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Abstract

We propose a new quantitative measure of model fragility, based on the
tendency of a model to over-fit the data in sample with poor out-of-sample
performance. We formally show that structural economic models are fragile
when the cross-equation restrictions they impose on the baseline model appear
excessively informative about combinations of model parameters that are other-
wise difficult to estimate. Our fragility measure is analytically tractable, which
is helpful to identify the parameter combinations as sources of model fragility.
Using these new tools, we diagnose fragility in asset pricing models with rare

disasters and long-run consumption risk.
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1 Introduction

When building and evaluating a quantitative economic model, we care about how
the model performs out of sample in addition to how well it fits the past data. This
dual concern gives rise to the classic tradeoff between the accuracy of in-sample fit
and the tendency of over-fitting. Too much emphasis on in-sample fit favors complex
models, which are prone to over-fit the data in sample and likely to have poor out-of-
sample performance. Precisely, those complex structural models over-utilize degrees of
freedom of some parameters to accommodate certain economic restrictions implied by
structural components in obtaining accurate in-sample fit. We refer to such economic
restrictions (structural components) as fragile and such parameters as “dark matter”.
A model, containing such fragile structural components or “dark matter”, is also
referred to as fragile. Model fragility is a property of a model which captures its
tendency to over-fit the past data, or in other words, captures the unreliability to
conclude its out-of-sample performance based on the accuracy in-sample fit. Thus,
models with higher fragility should be less favored among a set of candidate models

that fit the past data well.

The above tradeoff is intuitive but not easy to implement in practice. As we build
increasingly sophisticated quantitative structural models, the need for a systematic
way to quantify model fragility also grows. Traditional over-fitting tendency measures,
including the Akaike Information Criterion (AIC) and its variants, focus on the number
of free parameters in a model used to accommodate its functional forms. Such measures
potentially miss the implicit complexity: the effective degrees of freedom in a model
depends not only on the number of free parameters, but also on the sensitivity of
the key model implications to “reasonable” perturbations of parameter values. If its
implications are highly sensitive, a particular economic restriction of the model can
always fit the data by choosing specific parameter values, and thus it tends to over-fit
the data in sample. In such case, the accuracy of in-sample fit becomes unreliable for

assessing the particular structural components and, of course, the full model.



In this paper, we propose a new quantitative measure of model fragility from an
informational perspective. Our measure is constructed based on Fisher information
matrices, so we refer to it as Fisher fragility measure. Consider a typical structural
model as a combination of functional-form specifications and parameters implied
by economic theories and statistical distributions. The model describes a joint
distribution of variables x; and y;.! The baseline model describes the distribution
of sample x™ = (x1, -+ ,X,) using the parameter vector § € ©. The structural
component assumed on top of the baseline model is chosen to be evaluated for its
fragility. We are therefore measuring the “dark matter” of parameters € of the baseline
model. The structural component, on top of the baseline model, introduces additional
ingredients that establish a joint distribution of (x®,y®).? To be more precise, we
think of the additional economic restrictions implied by economic theories as adding
cross-equation restrictions to the system of moments based solely on the baseline
model. By definition, our Fisher fragility measure effectively compares the inverse

Fisher information matrices for the baseline model and the full structural model along

the directions associated with these linear subspaces and aggregates the differences.

Our Fisher fragility measure provides a simple decomposition that attributes
the sources of model fragility (i.e. “dark matter”) to a set of 1-dimensional linear
subspaces of the parameter space. This decomposition offers an intuitive sample size
interpretation. Each 1-dimensional linear subspace, indexed by j, corresponds to
a particular linear combination of model parameters, v;0. We assume that model
parameters are estimated by GMM, with the fitted parameter vector @\, and use the
GMM J-distance, J (5, x", y"), as the quantitative measure of model’s in-sample fit
given observations (x™,y™). Asymptotically, our measure corresponds to the amount
of extra data needed to lower the asymptotic variance of ng under the baseline model

to the level of its variance under the full structural model (with the original data).

'We explain the details of the generic theoretical framework in Section 2.

2As an example, consider a Lucas-tree economy. There is a representative agent with certain
preferences, and the growth rate of endowment is IID normal. A structural model in this case can be
the model for the joint dynamics of the exogenous endowment (x;) and endogenous return on the
endowment claim (y;), and € includes the mean and volatility of endowment growth.



It is worth highlighting that when measuring model fragility, the goal is not to
prove a model wrong. It is true that if a model is misspecified, further testable
restrictions may reveal that. However, as Box (1976) and Hansen (2014) stress, all
models are simplifications of reality that can eventually be rejected with sufficient
data. Hansen (2014) states that “the important criticisms are whether our models
are wrong in having missed something essential to the questions under consideration.”
This is also why we formulate our measure using the GMM framework. Through the
selection of moment conditions, the econometrician has the ability to determine what

the essential predictions of the model are.

It is also worth emphasizing that when measuring model fragility, the goal is not to
estimating parameters. This paper is not really proposing new estimation procedures
or drawing statistical inferences of any point estimators. Rather, the main purpose
is to provide a new model fragility measure facilitating structural model selection
when there are multiple candidates that fit a common set of fixed observations well
in sample. Our model fragility measure is in the same spirit of those penalization
procedures based on statistical fragility measures and adopted in statistical model
selections such as AIC, BIC, and LASSO procedures. However, differently, our measure
is specifically constructed for structural economic models. The over-fitting (model
fragility) evaluation is opposite to the goodness-of-fit consideration; the latter takes a
parametric model as fixed and focuses on the distribution of possible sample generated
from it, whereas the former takes a sample as given and focuses on the sensitivity of
various parametric models that fit in sample.

How to justify that our measure is indeed a measure of model fragility? To
answer the important question, we extend a popular measure of statistical over-

fitting tendency to our structural setting,>and we establish an asymptotic equivalence

3Spiegelhalter, Best, Carlin, and van der Linde (2002) measures over-fitting in a similar way,
but using the log-likelihood instead of the J-distance. Also, they use arbitrary prior for generating
the “reasonable” alternative models to assess a statistical model’s over-fitting tendency; however,
we argue it’s crucial to choose a baseline model and a self-coherent posterior for generating the
“reasonable” alternative functional-form specifications of structural components in economic modeling
evaluation. This procedure allows for more economic-meaningful model assessment, beyond pure



result showing that the over-fitting tendency measure is actually equivalent to our
Fisher fragility measure. Let 6, denote the parameter value for the true model. The
corresponding value of the J-distance, J(6p; x™,y") is generally higher than the fitted
value J(0(x®,y"); x, y®), because the latter is chosen to minimize the J-statistic
in sample. Then, the gap between the J-distance for the true model and the fitted
structural model, d {0y; x™, y"} = J(0p; x*,y") — J(é(x“,y“);x“, y™), measures the
degree of over-fitting by the estimated model. Not knowing what the true model
is, we follow the common approach and average the degree of over-fitting over a set
of possible true models, feee £(0)d{0;x",y"} df, where £(0) assigns relative weights
to alternative models. There is no broadly accepted choice of how to weigh the
alternative models, and the exact specification depends on the context. We first
specify the baseline model for x;. We then use the posterior distribution for § implied
by the baseline model, 7(6|x™), as the distribution over the alternative models £(6).
With this definition, we are assuming that inference based on the baseline model is

reliable. We are therefore measuring the fragility of the full structural model relative

to the baseline model.

Sensitivity analysis is a common technique for assessing model robustness. In-
tuitively, a model is considered robust if its key implications are not excessively
sensitive to small perturbations of model parameters. In practical applications, one
must specify the relevant perturbations and quantify “excessive sensitivity.” As a
result, it is difficult to generalize the traditional sensitivity analysis to multivariate
settings. Model fragility may not be fully revealed by perturbing individual parameters
— one must contemplate all possible multivariate perturbations, making the common
approach impractical for high-dimensional problems.

Our methodology is not subject to such limitations. We use the posterior associated
with the baseline model to weigh the relevant perturbations, and use the variance of

the moments in the structural model to judge the degree of sensitivity of the moments.

statistical considerations. Using this procedure, economists can focus on the fragility of certain
economic restrictions implied by economic theories and the “dark matter” of certain parameter space,
not necessarily the whole model and all its parameters.



This eliminates the need for ad hoc choices associated with traditional sensitivity
analysis. In addition, the asymptotic measure helps diagnose the sources of model
fragility. Knowing the relative importance of each subspace for the overall fragility
of the model effectively reduces the dimensionality of the multivariate sensitivity
analysis. For example, if a single 1-dimensional subspace is dominant in terms of
its contribution to overall model fragility, one only needs to examine the sensitivity
of various moments to the perturbation of parameters in this particular subspace to

quantify the main aspects of model fragility.

As a theoretical contribution, we connect the model fragility measure to the
informativeness of the economic restrictions on the model parameters. To introduce the
concept of informativeness, consider an example of a model that links the observations
of the stock price P to the parameter 6 describing the distribution of cash flows through
a restriction: E[P] = P(f). An econometrician starts with a baseline statistical model
for cash flows and forms an (unconstrained) posterior belief about ¢ based on the
observed cash-flow data and the baseline model, which is depicted in the left panel of
Figure 1. The flatness of this posterior distribution indicates that there is nontrivial

uncertainty about the true value of 6 according to the baseline model.

The middle panel plots the model-implied price function P(6). Due to the high
sensitivity of P to @ (the derivative P /90 is large), there is only a narrow set of
values of € (highlighted by the shaded region) for which the observed price data are
statistically close to the model-implied prices. This has two implications. First, by
imposing the economic model, the econometrician obtains a posterior for 6 (see the
right panel) that is much more concentrated than the posterior distribution under
the baseline model. In this case, we say that the economic restriction E[P] = P(0) is
highly informative about 6.

Second, for values of 8 away from the shaded region in the middle panel but still
in the range of values considered highly likely under the unconstrained posterior, the
fit between the model and the observed price data deteriorates drastically, which is

a sign of model fragility. Thus, high informativeness of the economic restrictions is
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Figure 1: An example of an “informative” economic restriction on the parameters.
The left panel plots the unconstrained posterior about # based on cash-flow data. The
middle panel plots the price function P(f). The dashed lines represent the confidence
band for the mean of price observations. The right panel plots the constrained posterior
about # based on both cash-flow and price data.

closely linked to model fragility. Economic parameter restrictions are highly infor-
mative when they can significantly influence inference about certain combinations of
model parameters that are relatively difficult to estimate statistically without such
restrictions. Such parameter combinations are where the “dark matter” concentrates

in the parameter space.

We formalize the above notion of informativeness of economic restrictions in an
information-theoretic framework with an intuitive effective sample size interpretation.
The informativeness of cross-equation restrictions relative to the baseline model is also
reflected in the effect of the former on the posterior distribution of model parameters.
We quantify the discrepancy between the posteriors of model parameters under the
baseline model and under the model with further economic restrictions using relative
entropy. We then define an effective sample size measure of informativeness of cross-
equation restrictions as the average amount of extra data that, under the baseline
model, generates the same magnitude of the shift in the posterior distribution. In
other words, we equate the information content of the economic restrictions with the

information content of additional data under the baseline statistical model. We show



that the resulting measure of informativeness of cross-equation restrictions is related

asymptotically to our measure of model fragility.

An important class of applications of our measure is to structural models that
involve agents’ beliefs. One prevalent approach to discipline beliefs is by imposing
the rational expectations (RE) assumption. The RE assumption ties down the beliefs
of economic agents by endowing them with precise knowledge of the probability law
implied by an economic model. A common example of a RE model is a setting in
which the agents know the true parameter value 6. The assumption of such precise
knowledge is usually justified as a limiting approximation to the beliefs formed by
learning from a sufficiently long history of data (see Hansen, 2007). If the posterior
distribution of # given x™ under the baseline model serves to describe the outcome
of such learning, then high fragility of the economic model means that the model
moments are highly sensitive to the exact choice among the likely values of the model
parameter vector. In that case, assuming that the agents know the true parameter
vector may be a poor approximation to a broader class of models in which agents

maintain nontrivial uncertainty about the probability law of the model.

We apply the fragility measure to two examples from the asset pricing literature.
The first example is a rare-disaster model. In this model, parameters describing
the likelihood and the magnitude of economic disasters are relatively difficult to
estimate from the data unless one uses information in asset prices.* We describe the

fragility measure in this example analytically. We also illustrate how to incorporate

4A few papers have pointed out the challenges in testing disaster risk models. Zin (2002) shows
that certain specifications of higher-order moments in the endowment growth distribution can
help the model fit the empirical evidence while being difficult to reject in the data. In his 2008
Princeton Finance Lectures, John Campbell suggests that variable risk of rare disasters might be
the “dark matter for economists.” A related concept is the so-called “Peso problem” (see, e.g.,
Rogoff, 1980; Krasker, 1980; Veronesi, 2004; Lewis, 2008). The effect focuses on forecast errors that
are systematically mistaken ex post in finite sample when agents’ expectations about infrequent
discrete shifts do not materialize in their observations. Thus, the term is interchangeable with the
finite-sample weak identification problems. In contrast, the concept “dark matter” differs in three
aspects: (1) it is a model property but not a finite-sample issues; (2) it can be huge even when
parameters are well-identified in finite sample or the other way around; (3) it is not only about
dynamics of rare discrete events, but also about preference or learning specifications when the baseline
is structural.



uncertainty about the structural parameters (preference parameters in this context)
when computing model fragility. The second example is a long-run risk model with a six-
dimensional parameter space. We use this example to illustrate how to systematically

diagnose the sources of fragility in a complex model.

