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Devwudfw

Zh h{dplqh d pdunhw lq zklfk ñupv frqiurqw d prudo kd}dug sureohp
lq wkh surylvlrq ri surgxfw txdolw|/ idflqj d vkruw0whup lqfhqwlyh wr surgxfh
orz txdolw| exw srwhqwldoo| hduqlqj kljkhu surñwv iurp _frpplwwlqj% wr kljk
txdolw|1 Wkhuh duh wzr w|shv ri ñupv lq wkh pdunhw/ _lqhsw% ñupv zkr fdq
surgxfh rqo| orz txdolw|/ dqg _frpshwhqw% ñupv zkr kdyh d fkrlfh ehwzhhq
kljk dqg orz txdolw|1 Ilupv rffdvlrqdoo| ohdyh wkh pdunhw/ fdxvlqj frp0
shwhqw dqg lqhsw srwhqwldo hqwudqwv wr frpshwh iru wkh uljkw wr lqkhulw wkh
ghsduwlqj ñup*v uhsxwdwlrq1 Lq d uhshdwhg lqwhudfwlrq/ zlwk frqvxphuv uh0
fhlylqj qrlv| vljqdov ri surgxfw txdolw|/ frpshwhqw ñupv fkrrvh kljk txdolw|
lq dq dwwhpsw wr glvwlqjxlvk wkhpvhoyhv iurp lqhsw ñupv1 Frpshwhqw ñupv
ñqg dyhudjh uhsxwdwlrqv prvw ydoxdeoh/ lq wkh vhqvh wkdw d frpshwhqw ñup lv
prvw olnho| wr hqwhu wkh pdunhw e| sxufkdvlqj dq dyhudjh uhsxwdwlrq/ lq wkh
krshv ri exloglqj lw lqwr d jrrg uhsxwdwlrq/ wkdq hlwkhu d yhu| orz uhsxwdwlrq
ru d yhu| kljk uhsxwdwlrq1 Lqhsw ñupv/ lq frqwudvw/ ñqg lw surñwdeoh wr hlwkhu
ex| kljk uhsxwdwlrqv dqg ghsohwh wkhp ru ex| orz uhsxwdwlrqv1
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Ghvfulelqj dq hyhqwxdoo| xqvxffhvvixo mrlqw yhqwxuh ehwzhhq Wlph Lqf1 dqg d
iruphu dgyhuwlvlqj h{hfxwlyh zkr zdv rwkhuzlvh xqfrqqhfwhg zlwk Wlph/ wkhZdoo
Vwuhhw Mrxuqdo frpphqwhg/ _Pruh vljqlñfdqwo|/ wkh frpsdq| kdg jlyhq klp wkh
uljkw wr h{sorlw rqh ri lwv prvw sul}hg dvvhwv= wkh iruplgdeoh Wlph Olih qdph1%�

Wklv zdv wkh ñuvw wlph wkdw Wlph Lqf1 kdg olfhqvhg wkh Wlph Olih qdph wr dq
rxwvlghu1 _Frxqwohvv frs|fdw lqyhvwruv 111 mxpshg lq odujho| rq wkh vwuhqjwk ri
wkh Wlph Olih eudqg qdph 1111%

Zk| grhvq*w d jrrg uhsxwdwlrq vxïfh wr hqvxuh vxffhvv/ dv wkh frs|fdw lq0
yhvwruv krshg lw zrxogB Lw pd| eh vlpso| wkdw vrph ñupv duh xqoxfn|1 Exw wklv
sdshu vxjjhvwv wkdw pruh v|vwhpdwlf irufhv pd| eh dw zrun1 Uhodwlyho| jrrg uhs0
xwdwlrqv duh hvshfldoo| ydoxdeoh wr uhodwlyho| ohvv frpshwhqw ñupv/ jlylqj ulvh wr
d pdunhw lq zklfk jrrg uhsxwdwlrqv duh olnho| wr eh sxufkdvhg dqg wkhq ghsohwhg
e| lqhsw ñupv1

Zh h{dplqh d pdunhw lq zklfk ñupv frqiurqw d prudo kd}dug sureohp lq wkh
surylvlrq ri surgxfw txdolw|/ idflqj d vkruw0whup lqfhqwlyh wr surgxfh orz txdolw|
exw srwhqwldoo| hduqlqj kljkhu surñwv iurp _frpplwwlqj% wr kljk txdolw|1 Wkhuh
duh wzr w|shv ri ñupv lq wkh pdunhw/ _lqhsw% ñupv zkr fdq surgxfh rqo| orz
txdolw|/ dqg _frpshwhqw% ñupv zkr kdyh d fkrlfh ehwzhhq kljk dqg orz txdolw|1
Lq d uhshdwhg lqwhudfwlrq/ zlwk frqvxphuv uhfhlylqj qrlv| vljqdov ri surgxfw txdo0
lw|/ frpshwhqw ñupv fkrrvh kljk hòruw lq dq dwwhpsw wr glvwlqjxlvk wkhpvhoyhv
iurp lqhsw ñupv1 Zh uhihu wr wkh frqvxphuv* srvwhulru h{shfwdwlrq wkdw d ñup lv
frpshwhqw dv wkh ñup*v uhsxwdwlrq1

Wzr dvshfwv ri wkh Wlph Olih h{dpsoh sod| nh| urohv lq prwlydwlqj rxu dqdo0
|vlv= fxvwrphuv kdg qr zd| ri nqrzlqj wkdw Wlph Olih surylghg rqo| lwv qdph wr
wkh yhqwxuh/ zkloh ohdylqj doo rshudwlrqdo ghflvlrqv lq wkh kdqgv ri wkh rxwvlghu/
exw fxvwrphuv dovr frxog qrw h{foxgh vxfk d srvvlelolw|1 Zh fdswxuh wkhvh ihdwxuhv
e| dvvxplqj wkdw wkh ñupv lq rxu prgho rffdvlrqdoo| ohdyh wkh pdunhw/ fdxvlqj
frpshwhqw dqg lqhsw srwhqwldo hqwudqwv wr frpshwh iru wkh uljkw wr lqkhulw wkh
ghsduwlqj ñup*v uhsxwdwlrq/ zlwk frqvxphuv ehlqj vrphwlphv xqdeoh wr revhuyh
vxfk uhsodfhphqwv1

Zh vkrz wkdw frpshwhqw ñupv ñqg dyhudjh uhsxwdwlrqv prvw ydoxdeoh/ lq wkh
vhqvh wkdw d frpshwhqw ñup lv pruh olnho| wr sxufkdvh dq dyhudjh uhsxwdwlrq/ lq
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wkh krshv ri exloglqj lw lqwr d jrrg uhsxwdwlrq/ wkdq hlwkhu d yhu| orz uhsxwdwlrq
ru d yhu| kljk uhsxwdwlrq1 Frpshwhqw ñupv wkxv ex| _ñ{hu0xsshuv% wkdw duh qrw
lq wrr edg ri vkdsh1 Lqhsw ñupv/ lq frqwudvw/ ñqg lw surñwdeoh wr hlwkhu ex| kljk
uhsxwdwlrqv dqg ghsohwh wkhp ru wr ex| yhu| orz uhsxwdwlrqv/ zklfk uhpdlq orz12

Rxu prgho ri uhsxwdwlrqv lv dgdswhg iurp Pdlodwk dqg Vdpxhovrq ^:`/ dqg
lv ghvljqhg wr fdswxuh d vhwwlqj lq zklfk uhsxwdwlrq kdv wkh surshuwlhv ri dq
dvvhw/ ehlqj judgxdoo| exlow wkurxjk d surfhvv ri frvwo| lqyhvwphqw dqg judgxdoo|
glvvlsdwhg zkhq qhjohfwhg1 Dv zh glvfxvv lq ^:`/ wklv frqwudvwv zlwk wkh xvh ri wkh
frqfhsw ri d uhsxwdwlrq lq uhshdwhg jdphv wr prwlydwh d vhohfwlrq iurp wkh ydvw
vhw ri srvvleoh htxloleuld1

Wkh uroh ri prudo kd}dug lq rxu prgho glvwlqjxlvkhv lw iurp d odujh olwhudwxuh
wkdw irfxvhv rq sxuh dgyhuvh vhohfwlrq sureohpv1 Wkh sdshu iurp wklv olwhudwxuh
wkdw lv forvhvw wr rxuv lq prwlydwlrq lv Wdgholv ^;`1 Wdgholv ^;` vwxglhv wkh pdunhw
iru ñup qdphv lq d sxuh dgyhuvh vhohfwlrq hqylurqphqw1 Lq klv prgho/ olnh rxuv/
xqrevhuydeoh fkdqjhv lq rzqhuvkls duh fuxfldo iru qdphv +ru uhsxwdwlrqv, wr kdyh
ydoxh1 Lq hyhu| htxloleulxp ri klv prgho/ vrph _edg w|shv% pxvw sxufkdvh _jrrg
qdphv/% d ñqglqj frqvlvwhqw zlwk rxu uhvxow wkdw zkhqhyhu frqvxphuv dvvljq d
yhu| kljk suredelolw| wr d ñup ehlqj frpshwhqw/ wkh srvvlelolw| ri dq lqhsw uh0
sodfhphqw fdxvhv wklv suredelolw| wr idoo1 Ilqdoo|/ Jdoh dqg Urvhqwkdo ^8` h{dplqh
d prgho lq zklfk h{rjhqrxv hyhqwv fdxvh ñupv wr ohdyh wkh pdunhw/ dv lq rxuv/
wkrxjk wkh| wr gr qrw glvfxvv wkh lqgxfhg pdunhw iru uhsxwdwlrqv1

Wkh iroorzlqj vhfwlrq suhvhqwv wkh prgho1 Vhfwlrq 6 h{dplqhv htxloleuld xqghu
wkh dvvxpswlrq wkdw wkh w|shv ri hqwhulqj ñupv duh h{rjhqrxvo| ñ{hg1 Vhfwlrqv
708 doorz wkhvh w|shv wr eh ghwhuplqhg hqgrjhqrxvo| dqg h{dplqh zklfk w|shv
ri ñupv duh prvw olnho| wr ex| zklfk uhsxwdwlrqv1 Vhfwlrq 9 glvfxvvhv h{whqvlrqv
ri wkh dqdo|vlv dqg Vhfwlrq : frqfoxghv1 Prvw ri wkh surriv duh froohfwhg lq wkh
Dsshqgl{1

2ë Aüi �L_i*

Zh frqvlghu dq hqwuhsuhqhxu zkr rzqv d _qdph1% Wklv qdph pd| eh d orfdwlrq
iru d exvlqhvv/ d eudqg qdph iru d surgxfw ru vhuylfh/ wkh h{foxvlyh uljkw wr xvh
d sduwlfxodu whfkqrorj|/ ru vrph vlplodu phdqv ri lghqwlñfdwlrq1 Wkhuh pd| eh
forvh vxevwlwxwhv iru wklv qdph/ exw wkh qdph lwvhoi lv xqltxh/ dqg zh zloo wklqn
ri wkh hqwuhsuhqhxu dv d prqrsrolvw1

Wlph lv glvfuhwh dqg wkh krul}rq lqñqlwh1 Wkh hqwuhsuhqhxu fdq vhoo wkh uljkw
wr xvh wkh qdph/ iru wkh gxudwlrq ri d ñup*v olihwlph lq wkh pdunhw/ wr d vlqjoh ñup1
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Wkh olihwlph ri d ñup lv h{srqhqwldoo| glvwulexwhg/ zlwk d suredelolw| è 5 +3> 4,
lq hdfk shulrg wkdw wkh ñup h{lwv1 Xsrq ghsduwxuh ri d ñup/ wkh hqwuhsuhqhxu
vhoov wkh uljkw wr xvh wkh qdph wr d qhz ñup/ zkr wkhq uhwdlqv wkh qdph xqwlo
h{lwlqj1ô Wkh suredelolw| è lv frqvwdqw dqg h{rjhqrxvo| ñ{hg1 Zh wklqn ri ñup
h{lw dv uhðhfwlqj h{rjhqrxvo| jhqhudwhg uhdvrqv wr ohdyh wkh pdunhw/ vxfk dv d
ghflvlrq wr uhwluh1e

Frqvxphuv fdqqrw revhuyh ñup h{lwv qru wkh uhsodfhphqw ri dq h{lwlqj ñup
zlwk d qhz ñup1 Iru h{dpsoh/ wkh rzqhuvkls ri d uhvwdxudqw pljkw fkdqjh zlwkrxw
fkdqjlqj wkh uhvwdxudqw*v qdph dqg zlwkrxw frqvxphuv ehlqj dzduh ri wkh fkdqjh/
ru Wlph Olih pd| frpplvvlrq dq rxwvlghu wr xqghuwdnh d sxeolvklqj yhqwxuh wkdw
frqvxphuv fdqqrw glòhuhqwldwh iurp suhylrxv sxeolvklqj yhqwxuhv1D Dw wkh vdph
wlph/ frqvxphuv nqrz wkdw vxfk uhsodfhphqwv duh srvvleoh/ dqg wdnh wklv lqwr
dffrxqw zkhq iruplqj wkhlu h{shfwdwlrqv1

