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We develop an auction model for the case of interdependent values and multidimensional signals in
which agents’ signals are correlated. We provide conditions under which a modification of the Vickrey
auction which includes payments to the bidders will result imapostefficient outcome. Furthermore,
we provide a definition of informational size such that the necessary payments to bidders will be arbitrarily
small if agents are sufficiently informationally small.

1. INTRODUCTION

The efficiency of market processes has been a central concern in economics since its inception.
Auction mechanisms constitute a very important class of market processes, yet the analysis of
auctions has typically focused on their revenue generating properties rather than their efficiency
properties. This is partly due to the fact that, for many of the problems typically studied,
efficiency is trivial. When bidders have private values, a standard Vickrey auction guarantees
that the object will be sold to the buyer with the highest value for the object. In the case of
pure common values—that is, when all buyers have the same value for the object—any outcome
that with probability one assigns the objectsomebidder will be efficient. The intermediate

case in which bidders’ values are not identical but may depend on other bidders’ signals is more
problematic. When bidders’ values are interdependent in this way, any single bidder’s value may
depend on the information of other agents and, hence, he may not even know his own value. Itis
not clear what it would mean for an agent to bid his “true” value, even before we ask if it is
optimal for him to do so.

Several papers have studied efficient auctions with interdependent values and independent
types! While this is a natural place to begin, the independence assumption is not compelling
for many problems. A prototypical problem is one in which an object is to be sold, and
individual bidders have private information about the object (say the quantity or quality of oil
in a tract to be sold) that affects other agents’ values for the object. When bidders’ types include
information about objective characteristics of the object being sold, their types will typically
not be independent. When agents’ types are statistically dependent, we show that there exist
efficient auction mechanisms for interdependent value auction problems that are essentially
Vickrey auctions augmented by payments to (not from) the agents. Most importantly, we link the

1. Seee.g.Maskin (1992, Dasgupta and Maski(l.998, andPerry and Reny1998. Jehiel and Moldovanu
(2001 prove a general theorem about the impossibility of efficient mechanisms when bidders have independent types
and multidimensional signals.
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payment made to an agent to that agent’s “informational size”, a concept formuldd @an

and Postlewaitd2002. To explain informational size, suppose that all agents are receiving
signals correlated with the common but unobservable value of the object. Informally, we can
think of an agent as being informationally small if that agent’s signal adds little to the information
contained in the aggregate of the other agents’ signals. That is, an agent is informationally small
if it is unlikely that the probability distribution of the objective characteristics of the object is
very sensitive to that agent’s information, given the information of others. When agents are
informationally small, the payments necessary for our augmented Vickrey auction will be small.
Hence, agents’ “informational rents”—as represented by the payments made to them—are linked
to their informational sizé&.

In this paper, we use a technique related to that employecCi®mer and McLean
(1985 1988 in that we construct systems of lotterigse(“side bets”) that facilitate truthful
revelation of types. Cremer and McLean showed that, when agents’ types exhibit a certain
statistical dependence, then mechanisms can be designed to induce truthful revelation of private
information, and that information can be used to ensure efficient outcdkivé®n agents’ types
are not independent, the multidimensionality of information poses no problems for Bayes—Nash
implementation. However, mechanisms that rely on statistical dependence of types to extract
the full surplus are sometimes criticized on the grounds that in such mechanisms, the payments
to and from agents can be very large. The use of very large payments makes their usefulness
guestionable in the presence of limited liability or nonlinear preferences over money. Our
lotteries will generally not extract the full surplus from the agents but we do identify conditions
under which efficient outcomes can always be assured with small augmented payments.

Our definition of informational size generalizes the concept of nonexclusive information
introduced inPostlewaite and Schmeidlét986. Nonexclusive information was introduced to
characterize informational problems in which incentive compatibility would not be an issue.
Heuristically, this would be the case when, for any agent and for any information he might
have, that agent’s information is redundant given the combined information of all other agents.
In the presence of nonexclusive information, it is straightforward to induce truthful revelation.
In this case, roughly speaking, the agents’ reports will be inconsistent when a single agent
misrepresents his information, thus revealing that some agent misreported with probability one.
One can characterize this situation as one in which an agent has no ability to alter the posterior
distribution as he contemplates the type he will announce. Our measure of informational size
extends this concept in the sense that, when an agent has positive informational size, the agent’s
different types (typically) result in different posterior distributions, given other agents’ reported
types. When an agent is informationally small, that agent is unlikely to have a large effect on the
posterior given other agents’ reported types.

Our model is described iBection2 and, inSection3 we present an example with a simple
information structure in which agents receive conditionally independent signals of the state of
nature.Section4 provides an analysis of a more general problem with information structures
that include the conditionally independent structure of the exampfgettion3 as a special
case. The analysis iBection4 assumes that agents’ types are exogenously specified in a form
that separates the part of an agent’s information that affects other agents’ values from the part
of the agent’s information that affects only his own value.Saction5, we show how the
information structure for general incomplete information problems can be represented in a way
that decomposes agents’ information into these two components. Since for many asymmetric

2. However, we should emphasize that we are not proposing that agemscassarilyinformationally small
and, consequently, that efficient outcomes can always be assured with small augmented payments.
3. See alsd/cAfee and Reny(1992 for subsequent work.
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information problems these two aspects of an agent’s information are qualitatively different, this
decomposition is of some independent interest. Some concluding comments are contained in
Section6 and the proofs are given Bection?.

2. AUCTIONS

Let ® = {01,...,6m} represent the finite set of states of nature. E&ch © represents a
complete physical description of the object being seld.the amount and quality of oil). L&
be a finite set of possible types of agenf\s stressed in the introduction, an agent’s information
may be of two qualitatively different kinds: information about the objective characteristics of
the object being sold, and idiosyncratic information about the agent himself. The former is
of interest to other agents—and consequently is the cause of the interdependence of agents
values—while the latter is irrelevant to other agents in calculating their values. The state of nature
is unobservable but ageris information about the physical characteristics of the object to be
sold will be captured by the correlation between his tiypend nature’s choice @f. His typet;
will also capture any idiosyncratic information he may have. Adgénvalue is represented by
a functionv; : ® x T — Ry. That is, agenti’s value for the object depends on the physical
characteristics of the objeét and his typs; .