1.1 Related Literature

The idea that model fragility is connected to complexity dates back at least to Fisher
(1922). Model complexity is traditionally measured by the number of parameters in
the model, because of the coincidence of the two quantities in Gaussian-linear models
(see, e.g. Ye, 1998; Efron, 2004). Numerous statistical model selection procedures are

based on this idea.’

The limitations of using the number of parameters to measure model complexity are
well known. Extant literature covers several alternative approaches to measuring the
“Implicit model complexity.” Ye (1998), Shen and Ye (2002), and Efron (2004) propose
to measure complexity (or “generalized degrees of freedom” in their terminology) for
Gaussian-linear models using the sensitivity of fitted values with respect to the observed
data. Gentzkow and Shapiro (2013) apply a similar idea to examine identification
issues in complex structural models. Spiegelhalter, Best, Carlin, and van der Linde
(2002), Ando (2007) and Gelman, Hwang, and Vehtari (2013), among others, propose
a Bayesian complexity measure they call “the effective number of parameters,” which
is based on out-of-sample model performance. These methods measure the sensitivity
of model implications to parameter perturbations. The important common feature
of these proposals is that they rely on the model being evaluated to determine the
magnitude of necessary parameter perturbations. This is potentially problematic
when evaluating economic models that are fragile according to our definition. For such

models, the posterior distribution over the parameters is highly concentrated as a result

SExamples include the Akaike Information Criterion (AIC) (Akaike, 1973), the Bayesian Informa-
tion Criterion (BIC) (Schwarz, 1978), the Risk Inflation Criterion (RIC) (Foster and George, 1994),
and the Covariance Inflation Criterion (CIC) (Tibshirani and Knight, 1999).



of excessive model sensitivity to its parameters. Relying on this posterior to generate
parameter perturbations can under-represent the true extent of model fragility. In
contrast, we propose to use the baseline model to determine the distribution £(#) over

the potential alternative models.

Hansen (2007) discusses extensively concerns about the informational burden that
rational expectations models place on the agents, which is one of the key motivations
for research in Bayesian learning, model ambiguity, and robustness.® In particular,
the literature on robustness in macroeconomic models (see Hansen and Sargent,
2008; Epstein and Schneider, 2010, for recent surveys) recognizes that the traditional
assumption of agents’ precise knowledge of the relevant probability distributions is
not reasonable in certain contexts. This literature explicitly incorporates robustness
considerations into agents’ decision problems. Our approach is complementary to
this line of research in that we propose a general methodology for measuring and
detecting fragility of economic models, thus identifying situations in which parameter

uncertainty and robustness could be particularly important.

Our work is connected to the literature in rational expectations econometrics, where
economic assumptions (the cross-equation restrictions) have been used extensively to
gain efficiency in estimating the structural parameters.” When imposing such assump-
tions results in a fragile model, standard inference may result in excessively small
confidence regions for the parameters, with low coverage probability under reasonable
parameter perturbations. Related, fragile models tend to generate excessively high
quality of in-sample fit, which biases model selection in their favor. The combination
of these two effects makes common practice of post-selection inference misleading in

the presence of “dark matter”.

6See Gilboa and Schmeidler (1989), Epstein and Schneider (2003), Hansen and Sargent (2001,
2008), and Klibanoff, Marinacci, and Mukerji (2005), among others.

"For classic examples, see Saracoglu and Sargent (1978), Hansen and Sargent (1980), Campbell
and Shiller (1988), among others, and textbook treatments by Lucas and Sargent (1981), Hansen
and Sargent (1991).



2 Measuring Model Fragility

In this section, we first introduce a formal measure of model fragility. Then we derive

asymptotic properties of the fragility measure.

2.1 A Generic Model Structure

Consider a baseline model P, which is a part of the full structural model Q. The
baseline model P specifies the dynamics of a vector of variables x; with the underlying
distribution P. In comparison, the full structural model Q aims to capture certain
economic features of the distribution Q that governs the joint dynamics of x; and

additional variables yy.

More precisely, the baseline model P of x™ can be specified by a Dg x 1 parameter
vector A, while the whole structural model Q may incorporate extra data y™ and
parameters 1. The distribution of y™ conditional on x™ depends on not only the
baseline parameter vector 6, but also the Dy x 1 nuisance parameter vector .
The baseline parameters 6 are over-identified by both P and additional structural
components in Q. The nuisance parameters 1) are parameters which are not part of
the baseline model but should be accounted for in assessing the full model. We assume
that the true parameter values 6, and 1)y are contained in the interiors of sets © and
W, respectively.

We assume that the stochastic process {x¢} is strictly stationary and ergodic with
a stationary distribution P. The true joint distribution for x* = (xq, -+ ,Xy,) is P,.
Similarly, we assume that the joint stochastic process {xs, y¢} is strictly stationary and
ergodic with a stationary distribution Q. The econometrician does not need to specify
the full functional form of the joint distribution of (x™,y") = {(x¢,y¢) : t =1,--- ,n},
which we denote by Q,. The unknown joint density is g(x™,y™).

We evaluate the performance of a structural model under the Generalized Method

of Moments (GMM) framework. The seminal paper by Hansen and Singleton (1982)

10



pioneers the literature of applying GMM to evaluate rational expectation asset pricing
models. Specifically, we assume that the model builder is concerned with the model’s in-
sample and out-of-sample performances as represented by a set of moment conditions,®
based on a Dg x 1 vector of functions gg(0,;x,y) of data observations (x;,y:) and

the parameter vectors 6 and 1 satisfying the following conditions:

E [9g (0o, ¥o; X, yt)] = 0. (1)

The baseline moment functions gp(6;x¢) characterize the moment conditions of the
baseline model. They constitute the first Dp elements of the whole vector of moment
functions go (6, ¥; X, yt). Thus, the baseline moments can be represented by the full

set of moments weighted by a special matrix:

gr(0;x¢) = Ipgo(0, s x¢,yt) where T'p = [Ip,, Op,«(pg—Dy)] - (2)

The moment functions gp(6;x¢) depend only on parameters 6, since all parameters
of the baseline model are included in 6. Accordingly, the moment conditions for the

baseline model is

E [g2(00; x¢)] = 0. (3)

Denote the empirical moment conditions for the full model and the baseline model by

1« 1 <
Jon(0.0) = ~ ;g@w, Wixe,ye) and Gen(60) = — > ge(60;x), respectively.

t=1

Then, the optimal GMM estimator (é@, @Q) of the full model and that of the baseline

8We can also adopt the CUE method of Hansen, Heaton, and Yaron (1996) or its modification
Hausman, Lewis, Menzel, and Newey (2011)’s RCUE method, or some other extension of GMM with
the same first-order efficiency and possibly superior higher-order asymptotic properties. This will
lead to alternative but conceptually similar measures of overfitting. To simplify the comparison with
the Fisher fragility measure, we chose to use the original GMM framework.

11



model #” minimize, respectively,

~ ~

Jn,SQ (67 ¢) = na@,n(ea ¢)TS@1§Q,H(07 ¢) and JWSJP(Q) = n/g\Rn(e)TS]I;lgP,n(e)' (4)

Here, jmq@ and jmgp are often referred to as the J-distances, and Sp and Sp have the
following explicit formulae (see Hansen, 1982),

—+00

So= Y E[go(0o, ¥o; ¢, ¥¢)90 (60, to; Xe 1, ye¢)"] , and (5)

f=—00

—+00

Sp = Z E [gp<00;xt)g]?(90;xt—£)T] , respectively. (6)
t=—o0
The matrix Sg and Sp are the covariance matrices of the moment conditions at the
true parameter values. In practice, when Sg or Sp is unknown, we can replace it with
a consistent estimator §@,n or §p7n, respectively. The consistent estimators of the
covariance matrices are provided by Newey and West (1987a), Andrews (1991), and
Andrews and Monahan (1992).

We use GMM to evaluate model performance because of the concern of likelihood
mis-specification. The GMM approach gives the model builder flexibility to choose
which aspects of the model to emphasize when estimating model parameters and
evaluating model specifications. This is in contrast to the likelihood approach, which
relies on the full probability distribution implied by the structural model.

Finally, we introduce GMM Fisher information matrices. We denote the GMM
Fisher information matrix for the baseline model as Ip(f) (see Hansen, 1982; Hahn,

Newey, and Smith, 2011), and
Ix(0) = Gp(0)" Sz ' Gp(0), (7)

where Gp(0) = E [Vgp(0; x¢)],and for brevity, we denote Gp = Gp(6y). We denote the

12



analog for the structural model as Ip(6, ),

Io(0,v) = Go(0,v)" Sg' Go(0, ), (8)

where Gg(0,v) = E[Vgo(0,¥;x¢, yt)], and for brevity, we denote Gg = Gg (0o, 1)-
Computing the expectation Gg(#) and Gg(6, ) requires knowing the distribution Q.
In cases when Q is unknown, Gp(f) in (7) and Gg(#,v) in (8) can be replaced by
their consistent estimators Vgp(6;x¢) and Vgg(0, 1;X¢,y¢). For the full model Q, we

will focus on its implied Fisher information matrix Igp(0|1):

Io(0]¢) = [Tolg(8,¢)'T5] ™, where To = [Ipg, Opgxpy) - 9)

More precisely, the Fisher information matrix Ig(6,v) can be partitioned into a
two-by-two block matrix according to 6 and ):
(11 ( a 2)(

| IpYew), 1P
Io(8,¢) = 120(0,0), 197(0.0) | "

where I(S ’1)(8, 1) is the Dg X Dg information matrix corresponding to baseline pa-
rameters 0, Ig ’2)((9, 1) is the Dy X Dy information matrix corresponding to nuisance
parameters 1, and I(S ’2)(9, ) = Ig ’1)(9, )T is the Dg X Dy cross-information matrix

corresponding to 6 and . Then Ig(6]y) can be written as

Io(0]p) = 19 (0,4) — 152 (0, 4)I5 2 (0,4) 152 (0,9)7, (11)

which generally is not equal to the Fisher information sub-matrix IS b (6,1)) for baseline
parameters 6, except the special case in which 18’2)(9, 1) =0, i.e. the knowledge of 0
and that of ¢ are not informative about each other. We assume that the information

matrices are nonsingular in this paper (Assumption A4 in Appendix A).

By using the GMM Fisher information matrices, we appeal to the optimal weighting

13



matrices Sp ' and So ! In Hansen and Jagannathan (1997), it is shown that the optimal
weighting matrix is not efficient for measuring model mis-specification. Hansen and
Jagannathan (1997) try to measure model mis-specification but not the fragility of
model’s implications to potential mis-specifications (i.e. over-fitting tendency). They
are very different objects. More precisely, to construct the lack-of-fit measure (i.e.
measure of model mis-specification) in Hansen and Jagannathan (1997), the weighting
matrix is intentionally chosen not to be the optimal GMM weighting matrix for the
following reasons. First, the baseline metric for gauging the lack of fit should not be
sensitive to the choice of SDF proxies under the assessment. This idea is similar to
our idea of fixing a baseline model for over-fitting tendency measures. Second, the
weighting matrix should not reward the sampling errors associated with the sample
mean of the pricing errors. Since the absolute level of the pricing errors is a more
reasonable measure for the mis-specification of a SDF proxy. In contrast, our over-
fitting tendency measure requires model’s goodness-of-fit measures as loss functions
like in the statistical literature (see Spiegelhalter, Best, Carlin, and van der Linde,
2002). For the moment-based setting, as recommended by Hansen (1982), we adopt
J-distance as the goodness-of-fit measure (loss function) which uses the efficient GMM
weighting matrix. Following Hansen (1982), there have been further technical analysis
that justify the unique role of optimal weighting matrix in gauging moment condition
specifications from different angles. As emphasized by Newey and West (1987b), it
is crucial to define the GMM likelihood ratio test statistics based on the optimal
GMM estimator, for which W = 55 !, This is because another choice of the weighting
matrix W will destroy the asymptotic property of having chi-squared distribution
as limiting distribution and will break the asymptotic equivalence between GMM
likelihood ratio test statistics and other GMM test statistics such as Wald and LM
test statistics. Similarly, as highlighted in Kim (2002), it is important to use efficient
weighting matrix for developing the theory of limited information likelihood based on

(asymptotic) quadratic moment conditions.

14



2.2 Model Fragility

We now define our measure of model fragility. We start with introducing the “Fisher
fragility measure” based on GMM Fisher information matrices and analyzing its
properties.

Definition 1 (Fisher Fragility Measure). The Fisher fragility measure corresponding

to a full-rank D, X Dg matriz v is defined as

0" (Bolt0) = tr | (VIg(Bolte) V") ™" (VIs(0) V7] | (12)

where Ip(6y) and Ig(6o|1bo) are the matrices defined in (7) and (11), respectively.

In the special case where v is a full-rank Dg x Dg matrix, ¢¥(6y|tg) is independent
of the choice of v. In that case we denote the Fisher fragility measure as o(6o|v0),
which is the overall Fisher fragility measure of model. In another special case where
D, = 1, our measure essentially becomes the ratio of two asymptotic variances of
optimal GMM estimators vA? and v#F. From Definition 1, it immediately follows
that the Fisher fragility measure can be characterized by the solution of an eigenvalue

problem, which is summarized by Proposition 1 whose proof is in Appendix C.1.