Frqvxphuv uhshdwhgo| sxufkdvh dq h{shulhqfh jrrg ru vhuylfh iurp wkh ñup1
Wkh h{shulhqfh jrrg jhqhudwhv wzr srvvleoh xwlolw| ohyhov/ zklfk zh qrupdol}h wr
3 dqg 41 Zh ghvfuleh d xwlolw| ri 4 dv d jrrg rxwfrph/ ghqrwhg e| j/ dqg d xwlolw|
ri 3 dv d edg rxwfrph/ ghqrwhg e| e1 Lq hdfk shulrg/ wkh ñup h{huwv hòruw/ zklfk
ghwhuplqhv wkh suredelolw| ri d jrrg rxwfrph1 Wkhuh duh wzr srvvleoh hòruw ohyhov/
kljk +K, dqg orz +O,1 Wkhuh duh dovr wzr srvvleoh w|shv ri ñup/ _lqhsw% +L, dqg
_frpshwhqw% +F,1 Dq lqhsw ñup fdq rqo| h{huw orz hòruw/ zkloh d frpshwhqw
ñup fdq h{huw hlwkhu kljk ru orz hòruw1 Wkh sulru suredelolw| wkdw wkh ñup lq
wkh pdunhw dw wlph }hur lv frpshwhqw lv jlyhq e| !f1 Wkh suredelolw| wkdw d qhz
ñup uhsodflqj dq h{lwlqj ñup lv frpshwhqw lv ë 5 +3> 4,1 Zh lqlwldoo| wdnh ë wr eh
h{rjhqrxvo| ñ{hg1 Vhfwlrqv 7 dqg 8 irfxv rq hqgrjhqrxv ë1 Zkhq wdnlqj ë wr eh
ñ{hg/ zh dvvxph !f 5 ^èë> 4 ý è+4 ý ë,`1 Lw zrxog eh qdwxudo wr ixuwkhu dvvxph
wkdw ë @ !f/ wkrxjk qrwklqj ghshqgv xsrq wklv htxdolw|1
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Kljk hòruw |lhogv d jrrg rxwfrph iru frqvxphuv zlwk suredelolw| 4ýã A 4@51
Zlwk suredelolw| ã A 3/ kljk hòruw uhvxowv lq d edg rxwfrph1 Frqyhuvho|/ orz
hòruw |lhogv d edg rxwfrph zlwk suredelolw| 4 ý ã/ dqg d jrrg rxwfrph zlwk
suredelolw| ã1S Orz hòruw lv frvwohvv/ zkloh kljk hòruw lqfxuv d frvw ri f/ zkhuh
3 ? f ? 4 ý 5ã1 Wkh odwwhu lqhtxdolw| hqvxuhv wkdw li frqvxphuv nqhz wkdw wkh
ñup zdv frpshwhqw/ dqg frxog yhuli| lwv hòruw ehiruh sxufkdvlqj wkh jrrg/ wkhq
wkh| zrxog eh zloolqj wr sd| d suhplxp iru kljk hòruw vxïflhqw wr pdnh kljk
hòruw rswlpdo iru wkh frpshwhqw ñup1

Wkhuh lv d frqwlqxxp ri lghqwlfdo frqvxphuv/ ri xqlw pdvv1 Vlqfh wkh surgxfw
surgxfhg e| wkh ñup lv dq h{shulhqfh jrrg/ frqvxphuv fdq revhuyh qhlwkhu wkh
hòruw h{shqghg lq lwv surgxfwlrq qru wkh xwlolw| lw zloo |lhog ehiruh sxufkdvh1
Pruhryhu/ lw lv qrw srvvleoh wr zulwh frqwudfwv frqglwlrqdo rq wkhvh surshuwlhv1

Zh dvvxph wkdw doo frqvxphuv uhfhlyh wkh vdph uhdol}dwlrq ri xwlolw| rxwfrphv/
dqg wkdw wklv uhdol}dwlrq lv sxeolf1 Lq sduwlfxodu/ wkh ñup dqg wkh pdunhw erwk
revhuyh wkh rxwfrph dw wkh hqg ri wkh shulrg1 Wklv lv d vwurqj dvvxpswlrq1 Lq d
pruh uhdolvwlf prgho/ hdfk frqvxphu uhfhlyhv dq lglrv|qfudwlf/ sulydwh xwlolw| rxw0
frph/ vr wkdw vrph frqvxphuv uhfhlyh d jrrg xwlolw| rxwfrph zkloh rwkhuv uhfhlyh
d edg xwlolw| rxwfrph lq hdfk shulrg1 Vlqfh wkh xwlolw| rxwfrphv duh sulydwh lq
wklv pruh uhdolvwlf prgho/ qr frqvxphu nqrzv wkh glvwulexwlrq ri xwlolw| uhdol}d0
wlrqv +zklfk zrxog doorz d frqvxphu wr lqihu wkh hòruw fkrlfh ri wkh ñup,1 Lq ^:`/
zh xvh vxfk d prgho/ iru wkh fdvh ri h{rjhqrxvo| ñ{hg ë/ wr vwxg| wkh hfrqrplfv
ri exloglqj dqg pdlqwdlqlqj d uhsxwdwlrq1 Zh ehjlq zlwk wkh ylhzsrlqw wkdw d
uhsxwdwlrq lv dq dvvhw dqg/ olnh dq| rwkhu dvvhw/ uhtxluhv lqyhvwphqw wr fuhdwh dqg
pdlqwdlq1 Wklv ohdgv xv wr h{dplqh uhsxwdwlrq irupdwlrq dqg pdlqwhqdqfh xq0
ghu wkh dvvxpswlrq wkdw wkh vhw ri srvvleoh ñup w|shv grhv qrw lqfoxgh vr0fdoohg
Vwdfnhoehuj w|shv +vhh ^:` iru ghwdlov,1 Zh vkrz wkdw/ lq wkh devhqfh ri Vwdfnho0
ehuj w|shv/ wkh srvvlelolw| ri uhsodfhphqw e| lqhsw w|shv sod|v d fuxfldo uroh lq
wkh irupdwlrq ri uhsxwdwlrq1

Lw lv lpsruwdqw lq ^:` wkdw wkh hqwudqw w|shv duh h{rjhqrxvo| ghwhuplqhg1 Wkh
frpelqdwlrq ri lglrv|qfudwlf frqvxphu uhdol}dwlrqv dqg hqgrjhqrxvo|0ghwhuplqhg
hqwudqw w|shv pdnhv wkh prgho lqwudfwdeoh1 Wklv sdshu dffruglqjo| uhvruwv wr d
prgho lq zklfk frqvxphuv uhfhlyh frpprq xwlolw| uhdol}dwlrqv/ zklfk duh revhuyhg
e| wkh ñup +dqg pdunhw,/ lq rughu wr vwxg| hqgrjhqrxv hqwudqw w|shv1 Wkh frvw
ri wklv vlpsohu prgho lv wkdw wkh vhw ri htxloleuld lv odujh1 Lq sduwlfxodu/ lw lv
srvvleoh wr vxssruw kljk hòruw fkrlfhv lq htxloleuld lq zklfk uhsxwdwlrq grhv qrw
kdyh wkh dvvhw0olnh ihdwxuhv wkdw zh frqvlghu hvvhqwldo wr wkh vwxg| ri wkh pdunhw
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iru uhsxwdwlrqv1 Zh uxoh rxw wkhvh htxloleuld e| lpsrvlqj d Pdunry uhvwulfwlrq rq
htxloleulxp ehkdylru1 Zh glvfxvv wklv lvvxh lq pruh ghwdlo lq wkh qh{w vhfwlrq1

Lq hdfk shulrg/ hdfk frqvxphu sxufkdvhv wkh jrrg dw d sulfh htxdo wr khu
h{shfwhg xwlolw|1 Iru h{dpsoh/ wkh ñup pd| eh deoh wr srvw wdnh0lw0ru0ohdyh0
lw sulfhv/ ru Ehuwudqg frpshwlwlrq dprqj frqvxphuv pd| elg wkh sulfh xs wr
h{shfwhg xwlolw|1 Wkh revhuyhg xwlolw| rxwfrph surylghv d qrlv| vljqdo ri wkh
hòruw fkrlfh ri wkh ñup/ vlqfh d edg rxwfrph fdq uhvxow iurp erwk orz ru kljk
hòruw1

Wkh vhtxhqfh ri hyhqwv lv dv iroorzv1 Dw wkh ehjlqqlqj ri shulrg w/ frqvxphuv
kdyh eholhiv !| derxw wkh w|sh ri wkh ñup dqg kdyh dq h{shfwhg xwlolw| s| iurp frq0
vxplqj wkh jrrg1 Li wkh ñup lv frpshwhqw/ lw pdnhv lwv xqrevhuyhg hòruw fkrlfh1
Wkh rxwsxw lv wkhq surgxfhg/ dqg wkh ñup uhfhlyhv uhyhqxhv ri s|/ uhjdugohvv ri
lwv w|sh dqg uhjdugohvv ri wkh uhdol}hg xwlolw| lq wkdw shulrg1 Frqvxphuv +dqg wkh
ñup, qh{w revhuyh wkh uhdol}hg ydoxdwlrq ri jrrg dqg xsgdwh wkhlu eholhiv derxw
wkh w|sh ri ñup dqg khqfh wkhlu h{shfwhg xwlolw|1 Ilqdoo|/ zlwk suredelolw| è/ wkh
ñup lv uhsodfhg1

ôë , L}i?Lýt +iT*@Ui4i?|t

Lq wklv vhfwlrq/ zh dvvxph wkdw ë/ wkh suredelolw| wkdw d uhsodfhphqw lv frpshwhqw/
lv h{rjhqrxvo| ñ{hg1

D ñup zkr rzqv wkh uljkw wr xvh wkh qdph pd{lpl}hv wkh glvfrxqwhg vxp ri
h{shfwhg sd|ròv/ zlwk glvfrxqw idfwru ï1 Vlqfh wkhuh lv d frqwlqxxp ri frqvxphuv/
hdfk frqvxphu uhdol}hv wkdw khu rzq dfwlrq zloo kdyh qr hòhfw rq wkh ixwxuh sod|
ri wkh jdph1 Zh dffruglqjo| wuhdw frqvxphuv dv ehlqj p|rslf/ lq wkh vhqvh wkdw
wkh rqo| lvvxh iru d frqvxphu lq shulrg w lv wkh suredelolw| vkh dvvljqv wr wkh
surgxfw lqgxflqj d jrrg rxwfrph lq wkdw shulrg/ dqg wkh frqvxphu sd|v khu
h{shfwhg xwlolw| jlyhq wkdw suredelolw|1

Wr prwlydwh rxu uhvwulfwlrq wr Pdunry vwudwhjlhv/ lw lv frqyhqlhqw wr whpsrudu0
lo| frqvlghu d prgho zlwk qr uhsodfhphqwv dqg d ñup nqrzq wr eh frpshwhqw +l1h1/
è @ 3 dqg !f @ 4,1 Iru ï forvh wr 4 dqg ã forvh wr 3/ lw lv srvvleoh wr vxssruw kljk
hòruw lq dq htxloleulxp lq zklfk wkh ñup vwduwv zlwk kljk hòruw/ dqg frqwlqxhv
zlwk kljk hòruw dv orqj dv frqvxphuv uhfhlyh jrrg xwlolw| uhdol}dwlrqv/ vzlwfk0
lqj wr orz hòruw iruhyhu dv vrrq dv frqvxphuv uhfhlyh d edg uhdol}dwlrq1. Lq rxu
ylhz/ vxfk htxloleuld gr qrw fdswxuh wkh dvvhw0olnh ihdwxuhv ri uhsxwdwlrqv wkdw
zh ghvfulehg lq wkh suhylrxv vhfwlrq1 Pruhryhu/ vxfk htxloleuld ghshqg xsrq dq

.Aüi hit|hðU|ðL? L? 4 ðt L?*) ?iUitt@h) uLh |üðt T@h|ðUý*@h ThL�*i |L Mi @? i^ýð*ðMhðý4ë �Lhi
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úMhiýc èi@hUic @?_ 5|@UUüi||ð d�o @?_ 6ý_i?Mih}c wiñð?ic @?_ �@t!ð? deoäë

8



lpsodxvleoh ghjuhh ri frruglqdwlrq ehwzhhq ñup ehkdylru dqg frqvxphu eholhiv
derxw ñup ehkdylru1 Wklv lv wkh nlqg ri ehkdylru wkdw wkh prgho zh h{dplqh lq
^:`/ zlwk frqvxphuv uhfhlylqj lglrv|qfudwlf sulydwh xwlolw| uhdol}dwlrqv +glvfxvvhg
lq wkh suhylrxv vhfwlrq,/ uxohv rxw1 Vlqfh zh kdyh frpprq sxeolf xwlolw| uhdo0
l}dwlrqv lq wklv sdshu/ zh pxvw uxoh rxw vxfk htxloleuld vrph rwkhu zd|/ dqg wkh
prvw frqyhqlhqw lv wr irfxv rq Pdunry vwudwhjlhv1

Zh qrz uhwxuq wr wkh prgho zlwk uhsodfhphqwv dqg xqfhuwdlqw| frqfhuqlqj
wkh ñup*v w|sh1 Wkh vwdwh yduldeoh lq rxu Pdunry irupxodwlrq lv wkh frqvxphuv*
srvwhulru suredelolw| wkdw wkh fxuuhqw ñup lv frpshwhqw/ ghqrwhg e| !/ zlwk sulru
suredelolw| !f1 D Pdunry vwudwhj| iru wkh frpshwhqw ñup lv d pdsslqj

á = ^3> 4`$ ^3> 4`>

zkhuh á+!, lv wkh suredelolw| ri kljk hòruw zkhq wkh frqvxphuv* srvwhulru sure0
delolw| wkdw wkh fxuuhqw ñup lv frpshwhqw lv !1 Wkh lqhsw ñup pdnhv qr fkrlfhv/
dqg khqfh kdv d wulyldo vwudwhj|1

Qrwh wkdw zlwk suredelolw| rqh/ wkhuh zloo eh dq lqñqlwh qxpehu ri uhsodfh0
phqw hyhqwv/ lqñqlwho| pdq| ri zklfk zloo lqwurgxfh qhz frpshwhqw rzqhuv lqwr
wkh jdph1 E| uhvwulfwlqj dwwhqwlrq wr vwudwhjlhv wkdw rqo| ghshqg rq frqvxphuv*
srvwhulruv/ zh duh uhtxlulqj wkdw d qhz frpshwhqw rzqhu/ hqwhulqj zkhq frq0
vxphuv kdyh eholhi !/ ehkdyh lq wkh vdph zd| dv dq h{lvwlqj frpshwhqw rzqhu
zkhq frqvxphuv kdyh wkh vdph eholhi !1H Zkloh uhvwulfwlqj ñupv wr vxfk vwudwhjlhv
uxohv rxw vrph htxloleuld/ dq| htxloleulxp xqghu wklv dvvxpswlrq zloo djdlq eh dq
htxloleulxp zlwkrxw lw1 Zh vrphwlphv uhihu wr d ñup vwudwhj| dv wkh frpshwhqw
rzqhu*v +ru frpshwhqw w|sh*v, vwudwhj|/ dowkrxjk lw ghvfulehv wkh ehkdylru ri doo
qhz frpshwhqw rzqhuv dv zhoo1

D Pdunry vwudwhj| iru frqvxphuv lv d ixqfwlrq

s = ^3> 4`$ ^3> 4`>

zkhuh s+!, lv wkh suredelolw| frqvxphuv dvvljq wr uhfhlylqj d jrrg rxwfrph/ jlyhq
srvwhulru !1

Zh ghqrwh e| *+!m{, ru !% wkh srvwhulru suredelolw| wkdw wkh fxuuhqw ñup
lv frpshwhqw/ jlyhq d uhdol}hg xwlolw| { 5 ij> ej dqg d sulru suredelolw| !1 Li d
frpshwhqw ñup dozd|v h{huwv kljk hòruw/ wkhq srvwhulru eholhiv duh jlyhq e|

*+! m j, ì !} @ +4ý è,
+4ý ã,!

