck [11], p.140-144). The agent will stop the process as soon as it hits
the level z. As intuition suggests, a higher drift o increases the barrier, since it raises the
return to remain “invested”. A higher volatility o will also raise z, since it will drive up the
value of waiting®. More impatience (higher ) or lower exit costs C', on the other hand,
will provoke a lower barrier and earlier stopping. For notational convenience, we omit the

parameter dependence of z in the remainder of the section.

12Notice that these two parameters also affect the behavior of the stochastic process directly.
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Given a random time v, we propose the stopping rule characterized by the following

continuation region:

{z <z =z2(a,0,C,7v; Aa,t, other parameters)} if t < v
{r <z}ift>v

()

where the threshold levels z are determined from value matching and smooth pasting consid-
erations in the optimal stopping problem. The “other parameters” refer to parameters related
to the hazard rate associated with v (as perceived by the agent). If we let 7 = inf{t : 7, > z},

the stopping time associated with this region is
T =Tlee, + inf{t > v : 2 > 2},

where I, is the indicator function for the event A.'* This is the optimal rule as we show
below. At the start, the process can be identified with a geometric Brownian motion with a
random killing time at v (which is a stopping time with respect to the filtration). For this
process the above rule can be seen to be optimal. If v arrives at a constant hazard rate A, for
instance, the threshold is constant in time and depends on the arrival rate A and the decay in
the drift Aa. Once v arrives, the process starts afresh and one is better by adopting the lower
threshold rule. This rule is easily extended to processes with multiple breaks at increasing
stopping times. It delivers a stopping strategy by which the agent switches progressively to
lower threshold levels as the drift breaks take place. We thus state the result for the more

general case:

Proposition 1 Assume that v > o' and let logz, = at — Ay p_ (t — vg) 1>, — %Et—{—UWt
where Aa,a,0 > 0,6 € Ry,n € NJW s a standard Brownian motion and {vg}r—1 . is
an increasing sequence of stopping times. The optimal continuation region for the stopping

problem is given by

{e <zt ift<uy,k=1,....n

{z <z, }ift>u,
for some threshold levels z,, = z,(t) with zi,(t) > zp1(t), YVt ke{l,...,n—1} andz, = z.

Proof. See Appendix.

13To see that 7 is indeed an Fy-stopping time, use Galmarino’s Test (Revuz and Yor [43] (p.47): V¢, 7(w) <
t, z5(w) = z5(w’) and T, <5 (w) = I, «s(w'), Vs < ¢ implies that 7(w) = 7(w’). It is not hard to see that if the

sample paths are the same up to and including the instant ¢, the random times will coincide.
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Consider now a game with two agents indexed by ¢ = 1,2. They both contemplate
an exit decision that will cost them Cj,7 = 1,2. In return, they collect a value x;,7 = 1,2,
just as in the previous setup. The difference is that now the latent utility process for one
agent is negatively affected once the other agent decides to leave the activity. In analogy
with the previous individual setup, we consider a situation in which each player observes his
or her own state variable process and whether or not the other agents stopped or not up to
but ezcluding the current instant.

In particular, consider all the above parameters indexed by ¢ and the latent utility
process, given by:

di — { o/@idt + qi$'§;thi - ift <7
(o) — Aat)xdt + o'z dW}  if t > 75
where 7,7 = 1,2, i # j and 77 is the stopping time adopted by the other agent in the game
and, as above, v > a'. Notice that the contemporaneous correlation between the Brownian
motions is left unconstrained and that Ao’ measures the external effect of the other agent’s
decision on 7. As pointed out in the previous section, this reveals the two major aspects of
group behavior under consideration in this study: correlated and endogenous social effects.
Individuals might behave similarly in response to associated (unobservable) shocks, which are
reflected in the possibility that the increments of W} and Wtj are correlated. This represents
the correlated effects. On the other hand, agents may be directly affected by other agents’
actions as well. This would appear as a decrease in the profitability prospects an agent
derives by remaining in the game. This is the endogenous effect.

The previous analysis establishes that each agent will use the “high drift” optimal
stopping rule characterized by the (moving) threshold z; = z;(¢) while 77 > ¢. As soon as
7; < t, she switches to the “low drift” stopping rule characterized by the threshold z;. In this
case though, we need to handle the fact that 77 is not exogenously given, but determined
within the game. It is illustrative to portray this interaction graphically.

Figure 1 displays the X; x X5 space where the evolution of the vector-valued process
(w1, 22) is represented. Since Aa’ > 0, we should have z; > z;,i = 1,2. As in the previous
analysis, agents start out under threshold z;. If the other agent stops, the threshold level
drops to z;. In Figure 1 for instance the process fluctuates in the rectangle (0, 21) x (0, z5)
and reaches the barrier z; causing agent 1 to stop. Once this happens, agent 2’s threshold
drops to z,, which once reached provokes agent 2 to stop. A symmetric situation occurs if

we interchange the agents roles.
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Agent 2 stops

Figure 1: Sequential Stopping

A more interesting situation is depicted in Figure 2. Here, the vector process sample
path attains the upper threshold for agent 1 at a point where 22 > 22. The second agent’s
threshold moves down immediately and both stop simultaneously. So, if an agent’s latent
utility process is above the subsequently lower threshold when the other one drops out,
there will be clustering and they move out concomitantly. This is an interesting feature
of the game which is not present in standard statistical models that would handle timing
situations as the one at hand: the positive probability for simultaneous events even when
time is observed continuously. If not properly accounted for, this can bias results towards

erroneous conclusions 4.

One concern in the analysis of this interaction is how beliefs about the state of one’s opponent
should affect his or her actions. If an individual knows only whether or not the opponent

has quit, how should he or she take into consideration the risk of being preempted? Should

14Van den Berg, Lindeboom and Ridder [49], for instance, point to a negative duration dependence bias

in estimates if simultaneity is left unaccounted.

14



[ S

(Xl 7X2)

Z Z X Z Z X
Agent 1 stops Agent 2°s threshold drops
and he stops

Figure 2: Simultaneous Stopping

the player take the presence of the opponent for granted and delay the decision to quit or
must he believe that the other agent is about to quit the game and hence leave the activity
immediately? Such considerations point to the importance of beliefs in these environments
and are a relevant consideration in Hopenhayn and Squintani [24], for instance. In the present
case, such calculations are of lesser importance since the state variables evolve continuously.
This implies that the likelihood that an agent reaches a stopping region between now ()
and an € unit of time in the future (¢ + €) vanishes as € — 0 (as is the case with the hazard
rate for an Inverse Gaussian random variable). Consequently, the beliefs about the location
of the opponents’ state variables are of second order to the decisions taken within the next
infinitesimal period by a given agent.

The intuition above carries over with more than two agents. In order to state this
result in more generality, assume as before that an exit decision costs an agent C;,7 € I in

return for a payoff 2%,4 € I. The latent utility process is given by:
. . . . o'i2 ) )
logz} = a't = A’ > (t— 1)y /(I — 1) — St W iel
JigFi
where 77 is the stopping time adopted by the agent j. Notice that the external effect of other
agents on ¢ is given by Aa’ > 0 and is considered to be homogeneous across agents, i.e. the
amount by which the drift o* decreases with each stopping decision is the same regardless

of who deserts.
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A few other definitions are convenient:

2t z(at ot C Ay m, A, t) where i,m € T
o {(xt,2? . 2h) € R : 3i such that 2* > 2/ }where m € I
7o : 0 (meaning 7o(w) = 0, Vw)

Ap:  I; (identity matrix of order I)

Tm o inf{t > 7,1 Apze € Ap1Sri1-174,, 11} Where A, 1811174, 11
denotes the set formed by operating the matrix A,,_; on each
element of Syy1-1/4,, ,1,1 is an [ x 1 vector of ones and m € I

Ay o [ait]ixr where ajy = Ly < if k=1=1and aj = 0 otherwise and

me [

The stopping times defined above are essentially hitting times. The thresholds 2! are defined
as in the Proof for Proposition 2.

The idea is that the game starts out with no defection and agents hold the highest
barrier zi as the initial exit rule. The first exit then occurs at 7;, which is the hitting time
for the stopping region S;. As the vector process reaches this set, one or more agents will
quit. This will shift the stopping thresholds down as well as the stopping region moves to Ss.
In order to track the players who drop out at 7, we utilize the matrix A;. This is a diagonal
matrix with ones for those agents who did not drop out at 7 and zeros, otherwise. Proceeding
analogously through further stopping rounds, defections will occur at the stopping times 7.
and 1’A.1 basically records the number of agents that have not stopped after that stage.

This goes on until all agents have stopped. The following proposition summarizes our result:

Proposition 2 The profile (1;);c; represents a vector of equilibrium strategies for the exit

game with I agents:
I
* E k=1y T . .
Ty = (Hj:l]lx?rj<z;)]1x§_k2z}€7k
k=1

Proof. See Appendix.

This proposition states that the hitting times constructed previously may be used
to represent an equilibrium for this game. For the reasons discussed in the next subsection,

this is the equilibrium we focus on in this paper.