Let (@, f1, fo, . . ., f,) be an(n+ 1)-dimensional random vector taking valuesan T(T =
Ty x -+ x Ty andT_j = x j4 Tj) with associated distributioR where

P@O,t1,...,tn) =Prob{d =0,f, =t1, ..., =t}

We will make the following full support assumptions regarding the marginal distributions:
P(9) = Prob{d = 6} > 0 for eachd € ® andP(t) = Prob{fy = t1,...,fh =t} > O
foreacht e T.

If Xis afinite set, let\x denote the set of probability measuresXrirhe set of probability
measures o® x T satisfying the full support conditions will be denotad,, .

In problems with differential information, it is standard to assume that agents have utility
functionsw;j : T — R, that depend on other agents’ types. It is worthwhile noting that, while
our formulation takes on a different form, it is equivalent. Given a problem as formulated in this
paper, we can definei(t) = ), olvi(60,t)P(© | t)]. Alternatively, given utility functions
wi : T — Ry, we candefin® = T and define; (t, tj) = wj (t). Our formulation will be useful
in that it highlights the nature of the interdependence: agents care about other agents’ types to
the extent that they provide additional information about the physical characteristics of the object
being sold.

An auction problenis a collection(vy, ..., vn, P) whereP € A ;. An auction mecha-
nismis a collection{q;, x; }ien Whereq; : T — R is the probability that agentis awarded the
object given a vector of announced types, and eaci — R is a transfer function.

For any vector of typese T, let

=0t =) @ PO [t

Although v depends orP, we suppress this dependence for notational simplicity. The number
i (t) represents’s value for the object conditional on the informational stateT.

Definition. An auction mechanisry;, X; }ien is

incentive compatible (IGf for eachi € N,
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D 10 (i 8B (i ) = X (i, TP | )
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whenevet;, t/ € Tj;
ex post individually rational (XIRif

g ®vt) —x ) >0 foralli and allt € T;
ex post efficient (XEj

vj () = max; {0 (t)} whenever; (t) > 0.

For a given auction problerntws, ..., vn, P), we will be interested in the second price
auction using the conditional valuégt). For eacht € T, let

I(t) ={i € N| () =max 0j(t)}
and define
wi () = max;.j 0j(t).

Formally, we define &fickrey auction with conditional valu€¥ickrey auction for short) to
be the auction mechanisfg*, x"}icn defined as follows:

I ifi el
*ty = | Tor !
GO {o ifi ¢ 1)

and

X' (1) = g Owi ().

It is straightforward to show that this Vickrey auction mechanisraxigostefficient and
ex postindividually rational. It will generallynot be incentive compatible. However, as we will
show below, it is often possible to modify the Vickrey auction payments so as to make truthful
revelation an equilibrium when agents are informationally small in a sense to be defined below.

Let {7z }icn be ann-tuple of functionsz; : T — R, each of which assigns to eatle T
a non-negative number, interpreted as a “reward” to agefite associatedugmented Vickrey
auction with conditional valueg@ugmented Vickrey auction for short) is the auction mechanism
{qi*’ Xi>k - Zi }iEN .

We present an example in the next section that illustrates our notion of augmented Vickrey
auctions and the relationship between informational size and the payments that agents receive.
This example also illustrates the main ideas in the proofs of Theoflearsl 2 discussed in
Sectionst and5.

3. EXAMPLE

Three wildcatters are competing for the right to drill for oil on a tract of land. It is common
knowledge that the amount of oil is eith@r or 6y, each equally likely witto, < 6. We will
abuse notation and denote the stateg bgndéy ; let ® = {6, 6y }. Each wildcatter performs

a private test that provides information in the form of a noisy signal of the state which we
denotes. That is, agenti’s private test yields a signdfl (high) or L (low); for eachi, let

S = {H, L}. The distribution of the signal for agentconditional on the state, is given in the
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table belowmp > 1/2).

state 6. OH
signal
L 0 1-»p
H 1—p p.

Agents’ signals are independent, conditional on the state
In addition to the signal regarding the amount of oil, each of the wildcatters has private
information regarding his own cost of extraction. We assume that the extractiorc;cot
wildcatteri is drawn from a finite set. Hence, agerfs typet; is the pair(s, ¢;) comprising
his privately observed extraction castand his privately observed sigreal We will assume that
the vector of extraction costss, Cp, c3) is independent of the state-signal veatérs:, S, S3)-
The price of oil is 1. Agent’s payoffv; as a function of the stateand his typd; depends only
on# and his private extraction cogt If t; = (¢j, §), then his payoff should he obtain the right
to drill is given by

vi(6j,5) =6, —¢, j=L,H.
Consider the following auction mechanism. Agents announce their types and the posterior

distribution on ® given the agents’ announcements of their sign®s-|s1, S, S3), IS
calculated. Next, compute the agents’ expected valués the object, where

Dj (t1, to, t3) = 0 (S1, 2, S3, Gi) = vi (O, Gi)- P (0L | S1, S2, S3) +vi (OH, Gi) - Pe(OH | S1, S2, S3).

The drilling rights are awarded to the agérfior whomy; (s1, S, S, ¢;) is highest and that agent
pays a price equal to the higher of the other two agents’ values. In addition, any agent who has
announced a signal equal to that announced by the majority receives a (small) payment
Truth is generally not a dominant strategy for the unaugmented Vickrey mechanism.
If agent 3 (for example) announcéswhen he has in fact received sigrtd| his announcement
of L will lower the computed expected values of all agents. In the event that agent 3 wins the
object, he will pay a lower price by announcihg However, the introduction of the rewamd
in the augmented mechanism will offset this possible gain in expected utility wtisrclose
to 1. Whenp ~ 1, we make two important observations. First, an agent who observes signal
(resp.L) places probability close to one on the event that the other two agents have al$t seen
(resp.L). Second, the conditional distributio®s (- | H, H, H) andPg (- | H, H, L) are almost
equal and the conditional distributiof® (- | L, L, L) andPg(- | L, L, H) are almost equal.
Combining these observations, it follows that an agent who sees signéll believe that, with
high probability, an announcement bifwill have little effect on the posterior distribution @.
Agent 3 affects the computations of other agents’ values only through the posterior distribution
on®. Since the values of agents are continuous in this posterior, it follows that any expected gain
that he may hope to obtain by altering other agents’ values through misreporting will be small.
On the other hand, a misreported signal will, with probability close to 1, put an agent in
the minority and that agent will lose the rewargaid to those in the majority. On balance, the
incentive provided by the small paymenwill offset the small gain from misrepresenting when
o is sufficiently close to 1. In summary, jf is sufficiently close to 1, truthful revelation will be
an equilibrium?
Incentive compatibility is obtained in the example wher: 1 as a result of an interplay
of two ideasinformational sizeand thevariability of agent’s beliefsin the example, each agent
is informationally smallwhenp =~ 1 in the sense that, upon observing the sigdalagents