+4ý ã,!. ã+4ý !,
. èë +614,

HW? i^ýð*ðMhðý4c êi êð** |üýt Mi hi^ýðhð?} _ðgihi?| �h4t |L Miü@ñi ð_i?|ðU@**) ð? ð_i?|ðU@*
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dqg

*+! m e, ì !K @ +4ý è,
ã!

ã!. +4ý ã,+4ý !,
. èë= +615,

D Pdunry shuihfw htxloleulxp lv d sdlu ri Pdunry vwudwhjlhv zlwk wkh surshu0
wlhv wkdw ñupv duh pd{lpl}lqj surñwv/ frqvxphuv* h{shfwdwlrqv duh fruuhfw/ dqg
frqvxphuv xvh Ed|hv uxoh wr xsgdwh wkhlu srvwhulru suredelolwlhv=

Ghñqlwlrq 41 D Pdunry shuihfw htxloleulxp lv d sdlu ri vwudwhjlhv dqg dq xs0
gdwlqj uxoh +á> s> *, vxfk wkdw

+d, á+!, lv pd{lpl}lqj iru doo !/
+e, s+!, @ i+4ý ã,á+!, . ã+4ý á+!,,j!. ã+4ý !,/

+f, *+!mj, @ +4ý è, dE�34äôEèän4E�3ôEèääoè
tdE�34äôEèän4E�3ôEèääoèn4E�3èäå . èë/ dqg

+g, *+!me, @ +4ý è, d4ôEèänE�34äE�3ôEèääoè
td4ôEèänE�34äE�3ôEèääoènE�34äE�3èäå . èë1

Qrwlfh wkdw d vwudwhj| iru wkh ñup xqltxho| ghwhuplqhv wkh xsgdwlqj uxoh wkdw
frqvxphuv pxvw xvh li wkhlu eholhiv duh wr eh fruuhfw1

Sursrvlwlrq 41 Ohw è 5 +3> 4,/ ë 5 +3> 4,/ dqg !f 5 ^èë> 4ýè+4ýë,`1 Wkhq wkhuh
h{lvwv f A 3 vxfk wkdw iru doo 3 é f ? f/ wkh sxuh vwudwhj| surñoh lq zklfk wkh
frpshwhqw ñup dozd|v fkrrvhv kljk hòruw lv d Pdunry shuihfw htxloleulxp1

Surri1 Frqvlghu wkh vwudwhj|

á+!, @

ã
4> li ! è !â>
3> li ! ? !â> +616,

vr wkdw wkh frpshwhqw ñup h{huwv kljk hòruw li dqg rqo| li wkh srvwhulru dwwdlqv
d fxwrò ohyho !â/ zkhuh wkh ydoxh ri !â lv wr eh ghwhuplqhg1 Li wkh srvwhulru idoov
vkruw ri wklv fxwrò ohyho/ vr ! ? !â/ wkhq wkh ñup fkrrvhv orz hòruw dqg khqfh qr
ixuwkhu xsgdwlqj ri eholhiv rffxuv/ ohdglqj wr wkh frqwlqxhg fkrlfh ri orz hòruw/
dqg d ydoxh ixqfwlrq iru wkh frpshwhqw ñup ri Yä+!, @ ã@+4ý ï+4ý è,,1

Qrz vxssrvh wkdw erwk ! dqg !K +@ *+!me,, h{fhhg !â1 Wkhq *+*+!mj,mj, ì
!}} A !} A ! A !K è !KK dqg !}% A !K% iru { 5 ij> ej1 Wkh ydoxh ixqfwlrq ri wkh
frpshwhqw ñup lv jlyhq e|

Yä+!, @ s+!,ý f. ï+4ý è,
û
+4ý ã,Yä+!}, . ãYä+!K,

ú
=

Wkh sd|rò iurp h{huwlqj orz hòruw dqg wkhuhdiwhu dgkhulqj wr wkh htxloleulxp
vwudwhj| lv

Yä+!>O, ì s+!, . ï+4ý è,
û
ãYä+!}, . +4ý ã,Yä+!K,

ú
=

:



Wkxv/

Yä+!,ý Yä+!>O, @ ï+4ý è,+4ý 5ã,+s+!},ý s+!K,,ý f +617,

.ï2+4ý è,2+4ý 5ã,õ+4ý ã,
û
Yä+!}},ý Yä+!K},

ú
. ã

û
Yä+!}K,ý Yä+!KK,

úô
è ï+4ý è,+4ý 5ã, ûs+!},ý s+!K,

úý f> +618,

vlqfh Yä lv prqrwrqlf lq ! +jlyhq wkdw á lv vshflñhg e| +616,,1
Dq htxloleulxp zlwk wkh frpshwhqw ñup*v vwudwhj| jlyhq e| +616, uhtxluhv

Yä+!,ý Yä+!>O, è 3 iru dq| ! zlwk erwk ! dqg !K h{fhhglqj !
â1 Iurp +618,/ d

vxïflhqw frqglwlrq iru wklv lqhtxdolw| lv

s+!},ý s+!K, è
f

ï+4ý è,+4ý 5ã, = +619,

Qrz vxssrvh ë 5 +3> 4, dqg fkrrvh d !f 5 ^èë> 4 ý è+4 ý ë,`1 Srvwhulru
suredelolwlhv duh wkhq frqwdlqhg lq wkh lqwhuydo ^èë> 4ýè+4ý ë,`1 Lq dgglwlrq/ wkh
plqlpxp ri s+!}, ý s+!K, @ s+*+!mj,, ý s+*+!me,, ryhu ! 5 ^èë> 4 ý è+4 ý ë,`
lv vwulfwo| srvlwlyh/ ehfdxvh s dqg * duh frqwlqxrxv1 Zh fdq wkxv ñqg d ydoxh
ri f vxïflhqwo| vpdoo wkdw +619, krogv iru doo ! 5 ^èë> 4 ý è+4 ý ë,`1 Vhwwlqj
!â é èë lq +616, hqvxuhv wkdw +619, lv vdwlvñhg1 Pruhryhu/ dq dujxphqw dqdorjrxv
wr wkdw iru wkh rqh0vwdjh ghyldwlrq sulqflsoh iru lqñqlwh krul}rq jdphv vkrzv wkdw
Yä+!, ý Yä+!>O, è 3 iru doo ! lpsolhv wkdw qr ghyldwlrq iurp dozd|v fkrrvlqj
kljk hòruw lv surñwdeoh iru wkh frpshwhqw ñup1 ù

Sursrvlwlrq 4 lqglfdwhv wkdw dq htxloleulxp lq zklfk wkh frpshwhqw ñup do0
zd|v h{huwv kljk hòruw h{lvwv dv orqj dv wkh frvw ri kljk hòruw lv vxïflhqwo| orz1
Wkh orz0frvw surylvlrq lv wr eh h{shfwhg1 Zh fdq dozd|v hqvxuh wkdw kljk hòruw
zloo qrw eh surgxfhg e| pdnlqj lwv frvw surklelwlyho| kljk1 Qrwlfh/ krzhyhu/ wkdw
wkh hïflhqf| frqglwlrq f ? 4ý 5ã dorqh grhv qrw vxïfh wr hqvxuh h{lvwhqfh1 Wkh
frvwv ri kljk hòruw duh eruqh lpphgldwho|1 Wkh ehqhñwv duh rqo| sduwldoo| uhfds0
wxuhg/ lq wkh ixwxuh/ dv d uhvxow ri wkh idyrudeoh frqvxphu eholhi uhylvlrq lqgxfhg
e| kljk hòruw1 Wkh h{lvwhqfh ri d kljk0hòruw htxloleulxp pd| wkhq uhtxluh ydoxhv
ri f pxfk vpdoohu wkdq 4ý 5ã1

Wkh srvvlelolw| wkdw d frpshwhqw ñup pd| eh uhsodfhg e| dq lqhsw rqh +è A 3
dqg ë ? 4, lv qhfhvvdu| iru wklv h{lvwhqfh uhvxow1b Zh wkxv kdyh wkh vhhplqjo|
sdudgr{lfdo uhvxow wkdw lw fdq eh jrrg qhzv iru wkh ñup wr kdyh frqvxphuv frq0
vwdqwo| ihdulqj wkdw wkh ñup pljkw _jr edg1% Krzhyhu/ wkh sxusrvh ri d uhsxwd0
wlrq lv wr frqylqfh frqvxphuv wkdw wkh ñup lv frpshwhqw dqg khqfh zloo fkrrvh

bOL*4t|håL4 dSo i@h*ðih 4@_i @? @?@*L}Lýt LMtihñ@|ðL? ð? @ tð}?@*ð?} é@44ð?} 4L_i* êð|ü
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kljk hòruw1 Wkh sureohp zlwk pdlqwdlqlqj d uhsxwdwlrq lq wkh devhqfh ri lqhsw
uhsodfhphqwv +è @ 3 ru ë @ 4, lv wkdw wkh ñup grhv wrr jrrg d mre ri frqylqflqj
frqvxphuv lw lv frpshwhqw1 Frqvxphuv ehfrph vr frqylqfhg wkh ñup lv frpsh0
whqw +l1h1/ wkh srvwhulru ! ehfrphv vr kljk,/ wkdw vxevhtxhqw hylghqfh fdq rqo|
vkdnh wklv eholhi yhu| vorzo|1 Rqfh wklv kdsshqv/ wkh lqfhqwlyh wr fkrrvh kljk
hòruw glvdsshduv/ dv wkh fxuuhqw frvw vdylqjv ri orz hòruw ryhuzkhop wkh glvwdqw
dgyhuvh eholhi uhylvlrq1 Exw wkhq wkh lqfhqwlyh wr frqylqfh frqvxphuv wkh ñup lv
frpshwhqw dovr glvdsshduv/ dqg wkh htxloleulxp froodsvhv1 Li uhsodfhphqwv frq0
wlqxdoo| lqwurgxfh wkh srvvlelolw| wkdw wkh ñup kdv ehfrph lqhsw/ wkhq wkh ñup
fdqqrw eh _wrr vxffhvvixo% dw frqylqflqj frqvxphuv lw lv frpshwhqw1 Irupdoo|/
wkhuh lv dq xsshu erxqg/ vkruw ri xqlw|/ rq wkh srvwhulru !1 Wkh lqfhqwlyh wr
fkrrvh kljk hòruw lq rughu wr uhdvvxuh frqvxphuv wkdw wkh ñup lv vwloo frpshwhqw
dozd|v uhpdlqv/ rshqlqj wkh grru wr dq htxloleulxp lq zklfk wkh frpshwhqw ñup
h{huwv kljk hòruw1

Wkh forvhu ë lv wr rqh/ wkh vpdoohu pxvw wkh frvw ri kljk hòruw eh lq rughu
iru dq htxloleulxp wr h{lvw lq zklfk wkh ñup h{huwv kljk hòruw1 Lq htxloleulxp/
wkh glòhuhqfh ehwzhhq wkh ydoxh ri fkrrvlqj kljk hòruw dqg wkh ydoxh ri fkrrvlqj
orz hòruw pxvw h{fhhg wkh frvw ri kljk hòruw1 Krzhyhu/ wkhvh ydoxh ixqfwlrqv
dssurdfk hdfk rwkhu dw ! @ 4/ ehfdxvh wkh ydoxhv glyhujh rqo| wkurxjk wkh hòhfw
ri fxuuhqw rxwfrphv rq ixwxuh srvwhulruv/ dqg fxuuhqw rxwfrphv kdyh yhu| olwwoh
hòhfw rq ixwxuh srvwhulruv zkhq frqvxphuv duh fxuuhqwo| txlwh vxuh ri wkh ñup*v
w|sh1 Wkh vpdoohu lv wkh suredelolw| ri dq lqhsw uhsodfhphqw/ wkh forvhu fdq wkh
srvwhulru h{shfwdwlrq ri d frpshwhqw ñup dssurdfk xqlw|/ dqg khqfh wkh vpdoohu
pxvw eh wkh frvw lq rughu wr vxssruw kljk hòruw1

Li uhsodfhphqwv dozd|v lqwurgxfhg lqhsw ñupv +ë @ 3,/ wkhq wkhuh lv qr orzhu
erxqg rq wkh srvwhulru suredelolw| ri dq lqhsw ñup1 Wklv djdlq ghvwur|v wkh
sursrvhg htxloleulxp1 Iru yhu| orz srvwhulruv/ wkh dfwlrqv ri wkh ñup djdlq kdyh
vr olwwoh hòhfw rq frqvxphu srvwhulruv dv wr uhqghu kljk hòruw vxerswlpdo1 Lq wklv
fdvh/ dq dowhuqdwlyh htxloleulxp h{lvwv lq zklfk frpshwhqw ñupv vrphwlphv +exw
qrw dozd|v, fkrrvh kljk hòruw1 Zh qhhg rqo| fkrrvh !â lq +616, vr wkdw +619, krogv
iru doo ihdvleoh srvwhulruv ! è !â1 Wkh frpshwhqw ñup wkhq h{huwv kljk hòruw dv
orqj dv wkh srvwhulru suredelolw| wkdw wkh| duh frpshwhqw uhpdlqv vxïflhqwo| kljk
+! è !â,1 Wkh ñup uhyhuwv wr orz hòruw zkhqhyhu d vwulqj ri edg oxfn uhgxfhv wkh
srvwhulru ehorz wkh fxwrò ohyho !â/ fdxvlqj wkh frpshwhqw ñup wr dedqgrq wkh
dwwhpsw wr frqylqfh frqvxphuv ri lwv w|sh dqg uhvljq lwvhoi wr d olih ri orz hòruw1