3.1. ON MULTIPLE EQUILIBRIA AND EQUILIBRIUM SELECTION
In this subsection, we argue that the above equilibrium is the only equilibrium which is robust

to positive delays in information about the exit of others. As we drive this delay to zero,
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this parallels the intuitive idea that each agent observes his or her own state variable process
and whether other agents stopped up until but ezcluding the current instant t: stopping
decisions are observed with an “infinitesimal” delay.

If one agent’s exit is perceived with a delay, dropping out may not elicit other players’
exit. The profitability of remaining in the game, represented by the drift coefficient, would be
unchanged. Then, exit would only be optimal on the equilibrium portrayed in the previous
subsection. This “synchronization risk” is inherent in many similar situations (see Abreu
and Brunnemeier [1], Brunnemeier and Morgan [8] and Morris [36]). In fact, the following

quote presents one of the earliest discussions of this problem:

It is usually the essence of mob formation that the potential members have to
know not only where and when to meet but just when to act so that they act in
concert. (...) In this case the mob’s problem is to act in unison without overt
leadership, to find some common signal that makes everyone confident that, if he

acts on it, he’ll not be acting alone. (Schelling [46])

In order to formalize this intuition, consider the case of two players (I = 2) and a vector-
valued random variable (¢;);c; representing the agents’ perception delay. Let an individual’s

perceived utility be given by:

£t alzidt + otaidW} ift <vw
' (o — Aa)xidt + o'zidW) ift > v

where i,j = 1,2, i # j and v = 77 + ¢; is the stopping time adopted by the other agent in

the game with an ¢; delay and, as before, v > af. The following statement then holds:
Proposition 3 Assume that P({¢; > 0}) = 1,1 =1,2 and P({e; = ex}) = 0. Also, let
S(t) = {(z*,2*) : 3i such that x* > 2'(t)}

and 7s = inf{t > 0 : (z},27) € S(t)} denote the hitting time for this set. The stopping

strategies below represent the unique equilibrium profile for this game:
T = TS]ImiTS:Zi +inf{t > 75 + € : a2l > gi}]lx%#zi, i=1,2.

Proof. See Appendix.

As ¢ =L, 0, the above strategies converge to the strategy depicted in Proposition

2. For this reason, we restrict our attention to the unique equilibrium which is robust to
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such perturbations and corresponds to the one displayed in the last subsection.

We draw attention to the fact that other information structures would nonetheless
be susceptible to multiple equilibria. For the sake of illustration, consider again a two agent
situation in which both players observe all the state variables as time evolves. In this case, it
is valid for agent 1 to follow a stopping rule that dictates stopping once the process reaches
the line joining (2!, z2) and (2!, 2%). As shown in Figure 3, as soon as the process reaches this
barrier agent 2’s threshold moves and leaves him or her in the stopping region, causing this
agent to stop as well. This surface then characterizes an optimal stopping rule for agent 2.
If we use the same set to characterize agent 2’s stopping rule and observe agent 1’s optimal
response to it, we also get the same result. Hence, this curve characterizes an equilibrium
for this game. There is nonetheless nothing special about this curve. We could have used
any other shape in the square (z',2') x (22, 2?) connecting the NW and SE corners. This

rectangle supports multiple equilibria.

X, :
L — LT l """" '—\ """"""
/% R A i)
(%1,%) (X %) i
Zy _Z‘l * Z _Z1 X
Agent 1 stops Agent 2°s threshold drops
and he stops
X, :
Z, ; E
Zy [T . JJN\;}V T
(X, X5) i > E
Z, Z, X, Z, z, X,
Agent 2 stops Agent 1°s threshold drops
and he stops

Figure 3: Multiplicity
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The following proposition states the equilibrium for this situation:

Proposition 4 Let

i such that x* > 2% or
S=1 (2,23 : 2*> f(a') where 2t € (2',2Y), f() is continuous,
f(2!) = 2% f(z1) = 2% and f((z',2")) C (2%, 2°)

where z' = z(t) is defined as in Proposition 2 and let 7s = inf{t > 0: (x},2?) € S} denote
the hitting time for this set. The stopping strategies below are an equilibrium outcome for
the game:

T = TSHIiS:Zi +inf{t > 75 : 2! > éi}]lz};_s¢zi, i=1,2.

That this is an equilibrium strategy follows along the lines of the proof for the previous
proposition. We consequently omit the proof for this result. One point that is worth noting
is that the occurrence of joint exit with positive probability is robust to the existence of
multiple equilibria and the issue of equilibrium selection. Given this, we point out that some
of our results in this and the subsequent section are robust even to the existence of multiple

equilibria. In the next section, we discuss the empirical implications of the model.

4. EMPIRICAL IMPLICATIONS

In this section we investigate the empirical implications of the model. We have in mind a
sample in which the unit of observation is a game and /N such units are recorded. Recall that,
by endogenous effects, we mean the effect of other agents’ participation on the transition law
for the individual state variables. Correlated effects refer to the possible contemporaneous
correlation between the Brownian motions that drive the individual latent utility processes.
We restrict attention to the unique equilibrium depicted in the previous section, which is
robust to perturbations in the timing at which agents become aware of the actions of other
players.
Each agent’s latent utility follows :
o Ty 02 , o
logzy = o't — A« Z(t - Tj)m — 7t + oW/ +logxy, i€l
Jig#

where 77 is the stopping time adopted by the player j. The cross-variation process for the
Brownian motions is given by (W' W7), = pt,i # j and the initial condition xq = (z});es
follows a probability law F¢.

The individual initial drift coefficient is potentially a function of an [-dimensional
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vector of individual covariates w1y, which is independent of the Brownian motion. More
specifically, o' = a(w;). In benefit of readability, we suppress the argument and denote
the drift by af. Let F, denote the distribution of w = (w;);c;. In what follows all the
statements are conditional on w = (w;);e;. The parameter A« measures the external effect
of the other agents decisions on ¢ and introduces endogenous social effects. The coefficient p
represents correlated social effects. In addition to the above parameters, each agent pays a
cost C to leave and discounts the future at the exponential rate . Finally, z%,i € I denotes

the threshold presented in the previous section.

4.1. CHARACTERIZATION
We are now in shape to look at the outcomes in the presence of interactions and correlated
effects. The next proposition states that simultaneous departures only occur in the presence

of endogenous effects.

Proposition 5 P[r! = 77,4 # ji,j € I| > 0 if and only if there are endogenous effects

(Aa #0).

Proof. See Appendix.

This is a useful feature of this model and holds in many empirical situations in which the
model applies. Moreover, this empirical implication does not rely on the uniqueness of the
equilibrium. Notice that traditional econometric models in duration analysis typically do
not generate clustering in timing, i.e. the probability of simultaneous exit is zero. Such
incompatibility may provoke biased estimates and contaminate conclusions.

This result relies basically on the continuity of the sample paths for the stipulated
process. If discontinuities are allowed, this may not hold any longer'®. The problem would
nonetheless be diluted if one knew the timing of such shocks. If one observes clustering in
other moments, this is evidence in favor of endogenous effects.

Another implication is that the number of players should affect equilibrium stopping

outcomes only in the presence of endogenous effects. This is stated in the next proposition.

Proposition 6 If the number of players I affects the marginal distribution of equilibrium

stopping times in the game, then there are endogenous effects (Ao #0).

150One way to introduce such discontinuities is to insert an exogenous jump component dQ’ in equation

(2). Another one would be to allow negative discontinuities once an agent drops off.
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Proof. See Appendix.

Notice that the direction in which the equilibrium stopping times are affected is
not clear. If, on the one hand, the presence of more players will cause each one’s exit to have
a smaller impact on an agent’s latent utility process; on the other hand, exits will tend to

occur earlier.

4.2. NONPARAMETRIC TEST FOR ENDOGENOUS INTERACTIONS

If time were recorded continuously, Proposition 5 would suggest that observing simultaneous
exits would be enough to detect endogenous effects. When time is marked at discrete intervals
though, exit times would be lumped together regardless of the existence of endogenous
influences. In this subsection we explore the possibility of testing for the existence of social
interactions taking into consideration that time is not sampled continuously.

Let n = 1,..., N index independent realizations of the game and denote by I,, the
number of players in realization n. Time is observed at discrete intervals of stepsize Ay.
Given a discretization {to,t1,... } such that t;,; —t; = Ay, Vi, we denote the probability of

a simultaneous exit by any pair of players
Pa, ({ simultaneous exit }) = p(Ay)

and allow the discretization to depend on the sample size.

Imagine that there are no endogenous interactions. In this case, for a small enough
discretization, doubling the observation interval would roughly double the probability of
of recording exits as simultaneous. If these endogenous effects are present, since even at
continuous-time sampling there would still be clustering, doubling the discretization does
not increase the probability of joint exit by as much. In the limit, if all exits are indeed
simultaneous in continuous time, varying the grid of observation would have no effect on the
probability of observing simultaneous dropouts. We use this intuition to develop a test for
the presence of endogenous effect through variation in the interval of observation.

In our model, when there are no endogenous effects, the function p(-) can be seen
to be continuous and such that p/(-) > 0. Also notice that p(0) = 0 when there are no

endogenous effects; whereas p(0) > 0, otherwise.