4. Itis not the unique equilibrium, however; all agents reporting siggnaiould be an equilibrium. We discuss
this in the last section.
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conclude that an announcement lofwill with high probability have only a small effect on

the distribution over states conditioned on the information of all three agents. Although this
means that the gains from lying are small, they are positive. That the reéfardnaking an
announcement that is in the majority offsets, at least partially, this gain is due vaitiability

of agents’ beliefsdefined as the difference between the conditional distributffis- | H)
andP(-,- | L) on § x $. Because agent 3's probability distributions over the other agents’
signals,P(-,- | H) and P(-,- | L), are different, agent 3's expected reward from truthfully
announcing his signal is greater than the expected reward from lying nidmligreater depends

on the magnitude of the difference betweReq, - | H) andP(-, - | L). If, for example, these
conditional distributions were equal, then we could not find a system of rewards that induced
truthful revelation. To illustrate, ip ~ 1/2, agents would be informationally small, since their
announcement would affect the posterior distributiorGowery little. However, ap gets closer

to 1/2, the incentive to truthfully report is decreasing, since an agent is nearly as likely to be in
the majority when he lies as when he announces truthfully. Whether a given reward will induce
truthful announcement depends on the relationship between informational size and variability of
beliefs.

The mechanism illustrates when agents’ information can be truthfully elicited at low cost:
when informational size is small relative to variability of beliefs. This is possible because
(by construction) each agent's information is of little value given other agents’ information,
hence information rents are small. Once the information about the physical characteristics is
elicited, there is no residual interdependence and a simple Vickrey auction can be used.

In the next section, we present a model that generalizes the insights of this example and
formalizes the concepts of informational size and variability.

4. EFFICIENT AUCTION MECHANISMS
4.1. The model

In this section we will assume that the set of types for agems the special product form
T =S xCj whereS, ..., $ andCq, ..., C, are finite sets. An elemert € § will be
referred to as agernts signal An elementc; € C; will be referred to as agerits personal
characteristic. LeS = § x --- x § andSj = x4 §j. The product set€ andC_; are
defined in a similar fashion. We will often write = (s,c¢) andti = (s, ¢) wheres andc
(s andc;) denote the respective projectionst@) onto SandC (S andC;). Both the signas
and the personal characteristicare private information to with the following interpretations:
S represents a signal that is correlated with nature’s choiéeanfdc; represents a set of other
idiosyncratic payoff relevant characteristics of agethiat provide no information aboétor s_;
beyond that contained &. In our example, the extraction cagtof each wildcatter corresponds
to the agent’s personal characteristic and, since costs are assumed to be independent of the state
and the agents’ signals, it is certainly the case thatontains no information about or s_;
beyond that contained i§. We assumethat the random vector@, ) and¢ arestochastically
independent.e.

P@.t) = P(,s,c) = P(6,s)P(c).

We denqte byﬁbxsxc the set of measures NG, ¢ . satisfying this stochastic independence
assumption.

5. This assumption can be weakened. See point 9 in the discussion section.
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4.2. Informational size and variability of beliefs

We now formalize the idea of informational size discusse&dttion3 above. Our example
indicates that a natural notion of an agent’s informational size is the degree to which he can
alter this posterior distribution o® when other agents are announcing truthfully. Any vector of
agents’ signals = (s_j, §5) € Sinduces a conditional distributioRg (- | s_j, §) on ® and, if

agent unilaterally changes his announcement frgrto s/, this conditional distribution will (in
general) change. Ifreceives signa$ but announces # s, the set

{s_i € S5 | IPo(- | s-i,s) — Po(- | s, )l > ¢}

consists of those_; for which agent’s misrepresentation will have (at least) anéffect” on
the conditional distribution. (Here and throughout the pajpef,, will denote the 1-norm.) Let

v7(s.§) =min{e € [0, 1] | Prob{||Pe(- | 5.i,5) — Po(- | &, §)Il > &5 =S} < &)
To show thatviP (s,s) is well defined, let
F(e) = Prob{||Pe(- | 5.i,5) — Pe(- | 5i.8)Il <¢|§ =s}.

Hence, the sdiz € [0, 1]|]1 — F(¢) < ¢} is nonempty (since + F(1) < 1), bounded and closed
(sinceF is right continuous with left hand limits).
Finally, define thénformational sizeof agent as

v = max ges v (S, §)-

Note thatvip = 0 for everyi ifand only if P (- | ) = Po(- | s_i) for everys € Sandi € N.5

There are two important features of this definition. First, an agent’s informational size
depends only on that part of his information that is useful in predictingnd second, an
informationally small agent may have very accurate information about thefstate

In our discussion of the example 8ection3 above, we indicated that the ability to give
agenti an incentive to reveal his information will depend on the magnitude of the difference
betweenPs (- | §) andPs (- | §), the conditional distributions o8_; given different signals
for agent . We will refer to this magnitude informally as tivariability of agents’ beliefs

To define formally the measure of variability, we treat each conditi®gl(- | 5) € Ag |
as a point in a Euclidean space of dimension equal to the cardinaliBzjofOur measure of
variability is defined as

APS =mingeg Mingeg s 1Ps (- 18) = Ps, ([ )12

4.3. The result

We now state our first result on the possibility of efficient mechanisms.
Theorem 1. Let(vy, ..., vn) be a collection of payoff functions.