Proposition 1. For a full-rank Dy X Dg matriz v, let A\1(v) > Aa(v) > -+ > Ap, (V)

be the eigenvalues of a Fisher-information-ratio matrixz Io(v) defined as follows

—-1/2

To(v) = (vIg(Boltoo) V7)™ (VIs(60) V") (VIg(foltre) 'v7) (13)

Then the Fisher fragility measure can be characterized by the sum of the eigenvalues:
QV<90|’¢0) = )\1(V) +>\2(V)++/\DV(V) (14)

and the smallest eigenvalue \p,(v) is not less than one.

The measure oY (6p|t)o) is defined for specific feature directions v in the space of

baseline parameters. One might be interested in searching among a class of feature

15



directions to find the worst-case configuration. It is actually quite straightforward for
the Fisher fragility measure, because the optimization problem is a finite-dimensional

one. This leads us to define the following worst-case Fisher fragility measure.

Definition 2. The worst-case Fisher fragility measure for the class of D-dimensional

feature functions (D < Dg ) is defined as:

0P (Go|0) = max tr [(le(eowoylvT)‘l (vlp(eo)*lvT)} . (15)

veRP*Po Rank(v)=D

The problem in (15) is a generalized eigenvalue problem. The following proposition

summarizes its solution. The proof of Proposition 2 is in Appendix C.2.

Proposition 2. Let \y > Xy > --- > Ap, be the eigenvalues of Fisher information
ratio matriz Iy(Ip,) = IQ(HO|w0)%Ip(90)_lI@(90|wo)%, with the corresponding Deg X
1 eigenvectors ey, ey, - ,ep,. Then the D-dimensional worst-case Fisher fragility

measure 1s equal to
0" (Boltho) = At + A+ + Ap, (16)

with the worst-case D-dimensional linear subspace of the parameter space characterized

by the matriz v = [v} v3 - vp]T,
v = IQ(QOWJO)%%/ ’I@(HOWO)%&' . (17)
As a special case, the overall Fisher fragility measure is given by
0(6oltho) = A1 + Aa + -+ + Apg. (18)

From Proposition 2, it is easy to see that the worst-case Fisher fragility measure

0P (0o|1o) is monotonically increasing in the dimension of the subspace D.
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Proposition 3. (Monotonicity) For Dy < Dy < Dg,

0" (Bo1he) < 072 (Boleho). (19)

The proof can be found in Appendix C.3.

2.3 An Informational Interpretation

The intuition behind the worst-case Fisher fragility measure is as follows. Through
the matrix v, we search over all D-dimensional linear subspaces of the parameter
space to find the maximum discrepancy between the inverses of the two information
matrices, Ip(fy) and Ig(6p|1o). In the context of GMM estimation (or other moment-
based estimation), the inverse of the information matrix is linked to the asymptotic
covariance matrices of the estimators. Since we require baseline model P’s moment
conditions to be included in those for the full model Q, the asymptotic efficiency of
the GMM estimator for the structural model dominates that of the baseline model.
The Fisher fragility measure effectively compares the asymptotic covariance matrices
of these two estimators to isolate the information provided by the structural model

restrictions.

We can view Proposition 2 as a decomposition of the overall fragility of a model into
Dg linear subspaces of 1 dimension. The i-th largest eigenvalue \; (1 <i < Dg) of
o(Ipe ) gives the marginal contribution of the 1-dimensional linear subspace associated
with v} to the overall fragility measure. In the language of sensitivity analysis, such
a decomposition reveals the directions in which small perturbations of parameters
can have the largest impact on the model output. Moreover, the decomposition is
also useful to gauge the tendency of obtaining extreme over-fitting outcomes for a

structural model (see Corollary 2).

The Fisher fragility measure has a natural “effective-sample-size” interpretation.

Consider the case of D = 1. In this case, we ask what is the minimum sample size
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required for the estimator of the baseline model to match or exceed the precision
of the estimator for the full structural model in all 1-dimensional linear subspaces
of the parameter space. Because the asymptotic covariance of the estimator is
proportional to the sample size n, the required additional effective sample size for
the baseline model is o' (6y|1g) times the sample size n for the structural model to
achieve at least the same estimation accuracy. The idea is formalized under a rigorous
information-theoretic framework with the Kullback-Leibler divergence (i.e. the relative
entropy) and finite-sample validity in the supplemental material Chen, Dou, and
Kogan (2017). Therefore, the excessive informativeness of cross-equation restrictions
is fundamentally associated with model fragility. More precisely, the fundamental idea
of the Fisher fragility measure is that structural economic models are fragile when the
cross-equation restrictions appear excessively informative about certain combinations

of model parameters that are otherwise difficult to estimate (“dark matters”).

2.4 Redundancy of Moment Conditions

It may appear that the Fisher fragility measure favors redundant cross-equation
restrictions. To clarify that it is not the case, we emphasize that our work tries to answer
different questions from the literature of efficient estimation and testing with correctly
specified models. Our focus is related to efficient estimation with model uncertainty
involves model selection. Under the setting of correct specifications, Breusch, Qian,
Schmidt, and Wyhowski (1999) provide a general discussion of redundant moments, as
well as the useful conditions in identifying redundant moment conditions in practice.
Also, under the setting of correct specifications, Cheng and Liao (2015) propose a
one-step procedure to distinguish valid-and-relevant moments from invalid or irrelevant
moments and automatically achieve efficient point estimation with many moments. To
be more precise, we focus on the setting in which multiple specifications are statistically
valid in finite sample but there are over-fitting concerns in the statistical validity

assessment. This in-sample over-fitting tendency is exactly what we are after, and
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it is an important issue since it leads to poor out-of-sample performance of models.
Of course, if a model can be significantly rejected by efficient tests (i.e. statistical
invalid), say by Hansen (1982) over-identification tests, there is no need to evaluate

the fragility of that model.

3 Model Over-Fitting Tendency

The Fisher fragility measure, discussed in Section 2, is conceptually straightforward,
and it is ready to be implemented in various applications. The intuitive interpretation
of the measure is pure information-based in an asymptotic sense. How to justify that
the measure is indeed a measure of model fragility? To address this question, we first
introduce an econometric measure of over-fitting which extends a popular existing
statistical over-fitting tendency measure to our structural setting (see Spiegelhalter,
Best, Carlin, and van der Linde, 2002). We establish an asymptotic equivalence
result showing that our Fisher fragility measure essentially quantifies the over-fitting

tendency of certain structural component of model.

3.1 Econometric Measure of Over-fitting Tendency

Out theoretical results build on the Bayesian framework. The Bayesian framework is
the most natural one to investigate model’s over-fitting tendency (see Spiegelhalter,
Best, Carlin, and van der Linde, 2002) and is a vastly used method for estimating
macroeconomic structural models (see Herbst and Schorfheide, 2015). Let () be a
prior distribution on 6, and let mp(0|x™) be the posterior of § based on the likelihood
of the baseline model mp(x™|#). To establish the theoretical results involving Bayesian
methods, we need to assume that the likelihood of the baseline model is well specified.
The theoretical result in this section is the only place we assume full likelihood
function for the baseline model. As far as the core idea is concerned, this assumption

is not needed. When the likelihood function is well specified and the score functions
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are all used as moment restrictions in defining the Fisher fragility measure, the
Fisher information matrix Ip(6y) becomes the standard one under the likelihood-based

approach.

Definition 3 (Over-fitting Tendency Measure). We define the over-fitting tendency

measure for the structural model Q relative to the baseline model P as
Qo(90|¢07 Xn7 yl’l) = / dSQ{eﬂ Xn7 yn}TrP(9|Xn)d97 (20)

where  dg,{0;x",y"} = ijQ(H, ) — j;wg@(é@, Q). (21)

Here, :];,J,SQ(H,zb) is the J-distance defined in (4), and (éQ,zﬁQ) is the GMM estimator,
and (0,92) is the constrained GMM estimator with fived 6. The covariance matriz Sg

theoretically depends on the true parameters 6y and .

The idea of our fragility measure is to quantify the in-sample over-fitting of a
structural model. In Equation (21), dg,{0;x",y"} is the J-distance (the GMM analog
of the log likelihood ratio) of the model with jointly-fitted baseline parameter 62 and
nuisance parameters @@Q, which provide the best in-sample fit of the data based on the
GMM criterion, against an alternative model with baseline parameters 6 and their
fitted nuisance parameters ¢/ Assuming true parameter is 6 instead of éQ, the fact
that the J-distance based on (éQ, 7,@@) is smaller is a symptom of over-fitting.

The weights attached to alternative models are essential for our definition of model
fragility. We consider alternative values of @, while tuning the nuisance parameters
to fit the data as well as possible under the same criterion, i.e., we choose 1) = <,
the constrained GMM estimator. Starting with a prior 7(#), we weigh the various
alternative models using mp(f|x™) — the posterior for 6 based on baseline model’s
moment conditions and data x®. The weighted average of dg,{0;x™,y"} over the
entire set of alternative models represents the tendency of model over-fitting.

The weights on various alternative models depend on P, therefore o,(6g|to, x™, y™)

is a measure of over-fitting tendency of Q relative to the baseline model P. That is,
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the measure 9,(6p|v0, x™, y™) quantifies the degrees of freedom allowed by baseline
parameters # accommodating the additional structural restriction imposed by Q to
achieve an accurate in-sample fit. Thus, the measure of model’s over-fitting tendency
(fragility) depends on the choice of the baseline model, or in other words, depends
on the particular structural components of Q chosen to be assessed. For example,
many structural models involve both a statistical model of exogenous variables and
restrictions on the endogenous variables which are derived from the economic model.
For such models, a natural choice may be to take the baseline P to be the statistical
model, with x; being the exogenous variables. Variables y; would then be the
endogenous ones in the structural model. In this context, our fragility measure

quantifies the fragility of the structural model relative to the statistical model.

Alternatively, a structural model could be taken as the baseline model. Then,
the fragility measure applies to the over-fitting caused by the additional economic

restrictions imposed by Q relative to the baseline model P.?

In general, there is no hard rule imposed on the choice of baseline model. These
choices must be made by the model builder depending on which aspects of the model
are intended to be covered by the fragility analysis. Thus, the choice of the baseline

model, together with 6, is more economical and less statistical.

The distribution over the alternative models also depends on the choice of the
prior m(6). If the econometrician does not have any information about 6 beyond the
baseline model and the data x™, an “uninformative” prior would be a desirable choice,
one candidate being the Jeffreys prior. In many cases a truly uninformative prior is
difficult to define, especially in the presence of constraints. If the econometrician has

additional information about € outside the model (e.g., from additional data or other

9In this case, the preference parameters or belief parameters can be part of the baseline parameters
0. A natural case in which the preference parameters and belief parameters can show up as part of
the baseline parameters 6 is as follows. For example, consider a model that explains equity returns
and equity options returns simultaneously. If the model of equity returns alone is taken as the
baseline model, some preference parameters or belief parameters must be included in the baseline
parameters 6. The goal is evaluate the fragility /informativeness of the cross-equation restrictions on
the Euler equations of the equity options returns.
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models), such information can be incorporated through an informative prior.

Our definition of model fragility builds upon Spiegelhalter, Best, Carlin, and
van der Linde (2002), who propose a related measure of model complexity for statistical
models. Our measure differs from theirs in two respects. First, we adopt the GMM
framework as opposed to the likelihood framework to address the issue of stochastic
singularities that arise in structural models and to give the econometrician the flexibility
to focus on specific features of a model. Second, Spiegelhalter, Best, Carlin, and
van der Linde (2002) do not explicitly specify the weighting of alternative models.
By contrast, in economic modeling evaluation, it’s crucial to choose a baseline model
and use a self-coherent posterior to discipline the alternative structural component
specifications. This procedure allows to focus on the fragility of certain economic
restrictions implied by economic theories (i.e. the “dark matter” of certain parameter

space), not necessarily the whole model and all its parameters.

3.2 Over-fitting Tendency with Feature Functions

Next, we generalize the fragility measure o,(0o |19, x™, y™) to allow for transformations

of parameters 6.

Definition 4 (Over-fitting Tendency Measure with Feature Functions). Let f be a

RPe — RPs continuously differentiable mapping with 1 < Dy < Dg. Then, we define

03 (Bolo, x™, ") = /dsQ{f(Q);X“,yn}ﬁp(9|xn)d9, (22)

o~ ~ o~

where  ds,{f(0);x",y"} = __ inf In,s0(0,) — ib75'@(é@,¢@). (23)
(0,9):5(0)=£(0)

Here (7;75@(6,@0) is the J-distance defined in (4), and (82, ¢2) is the GMM estimator-

Transforming the original parameter vector is useful, for example, if one wants to
measure model’s robustness with respect to a low-dimensional subset in the parameter

space. For instance, to measure model robustness with respect to the first Dy elements
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of § (Dy < Dg), we set f(8) = F6, where F =V f(0) = []Df,ODfX(D@_Df)}. In the
special case of f() = F@, with F being an arbitrary full-rank Dg x Dg matrix, we

recover the original overall fragility measure, of (fo[1bo, X™, y™®) = 0o(fo|tbo, x®, y™).1°

3.3 Justification of Fisher Fragility Measures

The econometric over-fitting tendency measures in Sections 3.1 and 3.2 are built
on the basis of well-established statistical over-fitting tendency measures. In this
subsection, we show that our Fisher fragility measure fundamentally captures a par-
ticular structural component specification’s over-fitting risk. In practice, computation
of the over-fitting tendency measures g,(0p[10o, x®, y™) and of (fo|tbg, x®, y™) may be
complicated by the complex form of the likelihood function of the baseline model,
the curse of dimensionality induced by high-dimensional parameter spaces, and the
additional minimization problem involved in the definition of the generalized mea-
sure. In contrast, the computation of our Fisher fragility measure is simple and an

eigen-decomposition is derived.