L\ !
xo=(5) 2 T

{i,j}EWn

Denote by
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where 7, is the set of all player pairs in game n and TZN is the exit time observed when
the discretization grid size is Ay. If the game has only two players, x,, o, records whether
there was simultaneous exit under a dicretization of size Ay. It can be established that
E(xp,ay) = p(An). For I,, = 2 it can also be seen that var(x, a,) = p(Ax)(1 —p(An)). For
the general case, we denote var(x, a,) = v(Ay). It is easily seen that p(0) > 0 = v(0) >0
and p(0) = 0 = v(0) = 0. Given the observation of N i.i.d. copies of such games, one is

then invited to consider Xy a, = N -1 27]:[:1 XnAy- Lhe following result is then established:
Theorem 2 Assume

1. p(-) is differentiable and p’ (0) > 0 if p(0) = 0,

2. Ani=a; N~ i=1,2,3 with a1 < as,as(az # as), and 1/3 < e < 1;

3. The games observed are i.i.d..

Then, under the hypothesis that there are no endogenous effects (p(0) =0),

o i ) | LY

iAN,l a1 iAN,l aq
where
X, A M—P(fm)
mn, , A ]
on = [fp(ANﬁ) - p(AN,Q) 1 B ]Uar . N1 p( zl\n)
p<AN,1)2 p(AN’l) p(AN,l) n,AN 2 p(AJ\gl)
XnAws - p(Any)
and
_ az(a —a1)
az(az — ay)

whereas if there are endogenous effects (p(0) > 0),

_1|X X
plimy/Noy? [_Aw _ % 5(& _ %)] — o0

XAn1 a1

Proof. See Appendix.

Above, p' () denotes the right-derivative of function p(-). The smaller and the closer Ay,
and Ay, are, higher is the precision for the ratio. Also, in estimating the asymptotic vari-
ance, one could use as consistent estimators the sample counter parts:

p<AN,]) - KANJ ] = 172
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and the sample variance covariance matrix across the games.

Since it relies on Proposition 5, the above result is also robust to the existence of
multiple equilibria. In the next subsections we explore some representation and identifiability
properties under the assumption that the equilibrium played is the one characterized in the

previous section.

4.3. IDENTIFICATION
One question that arises naturally is the possibility of disentangling correlated and endoge-
nous effects in the data. The econometrician presumably observes the equilibrium exit
strategies (71,...,77) for a certain number of realizations of the game. What parameters of
the model can be retrieved given data on the situation under analysis? Could two different
parameter vectors generate the same distribution for the data? Similar identifiability prob-
lems arise in natural sciences, where a researcher is confronted with a distribution of exit
times and is interested in reconstructing aspects of an unobserved stochastic process (see,
for instance, Bal and Chou [4] for related problems in chemical and neurological studies).
Following Hsiao [25], we define the parameters in a model to be identified if two different
parametric specifications are not observationally equivalent. Letting 7 denote some outcome
variables observed by the researcher; and w, some observable covariates. A parameter ¢ (of
arbitrary finite dimension) lies in a certain set W and governs the probability distribution

P(:|w; ) of the outcome variables. The following defines identification.

Definition 3 (Identification) The parameter ¢ € V is identified relative to U if (@ZA) ¢ U)
or (P(’Waw) = P("W;&%Fw'a'e' = = '@)

We say that ¢ is globally identified if it is identified relative to any parameter vector
in the parameter space. It is locally identified if it is identified relative to any parameter
vector in a neighborhood of 1.

The first stand on identifiability for the model above is a negative one: the full
parameter vector is not identified. To see this, notice that with no social interactions or
correlated effects (Aa = 0 and p = 0), the individual Brownian motions are independent
and each agent’s latent utility process evolves as a geometric Brownian motion with drift
o', diffusion coefficient ¢ and initial position z;. As a consequence, the exit times 7 are

independent (possibly defective) Inverse Gaussian random variables'®. This distribution is

16The Inverse Gaussian is the distribution of the hitting time of a Brownian motion on a given barrier
log z. In our case, the initial position is log x;; the drift coefficient, a® — 02 /2 and the diffusion coefficient, o.

If o — 02 /2 the barrier is reached in finite time with probability one. Otherwise, with a certain probability
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characterized by two parameters for which the mean and harmonic mean are maximum
likelihood estimators and minimal sufficient statistics. Since we would still have more than
two parameters (o, o, C,7y), the model remains unidentified.

Under certain circumstances though, some positive assertions about the parametric
identification for this model can be made. Identifiability may be achieved if one is able to
introduce “enough variability” through the use of covariates. Recall that we assumed of =
a(w;) where w; is a set of covariates. Let g(¢;1, w) denote the probability density function
for the first desertion time under the parameters ¢ = (x, 3,0, p,~v,C) and conditioned on
the observable covariates w. The following statement establishes sufficient conditions for the
identification of . It basically states that relative identification is achieved if, by perturbing
the covariates, one perturbs the Kullback-Leibler information criterion, which is a measure

of how far apart two probability distributions are!7.

Theorem 3 Let w; contain at least one continuous random covariate, a(-) be C* with respect

to such variable and, for some i and some continuous covariate [,

Ouwy, /log [%}g(tw,w)dt #0 (6)

then v 1s identified relative to 1[1

Proof. See Appendix.

In order to check condition (6) one should obtain the density ¢'® . One possible
route is to use the close association between the theory of stochastic processes and the study
of differential equations!?. We assume that the equilibrium played is the one selected in the
previous section. Because the equilibrium strategies can then be expressed through hitting
times to certain sets, it is possible to characterize the probability density of interest through

associated partial differential equations. As in the previous section, let zx(a’, 0,7, C, Aa, t)

the barrier is never reached and, conditional on hitting the threshold, the distribution of the random time
is an Inverse Gaussian. Whitmore [51] names this last case a defective Inverse Gaussian. Chhikara and

Folks [9] provide an extensive characterization of the Inverse Gaussian distribution.
17 Another potential avenue for identification would be through the results presented in McManus [35].

With a sufficiently high number of players (corresponding to endogenous variables) relative to the parameters

of the model, the structure can be seen to be (generically) identified.
18When Aa = p = 0, the Kullback-Leibler information can be obtained in closed form from the Inverse

Gaussian probability density function.
19For an introduction to the interplay between diffusion processes and partial differential equations, see

Karatzas and Shreve [28].
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be the optimal threshold levels defined in Proposition 2. Here, G(t, x) is the probability that
the players will abandon the activity after time ¢ when the vector of initial conditions is
given by x. The density g(-) can then be obtained as —dG(+)/dt. The following result then
holds?:

Proposition 7 Let G(t,x) = P[r} > t,i € I|xo = x]. Then G is the unique solution to

0G /ot = [A((a)ier, p, o) + L1((aY)ier, 0,7, C, A, 1)|G in Ci—g,t > 0
G(0,x) =P(1]7 <o00,i€1),x € Ciy
G(t,x) =0,x € 0S;—g and t > 0

where Si—g = {x € RL : 3i such that z' > z(a’,0,7,C, Aa,t = 0)},Cimo = Sy,

1
A iel, P, O Oé xl_ + = x + XLy 5
(( )EIp f ; 2 2282 pUZEI ]axaxj
KA 1,7
i

which s the infinitesimal generator for the I-dimensional diffusion representing the latent
utility vector process with killing time at 7s : {x; : t < 75} and

of

. dz .
Li((a)ier, 0,7,C, Aat) f = —Z 1(oz 0,7,C, Aa, t)a%

dt

iel

Proof. See Appendix.

Under certain conditions, namely o' — ¢%/2 > 0 for some i, P(7 < o0,i € ) = 1. If
not, it can be obtained from another partial differential equation, as displayed in the next

proposition or directly estimated from the data.

5. APPLICATION: DESERTION IN THE UNION ARMY

Using a dataset comprising detailed individual records for soldiers of the Union Army in
the American Civil War?!, we now intend to illustrate the previous discussion on stopping
decisions and timing coordination. Desertion is the event we are interested in. Historians

estimate that desertion afflicted a bit less than 10% of the Union troops (circa 200,000

20Tn certain special cases this solution may be available analytically. This is the case when there are only

two players or when there are no interaction effects.
2IThe Civil War lasted four years: from the firing at Fort Sumter on April 14, 1861 until Lee’s surrender

in Appomattox on April 1865. Its human cost was tremendous. It is estimated that 620,000 soldiers died
during the conflict (360,000 Union and 260,000 Confederate), a casualty toll that surpassed all other wars

in which the United States was involved until the Vietnam War.
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soldiers).

Whereas one could think of the desertion decision as an isolated one, historical studies
and anecdotal evidence point to the opposite. In the Confederate South, for instance, and
especially toward the end of the war, mass desertion tended to be more prevalent. In this
regard, Bearman [5] asserts that “/dJesertion rates were highest in companies that evidenced a
high degree of local homogeneity — company solidarity thus bred rather than reduced desertion
rates. There is no support for any of the historical models of desertion that search for
individual-level determinants, such as social class, occupation, status, family structure, age,
or time of enlistment”. Even if one is not as skeptical as this author about individual and
other contextual determinants of desertion, there seems to be some evidence in favor of
endogenous effects. Evidence of simultaneous desertion (on both sides) is also pervasive
in Lonn’s [31] volume: “Usually the recorded statements of specific instances of desertion
whether from Union or Confederate reports, show the slipping-away of individuals or of
small groups, varying from five to sizteen or twenty.” (p.152-3) The author goes on to point
instances where Union soldiers would desert by the hundreds at the same time.