(i) If P e AL, s, c satisfiesh”> > 0 for each i, then there exists an incentive compatible
augmented Vickrey auctida*, X* — z }ien for the auction problentvy, . .., vn, P).
(i) Foreverye > 0, there exists @ > 0 such that, whenever B Al@)xSxC satisfies

max v < s min A”S,

6. This is essentially the case of nonexclusive information introducd®bisylewaite and Schmeidl€r986 and
is discussed further in the final section.
7. SeeMcLean and Postlewait2002 for further discussion of informational size and variability.
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there exists an incentive compatible augmented Vickrey aufgjanx’ — z }icn for the
auction problem(vy, ..., vy, P) satisfying0 < z(t) < ¢ for everyi and t.

Part (i) of Theoreml states that, ifAiP’S is positive for each ageit then there exists an
incentive compatible augmented Vickrey mechanism for the auction problgm. ., vy, P).

The hypotheses of part (i) only require that ea‘q’ﬁ’s be positive and places no lower bound
on the magnitude oi\iP’S. Furthermore, the informational size of the agents is not important.
On the other hand, the conclusion of part (i) places no upper bound on the size of the zeward
These rewards can be quite large.

Part (ii) of the theorem states that there exists an incentive compatible augmented Vickrey
mechanism with small payments if, for eaicmip’s is large enough relative to the informational
size of agent. To illustrate part (ii), consider again the exampleSiection3 where we showed
the following: for everye > 0, there exists @ > 0 such that, whenever < p < 1, there exists
an incentive compatible augmented Vickrey auctigh x*—z; }i 1,2,3 satisfying 0< z (t) < ¢
for all t. This result can now be deduced as an application of (ii) since, in the example, each
v — 0and each\ip’S — lasp — 1.

While the technical details of the proof are deferred until the final section, we can sketch
the ideas here for the special case in which= § (i.e. eachC; is a singleton). Let

M = max max max vi (6, S)
and define
Ui (s-i, §) = 67 (s-i, $)0i(S) — X" (5=, §).
There are two key steps. First, we show (see LemfasandA.2) that for alli, all 5,5 € §
and alls_j € S,

Uf(soi,s) — U7 (s-i, §) = =M Pe(- | s-i,S) — Po( | s-i, S)II.

This Lipschitz-like property is of some interest in its own right. For examplé, &nd$ are
independent, thefy (s) depends only os;. In this case|Pe(- | s_i,5) — Po(- | S-i,§) =0
foralli,alls,s € Tj and allsj € S_j and we deduce the classic result for Vickrey auctions:
truthful reporting is a dominant strategy with pure private values.

Of course,||Pe(- | s-i,s) — Pe(- | s-i, §)Il is generally not uniformly small. However,
we can use the concept of informational size to show that

> U7 s.8) = Ui )IPG- |'8) = ~3M9°,

If all agents are informationally small, then truthful reporting is “approximately” incentive
compatible in the (unaugmented) Vickrey mechanisgh x*}. If z (s) is the reward to when

the bidders announcg then the associated augmented Vickrey aucfogn x* — z} will be
incentive compatible if

> la(si,8) — (s, §)IP(si | 8) —3MD” 2 0

foreachs, s € §. Irrespective of an agent’s informational size, such a collectian'®tan be

found ifAip’S > 0. This is the content of Part (i) of the theorem. However, tlzgsean be large.
If we desire small rewards (as in Part (ii)), then the situation is more delicate and we require that
eachAiP’S be large enough relative to the informational size of agent

We now explain briefly the relationship of our paper to thos€mer and McLea(l1985
1988 on full surplus extraction. The main point of the Cremer—McLean papers is that correlation
of agents’ types allows full surplus extraction. In the models in those papers (as in this paper),
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players’ payoffs include payments that depend on other agents’ types. In the Cremer—McLean
setup, the type of correlation (for example, the full rank condition in their 1985 paper) permits the
construction of announcement-dependent lotteries, where truthful revelation generates a lottery
with zero conditional expected value while a lie generates negative conditional expected value.
If the lotteries are appropriately rescaled, then the incentive for truthful reporting can be made
arbitrarily large and an incentive compatible mechanism that extracts the full surplus can be
found.

We should note that we require a somewhat weaker condition than is used in those papers:
that the conditional distribution of_; be different for different;’s. That is, we only require that
AiP’S be positive. This is weaker than the full rank condition (and is also weaker than the cone
condition in their 1988 paper) and the implication is concomitantly weaker. Our assumption
only permits the construction of announcement dependent lotteries where truthful revelation
generates a lottery whose conditional expected value exceeds the conditional expected value from
a lie. Using the full rank condition and some additional assumptions on the conditional payoff
v(t), Cremer—McLean construct a mechanism that extracts the full surplus from bidders (see
Corollary 2 inCremer and McLegri985. This mechanism is necessardly posefficient. Under
the weaker conditions of this paper, we construct a mechanism tiapisstefficient but which
may not extract the full surplus. In addition, the payments in a Cremer—McLean mechanism can
be positive or negative and they can be large in absolute value. Our paper differs in that we
introduce only non-negative payments. Hence, our techniques do not require unlimited liability
on the part of buyers (although the seller may be constrained by the necessary payments that
would induce incentive compatibility). Further, they allow us to induce incentive compatibility
with smallpayments when agents are informationally small.

5. EFFICIENT AUCTION MECHANISMS: THE GENERAL CASE

The mechanism in the previous section is successful in achieving an efficient outcome because
it deals differently with the component of an agent’s information that affects other agents’
values and with the component that affects only his own value. Since second-price auction
techniques handle the latter, one need only extract the former to achieve efficient outcomes. The
information structure in the previous section assumed that the set of types of an agent could be
expressed as the Cartesian product of signals and personal characteristics and that the information
structure satisfied stochastic independence. Stated differently, we assumed that agents’ types
were exogenously decomposed into “private” and “common” components. General information
structures will typically not have this form, and consequently the result in the previous section
may not apply. In this section, we show how the information structure for general incomplete
information problems, even those without a product structure, can be represented in a way that
decomposes agents’ information into “signals” and “private characteristics”.

In order to extend the ideas of the special modelSettion4 to the general problem
defined inSection2, we need to define the appropriate generalizations of informational size
and variability of beliefs. Let

viP(ti,ti’) =min{e € [0, 1] | Prob{|[Pe(- | i, ) — Po(- | i, t)Il > elfi =t} < &}
and define théinformational sizeof agenti as
v = max; ve, vl (. 1),

This is the definition introduced iMcLean and Postlewait€2002. If T = § x C; and if
P € A, s.c, then the definition of,” given above coincides with the definition of informa-
tional size given irSectiond.
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To extend the notion of variability of beliefs, we begin with the definition of information
decomposition.