The over-fitting tendency measure is connected to the original Fisher fragility mea-
sure defined in Section 2.2, as we show in Theorem 1. To derive the theoretical results,
we require certain regularity conditions to discipline the behavior of the data. Specifi-
cally, the regularity conditions we choose are influenced by three major considerations.
First, our assumptions are chosen to allow processes of sequential dependence, which
should be relevant to inter-temporal asset pricing models. Second, our assumptions
are required to meet the analytical tractability. Third, our assumptions are sufficient
conditions in the sense that we are not trying to provide the weakest conditions to

guarantee the theoretical results work.

We now introduce the regularity conditions for establishing the theoretical results

in this paper. These regularity conditions are all standard in the econometric literature

19A similar monotonicity property to Proposition 19 applies to of (6y,10;x®,y™). Let f =
[f, f1]’, where f and f; are continuously differentiable and Df < Dg. Then of (6o|¢o,x™,y™) <

Q§(00|¢07 Xna yn)
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of GMM. More detailed discussions and remarks can be found in Appendix A. The
process {X¢,yt} is assumed to be a strictly stationary Markov process (Assumption
Al). Specifically, we assume that the baseline moments to be included in the full vector
of moment functions gg(6, ¥; x¢, y¢) for fragility assessment. The moment functions
in gg are twice continuously differentiable, and the partial derivatives with respect
to parameters satisfy standard dominance conditions. The times series satisfy the
uniform mixing condition as in Newey (1985a) and White and Domowitz (1984). The
mixing condition (Assumption A2) and the dominance condition (Assumption A3) are
needed for the ULLN as in White and Domowitz (1984). They also imply the moment
continuity of stochastic functions gg, as well as their derivatives, adopted by Hansen
(1982). Lastly, we need identification conditions to guarantee that the minimization
problem in (5) has a unique solution asymptotically (Assumptions A4 and A5). A
standard sufficient condition for GMM identification is that the covariance matrix Sg
is positive definite, the moment conditions (1) and (3) are satisfied only at 6y, and
the Fisher information matrix Ig(fo, o) is non-singular. The GMM identification
condition is standard in GMM literature.!! The prior m(6) is twice continuously
differentiable and positive (Assumption A6). The proof of the following theorem and

its corollaries are in Appendix B.

Theorem 1. Consider a feature function f : RPe — RPr with v = V f(6y) being the
Dy x Dg Jacobian matriz. Suppose the regularity conditions above (Assumptions Al -

A7 in Appendiz A) hold. Then of (6o|wo, x™, y™) converges in distribution to

Dy
%Vl}g 95(90|¢0,Xn7yn) = QV(QOWO) + Zl [)\z'(V) - 1] X%,i? (24)

where X%,i 's are i.i.d. chi-squared random variables with 1 degree of freedom, and
Ai(v)’s are eigenvalues of Ily(v) defined in (13). Here “wlim” is the operator denoting

a limit variable for convergence in distribution (weak convergence).

HSee, e.g., Hansen (1982, Assumptions 3.4 - 3.6) and Newey (1985a, Assumptions 3 and 7).
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Theorem 1 shows that the asymptotic distribution of over-fitting tendency measures
can be characterized by the Fisher fragility measure 0¥ (6y|1)0) and the distribution
of eigenvalues \;(v) given their sum oY (0y|thg) = Z?:fl Ai(v) is kept constant. This

result immediately leads to the following two corollaries.

Corollary 1. Suppose the regularity conditions of Theorem 1 hold, then oY (0o|to)
and of (Byl1bg, x®, y™) are asymptotically related:

E [\T’LVEQ Q£(90|¢07Xn,yn)] = 20" (0o|th0) — Dy, (25)

where Eq stands for the expectation under the distribution of the full model Q.

In principle, the relationship of (25) shows that the Fisher fragility measure
0¥ (6p|1by) captures the average tendency of over-fitting. It says, with a large sample
size, the econometrician can use re-sampling methods such as bootstrap based on the
sample (x™,y™) to estimate the average measure of over-fitting tendency. The limiting
result in (25) guarantees that 20 (6y|v9) — D provides a reasonable approximation
for such average measure of over-fitting tendency when sample size is large. As
a special case where the feature function is the identical mapping, it holds that
E [wlim,, 00 00(0o|t00, x™, y™)] = 20(00|tbo) — De.

The Fisher fragility o0¥(0o|to) is a model property and does not depend on the
sample. This measure focuses on local departures from the true parameter vector 6.
Corollary 1 shows that it captures the average model over-fitting tendency as sample
size goes large.

Theorem 1 also suggests that the likelihood of getting an extremely poor out-of-
sample performance (i.e. an extremely large of (6p|1, x®, y™)) is determined by the

distribution of the eigenvalues \;(v) which decompose 0¥ (6p|1)g) into subspaces.

Corollary 2. Suppose the reqularity conditions of Theorem 1 hold and the largest

eigenvalue is A1 (v). Then, the tail probability of the limiting variable converges to zero
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at the exponential rate related negatively to A\ (v):

1 1
lim —lnIP’{Wlim Q£(00|¢0,x“,y“) > x} = —2[ (26)

g P ) 1]

Corollary 2 shows that the tail probability of the limiting variable converges to
zero faster when the largest eigenvalue A;(v) is smaller. For a given level of oY (6y|1o),
which captures the average tendency of overfitting, a heavily skewed distribution of
eigenvalues \;(v) results in a larger value of A(v). Then, the tail of the distribution of
ol (Bp|1bg, x™, y™) is heavier and the probability of overfitting the data to an extremely
large degree, is higher.

4 Applications

In this section, we illustrate and implement the Fisher fragility measure in the context
of two widely studied asset pricing models. The first example is a rare disaster model,
for which we compute the fragility measure analytically. The second example is a
long-run risk model. We use this example to demonstrate how one can diagnose the
sources of fragility in a more complex model and deal with nuisance parameters in

measuring model fragility (or “dark matter”).

4.1 Disaster Risk Model

Rare economic disasters are a natural source of “dark matter” in asset pricing models.
It is difficult to evaluate the likelihood and the magnitude of rare disasters statistically.
Yet, agents’ aversion to large disasters can have an economically large effect on asset

prices.!?

We consider a disaster risk model similar to Barro (2006). The structural model

describes the log growth rate of aggregate consumption g; and the excess log return

12See the early work by Rietz (1988), and recent developments by Barro (2006), Gabaix (2012),
Martin (2012), Wachter (2013), and Collin-Dufresne, Johannes, and Lochstoer (2016), among others.
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on the market portfolio ;. There are two regimes characterized by state variable z;:
the disaster regime (z; = 1) and the outside-of-disaster regime (z; = 0). The variable
z has an i.i.d. Bernoulli distribution taking z; = 1 with probability p, independent of
the other variables. The realizations of z; are observable. Outside of disasters (z; = 0),
g; follows a normal distribution N(u,c?); in a disaster state (z; = 1), gs = —v; where
the log of decline in consumption v; follows a truncated exponential distribution with
density 1{v; > v} e =% with the lower bound for disaster size equal to v and the
average disaster size equal to v + 1/\.

Now, we first impose the assumption on how excess log returns on market portfolio
r; depend on consumption growth g;. More precisely, the joint distribution of (g, ;)
is time-varying contingent on the underlying disaster state z;. When the economy is

outside of disasters (z; = 0), g; and r; are jointly normal:

.
T =n+p;(gt—u)+ V1= pruy, (27)

where u; are independent standard normal shocks, and thus pg is the leverage factor
in non-disaster states. When the economy is in a disaster state (z; = 1), the excess
log return is linked to the sizable decline in consumption with a leverage factor b > 0.
In addition, we add an independent standard normal shock &; to r; so that r, and g¢;

are imperfectly correlated in a disaster state:
ry = bgy + vey, with v > 0. (28)

Second, we impose the optimization restriction to the parameters of joint dynamics.
The representative agent has a separable, constant relative risk aversion utility function
S, 0he; ™ /(1 — p), where 4y, > 0 is the coefficient of relative risk aversion. The

log equity premium is E[r;] = (1 —p)n —pb (v + 1/A) where the Euler equation implies
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that 7 is a function of the other parameters (see Appendix D for details):

72 _he? p
n="9poT — —+1In |1+ 77 A(N)—— (29)
2 1—p
7.2 12 52
R YppoT — 5 4 eMoH= Ty A(A)%, (30)

where

Y 4 +(p—b)y
DY 5 D—0)U
‘ - ) . (31)

AN =X ()\_% B A+b—p
Equation (29) provides a cross-equation restriction among the consumption growth
g:, the disaster state z;, and the excess log return of the market portfolio r;. The
first two terms on the right hand side give the market risk premium due to Gaussian
consumption shocks. The third term is due to the disaster risk premium. We need

A > 7y for the risk premium to be finite, which sets an upper bound for the average

disaster size and dictates how heavy the tail of the disaster size distribution can be.

The fact that the log equity premium E[r,] explodes as A approaches the value of
vp is a crucial feature for our analysis. Even when we consider extremely rare disasters
(very small p), we can still generate an arbitrarily large risk premium E[r;] by making
the average disaster size sufficiently large (lowering A towards v;,). Extremely rare and
large disasters are difficult to rule out based on standard statistical tests. Below we

illustrate how our fragility measure can detect fragility in models with such features.

Fisher fragility measure

Equations (27) — (31) together specify the full structural model. We set the baseline
model to be the statistical model for rare disasters x¢ = (z,v;). Thus, the baseline
parameters are § = (p,A). To focus our discussion on the rare disasters, we treat
the other parameters ¢ = (Vp, i, 0, v, T, p, b, V) as auxiliary parameters fixed at known
values. They are thus part of the functional-form specification in economic theories
whose fragility is gauged. Naturally, y¢ = (g¢, 7). This treatment is reasonable since

the key structural components of asset pricing models include not only preferences but
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also joint distribution of fundamentals and returns (see, e.g., Hansen and Singleton,
1983). And importantly, this simplifying treatment allows us to obtain a simple
closed-form expression for the Fisher fragility measure. The nuisance parameter vector
1 is empty here.

Based on the approximation (30), the Fisher fragility measure is approximately

(see Appendix D for details):

AN +p(1—p) N2A(N)?

p 2 _ A2 0.2
7)\ ~ 2 + e TYDH—TD , 32
where A()\) is the first derivative of A()),
. €Ly, e(VD_b)Q(,—YD —b) e
A\ = — e 2, (33)

(A=) MNP e

The one-dimensional worst-case asymptotic fragility measure is o'(p, \) = o(p, \) — 1.

As Equation (29) shows, A(X) and A()) are related to the sensitivity of 7 to the
disaster probability p and disaster size parameter A, respectively. When A\ approaches
the value of 7,, both A(\) and A(\) approach infinity. Thus, disaster risk models

with high average disaster size are fragile according to our measure.

Quantitative analysis

In our quantitative analysis, we use annual real per-capita consumption growth
(nondurables and services) from the NIPA and returns on the CRSP value-weighted
market portfolio for the period of 1929 to 2011. We fix the auxiliary parameters
1, 0,v, 7 and p at the values of the corresponding moments of the empirical distribution
of consumption growth and excess stock returns: p = 1.87%, o = 1.95%, 7 = 19.14%,
v = 34.89% and p = 59.36%. The lower bound for disaster size is v = 7%. The
leverage parameter b is 3. In Figure 2, we plot the 95% and 99% confidence regions

for (p, \) based on the baseline model.

The 95% confidence region for (p, A) is quite wide. For low values of the disaster
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Figure 2: The 95% and 99% confidence regions of (p, A) for the unconstrained model
and the equity premium isoquants implied by the asset pricing constraint (29) for
Yo = 3,10,24. The maximum likelihood estimates are (pyr, Aur) = (0.0122, 78.7922).

probability p, the baseline model has little power to reject models with a wide range
of average disaster size values (\). Figure 2 also shows the equity premium isoquants
for different levels of relative risk aversion: lines with the combinations of p and A
required to match the unconditional equity premium of 5.09% for a given value of ;.
The fact that these isoquants all intersect with the 95% confidence region implies that
even for low risk aversion (v, = 3), there exist many combinations of (p, \) that not
only match the observed equity premium, but also are “consistent with the macro
data” in a sense that they cannot be rejected by the macro data based on standard
statistical tests. In the remainder of this section, we refer to a calibration of (p, \)

that is within the 95% confidence region as an “acceptable calibration.”!3

While it is difficult to distinguish among a wide range of calibrations using standard

statistical tools based on the macro data, these calibrated models differ significantly

13 Julliard and Ghosh (2012) estimate the consumption Euler equation using the empirical likelihood
method and show that the model requires a high level of relative risk aversion to match the equity
premium. Their empirical likelihood criterion rules out any large disasters that have not occurred in
the historical sample, hence requiring the model to generate high equity premium using moderate
disasters.
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Figure 3: 95% confidence regions for the asymptotic distribution of the MLEs for four
“acceptable calibrations.” In Panels A through D, the Fisher fragility measures are
o(p,\) = 75.03, 2.49, 1.78 x 10%, and 5.61 x 10? respectively.

based on our fragility measures. We focus on four alternative calibrations, as denoted
by the four points located at the intersections of the equity premium isoquants (7, = 3
and 24) and the boundary of the 95% confidence region in Figure 2. For 7, = 3, the
two points are (p = 3.96%, A = 4.649) and (p = 0.31%, A = 3.179). For r, = 24, the
two points are (p = 1.81%, A = 446.36) and (p = 0.0699%, A = 28.43).