From these facts, it is valid to infer that a soldier’s decision to desert probably had a
direct impact on the behavior of others in his company. If no one deserts, the social sanctions
attached to exit tend to be high; whereas if there is mass exit, such sanctions tend to be
minimized as well as the effectiveness of the military company, to decrease. Furthermore,
such decision entailed costs — the probability of being caught and facing the military court.
These two aspects are in accordance with the model we investigated previously.

Whereas standard statistical duration models could be employed on the time until
desertion to identify the existence of duration dependence among agents — as indeed is
done in Costa and Kahn [10] and Sirakaya [48] and suggested in Brock and Durlauf [7] —
it is still unclear whether such effects are obtained from endogenous influences or correlated
unobservables. In contrast, our model clearly separates both channels and lays out the
circumstances under which each of these sources is identifiable. Furthermore, our model
bears empirical consequences that are not incorporated in the more standard econometric
duration models, such as the positive probability of concomitant exits from the game and
points to the necessity of utilizing other methods in such estimation exercises. As discussed

earlier, this could potentially bias results and mislead inference.

5.1. DATA AND PRELIMINARY ANALYSIS
The data used consist of 35,567 recruits in the Union Army during the American Civil

War. This dataset was collected by the Center for Population Economics at the University
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of Chicago under the auspices of the National Institute of Health (P01 AG10120). It is
publicly available at http://www.cpe.uchicago.edu. The men are distributed across 303
military companies from all states in the Union with the exception of Rhode Island. The
companies were randomly drawn using a one-stage cluster sampling procedure and all re-
cruits for each selected company, except for commissioned officers, black recruits and some
other branches of military service, were entered into the sample. These soldiers represent
1.27% of the total military contingent in the Union and a significant portion of the 1,696
infantry regiments in that army. According to the Center for Population Economics they
seem to be representative of the contemporary white male population who served in the
Union Army.

A number of variables is available for each recruit. These include dates of enlistment,
muster-in and discharge as well as information on promotion, AWOL (absence without leave),
desertion and furlough. More detailed military information from the recruit records is avail-
able and is complemented by background information and post-war history originally from
the census. We focus on the main military variables. Table 1 displays the distribution of
soldiers across states and statistics related to desertion.

According to Lonn [31] (see Chapter IX), desertion was markedly higher among for-
eigners, substitutes and “bounty-jumpers”. Substitutes and “bounty-jumpers” appeared as
the government started inducing enlistment through enrollment bounties — which created
the figure of the “bounty-jumper” who would enlist, collect the reward and desert just to
repeat the scheme in another state or county — and the possibility for draftees to hire sub-
stitutes to replace them. In the data it is possible to identify foreigners and substitutes.
In order to assess the effect of “bounty-jumpers” on desertion we try the bounty amount
paid to each recruit as a proxy variable. Other variables are also included, such as marital
status, age and height as well as dummy variables for state and year of enlistment. Table 2
summarizes this information. The ideal dataset would contain continuous time records for
desertion. Here, an event is marked with daily precision?? and time to desertion is measured
from the earliest muster-in date for recruits in a given company.?

One of the implications of our model is that company size will affect the equilibrium
exit strategies only in the presence of endogenous effects. Tables 3 and 4 present evidence
of this phenomenon. The regressions investigate the effect of certain variables on the mean

(log of the) time to desertion at the company level (Table 3) and at the individual level

22Some deserters did not have precise dates and were thus discarded.
23Non-parametric estimation of the hazard rate suggests negative duration dependence at earlier dates

and mildly positive to no duration dependence later in the soldier’s army life.
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Table 1: Summary by State

State of Number of Number of Number of Days % of % of Desertions

Enlistment  Soldiers Deserters to Desertion Deserters’  During Battles
(Mean)

CT 571 109 291.07 19.09 0.92
ME 473 40 471.78 8.46 0.00
MA 593 44 265.80 7.42 6.82
NH 665 105 163.94 15.79 0.95
VT 321 0 . 0.00

DE 475 59 207.17 12.42 1.69
NJ 945 187 142.10 19.79 1.60
NY 7572 819 315.80 10.82 2.56
PA 3272 305 264.91 9.32 1.97
IL 4192 320 212.06 7.63 0.63
IN 1719 145 246.02 8.44 0.69
MI 1608 113 308.09 7.03 0.00
OH 5964 510 237.52 8.55 0.98
WI 1458 54 138.98 3.70 0.00
IA 1509 48 402.19 3.18 0.00
KS 343 23 489.35 6.71 0.00
MN 313 10 111.60 3.19 0.00
MO 1002 74 283.49 7.39 1.35
KY 963 156 258.28 16.20 0.64
MD 447 106 287.91 23.71 2.83
DC 122 8 145.25 6.56 0.00
\WAY 354 11 464.73 3.11 0.00
NM 102 20 178.75 19.61 0.00
CA 584 109 142.40 18.66 0.00
Total 35567 3375 9.49

T % of deserters refers to percentage within the state.
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Table 2: Descriptive Statistics

Deserters Non-Deserters

Variables Mean Median St.Dev. Mean Median St.Dev.
Days until desertion 258.83 156.00  282.78
Received bounty 0.27 0.33 0.47
Substitute 0.07 0.06 0.25
Foreigner 0.43 0.27 0.44
Age at enlistment 25.55  24.00 6.93 25.79  23.00 7.79
Married 0.08 0.21
Height (in inches) 67.34  67.00 2.68 67.60  67.50 2.70
Dummy: 1 if mustered in

1861 0.21 0.17

1862 0.33 0.31

1863 0.10 0.05

1864 0.14 0.24

1865 0.05 0.12
Number of recruits 3375 32192

7 Around 10% of the recruits did not have a muster-in date.
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(Table 4)** Company size is a significant and robust determinant for the timing of desertion
at the individual and company levels. In addition to the displayed regressions, we tried
other specifications with different combinations of independent variables. The company size
variable remains significant in all of those. Anecdotal evidence and communication with
experts in the period’s history point to a very unsystematic enlistment process, typically
held at the local level by community leaders, which provides justification for assuming that

the effect of company size does represent an omitted factor other than the numbers in the

group.

Table 3: Company Level Regressions

Linear Regression Number of obs = 277
F( 6, 270) = 9.8
Dependent variable: Prob > F = 0
log(Mean Days Until Desertion) R-squared =  0.1562
Robust
Coef. Std. Err. t p-value
Company Size 0.0075 0.0016 4.77 0.00
Average Bounty Paid -0.0011 0.0048 -0.22 0.82
% Foreigner 0.0032 0.0036 0.87 0.39
% Married -0.0326 0.0088  -3.73 0.00
Average Age 0.0130 0.0318 0.41 0.68
Average Height 0.4015 0.1056 3.80 0.00
Constant -22.5999  7.4625  -3.03 0.00

In order to further investigate the presence of endogenous effects in our data, we
compute the statistics in Theorem 2 for various discretization levels. All of them yield
results that reject the null hypothesis of no endogenous effects, as displayed on Table 5
below. On Table 6 we present the results for desertions that did not occur during battles
lest these represent common shocks that discontinuously affect the utility flow. As seen, the
conclusions are unchanged.

In the next subsection we proceed the analysis by structurally estimating the model

considered in the paper.

24The regressions can be related to an Accelerated Failure Time model for the time to desertion.
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Table 4: Individual Regressions

Dependent variable: log(Days Until Desertion)

Coef. t P>t Coef. t P>t
(Std. Error) (Std. Error)
Company Size 0.0020 3.43 0.00 0.0019 3.08  0.00
(0.0006) (0.0006)
Bounty Paid 0.0015 2.36  0.02
(0.0006)
Foreigner -0.2144  -4.25  0.00
(0.0504)
Substitute 0.1874 1.88  0.06
(0.0996)
Age -0.0095 -2.86  0.00
(0.0033)
Height 0.0256 270  0.01
(0.0095)
State Controls: Yes Yes
Year Controls: Yes Yes
Number of obs = 3337 3237
R-squared = 0.2983 0.3076

T Standard errors are robust standard errors.
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Table 5: Test (All Desertions)

Tay _ Ag
TAq Aq

R

Az
Ay

ACYIAN
2

2
2
3
3

3

As/A,
3
5
10
4

10

TA,
0.002294
0.002294
0.002294
0.002294
0.002294
0.002294

TA,
0.002701
0.002701
0.002701
0.002870
0.002870
0.002870

Ta,
0.002870
0.003368
0.004232
0.003226
0.003368
0.004232

Test Statistic
-6.25
-11.28
-13.16
-12.99
-16.92
-20.90

t A1 =1 day. All 303 companies were used.

Table 6: Test (Non-Battle Desertions)

Tag Ay
Taq A1

)< -

Az
Ay

Ao/
2

2
2
3
3

3

NN
3
5
10
4

10

T,
0.002289
0.002289
0.002289
0.002289
0.002289
0.002289

Ta,
0.002693
0.002693
0.002693
0.002859
0.002859
0.002859

Ta,
0.002859
0.003358
0.004210
0.003216
0.003358
0.004210

Test Statistic
-6.25
-11.31
-13.18
-13.05
-16.99
-20.95

1 Ay =1 day. All 303 companies were used.
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5.2. ESTIMATION

In this subsection we use a simulated minimum distance estimator to obtain the relevant pa-

rameters in the model proposed in Section 3 (see, for instance, Gouriéroux and Monfort [21]).