Definition.  Aninformation decompositio(iD) of P € Af, 1 is a collectionD consisting
of setsRy, ..., R, and surjectiongj : Ti — R, satisfying:

(i) foralli,forallt,t e T and for allt_j € T_j,
gt) =0 )= Pe( |t t) =Pl |t t);
(ii) foralli,forallt,t/ € Ty and forallr_j € R_j,

gi(t) =g (t)) = Prob{g; (fj) =rjVj #i | i =t}
= Prob{gj () =r;Vvj #i | fi =t}

We interpretg; (tj) as that “part” of an agent’s information that is “informationally relevant”
for predicting the state of natute Condition (i) has the following interpretation: given a type
profilet_; € T_j, a typet; € T; contains no information that is useful in predicting the state
6 beyond that contained in the informationally relevant mg(tj). Condition (ii) states that a
specific typet; € T; contains no information beyond that containedyiit;) that is useful in
predicting the informationally relevant profile of other agents.

Every measureP has at least one information decomposition: this is the trivial
decomposition in whicll; = R, andg; = id. It may be the case that for a given information
structure, the trivial decomposition is the only decomposition; this would be the case, for
example, when agents’ private information consisted solely of noisy signals about the state
0, with no “private characteristic’. However, a measWecan have in addition a nontrivial
information decomposition. If each = § x C; as inSectiordand if P e AI@xsxc’ thenP has
a second information decomposition whé&e= § andg; is the projection ofl; onto §.

Given an information decompositidl = {R, gi}ien for P € AG ;. we let PP denote
the distribution orR = Ry x - -+ x R, induced by the magty, ..., tn) — (91(t1), ..., On(tn)).
Thatis, foreachry, ..., rn) € R,

PP(ry,...,rn) = Prob{fi € g 1(ri)Vi € N}.

Given an information decompositidp, let
APP = min, cr ming ey, IPR ¢ 11i) — PR ¢ 1)

If eachTi = § x Cj, R = S andg; is the projection ofT; onto 5, thenAiP*D coincides
with A7S as defined inSection4. Minimal information decompositions are important for
representing an information structure since it will typically be the case that our measure of
variability will be 0 for information structures that are not minimal. We note that while there
will always exist a minimal information decomposition, it willot necessarily have positive
variability. Analogous to Theorerh, an assumption of the generalization below is that there be
an information decomposition with positive variability.

Theorem 2. Let(vy, ..., vy) be a collection of payoff functions.
(i) Let P e AG, . If there exists an information decompositizhfor P with AiP’D >0

for each i, then there exists an incentive compatible augmented Vickrey a{gtiog —
Zi }ien for the auction problentvs, ..., vy, P).
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(i) Foreverye > 0, there exists @ > 0 such that, whenever B Ag . satisfies

max v < s min AP
for some information decompositio of P, there exists an incentive compatible
augmented Vickrey auctiofg”, x* — z}ien for the auction problem(v, ..., v, P)

satisfying0 < z (t) < ¢ for everyi and t.

Theoreml is an immediate corollary of Theoref It is possible that a measufe has
only one ID, the trivial decomposition (denotg??) whereT, = R andg = id. For this
decomposition, it follows from the definitions that

0 . .
APP = ming er minger 1P G 16) = P 1))

where Pr_, (- | ti) is the conditional onT_; givenfi = t;. For the trivial ID DO, we have the
following corollary to Theoren?.

Corollary 1. Let(vs, ..., vny) be a collection of payoff functions.

(i) If P e Ay, 1 satisfies P (- | ti) # Pr (- | t/) foreachi= 1,...,n and for each
ti,t' € Ty with § 5 t/, then there exists an incentive compatible augmented Vickrey auction
{g, X" — z }ien for the auction problentvy, . .., vn, P).

(i) Foreverye > 0, there exists @ > 0 such that, whenever B Ag ; satisfies

max v < & min; AiP’DO,
there exists an incentive compatible augmented Vickrey aufgjarnx’ — z }icn for the
auction problem(vy, ..., vy, P) satisfying0 < z(t) < ¢ for everyi and t.

As a final remark on the relationship between our results, we note that Corbltary also
be deduced as a special case of Theatémwhich eactC; is a singleton and; is identified with
S. If eachC; is a singleton, then stochastic independence is trivially satisfied and Corbllary
follows from Theorent.

6. DISCUSSION

(1) As pointed out in the example, truthful revelation is an equilibrium for our augmented Vickrey
auction mechanisms, but not the unique equilibrium. One should be able to use the techniques
in the literature on exact implementation to construct nonrevelation games that eliminate the
multiplicity of equilibria8

(2) In this paper, we focus on the augmented Vickrey auction and show that an efficient outcome
can be assured with payments to the agents that depend on the agents’ informational size. The
mechanism that we analyse will not, in general, maximize the net revenue to the seller. In proving
our theorem, we demonstrate that for any limit on the total payments to the agents, we can
guarantee a structure of payments depending on agents’ announcements that will assure incentive
compatibility if agents are sufficiently informationally small. Although the payments that we
construct will not typically be the minimal payments that induce truthful announcement, it must
be the case that any increase in expected net revenue to the seller that can be achieved through

8. Seege.g.Postlewaite and Schmeidlgr986), or the surveys oMoore (1992 andPalfrey(1992).
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optimizing the structure of payments to agents is limited by the total payments identified in our
result.

There is a second way the mechanism we analyse may be inefficient that may be more
important, however. In our mechanism agents announce their types, and these types are used to
calculate agents’ conditional values. The agent with the highest conditional value obtains the
object at the second highest conditional value, and the difference between the first and second
highest values constitutes a rent to the winning bidder. Suppose agents’ types consist of a signal
aboutf and a private characteristic. The winning bidder’s rent will then depend on his private
characteristic and the private characteristic of the agent with second highest conditional value.
While the seller may not be able to eliminate this rent when the private characteristics are
stochastically independent, we have not made any assumptions regarding such independence.
If private characteristics are not independent, there may be scope for extending our techniques to
extract this rent. Of course, the possibility of extracting this rent has no bearing on whether the
auction mechanism is efficient, which is the focus of this paper.

