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APPROXIMATE WALRASIAN EQUILIBRIA AND
NEARBY ECONOMIES*

By ANDREW POSTLEWAITE AND DAVID SCHMEIDLER!

1. INTRODUCTION

If one considers an economy it is sometimes useful to have a notion of an
allocation being ‘‘nearly” Walrasian. Notions of an allocation being approxi-
mately Walrasian generally refer to relaxing the definition of Walrasian equilibri-
um. For example, an allocation might be called nearly Walrasian if there is a
price vector p such that each agent is nearly maximizing his utility subject to his
budget constraint with respect to p, or if he is maximizing hlS utility with respect
to some price which is close to p.

There is a second reason for examining the notion of nearly Walras allocations,
however. Suppose we were to ask whether an allocation is Walrasian for a
particular economy. If we know precisely the characteristics of the agents in an
economy, we can determine whether the allocation is Walrasian or not. If we
don’t know the characteristics, but rather, we must.estimate them, it is clearly too
much to hope that the allocation would be Walrasian with respect to the estimated
characteristics even if it were Walrasian with respect to the true characteristics.
Thus we might think of an allocation as bemg nearly Walrasian for an (estimated)
economy if there is some economy quite similar for which the allocation is truly
Walras. If we have a notion of e-Walras allocation which has this property and
if we see for some economy an g-Walras allocation, it is possible that it is truly
Walrasian and the ‘‘non-Walrasianness” comes from estimation errors rather
than from a non-Walrasian process. :

In Postlewaite and Schmeidler [1978] we introduced a notion of an approxi-
mate Walras allocation. Roughly speaking, an allocation is approximate Walras
if there exists a price such that ‘‘nearly’ all people are ‘‘almost” as well off as if
they received their Walrasian demand at the given price. It was shown that the
non-trivial Nash equilibria of a particular non-cooperative market game were
e-Walras under certain regularity conditions when there are many traders. It
was remarked there that for a sufficiently large economy, a- Nash equilibrium
would in fact probably be a competitive equilibrium for some economy close to
it (w1th an appropriate definition of “‘close”). This paper will provide a proof of
this assertion. - A metric is defined on economies and it is shown that if an allo-
cation is e-Walras for some economy, then this is Walras for another economy
within & distance:of the given economy.

* Manuscript received October 16, 1979; revised June 11, 1979.
! This work was done while D. Schmeidler was visiting the University of Minnesota.
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106 A. POSTLEWAITE AND D. SCHMEIDLER

In light of the discussion of e-Walras allocations above, we can interpret our
results as follows. If the process which determines trades were the non-co-
operative game considered in Postlewaite and Schmeidler [1978], the Nash
equilibria when there are many agents are e-Walras. Given the result that an
e-Walras allocation is truly Walras for a nearby economy one could not easily
pronounce that the procedure generating the allocation was not Walrasian by
examining the allocation unless one is certain that there have been no errors in
determining the agents’ characteristics.

The proof of the theorem is constructive: new preference relations are defined
for each trader so that his net trade under the ¢-Walras allocation is preference
maximal with respect to the price in the definition of the e-Walras allocation.
This guarantees that in the new economy, the allocation is Walras. It is then
shown that the perturbations necessary to alter the preferences leave the new
economy within & of the original economy. It is worthwhile noting that if an
allocation is a Nash equilibrium for the non-cooperative game mentioned above,
then the alterations made to the preferences do not disturb this status. Thus in
the altered economy the allocation is both a Nash equilibrium and a Walras
allocation.

There is a corollary to this result that an ¢-Walras allocation in an economy is
a Walras allocation in a nearby economy. We say that an allocation is e-efficient
if it is impossible to Pareto improve upon it with an aggregate endowment which
is 1—¢ times the original endowment.2 We then show that if an allocation is
e-Walras, then it is e-efficient. That is an e-Walras allocation wastes not more
than ¢ proportion of the endowment. We also prove a second corollary: that an
e-efficient allocation is fully efficient in a nearby economy.