We normalize the discount rate (y = 5% per year), the exit cost (C' = 1) and the initial

condition (29 = 0.1). Our estimator ¢» then minimizes the following distance:

IGx () = INT' Y m(r) = (NR)™ Y m(n(4)l]

where m : R, — R¥ and the second sum is taken over the simulated observations generated

under parameter 1. The stopping times recorded are only those prior to a certain horizon T,

which in the context stands for the individual term of service in the army. We use R = 1. In

order to simulate the phenomenon we have to discretize the sample paths. The discretiza-

tion referred to below is the simulated paths discretization. Consistency and asymptotic

normality are a straightforward application of the results in Pakes and Pollard [39]:

Proposition 8 Assume

1.

5.

6.

(Identification) inf . —y|>s |G ()] = nfjy—yo )55 [E(m(T(v0)) |7 (%) < T)=E(m(r(¥))|7 (o) <
T)|| > 0,¥6 > 0;

Yo is in the interior of a compact parameter set;

I=-E [ﬁ(NR)_l SN (7 (o)) | s full-rank;

T, T < T, for some T < 00;

m(-) is C' with bounded derivatives on (0,T);

The discretization error for the simulated paths is o(v/N),

then the simulation estimators are weakly consistent and asymptotically normal with distri-

bution:

where

VN@@ — ) -5 N(0, (I'T) "' T'VI(IT) )

NR
r— _E[%(NR)* ;m(n(%))} and V= (1+ 1/R)var(m(r;))

33



Proof. See Appendix.

Notice that Condition 2 requires that Aa > 0. We assume that to be reasonable
given the test statistics obtained on Table 4. The last condition basically allows us to ignore
the discretization error in the simulation as the sample size increase. This will basically
depend on the discretization scheme used. Under the Euler scheme this requires that the
discretization grids be o(v/N) (see Glasserman [19]).

An important simplification is that we assume the thresholds to be constant: z, =
z(a — Aa(k —1)/(I — 1),0,7,C).>* The moments matched were: mean, harmonic mean,
average number of desertions in each desertion episode and percentage of soldiers leaving
before two years?S. The choice of moments stems basically from the fact that, in the absence
of endogenous or correlated effects, the mean and harmonic mean are ML estimators and
sufficient statistics for the Inverse Gaussian distribution. The following table displays the

results and normalizations used in the estimation:

Table 7: Model Estimation
& Aa & F;
0.0438 0.0050 5.8610 0.1008
(0.0113)  (0.0000)  (0.0219)  (0.0040)

(per year) (per year) (per year)

1 Initial position = 1. Exit cost = 0.1. Discount
rate = 5% per year.

As indicated, the parameters are precisely estimated. The results indicate a substantial en-
dogenous effects. The following exercise illustrates this point: if there are no endogenous
effects, desertion times would be distributed according to a (defective) Inverse Gaussian dis-
tribution. Using as parameters for this distribution the point estimates above, one obtains
a probability of 13.90% for leaving the game before 150 days in the absence of endogenous
effects. If on the other hand one-fourth of the company deserts immediately after the begin-
ning of the war for instance, the endogenous effect coefficient estimate implies a probability

of leaving the army before 150 days of 31.78% — an increase by a factor of more than two.

25Similar approximations can be found on the treatment of finite horizon options and seem to work

satisfactorily. Examples are Huang, Subrahmanyam and Yu [26] and Ju [27].
26Very similar results were obtained if one of the percentages substituted for the average number of

deserters at each desertion episode.
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6. CONCLUSION

The problem studied here is of great importance in many settings. Social welfare program
participation, bank runs, migration, marriage and divorce decisions are only a few of the
possibilities. Disentangling endogenous and correlated effects is thus fundamental not only
to illuminate economic research but also to enlighten policy. The setup delineated in this pa-
per allows us to better understand the nature of endogenous and correlated effects. Whereas
this problem is unfeasible in simpler settings (see Manski [34]), the separation is not clear
in other approaches that deal with similar situations (as in Brock and Durlauf [7]).

We have learned that endogenous interactions may be an important component in
multi-person timing situations. They can generate simultaneous actions with positive prob-
ability and thus interfere with usual statistical inference through standard duration models.
A few characterizations were possible and a test for the presence of endogenous influences
was delivered. Finally, structural estimation points to a significant effect on the outcome of

our particular example.
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APPENDIX: PROOFS

Sketch of Proof for Existence of a Strong Solution

The proof that there exists a strong solution for equation 2 follows from a slight modification
of the proof provided in Karatzas and Shreve [28], p.289. The key is to note that the iterative
construction of a solution follows through if we replace b(s,x) and o(s, z) by b(s, z,w) and
o(s,z,w) in the definition of X®). If, for fixed z, (s,w) + b(s,z,w) and (s,w) — o(s, z,w)
are adapted processes, the resulting process is still adapted. The remainder of the proof is
identical. (See also Protter [42], Theorem V.7)

Proof of Theorem 1

Consider a player i € I. Let the stopping strategies for I —{i} be given by the following pro-
file of stopping times 7_; = (7;)ser—{i}- Given Assumption 3, according to Theorem 4 in Fa-
keev [13], there exists a solution for the optimal stopping time. Let the individual i’s best re-
sponse function b;(-) map a stopping time profile 7_; onto one such optimal stopping solution.
Given this, consider b(-) defined as the following mapping 7 = (75)ser — b(7) = (b;(7—:))ier-
A Nash Equilibrium is then simply a fixed point for the mapping b(-). In order to establish
the existence of such a result we use the Knaster-Tarski Fixed Point Theorem, reproduced

below from Aliprantis and Border [2], p.6:

Knaster-Tarski Fixed Point Theorem: Let (X, >) be a partially ordered set
with the property that every chain in X has a supremum. Let f : X — X be
increasing, and assume that there exists some a in X such that a < f(a). Then

the set of fixed points of f is nonempty and has a maximal fixed point.

In the following discussion we consider the set of stopping time profiles and identify

two stopping times that are P-almost everywhere identical. We proceed by steps:

STEP 1: (Partial order) The set of stopping times endowed with the relation > defined
as: 7 > v if and only if P(7(w) > 7(w)) = 1 is partially ordered. In other words, > is

reflexive, transitive and anti-symmetric.

STEP 2: (Every chain has a supremum) Given a set of stopping times 7', we should be
able to find a stopping time 7 such that 1. 7 > 7,V7 € T,P-a.s. and 2. if v > 7,P-a.s.,
7 € T then v > 7,P-a.s.. If T is countable sup, . 7 is a stopping time and satisfies conditions

1 and 2 (see Karatzas and Shreve, Lemma 1.2.11). If not, first notice that, since the only
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structure that matters for this property is the ordering in R, we can always assume that
the stopping times take values on [0, 1] (otherwise, pick an increasing mapping from R, onto
[0,1]). Let C be the collection of all countable subsets C' C T'. For each such C, define:

lc =supt and v =supE(l¢) < 00
Tel ceC

By the previous reasoning, l¢ is a stopping time. Then, there is a sequence {C,,},, C C such
that v = lim,, ., E(l¢, ). Now define C = U ,C,, € C. To show that Iz satisfies condition 1.,
first notice that C' € C,v > E(I5). On the other hand, since C,, C C, E(lz) > E(lg,) —, v.
These two imply that v = E(l5).

For an arbitrary 7 € T, set C, = {r}UC € C. Now, lz. > lg. This renders v >
E(l@_r) > E(l@) =V = E(laT — l@) =0= l@_r = l@, P-a.s. This and laT > 7,P-a.s. in turn
imply that [z > 7, P-a.s.

To see that 2. is satisfied, notice that, if v > 7,V7 € T, in particular, v > 7,¥r € C.

This implies that v > sup_z7 = I

STEP 3: (da such that a < f(a)) Pick a as the profile of stopping times that are iden-

tically zero.

STEP 4: (b(-) is increasing) This is the case if each individual best response function b;(+) is
increasing. By the version of It6’s Lemma for twice differentiable functions (see Revuz and
Yor [43], p.224, remark 3), and the fact that u;(x,t) = e "g;(x) is twice differentiable (since
g:(+) is twice differentiable), e g;(z) obeys the following stochastic differential equation

(given a profile of stopping times 7_;):

—7is { —%i AP ) 1 ) i i i
dle™gix))] = e gi(w)a’ (w01, 1) + 507 (20, 01, 097 () — vigi(ay)] db +

(. 4

=114 (a1 03.1)
+e Mgi(at)o (a1, Or,t) WY

S

-~

=" (x},05:)

where the pu(-,-,-) and (-, -,-) denote the drift and dispersion coefficients of e g, (). If
gi(+) is increasing and convex and if a;(+, -, -) and o;(-, -, -) are decreasing in 6, the above drift

is decreasing in 6.
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Now consider a profile of stopping times 7_; and v_; such that 7_; dominates v_;,P- a.s.
Moving from one profile to another will impact 6 and this will have effects on both the drift

and the dispersion coefficients of e 7itg;(z}).