Wkh dowhuqdwlyh htxloleulxp frqvwuxfwhg lq wkh suhylrxv sdudjudsk grhv qrw
uhtxluh ë @ 3/ dqg d vlplodu dujxphqw doorzv xv wr frqvwuxfw d froohfwlrq ri
dowhuqdwlyh sxuh0vwudwhj| htxloleuld iru wkh fdvh ri ë A 3/ fkdudfwhul}hg e| glòhuhqw
fkrlfhv ri wkh ydoxh !â ehorz zklfk d frpshwhqw ñup dedqgrqv d uhsxwdwlrq1

<



Htxloleuld lq pl{hg vwudwhjlhv dovr h{lvw1 Zh frqfhqwudwh rq wkh htxloleulxp
ghvfulehg lq Sursrvlwlrq 4/ zklfk lv wkh prvw hïflhqw dw vxssruwlqj kljk hòruw1

eë ,?_L}i?Lýt hiT*@Ui4i?|t

Lq wklv vhfwlrq/ wkh suredelolw| wkdw d uhsodfhphqw ñup lv frpshwhqw lv ghwhuplqhg
e| pdunhw irufhv udwkhu wkdq ehlqj h{rjhqrxvo| ñ{hg1 Lq hdfk shulrg/ wkhuh lv
djdlq dq h{rjhqrxvo| ñ{hg suredelolw| è wkdw wkh fxuuhqw ñup ohdyhv wkh pdunhw1
Li wklv rffxuv/ wkhq wkh hqwuhsuhqhxu vhoov wkh qdph wr d qhz ñup1 Wkhuh duh
dozd|v d odujh qxpehu ri srwhqwldo qhz ñupv zkr duh lqhsw1 Irupdoo|/ zh rqo|
uhtxluh wzr srwhqwldo lqhsw rzqhuv/ exw zh wklqn ri wklv dv dq hqghdyru zkhuh lw
lv hdv| wr eh lqhsw/ dqg khqfh zkhuh wkhuh lv dozd|v dq dpsoh vxsso| ri lqhsw
rzqhuv1 Zh qrupdol}h wkh rssruwxqlw| frvw ri srwhqwldo lqhsw rzqhuv wr 31

Zh ylhz wklv dv d pdunhw lq zklfk frpshwhqw ñupv duh uhodwlyho| vfdufh1
Zkhwkhu wkhuh lv d srwhqwldo frpshwhqw rzqhu/ dqg wkh rssruwxqlw| frvw ri wkdw
rzqhu/ lv ghwhuplqhg lq hdfk shulrg e| wkh rxwfrph ri d udqgrp yduldeoh/ zlwk
wkhvh yduldeohv ehlqj lqghshqghqwo|/ lghqwlfdoo| glvwulexwhg dfurvv shulrgv1 Zlwk
suredelolw| æ .éG+gä,/ wkhuh lv d srwhqwldo frpshwhqw rzqhu zkrvh rssruwxqlw|
frvw ri sduwlflsdwlqj lq wkh pdunhw lv ohvv wkdq ru htxdo wr gä 1 Zh dvvxph wkdw
æ 5 +3> 4,/ é è 3/ æ . é é 4/ dqg wkdw G lv d vwulfwo| lqfuhdvlqj/ glòhuhqwldeoh
fxpxodwlyh glvwulexwlrq ixqfwlrq rq ^3>4,1 Khqfh/ æ lv wkh suredelolw| wkdw wkhuh
lv d frpshwhqw ñup zlwk rssruwxqlw| frvw }hur1 Zlwk suredelolw| éG+gä,/ wkhuh
lv d frpshwhqw ñup zkrvh rssruwxqlw| frvw h{fhhgv }hur exw idoov vkruw ri gä 1
Zlwk suredelolw| 4ýæýé/ wkhuh lv qr srwhqwldo frpshwhqw ñup1 Zh dvvxph wkhuh
lv dw prvw rqh frpshwhqw ñup1 Li zh vhw é @ 3/ wkh prgho lv irupdoo| lghqwlfdo
wr wkdw ri h{rjhqrxv uhsodfhphqwv/ zkhuh wkh uhsodflqj ñup lv frpshwhqw zlwk
suredelolw| æ1

Zkhq wkh hqwuhsuhqhxu kdv wr vhoo wkh uljkw wr wkh qdph/ wkhq wkh uljkw lv
vrog e| hlwkhu d vhdohg0elg/ vhfrqg0sulfh dxfwlrq/ ru htxlydohqwo| e| dq rshq/
dvfhqglqj0sulfh dxfwlrq1�f Ohw Yä +YU, ghqrwh wkh ydoxh ixqfwlrq iru wkh frpsh0
whqw +lqhsw, rzqhu1 Wkh sulfh ri d qdph fxuuhqwo| fkdudfwhul}hg e| wkh srvwhulru
! lv wkhq YU+!,1 Wkh w|sh F rzqhu ex|v wkh qdph li

Yä+!, è gä . YU+!,= +714,

Rqh ri wkh w|sh L rzqhuv ex|v wkh ñup li wkh lqhtxdolw| lv uhyhuvhg1 Iru frpsohwh0
qhvv/ zh kdyh lpsrvhg wkh wlh0euhdnlqj uxoh wkdw wkh frpshwhqw rzqhu zlqv wkh

�fAüi hitihñi ThðUi ð? ið|üih U@ti ðt 3ihLc êüðUü ðt LT|ð4@* @t *L?} @t i@Uü @ýU|ðL? @||h@U|t @|
4Lt| L?i }LL_ �h4ë
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dxfwlrqv lq wkh fdvh ri d wlh lq +714,1 Wkh suhflvh vshflñfdwlrq ri wkh wlh euhdnlqj
uxoh lv luuhohydqw/ vlqfh vxfk d wlh dulvhv zlwk }hur suredelolw| +Ohppd G lq wkh Ds0
shqgl{,1 Wkh suredelolw| wkdw wkh uhsodfhphqw lv frpshwhqw lv G+Yä+!,ýYU+!,,/
zklfk ghshqgv xsrq wkh frqvxphuv* srvwhulru !1

Zh vhhn dq htxloleulxp lq zklfk frpshwhqw ñupv dozd|v h{huw kljk hòruw1 Lq
vxfk dq htxloleulxp/ srvwhulru eholhiv ri wkh frqvxphuv duh jlyhq e|

*+!mj, @ +4ý è,
+4ý ã,!

+4ý ã,!. ã+4ý !,
. èæ . èéG +Yä+*+!mj,,ý YU+*+!mj,,, >

+715,
dqg

*+!me, @ +4ýè, ã!

ã!. +4ý ã,+4ý !,
.èæ.èéG +Yä+*+!me,,ý YU+*+!me,,, = +716,

Wkh eholhi ixqfwlrqv *+!mj, dqg *+!me, hqwhu erwk vlghv ri +715, dqg +716,1 Wklv
uhðhfwv wkh idfw wkdw eholhiv ghshqg xsrq zkhwkhu hqwudqwv duh olnho| wr eh frp0
shwhqw ru lqhsw ñupv/ zklfk ghshqgv xsrq eholhiv1 Wkh eholhiv ri wkh frqvxphuv
duh wkhq d ñ{hg srlqw ri +715, dqg +716,1

Wkh ydoxh ixqfwlrq ri wkh w|sh L rzqhu lv

YU+!, @ +4ý 5ã,!. ã. ï+4ý è, iãYU+*+!mj,, . +4ý ã,YU+*+!me,,j > +717,

dqg wkh ydoxh ixqfwlrq ri wkh w|sh F rzqhu lv

Yä+!, @ +4ý 5ã,!. ãý f. ï+4ý è, i+4ý ã,Yä+*+!mj,, . ãYä+*+!me,,j = +718,
Ilqdoo|/ lw pxvw eh rswlpdo lq htxloleulxp iru wkh frpshwhqw ñup wr fkrrvh kljk
hòruw1 Iurp +718,/ d qhfhvvdu| frqglwlrq lv wkdw iru doo srvvleoh srvwhulruv !/�� d
rqh shulrg ghyldwlrq wr orz hòruw qrw eh surñwdeoh/ l1h1/

ï+4ý è,+4ý 5ã, iYä+*+!mj,,ý Yä+*+!me,,j è f= +719,

Pruhryhu/ dv lq wkh surri ri Sursrvlwlrq 4/ dq dujxphqw dqdorjrxv wr wkdw iru wkh
rqh0vwdjh ghyldwlrq sulqflsoh iru lqñqlwh krul}rq jdphv vkrzv wkdw +719, lv dovr
vxïflhqw1

Ghñqlwlrq 51 D uhsxwdwlrq htxloleulxp lv d wulsoh +*>Yä > YU, vdwlvi|lqj +715,~
+719,/ lghqwli|lqj wkh h{shfwdwlrq xsgdwlqj uxohv dqg wkh ydoxh ixqfwlrqv ri wkh
ñupv lq d uhsxwdwlrq htxloleulxp/ frxsohg zlwk vwudwhjlhv vshfli|lqj wkdw frpsh0
whqw ñupv fkrrvh kljk hòruw iru hyhu| srvvleoh srvwhulru h{shfwdwlrq1

��5|hðU|*) tTi@!ð?}c êi tüLý*_ L?*) Mi hi^ýðhð?} EeëSä uLh |üLti TLt|ihðLht |ü@| U@? Mi hi@Uüi_
uhL4 |üi ð?ð|ð@* ThðLh @u|ih tL4i �?ð|i üðt|Lh) û| M t}c Kå|ë OLêiñihc ?L|üð?} ðt *Lt| M) hi^ýðhð?}
EeëSä uLh @** TLt|ihðLht @?_ _Lð?} tL @ñLð_t @ê!ê@h_ t|@|i4i?|të
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Sursrvlwlrq 51 Vxssrvh

ï+4ý è, ? ã+4ý ã,@+4ý 6ã. 6ã2,>
æ A 3>

G++4ý ã,@+4ý ï,, ? 4ý æ>

dqg Gâ lv erxqghg1 Wkhq wkhuh h{lvwv éW è 3 dqg fW è 3 vxfk wkdw d uhsxwdwlrq
htxloleulxp h{lvwv iru doo é 5 ^3> éW` dqg f 5 ^3> fW`1

Surri1 Vhh wkh Dsshqgl{1

Wkh glïfxow| lq hvwdeolvklqj wkh h{lvwhqfh ri dq htxloleulxp lq wklv fdvh dulvhv
rxw ri wkh olqndjh ehwzhhq wkh srvwhulru xsgdwlqj uxohv dqg wkh ñupv* ydoxh ixqf0
wlrqv1 Lq wkh fdvh ri h{rjhqrxv uhsodfhphqwv/ wkh xsgdwlqj uxohv zhuh ghñqhg
lqghshqghqwo| ri wkh ydoxh ixqfwlrqv1 Zh frxog dffruglqjo| ñuvw fdofxodwh srv0
whulru eholhiv/ xvh wkhvh fdofxodwlrqv wr rewdlq ydoxh ixqfwlrqv/ dqg wkhq frqñup
wkdw wkh sursrvhg vwudwhjlhv duh rswlpdo jlyhq wkh ydoxh ixqfwlrqv1 Zlwk hqgrjh0
qrxv uhsodfhphqwv/ wkh ydoxh ixqfwlrqv hqwhu wkh xsgdwlqj uxohv jlyhq e| +715,
dqg +716,1 Dv d uhvxow/ zh pxvw qrz xvh d ñ{hg0srlqw dujxphqw wr hvwdeolvk wkh
h{lvwhqfh ri pxwxdoo| frqvlvwhqw xsgdwlqj uxohv dqg ydoxh ixqfwlrqv/ dqg pxfk
ri wkh surri lv frqfhuqhg zlwk wklv ñ{hg srlqw dujxphqw1 Diwhu frqfoxglqj wkdw
frqvlvwhqw ydoxh ixqfwlrqv dqg xsgdwlqj uxohv h{lvw/ zh vkrz wkdw/ dv orqj dv f
dqg é duh qrw wrr odujh/ wkh sursrvhg vwudwhjlhv duh rswlpdo1

Wkh ñuvw lqhtxdolw| uhvwulfwlrq rq ï/ è/ dqg ã lq Sursrvlwlrq 5 hqvxuhv wkdw
wkh rqh0shulrg glvfrxqwhg _dyhudjh% ghulydwlyh ri wkh qr0uhsodfhphqw xsgdwlqj
uxoh lv vwulfwo| ohvv wkdq rqh1 Frxsohg zlwk wkh uhtxluhphqw wkdw Gâ lv erxqghg/
wklv hqvxuhv wkdw wkh ydoxh ixqfwlrqv kdyh erxqghg ghulydwlyhv1 Wklv lq wxuq lv
uhtxluhg lq rughu wr kdyh d zhoo0ehkdyhg vhw ri srwhqwldo ydoxh ixqfwlrqv wr zrun
zlwk zkhq frqvwuxfwlqj wkh ñ{hg0srlqw dujxphqw1 Wkh uhtxluhphqwv wkdw æ A 3
dqg G++4 ý ã,@+4 ý ï,, ? 4 ý æ hqvxuh wkdw iru dq| doorzdeoh ydoxh ri é/ wkhuh
h{lvw ! dqg !/ zlwk 3 ? ! ? ! ? 4/ vxfk wkdw iru dq| * vdwlvi|lqj +715, dqg +716,/

*+!m{, 5 ^!> !` iru doo ! 5 ^3> 4` dqg { 5 ij> ej1 Dv lq wkh fdvh ri Sursrvlwlrq 4/
wklv erxqglqj ri srvwhulru suredelolwlhv dzd| iurp wkh hqgv ri wkh xqlw lqwhuydo
lv qhfhvvdu| lq rughu wr suhvhuyh wkh lqfhqwlyh iru frpshwhqw ñupv wr h{huw kljk
hòruw1