The corollary which states that an e-Walras allocation is ¢-efficient is interesting
in that this contrasts with another notion of approximate equilibrium due to
Scarf. We say that a price p is an approximate equilibrium price if the aggregate
excess demand for an economy at price p is less than ¢ times the aggregate endow-
ment. There must of course be rationing of some sort if the excess demand is not
zero. When this rationing takes place however, much inefficiency in the allo-
cation may be introduced. For an arbitrary positive &, an example is constructed
such that a particular price p is an ¢ equilibrium price in the sense of Scarf. Yet
after rationing, the final allocation is seen to be not ¢-efficient for any e<1/2.
Despite the fact that at the given price excess demand is small, the rationed
allocation wastes at least one-half of the aggregate endowment. This is true
regardless of the rationing scheme which is used so long as the rationing scheme
cannot confiscate money nor force people to sell more than they desire at the
stated price. This means that you may find prices with arbitrarily small excess
demands for an economy and ration the remaining excess demand in any manner
you please (within the constraints mentioned-above) and the resulting allocation
may be extremely inefficient. Given the result that an e-Walras allocation is

¢ 1—e is the coefficient of resource utilization in Debreu [1951].
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e-efficient, this means that the allocation which you arrive at after rationing is not
e-Walras.

2. DESCRIPTION OF THE MODEL AND RESULTS

A (pure exchange) economy is an ordered triple (T, (W)ers (Zo)er) Where T
is a finite nonempty set, the set of traders in the economy, (w,),r is a T-list of
vectors in R%, the nonnegative orthant of a Euclidean space of dimension I, and
(ZDwer is a T-list of binary relations on RL. A vector in R} is a commodity
bundle; the different commodities in the economy are indexed by elements of the
set L={1,2,...,1}. The number of commodities ! is fixed throughout this
paper. The T-list (w,),.r is the initial endowments of the traders in T and (3=,),er
is the list of their preferences. It is assumed throughout the paper that for each
t in T the binary relation =, is total, transitive, continuous, monotonic and
convex. To state it formally, the binary relation =, satisfies for all x, y, z in R%:
XZ.,y or yz,x;xx,y and yXx,z imply x>, z; the sets {x'eRL|x'>,x} and
{x'eRL|xxz,x'} are closed in R%; x=y implies x>,y and x>y implies x>, y;
and the set {x'eR%Y|x'xz,x} is convex. (Inequalities between vectors in R!
hold coordinatewise, by definition, and the relations >, and ~, are induced by =,
in the usual way.)

An allocation in the economy is a T-list of commodity bundles, (x,),.r s.t.
et Xe S D erw,. For an &€>0, an allocation (x,),.r is e-efficient (or e-Pareto-
efficient) if for any T-list of commodity bundles (y,)..r: (Yte T, y,=, x,) implies
(n0t ZteT yté(l —'8) ZteT W,).

For £>0, an allocation (x,),.r is an ¢ Walras allocation if there exists p#0 in
RY, ¥ p'=1 such that for all ¢t in T, p-x,=p-w, and X, .r(p-x,—v,(x,))<e-
YierP W, Where v, (x)=inf(p-x|xeR} and xx,x,}. If a trader consumes a
bundle satisfying his budget equality which is not utility maximal over his budget
set, there is a bundle which costs less yielding the trader the same utility. The
above definition states that an allocation is e-Walras if the average proportion of
wasted income is less than or equal to e.

If an allocation is ¢ efficient for every positive ¢, it is efficient in the usual sense.
Similarly an ¢ Walras allocation for ¢ equals 0 is a Walras allocation in the usual
sense.

We want to define a metric on economies. Since we are interested in the
simple case where there is a fixed finite number of traders we will use a variation
of the metrics used by Kannai [1970], Debreu [1969], and Hildenbrand [1970].
We start by defining a metric on preferences. Given two preference relations
Z and =’ define d(X=, =') to be the Hausdorff distance between their graphs.
We omit the proof that d is a metric. Given two economies e={T, (W).r>
(Zeer}> € ={T, Wer> (Tther}, We define

m(e, €) = (1/# DL ier (d(Zer Z2) + 2IWe = Will/| Zeer we + wel) -

THEOREM. If (x,)r is an ¢ Walras allocation in an economy e, there exists an
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economy e' with m(e, e')<e and (x,)r a Walras allocation in e’

COROLLARY . If (X)) is an & Walras allocation in an economy e, it is &
efficient.

COROLLARY 2. If (x,)er is an ¢ efficient allocation in an economy e, there
exists an economy ¢' with m(e, e')<e and (x,) an efficient allocation in e'.