With only two parameters in 6, we can illustrate the worst-case asymptotic fragility
measure by plotting the asymptotic confidence regions for (p, A) in the baseline model
and the structural model, as determined by the respective information matrices Ip(6)
and Ig(#).' In each panel of Figure 3, the largest dash-line circle is the 95% confidence
region for (p, \) under the baseline model. The smaller solid-line ellipse is the 95%

11n fact, we use all the score functions of likelihoods to construct the moments, so the optimal
GMM estimation is asymptotically equivalent to the MLE in our analysis of this disaster risk model.
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confidence region for (p, \) under the structural model. The reason that the confidence
region under the structural model is smaller than that under the baseline model is
that the GMM moments in the structural model contain both the moments for the
baseline model and the moments (cross-equation restrictions) imposed by the structural
component under fragility assessment. In this example, the two confidence regions
coincide' in the direction of v and differ the most in the direction of v;. Moreover,
with enough extra data, the confidence region for the unconstrained estimator can be

made small enough to reside within the confidence region of the constrained estimator.

In Panel A of Figure 3, with v, = 3,p = 3.96%, A\ = 4.649, o(p, \) = 75.07 and
o' (p, \) = 74.07. This means that under the baseline model, we need to increase the
amount of consumption data by a factor of 74.07 to match or exceed the precision
in estimation of any linear combination of p and A afforded by the equity premium
constraint. Panels C and D of Figure 3 correspond to the calibrations with “extra
rare and large disasters.” For 7, = 3 and 24, o'(p, \) rises to 1.78 x 10* and
5.60 x 102, respectively. If, in Panel B of Figure 3, we raise v, to 24 while changing
the annual disaster probability to 1.81% and lowering the average disaster size to
7.002% (X = 446.36), o'(p, \) drops to 1.49. The reason is that by raising the risk

aversion coefficient we are able to reduce the average disaster size.

So far, we have been examining the fragility of a specific calibrated structural model.
We can also assess the fragility of a general class of models, relative to the baseline
model of rare disasters, by plotting the distribution of ¢(6) based on a particular
distribution of 8. For example, if econometricians are interested in fragility of a class
of disaster risk models where the auxiliary parameters ¢ are fixed at given levels ¢y
and the uncertainty of baseline parameters 6 is explicitly taken into account, the
posterior for (p, A) under the structural model (i.e., constrained posterior distribution)

denoted by 7o (f|x™,y™) is proposed to be used as the distribution of 6.'° Since the

15This is not true in general. When localized, the deterministic cross-equation restriction from the
equity premium in this model is a linear constraint. Thus, the parameter estimates are not affected
along the direction of the constraint.

16The simulated sample of the constrained posterior mg(6|x™,y™) used for generate Figure 4 are
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Figure 4: Distribution of the Fisher fragility measure o(p, A) for different levels of risk
aversion. For each vy, the boxplot shows the 1,25,50,75, and 99-th percentile of the
distribution of o(p, A) based on the constrained posterior for (p, A).

constrained posterior updates the prior m(#) based on information from the data and
the asset pricing constraint, it can be viewed as summarizing our knowledge of the

distribution of # assuming the model constraint is valid.

We implement this idea in Figure 4. For each value of vy, the boxplot shows the
1,25,50, 75, and 99-th percentile of the distribution of o(#) based on mg(f|x™,y").
The Fisher fragility measures are higher when the levels of risk aversion are low. For
example, for v, = 3, the 25,50, and 75-th percentile of the distribution of o(p, \)
are 23.0, 61.6, and 217.4, respectively. This is because a small value of v, forces the
constrained posterior for # to place more weight on “extra rare and large” disasters,
which imposes particularly strong restrictions on the parameters (p, A). As ~;, rises, the
mass of the constrained posterior shifts towards smaller disasters, which imply lower
information ratios. For v, = 24, the 25, 50, and 75-th percentile of the distribution of
o(p, \) drop to 2.8, 3.5, and 5.8, respectively.

simulated based on the Approximate Bayesian Computation (ABC) method, which is described in
the online appendix.
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4.2 Long-run risk model

In the second example, we consider a long-run risk model similar to Bansal and Yaron
(2004) and Bansal, Kiku, and Yaron (2012). In the model, the representative agent
has recursive preferences as in Epstein and Zin (1989) and Weil (1989) and maximizes
his lifetime utility,

1
1-1/v1, ] T=1/4g,

Vi=|(1—6.)C 7 16, (B, [Vi™]) e : (34)

where C; is consumption at time ¢, ; is the rate of time preference, 7, is the
coefficient of risk aversion for timeless gambles, and ), is the elasticity of intertemporal
substitution when there is perfect certainty.

The log growth rate of consumption Ac;, the conditional mean of consumption

growth z;, and the conditional volatility of consumption growth o; follow the process

Acii1 = e + T + Ot it (35a)
Tip1 = PTt + Pr0t€p it (35Db)
Or =0 4+ V(07 — ) + Ouweoit (35¢)
o7 = max (0°,07,,) (35d)

where the shocks €.y, €, ¢+, and €, are i.i.d. N(0,1) and mutually independent. The
volatility process (35c) potentially allows for negative values of ¢2. Following the
literature, we impose a small positive lower bound ¢ (= 1 bps) for volatility o; in
solutions and simulations. This negative volatility could be avoided in other ways.
For example, the process of 02 can be modeled as a discrete-time version of the square

root process. Next, the log dividend growth Ad; follows the processes

Adiy1 = g + Gats + PacOt€c i1 + Pd,d0tEd 41, (36)
where the shocks €4 are i.i.d. N(0,1) and mutually independent with the other shocks
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in (35a)—(35c¢).
From the consumption Euler equation, one can derive a linear approximation of

the stochastic discount factor,
M1 = Do+ D12 + D207 — AeOi€eril — Ae@a0t€rir1 — AoOuwoitl- (37)

The formulae for the coefficients I'g, 'y, I's, Ae, Az, and A, are standard in the long-run
risk model literature and given in the online appendix. Moreover, the equilibrium

excess (log) return follows

e e
Tm,t—i—l = :ur,t + 5cat€c,t+l + 5x0'tex,t+1 + Bao'wea',tJrl + ¥d,dOt€d,t+1, (38)

where the conditional average (log) excess return is

1
/%e",t = )‘CBCU? + )\x/Bz(pfo + )‘0500121; - §Uzm,t7 (39)

where afmt = Bo? + B0l + B0 + gafl,daf. (40)

The expressions for 8., 8., and 3, are also given in the online appendix.

There are stochastic singularities in the model. One example is that the excess log
market return 7, ;. is a deterministic function of Acyyq, Adii1, Tia1, T4, afﬂ, and o2
Another example is that the market log price-dividend ratio z,,, is a deterministic
function of x; and o7. The moment-based methods such as GMM can focus on the
marginal distribution and economic relationships targeted by the structural model.
We focus on the marginal distribution of (Acyy1, 24,07, Adyyr, 75, ,,,), denoted by
Q and specified by (35a) — (35d), (36), and (38) — (40), except that excess (log)
returns in (38) is augmented by shocks ¢, 046,441 with €, being i.i.d. standard normal
variables and mutually independent with other variables. This is a standard approach
in DSGE literature for dealing with stochastic singularity. In other words, although

the structural model Q does not capture some part of the whole distribution Q
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Table 1: Benchmark Calibration for the Long-Run Risk Model

Preferences Or, Y Uy,
0.9989 10 1.5
Consumption Lhe p Dy T v Ow
0.0015 0.975 0.038 0.0072 0.999 2.8¢—6
Dividends Hd ®a Pd,c Pd,d
0.0015 2.5 2.6 5.96
Returns Or
3.0

(misspecified up to ¢,0¢€,441), the moment conditions are correctly specified under

the whole distribution Q.'"

Quantitative Analysis

We choose the model of consumption (35a)—(35d) as the baseline model P. We assume
that the econometrician observes the process for consumption, the latent variables x;
and o2, and the process for asset returns. We make the latent variables observable to
be consistent with the postulated process for asset returns, which is derived assuming

that these variables are observable.

Accordingly, the baseline parameters are 0 = (jic, p, 0z, 02, V, Ouy ld, Pds Pd.c P.d)
with Dg = 10 and x¢ = (Acii1, 74,02, Adsy1). By measuring the fragility of the
long-run risk model relative to this particular baseline, we can interpret the fragility
measure as quantifying the additional information that asset pricing restrictions
provide for the consumption dynamics (in particular, the long-run risk components)
relative to information contained in consumption data. We explicitly account for the
uncertainty of preference parameters v, and 1, by including them into the nuisance
parameter vector 1. Thus, ¥ = (y.,%.). The extra data investigated by the full
structural model Q are yy =17, ,, ;. Other parameters are included in the auxiliary

parameter vector ¢ = (d, ,) which are fixed at known values, and these values are

1"The moment conditions can be found in the online appendix.
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part of the imposed functional-form specification of the structural component that
is under the fragility assessment. It’s worth noting that the joint dynamics between
consumption growth processes and dividend growth are included in the baseline model,
which is different from the disaster risk example. Thus, the fragility measure here is
only about preferences and optimization specifications. Alternatively, including Ad;, 4

into y¢, our measure quantifies different model components’ fragility.

The benchmark calibration of the model follows Bansal, Kiku, and Yaron (2012)
and is summarized in Table 1. As Bansal, Kiku, and Yaron (2012) (Table 2, p. 194)
show, the simulated first and second moments match the set of key asset pricing
moments in the data reasonably well. The same is true for the alternative calibration

in Table 1 (see the online appendix).

Let’s first focus on Panel I of Table 2. It reports the fragility measures for preference
parameters considered as nuisance parameters. The row (BC) reports the fragility
measures for the benchmark calibration. The Fisher fragility measure is o = 276.3,
indicating a high level of model fragility. The worst-case 1-dimensional Fisher fragility
measure is also high, o' = 196.3, which implies that the sample size needs to be 195.3
times longer in order for the baseline model estimator to match the precision of the

estimator for the full structural model in all 1-D directions.

The large size of ¢! implies that the model under the benchmark calibration is
highly sensitive to perturbations in the parameters in a single direction, as identified
by vi (i.e. the worst direction). However, this does not mean that one can discover
the full scope of the fragility issue by examining individual parameters one at a time.
We demonstrate this point by computing the fragility measure for each individual
parameter ov, where v is the appropriate standard basis vector e; whose i-th element
is one and other elements are zeros. As Panel I of Table 2 shows, the fragility measures
for all the individual parameters are relatively small. While the measure is somewhat
larger in magnitude for > (the long-run variance of consumption growth) and v
(the persistence of conditional variance of consumption growth), all of the univariate

measures are much smaller than ¢ and o'. Had we focused only on the sensitivity of
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Table 2: Fragility Measures for the Long-Run Risk Models

Model 0 o! o
fe P Px O v Ow Bd Pd Pde Pdd

I. Nuisance parameter vector ¥: (7, )
(BC) 276.3 1963 1.0 1.1 1.0 489 97.8 1.0 1.0 34 1.0 1.0
(AC) 34.0 21.1 1.0 1.1 1.0 1.0 34 1.0 14 42 1.0 1.0

II. Nuisance parameter vector ¢: empty
(BC) 358-10° 357-10° 1.0 21 1.1 1156 1175 13 11 71 10 1.0
(AC) 323.3 2877 1.0 25 10 1.0 63 1.0 1.9 313 1.0 1.0

Note: The direction corresponding to the worst-case 1-D fragility measure o' for the benchmark cali-
bration (BC) is given by v3 = [0.000,0.000, —0.000, 0.020, —0.001, 0.999, —0.001, 0.000, —0.000, 0.000].
The alternative calibration (AC) has v = 0.98 and v, = 27 with other parameters unchanged. In
panel I, the uncertainty of preference parameters (v, 1) are accounted for; whereas in panel II, they
are fixed as auxiliary parameters ¢ with nuisance parameter vector ¢ empty.

the model’s implications to individual parameters in 6, we would have missed the very

high fragility of the full model and the large dark matter hidden in 6.

In comparison, Panel II of Table 2 reports fragility measures for the preference
parameters being fixed. In such case, the preference specification is also part of
the structural restrictions under fragility assessment. Thus, the fragility measures
in Panel II are higher. Especially, the overall fragility o and the worst-case 1-D
fragility o! increase dramatically from 276.3 to 3.58 x 10° and from 196.3 to 3.57 x 10°,

respectively.'®

18Tn our example, we assume all long-run components (z; and o;) are observable. If the long-run
components are not observed and act as latent state variables, they need to be filtered (see Schorfheide,
Song, and Yaron, 2014; Collin-Dufresne, Johannes, and Lochstoer, 2016), the model is likely to be
more fragile. This is because there is more degrees of freedom to improve the in-sample fit of the
asset pricing moments, while the persistence parameters p and v are even more weakly identified by
the joint dynamics of consumption growth and dividend growth processes. However, the models with
latent state variables that endogenize the latent long-run risk in consumption growth (e.g. Hansen
and Sargent, 2010) may be helpful to alleviate the fragility since the dynamic parameters of long-run
components there can be endogenously linked to other fundamental variables for better identification.
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Figure 5: Eigenvalues for Io(fo|to)2Ip(6) 1o (fo|the)? of the benchmark calibration.