The effect on the dispersion coefficient does not affect the objective function of an indi-
vidual agent. This obtains from the fact that ¢/(-) is bounded and the Bound on Volatility

Assumption. These assumptions deliver that, for each t < oo:

IE[/O (e g (ws)o (s, 0, 5))2ds] < KE[/O (e "0 (xs, 0, 5))*ds] < oo

for some K € R. This in turn implies that z, = [ (e77°¢(z,)0(xs, 05, 5))dW! is a mar-
tingale (see Karatzas and Shreve [28], p.139) and by the Optional Sampling Theorem,
E[f, (e ¢ (xs)0(xs,05,5))dW!] = 0,Y7 where 7 is an (F;)-stopping time (see Karatzas
and Shreve [28], p.19).

Given 7_; and v_;, we know that 67 < 67V, P-almost surely, V¢ (where 6 and 6" aggregate
the stopping decisions for the profiles 7_; and v_;) we will have u(x, 07, t) < p(x, 07, t), P-
almost surely, Vz,t. Letting yZ’T be the process given by

dyy” =y (wy, 0,7 )t + B}, 0,7, )Wy

and yﬁ’v be the process given by

dyy” = p'(xy, 0, t)dt + By, 0,7, 1)dWy

using a slight variation of Proposition 5.2.18 in Karatzas and Shreve [28], we get:

Ply,™ > 5" V0 < t < o0 = 1

Again, a slight variation of the proof of this proposition can be repeated using this fact and
focusing on 3" — yi7 — (yi¥ — yi¥),t > s instead of simply " — y;’. This is enough to

achieve the following result:

Pl(y," —yi) — (g — i) > 0,V0 < s <t < o0] =1
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This suffices to show that it is not profitable for agent ¢ to stop earlier when the profile is 7_;
than when the profile is v_;. Suppose not. Then, let A = {b;(7_;) < b;(v_;)}. According to
Lemma 1.2.16 in Karatzas and Shreve [28], A € fb (r_») NF,wv_,)- By the above result we can
then see that E{I4 [?JZT(U, ) yb -l = E{Ialy," i) yb (~_n)}- The RHS expression in this
inequality is positive because A € Fy,(r_,) N ]—"b, = Fb,(r_i)Abi(v_;) Which implies that the
agent would do better by picking b;(7_;) A b;(v_ ) 1f the RHS were negative. But this would
contradict the fact that b;(v_;) is a best response. So, if A # @, delaying the response by
choosing b;(v_;) V b;(7_;) would improve the agent’s payoff given that the remaining agents

are playing 7_;.

Proof of Proposition 1

Let the breaks in the drift arrive randomly at the stopping times v} with corresponding
arrival rates A (t;w). In other words, let k£ € {0,1,...,n} describe the regime in which the
drift coefficient is & — kA« and the hazard rate at ¢ for moving from state k to state k + 1
is given by A\ (t,w). Since 0 = vy < vy < -+ <y, Me(t;w) = 0 if £ < vp_1(w). The value

function for this problem is then given by:

J(z, k,t) =supE[e" (x, — O)|z; = x, ky = k]
T>t
where k; € {0,1,...,n} marks the regime one is at. Heuristically one has the following

Bellman equation:
J(z,k,t) = max {x — C, (1 +dt) " (OME[T (x + do, k + 1,8)|2] +
(1 — \e(t)dOE[J (2 + da, k:,t)|x]}}, k<n-—1

and J(x,n,t) = J(z), which is the value function for the optimal stopping problem when the
log-linear diffusion has the lowest drift. In the continuation region, the second argument in
the right-hand expression is the largest of the two and it can be seen that the value function

satisfies:
(v + M) (2, k) > ApJ(x, kyt) + Jp(z, k) + Mo (8) T (2, k + 1,8).

where Ay, is the infinitesimal generator for a log-linear diffusion with drift coefficient a—kAa.

The left-hand side indicates the loss from waiting one infinitesimal instant whereas the right
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hand side stands for the benefit of waiting one infinitesimal — the expected appreciation in

the value function. This expression holds in the continuation region and the typical

J(zi(t), k,t) = z(t) — C, ¥Vt (value matching)
Jo(zk(t),k,t) =1, ¥Vt (smooth fit)

implicitly define the thresholds z.

More rigorously®”, let J : R, x {1,...,n} x Ry — R be twice differentiable on its first

argument with an absolutely continuous first derivative such that:
1. J(z,k,t) >z —C,

2. —yJ(z, k,t) + ApJ(x, k,t) + Je(x, k, t) + Ne(t)(J(z, k + 1,t) — J(z,k,t)) < 0, with
equality if J(x,k,t) >z — C,

3. Vs < 00, B[ [T e Ty (@, by, t)afdt] < oo

Let Sy = {(x,t) : J(x,k,t) < 2 — C} be the stopping region when the regime is k& and
consider 7% = inf{t : x; € Sk, }. Then

J(z,k,t) =supEle " (x, — O)|xy = x, ky = K]

T>t

and 7* attains the supremum.
To see this, consider a stopping time 7 and let 7, = 7 A m. Then (2), (3) and Dynkin’s
formula (Rogers and Williams [44], p.252-4) deliver that

J(z, k,t) > Ele "™ (20, krpys Ti) |26 = T, ke = K.

Using (1):

J(x7 k7t) Z E[e_’YTm (x'rm - C)|xt =7z, kt = k]
By Fatou’s Lemma, liminf,, Ele "™ (z,, — C)|x; =,k = k] > Ele " (2, — O)|2y = x, ky =
k] and we have that

J(x, k,t) > Ele (2, — O)|vy = x, ke = K.

for an arbitrary stopping time 7. Using (2) and (3) plus Dynkin’s formula one can then

obtain that 7* attains the supremum. The value matching and smooth pasting conditions

2TThe reasoning is in the spirit of similar arguments in Kobila [30] and Scheinkman and Zariphopoulou [45].
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are then consequences of J being C!. As explained earlier, these two conditions implicitly
define the thresholds zj(?).

That z(t) > zk41(t),Vt can be seen in the following manner. Let x.(z, k) be the process
initialized at the level x and regime k. Since the drift in successive states are strictly smaller,
a comparison result such as the one in Karatzas and Shreve [28], Proposition V.2.18, or
Protter [42], Theorem V.54, can be established to show that:

e (zi(x, k) — C) > e May(z, k+1)—C), Vt P-as.
This should be enough to imply that the maximum attainable value is decreasing in k:
J(x, k,t) > J(x, b+ 1,t), Vt.

Consequently,
J(zp(t), b, t) > J(z(t), k+1,t), V.

So, stopping at regime k implies stopping at regime k + 1 whereas the opposite does not
hold. This suffices to argue that

Zk(t> > Zk+1<t>, Vi ke {1, e, = 1}

Proof of Proposition 2

STEP 1: (Optimal policy characterization) As in Proposition 1, the value function char-
acterizes the thresholds. Notice though that at any instant ¢ the probability that another
individual’s latent utility process hits the stopping region in the next infinitesimal given
that it has not occurred so far is negligible, since this process is a diffusion. As time goes
by though the likelihood that such an event occurs increases towards one and the value of
staying should decrease accordingly. So, we require the function in the limit to agree with
the value function in the next regime, which ultimately brings it to the lowest drift regime.
Let J'(z,k,t) = sup,s, E[e (¢} — C")|x} = x, ki = k] be the value function for individual

1 € I. Following the steps in Proposition 1, one can see that
1. Ji(x, k,t) >z — C%
2. —yJH (@, k,t) + AL T (2, k,t) + Ji(z, k, t) <0, with equality if J*(z, k,t) >z — C%
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3. limy_oo Ji(z, b, t) = J'(2).
where J'(z) is the value function for the optimal stopping problem with the lowest drift

log-linear diffusion.

As in Proposition 1, we have the value matching and smooth pasting conditions determining

the relevant thresholds:

JHzL(t),m,t) = 2. (t) — C, ¥Vt (value matching)
Ji(zt (t),m,t) =1, Vt (smooth fit)

As before 2! (t) > 2 ., (t), V& me{l,...,n—1}.

STEP 2: (Stopping times are an increasing sequence) Notice that, by definition, 70 < 73 <

-+ < 717 and consequently form an increasing sequence of stopping times.
STEP 3: (At each stage at least one agent stops) Vk € I,3j : 77 = 7.
Take a stopping time 7. There are two possibilities, represented by two disjoint subsets

of ), say §2; and §2s:

1. €. The vector process Ay 12, hits Ay 1Sr41-1/4, ,1 where (Fi € I : 2" > 2} and Vj #
i, 1) < Z£+1). In this case, 7;(w) = 7 (w) (provided ¢ hasn’t stopped yet), Vw € €.

2. 5. The above does not happen. In this case, 35 : zi 4 < xik (provided j hasn’t

stopped yet). In this case it can be seen that 7,41 = 7. Then, 2/, =] > z/,, and

this implies that 7} (w) = 71 (w) = 7(w), Yw € Q.

This means that, at each stopping time 73, the drift of ' drops by Aa’/(I —1).
STEP 4: (7 is optimal) Apply Proposition 1.

This establishes that the equilibrium can be represented through the hitting times.