The above results can be generalized to include the possibility of non-varying
production. In order to avoid ambiguity, we state the definitions of ¢ efficient
and ¢ Walras allocations in economies with production. As usual the production
possibilities will be given by a subset Y of R'. An allocation (x,),.; is a T-list of
commodity bundles such that X ,.;(x)e(Y+ > ,rw). For ¢>0, an allocation
(x)eer 1s € efficient if for any T-list of commodity bundles (y)er: (Viers Vi Xe)—
SwerE(Y+(1—¢€)>X,c7w,). In order that this definition coincide with the
previous definition in the pure exchange case, free disposal is assumed. Similarly
an allocation (x,),.r is an ¢ Walras allocation if there exists p#0 in R} such that
for all teT: p-x,2p-w, and X, r(p-x, —v,(x)) SeV(Y+ X erW,), Where V(Y
+ X erw)=sup{p-z|ze Y+ X, rw}. The manner in which production possi-
bilities are described does not preclude the possibility of several firms. Under the
usual conditions on the aggregate production possibility set, the appropriate ana-
logues of the Theorem and the Corollaries hold.

Another concept of approximate Walrasian equilibrium is that which is ob-
tained via Scarf’s algorithm. A price p is said to be an & excess demand price for
an economy e if

[ Xier Ve — Wl < EZte‘T Wy

where y, is agent ’s Walrasian demand at price p. Since in the aggregate these
demands are in general not feasible, some form of rationing must take place before
an allocation is reached. We will only consider rationing schemes which main-
tain agents’ budget restrictions and which give an agent his stated demand of a
commodity if he is on the short side of the market for that commodity. In the
next section an example is presented that shows for arbitrary positive ¢ there
exists an economy with three people and three commodities which has an & excess
demand price such that no allocation arrived at by a rationing scheme as described
above is ¢ efficient for any d<1/2.

3.  PROOFS AND EXAMPLE

-PROOF OF THE THEOREM. We. .consider an arbitrary but fixed trader h in T.
Let 4, denote [p-x,—v,(x)][# T/p- Xser W.l, Which is trader h’s wasted income
at the ¢ Walrasian allocation (x,),.r multiplied by a fixed coefficient.” We will
construct a preference relation Zj such that d(,, Zj)<d, and x, is the Walrasian

demand for a trader characterized by 2/ and w, given price p. A way to do this
is to construct z; so that the indifference: surface through. x, coincides. with-the

~h
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~

the budget set the indifference surface of =, is flattened onto the budget surface
so that there is no y in the budget set with y=; x. Naturally this correction
must be extended continuously-to neighboring surfaces.

For purposés of rigorous exposition we use the following utility function
representing 3=, ‘ '

~h-

indifference surface of >z, through x; outside the budget set. However, inside

u(x) =min{p-y|y ~,x}.

The preference relation =} is derived from the utility function u’(x)=min [u(x),
g(p-x)] where the function g: R, — R, is defined as follows:

r if r<p-w,—28, or r>=p-w,+ 0,

gy ={[r—=(p-w,—20)12+p-w,—=20, if pw,—20,<r<p-w

2(r—p-wy) +p-w,— 9, if pw,<r<p-w,+9,

g is a continuous strictly monotonically increasing function. Hence u’, the
minimum of two quasi-concave continuous functions is itself continuous and
_quasi-concave.

.- Clearly, x, is a maximizer of u; over the budget set {x|p-x<p-w,}. Thus
(Xwher 1s @ Walras allocation for the economy e’. : : »

We now show d(Z, =)<, -Let x; yeRL with x>,y. We will find
X, yeRL with Xz} y and |x—x|+|y—yl <6, If xZ} y we are done. - If not,
u(x)=u(y) and . u'(x)<u'(y) which implies u'(x)<u(x). Thus u'(x)=g(p-x)<
u(x)<p-x. Since r—g(r)<o,, g(p-x)=p-x—90. : '

Because u(x)>u(y)=u'(y) it suffices to find X such that |X—x| <4, and u'(x)
—u(x), with y=y. Define £=x+8,p/Ipl; |X—x| =3, p/lpl <3, Since p-%
=p-x+0 g(p, X)=9g(p-x+6,)=(p-x+0,)—9d,=p-x>u(x). By monotonicity,
u(X)>u(x). Therefore u'(X)=min (u(X), g(p-X))=>u(x). Hence, the distance of
(x, y) to the graph of >z} is bounded by o, '

For the other direction suppose X2, y. We now need X, y € R} with [|X—x]||
+15-yl <3, and X2, 7. | |

If x>,y we are done. If not, u(x)<u(y) and u'(x)>u'(y). Since u'(x) <u(x),
we have u'(y)<u(y). We let X=x and y=y—34, p/|pll. As above u(y)<p-y
=p-y—0, But then u'(y)=g(p-y)=p-y—95,=u(y). Since u(X)=u(x)=>u'(x)
>u'(y)>u(y), we have that X>>, y, hence the distance of (x, y) to the graph of =,
is also bounded by 6,. Thus d(Z=,, =) <9, as desired.