(3) In Section4, we assume that agents’ type sets are finite. If the signals and personal
characteristics of agents’ information are separated, it is only the signal sets that need to be
finite. The set of personal characteristics can be finite, a continuum or some combination without
affecting the possibility of efficient mechanisms.

(4) As mentioned in the introductioMicLean and Postlewait€2002 introduced a notion of
informational size similar to that used in this paper. That paper deals with pure exchange
economies with private information in which an agent’s utility function depends only on the
realized stat® € ©. The preferences in the present paper are more general in the sense that
agenti’s utility may depend on his typg as well as the state. The extension of our methods

to this case is possible because of the properties of the Vickrey auction for which there are no
counterparts in a general equilibrium environment.

(5) We treated the case of a single object to be sold. Our techniques can be extended to the
problem of auctioningK identical objects when bidders’ values exhibit “decreasing marginal
utility”, i.e.whenvj (k+1, 0, t))—vi(k, 0, t) > vi(K+2, 0, tj))—vi (k+1, 0, tj) wherev; (k, 6, t;)

is the payoff to bidder when the statedishis type istj and he is awardekl objects.

(6) While many auction papers restrict attention to symmetric problems in which bidders’ types
are drawn from the same distribution, we do not make such assumptions. In our results, the
distributional hypotheses relate an agent’s informational size to the variability of his beliefs.
Several papers analysing interdependent value auction problems make assumptions regarding
the impact of a bidder’s information on his own value relative to other bidders’ values (see,
e.g.Maskin (1992, Dasgupta and Maskif1999, Perry and Reny1998). We make no such
assumptions.

(7) The general mechanism design approach that we use in this paper has been criticized on the
grounds that revelation games are unrealistic for many problems. The examples used to illustrate
mechanisms typically have simple information structures, as in our exam@@edtion3, in

which an agent’s type is simply a pair of numbers—the quantity of oil and the cost of extracting

it. In general, however, an agent’s type encompasses all information he may have, including his
beliefs about all relevant characteristics of the object, his beliefs about others’ beliefs, etc. When
types are realistically described, it seems unlikely that the revelation game could actually be
played.

We are sympathetic to this argument, but we want to stress that the underlying logic by
which efficient outcomes are obtained in our model does not depend on the particular revelation
game we used; similar outcomes might be obtained through a non-revelation game. Consider first
the following two-stage game. The second stage is a standard Vickrey auction. In the first stage,
agents forecast the highest bid in the second stage, excluding their own bid, and these forecasts
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are made common knowledge prior to the second stage. An agent is rewarded if the error in his
forecast is smaller than some specified level.

Suppose that agents with favourable private information about the value of the object to
others forecast high bids. When these forecasts are made public, each agent may be able to
infer other agents’ information from their forecasts. If they are able to do this, the asymmetry
of information will have been eliminated, and the second stage Vickrey auction will assure
an efficient outcome. Of course, agents might “manipulate” the system by making strategic
rather than naive forecasts that will take into account the effects of their announcements in
the second stage auction. However, the effect of strategic forecasting will be small if agents
are informationally small. Hence, as in the case of our mechanism, the reward for correct
forecasting will dominate the potential benefits from strategic forecasting when bidders are
informationally smalP
(8) In this paper we investigated the general problem of the conflict between the extraction
of information from agents and the use of that information to ensure efficient allocations.
Pesendorfer and Swinke(2000 analyse a model in which a humber of objects are to be
auctioned off to a number of bidders. They assume an informational structure that is similar
to ours: each agent gets information about a personal taste parameter and a signal about a
common value component. Pesendorfer and Swinkels study the problem when the number of
agents increases and provide conditions under which the objects are allocated efficiently in the
limit. It is easy to see that in their framework, each agent'’s informational size goes to zero as the
number of agents goes to infinity.

(9) Theoreml of Section4 assumed that the random vectofs ) and & were stochastically
independent. However, the conclusions of Theofewill hold under a weaker condition that

we callinformational independencé-ormally, a probability measure € Af, g . satisfies
informational independencié for each (6,s,¢) € ® x Sx C, (i) Pe(® | s,c) = Pg( |
s,c_j) and (i) Ps (s-i | s.G) = Ps,(s-j | s). Obviously, informational independence

is weaker than the stochastic independence assumpti@eaifon4. Furthermore, it can be
shown that, ifP € AG, g satisfies informational independence, tieadmits an information
decompositiorD = {gi, R }ien WhereR; = S andg; is the projection oflj onto §. As a result,
Theoreml will still hold under the assumption of informational independence.

(10) It is straightforward to see that for many situations in which the number of agents becomes
large, it is likely that each agent will become informationally small. Consequently, each agent’s
“informational rent” will become small. This does not imply, of course, that the agents’ aggregate
informational rents get smalMcLean and Postlewait¢2003 investigate the conditions under
which aggregate informational rents asymptotically go to zero as the economy is replicated.

7. PROOFS
7.1. Preparations for the proof of TheoreZn
In this section, we begin with two lemmas that are of some independent interest.
LemmaA.l. Let(vy,...,vn) be a collection of payoff functions and lgf*, x*}ien be
the associated Vickrey auction mechanism. For everyN and foreachte T and{ € T,
(G (DB (1) — X (1) — (@7 i, )0 () — X" (i, 1)) > —|wi (i, t) — wi i, t)].

9. SeeMcLean and Postlewait€2001) for an investigation of such a mechanisRoust (2002 reports on
experiments that are motivated by this mechanism.
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Proof. Choose € T andt/ € T;.
Case 1Suppose thad; (t_i, t/) < wj(t_i,t). Then
o (i t) = x"(t_i,t) =0
o)
(O (OB (1) — X (1) — (@ (t—i, tHDi (1) — x*(t-i, 1))
=g (1) (1) — X" (1)
>0
> —|wi (5, ) — wi (t=i, ).
Case 2 Suppose thad; (t_i, t/) > wj(t_j, /). Then
o (t—i, t)oi () — X" (ti, ) = 0 (1) — wi (i, t)).
If 0 (t_i, t) > wj(t_j, ), then
g ()i (1) — X" (1) = i (1) — wi (L, t).
If 0j (t_i, ti) < wi(t_i, t), then
g (OB () — x (1) = 0> i (1) — wi (t-i, t).
Therefore,
(G (O (1) — X" (1) — (@ (i, )T (1) — X" (i, 1)
> (i (1) — wi(ti, ) — @i () — wi(t-i, 1))
= wj (o, ) — wi (t-, 1)
> —|wi (5, ) — wi (t=i, ).