Zh djdlq uhtxluh wkdw f eh vxïflhqwo| vpdoo wkdw wkh srwhqwldo ixwxuh jdlqv ri
pdlqwdlqlqj d uhsxwdwlrq fdq h{fhhg wkh fxuuhqw frvw1 Wkh uhtxluhphqw wkdw é lv
qrw wrr odujh sod|v d uroh lq erxqglqj wkh vorshv ri wkh ydoxh ixqfwlrqv1 Lqwxlwlyho|/
li é lv wrr odujh/ wkhq zh fdq lqwurgxfh vkdus yduldwlrqv lq wkh ydoxh ixqfwlrq Yä+!,
e| xvlqj glòhuhqw ydoxhv ri ! wr frruglqdwh frqvxphuv dqg srwhqwldo hqwudqwv rq
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glòhuhqw srvwhulruv frqfhuqlqj wkh w|shv dqg khqfh ydoxh ri hqwu|1 Wklv fdq
ghvwur| wkh frqyhqwlrq wkdw kljkhu uhsxwdwlrqv duh jrrg zklfk olhv dw wkh khduw
ri d uhsxwdwlrq htxloleulxp1

Dë `üL îý)t BLL_ +iTý|@|ðL?tq

Zh qrz wxuq rxu dwwhqwlrq wr wkh pdunhw iru uhsxwdwlrqv1 Lq sduwlfxodu/ zklfk
srvwhulruv duh prvw olnho| wr dwwudfw frpshwhqw ñupv dv uhsodfhphqwv/ dqg zklfk
duh prvw olnho| wr dwwudfw lqhsw ñupvB D frpshwhqw ñup lv pruh olnho| wr hqwhu/
wkh juhdwhu wkh glòhuhqfh Yä+!,ý YU+!,1 Wkh Dsshqgl{ frqwdlqv d surri ri wkh
iroorzlqj=

Sursrvlwlrq 61 Iru dq| å A 3/ wkhuh lv d é_ é éW vxfk wkdw iru dq| é ? é_/
Yä+!, ý YU+!, lv vwulfwo| lqfuhdvlqj iru ! ? �

2 ý å dqg vwulfwo| ghfuhdvlqj iru
! A �

2 . å1

Uhsodfhphqwv duh wkxv pruh olnho| wr eh frpshwhqw ñupv iru lqwhuphgldwh
ydoxhv ri ! dqg ohvv olnho| wr eh frpshwhqw ñupv iru h{wuhph ydoxhv ri !1 Khqfh/
ñupv zlwk orz uhsxwdwlrqv duh uhodwlyho| olnho| wr eh uhsodfhg e| lqhsw ñupv1
Jrrg ñupv ñqg lw wrr h{shqvlyh wr exlog xs wkh uhsxwdwlrq ri vxfk d qdph1 Rq
wkh rwkhu kdqg/ ñupv zlwk yhu| jrrg uhsxwdwlrqv duh dovr uhodwlyho| olnho| wr eh
uhsodfhg e| lqhsw ñupv1 Wkhvh qdphv duh dwwudfwlyh wr frpshwhqw ñupv/ zkr
zrxog suhihu wr lqkhulw d jrrg uhsxwdwlrq wr kdylqj wr exlog xs d uhsxwdwlrq/ dqg
zkr zrxog pdlqwdlq wkh h{lvwlqj/ jrrg uhsxwdwlrq1 Krzhyhu/ wkhvh qdphv duh
hyhq pruh dwwudfwlyh wr lqhsw hqwudqwv/ zkr zloo hqmr| wkh iuxlwv ri uxqqlqj grzq
wkh h{lvwlqj kljk uhsxwdwlrq +uhfdoo wkdw li frqvxphuv duh eholhyh wkdw wkh ñup lv
doprvw fhuwdlqo| frpshwhqw/ wkhq edg rxwfrphv gr qrw fkdqjh frqvxphu eholhiv
e| d odujh dprxqw,1�2

Uhsodfhphqwv duh uhodwlyho| olnho| wr eh frpshwhqw ñupv iru lqwhuphgldwh uhs0
xwdwlrqv1 Wkhvh duh uhodwlyho| dwwudfwlyh wr frpshwhqw ñupv ehfdxvh ohvv h{shq0
glwxuh lv uhtxluhg wr exlog d uhsxwdwlrq wkdq lv wkh fdvh zkhq wkh h{lvwlqj ñup
kdv d orz uhsxwdwlrq1 Dw wkh vdph wlph/ wkhvh uhsxwdwlrqv duh ohvv dwwudfwlyh wkdq
kljkhu uhsxwdwlrqv wr lqhsw hqwudqwv/ ehfdxvh wkh lqwhuphgldwh uhsxwdwlrq ròhuv
d vpdoohu vwrfn wkdw fdq eh surñwdeo| ghsohwhg1

�2W? @ Týhi @_ñihti ti*iU|ðL? i?ñðhL?4i?|c A@_i*ðt dHo tð4ð*@h*) ð_i?|ð�it |êL igiU|tG @ RhiTí
ý|@|ðL? 4@ð?|i?@?Ui igiU|â EhiãiU|ð?} |üi üð}üih ñ@*ýi |ü@| UL4Ti|i?| �h4t @ttð}? |L Lê?ð?}
@ ?@4i uLh @?) TLt|ihðLhä @?_ @ RhiTý|@|ðL? t|@h|íýT igiU|â EêüðUü hLý}ü*) hiãiU|t |üi Uü@?}i
ð? |üi _ðgihi?Ui Tä 3 TU @t è MiUL4it *@h}iäë
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Dv d uhvxow/ zh fdq h{shfw uhsxwdwlrqv wr h{klelw wzr ihdwxuhv1 Iluvw/ wkhuh
zloo eh fkxuqlqj= kljk uhsxwdwlrqv zloo eh ghsohwhg zkloh lqwhuphgldwh uhsxwdwlrqv
zloo eh hqkdqfhg1 Vhfrqgo|/ orz uhsxwdwlrqv duh olnho| wr uhpdlq orz1

Së , |i?tðL?t

Wkh vwurqjhvw dvvxpswlrq lq rxu prgho lv wkh uhvwulfwlrq wkdw frqvxphuv revhuyh
qhlwkhu wkh w|sh ri d qhzo| hqwhulqj ñup/ qru hyhq wkh idfw wkdw wkh h{lvwlqj ñup
kdv ehhq uhsodfhg1 Lw fohduo| vwuhwfkhv fuhglelolw| wkdw frqvxphuv zloo qhyhu eh
deoh wr revhuyh wkh uhsodfhphqwv ri ñupv1 Krzhyhu/ rxu uhvxowv uhtxluh rqo| wkdw
ñup fkdqjhv eh vrphwlphv xqrevhuyhg1 Zh zrxog jhw htxlydohqw uhvxowv li hqwulhv
zhuh revhuyhg zlwk vrph suredelolw|  5 +3> 4, dqg xqrevhuyhg zlwk suredelolw|
4ý  1

Ohiw wr wkhlu rzq ghylfhv/ frqvxphuv pd| zhoo uhpdlq xqdzduh ri vrph fkdqjhv
ri rzqhuvkls1 Exw d ñup wkdw kdv qhzo| sxufkdvhg wkh uljkw wr xvh wkh qdph
lq rxu prgho pd| zdqw frqvxphuv wr nqrz ri wkh rzqhuvkls fkdqjh1 Wklv lv
hvshfldoo| olnho| wr eh wkh fdvh li wkh fxuuhqw uhsxwdwlrq dwwdfkhg wr wkh qdph lv
orzhu wkdq wkh sulru h{shfwdwlrq dwwdfkhg wr hqwudqwv1 Qhz ñupv frqfhuqhg wkdw
frqvxphuv pd| qrw kdyh revhuyhg wkhlu hqwu| pd| wkhq vhhn zd|v wr dqqrxqfh
wkhlu suhvhqfh1 Vljqv surfodlplqj _xqghu qhz pdqdjhphqw% dqg _judqg rshqlqj%
duh frpprqsodfh1 Wklv vhfwlrq h{soruhv vrph ri wkh vwudwhjlhv wkdw hqwudqwv pljkw
dgrsw wr dqqrxqfh wkhlu suhvhqfh wr frqvxphuv1

Zh vwxg| wkh fdvh ri h{rjhqrxvo|0ghwhuplqhg hqwudqw w|shv wkurxjkrxw/ zlwk
ë ehlqj wkh suredelolw| wkdw dq hqwudqw lv frpshwhqw/ lq rughu wr irfxv rq wkh
hòhfwv ri wkh dqqrxqfhphqw vwudwhjlhv1 Doorzlqj hqwudqw w|shv wr eh hqgrjhqrxvo|
ghwhuplqhg uhwdlqv wkh edvlf surshuwlhv ri wkh dqdo|vlv zlwk h{rjhqrxv hqwudqw
w|shv/ exw zrxog uhtxluh dq lqyroyhg h{lvwhqfh dujxphqw1

Lq hdfk ri wkh iroorzlqj prghov/ wkhuh uhpdlqv dq htxloleulxp lq zklfk doo dq0
qrxqfhphqwv duh ljqruhg dqg rxu suhylrxv uhvxowv krog1 Krzhyhu/ zh frqfhqwudwh
rq wkh srvvleoh h{lvwhqfh dqg surshuwlhv ri htxloleuld lq zklfk dqqrxqfhphqwv duh
hòhfwlyh1

Xqghu qhz pdqdjhphqw1 Zh ñuvw vxssrvh ñupv fdq pdnh sxeolf dqqrxqfh0
phqwv wkdw wkh| kdyh qhzo| sxufkdvhg wkh uljkw wr xvh wkh qdph1 Krzhyhu/ wkhvh
dqqrxqfhphqwv duh fkhds wdon lq wzr uhvshfwv= wkh| duh frvwohvv/ dqg frqvxphuv
fdqqrw yhuli| zkhwkhu fodlpv wr kdyh qhzo| sxufkdvhg wkh qdph duh fruuhfw1 Lw lv
lpphgldwho| dssduhqw wkdw vxfk dqqrxqfhphqwv fdqqrw frqyh| lqirupdwlrq1 Lq
sduwlfxodu/ vxfk dq dqqrxqfhphqw zloo eh ydoxdeoh rqo| li lw lqfuhdvhv wkh srv0
whulru eholhi ! wkdw wkh ñup lv frpshwhqw1 Exw erwk frpshwhqw dqg lqhsw ñupv
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zrxog olnh ! wr eh kljkhu/ dv zrxog erwk h{lvwlqj ñupv dqg hqwudqwv1 Dq| dq0
qrxqfhphqw wkdw kdg dq hòhfw rq ! zrxog wkhq eh pdgh uhjdugohvv ri wkh ñup*v
lghqwlw|/ hqvxulqj wkdw wkh dqqrxqfhphqw lv xqlqirupdwlyh1

Phhw rxu qhz fkhi1 Dqqrxqfhphqwv ri fkdqjhv lq wkh fkdudfwhulvwlfv ri d ñup
duh riwhq dffrpsdqlhg e| lqylwdwlrqv wr yhuli| wkhvh fkdqjhv1 Wkh fkhiv lq jrrg
uhvwdxudqwv vrphwlphv plqjoh zlwk wkh fxvwrphuv/ hvshfldoo| hduo| lq wkhlu whqxuh/
dv gr phfkdqlfv dqg rwkhu vhuylfh whfkqlfldqv1 Ilupv fdoo suhvv frqihuhqfhv wr
glvsod| qhz phpehuv ri wkhlu pdqdjhphqw vwdò/ dv gr surihvvlrqdo vsruwv whdpv
zlwk qhz dwkohwhv1 Ilupv vrphwlphv lqylwh fxvwrphuv wr wrxu wkhlu qhz idflolwlhv1
Wr wkh h{whqw wkdw wkh shuvrqqho ru idflolwlhv lq txhvwlrq duh uhvsrqvleoh iru wkh
txdolw| ri wkh ñup*v surgxfw/ wkhvh dfwlylwlhv pdnh rzqhuvkls fkdqjhv yhulñdeoh1�ô

Ohw xv vxssrvh wkdw zkhqhyhu wkh uljkw wr xvh wkh qdph kdv fkdqjhg rzqhuv/
wkh qhz rzqhu fdq pdnh d frvwohvv/ yhulñdeoh dqqrxqfhphqw ri wklv fkdqjh ehiruh
wkh ehjlqqlqj ri wkh qh{w shulrg/ wkrxjk qr lqirupdwlrq frqfhuqlqj wkh txdolw| ri
wkh qhz rzqhu fdq eh yhulñhg1 Xsrq khdulqj vxfk dq dqqrxqfhphqw/ frqvxphuv
zloo h{shfw wkh qhz ñup wr eh frpshwhqw zlwk suredelolw| ë1 Dv d uhvxow/ qr ñup
sxufkdvlqj d qdph zkrvh fxuuhqw uhsxwdwlrq vdwlvñhv ! A ë zloo dqqrxqfh wkh
fkdqjh ri rzqhuvkls/ zkloh d ñup iru zkrp ! ? ë hduqv dq lqvwdqw lqfuhdvh lq
uhsxwdwlrq iurp vxfk dq hqwu| dqqrxqfhphqw1 D fdqglgdwh iru dq htxloleulxp
wkhq fdoov iru dqqrxqfhphqwv li dqg rqo| li ! ? ë1 Dv d uhvxow/ wkh uhsxwdwlrq
xsgdwlqj iru srvwhulruv ! A ë zloo surfhhg dffruglqj wr +614,~+615,/ dv lv wkh
fdvh zlwkrxw dqqrxqfhphqwv1 Iru srvwhulruv ! ? ë/ wkh odfn ri dq dqqrxqfhphqw
lqglfdwhv wkdw qr fkdqjh ri rzqhuvkls kdv rffxuuhg1 Wkh uhsxwdwlrq xsgdwlqj
wkhq surfhhgv dffruglqj wr +614,~+615, zlwk è @ 31