Proof of Proposition 3
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STEP 1: (The strategy profile is an equilibrium) Set v = 77 in Proposition 2. Consider
7' =inf{t : 2, > z(t)}, where z(t) is obtained as in Proposition 2. Agent i should use 7; on

{7' <77} and inf{t > 7F : 2} > 2;} on the complementary set.

Now notice that:

xis = Zl(t) =>T;=7Ts

When the vector process hits S on the subset where ' = z(¢), the hitting times for the
vector process to reach S and for the component process to hit z;(¢) coincide. Since TS 2 Ts

by construction, we should also conclude that:
{efg =)} {7 < 7}

Agent ¢ should then use 7; (which coincides with 7s on this set).

On the other hand,

. Ti > Ts _
mis%zi(t)ﬁ{ - . =T >T;
yi _
(2], >z, = 77 =1Ts)
So, we are in the complementary set, in which it is sensible to use inf{t > 77 : Ty > 2} =

inf{t > 75 : 2} > 2,}.

STEP 2: (The equilibrium is unique) To see that this is the unique equilibrium, notice

that

1. This is the unique equilibrium in which a7.,.. = z1(t) or 2%, = 2(t). In other
words, any equilibrium profile of stopping strategies will have at least one stopper in

the first round of exits at his or her threshold;

2. If there is another equilibrium, it should then involve first stoppers quitting at points
lower than their initial thresholds. If only one agent drops, this can be shown to be
suboptimal according to the reasoning of Proposition 2. If both stop at the same time
and since P({€; = €2}) = 0, there is an incentive for one of the agents to deviate and

wait.
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Proof of Proposition 5

Let S = {(x,t) € R., x Ry : Jisuch that 2’ > 2} = z(a’,0",C", 7", Aa’,t)} and 75 =
inf{t > 0: x, € §}. Since the sample paths are continuous P-almost surely, by Theorem
2.6.5 in Port and Stone [41] the distribution of (x,¢,7s) will be concentrated on 0S. Also,
it is true that P(7s < 00) > 0.

(Sufficiency) If there are endogenous effects, 2i(t) > z4(t),Vt i € I. There will be si-
multaneous exit whenever z¢ > xis > 2%, for some i € I. This has positive probability as
ong as zi(1s) > #4(7s),i € I. In order to see this, first notice that the latent utilities process
1 i i I. Tn order to see this, first notice that the latent utilit

can be represented as the following diffusion process with killing time at 7s:

dr = a'zjdt + Y 6ydB], i=1,....1
jel
where By is an [-dimensional Brownian motion (with independent components) and ;. =
0] Let 0S8y = {(x,t) € dS : zi(t) > 2* > 2i}. By Corollary 11.2.11.2 in Gihman and
Skorohod [18] (p.308), one gets that P[(x,¢,7s) € 0Sy| = u(x,t) is an A-harmonic function

in C = 8¢ In other words,

Au(x) + ug(x,t) =0 in C
u(x,t) = 11if (x,t) € OSy
u(x,t) = 0if (x,t) € 0S\OSy

where

7 8f 1 ~~/ 82f
Af == ZO& Iza—xl + 5 Z(O’U )szx]m
el i,j€I
i#]
is the infinitesimal generator associated with the above diffusion. By the Minimum Principle
for elliptic operators (see Proposition 4.1.3 in Port and Stone [41] or Section 6.4 in Evans [12]),
if u attains a minimum (which in this case would be zero) on C, it is constant on C. This would

in turn imply that V(x,t) € C,u(x) = P[(x,5,7s) € 0Su|xo = x| = 0. But by Proposition
2.3.6 in Port and Stone [41], one can deduce that u(x,t) = P[(x,4,7s) € 0Sy|xo = x] # 0.

(Necessity) If there are no endogenous effects, one agent’s drift is never affected by the exit of
other agents. Each agent’s decision is given by 7 = inf{t € Ry : 2! > 2' = z(a’, 0%, C",7")}.
There will be clustering only if 77" = 77,4 # j. The state-variable vector can be represented

as above until the killing time 75. Then, there will be clustering only if x; hits S at the point
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(2%)ier. But in I > 2 dimensions any one-point set A is polar with respect to a Brownian
motion, i.e., P[ty < oo] = 0 where 74 is the hitting time for A (Proposition 2.2.5 in Port
and Stone [41]). So, P[7; = 77,4 # j] = 0.

Proof of Proposition 6
If there are no endogenous effects, the equilibrium strategies are characterized by the thresh-
olds z(«a, 0,v,C). The marginal distribution for these are then (possibly defective) Inverse

Gaussian distributions, so that P(7 < t|7 < oo; 0, 2, v, 0, I) is given by:

o 108E) —la— S\ | ey [ —log() —la - Gt
oVt J\/f

1 if « —0%/2>0

exp (—210g(2/3;02)|04_‘72/2|> otherwise

and

P(r < 0) =

(see Whitmore [51]). Notice that the expression does not depend on I and this completes
the proof.

Proof of Theorem 2
We start out by proving the conditions for Lyapunov’s Central Limit Theorem (see Pagan

and Ullah [40], p.358) for an arbitrary combination of X, Ay, and X, Ay,

STEP 1: (Lyapunov’s CLT) First, notice that, Vd > 0 and (ay, as) € R?

E[] Z aiXnay, "] < maXi:1,2,3(|Oéi|)EHZ.f:nfgfg(xn,AN,i) 9]
i=1,2,3
< maXi:172,3(|O{i|)E[igllz,i“273(xn7AN,i)] <00
Let
Xn,An1 aq
(N(Ang, AN, Ang) = [Oél o% ag]var Xn,An.2 0%
Xn,An 3 a3
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and observe that, provided (aq, s, a3) # (0,0,0), (x(0,0,0) =0 < p(0) = 0 (since p(0) =
0 < v(0) = 0). Consider then

Zi:1,2,3 @i(Xp,an, — P(AN))
\/NCN(AN,D AN,Qa AN,S)

n,N —

For Lyapunov’s Condition to be satisfied one needs to be able to state that

N
hjenzlIE|L,LN|2+‘S =0

for some 0 > 0. That this is the case can be seen because
N R
25:1 E|L, x| = Nl—(1+5/2)(1—,$'(NnCN(ANJ7 Ana, AN,3))—(1+5/23 %
xE[| Y aixnay, —p(Ana)*]

i=1,2,3

(& J/

-~
()

We set k = ¢ if p(0) = 0 (Assumption 1 holds) and x = 0, otherwise.

For C, observe that

¢ < Zi=1,2,3[]E“aanyAN,i”2+6 + (ip(An,;))*) <
< Zi:1,2,3[0%2+5 + (ip(An,))? ] —

— (1+p(0))**° Zi:1,2,3 az‘2+6-

With respect to B, imposing x = 0 and assuming that p(0) > 0, one has

(N(An1, Ansg, Ang) — (n(0,0,0) > 0.

In case p(0) = 0, notice that {y(-,-,-) is a function of p(-). This being differentiable, by the

Mean Value Theorem one has

ANy
N Cn(Ang, Ang, Ans) = N x <CN(0> 0,0) + aCN(gN,la 3N,27 AN,S)/ Ang )
Ang

where 0 < ﬁN,k < Ank, k =1,2,3 and 9(y(-,-,-) is the gradient vector for (n(-,-,-). We
draw attention to the fact that limy 8/<:CN(3N,1,£N,2, ﬁN,3) X Ay >0,k =1,2,3. To see
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this, remark

AN (A,0,0)

>

A—0
—

Al advar(x, ) =

I\
-1.2 n . —
A ozlvar((2> E ]I{TZTJA}> =

{ivj}ETFn

1
Ata? Ln Var<]I i >—|—
{9 {ri=ri}
I —2
2<2) > eov(Tpy oy Togy) 2

{i,5}.{k,1}emn

Ao

=N

(I2n> 71 (2)(1 = p(a)) - 2p(a)?] 22
of (2) _lp;(o) >0

where the inequality follows because cov (H{rg:riy H{TZ:T’A}> =FE <H{T£:Ti}H{T£:TZA}> —p(A)? >

—p(A)?. The statement follows by analogy for the second argument in (y(-,-). In this case,

Ay
N(n(Anj, Ang, Ang) = Nex(aCN(ﬁN,laﬁN,%ﬁN,?;)/ Ang )L
AN

=Y k0N (0,0,0) > 0

i=1,2,3

where k;,i = 1,2,3 are positive constants by Assumption 2. This suffices to show that B

converges to a finite value.

If p(0) > 0, A = N2 — 0. When p(0) = 0, we can drive A to zero by choosing

6 > 0 so that

Hence, Lyapunov’s Condition

§>2((1—¢) ' =1)>0.