Diagnosing the sources of fragility Besides measuring the fragility of the model,
the Fisher fragility measures have provided a set of tools to diagnose the sources of
fragility. First, the rankings of the eigenvalues of IQ(QOWJO)%IP(QO)AIQ(QOWJO)% are
informative. Each eigenvalue denotes the marginal contribution of a 1-D subspace to
the overall fragility measure (see Definition 2 and Proposition 2). As Figure 5 shows,
there are large differences between the eigenvalues. Model fragility along the worst
direction in 1-dimensional subspaces, as captured by the leading eigenvalue, is 196.3,
which accounts for over 71% of the total fragility. This result means that one can

dramatically reduce the dimensionality (from 10 to 1) when analyzing the fragility of

this model.

Second, the worst direction (i.e., the worst-case 1-dimensional subspace) is vj.
Knowing that the majority of the model fragility is concentrated in this direction,
we can conveniently search for the fragile moments in the model by examining
which moments are the most sensitive to the change in 6 along the direction of v7.
For illustration, we focus on four moments from the long-run risk model, the risk
loading and price of risk for volatility shocks (5,04, A,04), and for growth shocks

(Bz0t, Aepz0¢). The conditional market excess return depends crucially on these
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Figure 6: Sensitivity of return betas and risk prices with respect to the perturbation
along the worst-case direction in the benchmark calibration with nuisance parameters.

moments (see Equation (39)).

In Figure 6, we plot the sensitivities of ,, A,, 8, and A, with respect to per-
turbations of 6 along the worst direction v (solid line) and compare them to the
sensitivities of the same set of moments to perturbations of 6 along the best-case
direction v}, (dash line). We measure the size of a perturbation of 6§ relative to the
standard deviation of # in the baseline model P. We measure sensitivity of a moment
as the change in the moment normalized by the moment’s standard deviation in the

structural model Q.

The risk loading and the price of risk for volatility shocks are both highly sensitive
to changes in 6 along the direction of vj, while the corresponding sensitivities to

changes in 6 along the direction of v}, are all very low in comparison. For example, a
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one standard deviation change in 6 along the direction of v} can lead to a 9-standard
deviation change in (3, under the full structural model Q. Thus, an important source
of fragility of the long-run risk model based on the benchmark calibration is in the
risk exposure of the market portfolio to volatility shocks. If the true value of 6 is
slightly different from the benchmark calibration along the direction vj, this version
of the long-run risk model will perform poorly at explaining the relation between asset
returns and volatility shocks out of sample.

Finally, we can further trace the sources of fragility by examining how A\, and
B, are determined. For example, the fact that the persistence parameter for the
conditional variance of consumption growth, v, is close to 1, makes both S, and A,
sensitive to changes in 6. This motivates us to consider an alternative calibration (row
(AC) of Table 2) with a smaller value for v. Specifically, we change v from 0.999 to
0.98, and simultaneously raise the coefficient of relative risk aversion « from 10 to 27
in order to match the unconditional equity premium as in the benchmark calibration.
The rest of the parameters are unchanged. This alternative calibration produces asset
pricing moments largely similar to those in the benchmark calibration. However, based
on our fragility measures, the alternative calibration is much less fragile compared
to the benchmark calibration. As Panel I of Table 2 shows, under the alternative

calibration (row (AC)), ¢ drops from 276.3 to 34, and o' drops from 196.3 to 21.1.

5 Conclusion

In this paper, we propose a new measure of model fragility by quantifying a model’s
tendency of in-sample over-fitting. We formally connect the fragility of structural
models to the informativeness of the cross-equation restrictions imposed on the
parameters. We also provide a tractable asymptotic approximation to the fragility
measure, which helps with diagnosing sources of model fragility.

Our methodology has a broad range of applications. In addition to the examples

of applications in asset pricing that we consider in this paper, our measure can be
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used to assess robustness of structural models in many other areas of economics, such

as structural industrial organization (IO) and structural corporate finance.
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Appendix

A Regularity Conditions for Theoretical Results

The regularity conditions we choose to impose on the behavior of the data are influenced by three
major considerations. First, our assumptions are chosen to allow processes of sequential dependence.
In particular, the processes allowed should be relevant to intertemporal asset pricing models. Second,
our assumptions are required to meet the analytical tractability. Third, our assumptions are sufficient
conditions in the sense that we are not trying to provide the weakest conditions or high level
conditions to guarantee the results; but instead, we chose those regularity conditions which are
relatively straightforward to check in practice.

Assumption Al (Stationarity Condition)

We assume that the underlying time series (x¢,y¢) with ¢ = 1,--- | n follow an mg-order strictly
stationary Markov process. Thus, the marginal conditional density for z; can be specified as
7p(2¢|0, 241, , T4_ms). Define the stacked vectors x¢ = (24, -+ , Tt—ms)’ andye = (Y, Yt—ms) " s

then the marginal conditional density under PP can be rewritten as mp(x¢;6). The stacked vectors
(x¢,yt) follow a first-order Markov process.

Assumption A2 (Mixing Condition)
The stationarity condition and the m-dependence condition imply that there exists constant Ap >
2dp/(dp — 1), where dp is the constant in Assumption 3 (dominance condition), such that (x¢,yt)
for t =1,2,--- ,n is uniform mixing and there exists a constant ¢ such that the uniform mixing
coefficients satisfy

#(m) < ¢gm=*P  for all possible probabilistic models,

where ¢(m) is the uniform mixing coefficient. Its definition is standard and can be found, for example,
in White and Domowitz (1984) or Bradley (2005).

Remark. Following the literature (see, e.g. White and Domowitz, 1984; Newey, 1985b; Newey
and West, 1987a), we adopt the mizing conditions as a convenient way of describing economic and
financial data which allows time dependence and heteroskedasticity. The mixing conditions basically
restrict the memory of a process to be weak, while allowing heteroskedasticity, so that large sample
properties of the process are preserved. In particular, we employ the uniform mizing which is discussed
in some detail by White and Domowitz (1984) where definition and its relationship with other type of
mizing conditions can be found in the survey by Bradley (2005).

Assumption A3 (Dominance Condition)

The function gg(6,;x,y) is twice continuously differentiable in (6, 1) almost surely. There exist
dominating measurable functions a;(x,y) and a2(x,y), and constant dp > 1, such that almost
everywhere

90(0, 9%, y)|* < ai(x,y), [[Vga(0,4:x,y)|[§ < ar(x,y),
HV29Q,(1)(971/%X7Y)H§ S al(X>Y)7 fOI‘ 1= 17 T 7-Dga
|q(xay)| < U‘Q(X,y)v \(I(Xla}’1»xta}’t)| < a’2(xlay1)a2(xt7yt)v for ¢ > 2,

/[a’l (Xa Y)]dD G’Q(Xay)dxdy < +00, /GZ(Xv y)d$dy < +o00,

where || - ||s is the spectral norm of matrices.

Remark. The dominating function assumption is widely adopted in the literature of generalized
method of moments (Newey, 1985a,b; Newey and West, 1987a). The dominating assumption, together
with the uniform mizing assumption and stationarity assumption, imply the stochastic equicontinuity
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condition (i) in Proposition 1 of Chernozhukov and Hong (2003). In the seminal GMM paper by
Hansen (1982), the moment continuity condition can also be derived from the dominance conditions.

Remark. Consider the assumption of the theoretical results in Section 3 where gp(6;x,y) contains
all the score functions of well specified baseline likelihood. For each pair of j and k, it holds that for
some constant ¢ > 0 and large constant C > 0,

2 2+¢

Epsup | ———— Inmp(w; 0 < C, and Epsu
P oo 00;00, p(w;) P oo

2+¢

ilnmg»(w;e) <C, and (41)

00,

The dominance condition, together with the uniform mizing assumption and stationarity assumption,
implies the stochastic equicontinuity condition (i) in Proposition 8 of Chernozhukov and Hong (2003).

Assumption A4 (Nonsingular Condition)
The Fisher information matrices Ip(6) and Ig(6,1)) are positive definite for all 6, 1.

Remark. It implies that the covariance matrices Sp and Sg are positive definite, and the expected
moment function gradients Gp(0) and Gg(0,v) have full rank for all 6 and 1.

Assumption A5 (Identification Condition)

The true baseline parameter vector 0y is identified by the baseline moment conditions in the sense
that Ep [gp(6;x)] = 0 only if 8 = 6. And, the true parameters (6g, o) of the full model is identified
by the moment conditions in the sense that Eq [gg(6,v;x,y)] = 0 only if 8 = 6y and 9 = 1.

Remark. Consider the assumption of well-specified likelihood in Section 3. The continuous differen-
tiability of moment functions, together with the identification condition, imply that the parametric
family of distributions Py, as well as the moment conditions, are sound: the convergence of a sequence
of parameter values is equivalent to the weak convergence of the distributions:

0 — 90 < Py —)Pgo < Ep [ln(d[P’g/dP)] — Ep [ln(dpgo/dp)] =0. (42)

Let v = (0,v) and vo = (00,%0). The convergence of a sequence of parameter values is equivalent to
the convergence of the moment conditions:

¥ = 70 & Eq[g90(7;x,¥)] = Eq, [90(70;%,¥)] = 0. (43)

Assumption A6 (Regular Bayesian Condition)

Suppose the parameter set is © x U C RPe+Pv with © and ¥ being compact. And, the prior is
absolutely continuous with respect to the Lebesgue measure with Radon-Nykodim density (6, ),
which is twice continuously differentiable and positive. Denote T = maxpco yew 7(0,¢) and = =
mingee,pew 7(0,1). The probability measure defined by the limited-information posterior density
mo(f|x™,y"™) is dominated by the probability measure defined by the baseline limited-information
posterior density mp(6|x™), for almost every x™,y™ under Q.

Remark. Compactness implies total boundness. In our diaster risk model, the parameter set for the
prior is not compact due to the adoption of uninformative prior. However, in that numerical example,
we can truncate the parameter set at very large values which will not affect the main numerical
results.

Remark. The concept of dominating measure here is the one in measure theory. More pre-
cisely, this reqularity condition requires that for any measurable set which has zero measure under
wo(0|x™, y™), it must also have zero measure under mp(0|x™). This assumption is just to guarantee
that D, (mo(0]x™, y™)||7p(0]x™)) to be well defined.

Assumption A7 (Regular Feature Function Condition)
The feature function f : © — R is twice continuously differentiable. We assume that there exist Dg—1
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twice continuously differentiable functions fa,--- , fpo on © such that F'= (f, fa, -+, fpe) : © —
RPe is a one-to-one mapping (i.e. injection) and F(©) is a connected and compact De-dimensional
subset of RPe.

Remark. A simple sufficient condition for the regular feature function condition to hold is that f
is a proper and twice continuously differentiable function on RP® and af( )) > 0 at each 6 € RPe.

In this case, we can simply choose fr(0) = 0,y for k=2,--- ,d. Then the Jacobian determinant
of F is nonzero at each § € RP® and F is proper and twice differentiable mapping RPe — RPe,
According to the Hadamard’s Global Inverse Function Theorem (e.g. Krantz and Parks, 2013), we
know that F is a one-to-one mapping and F(O) is a connected and compact Dg-dimensional subset
of RPe.

B Proof of Theorem 1 And Its Corollaries

B.1 Asymptotic Normality of Posteriors
Proposition 4. Under Assumptions A1 - A6 in Appendiz A, it holds that
DKL(WP(9|X )||N(9ML7 11]}»(90)_1)) —0 inP,.

Proof. We extend the proof of Theorem 2.1 in Clarke (1999) which is under the i.i.d. condition.
However, we have to adjust two parts of their proof, to extend the result to the case that the

observations are time series with uniform mixing. The first part is to show that supgcg |ﬁp’n(9)‘ =
0O,(1) where

Hp . (0) = _% > e (xe: 0). (44)

When n is large enough, we obtain that
Fen(®)] <1+ 23 sup | ms(xes6)
sup |Hp p, < — sup |In mp(x¢; 0)].
(J<C) n (4C] *

Based on the mixing condition and the dominance condition, it follows from Theorem 2.3 of White
and Domowitz (1984) that

n

1
stup\lnﬂ'P(Xt, 0)| — Epsup |Inmp(xy; 6)| as.
— 6co 0c0

which further implies that supycg |ﬁ]p’n(9)| = 0p(1). The second part is to show that

/uTu ’ﬂ'[p(é&L + u/v/n|x™) — @p(u)‘ du—0 in Py, (45)
where op(u \/detI]p (00)/(2m)Pe exp [—%UTI]P(Q())U]. In Clarke (1999), it shows that when
X1, ,Xp are L.i.d., the limit result (45) is satisfied under the regularity conditions in Assumptions

A3 - A6. To extend this limit result to allow weak dependence, we appeal to Theorem 1 and
Proposition 3 of Chernozhukov and Hong (2003) whose conditions are implied by Assumptions Al -
A6 in Appendix A. |
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B.2 Proof of Theorem 1

In this section, we prove the result of Theorem 1. One major additional technical challenge, compared
with standard large-sample inferences of GMM (see Hansen, 1982; Newey, 1985a,b), is that we need
to establish uniform convergence and bounds for constrained GMM over a set of mis-specified moment
constraints. Thus we need special treatments in our proof in establishing the uniform convergence
and bounds.