Ehfdxvh wkh odfn ri dq dqqrxqfhphqw zkhq ! ? ë hqvxuhv wkh devhqfh ri dq
rzqhuvkls fkdqjh/ wkh vpdoohvw srvvleoh srvwhulru lv ! @ 31 Dv zh glvfxvvhg lq
frqqhfwlrq zlwk Sursrvlwlrq 4/ wkhuh zloo wkhq eh d srvwhulru !â zlwk wkh surshuw|
wkdw d frpshwhqw ñup fkrrvhv orz hòruw zkhq ! ? !â dqg kljk hòruw li ! A !â1
Li ë A !â/ wkhq qhz rzqhuv dqqrxqfh wkhlu suhvhqfh li dqg rqo| li wkh| dftxluh
d uhsxwdwlrq ohvv wkdq ë1�e Frqvxphuv wkxv revhuyh fkdqjhv lq wkh rzqhuvkls
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ri qdphv zkrvh uhsxwdwlrq idoov vkruw ri wkdw ri d udqgrpo| gudzq hqwudqw/ dqg
revhuyh qr rzqhuvkls fkdqjhv ri kljkhu uhsxwdwlrqv1 Wkh lqdelolw| wr revhuyh
wkh odwwhu fuhdwhv dq lqfhqwlyh iru wkh frpshwhqw ñup wr exlog lwv uhsxwdwlrq e|
fkrrvlqj kljk hòruw1

Qhzo| rshqhg diwhu uhprgholqj1 Fkdqjhv ri rzqhuvkls duh riwhq dffrp0
sdqlhg e| wkh uhprgholqj ri d ñup*v idflolwlhv/ hvshfldoo| lq wkh vhuylfh lqgxvwu|1
Zdoov duh pryhg dqg uhsdlqwhg1 Duwzrun/ fdushwlqj dqg ixuqlwxuh lv uhsodfhg1
Wkh uhvxow lv riwhq d idflolw| wkdw lv glòhuhqw/ exw qrw reylrxvo| vxshulru wr wkh
suhylrxv rqh1 Zh ylhz vxfk uhprgholqj dv d frvwo| vljqdo1 Li vljqdov duh qrw
yhulñdeoh/ dqg khqfh frvwohvv vljqdov duh xqlqirupdwlyh/ rzqhuv pd| vwloo frqyh|
lqirupdwlrq wkurxjk wkh xvh ri frvwo| vljqdov1

Zh duh lqwhuhvwhg lq wkh delolw| wr xvh frvwo| exw qrqyhulñdeoh vljqdov wr frqyh|
lqirupdwlrq derxw wkh rzqhu ri d qdph1 Zh dvvxph wkh rzqhu fdq fkrrvh krz
pxfk wr vshqg rq vhqglqj d frvwo| vljqdo diwhu wkh uhdol}dwlrq ri wkh frqvxphuv*
xwlolw|/ exw ehiruh wkh uhsodfhphqw hyhqw lv uhdol}hg1�D Wkh vljqdo dqg lwv frvw lv
revhuyhg e| frqvxphuv ehiruh wkh| sxufkdvh1

Lw lv djdlq fohdu wkdw d qrqyhulñdeoh vljqdo/ krzhyhu frvwo|/ fdqqrw xvhixoo|
frqyh| lqirupdwlrq derxw rzqhuvkls fkdqjhv1 Dq| uhsxwdwlrq uhylvlrq surpswhg
e| vxfk dq vljqdo lv htxdoo| ydoxdeoh wr d qhz ru h{lvwlqj ñup1 Krzhyhu/ d
frpshwhqw rzqhu pd| eh deoh wr uhyhdo klv w|sh e| vhqglqj d frvwo| vljqdo1

Zh dffruglqjo| ghvfuleh dq htxloleulxp lq zklfk frvwo| vljqdov duh vhqw rqo|
e| frpshwhqw rzqhuv1 Xsrq vhqglqj vxfk d vljqdo lq d shulrg/ dw wkh ehjlqqlqj
ri wkh qh{w shulrg/ wkh srvwhulru suredelolw| frqvxphuv dvvljq wr wkh ñup ehlqj
frpshwhqw lv wkh pd{lpxp srvvleoh/ ç! ì 4 ý è+4 ý ë,1 Zh irfxv rq htxloleuld
ri wkh iroorzlqj irup= wkhuh lv d fulwlfdo srvwhulru !W vxfk wkdw li +dqg rqo| li,
! ? !W dq| frpshwhqw ñup vshqgv n wr vhqg d vljqdo/ |lhoglqj d srvwhulru ri
ç!1 Dq lqhsw ñup iru zkrp ! ? !W vhqgv qr vljqdo/ |lhoglqj d srvwhulru lq wkh
ehjlqqlqj ri wkh qh{w shulrg ri èë1 D ñup zkr lv eholhyhg wr eh lqhsw uhwdlqv wklv
uhsxwdwlrq xqwlo vhqglqj d vljqdo dw frvw n/ zklfk zloo kdsshq zkhq d frpshwhqw
ñup uhsodfhv wkh h{lvwlqj lqhsw ñup1 Qr vljqdov duh vhqw iru srvwhulruv ! è !W1
Wkh phfkdqlvp e| zklfk wkh ñup frqwulyhv wr vshqg wkh frvw n lv lppdwhuldo/ dv
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orqj dv frqvxphuv fdq yhuli| wkdw lw kdv ehhq vshqw1 Uhprgholqj idflolwlhv lv rqh
srvvlelolw|/ exw sxeolfo| exuqlqj wkh prqh| zrxog vhuyh dv zhoo1

Lq wklv htxloleulxp/ frpshwhqw ñupv fkrrvh kljk hòruw dqg lqhsw ñupv fkrrvh
orz hòruw1 Erwk frpshwhqw dqg lqhsw ñupv uhiudlq iurp frvwo| vljqdov dv orqj dv
wkhlu uhsxwdwlrqv duh vxïflhqwo| kljk1 Hyhqwxdoo|/ krzhyhu/ d ñup*v uhsxwdwlrq
zloo vols ehorz wkh fulwlfdo uhsxwdwlrq !W1 Jrrg ñupv wkhq uhvhw wkhlu uhsxwdwlrqv
e| vhqglqj d frvwo| vljqdo/ zkloh lqhsw ñupv uhvljq wkhpvhoyhv wr d ixwxuh uhs0
xwdwlrq ri èë1 Wkh odwwhu shuvlvwv xqwlo d qhz/ frpshwhqw rzqhu dsshduv/ zkr
hqkdqfhv klv uhsxwdwlrq e| wkh rqo| phdqv srvvleoh/ vhqglqj wkh frvwo| vljqdo1 Lq
rughu wr vxssruw wkhvh vwudwhjlhv dv dq htxloleulxp/ lw pxvw eh surñwdeoh iru wkh
frpshwhqw/ exw qrw wkh lqhsw/ ñup wr vhqg wkh frvwo| vljqdov/ iru dq| srvwhulru
!â ? !W1 Wklv uhtxluhv wkdw wkh frvw n eh vxfk wkdw

ïYU+ç!> !
W> n,ý ï

ã

4ý +4ý è,ï
é n é ïYä+ç!> !

W> n,ý ï
ã

4ý +4ý è,ï
> +914,

zkhuh ïã@+4ý+4ýè,ï, lv wkh h{shfwhg ydoxh/ wr erwk d frpshwhqw dqg lqhsw ñup/
ri idlolqj wr vhqg wkh vljqdo dqg khqfh lqgxflqj d uhsxwdwlrq ri èë/ dqg zkhuh
zh zulwh wkh ydoxh ixqfwlrqv dv YU+ç!> !

W> n, dqg Yä+ç!> !
W> n, wr hpskdvl}h wkdw

frqwlqxdwlrq ydoxhv ghshqg xsrq wkh srvwhulru dw zklfk vljqdov duh vhqg dqg wkh
frvw ri wkh vljqdov1 Qrwh wkdw wkh uroh ri !W lv vlplodu wr wkdw ri !â lq wkh surri ri
Sursrvlwlrq 41

Lq jhqhudo/ wkhuh zloo eh pxowlsoh vroxwlrqv wr +914,/ dqg khqfh pxowlsoh htxl0
oleuld lq zklfk ñupv xvh frvwo| vljqdov wr lghqwli| wkhlu w|shv1 Uhñqhphqwv vxfk dv
wkh lqwxlwlyh fulwhulrq fdq eh dssolhg wr wkh rxw0ri0htxloleulxp eholhiv vxssruwlqj
wkhvh htxloleuld wr vhohfw ydoxhv ri n wkdw vdwlvi| wkh ñuvw uhodwlrqvkls lq +914, zlwk
htxdolw|/ vr wkdw wkh frpshwhqw rzqhu vhqgv wkh ohdvw frvwo| vljqdo frqvlvwhqw zlwk
vhsdudwlqj iurp wkh lqhsw rzqhu1 Krzhyhu/ wkhuh zloo vwloo eh pxowlsoh ydoxhv ri
!W frqvlvwhqw zlwk htxloleulxp1 Wkh ydulrxv htxloleuld fdq eh vxssruwhg e| rxw0
ri0htxloleulxp eholhiv wkdw d ñup zkr vhqgv d vljqdo zkhq wkhlu srvwhulru vdwlvñhv
! A !W lv olnho| wr eh frpshwhqw zlwk suredelolw| !/ zklfk duh qrw suhfoxghg
e| vwdqgdug htxloleulxp uhñqhphqwv1 Kljkhu ydoxhv ri !W fruuhvsrqg wr fdvhv lq
zklfk ñupv xvh iuhtxhqw vljqdov wr frqvwdqwo| qxgjh wkhlu uhsxwdwlrqv xszdugv1
Orzhu ydoxhv ri !W fruuhvsrqg wr fdvhv lq zklfk vljqdov duh lqiuhtxhqwo| xvhg exw
dffrpsolvk odujh lqfuhdvhv lq uhsxwdwlrqv1

Olplwhg0wlph lqwurgxfwru| ròhu1 Zh kdyh dvvxphg wkdw wkh ñup sulfhv dw
wkh frqvxphu*v uhvhuydwlrq sulfh lq hdfk shulrg/ jlyhq wkh ñup*v fxuuhqw uhsx0
wdwlrq1 Krzhyhu/ d frpprq zd| iru ñupv wr vhqg vljqdov wr frqvxphuv lv e|
dssursuldwho| fkrrvlqj wkhlu sulfhv/ zlwk orz sulfhv srwhqwldoo| vhuylqj dv d frvwo|
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vljqdo ri d frpshwhqw ñup1 Lq rxu prgho/ vhwwlqj d sulfh ohvv wkdq wkh frqvxphuv*
uhvhuydwlrq sulfh lv htxlydohqw wr exuqlqj prqh|/ dqg khqfh htxlydohqw wr wkh
frvwo| vljqdolqj srvvlelolwlhv zh kdyh mxvw frqvlghuhg1 H{sdqglqj rxu prgho wr
doorz wkh ñup pruh glvfuhwlrq lq vhwwlqj sulfhv wkhq ohdgv wr htxloleuld htxlydohqw
wr wkrvh lq zklfk wkh ñup fdq vhqg frvwo| vljqdov1

Zh kdyh dvvxphg wkdw frqvxphuv duh krprjhqhrxv/ dqg hdfk frqvxphu sxu0
fkdvhv wkh jrrg lq hdfk shulrg1 Wkh vfrsh iru lqwurgxfwru| sulflqj pd| eh
h{sdqghg li frqvxphuv duh khwhurjhqhrxv1 Lq sduwlfxodu/ frqvxphuv zkr kdyh
iruphg uhodwlyho| shvvlplvwlf srvwhulru h{shfwdwlrqv pd| wkhq fhdvh sdwurql}lqj
wkh ñup dowrjhwkhu/ dqg khqfh fhdvh froohfwlqj lqirupdwlrq derxw wkh ñup1 Li wkh
uljkw wr xvh wkh qdph sdvvhv wr d frpshwhqw ñup/ wkhq wkh odwwhu pd| ñqg lw
surñwdeoh wr lqfxu frvwv wr eulqj wkhvh frqvxphuv edfn wr wkh ñup/ dqg pd| ñqg
lqwurgxfwru| sulflqj vshfldov pruh hòhfwlyh wkdq exuqlqj prqh| lq grlqj vr1

L*p |rxu qhz grfwru1 Rxu prgho ri uhsxwdwlrqv ghshqgv xsrq wkh dvvxpswlrq
wkdw fxvwrphuv fdqqrw dozd|v whoo zkr fxuuhqwo| rzqv wkh uljkw wr xvh wkh qdph1
Wklv lv olnho| wr eh wkh fdvh lq pdq| pdunhwv/ lqfoxglqj vhuylfhv lqgxvwulhv vxfk
dv uhvwdxudqwv/ dxwr uhsdlu/ dqg wkh Wlph Olih h{dpsoh zlwk zklfk zh rshqhg1
Lq rwkhu fdvhv lq zklfk uhsxwdwlrqv duh frpprqo| vdlg wr eh wudghg/ dq| vxfk
xqfhuwdlqw| lv kljko| xqolnho|1 Iru h{dpsoh/ sulydwh phglfdo dqg ghqwdo sudfwlfhv
riwhq frppdqg kljk sulfhv1 Ehfdxvh yhu| olwwoh lq wkh zd| ri sk|vlfdo dvvhwv
w|slfdoo| fkdqjhv kdqgv lq vxfk d wudqvdfwlrq/ pxfk ri wkh sulfh lv dvfulehg wr
uhsxwdwlrq1 Exw sdwlhqwv fdqqrw khos exw qrwlfh wkdw wkhlu grfwru ru ghqwlvw
kdv fkdqjhg/ pdnlqj erwk rxu prgho dqg wkh h{whqvlrq wr yroxqwdu|/ yhulñdeoh
dqqrxqfhphqwv ri rzqhuvkls fkdqjhv lqdssolfdeoh1 Rxu vxvslflrq lv wkdw wkh
exon ri wkh sulfh iru vxfk sudfwlfhv uhsuhvhqwv frpshqvdwlrq iru lq0sodfh sk|vlfdo
dvvhwv/ zklfk pd| gzdui wkh uhsodfhphqw frvw ri wkhvh dvvhwv1 Wkh nh| lv wr qrwlfh
wkdw sdwlhqwv kdyh qr uhdvrq wr eholhyh wkdw wkh sxufkdvlqj grfwru lv ehwwhu wkdq
wkh h{shfwhg rxwfrph wkh| frxog rewdlq e| uhwxuqlqj wr wkh pdunhw/ ghvslwh wkh
vhoolqj grfwru*v jorzlqj uhfrpphqgdwlrq/ qru gr wkh| kdyh uhdvrq wr eholhyh wkdw
wkh sxufkdvlqj grfwru lv zruvh1 Wkh suhvhqfh ri hyhq h{wuhpho| vpdoo frvwv ri
uhwxuqlqj wr wkh pdunhw wr vhhn d qhz grfwru zloo wkxv vxïfh wr uhwdlq wkhp
dw wkh fxuuhqw sudfwlfh/ pdnlqj wkh phuh froohfwlrq ri sdwlhqw uhfrugv d ydoxdeoh
dvvhw1�S
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Grhv d jrrg uhsxwdwlrq hqvxuh d ñup*v vxffhvvB Reylrxvo| qrw/ dv dq| ñup fdq
eh vxïflhqwo| xqoxfn| dv wr vtxdqghu d vxshue uhsxwdwlrq1 Mxvw dv reylrxvo|/
d jrrg uhsxwdwlrq lv ehwwhu wkdq d edg rqh1 Exw rxu dqdo|vlv vkrzv wkdw wkhvh
frqvlghudwlrqv fdq lqwhudfw lq xqh{shfwhg zd|v1 Lq d pdunhw zlwk srwhqwldoo|
xqrevhuyhg ñup wxuqryhu/ wkh fxuuhqw uhsxwdwlrq ri d ñup pd| qrw eh d jrrg
suhglfwru ri lwv ixwxuh vxffhvv1 Lqvwhdg/ d vhohfwlrq eldv dulvhv lq wkh surfhvv
e| zklfk ñupv dftxluh uhsxwdwlrqv/ zlwk uhodwlyho| fdsdeoh ñupv whqglqj wr ex|
phglxp uhsxwdwlrqv/ ohdylqj kljk uhsxwdwlrqv wr eh dftxluhg dqg vshqw e| ohvv
fdsdeoh ñupv1