N
lg{fn;EwnwFM =0

holds. The Central Limit Theorem then asserts that

\/sz':l,m ai(iAN,i —p(Ang)) ¢
\/CN(AN,la ANz, An3)

— N(0,1).
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Since (a1, ag) is arbitrary, the Cramér-Wold device dictates that (see van der Vaart [50])

D=

Xn,AN,3 EA1\1,3 p(ANﬁ)
_ L
VNvar | X, Ay, ( Xans | — | P(Ana) — N(0, I3)
Xn,An 1 iAN,l p<AN,1)

STEP 2: (Delta Method) By the uniform delta method (see van der Vaart [50], Theorem
3.8) one obtains that

JFoc! FAW p(Aws) 5(%,3 ) p<AN,3>>] £ N(0,1)

where
X, A Ep(An3)—P(AN,2)
AN, (An,1)?
By CUEEIES (P S W S ) et |
p(AN,1)2 p(ANyl) p(AN,l) n,AN,2 p(AI\gl)
Xn’AN’3 _P(AN,1)
and
az(az — a)
gzt
az(as — a)

Notice that s 5
p(Any)  p0) + Anip'(0) + 3A%,0"(0) + O(AR )

p(An1)  p(0) + Anp/(0) + A% 1p7(0) + O(AY, )
and, if p(0) = 0, one obtains that

pBv) a Awap(0)+ 13,00+ 0Ak) a
p(An1) @ Anip'(0) + %A?V,lp”(o) + O(A?V,l) ax
ap +cafN~ + O(N™*)  ay _ cagai(ay —a)N"“+ O(N~>)
ay +ca?N=<+O(N-2) a;  ajla; +ca3N—<+O(N-2)]
cagay(ay — a;) N~ 5
= O(N™*
a?[l + carN—¢ + O(N~2)] +0( )

— a ) N—¢
= capt (ak — a1) X [1—cay N+ O(N~*)]+ O(N~%*) =

(by Taylor’s Expansion)

a
capai(ar — ay)N~¢
— k 1( k . l) + O(N—2€)
aj
so that (Axs) ( N
P(ANK ag  cagay(ag —a;)N™° o
— = — O(N .
p(AN,l) ay * a% * ( )
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This delivers

XAN2 _ p(An,2) _5 XAN 3 _ p(An,3)
Xay,  P(AN1) Xay,  P(AN)

_ Xang as XAp3 a3 —2¢
- Beaoe(Bg) o,

XAN 1 XAN1

Noticing that

gives us that

as long as e > 1/3.

If p(0) > 0, it is possible to see that the statistic diverges using similar arguments.

For the next theorem we will make use of the following result (Theorem 1 in Aratjo and

Mas-Colell [3]), which we cite as a lemma.

Lemma 1 (Theorem 1 in Aratdjo and Mas-Colell [3]) Let ¥ be a topological space, E C

R" 1 <n < oo and v denote a Borel probability measure on R™. Assume the following:

1. (¥ x U)\A is a Lindeldf space (i.e. any open cover has a countable subcover), where
A={(z,y) e U x V:zx=y}.

2. F: V¥ x E— R is a continuous function.
3. Vi,» €V and a € E,0,,F(1,a) ezists and depends continuously on v and a.

4. v is a product probability measure, each factor being absolutely continuous with respect

to the Lebesgue measure.

~

5. (Identification Condition)® If F(1p,a) = F(1,a), ) # 1, then d,,(F (1, a)— F(i), a)) #

0 for some 1.

Then, for v-a.e. a € E, the function F(-,a): ¥ — R has at most one mazimizer.

28This condition is named the Sondermann condition in Araiijo and Mas-Collel [3]. We change its denom-

ination to better suit our application.
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Proof of Theorem 3

STEP 1: Consider the expected log-likelihood function conditioned on w:
(.t w) = [ Toglg(ts b wlg(t v, wi

From the properties of the Kullback-Leibler information criterion (or relative entropy) for
two probability distributions, it is obtained that 7,& is maximizes the expected log-likelihood
if and only if g(t;qﬂ,w) = ¢g(t;9,w) (see Schervish [47], Proposition 2.92). In particular,

1) = 1) is one such maximizer.

STEP 2: Take ¥ = {4, @/AJ} Also, let w; = (w¢, wd) where w¢ denotes the continuous random
covariates and w¢, those with a discrete component. Now, for each fixed value in the support

of (wl);er, notice that:

1. W is trivially Lindelof since it is compact?®

2. The Kullback-Leibler information criterion is continuous on the parameters and w. In
order to obtain this result, notice that

g() = a6

—%(iiﬂ)

and

G(tv w> = ]P)(T > t; ¢) = E[H{supsét zt () —2z(t;4)>0 for some z}] = E[Qb((xs)i:[)”mo = *T]

The derivative of this last expression with respect to the parameters is well defined
and can be obtained through Malliavin calculus (see Proposition 3.1 in Fournié et al.
[14] for the drift, for example). The assumption that «(-) is a continuous function on

the covariates achieves the result.

3. The derivative exists and is continuous since we assume that «(-) is of class C! with

respect to the continuous random variables.

4. Pick any product measure v equivalent to the measure represented by the CDF Fiye.
Since the latter is assumed continuous, its measure is absolutely continuous with re-
spect to the Lebesgue measure and v is also absolutely continuous with respect to the

Lebesgue measure.

29We could allow for ¥ to be a subset of RX. R2X is Lindeldf since it is separable and metrizable and
thus, second countable (see Aliprantis and Border [2], Theorem 3.1). This implies that it is Lindelof (see
Aliprantis and Border [2], p.45).
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5. The Identification Condition holds by assumption.

By Lemma 1, there is at most one maximizer for the expected log-likelihood function Fye-
a.e. for each element in the support of w¢ and we know that 1) maximizes it. The statement
is easily extended Fi,-a.e. since the support of w? is countable and the union of countable

events with null measure — there being more than one maximizer — has zero measure.

Proof of Proposition 7
Notice that (for ¢ € [0, 7s]) the vector process with the latent utilities can be represented as

the following diffusion process with killing at time 75:
drt = o'zidt + oxldW}, 1el

Let S = S((a')ier, 0,7, C, A, t) = {x € RL : Ji such that 2’ > zi(t) = z1(a’, 0,7,C, Aa, t)}
and denote by A((a')ser, p, o) the infinitesimal generator associated with the above diffusion
(where the argument reminds the reader of the dependence of the operator on the parame-

ters). In other words, A((a")ser, p, o) is the following differential operator:

1 K, O f 0% f
"4(( )Zelvpv f Zaxz_+§ QZ Za 2+p0 Z{L’l‘]a

: 2,07
el el i,5€I
1]

for f in the appropriate domain (see Karatzas and Shreve [28], p.281).

Denote by 75 = inf{t : x; € 8} = inf{t : Fi such that 2' > 2i(t) = 2,(a’,0,7,C, Aa, t)} =
inf{t : 3 such that &' = z* — (2*(t) — 2%(0)) > 2*(0)}. Let G(¢,x) be the probability that the
diffusion will reach S after t. In other words, G(t,x) = P[rs > t|x¢ = x| and represents the
survival function for the exit time distribution of the first deserter. Following Gardiner [16],
Subsection 5.4.2, this probability can be conveniently written as the solution to the following

(parabolic) partial differential equation (Kolmogorov backward equation):
Gt = [A((ai)iEIv P U) + E((ai)ielv P, 0, AOZ, t)}G
in Ci—o((a')ier,0,7,C, Aa), t > 0 with the following conditions:

G(0,x) = Plrs < oo|xg = x|, x € Ci—o((a)icr,0,7,C, Aa)
G(t,x) =0, x€ S—o((a)ier,0,7,C,Aa)and t >0
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where the boundary condition follows since 0S;—o((a)icr, 0,7, C, Aa)) C

Si—o((a)ier, 0,7, C, Aa) and because 0 is an absorbing boundary for z*,i € I.

Uniqueness is obtained in Theorem 4, Section 7.1.2 in Evans [12].

Proof of Proposition 8
The proof follows from the conditions in Theorems 3.1 and 3.3 in Pakes and Pollard [39]. It
is analogous to Example 4.1 in that paper, in which the authors check for these conditions

in the stopping model by Pakes [38].

With exception of condition (ii) in Theorem 3.3, the conditions follow pretty much along
the same lines as in that example, so we omit them here. Condition (ii) requires that G(-)
be differentiable at 1)y with derivative matrix I', full rank. We prove here that G(-) is differ-

entiable at ¢y. That the matrix is of full rank is assumed in the statement of the proposition.

For 7 < T, we would like to establish that G(v) = E*[m(7(¢))|7(¢0) < T] is differentiable at
. In order to do this we use Proposition 1 in Broadie and Glasserman [6]. The proposition
consists in imposing condition (A1-A4) for the Lebesgue Dominated Convergence Theorem

so that the expectation of a derivative is equal to the derivative of the expectation.

First, we check for the conditions that focus on the differentiability of each realization of the
random variable m(7). Letting B giser(w) be a discretized draw for the (continuous time)
I-dimensional Brownian motion governing the behavior of the state variable processes. For
this realization, the stopping time for individual i is given implicitly by 7(w;):

2
sup {p(bs(w,v), a, Aa, s) — %5 + 0B diser (W) } = 10gz<9T(w;¢)<wa V), ).

T(wyh)>s

The implicit function theorem guarantees that 7(w;) is differentiable w.r.t. 1) with proba-

bility one. This takes cares of Al.

The assumption that m(-) is differentiable and has bounded derivatives on (0,7") is used
to satisfy A2 and A3.

o2



The fact that the parameter space is compact guarantees that the derivative of 7(w;)

is bounded by an integrable random variable and thus condition A4 is satisfied.

This delivers existence of the derivative as the discretization window goes to zero.
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