Case 3 Suppose thad; (t_i, t/) = wj(t_j, t). Then

o (=i, t)Hoi () — X" (ti, ) = (0 (t) — wi (t-, t)).

If 0j (t_i, tj) > wj(t_i, tj), then

g ()i (1) — X" (1) = i (1) — wi (t-j, t @i (t) — wi (L, t)).

1
) > —
If 0i (i, ti) < wi(t_i, tj), then

1
g (Mo (t) — x (1) =0=> m(ﬁi ) —wj (t, t)).

Therefore,
(g ()i (1) — X (1) — (o (t—i, tHDi (1) — X" (ti, 1))

1 oy YY) AN ok ]
> m(vl ) —wit.,t)) . ti/)| (Wi (1) — wi (-, )

=, gy D )



McLEAN & POSTLEWAITE EFFICIENT AUCTIONS 823

> _m|wi (ti, t) — wi(t_i, t)]

> —|wi (i, t) — wi (t—i, ).
This completes the proof of Lemmal. |
If eachj (t) is a function oft; only, then|wj (t_j, t)) — wi(t_i,t)| = 0 and LemmaA.1

yields the familiar result for Vickrey auctions with pure private values: it is a dominant strategy
to truthfully report one’s type.

LemmaA.2. Let(vi,...,vn) be a collection of payoff functions and let*, x"}icn be
the associated Vickrey auction mechanism. Let

M = max max max; vi (6, tj)
andlet Pe A} ;. Foreveryie N and foreachtj € T_j,t € Ty and{ € T,
lwi (i, §) — wi(t-i, )] < M[[Pe(- | t-i,ti) — Po(- | t-i, t)].
Proof. Choose_j, tj,t/, j #i andj’ #i so that
wi (i ) = madkes ) [k t0Pe@ [ i )] =) [vj(0.1j)Po(® | t-i, )]
and
wi (i, ) = maXe Zee®[vk(9, kP | ti,t)] = deg[vj/(& tiHPe (@ | ti, t)].

Note thattj andt; are, respectively, thg¢ and j’ components of the vectdr;. From the
definitions oft; andtj., it follows that

> o bi 1) = vy (@, 1)1Pe(@ | Li,6) = 0
and
Do Vi 0. 1) = vy (0, 4)1Pe (@ | i, 1) < 0.
Therefore,
Do Vi@ )[Pe(@ | i, 1) — Po(@ | i, t)]
=D VO Po(O [ L t) = Po(® | i, )]
+20€®[UJ’ (Q,tj) - Uj’(e,tj’)]P(-)(Q [t t)
= wj (-, t) — wi (t-i, t)
= o VO DIPo(@ | ti.t) — Po(d | ti. t)]
+de®[vi (6, t)) = vj (0, tj)1Pa (0 | i, )
<D VO IPe@ [ i, 1) — Po(@ | i, t)]
and we conclude that
|wi (ti, ) — wi i, 1)) < MIIPo (- [ t-i, ) — Po (- | t-i, )]
This completes the proof of Lemn#a2. ||

We prove one final technical result.
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Lemma A.3. Let X be a finite set with cardinality k 2and let pq € Ax. Then

5
P q k=2 ,
P a7, —
[Ilpllz IIQIlz] Pz gq—pllP—al

where|| - |2 denotes th&-norm and|| - || denotes thd-norm.

Proof. Let e denote thek-vector of ones and defin§(z) = z/e-z If z # 0, then
3jfi(@ =—z/(e-2?if j #i andd; fi(2) = (e-z— z)/(e- 2)2. Therefore,

k
IVhi@lz =13, 9 fi@? =

LetC :={z e 5)’{'_1 | e-z>1,]z|]2 < 1}. Note thatC is convex and tha€ is contained in an
open set that does not include the origin. Choose %X T andy e J with [[x]l2 = [lyll2 = 1.
Applying the Mean Value Theorem, we conclude that there eX|s't$aC with ¢ 0 such that

fi(x) = fi(y) = VFi(c) (x—y).

Sincec' € C, it follows that 1< (e-c')? < kand(e- ¢ — c)? < k — 1. Hence, we conclude
that ||V fi (c") |2 < +/2(k — 1). Combining these observations, it follows that

X
' < IVHE@)l2Ix = ylz2 < V2 = Dx = yll2.

If p,q e Ax, thenwe can set = p/||pll andy = q/]|q|| and conclude that

e-X e-y
Ip — qh—Z —qgl<ky2k—1 q

I|p||2 ~lall2
To complete the proof, it is easy to verify the identity
a |°_ 2 [ P g ]_p
2 lpliz Llipllz 4l

H Ipllz llall2
Since| p|l2 > 1/+/k, we conclude that
[4k%2(k — [L _ i] . p.
Ip—alf < (k—=1)] ola ~ Tala p. |l

c+(e-z—7)>

7.2. Proof of Theorerd
We prove part (i) first. Choose > 0. Let
M = max max max; vi (0, tj),

let |T| denote the cardinality of and define

T

AT’
Chooses so that

eK

O0<éd<—.

3M
Suppose thaP € Ag ; has an information decomposition satisfying
max v < s mim AP

DefinedP = max vPandAPP = min; A”P. Therefored? < sAP-D.
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Next, define
PR IT)
IPE ¢ 1)l

foreach(r1,...,rm) € Ry x --- x R, and note that

Gi(r—i,ri)

O<¢i(ro,rp)=1
foralli, r_j andr;. Now we define an augmented Vickrey auction mechanism. Forteach,
let

zi (1) := €4 (91(t1), - - -, Gn(tn)).

The mechanisna®, x* — z }ien is clearlyex postefficient. Individual rationality follows
from the observations that

g (i) —x"(t) =0
and
zi(t_, ) > 0.