Wklv dftxlvlwlrq sdwwhuq dulvhv ehfdxvh wkh dgydqwdjh hqmr|hg e| d frpsh0
whqw ñup lv wkh delolw| wr errvw frqvxphuv* srvwhulru h{shfwdwlrqv ri wkh ñup*v
txdolw|/ e| h{huwlqj kljk hòruw1 Exw wkh frqvxphu srvwhulruv wkdw duh prvw hdv0
lo| lqðxhqfhg duh lqwhuphgldwh srvwhulruv/ jlylqj frpshwhqw ñupv d frpsdudwlyh
dgydqwdjh lq phglxp uhsxwdwlrqv1

Wkh pruh jhqhudo lpsolfdwlrq ri rxu dqdo|vlv lv wkdw hpehgglqj uhsxwdwlrq
frqvlghudwlrqv lq d pdunhw fdq surgxfh qhz lqvljkwv lqwr wkh hfrqrplfv ri exloglqj
dqg pdlqwdlqlqj d uhsxwdwlrq1 Zh kdyh wdnhq rqo| wkh ñuvw vwhs lq prgholqj wkh
pdunhw/ zlwk pdq| idfwruv vwloo ehlqj h{rjhqrxvo| ñ{hg wkdw ixwxuh zrun pljkw
xvhixoo| eulqj zlwklq wkh sxuylhz ri wkh prgho1

úë úTTi?_ð 

D141 Surri ri Sursrvlwlrq 5

Wkh surri lv lqyroyhg dqg uhtxluhv vrph ohppdv1 Iru wkh uhdghu*v frqyhqlhqfh/
zh kdyh froohfwhg wkh ohppdv dw wkh hqg ri wklv vxevhfwlrq1

^Vwhs 4` Zh ñuvw vkrz wkdw dq| dgplvvleoh srvwhulru xsgdwlqj uxoh lpsolhv
d xqltxh sdlu ri ydoxh ixqfwlrqv1 Il{ ì 5 ýï+4ý è,+4ý 6ã. 6ã2,@+ãý ã2,> 4

ü
/ dqg

ohw = ì ii 5 F�+^3> 4`> ^3> 4`2, = ï mãi â�+!, . +4ý ã,i â2+!,m é ì/ ï m+4ý ã,i â�+!, . ãi â2+!,m
é ì/ mi â�+!,m é 5@ã/ mi â2+!,m é 5@ã iru doo ! 5 ^3> 4`j1 Dq| ixqfwlrq *+!, ì
+*+!mj,> *+!me,, 5 = lv d srwhqwldo srvwhulru xsgdwlqj uxoh/ jlylqj/ iru dq| sulru
suredelolw| !/ wkh srvwhulruv +*+!mj,> *+!me,, wkdw iroorz d jrrg dqg edg xwlo0
lw| uhdol}dwlrq1 Wkh vhw = lv d frqyh{/ frpsdfw vxevhw ri wkh qruphg vsdfh
F�+^3> 4`> ^3> 4`2/ zlwk wkh F�0qrup/

n i n�@ pd{ivxs
è
mi�+!,m> vxs

è
mi â�+!,m> vxs

è
mi2+!,m> vxs

è
mi â2+!,mj=

Wkh vhw = lv qrqhpsw|1 Lq sduwlfxodu/ ohw *f ghqrwh wkh h{rjhqrxv xsgdwlqj
uxohv/ l1h1/ é lv vhw htxdo wr }hur lq +715, dqg +716,1 Lw lv vwudljkwiruzdug wr yhuli|
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wkdw/ iru { 9@ | 5 ij> ej/ 3 é ã*âf+!m{,.+4ýã,*âf+!m|, é +4ýè,+4ý6ã.6ã2,@+ãý
ã2, ? ì@ï/ dqg vr *f ì +*f+ümj,> *f+üme,, 5 =1

Ohw \ ì +4 ý ã,@+4 ý ï, dqg > ì ii 5 F�+^3> 4`> ^ý\> \ `2, = vxs% mi â�+{,m é
+4ý 5ã,@+4ý ì,> vxs% mi â2+{,m é +4ý 5ã,@+4ý ì,j1 Lqwhusuhw dq hohphqw ri > dv d
sdlu ri srvvleoh ydoxh ixqfwlrqv/ rqh iru wkh lqhsw ñup dqg rqh iru wkh frpshwhqw
ñup1 Il{ dq xsgdwlqj uxoh * ì +*+ümj,> *+üme,, 5 =/ dqg ohw ô) = >$ F�+^3> 4`>?2,
ghqrwh wkh pdsslqj zkrvh frruglqdwhv duh wkh ixqfwlrqv=

ô)� +YU > Yä,+!, @ +4ý 5ã,!. ã. ï+4ý è, iãYU+*+!mj,, . +4ý ã,YU+*+!me,,j >

dqg

ô)2 +YU > Yä,+!, @ +4ý 5ã,!.ãý f. ï+4ýè, i+4ý ã,Yä+*+!mj,, . ãYä+*+!me,,j =

Wkh pdsslqj ô) lv d frqwudfwlrq rq > +Ohppdv D dqg E,/ dqg vr kdv d
xqltxh ñ{hg srlqw1 Iru dq| xsgdwlqj uxoh */ wklv ñ{hg srlqw lghqwlñhv wkh xqltxh
ydoxh ixqfwlrqv wkdw duh frqvlvwhqw zlwk */ lq wkh vhqvh ri vdwlvi|lqj +717, dqg
+718,1 Ohw õ = =$ > ghqrwh wkh pdsslqj wkdw dvvrfldwhv/ iru dq| xsgdwlqj uxoh
* lq =/ wkh ñ{hg srlqw ri ô)1 Wkh pdsslqj õ lv frqwlqxrxv +Ohppd F,1

^Vwhs 5` Zh qrz vkrz wkdw wkhuh h{lvw xsgdwlqj uxohv dqg ydoxh ixqfwlrqv
wkdw duh frqvlvwhqw/ lq wkh vhqvh wkdw xvlqj õ wr rewdlq ydoxh ixqfwlrqv iurp dq
xsgdwlqj uxoh dqg wkhq dsso|lqj +715,~+716, uhwxuqv wkh ruljlqdo xsgdwlqj uxohv1
Ohw a* ghqrwh wkh xsgdwlqj uxoh rewdlqhg iurp * dqg õ+*, @ +YU > Yä, e| xvlqj
+715,~+716,=

a*+!mj, @ *f+!mj, . èéG +Yä+*+!mj,,ý YU+*+!mj,,, >

a*+!me, @ *f+!me, . èéG +Yä+*+!me,,ý YU+*+!me,,, =
Vlqfh

a*â+!m{, @ *âf+!m{,.èéGâ+Yä+*+!m{,ýYU+*+!m{,,ü+Y âä+*+!m{,ýY âU +*+!m{,,ü*â+!m{,>

zh kdyh +iru { 9@ | 5 ij> ej,ññãa*â+!m{, . +4ý ã,a*â+!m|,ññ é ññã*âf+!m{, . +4ý ã,*âf+!m|,
ññ

.èé vxs
_ä

Gâ+gä, ü vxs
è

ññY âä+!, . Y âU +!,
ññ

ü vxs
è

ññã*â+!m{, . +4ý ã,*â+!m|,ññ >
zklfk lv ohvv wkdq ru htxdo wr ì@ï iru é vpdoo +exw qrq}hur,1
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Khqfh/ iru vxïflhqwo| vpdoo ydoxhv ri é +vd| é é éWW,/ wkh pdsslqj öV+*, @ a*
lv d pdsslqj iurp = lqwr =1 Pruhryhu/ lw lv fohduo| frqwlqxrxv/ dqg khqfh/ e|
wkh Vfkdxghu0W|fkrqrò wkhruhp +Gxqirug dqg Vfkzduw} ^6/ s1 789`,/ kdv d ñ{hg
srlqw1 Iru hdfk ydoxh ri é/ zh ohw *V ghqrwh d srvwhulru xsgdwlqj ixqfwlrq zklfk
lv d ñ{hg srlqw ri wkh pdsslqj öV dqg zh ohw +Y VU > Y

V
ä , @ õ+*V, ghqrwh wkh

fruuhvsrqglqj ydoxh ixqfwlrqv1 Wrjhwkhu/ *V dqg +Y
V
U > Y

V
ä , vdwlvi| +715,~+718,1

^Vwhs 6` Zh qrz yhuli| +719,1 Vlqfh æ A 3 dqg æ .G++4 ý ã,@+4 ý ï,, ? 4/
wkhuh h{lvw ! dqg !/ 3 ? ! ? ! ? 4/ vxfk wkdw iru doo * 5 = vdwlvi|lqj +715, dqg
+716, zlwk é é 4/ *+!m{, 5 ^!> !` iru doo ! 5 ^3> 4` dqg { 5 ij> ej1 Wkxv/ wkhuh h{lvw
éâ dqg í A 3 vxfk wkdw iru doo ! 5 ^!> !` dqg doo é ? éâ/

*V+!mj,ý *V+!me, A í= +D14,

Wkhuh lv d xqltxh wulsoh +*f> Y
f
U > Y

f
ä, vdwlvi|lqj +715,/ +716,/ +717,/ dqg +718,

zkhq é @ 31 Pruhryhu/ wkhuh h{lvwv fWf vxfk wkdw ï+4ýè,+4ý 5ã,õY fä+*f+!mj,, ý
Y fä+*f+!me,,

ô
A f iru doo ! 5 ^!> !` dqg f ? fWf +Ohppd G,1

Il{ fW ? fWf1 Wkh vhtxhqwldo frpsdfwqhvv ri = dqg> wkhq lpsolhv wkh h{lvwhqfh
ri éW +é éWW, vxfk wkdw iru doo é é éW/ ï+4ýè,+4ý5ã, iY Vä +*V+!mj,,ý Y Vä +*V+!me,,j
A fW iru doo ! 5 ^!> !`1

Ohppd D1 ô)+>, ã >1

Surri1 Ghqrwh wkh lpdjh ri +YU > Yä, xqghu ô
) e| +aYU > aYä,1 Zh yhuli| wkdw

+ aYU > aYä, 5 > iru doo +YU > Yä, 5 >1 Fohduo|/ erwk aYU dqg aYä duh F�/ dqg lw lv
vwudljkwiruzdug wkdw

ñññaYU+!,ñññ > ñññaYä+!,ñññ é \ 1 Qrz/ñññaY âU +!,ñññ é +4ý 5ã, . ï+4ý è,
ññã*â+!mj, . +4ý ã,*â+!me,ññ +4ý 5ã,@+4ý ì,

é +4ý 5ã, . ì+4ý 5ã,@+4ý ì, @ +4ý 5ã,@+4ý ì,>

zkloh d vlplodu fdofxodwlrq vkrzv wkdw
ñññaY âä+!,ñññ é +4ý 5ã, . ì+4ý 5ã,@+4ý ì, @