Because of Assumption A7 (the regular feature function condition), as well as the fact that the
definition of our “dark matter” measure (Definition 4) and regularity assumptions Al - A6 in Appendix
A are invariant under invertible and second-order smooth transformations of parameters, we can
assume that f(0) = 61 = (01, - ,H(Df))T and hence Vf(f) =v = [IDf,ODfX(D@_Df)], without
loss of generality. That is, f(6) = 6; = vf. The remaining baseline parameters are summarized in

0 = (Q(Df+1), e ,H(De))T. Thus, the over-fitting tendency measure with feature functions can be
written as
gﬁ(@owo,x“,y“) = /dSQ{VQ;x“,yn}mp(ﬂx“)dH, where (46)
dSQ{VG;Xnayn} = _ . inf~ jn,S@(~71yZ~)) - j\n,SQ(éQaQZJQ)' (47)
(0,) : vO=v0

For clear exposition, we divide our whole proof into the following steps.

(1) A local reparametrization. Because it is an asymptotic equivalence result in a parametric
setting, we follow the convention of asymptotic statistics (see, e.g. van der Vaart, 1998) to consider
the local reparametrization:

PRSI 1
PP
= — . 4
(6.5) = (0. °) + —= () (19)
Thus, the over-fitting tendency measure defined in (46) and (47) can be rewritten as
ol (Bo|o, x™, y™) = /ds@{vu;xn,y“}mp(ép +u/v/n)du, where (49)
dso{vu;x*,y"} = _ inf jn,s@ (éP +u/+/n, oF + B/\/ﬁ)

(a,h) : vi=vu

— Juso (07 + 0%V, &F +1O/VR). (50)

The transformed variable u; = vu is defined by vu = /n <V9 — vép), and other transformed

variables are defined analogously. The GMM estimator of the transformed variables are (4@, h@)

such that (02,412) = (0% +a%/ /i, g + h%/ /).

(2) Uniform quadratic bounds for the over-fitting gap ds,{vu;x",y"}. According
to Assumption 3 (the dominance condition), the distance dg,{vu;x™,y"} is bounded by

0 < dsy (v x™, y™} < 4ndg) [Go.n (0,9))> < 4! > an(xe, ye)
t=1

where AS@ is the smallest eigenvalue of Sp. The uniform upper bound is crude because it does
not take the advantage of gg,n(6,%) being close to zero when (6,) is in the local neighborhood of

(6o, 0).
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Now, we provide much sharper quadratic bounds. First, it holds that,

n _n T 2 u - T 2 a2 -
dSQ{VU;X ,y') < 2Jn,S@ <9P + \/ﬁﬂ/)@> - 2Jn,S@ <9P + \/ﬁﬂﬁ(@) . (51)

The inequality above is point by point for all sample (x®,y®) and all u € RPe.

The second-order Taylor expansion of jms@ (éP +u//n, 1/3@) around (2, ¢?) implies the fol-
lowing relationship:

~

In.sq (éP +u//n, 1/AJQ> - jn,sQ (ép +4%/v/n, 1/1@)
= (u— )" {To [0V o, (0,09 TE | (u — %) (52)

where 6, lies on the segment between 0F 4+ u/+/n and §2 = 6¥ + 42/\/n. The Hessian matrix has the
expression

P90 5,000 = 2 [Via (00,69 55" [Vaan(6u, 0]
Dg
+2 Z VQQQ,n,(i) (eua "Z)Q) [efsdng,n(eua '(/A]Q)} (53)

i=1

where e; is a column vector with its i-th element equal to one and others equal to zeros, and
G0,n, (i) (Ous ’LZJQ) is the i-th element of gg n (6w, 1[)(@)

According to the expression above and Assumption 3 (the dominance condition), there exist a
sequence of integral nonnegative variables Dg ,,(x™,y™) such that Dg ,(x™,y™)’s first moments are
uniformly bounded over n and

[Fo [0 92 0,50 (60, 3%, y™) | TE|| < Dol y™), for all u. (54)
From (51), (52), and (54), the over-fitting gap ds,{vu;x",y"} has the upper bound

dso {(vu; x*, y™} < Dg.n(x™, y™)|u — 42%, for all u. (55)

(3) Uniform lower bounds for the Hessian matrix of J-distance n_1V2j\ms@ (0,7).
Now we show that there exist constants A; > 0 and § > 0 such that, with probability converges to
one, the smallest eigenvalue of Hessian matrix n_1V2Jn,s@ (0,) is bigger than \; uniformly over
No(6) = {(0,%) : 16 — 60> + [ — tho|* < 62}. In other words, there exist A; > 0 and § > 0 such
that

Qo,n {All eigenvalues of n*1v2fn73@(9,¢) > A for all (6,v) € No(é)} — 1L (56)

To prove the convergence result of (56), we first appeal to the Uniform Law of Large Numbers
(ULLN) in White and Domowitz (1984): the sample averages ggn (6, %;x™,¥™), Vgo.n(0,9;x™,y"),
and V2gg.,(0,¢;x™, y™) converge to their population means in probability uniformly over © x ¥
due to the dominance condition and the mixing condition. It implies that

n*1V2jn_,S@ 0,9) — 2G@(9,¢)TS@1GQ(9,1¢) in Q,, uniformly over (6,). (57)

Because of the second-order continuous differentiability of the moment function and the dominance
condition, the limit on the right hand side of (57) is a continuous function of (6,v) due to the
Dominance Convergence Theorem. Moreover, at (0o, ), the limiting function in (57) is equal
to GgS@ IGQ which is positive definite. Thus, the uniform convergence and the continuity of the
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limiting function directly imply the result in (56). Therefore, under the reparametrization in (48), the
result implies that for an arbitrary constant K > 0, the probability that the smallest eigenvalue of
V2J(0F +u/+/n,yF + h/\/n) is bigger than )\ ; converges to one uniformly over |u| < K and |h| < K.

It suffices to focus on the big probability set in (57).

(4) First-order conditions of GMM estimators. The GMM estimator (2, 12) = (4%, 4")+

ﬁ(ﬂQ, hQ) satisfies the first-order condition

—

0= an,S@(éerL[}Q)' 58)

The constrained GMM estimator (62,¢)?) with restriction §¢ = @ is the minimizer of jn,S@ (0,4)
subject to the constraint R(6,;6,1) = 0 where

i _ 6—0\ 1 a—u\ 1
R(9a¢§9a¢)zvr®< & — ) —\/EVF9< o ) —ﬁR(U,h,u,h).

The constraint is linear and effectively restricts the first Dy elements of the baseline parameter
vector to be #; = vf. Recall that 6, is the first D; elements of 6. The gradient of the constraint is

VR(0,9) = vI'g. The first-order condition and the complementarity condition (equality constraint):
Vo (0%,09) = (vTe)" An, (59)
where A, is a Dy x 1 vector containing the Lagrangian multipliers of constraints, and
R(0%,4%6,4) = 0. (60)
The constrained GMM (62, 4?) depends on the parameters u; = vu or f; = v#.

(5) Uniform bounds and convergence for constrained GMM estimators. Under
the standard regularity conditions (especially the dominance condition), it is straightforward to show
that (reparametrized) GMM estimators (42, h¥) are O,(1) variables. However, the (reparametrized)
constrained GMM estimators (42, A2) depend on the restriction parameter u; = vu, and thus it
is unclear whether the constrained GMM estimators are uniformly O,(1) variables over all u, even
though (a®, h®) are O, (1) for each fixed u.

In fact, the second-order Taylor expansion of J, s, (62,49) around (é@, 1[)(@) implies that

n _n a@_r&@ g —1927 ’[L@—ﬁ(@

where (6., ¥.,) lies on the segment between (6F +a2/\/n, YF+h2/\/n) and (0¥ +a2//n, V¥ +hQ/\/n).
On the big probability set of (57) in Step (3), it holds that

ds {vusx™,y"} = A, (1a® = a2 + [~ h%?). (62)

Combining (55) and (62), it holds that for any € > 0, there exists a large enough constant K > 0 and
a small enough A; > 0 such that

limsup Q,, {|a‘@ — a9 + A — A2 < A7 Dgn(x™, y™) (|49 + K2), ¥ |u| < K} <e

n— oo

where Dg ,,(x",y") is defined in (54). This result is crucial since it implies that the constrained
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GMM estimators (A2, )?) converges to (6, 1)) with the rate of \/n in probability uniformly over
|u| < K for large enough constant K. Therefore, according to the ULLN result of (57), it follows
that for large enough K

n*IVan’g@(Gu,wu) — GgS@lG@, uniformly over |u| < K in Q,. (63)

And thus, combining the second-order Taylor expansion relationship (61) and the asymptotic result
of (63), it implies that

n _n /&’Q - G’Q ! T g1 /&’Q - ﬁQ
dsg{vu; x™, y"} = Q _ 7,0 GoSy Go e _je )T op k (1), (64)
where the term o, i (1) converges to zero uniformly over |u| < K in probability.

(6) A normal approximation of weighting posterior distributions in the integral.
As a result of the uniform bound on the over-fitting gap dgs,{v6;x",y"}, the approximating error

of replacing 7p(6]x™) by the normal density for N (%, n 'Iz(6) "), denoted by @p.,.(6), can be
bounded as follows

6 (Bolin,x.3™) — [ ds w8 ", 3"} oe.n(6)0)
< [ dso vty e O1x") — (616, (65)

Change of variable 6 = 0 + L the inequality (65) can be rewritten as

vn
0] (6ol o, x™, y™) —/ds@{vu;xnvy“}wP(U)dUI
< [ dso{vus ™y} 67 + /") — g (u)ldu (66)
From the inequality above (66) and (55), it follows that
l0f (Bo|bo, x™, y™) —/ds@{VU;X“,y“}wp(U)dUI
< Dol y™) [ fu = a2 Plme (67 + u/vilx®) ~ oo ). (67)

Convergence in relative entropy implies convergence in total variation distance due to the Pinsker’s
inequality (see, e.g. Pinsker, 1964). Thus, Proposition 4 and the intermediate convergence result (45)
imply that

[ 1w Pl ) - pelu)ldu. = o,(1). (63)
Therefore, because Dg ,{x™, y"} defined in (55) is Op(1), it holds that

Q£(90|¢0,x“,y“) = /ds@{vu; x™, y" bop(u)du + 0,(1). (69)

Thus, as far as the asymptotic properties of Q£(90|'(/)07 x™,y") are concerned, we need to only focus
on the integral in (69).
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(7) A Wald-type approximation for the over-fitting gap ds,{vu;x",y"}. Let’s
define a Wald-type distance between u; and ﬁ?:

Q@ —

T _ ~Q
LD o0 T T T a—1 ~1op )t % —u
wsy {vu; x*, y"} = ( W > I'gv {VF@ [GQS@ Go] Tov } VI‘@( W0 g, )
Based on the definition of Ig(6p|t1o) in (9), the Wald-type distance above can be rewritten as

N T _ -1 N
ws, {vu; X", y"} = (uQ - u) vT [VIQ(90|1/}0) 1VT] v (uQ - u) (70)
= R(42, h%; u, h)TTEVT [vIg(foltho) 'v7] ™ vIoR(@2, A% u, h). (71)

Our idea is to approximate dgs,{vu;x",y"} by the Wald-type distance wgs,{vu;x",y"}. More
precisely, we shall show that

/ds@{vu;x“,y“}@p(u)du = /st{vu;x“,y“}gop(u)du + 0,(1). (72)

Because of the gaussian tail of ¢p(u) and the quadratic bounds of dg, and wsg,, it suffices to show
that for any large enough constant K,

/ s, (v x™, ™} op(u)du = / ws, {ve; <, y™ Yo (u)du + o (1). (73)
|ul <K |lu| <K

(8) Proof of the Wald-type approximation in (73). The starting point of the proof
of Wald-type approximations goes back to the second-order Taylor expansion of .J, s, (62,49)

7Q _ ;Q

JUR )

around (A%, ) and its large-sample approximation in (64). Now we represent ( iQ _ 0 ) in the
approximation relationship (64) by R(a2, hQ: u, h). The most direct connection between them is
obviously based on the first-order Taylor expansion of R(49, h%;u, h) around (49, hQ):

0Q — @
0 1Q., By — U=
R(@*, h;u,h) = —vlg ( Q _ 7,0 ) (74)

However, vI'g is not invertible, and thus we need to figure out another strategy. Basically, it is

7Q _ 5Q —~ . ~ S
ZQ B ZQ ) by VJn,SQ(HQ,@Z)Q), and then we represent V.J, s, (62,42) by the

to first represent (
Lagrangian multiplier A, and lastly we represent the Lagrangian multiplier A,, by R(49, EQ; u, h).
Again, we use the first-order Taylor expansion of Vil7s@(9Q, $?) around (A2, ¢Q):

~ Lo B ~ Q@ — Q@
Vp,s,(0%,9%) = n=1V2 T, 5, (0L, %)) ( L0 io ) (75)
where (6/,,1)!,) lies on the segment between (¥ +u2/\/n, ¥ +h2//n) and (0¥ +aQ/\/n, VF+hQ/\/n).
Thus,

7o (00 49 — g1 a? —a°
Vin,s,(0%,9%) = GgSy Go 50 _ 0 + 0,k (1), (76)

where the term o, i (1) converges to zero uniformly over |u| < K in probability. Thus, it holds that

uQ — @
(ﬁ@_;;@

) = (G555 Gq) " Vs, (6% 09) + 0y, 1 (1) (77)
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Now we represent an,s@ (éQ, 1/3@) by the Lagrangian multiplier A,, using the first-order condition of
constrained GMM estimators, which is Equation (59):

V50 (09 9%) = (vIe)T A, (78)
Plugging the equation above into (74), it follows that
R(02, h%u, h) = —vTe (G555 Ga) " (VL) Ay + opc(1). (79)

Thus,
_ -1 .
A, =— {VF(_) (Gasdl(;@) 1 (VF@)T} R(@2, h; u, h) + 0px (1). (80)

Combining (77), (78), and (80), it leads to
aQ — @
(e i)
_ _ -1 ~
= (G5S3'Ga) "' TEVT [VTe (G555 Ga)  TEVT| R(@% h% u.h) + 0,k (1).
Now, we plug the relationship above into (64), and we obtain the following approximation:

dsy{vu;x", y"}

= R(a2, h%; u, h)TTEVT [VIg(foltbo) ' v7] ™ voR(@2, A% u, h) + oy k (1). (81)

Comparing (71) and (81), we have shown what we promised earlier in Equation (73). In other words,
we have established the large-sample relationship in (72). In the end, we derive the asymptotic
distribution of [wg,{vu;x™, y"}pp(u)du as follows.