By the definition of the metric on economies, if for each trader h, d(=,, =)
<0, and w,=wy, then m(e, e)<(1/#T) X 110y By the definition of e-Walras
allocation and the numbers -6, (3 1c70) (P+ Dper Wil # T)<€p+ 2 ierW,. - Thus
m(e, e')<e. Q.E.D.

PrOOF OF COROLLARY 1. If (x,),r is an & Walras -allocation, > ,.r[p-%,—
vp(xt)] <EX,rP-w. Let y.Z,x,; then p- ytzvp(xt) and p- Xier Ve= Dper up(xt?‘
Thus p-Xier (V) = Zier Up(xt) >p[XierX—&Xier Wl =p(1 —€) Xerw,.  This
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implies X1 y: (1 —8) X (1 W, is impossible. Q.E.D.

PrOOF OF COROLLARY 2. Let (x,),.r be ¢ efficient allocation in the economy e.
If (x,)r is not efficient, there is an allocation (y,),.r With >, .y, =43 x,, A<1.
Let (y,).r be the allocation which minimizes A. Since (y,),.y is an efficient dis-
tribution of 3,7y, Ip#0 with p.x>p-y, for x>,y,. We will show that
(X)eer is &€ Walras at price p. If not, 3,crp-X,—0,() =X ,crp-w,. But v,(t)
=p-y, and thus p-3, 7y, <(1—&)p- Tier X, =(1—&)p- Zierw,. Since 1)
=13 ,rw, we then have > ,;y,<(1—¢&)>,rw contrary to (x).r being e-
efficient.

By the theorem, (x,),.r ¢ Walras implies that there is an economy e’ with (x,),.r
Walras and hence efficient in ¢’. Q.E.D.

ExXAMPLE. For any ¢>0, we will construct an economy and a price p such
that for the given economy the absolute value of aggregate excess demand at
price p for each commodity is less than ¢ (i.e., that p is an g-equilibrium price in
Scarf’s sense). However, when individual demands are rationed to make them
feasible, the resulting allocation is not ‘‘approximately’ efficient.

Given ¢>0, the economy will consist of three traders and three commodities.
The initial endowments are w,=(1-—¢/2, 0, 0), w,=(0, 1, 0), w;=(0, 0, 1+¢/2)
and the price which will be the e-equilibrium price is p=(1, 1, 1). Each agent has
linear indifference surfaces. For trader 1, one surface has intercepts on the axes
of (1,0,0)(0,1,0) and (0,0, 1—¢g/2). Thus his utility maximizing excess
demand is e; =(—1+¢/2, 0, 1—¢/2). For trader 2 the intercepts of one surface
are (1, 0, 0) (0, 2, 0) and (0, 0, 2) which gives rise to an excess demand for him of
e;=(1, —1,0). Similarly, trader 3 has intercepts of an indifference surface of
(2,0, 0) (0, 1+¢/2, 0) and (0, 0, 2) and excess demand at price p of e;=(0, 1+¢/2,
—1—¢/2). The aggregate excess demand at price p is then e=e, +e,+e;=(g/2,
/2, —¢), which makes p an ¢ equilibrium price as desired.

Since trader 1 wants to purchase less of good 3 than trader 3 wishes to sell,
trader 3 will not have the income to purchase the desired quantity of good 2.
Hence the final allocations after this rationing takes place will be x, =(0, 0, 1 —¢/2),
x,=(1—¢/2, ¢/2,0) and x3=(0, 1—¢/2, ¢). For agent 1, his bundle is less pre-
ferred than 1/3(1, 1, 1) by the above definition of the indifference surface for him.
It is possible that the final allocation for trader 2 lies on a linear indifference sur-
face with intercepts (1—¢g/4,0,0) (0,2—¢/2,0) and (0,0, 5), 6>0. For ¢
sufficiently small x, would be less preferred than &(1—¢/2, 1, 1+¢/2). Similarly,
it is possible that trader 3’s final allocation x; may be less preferred than ¢(1—¢g/2,
1, 1+¢/2). This implies that the final allocation resulting from the g-equilibrium
after rationing may not be ¢ efficient for any e>1/2.

University of Illinois, U.S.A.
Tel Aviv University, Israel
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