+4ý 5ã,@+4ý ì,/ dqg vr ô) pdsv > lqwr >1

Ohppd E1 ô) lv d frqwudfwlrq1
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Surri1 Iluvw qrwh wkdw

vxs
è

ñññô)� +YU > Yä,+!,ýô)� + aYU > aYä,+!,ñññ
é ï+4ý è,

+
vxs
è

ã
ñññYU+*+!mj,,ý aYU+*+!mj,,

ñññ. vxs
è
+4ý ã,

ñññYU+*+!me,,ý aYU+*+!me,,
ñññ,

é ï+4ý è, vxs
è

ñññYU+!,ý aYU+!,
ñññ

dqg vlploduo| wkdw vxsè

ñññô)2 +YU > Yä,+!,ýô)2 + aYU > aYä,+!,ñññ é ï+4ýè, vxsè
ñññYä+!,ý aYä+!,

ñññ1
Wxuqlqj wr wkh ghulydwlyhv/

vxs
è

ññññ+ô)� +YU > Yä,,â +!,ý íô)� + aYU > aYä,ìâ +!,ññññ
é ï+4ý è, vxs

è

q
ã*â+!mj,

ñññY âU +*+!mj,,ý aY âU +*+!mj,,
ñññ

.+4ý ã,*â+!me,
ñññY âU +*+!me,,ý aY âU +*+!me,,

ñññr
é ï+4ý è, vxs

è

õ
ã*â+!mj, . +4ý ã,*â+!me,ô vxs

è

ñññY âU +!,ý aY âU +!,
ñññ

é ì+4ý è, vxs
è

ñññY âU +!,ý aY âU +!,
ñññ >

zkloh d vlplodu fdofxodwlrq vkrzv wkdw

vxs
è

ññññ+ô)2 +YU > Yä,,â +!,ý íô)2 + aYU > aYä,ìâ +!,ññññ é ì+4ý è, vxs
è

ñññY âä+!,ý aY âä+!,
ñññ =

Wkxv/ðððô)+YU > Yä,ýô)+ aYU > aYä,ððð
�
é pd{iï+4ý è,> ì+4ý è,j

ððð+YU > Yä,ý + aYU > aYä,ððð
�

dqg/ dv fodlphg/ ô) lv d frqwudfwlrq1

Ohppd F1 õ lv frqwlqxrxv1

Surri1 Vxssrvh *? $ *"1 Vlqfh > lv vhtxhqwldoo| frpsdfw +lw lv dq htxlfrq0
wlqxrxv froohfwlrq ri xqlirupo| erxqghg ixqfwlrqv rq d frpsdfw vsdfh,/ wkhuh lv
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d vxevhtxhqfh/ ghqrwhg i*6j/ zlwk +Y 6U > Y 6ä , ì õ+*6, xqlirupo| frqyhujlqj wr
vrph +YU > Yä, 5 >1 Wr vhh wkdw YU vdwlvñhv +717,/ qrwh wkdw

mYU+!,ý +4ý 5ã,!. ã. ï+4ý è, iãYU+*"+!mj,, . +4ý ã,YU+*"+!me,,jm
é mYU+!,ý Y 6U +!,m. mY 6U +!,ý +4ý 5ã,!. ã

. ï+4ý è, iãY 6U +*6+!mj,, . +4ý ã,Y 6U +*6+!me,,jm
.ï+4ý è,ã mYU+*"+!mj,,ý Y 6U +*6+!mj,,m
.ï+4ý è,+4ý ã, mYU+*"+!me,,ý Y 6U +*6+!me,,m

@ mYU+!,ý Y 6U +!,m. ï+4ý è,ã mYU+*"+!mj,,ý Y 6U +*6+!mj,,m
.ï+4ý è,+4ý ã, mYU+*"+!me,,ý Y 6U +*6+!me,,m > +D15,

zkhuh wkh htxdolw| krogv ehfdxvh +Y 6U > Y 6ä , ì õ+*6,1
Qrz/ ñ{ î A 31 Wkhuh h{lvwv p" vxfk wkdw iru doo p è p" dqg doo !/

mYU+!,ý Y 6U +!,m ? î@61 Pruhryhu/ vlqfh YU lv xqlirupo| frqwlqxrxv dqg õ+*6,
frqyhujhv xqlirupo| wr *"/p" fdq eh fkrvhq vxfk wkdw mYU+*"+!m{,,ý Y 6U +*6+!m{,,m
é mYU+*"+!m{,,ý Y 6U +*"+!m{,,m . mY 6U +*"+!m{,,ý Y 6U +*6+!m{,,m é î@6 iru
{ 5 ij> ej1 Wkxv/ +D15, lv ohvv wkdq ru htxdo wr î/ iru doo î A 3/ dqg vr YU
vdwlvñhv +717, iru wkh xsgdwlqj uxoh *"1 Ehfdxvh wkhuh lv d xqltxh vroxwlrq wr
+717, jlyhq *"/ lw pxvw wkhq eh wkdw Y 6U frqyhujhv wr YU 1 D vlplodu dujxphqw
vkrzv wkdw Y 6ä +*6, frqyhujhv wr Yä+*",/ jlylqj wkh uhvxow1

Ohppd G1 Wkh vorshv ri Y fU dqg Y fä duh erxqghg ehorz e| +4 ý 5ã,1 Wkhuh
h{lvwv d frvw fWWf / vxfk wkdw Y fä+!, A Y fU +!, iru doo ! 5 ^!> !` dqg doo f ? fWWf 1

Surri1 Jlyhq * ì +*+ümj,> *+üme,, 5 = dqg k| 5 ij> ej|/ ghqrwh wkh frqvxphuv*
srvwhulru diwhu revhuylqj wkh vhtxhqfh k| @ +{�> = = = > {|, e| *+!mk|, ì *+ü ü ü*+*+! m
{�, m {2, ü ü ü m {|,1 Wkh ydoxh ixqfwlrqv +YU > Yä, @ õ+*, fdq eh zulwwhq dv/ e|
uhfxuvlyho| vxevwlwxwlqj/

YU+!, @
ã

4ý +4ý è,ï
.+4ý5ã,!.+4ý5ã,

"[
|'�

ï|+4ýè,|
[

û|Mt}cKå|
*+!mk|,Su+k|mO,>

+D16,
dqg

Yä+!, @
ãý f

4ý +4ý è,ï
.+4ý5ã,!.+4ý5ã,

"[
|'�

ï|+4ýè,|
[

û|Mt}cKå|
*+!mk|,Su+k|mK,>

+D17,
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zkhuh Su+k|mK, lv wkh suredelolw| ri uhdol}lqj wkh vhtxhqfh ri rxwfrphv k| jlyhq
wkdw wkh ñup fkrrvhv kljk hòruw lq hyhu| shulrg/ dqg Su+k|mO, lv wkh suredelolw|
ri uhdol}lqj k| jlyhq orz hòruw lq hyhu| shulrg1 Vlqfh *f+!mj, dqg *f+!me, duh
vwulfwo| lqfuhdvlqj lq ! iru ! 9@ 3> 4/ lw lv lpphgldwh iurp +D16, dqg +D17, wkdw Y fU
dqg Y fä kdyh vorshv ri dw ohdvw +4ý 5ã,1

Lq dgglwlrq/

Y fä+!,ý Y fU +!, @
ýf

4ý +4ý è,ï

.+4ý 5ã,
"[
|'�

ï|+4ý è,|
[

û|Mt}cKå|
*f+!mk|,

õ
Su+k|mK,ý Su+k|mO,ô

@
ýf

4ý +4ý è,ï

.
"[
|'�

ï|+4ý è,|3�
[

û|Mt}cKå|
N+*f+!mk|,,

õ
Su+k|mK,ý Su+k|mO,ô >

zkhuh N+!, @ +4ýè,+4ý5ã,! lv vwulfwo| lqfuhdvlqj lq !1 Ohw I |Mcf ghqrwh wkh glv0
wulexwlrq ixqfwlrq ri wkh w0shulrg srvwhulru lqgxfhg e| *f dqg kljk hòruw lq hyhu|
shulrg/ l1h1/ I |Mcf+s, @ Sui*f+!mk|, é smKj1 Vlploduo|/ I |ucf lv wkh glvwulexwlrq
ixqfwlrq lqgxfhg e| orz hòruw lq hyhu| shulrg1 Fohduo|/ I |Mcf ñuvw rughu vwrfkdv0

wlfdoo| vwulfwo| grplqdwhv I |ucf/ vr wkdw +zkhuh H|Mcf dqg H|ucf ghqrwh h{shfwdwlrq
zlwk uhvshfw wr wkh glvwulexwlrq ixqfwlrqv I |Mcf dqg I |ucf/ uhvshfwlyho|,[
û|Mt}cKå|

N+*f+!mk|,, Su+k|mK, @ H|Mcf^N`

A H|ucf^N` @
[

û|Mt}cKå|
N+*f+!mk|,, Su+k|mO,=

Wkxv/ wkh whupv lq wkh vxppdwlrq iru w è 5 duh vwulfwo| srvlwlyh dqg/ xvlqj +D14,/
Y fä+!,ý Y fU +!, A ýf@+4ý +4ý è,ï, . ï+4ý 5ã,2+4ý è, +*f+!mj,ý *f+!me,,

A ýf@+4ý +4ý è,ï, . ï+4ý 5ã,2í>
dqg vr d orzhu erxqg rq f lv

fWWf ì ï2+4ý 5ã,ôí+4ý è,+4ý +4ý è,ï,

4 . 5ãï+4ý è,
=

Qrwh wkdw wklv qrw d wljkw erxqg/ vlqfh zh rqo| xvhg rqo| wkh lqhtxdolwlhv wkdw
shuwdlq wr wkh ñuvw shulrg ri wkh ydoxh0ixqfwlrq fdofxodwlrqv1
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D151 Surri ri Sursrvlwlrq 6

Frqvlghu ñuvw wkh fdvh ri h{rjhqrxv hqwu|/ é @ 31 Iurp +D16, dqg +D17,/

Y fä+!,ý Y fU +!, @ +4ý 5ã,
"[
|'�

+[
û|

ï|+4ý è,| Su+k|mK,*f+!mk|,

ý
[
û|

ï|+4ý è,| Su+k|mO,*f+!mk|,
,
. n> +D18,

zkhuh n lv lqghshqghqw ri !1 Wkh vhw ri klvwrulhv ij> ej|fdq eh sduwlwlrqhg lqwr
vhwv ri _pluuru lpdjhv/% ik|> ak|j/ zkhuh k| vshflñhv j lq shulrg á é w li dqg rqo|
li ak| vshflñhv e lq shulrg á é w1 Lw vxïfhv wr vkrz wkdw

ñ+!, ì *f+!mk|,Su+k|mK,.*f+!mak|,Su+ak|mK,ý*f+!mk|, Su+k|mO,ý*f+!mak|,Su+ak|mO,

lv frqyh{ dqg pd{lpl}hg dw ! @ �
2 / vlqfh +D18, lv d zhljkwhg vxp ri vxfk whupv1

Qrz qrwlfh wkdw

Su+k|mK, @ Su+ak|mO, ì {> dqg

Su+ak|mK, @ Su+k|mO, ì |>

zklfk lpsolhv

*f+!mk|, @ +4ý è,|
{!

{!. |+4ý !,
. +4ý +4ý è,|,ð

dqg

*f+!mak|, @ +4ý è,|
|!

|!. {+4ý !,
. +4ý +4ý è,|,ð>

zkhuh ð grhv qrw ghshqg rq !1 Ohwwlqj {!.|+4ý!, ì ]% dqg |!.{+4ý!, ì ]+/
zh fdq wkhq fdofxodwh

ñâ @ +4ý è,|
é
{2|

]2%
.

{|2

]2+
ý {|2

]2%
ý {2|

]2+

è
>

zklfk htxdov }hur zkhq ! @ �
2 1 Zh fdq wkhq fdofxodwh

ñââ @ ý5{|+4ý è,|
é
+{ý |,2

]ô%
.
+| ý {,2

]ô+

è
? 3>

vr wkdw Y fä ý Y fU lv vwulfwo| frqfdyh dqg pd{lpl}hg dw ! @
�
2 1
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Pruhryhu/ vlqfh g
õ
Y fä+!,ý Y fU +!,

ô
@g! lv vwulfwo| ghfuhdvlqj/ lw lv erxqghg

dzd| iurp }hur iurp ehorz iru ! é �
2 ý å dqg lw lv erxqghg dzd| iurp }hur iurp

deryh iru ! è �
2 . å1

Wkh h{whqvlrq wr é vpdoo exw qrq}hur lv qrz dq lpphgldwh lpsolfdwlrq ri wkh
vhtxhqwldo frpsdfwqhvv ri = dqg > lq wkh F�qrup +vlqfh frqyhujhqfh lq wklv qrup
lpsolhv xqlirup frqyhujhqfh ri wkh ñuvw ghulydwlyh,1

+iuihi?Uit

^4` Glols Deuhx/ Gdylg Shdufh/ dqg Hqqlr Vwdffkhwwl1 Wrzdug d wkhru| ri glv0
frxqwhg uhshdwhg jdphv zlwk lpshuihfw prqlwrulqj1 Hfrqrphwulfd/ 8;=4374~
4396/ 4<<31

^5` Pdvdnl Dr|djl1 Uhsxwdwlrq dqg hqwu| ghwhuuhqfh xqghu vkruw0uxq rzqhuvkls
ri d ñup1 Mrxuqdo ri Hfrqrplf Wkhru|/ 9<=744~763/ 4<<91

^6` Qhovrq Gxqirug dqg Mdfre W1 Vfkzduw}1 Olqhdu Rshudwruv1 Sduw L1 Jhqhudo
Wkhru|1 Zloh|0Lqwhuvflhqfh/ Qhz \run/ 4<;;1

^7` Guhz Ixghqehuj/ Gdylg N1 Ohylqh/ dqg Hulf Pdvnlq1 Wkh iron wkhruhp zlwk
lpshuihfw sxeolf lqirupdwlrq1 Hfrqrphwulfd/ 95=<<:~4373/ 4<<71

^8` Grxjodv Jdoh dqg Urehuw Z1 Urvhqwkdo1 Sulfh dqg txdolw| f|fohv iru h{shul0
hqfh jrrgv1 Udqg Mrxuqdo ri Hfrqrplfv/ 58=8<3~93:/ 4<<71

^9` Ehqjw Kropvwu�rp1 Pdqdjhuldo lqfhqwlyh sureohpv�d g|qdplf shuvshfwlyh1
Lq Hvvd|v lq Hfrqrplfv dqg Pdqdjhphqw lq Krqrxu ri Oduv Zdkoehfn/ sdjhv
53<~5631 Vzhglvk Vfkrro ri Hfrqrplfv dqg Exvlqhvv Dgplqlvwudwlrq/ Khovlqnl/
4<;51

^:` Jhrujh M1 Pdlodwk dqg Oduu| Vdpxhovrq1 \rxu uhsxwdwlrq lv zkr |rx*uh qrw/
qrw zkr |rx zrxog olnh wr eh1 FDUHVV Zrunlqj Sdshu &<;044/ Xqlyhuvlw|
ri Shqqv|oydqld/ 4<<;1

^;` Vwhyhq Wdgholv1 Zkdw*v lq d qdphB Uhsxwdwlrq dv d wudghdeoh dvvhw1 Vwdqirug
Xqlyhuvlw|/ plphr/ 4<<:1
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