(9) Asymptotic distribution of [ wg,{vu;x™, y™}op(u)du. We consider the decompo-

sition
wg, {vu; x™, y*} =uTvT [VIQ(90|1/)0)_1VT] ' vu (82)
+2(62) 7V [VIg(Bolvo) V7] vu (83)
+ (02T [vIg(Boltse) V7] val. (84)

The integral of term (83) over the Gaussian density ¢p(u) is zero, while the integral of term (84) is
just itself. Lastly, the integral of term (82) over the Gaussian density is

[ o {IoTat@olun) ] v} () = 6 Bl (35)

Thus, the integral can be rewritten as

/ws@{vu;x“,y“}app(u)du = 0" (otho) + (4%)"v" [vIg(boto) V"] “val, (86)

To derive the asymptotic approximation of (42)Tv7” [VIQ(90|¢0)_1VT]_1 vi@, we appeal to the
standard large-sample approximations of GMM in the literature; see, for example, Hansen (1982,
Theorem 3.1) and Newey (1985a, Lemma 1 and Theorem 3). More precisely, we have

vial = —v [r@ (G555 Go) " GhSyt — (GESz'aw) ™ Gpsﬂ;lrp] V0. (00, 00) + 0p(1),
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where I'p = [Ip., Op,x(py-ps)] and T'e = [Ip,,Op;x(pe—nj)]-

Thus, 49 is asymptotically normally distributed
wlim vi? = v¥oZ
n—oo
where Z ~ N(0,Ip,) and
_ -1 _ _ -1 _
To = - [Po (GES5'Go) ' GES5" — (GES7'Gr) ' GES7'Te| 53/°. (87)

The Continuous Mapping Theorem implies that

wlim(a9)"v" [vIg(fo|to) v ] il = ZTrgvT [vIg(folto) v ] Tz, (88)

n—oo
Consider the Singular Value Decomposition (SVD):
_ —1/2 ~
TIVT [Vig(Bolio) V'] * = USTT,
where U is a Dg x Dg orthogonal matrix, Uisa Dy x Dy orthogonal matrix, and X is a Dg x Dy
diagonal matrix with singular values on the diagonal line. Plugging back into (88), it implies the

following convergence:

wlim(@2)7v" [vIg(6o|tho) ' v7] T va? = (UT2)" =x2TUTZ

n—oo
2 2
=012{ + -+ 0D 2D, (89)
where UZ = (21, ,2D;, 2D 41, - ,2pe )" contains Dg i.i.d. standard normal random variables,
and o1,---,0p, are the nonzero diagonal elements of »¥7. In fact, oq, - ,0p, are actually the

eigenvalues of the matrix
USTSUT = [vIg(folte) V7] /> v TV [vIg(folwe) tvT] (90)
From the definition of Ygq in (87), it follows that
TG = TIe(00) ' — Tg(foltro) " (91)

In deriving the equality of (91), there are two relationships that worth mentioning on top of
straightforward matrix algebra:

FPSQF% = S]p and FPGQ = [G]p, OD]}»XD\I,] = [G]p, ODPXD\I/] I‘gF@. (92)

Plugging (91) back into (90), we know that o1,--- ,0p, are actually the eigenvalues of the matrix

f

USTSUT = [vig(folte) vT] % [vVIs(80) " vT] [VIg(foltbo) V]

= HQ(V) _IDf7

2
_IDf

where IIy(v) is the (Fisher) information matrix defined in (13). Thus, the eigenvalues are
o =X (v)—1, foralli=1,---,Dy. (93)

Here, the \;(v)’s are eigenvalues of IIp(v) as in Proposition 1. Therefore, according to (86), (89),
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and (93), it follows that

Dy
wlhim [ ws, {vu; x™, y" }op(u)du = 0¥ (6o|vo) + Z Xi(v) — 1] X3, (94)

where 7 ;’s are i.i.d. chi-squared random variables with 1 degree of freedom.

B.3 Proof of The Corollaries

The result of Corollary 1 follows immediately from Theorem 1. The result of Corollary 2 follows from
Theorem 1 of Nakagawa (2005). More precisely, the Laplace-Stieltjes transform of the cumulative

distribution function of wlim,, . 07 (6o|00, X2, y™) = 0¥ (0o|th0) + Zifl Ai(v) = 1] x3; is

v D Df
M(s) = E e—z{Q Bolto)+50, 2%, () =11x3 . } — 20" 0olvo) TT 11 4 22 (v — 1)~ Y/2 95
(2) =Eq [ (Ai(v) = 1)] (95)

i=1

Let Rz denote the real part of z. Thus, the abscissa of convergence of M(z) is equal to —m
where A\ (v) is the largest eigenvalue; that is, when Rz > —m, the transform M(z) converges,
and when Rz < —m, the transform M(z) diverges. Therefore, according to Theorem 1 of
Nakagawa (2005), the tail probability has the convergence property stated in the corollary.

C Proof of Propositions on Fisher Model Fragility

C.1 Proof of Proposition 1

It is straightforward from the fact that

tr {(VIQ(%W’o)*l"T)_1 (VIP(GO)AVT)}
= tr [(VIQ(eowo)flvT)‘”Q (vIp(6o)~vT) (vx@(eowo)*lvT)‘”z}

and the fact that trace of a symmetric matrix is equal to the sum of its all eigenvalues. Because
gp(0; x¢) is part of gg(6,¥;x¢,yt), according to Hansen (1982), the asymptotic covariance matrices
satisfy In(0olto) ™1 < Ip(6o|tho)~t. Thus, for any full-rank matrix v, it holds that vIg(fp|i) vl <
vIp(oltbg) ~tvT. As a result, the smallest eigenvalue is not less than one.

C.2 Proof of Proposition 2

If we define u = Ig(6p)~/2v, we can rewrite the o2 () as

,QaD(Qo) - tr {(uTu)71 (uTIQ(‘gO)1/21P<90)_1IQ(90)1/2u)]

max
ueRPexP Rank(u)=D

—1
— t T TI 0 1/2I 0 —1I 0 1/2
uERDexg}gink(u):D ' {u (u) " uTo(60)'/*Te (60) ™ Ta (%) }
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The linear operator B, = u (uT )71 u” is the projection operator onto the subspace spanned by
the column vectors of u. Therefore, we have

D _ 1/2 -1 1/2
0o) = m tr |Pulg(d Ip(60) " Ig(6 .
2q (60) ueRDexDﬁ{:ﬂk(u):D r | Bulg(fo)“Ie(fo) Io(fo)

The projection operator can be equivalently expressed in terms of the orthonormal column vectors
lying in the subspace spanned by u. Thus, without loss of any generality, we can assume that the

column vectors of u are orthonormal vectors, i.e. u”u is a D-dimensional identity matrix. Therefore,
D _ T 1/2 -1 1/2
0p) = max tr [uu Ig(6 Ip(6 Io(6 }
Ca ( 0) ucRPoxP Rank(u)=D,uTu=T1 Q( 0) HD( 0) Q< 0)
= max tr [uTI 00)'/%Ip(0y) g (0 1/2u}
ueRPo*xP Rank(u)=D,uTu=I Q( O) ]P( 0) Q( O)
D
_ T 1/2 -1 1/2, .
= max w; Io(0 Ip(6 Ip(6 u
uERDGXD7Rank(u):D,uTu:I; ! Q( 0) ( 0) Q( O) !
=M+ A+ + Ap.
The argmax matrix is u* = [e}, €3, -+, e},] whose column vectors are the corresponding eigenvectors.
Thus, correspondingly, the worst-case matrix is v* = [v},v3, - -+ ,v}] with v} = Ig(fg)'/%e}. Moreover,

fori=1,---,D, it holds that
(vf) Ip(00) vy

A= ————" 96
() TTo(b0) Tv; )
We have completed the proof. Furthermore, the eigen problem above is equivalent to the one
5:) I (00) 0
N = o) e o7)
(07)"Ip(60)0;

where 0F = Ip(6)~1/2¢¢ with é; to be the corresponding eigenvector of Ip(6g)~/?Ig(6o)Ip(6) /2.
That is, the vector 9] corresponds to v}.

C.3 Proof of Proposition 3

From Proposition 2, it holds that
0" (6olv0) = M+ -+ + Ap,, and 0" (oltho) = A1 + -+ + Ap,. (98)

As the eigenvalues are nonnegative, it must hold that 0P (6|1) < 02(6g|1po) when Dy < Ds.

D Derivations of The Disaster Risk Model

We first show how to derive the Euler equation, and then we show how to obtain the Fisher fragility
measure g(p, ).

D.1 The Euler Equation

The total return of market equity from ¢ to ¢t + 1 is €":*+1 which is unknown at ¢, and the total
interest gain of risk-free bond is e"f* which is known at ¢. Thus, the excess log return of equity is
Ti41 = "'M,t+1 — Tf,¢- Lhe state-price density is Ay = dbe; ", and the inter-temporal marginal rate of
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substitution is Ay41/A; = dpe~ P9+, The Euler equations for risk-free rate and the market equity
return are

A 77” A
1=F, [Zleww} and e "Ht =, { ;ﬂ . (99)
Thus, we can obtain the Euler equation for the excess log return:
At At
E =E; | —e"*+|. 100
¢ [ A, vt (100)

The left-hand side of (100) can be computed as

eDY

E, |:At+1:| - E, [6—7D9t+1] — (1 _p)e—"/Du-‘r%’Y%gz +p>\

At )\_7D

and the right-hand side of (100) can be computed as

2
eT T(rp—bu

At+1 o _ 1.2 2,2
E Tl | — R YD1 +Te] — (1 — Yputnt+z(ypo +7°—2yppoT) A
t|: e ¢ e | =1 -pe +p P

t

Thus, the Euler equation (100) can be rewritten as
(1= p)e ot habe? [ertdr e _ 1] — pA(), (101)

where

2
DY e”2+(7D—b)v>

AN) = A —
() (/\—’YD A+b—p

Rearranging terms in (101), it leads to the final Euler equation in (29). Using the Taylor expansion,
we have the following approximation:

1
3T =DPoT | o n+ 57'2 — VDpPOT. (102)

Combining (101) and the approximation in (102), we have finished proving the approximated Euler
equation in (30).

D.2 Fisher fragility measure
The joint probability density for rare disasters (z,v) in the baseline model is
Fe(z,0lp, X) = p*(1 = p)' 76(0) 7 [1{v > v}Xexp {-A(v —v)}]",. (103)
where §(-) is the dirac delta function. The Fisher information matrix is
1

— 0
Ip(p, A) = p(lo— p) P

)\2

(104)
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Next, the probability density function fg(z,v,r, u|@) for the structural model is
folz,v,7,ul0,0) = p*(1 = p)'~*

1 L e r=n0,0) 2p— -0, NN]
x [27TUT /1= p? exp{ 2(1—p?) |: o2 + T2 oT ]}]

< 100> e a0 -0} e {- o -0 ] 1406.0) > 173> )

where

7_2

3 o2 DY , e(d—b P
0,6) = S P D | (. 1 . 105
n(0, ¢) = yppot 2—|—n[ +e <)\—’YD e Ntb—) 1—p (105)

We can derive the simple intuitive closed-form approximation for the fragility measure in (32), if we
consider the approximated Euler equation. More precisely, we consider the following approximation:

2 2 52 D2 (rp—b)v

T _"D e 12 e D
0,¢) =~ oT — — + PHT T ) —e2” ,

H69) =~ e 2 (/\—WD A+b—vD)1—p

(106)

Then, using the notation introduced by (31) and (33), we can express the Fisher information for
(p, A) under the full structural model as

2 2 2 2
1 A(N)? e 2pr—ho 2YDH—YDO

D .
N T R I
D e“DH—TD R P 62’YDH—’Y]23<72 p2
1— p2)7'2 (1 —p)2 ANA(N) 22 + (1 — p2) 2 T—p

Following Proposition 2, the worst-case Fisher fragility is the largest eigenvalue of the matrix
Ho(Ipg) = Ig(00)'/Ip(69) g (6p)'/?. Important for simplifying the calculation, it is also the
largest eigenvalue of Ip(6g)~'/?Ig(0)Ip(fp) /2. In this case, the eigenvalues and eigenvectors are
available in closed form. This gives us the formula for o(p, \) and o' (p, \) in (32). The minimum Fisher
fragility in this case is 1, which is obtained in the direction along the deterministic cross-equation
restriction.
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