To prove incentive compatibility, we consider two cases. First supposgjiiat= g (t'). From
part (i) of the definition of information decomposition, it follows thag (t_i, t/) —wi (t_i, tj)| =
Oforallt_j € T_j and incentive compatibility is a consequence of Lenfia

Now suppose thagj (i) = ri andgi(t)) = r{ with ri # r{ . The proof of incentive
compatibility will follow from the next two claims.

Claim1.
Do @) =zt )P [ 6) = eKAPP.

Proof of Claiml. Part (i) of the definition of information decomposition implies that

Y e, P lf)=PR i If)

g (t)=r_j

whenevem; (f) = fj. Therefore,
> @) =z )P )
=& (GG (), 6 6) = GG (), G ) P(E | )

e, G ) =G [Z Cery Pt m}

g (tj)=r_j

B EZAA [6i (=i i) = G (r—i . TDIPR (i | i)
PRD-(r—i | ri) PRD.(r_i | ri/) :| »

=& —! _ —i = -(ri- |r)

2 [H PRIl PR Tl

> eK[| P?ii C1lri)— PPDLi ¢ ri/)H]Z

>eKADP

where the last inequality is an application of Lemma.
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Claim 2.
Zt_i [(o" ()i (1) — X (1) — (o (t—i, )i (1) — X" (i, HHIP (i [ t) > —3MpP.

Proof of Claim2. Define
SE. ) ={ti € T | PoC- | ti.ti) — Po(- | tit)| > D).
Sincev” < HP, we conclude that
Prob{f i € S(t.t) | § =t} < <.
Ifti ¢ S(t,t), then Lemma#\.1 andA.2 imply that
Zt_igéS(ti’,ti)[(qi*(t)ﬁi (1) — X (1) — (G (i, A (1) — X" (i, NP [t) = —MDP.

Finally, note that
|G (i, )01 (1) — X" (i, )] < M
foralli, t, t/ andt_j.
Combining these observations, we conclude that

D L@ N O =X 1) — (@ A ) O — X (L I 1)
=D e (@ OHO =X 1) = @ 1 )0 O =X i IPE T1)
T2 g5 0y @ OHO =X ) = (@ i, )0 = X (i, P 1)

> —MdP —2MDHP
= —3MpP

and the proof of Clain2 is complete.

Applying Claims1 and2, it follows that
thi [(@" (OB () — X" (1) — (@ (t=i, )i () — X" (=i, HHIP i | t)
+2 @) =z, )P )
> eKAPP —3MpP
>0

and the proof of part (ii) is complete.

Part (i) follows from the computations in part (ii). We have shown that, for any information
decompositiorD of P and for any positive numbet, there exists an augmented Vickrey auction
{g7, X* — Z}ien satisfying

> L@ OHO =% ) = @ EiL 15O =X i I 1) = aKATP —3M)P

for eachi and each;, t/. If Aip’D > 0 for eachi, thena can be chosen large enough so that
incentive compatibility is satisfied. This completes the proof of part (i).

Acknowledgements Postlewaite gratefully acknowledges support from the National Science Foundation.
We thank Jacques Cremer, Peter Eso, Johannes Horner, Matt Jackson, George Mailath, Steve Matthews, Benny
Moldovanu, John Moore, Bob Rosenthal, Tomas Sjostrom and the participants at numerous seminars at which this



McLEAN & POSTLEWAITE EFFICIENT AUCTIONS 827

paper has been presented for helpful conversations, and we thank the editor, Mark Armstrong and two referees for
very helpful comments and suggestions. Earlier versions of this paper circulated under the titles “Efficient Auctions
with Multidimensional Signals” and “Efficient Auction Mechanisms with Interdependent Types and Multidimensional
Signals”.

REFERENCES

CREMER, J. and MLEAN, R. P. (1985), “Optimal Selling Strategies under Uncertainty for a Discriminatory
Monopolist when Demands are Interdependdftbnometrica53, 345-361.

CREMER, J. and MLEAN, R. P. (1988), “Full Extraction of the Surplus in Bayesian and Dominant Strategy Auctions”,
Econometrica56, 1247-1257.

DASGUPTA, P. S. and MASKIN, E. (1998), “Efficient Auction§juarterly Journal of Economi¢415 341-388.

JEHIEL, P. and MOLDOVANU, B. (2001), “Efficient Design with Interdependent ValuatioEgbnometrica 69,
1237-1259.

MASKIN, E. S. (1992), “Auctions and Privatization”, in H. Siebert (efrjvatization 115-136.

MCAFEE, P. and RENY, P. (1992), “Correlated Information and Mechanism Degignfhometrica60, 395-421.

MCLEAN, R. and POSTLEWAITE, A. (2001), “Efficient Auction Mechanisms with Interdependent Types and
Multidimensional Signals” (Mimeo).

McLEAN, R. and POSTLEWAITE, A. (2002), “Informational Size and Incentive CompatibililsBcpnometrica70,
2421-2454.

McCLEAN, R. and POSTLEWAITE, A. (2003), “Implementation with Interdependent Values” (Mimeo, University of
Pennsylvania).

MOORE, J. (1992), “Implementation, Contracts, and Renegotiation in Environments with Complete Information”,
in L. Jean-Jacques (edApvances in Economic Theory, Sixth World Cong(®sswv York: Cambridge University
Press).

PALFREY, T. (1992), “Implementation in Bayesian Equilibrium: The Multiple Equilibrium Problem in Mechanism
Design’, in L. Jean-Jacques (ed\jlvances in Economic Theory, Sixth World Congi@&sw York: Cambridge
University Press).

PERRY, M. and RENY, P. J. (1998), “Ex-Post Efficient Auctions for Agents with Interdependent Vatecesbmetrica
70,199-1213.

PESENDORFER, W. and SWINKELS, J. (2000), “Efficiency and Information Aggregation in AuctiBns&rican
Economic Reviey80, 499-525.

POSTLEWAITE, A. and SCHMEIDLER, D. (1986), “Implementation in Differential Information Economiesirnal
of Economic Theory39, 14-33.

ROUST, K. (2002), “Informational Size and Behavior in an Information Aggregation Experiment” (Mimeo, Caltech).



	Introduction
	Auctions
	Example
	Efficient Auction Mechanisms
	The model
	Informational size and variability of beliefs
	The result

	Efficient Auction Mechanisms: The General Case
	Discussion
	Proofs
	Preparations for the proof of Theorem 2
	Proof of Theorem 2


